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Zusammenfassung

In der vorliegenden Arbeit werden zunichst einige Konstruktionen und Resultate in Quantenfeldtheorie
auf gekriimmten Raumzeiten, die bisher nur fiir das Klein-Gordon Feld behandelt und erlangt worden
sind, fiir Dirac Felder verallgemeinert. Es wird im Rahmen des algebraischen Zugangs die erweiterte
Algebra der Observablen konstruiert, die insbesondere normalgeordnete Wickpolynome des Diracfeldes
enthidlt. Anschliefend wird ein ausgezeichnetes Element dieser erweiterten Algebra, der Energie-Impuls
Tensor, analysiert. Unter Zuhilfenahme ausfiihrlicher Berechnungen der Hadamardkoeffizienten des
Diracfeldes wird gezeigt, dass eine lokale, kovariante und kovariant erhaltene Konstruktion des Energie-
Impuls Tensors moglich ist. AnschlieBend wird das Verhaltnis der mathematisch fundierten Hadamardreg-
ularisierung des Energie-Impuls Tensors mit der mathematisch weniger rigorosen DeWitt-Schwinger Reg-
ularisierung verglichen. Man findet, dass die beiden Regularisierungen im wesentlichen dquivalent sind,
insbesondere lasst sich die DeWitt-Schwinger Regularisierung mathematisch exakt formulieren. Wihrend
die bisher angefiihrten Resultate auf allgemeinen gekriimmten Raumzeiten giiltig sind, werden zusitzliche
Untersuchungen auf einer Klasse von flachen Robertson-Walker Raumzeiten, die eine lichtartige Urk-
nallhyperfliche besitzen, angestellt. Mit hilfe holographischer Methoden werden auf solchen Raumzeiten
Hadamardzustinde fiir das Klein-Gordon- und Diracfeld konstruiert, die dadurch ausgezeichnet sind, dass
sie im Sinne eines Limes zur Urknallhyperfliche asymptotische Gleichgewichtszustinde darstellen. Ab-
schliefend werden Lésungen der semiklassischen Einsteingleichungen fiir Quantenfelder mit beliebigem
Spin im flachen Robertson-Walker Fall untersucht. Es stellt sich heraus, dass die gefundene Losungen
Supernova Typ Ia Messdaten ebenso gut wie das ACDM Modell erkliren. Damit ist eine natirliche
Erklirung fiir dunkle Energie und ein einfaches Modell fiir kosmologische dunkle Materie gefunden.

Abstract

In the first instance, the present work is concerned with generalising constructions and results in quantum
field theory on curved spacetimes from the well-known case of the Klein-Gordon field to Dirac fields. To
this end, the enlarged algebra of observables of the Dirac field is constructed in the algebraic framework.
This algebra contains normal-ordered Wick polynomials in particular, and an extended analysis of one
of its elements, the stress-energy tensor, is performed. Based on detailed calculations of the Hadamard
coefficients of the Dirac field, it is found that a local, covariant, and covariantly conserved construction
of the stress-energy tensor is possible. Additionally, the mathematically sound Hadamard regularisation
prescription of the stress-energy tensor is compared to the mathematically less rigorous DeWitt-Schwinger
regularisation. It is found that both prescriptions are essentially equivalent, particularly, it turns out to
be possible to formulate the DeWitt-Schwinger prescription in a well-defined way. While the aforemen-
tioned results hold in generic curved spacetimes, particular attention is also devoted to a specific class of
Robertson-Walker spacetimes with a lightlike Big Bang hypersurface. Employing holographic methods,
Hadamard states for the Klein-Gordon and the Dirac field are constructed. These states are preferred in
the sense that they constitute asymptotic equilibrium states in the limit to the Big Bang hypersurface.
Finally, solutions of the semiclassical Einstein equation for quantum fields of arbitrary spin are analysed
in the flat Robertson-Walker case. One finds that these solutions explain the measured supernova la data
as good as the ACDM model. Hence, one arrives at a natural explanation of dark energy and a simple
quantum model of cosmological dark matter.






1t seems plain and self-evident, yet it needs to be said: the isolated
knowledge obtained by a group of specialists in a narrow field has in
itself no value whatsoever, but only in its synthesis with all the rest of
knowledge and only inasmuch as it really contributes in this synthesis
toward answering the demand vive{ 8¢ nuell; (‘who are we?’)

