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1 Introduction

Among the extra-dimensional models explaining the phenomenological and theoretical
problems in the Standard Model (SM), toroidal orbifold models offer the possibility to cal-
culate Yukawa couplings as well as matter wavefunctions in a controlled way. For example,
Yukawa couplings are computed on toroidal orbifold models with magnetic fluxes [1, 2],
and quark and lepton masses and mixing angles as well as the CP phase are studied in
refs. [4-7]. In the context of string theory, such toroidal orbifolds [8, 9] are considered the
singular limit of certain Calabi-Yau manifolds. To understand the nature of Calabi-Yau
compactification, resolutions of toroidal orbifold models provide a definite way to calculate
the Yukawa couplings analytically.

So far, an explicit construction of metric and gauge fluxes on resolutions of toroidal
orbifolds was performed on C/Zy with N > 2 [10, 11], where the fixed points are replaced
by the so-called Eguchi-Hanson spaces [12], but the Yukawa couplings have not been derived
yet. In ref. [13], the authors proposed the method of calculating Yukawa couplings among
zero-modes on simple resolutions of 72/Zy orbifolds with U(1) magnetic fluxes, where
the orbifold fixed points are replaced by a part of sphere. The selection rules among the
obtained Yukawa couplings are the same with the toroidal orbifold one in the blow-down
limit, but Yukawa couplings are deformed from the toroidal orbifold results at a small but
finite blow-up radius.

In this paper, we discuss phenomenological aspects of resolutions of 72 /Zy orbifolds in
a concrete three-generation model, where the generation numbers of elementary particles

lComputations on the toroidal orbifold are based on one on the torus with magnetic fluxes. See for
Yukawa couplings on the torus with magnetic fluxes ref. [3].



are determined by a magnitude of the U(1) magnetic flux. We find that the blow-up effects
sizably change the mass hierarchies and mixing angles of quarks to more realistic one,
compared with toroidal orbifold results. Furthermore, the observed values of the quark
sector are well fitted by a small number of Higgs pairs, rather than the orbifold models. In
this respect, blow-up models are more economical than the orbifold models.

This paper is organized as follows. In section 2, we briefly review the zero-mode
wavefunctions on resolutions of T?/Zy orbifold with U(1) magnetic flux, based on a six-
dimensional gauge theory. The blow-up radius dependence of Yukawa couplings is discussed
in section 3 by using a concrete three-generation model. Section 4 is devoted to the con-
clusion and discussion. In appendix A, we show the explicit calculation of the Yukawa
couplings among the chiral zero-modes.

2 Zero-mode wavefunctions on resolutions of T?/Z, orbifold

In this section, we briefly review the chiral zero-mode wavefunctions, starting from the six-
dimensional gauge theory on toroidal background including its resolutions with constant
magnetic fluxes.

2.1 Wavefunctions on T? and T?/Zy

First of all, we briefly review the chiral zero-mode wavefunctions on the two-dimensional
torus T2 with U(1) magnetic flux [3], where T2 ~ C/A, A is a two-dimensional lattice
spanned by a3 = 27R and as = 27R7, R € R is the radius and 7 € C is a complex
structure of the torus. The metric on T2 in the complex coordinates z = x + 7y is given by

g9i; = (2nR)? (O 5) , (2.1)
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where i = z,z. The U(1) magnetic flux on T2 is given by
M
~ Imr

F

dz Ndz, (2.2)

which is quantized on T2, namely (27)~! Jr2 F'= M € Z. In our analysis, we employ the
following background gauge field

A= ﬂIrn(Zdz), (2.3)

Im7

leading to the quantized flux. Hereafter, we focus on the case without Wilson-lines for
simplicity. On this gauge background, the zero-mode wavefunction of fermion with the

U(z,2) = <¢+> (2.4)

unit charge, ¢ =1,

P
is a solution of the following zero-mode Dirac equation

DY = 0. (2.5)



Note that either component ¥4 or ¥_ has a solution of the above zero-mode equation
since the magnetic flux | M| generates the net-number of chirality. In particular, when M
is positive (negative), ¥4 (¢—) has |M| number of degenerate zero-modes described by

A o g
T/’iiM(Z) — NM gimMzIm(2)/ImT []\6[] (Mz, MT) (M > 0),
PFMI(z) = MM Itm(e) f1mg [lﬂg '] (1M]z, 10]7) (M <0), (26
with j =0,1,...,(|]M]| — 1), where ¥ denotes the Jacobi theta function
9 [a] (Z, 7_) _ Z ewi(a+l)27627ri(a+l)(z+b)7 (27)
b leZ
and N7M| denotes the normalization factor
. 2| M |Im7 1/4
A (‘ 12 ) (2.8)

with the area of the torus A = 47?R?Im7. Hereafter, we set 2rR = 1. The zero-mode
wavefunction of scalar field ¢! (z) is also the same functional form with massless fermion.