Erwin Schrodinger, [Sch96, p. 109]
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Introduction

Quantum field theory in curved spacetimes is a framework in which the spacetime is treated as
a curved Lorentzian manifold in accord with General Relativity, whereas matter is treated as a
quantum field. This framework is expected to provide a semiclassical approximation to a full
quantum theory of both gravity and matter, and, hence, finds its applications in cases where the
spacetime curvature is low enough for quantum gravity effects to be negligible, but too large for
Minkowskian quantum field theory to make sense.

Well, these are the words one often finds as introductory phrases in works on quantum
field theory in curved spacetimes. Unfortunately, they somehow suggest that quantum field
theory on curved spacetimes ultimately needs to be legitimated by a full-fledged quantum gravity
theory. Although this is certainly as correct as it is already for flat spacetime quantum field
theory, this point of view seems to disregard a maybe obvious fact. Namely, we inevitably live
in a curved spacetime, although our local curvature is quite low. Hence, if one wants to treat
matter as quantum fields in our whole universe at all, then one is forced to consider quantum
field theory in curved spacetime. Therefore, quantum field theory on curved spacetimes is more
fundamental than quantum field theory on Minkowski spacetime, the latter being undoubtedly
a good local approximation in cases where the relevant energy scales are much larger than the
curvature scales. Thus, whichever new lessons quantum field theory on curved space teaches us,
we should take them serious and should not raise an eyebrow if they seem to contradict our
Minkowskian intuition.

Two situations in which the curvature of the spacetime can certainly not be neglected are the
early universe and the vicinity of black holes. In fact, quantum field theory in curved spacetimes
is certainly best known for Hawking’s famous discovery of black hole radiation [Haw75] (see
also [Wal95], and [Wal06] for a historical account) and this phenomenon is thought to teach
us a lot about a possible theory of quantum gravity. Hence, one has tried to reproduce it
in two candidate theories of quantum gravity, namely, loop quantum gravity and string theory.
Regarding the early universe, the current paradigm in inflationary cosmology is that the quantum
fluctuations of a classical field are responsible for the structure formation in our universe (see,
eg [Dod03]), and so it seems that quantum field theory in curved spacetimes has found its
applications in both scenarios where one considers it to have non-trivial effects at first glance.
However, dwelling further on the cosmological applications, one should not only be concerned
with the local effects of quantum fields (which are thought to be ‘stretched’ to global classical
effects in the inflationary scenario), but also their inherent global effects. Namely, the globally
distributed energy density of a quantum field in our universe could have effects both in the low
and 1n the high curvature regimes. In this respect, let us consider our more recent cosmological
history. It seems that it is in principle widely accepted that the currently observed cosmological
constant is possibly the ‘dark’ vacuum energy of a quantum field, however, we also have the
impression that only very few serious attempts to investigate this question have been taken, see
[PaRa99, PaRa01] and references therein. Indeed, one often reads statements such as ‘quantum
field theory predicts a Planck scale, and, hence, way too large cosmological constant’. We strongly



disagree. The above statement is a result of arguing with Minkowskian quantum field theory and
not taking the more fundamental quantum field theory in curved spacetimes serious. Namely,
one of the lessons quantum field theory in curved spacetimes teaches us, is that renormalisation
ambiguities occur already on the level of free fields [Wal95, HoWa0l]. Hence, a free quantum
field theory in curved spacetimes has free parameters in addition to the parameters of the theory
entering the Lagrangean. As a result, guantum field theory does not predict a large cosmological constant
whatsoever. In fact, it does not predict any cosmological constant, but one needs to fix the
renormalisation freedom of the quantum energy density and other observables by comparison
with experiment. Note that this is by no means related to any anthropic principle. In contrast, it
is conceptually the same as measuring any parameter of the standard model of particle physics.

Regarding potential global effects of quantum fields in the early universe, it seems that these
are not considered at all. In inflationary cosmology, the cosmological evolution is thought to
be dominated by one (or more) classical fields, and quantum field theoretical effects play only
a secondary role. This is to some extent astonishing, because, in the context of flat spacetimes,
there 1s undoubtedly a large agreement that quantum fields are more fundamental than classical
fields. Moreover, the first inflationary model ever proposed was the purely quantum field
theoretical model of Starobinsky [Sta80]. Notwithstanding, it seems that the model has not
been very convincing, and also recent papers appearing on the subject, see for instance [Kok09],
draw the conclusion that (even a generalisation of) Starobinsky’s model does not have much
to say about the cosmological reality. We hope to make it clear here and in the following
that the somehow ancillary role of quantum field theory on curved spacetimes in the present
understanding of our universe is not due to the weakness and triviality of the theory, but due to
the fact that its full implications have never been properly investigated. In the currently preferred
scenario of inflationary cosmology, the direct role of quantum fields on the global evolution
of the universe is apparently discarded at all, whereas in Starobinsky’s original model and most
of its further analyses, one has only considered the effect of the so-called trace anomaly. As
we will discuss in more detail in chapter IV of our thesis, this is an undoubtedly important
component of the vacuum energy density of a quantum field, but by far not the only one. In
fact, we shall see that, once the full possibilities and properties of quantum field theory on
curved spacetime are taken into account, one finds that both the rapid expansion of the early universe
and its late time acceleration can naturally be explained from first principles within quantum field theory in
curved spacetimes. We will even find that the thermal energy density of curved spacetime quantum
fields can model the cosmological effects of (dark) classical matter. These statements will both
be derived in general and successfully compared with experimental data in particular.

After these rather general and foundational paragraphs, let us go into details. In Minkowski
spacetime, quantum field theoretical treatments are mostly based on the Fock space, or equiva-
lently, particle picture, related to the unique, Poincaré-invariant Minkowski vacuum. However,
a general curved spacetime does not have any symmetries at all, and, hence, no unique vacuum
state exists. Note that this holds even in the highly symmetric case of Robertson-Walker space-
times. The lack of time translation symmetry due to the time variations of a generic scale factor
a(t) permit the existence of any preferred global state, though, locally, one might consider the
Minkowskian situation, as we implicitly do by probing nature with particle accelerators. Since
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we have no preferred state and, hence, no unique notion of ‘particles’ at hand, it seems sensible
to try to formulate quantum field theory in terms of fields and without any initial reference to
a state. In fact, one does not only have to dispose of a preferred state, but also of a Hilbert space
in general. This stems from the fact that a Hilbert space constitutes a representation space of a
quantum field algebra. But, as a quantum field has infinitely many degrees of freedom, different
Hilbert space representations are in general not related by unitary equivalence [Haa92, Wal95];
a Hilbert space is, hence, a secondary ingredient of any quantum field theory. The lack of a
preferred state and particle picture suggests that a quantum field theory should be formulated
in terms of fields and without having recourse to a vacuum state. Hence, we shall work within
the algebraic approach to quantum field theory [Haa92, Wal95], and we claim that this way to
formulate quantum field theory is the only one that can grasp all features of quantum field
theory in curved spacetimes.

The algebraic construction of quantum field theory on curved spacetimes is by now com-
pletely understood in conceptual terms, at least as far perturbative constructions of interacting
quantum field theories are concerned [BFK95, BrFr00, HoWa01, HoWa02, HoWa03, HoWa05,
HoRu01, Hol07, ChFr08], see also the recent introductory review in [BrFr09]. To understand
the essential concepts, it is advisable to investigate the easiest field model, and, hence, most
conceptual works have discussed the Hermitean scalar field. Let us briefly review how a Klein-
Gordon field ¢ propagating on a curved spacetime M is treated in the algebraic framework.
The starting point is the basic free field algebra .o/ (M), which consists of sums of products of
elements like (/). Here, f is a compactly supported, complex-valued smooth function, and
it is interpreted as localising the observable ¢(x). It is required that ¢(x) satisfies the Klein-
Gordon equation P(x) = (—O+ m? + ER)P(x) in the sense H(Pf) =0, and that it fulfils
canonical commutation relations [¢(x),d(y)] = i A(x,y), where A(x,y) is the unique causal
propagator or commautator function of the Klein-Gordon operator P. To have a notion of ‘taking