Next, we move on to the chiral zero-mode wavefunctions on the toroidal orbifold 772 /Z,
constructed by further identifying 72 with Zo-transformation z — —z. Under the trans-
formation, there exist four-fixed points corresponding to the orbifold singularities. The
Zo-even and -odd zero-mode wavefunctions are described by [1]

J_
NHIM| gim | M|zIm(z) /Im(r) 9 [|M|] (|M|z, | M|7)
0

. M
(7=0, %)
"
¢J7| + = 9
T2/ j |M|—j

M7 girlMlelm(z) /lm(r) (ﬂ [f‘g'] (M2, M) £0 | T ] (1M]z, |Mm>

{ 0<j< %)
(2.9)

where the Jacobi theta function 971M(z) satisfies 99MI(—z) = 9IMI=3IMI(2) and 951M(z)
with j = 0,|M|/2 show Zs-even modes. In the case that M is even, the total numbers of
Zs-even and -odd zero-modes are (|M|/2 + 1) and (|M|/2 — 1), respectively. In the case
that M is odd, the total numbers of Za-even and -odd zero-modes are ((|M|—1)/2+ 1)
and ((|]M| — 1)/2), respectively. Moreover, the Zy projection makes either Zs -even or
-odd modes remain. We show the numbers of the zero-modes for each magnetic flux
M explicitly in table 1, from which it turns out that several magnetic fluxes give three
degenerate zero-modes identified with the three generations of quarks and leptons. Note
that in the case without orbifolding, three degenerate zero-modes appear only for the
magnetic flux |M]| = 3.



| M| o 1 2 3 4 5 6 7 8 9 10 11 12
even [ 1 1 2 2 3 3 4 4 5 5 6 6 7
odd| O 0 O 1 1 2 2 3 3 4 4 5 5

Table 1. The total numbers of degenerate zero-modes for Z, -even and -odd wavefunctions.

Figure 1. The left panel shows the net of a cone cut out from T?/Z, with the coordinates of T2 /Z
z and the cut edge w, whereas in the right panel, the cone cut out by T?/Z, whose coordinate is z
and a section of embedded quarter of 52 with radius r / v/3 whose coordinate is 2z’ or w are drawn.

2.2 Blow-up of T?/Z

Here, we review the zero-mode wavefunctions on the resolutions of 7 /Zs orbifold with U(1)
magnetic flux, where the orbifold fixed points are replaced by a part of two-dimensional
sphere S? [13],2 as shown in figure 1. In particular, we cut a cone with the generatrix
length 7 whose apex is a fixed point and embed a fourth of S? with radius 7/v/3 there.
Note that the radius of the cut edge is /2 due to the Zs identification z ~ —2.3 In what
follows, we focus on the fixed point z; = 0 on T2 /Z2 orbifold.

Let us move on to the zero-mode wavefunctions on the resolution of 172/Zs orbifold
through the above geometrical procedure. As discussed in ref. [14], the zero-mode wave-
function of scalar field on CP* ~ S2 with U(1) magnetic flux M’ is described by

ALY VYR Gl D)
P () =N AT (2.10)

where f7IM'l(2') is the holomorphic function in the coordinate of CP' 2’ with the zero-mode
index j determined by the flux |M’| and N 12IM'| s the normalization factor. The reason
why we take the same index j appearing in 7?2 /Zy wavefunctions is to smoothly connect S?
and T?/Zs wavefunctions in the blow-down limit » — 0. The zero-mode wavefunction of
fermion is also the same functional form but the meaning of M’ is modified to the effective
magnetic flux due to the curvature of S2. The S? coordinate 2’ is related to the T?2/Zy

coordinate z through another coordinate of S? w, which is written by w = %\/gz’ = %ew

2Tt is the reason why we use S that the Euler number of 72 /Zs is same as one of S2.

3We also note that the deficit angles of all the fixed points are the same, indicating that a fourth of
S? with radius r/+/3 is embedded into each fixed point. Hence, at the end of the day, all the S? region is
pasted together, which means that the resolutions of T2/ Zs orbifold is homeomorphic to S2.



at @ = 0y while z = re’?/2 at the same point as shown in figure 1, where 2’ = tan 2 e“/’ in
the setup of figure 1.
Thus, in order for the T2 /Z, wavefunction at z = re¢?/? smoothly to connect with the

S? wavefunction at 2/ = %ew, the following conditions must be satisfied

oI (2) =o)L
T2/75 z=reiP/2 —
f
| M|
d¢]Tz/Zi( z) 1 dqﬁ] M l(z’) (2.11)
dz z=reiv/2 g?“ dz' z’:%ew .

Here, we take the Ansatz in ref. [13] that the holomorphic part of T2 /Zy wavefunction (2.9),
denoted by the following h?MI(z)

g MI(2), (j =0,|M|/2, Zs-even)

hIMI () = 77 T/‘gijl_j(Z),
g IMI(2) 4 ghIMI=3(2)
NG ;

(0 <j <[M|/2, Zs-even) (2.12)

(0 < j <|M|/2, Z2-0dd)
with

7| M| _2

| g
gMI(2) = 3t 2 [lﬂg] (M2, | M]7), (2.13)

is unchanged after the blow-up. Under the coordinate transformation z — w, the transfor-
mation of the derivative of S2 holomorphic function f7M'l is provided by

1 dfj"Mq(grz’)
V3 dz'

Tl yeo r—_1 i
z=5e¥ 27" z—\/ge¢

dfr 1M (2)
dz

_dfrM ()

z=relP/2 dw

(2.14)

Then, from the non-holomorphic parts in the condition for the continuous connection (2.11),
the following conditions are obtained

j7|M‘ 3 IM/l ’ M/ 2
M —<f> e M _ 7 g, (2.15)

I S . A 1 —
le':\M’| 2 ’ 4 2Im7

The former condition shows the relation between the normalization factor of the T?/Zs
part Nlj"M| and that of the S? part A ’{"Ml‘, and the latter condition shows that the
embedded effective flux equals to the cut-out effective flux.? In other words, the amount of
the effective flux quanta is unchanged through the blow-up. On the other hand, from the

Tt is because that the area cut out from T2/Zy with the effective flux M is mr?/2 compared with the
total area Tm7 and the a fourth of S? with M’ is embedded.



Ansatz and the coordinate transformation (2.14), the S2 holomorphic function f#M'l(2")
is determined by using eq. (2.13) as the following

ghIMl (?m’), (j =0,|M|/2, Zz-even)
BIM (1Y — .
f (2) \@ga,\M\ <\é§r2’>7 (0 < j<|M|/2, Zs-even) ’ (2.16)
0, (0 <j <[M]/2, Zy-0dd)

where we use the facts that 9/M=3M(z) = 97IMl(zei™) and the argument of 2 is twice
as much as that of z. Recall that M’ is related to M through eq. (2.15). The above
holomorphic functions show that only Zs-even mode is uplifted to S? and they are consistent
with the fact that the Zs-odd mode vanishes at the fixed point z; = 0 in the blow-down
limit » — 0. Note that the same applies to the case of the blow-up of the singularities at
zr = 1/2,7/2 because of g@Ml(—z;) = ¢7IMl(z;), while in the case of the blow-up of the
singularity at z; = (7 +1)/2, only Zs-even (-odd) mode is uplifted to S? when the flux M
is even (0dd) because of gh!Ml(—z;) = e IMIghlMI(z;).