the adjoint’, one introduces a *-operation given as (¢(f)d(g))* = d(g) d(f ) = d(g)P(f)- A

state co on .o/ (M) is a linear functional w : .&/(M) — C, which is positive and normalised,
namely, w(A*A) >0 for all A € .&/(M), and «(I) = 1, where I is the unit element in .o (M).
In this context, w(A) for A € .o/ (M) has the physical interpretation of being the expectation
value of A. Given an algebraic state w, one obtains a canonical representation on a Hilbert
space via the GNS construction [Haa92]. Moreover, given a Hilbert space with the Klein-Gordon
field realised as an operator (valued distribution) on it, the algebra constituted by these operators
together with a normalised Hilbert space state are naturally a field algebra and a state in the ab-
stract sense. Finally, an algebraic state « on .¢/(M) is uniquely determined, once all its z-point
functions e, (x;,++,x,) = w(P(x;): - PH(x,)) are known.

The algebra .o/(M) contains only basic fields and no Wick polynomials. To obtain the
latter, it is necessary to have a notion of normal ordering. However, as we would like to construct
everything independent of a state, we also need to consider a way to formulate normal ordering in
a way which is state-independent. Moreover, in Minkowski spacetime, normal ordering removes
the basic UV divergences of a quantum field theory in a consistent way. Namely, normal ordered
Wick polynomials such as : $*(x): can be multiplied in a meaningful way, and the result is given
by the famous Wick theorem. Hence, Wick polynomials in Minkowski spacetime constitute an



algebra themselves. To treat interacting field theories on curved spacetimes, we therefore need
to provide an algebra #/(M) of Wick polynomials also in the curved context. This has been
achieved only at a relatively recent date, and the main pillar of the construction of # (M)
are Hadamard states. These are states that possess the same UV-singularity structure like the
Minkowski vacuum state, and they can be characterised in two ways. On the one hand, they
have a very specific functional behaviour. Namely, their two-point function w,(x,y) is, for x
and y close to each other, given as

1 (ulxy)
w,(x,y) = <0(x,y)

8772

+vlog(o(x,y))+ w(x,y)) = 8_71r2 (h(x,y)+ w(x,y)),

where o (x,y) is one half the squared geodesic distance, and #, v, w are smooth functions. In
this functional form, the UV divergences of ,(x,y) are clearly visible, and they are completely
contained in /(x,y). One can compare the above form with the massless Minkowskian vacuum
state, whose two-point function is given as

A 1 1
c()Mmk x, __ .
, () PRy ——

It turns out that #, v, and, hence, h(x,y) are completely specified by the parameters in the
Klein-Gordon operator P and the local curvature in the neighbourhood of the points x and y.
Hence, / is completely state-independent, and two Hadamard states differ only by the regular
part w. The reason why normal ordering works in Minkowski spacetime is the UV singularity
structure of the Minkowskian vacuum state. Hence, it seems that, taking into account that / has
the same singularity structure as the Minkowski vacuum and is in addition state-independent, it
should be a good candidate for the definition of normal ordering. However, to fully understand
this, one needs the mentioned second characterisation of Hadamard states, and this is given in
terms of a local Fourier spectrum condition, the so-called wave front se¢ W F(h) of a distribution
h. Essentially, this object stores both the singular points in position space, and the ‘singular
directions’ in momentum space of /. In fact, as shown by Radzikowski in his seminal paper
[Rad96a], Hadamard states do not only look like the Minkowski vacuum state in their functional
form, but also have the same wave front set, and, hence, really the same singularity structure.
Obviously, the same holds also for h(x,y), as it is w, minus a regular term. Based on the work
of Radzikowski, the Wick polynomial algebra has been constructed in [BFK95, BrFr00, HoWa0l,
HoWa05]. It turns out that this is most efficiently done by directly encoding the Wick theorem
as an algebra product. This deformation guantization approach has been introduced in [DiiFrOla]
and fully developed in [BDF09]. As is well-known, the Wick theorem says that a product of
normal-ordered quantities like, eg.
1p%(x)::¢%(y):

is given in terms of other Wick polynomials and contractions, which in the Minkowskian case
are contractions with respect to the vacuum state two-point function colzvhnk. However, to obtain
a normal ordering which 1s state independent, one defines a x-product ), which encodes the Wick
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theorem contractions with / on an abstract algebraic level. As a result, the quantities in an alge-
bra endowed with the product *, have the interpretation to be regularised by means of / in a way
implicitly given by Wick’s theorem. Moreover, the power of the knowledge of the wave front set
and the related mathematical branch of microlocal analysis allow one to actually compute on an
abstract level that all contractions are in fact well-defined in a mathematical sense. In addition,
microlocal analysis does not only reveal that the contractions of basic Wick polynomials with
b are well-defined, but also tells us how ‘large’ the Wick polynomial algebra #/(M) can be, in
the sense that one knows which field quantities in addition to simple Wick polynomials can be
contracted meaningfully with /. In this respect, one finds that #/(M) also contains time-ordered
products of Wick polynomials and, hence, already allows one to construct perturbative interact-
ing quantum field theories on curved spacetimes [BrFr00, HoWa01]. Moreover, it turns out that
quantum field theories which are perturbatively renormalisable in Minkowski spacetime retain
this property in curved spacetimes [BrFr00, HoWa01, Hol07]. However, as already anticipated, a
fundamentally new phenomenon arises. Namely, it turns out that perturbative interacting quan-
tum field theories have, in addition to their renormalisation degrees of freedom known from
Minkowski spacetime, new degrees of freedom in terms of curvature tensors. While this may not
be so surprising for the quantities of the interacting theory like time-ordered products, it turns
out that this freedom is already present on the level of quantities of the free theory, namely,
for Wick polynomials such as : ?(x):. In fact, if one takes a fundamental point of view and
defines objects like : %(x): by physically sensible requirements, like locality, scaling behaviour,
commutation relations with the single free field ¢, covariance, and others, then 1t turns out that
an object like : p*(x): is not defined uniquely, but two possible incarnations of : p*(x): differ as

———

1 d*(x): =:4%(x): + (aR+ Sm*) 1

where o and /3 are dimensionless constants [HoWa01]. Here, locality and covariance are the
most important requirements. The former demands that a Wick polynomial like : p*(x): is only
constructed by means of quantities which are completely determined by the knowledge of the
spacetime in a small neighbourhood of x; this is particularly fulfilled if we define : p*(x): by
a subtraction of the Hadamard singularity . Moreover, covariance essentially asks for : $(x)
to transform like a scalar in the sense of General Relativity. The above discussion may seem to
suggest that one can dispose completely of states, but this is of course not the case. If one wants
to make contact with observations, one needs to consider expectation values of elements of the
Wick polynomial algebra #/(M), and then Hadamard states are essential because only states
which have the same singularity structure like » can give regular expectation values of elements
in #/(M). As an example, the expectation value w(: §?(x):) of :*(x): in a Hadamard state
reads

w(:¢(x):) = lim (w,(x,7) = h(x,y)) + 2R+ fm”.

The brief account of algebraic quantum field theory given above calls for two lines of further
research. One the one hand, the full explicit perturbative construction of an interacting quantum
field theory had only been given for the Hermitean scalar field to date, and, although it has been



in principle clear how one should proceed, the extended Wick polynomial algebra of, say, the
Dirac field had not been constructed yet explicitly. On the other hand, it is clear that a sensible
quantum field theory model on curved spacetimes requires the knowledge of explicit examples
of Hadamard states. In this thesis, we seek to add to both aforementioned lines of research. First,
we construct the extended algebra of observables of the Dirac field #(DM) via a deformation
quantization approach. To achieve such a task, one starts from the algebra of classical observables
of the Dirac field, which is constituted by antisymmetric compactly supported and smooth test
sections of the Dirac bundles and is endowed with a classical anticommuting product given
in terms of an antisymmetrised tensor product - .. The basic algebra of quantum observables
/(DM) is obtained from the algebra of classical observables by replacing the anticommuting
classical product -, with a quantum product ¢ constituted by contractions with the unique
causal propagator or anticommutator function S of the Dirac operator D. Based on the equivalence
of the functional form of Hadamard states on .o/(DM) and their wave front set, which has
been known due to the works of [K6h95, Kra00, Hol99, SaVe0l, San08, San09a], we provide a
construction of the extended algebra of quantum observables #(DM) by first supplementing
the smooth test sections constituting .o/ (DM ) with compactly supported test distributions with
a specific wave front set and then deforming the product ¢ to a product x; provided by a
bidistribution H having the Hadamard singularity. We argue that the resulting algebra product
x5 has good properties, namely, the algebra #/(DM) is closed with respect to %, *x, enjoys
specific continuity properties, and it encodes the Wick theorem known from Fermionic flat
spacetime quantum field theory in a state-independent way. Moreover, extending the results of
[HoRuO1], it is argued that Hadamard states on .o/ (DM) can be naturally and meaningfully
extended to the larger algebra #/(DM). Finally, by employing only the singular part H of any
Hadamard state on ./ (DM) in the construction of #(DM), one obtains Wick polynomials of
the Dirac field which are local and covariant objects.