As a result, the zero-mode wavefunctions after the blow-up of the singularity at z;y = 0
are described by

) , N/jlell .
M '
| ghM' = —,,fj"M (") (121 < 75)
¢%’ILM'= (1+12)" , (2.17)
. _ mMl[z]* 2
M) = NPT M) (f2] 2 )

with eq. (2.15), where the S? holomorphic function f™'l(2') and the T2/Zs holomor-

phic function h7MI(z) are shown in eq. (2.16) and eq. (2.12), respectively. Note that
7,| M|

meaning of M’ is modified to the effective magnetic flux. The normalization factors are

the fermionic zero-mode wavefunctions v}, ' are also the same functional forms, but the

calculated by the wavefunctions (2.17),

(NI (j =0,|M|/2, Zs-even)
. . 2 ! 2
‘Nf,\m’ et (1_2; (%) [qbﬂTLAfZ' } (0 )‘ ) (0 < j < [M|/2, Zy-even)
) 2 . / 2
M| <1+;ﬂ(”;2) EAyin <0>‘ ) (0<j < |M|/2, Zy-odd)

(2.18)

where j\/‘j’l.M| — (2|M|Tm(7)/.A%)'/* is the normalization factor on T2/Zsy before the blow-

up and QS;LAfZl, is the Zs-odd wavefunction on T2/Zs before the blow-up. Note that
2
3,1 M|
/ +
[(ZS;“LA;[Zl 4 0) = 72122/ = = 0. Furthermore, the normalization factor of the S? part
2=
is obtained from the normalization relation (2.15). Note that the blow-up radius should




be smaller than 1/2 to ensure our analysis, otherwise the blow-up region exceeds the
bulk region.

So far, we have focused on U(1) magnetic flux background, but it is easy to extend the
case with the following U(NN) magnetic flux,

it [ M,y
Fs=— @ 2.19
" Imr ( Mb]INb> ’ (2.19)

where N, + Ny = N and Iy, , denotes the (Nyp X Ngp) identity matrix, which breaks
the U(N) gauge symmetry to U(N,) x U(N). Under this gauge background, the chiral
zero-mode wavefunctions with the representation (N,, N,) are given by the same functional
forms with the U(1) gauge background but the flux M is written by M = M, — M.

3 The model

In this section, we study a model containing three generations of quarks on the resolutions
of the toroidal orbifold background, where the orbifold fixed points are blown up.

As an illustrating model, we use the flavor model in ref. [5]. This model is ten-
dimensional U(8) supersymmetric Yang-Mills theory compactified on T°/(Zy x Zs). The
six-dimensional T is written by a product of three T?’s, i.e. T® = T? x T3 x T2, where we
denote the i-th complex coordinate on T? by z;. There are three adjoint matter fields ®;
(1 =1,2,3) in the terminology of four-dimensional supersymmetric theory, where ®; have
the vector index on z;. These chiral matter fields correspond to the left-handed and right-
handed fermions and Higgs fields. For example, the left-handed (right-handed) quarks and
leptons are originated from ®; (®3), while the up and down Higgs fields correspond to ®3.
In the model of ref. [5], magnetic fluxes of U(8) are introduced in the extra dimensions
such that three generations of quarks and leptons are realized and four-dimensional N = 1
supersymimetry remains. Zero-mode wavefunctions of each ®; are written by products of
three wavefunctions on z;, ®; = H?:l ®i(j)(25)- The left-handed and right-handed quarks
and leptons have three zero-modes on one of zj;, say z1, while their zero-modes are single
functions on the other four-dimensional space. That is, the flavor structure is determined
by wavefunctions on T12, while the other parts are relevant to only the overall factors
of Yukawa couplings. Thus, here we concentrate on only the first two-dimensional part,
T2/Zy. Then, we use the six-dimensional model on T?/Zy, which leads to the same mass
ratios and mixing angles as the model in ref. [5] in order to illustrate blow-up effects on
mass matrices.” In particular, we focus on the quark sector.®

In the six-dimensional supersymmetric theory, ®; corresponds to the extra dimensional
direction of the vector multiplet, while ®3 3 are hypermultiplets. We set the magnetic fluxes
and Zy parity such that the magnetic flux M = —5 (—7) appears in the zero-mode equation
for the left-handed (right-handed) quarks and they are Zs even (odd), while the magnetic

Study on blow-up of T°/(Z2 x Z2) is beyond our scope.

50f course, we can discuss the Yukawa couplings of the lepton sector, but it highly depends on the
structure of neutrino sector such as Majorana mass etc. See e.g. ref. [15]. We thus postpone the detailed
analysis of lepton sector for a future work.



Left-handed quarks | Right-handed quarks Higgs
M (Zy parity) —5 (even) —7 (odd) 12 (odd)

Table 2. Magnetic fluxes for left- and right-handed quarks and Higgs sectors.

flux M = 12 appears in the zero-mode equation for the up and down Higgs fields. Then, it
turns out that quarks have three degenerate zero-modes, whereas there exist five degenerate
zero-modes for the up and down Higgs sectors. Table 2 shows these behavior.

Each wavefunction is described as in eq. (2.17), where the label j is replaced by I (0 <
I1<2),J+1(0<J<2),and K +1 (0 < K < 4) for the left-handed quarks, the right-
handed quarks, and the Higgs fields, respectively. Then, Yukawa couplings of the quark
sector are written by

Yok HxQriQrs = (YrjoHo + YrnHy + YijoHo + Yry3Hs + Y aHy)QriQrys,  (3.1)

where Qrr, Qry, and Hy are the four-dimensional left-handed and right-handed quarks
and the Higgs fields, respectively and Y7 ;i is calculated as follows:

. _ I5 J+1,7 K+1,12 *
Yyx = /Tz% 422 a3 (2972 5 (2) (¢T2/Z; (Z))

- Z/| < dzdz gb;“f/z;r (Z)Cb;j/l;; (2) (ng;;;?(z)) , (3.2)
21 Z—ZI1|ST

where the first term is the whole 72 /Zs term and the second term is the cut-out term from
T2/Zs. In addition, the terms on the S? regions after the blow-up of the singularities are
needed originally but all of them become zero because the wavefunctions of the right-handed
quarks and Higgs fields vanish on the S? regions after the blow-up of the singularities at
zr = 0,1/2,7/2 and the wavefunctions of the left-handed quarks and Higgs fields vanish
on the S? region after the blow-up of the singularities at z; = (7 +1)/2. The explicit form
of the first term in eq. (3.2) is shown in refs. [2, 5], and the second term is calculated

= I, J , K , *
[ etz 2ot o) (o)

1 7'('7”2 2 / %
o L (Y (i o) o (). 63

whose explicit form is shown in appendix A. In the following analysis, we focus on two
cases: blowing up all the fixed points, each with the same blow-up radius in section 3.1
and different blow-up radii in section 3.2.

3.1 Model 1

Here, we study the model, where the blow-up radii of the four fixed points are the same.
We chose cos(7/6)Hy — sin(m/6)Hs and sin(w/6)Hy + cos(m/6)H3 as the directions of the
vacuum expectation values (VEVs) for the up- and down-type Higgs fields, respectively.
The reason to consider two pairs of Higgs doublets is that one can not realize the realistic



Pure T?/Zs (r = 0)

Blow-ups of T?/Zs (r =~ 0.24)

Observed values

(Tn'tu Me, 77%)/7’%

(1.5 x 1074,9.6 x 102, 1)

(1.2x107%,2.3 x 1072,1)

(6.5 x 107,32 x 1073,1)

(ma, mg, mp)/my

(2.5 x 107°,2.7 x 1071, 1)

(9.7 x 107%,6.3 x 1073,1)

(1.1 x 1073,2.2 x 1072, 1)

1.0 0.0082 0.0022 0.99 0.17 0.0043 0.97 0.22 0.0037
[Veruml 0.0084 0.88 0.47 0.17 0.96 0.22 0.22 0.97 0.042
0.0017 0.47 0.88 0.034 0.22 0.98 0.0090 0.041 1.0

Table 3. The mass ratios and CKM matrices for the blow-up radius r = 0 (the pure 72/Z,
orbifold), r = 0.24, and the observed values, where we use the GUT scale running masses [16].

masses and mixing angles of the quark sector with one pair of Higgs doublets. The Yukawa
matrices Yx_3 and Yx_4 are approximated as

V2110000 V216400 — /21400 8v/2m1040 962100 —8v/ 27680

a a
Y3 =—F Na624  —M1024 764 — it — | 176n704  16ma6a 1280344 |
V2 V2
—11936 M6 —1)4096 48536 128m206  16m176
" V2121025 —V/ 21625 V217925 a 87V2noss 0 6320575
Yy = 7 1529 Ns320  —Mieo | — 7T 4% 28m594 1267359 0 ;
121 121 m 126m431  28m901 98171
(3.4)

‘NII,5Ni]+1,7Nf(+1,12|
"/\/’K+1,12|2

where the overall factor a = and we assume 77 = 5.7¢ and 7, =

e~ 5-Tn/420, originating from the approximation of the Jacobi theta function. (For more

details on the calculation, see, appendix A.) By employing the above Yukawa couplings,
we calculate the mass ratios of the up/charm quark to the top quark and the down/strange
quark to the bottom quark, and Cabibbo-Kobayashi-Maskawa (CKM) matrix. We show
the r-dependence of them in figures 2 and 3, where the maximum of r is set to be 0.25 since
we use the same r for all the fixed points and the distance to the nearest fixed points is 0.5.

From figures 2 and 3, it is found that the blow-up of the orbifold singularities signif-
icantly affects the quark masses and the CKM matrices. Table 3 shows the mass ratios
and the CKM matrix at r =~ 0.24 (73r* = 0.105), and the table also shows the results in
the case of » = 0, that is the 72/Zs orbifold limit, and the experimental data for mag-
nitudes of CKM elements [17] and quark masses evaluated at the so-called GUT scale
2.0 x 1016 GeV [16]. Thus, we find that the blow-up of the orbifold singularities makes the
values approach the observed values up to O(1).

3.2 Model 2

So far, we have taken into account the blow-up of all the fixed points, each with the same
blow-up radius, but there is no reason to take the same values of blow-up radii which can
be determined by the dynamics of blow-up modes, i.e. the blow-up moduli stabilization.

7/2 fixed
point 7 is different from the others, namely r = ro = ry/3 = 7(74.1)/2, Where rq, r1/2, 772

In this section, we examine the case where the blow-up radius at z; =

7(r+41)/2 denote the blow-up radii at the fixed points z; = 0,1/2,7/2, (7+1)/2, respectively.
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To simplify our analysis, we focus on the model with one pair of Higgs doublets, where the
up- and down-type Higgs fields are identified with H, = H4 and Hy = Hs. The Yukawa
coupling Y77k in eq. (3.2) is calculated by using the formulae in appendix A. In a way
similar to the previous section, we draw the mass ratios and magnitudes of CKM elements
as a function of blow-up radius r in figures 4 and 5, in which we assume

T =1.8i, Ty = 2.6 X1 (3.5)

It indicates that the maximum value of r is 0.139, otherwise two blow-up regions associated
with the fixed points z = 7/2 and z = (7 + 1)/2 overlap with each other.

Table 4 shows the predictions of the mass ratios and the CKM mixing angles for both
the magnetized orbifold model (r = 0) and the magnetized blow-up model (r = 0.12). It
turns out that the rank of down-type quark mass matrix is 2 in the toroidal orbifold model,
but blowing up the fixed points leads to the rank 3 mass matrix and more realistic flavor
structure.

4 Conclusions

We have examined the flavor structure of magnetized T2 /Zs blow-up models, where the
orbifold fixed points are replaced by a part of sphere proposed by the method in ref. [13].
The flavor structure as well as the selection rules of Yukawa couplings among chiral zero-
modes are different from the toroidal orbifold results, due to the blowing up the orbifold
singularities as demonstrated in a concrete model in section 3. Interestingly, the elements
of the CKM matrix and mass hierarchy of the quark sector are well consistent with the
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Figure 5. The blow-up radius (r)-dependence of the CKM mixing angles Vi3(Va1), Vas(V32), and
V13(V31), as shown in the red (black) lines.

Pure T?/Zs (r = 0)

Blow-ups of T2 /Zs (r = 0.12)

Observed values

(mu7 Me, mt)/mt

(2.2 x 1074,2.7 x 1072,1)

(5.3 x 1075,5.2 x 1073, 1)

(6.5 x 1079,3.2 x 1073, 1)

(md, Mg, mb)/mb

(0,5.2 x 1071,1)

(7.6 x 1071,3.9 x 1073, 1)

(1.1 x 1073,2.2 x 1072, 1)

1.0 0.0080 0.00077

0.98 0.21 0.0032

0.97 0.22 0.0037

0.0084 1.0  0.096
0.0015 0.0096 1.0

0.20 0.94 0.27
0.053 0.26 0.96

0.22  0.97 0.042
0.0090 0.041 1.0

|VCK]M|

Table 4. The mass ratios and CKM matrices for the blow-up radius r = 0 (the pure T?/Z
orbifold), » = 0.12, and the observed values, where we use the GUT scale running masses [16].

observed data at certain values of the blow-up radii, rather than the toroidal orbifold
result. Furthermore, such a realistic setup can be realized by a few number of parameters,
although in toroidal orbifold case, several pairs of Higgs doublets are required to explain
the observed flavor structure and mass hierarchy of the quark sector.

In this paper, we have assumed that the blow-up modes determining the blow-up radii
are considered just the parameter, but it should be taken as a dynamical degree of freedom.
It is interesting to discuss the dynamics of the blow-up modes such that their vacuum
expectation values lead to the observed data. We have focused on the simplest T2 /Zs case,
but our analysis can be generalized to resolutions of 72/Zy orbifolds.” Another possible
generalization of our work is to apply our method to the resolutions of higher dimensional
toroidal orbifolds.® We hope to report on these subjects in the future.

"See the models at the orbifold limit, refs. [18, 19].

8For example, it is interesting to discuss the wavefunctions on blow-ups of the T*/Z, orbifold, using
the numerical metric of K3 surface [20] and the selection rules of matter wavefunctions along the line of
refs. [21, 22].
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A Correction terms of Yukawa coupling

Here, we show the explicit calculation of eq. (3.3) at each singularity as follows:

| 4oz 9135 I (532 0)
1 (7r2\? 15 1I+1,7 1, M *

=23t Z (J+1+7m) (K+1+12n)e

I,m,n

8472 4+60(J+1)2+35(K+1)2
120

~V2rtrta (J +1) (K +1) e ™07

3,4
=V2r'rta (T +1) (K +1) TI8412+60(J+1)2+35(K+1)

5 Hd J+1,7 K+1,12 *
/\2§§r dzdz ¢T2/Z;’ (Z)(bT?/Z; (2) ((bT?/Z; (z))

oL er ? e 1 LT 1 oM 1 *
Tor \ 2 T2/25\ 2 ) "T?/Z5 \ 2 12/Z;5 \ 2
=V2rrta Z (J+1+7m) (K +1+12n)

Im,n

X e

8412460(J+1)24+35(K+1)2 . _
eﬂl([+] K)

~ V2m3rta (J + 1) (K +1) e ™7 420

/‘ oy 050 0 IO ) (4513°0)
2—5 ST

o1 L7”2 2¢1,5 T ST T oM T *
Tor \ 2 T2/25\ 2 )T T?/25 \ 2 T2/Z5 \ 2

=V2rrta Y (J+1+7m) (K + 1+ 12n)

l,m,n

- s AT ) 12t )]

~ \V2rria (7T — (J +1)) (12 — (K + 1))

% e—ﬂ'Im

— V2riria (T—(J+1) (12— (K +1))

X 12520—841(5—1)—60(J+1)(7—(J+1))—35(K+1)(12—(K+1))s

2520841 (5—1)=60(J+1)(7—(J+1)) =35 (K+1) (12— (K +1))
420

~13 -

—wImT[5(é+l)2+7(%+m)2+12(%+n)2]

=l [5(£40) "7 (FE ) F12( B 4n)° ] il (1450 4 (J147m) — (K +1+12n)

(A.2)



5 o1° J+1,7 K+1,12, 2 \*
/‘2m|<T dzdz ¢T2/Z3_ (Z)¢T2/Z; (Z) <¢T2/ZQ_ (Z))
2 |>

~ i er 2¢/I’5 T+1 ¢J+1,7 T+ 1 gblk’M (T—l-l) *
T2\ 2 T2/25\ 2 T2/Zy \ 2 T?/Zy 2

= Vo3 Z (I +50)(K+1+12n)

Im,n

e 5L 7S e ) 25 e )]

> em[(]+5l)+(J+1+7m)—(K+1+12n)]

~V2rdrta (5 — 1) (12 — (K + 1))

2520—841(5—1)—60(J+1)(7—(J+1))—35(K+1)(12—(K .
e (6=1) =60+ DI D) =SNG (14 )

= V2rirta (5 — 1) (12— (K +1))

X 112520841 (5—1)—60(J+1) (T—(J+1))—35(K +1) (12— (k1)) € T, (A.4)

B ‘N{,5N£]+1,7le(+1,12’
- |NK+1,12‘2

the Jacobi theta function by 7, = e "™m7/420 Note that we need to multiply 1 /v/2 further
if I =0.

where the overall factor a

and we asuume Rer = 0 and approximate
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