Subsequently, the briefly anticipated construction of explicit examples of Hadamard states
will be performed for a special class of flat Robertson-Walker spacetimes, whose scale factor ()
given in terms of the conformal time 7 is such that it is exponentially vanishing towards 7 — —oo.
In terms of the cosmological time t, this implies that a(t) shows a powerlaw inflationary behavionr
at early times, and possesses a Big Bang singularity at a finite time ¢, in particular. As 1s well-
known [LuMa85], power-law inflation models solve the horizon problem of the standard model
of cosmology by having an infinite particle horizon, which, in more geometrical terms, entails that
the Big Bang equal-time hypersurface is a /ightlike or null surface. These features lead us to term
these specific flat Robertson-Walker spacetimes null Big Bang spacetimes (NBB). The relevance of
NBB spacetimes in the context of quantum field theory on curved spacetime is provided by the
observation [DFP08, Pin10] that these spacetimes arise naturally as solutions of the semiclassical
Einstein equation

G, (x)=87Gw(:T,,(x):),

which describes the effect of quantum matter-energy on the curvature of spacetime. On concep-
tual grounds, the geometric features of null Big Bang spacetimes make it possible to construct
preferred states by employing holographic methods. Namely, as realised in [Pin10], the Big Bang
hypersurface of an NBB spacetime has the same geometric properties as the conformal boundary



of an asymptotically flat spacetime. Hence, the bulk-to-boundary methods successfully developed
and applied in [DMP06, DMP09a, DMP09b, DMP09c, Mor06, Mor08] can be naturally extended
to the case of null Big Bang spacetimes, and in [Pin10] this has been done by constructing a pre-
ferred Hadamard state for the quantized Klein-Gordon field. The underlying observation in this
construction is the following. Being a flat Robertson-Walker spacetime, an NBB spacetime is not
time-translation-invariant, but it possesses a conformal Killing isometry provided by translations
in conformal time 7. As is well-known [BiDa82], this conformal isometry can be implemented in
massless quantum field theoretical models to obtain conformally invariant theories and, hence,
preferred conformal ground and thermal equilibrium states, where the latter are just appropriate
conformal rescalings of ground and thermal equilibrium states in Minkowski. However, this 1is
not possible in the case of massless fields, because the mass breaks the conformal invariance.
Hence, neither preferred ground states, nor preferred equilibrium states have been known in the
massive case. In fact, there has been no sensible and general notion of thermal equilibrium states
at all for massive quantum fields. The crucial observation in quantum field theories on NBB
spacetimes is that, in the limit towards the Big Bang, the conformal non-covariance of massive
quantum fields disappears on account of the properties of a(7), hence, massive quantum field
theories are conformally invariant in an asymptotic sense. As a matter of fact, it is exactly this
asymptotic conformal invariance which makes it possible to construct preferred states also in the
case of massive fields. Based on this insight, the mentioned preferred Hadamard state for the
massive Klein-Gordon field on NBB spacetimes has been constructed in [Pin10], and the natural
physical interpretation of this state is that it is an asymptotic conformal ground state. In the present
work, we extend this result by constructing preferred asymptotic conformal equilibrium states for
the massive Klein-Gordon field on NBB spacetimes, and constructing both preferred asymptotic
conformal ground states and preferred asymptotic equilibrium states for the massive Dirac field
on such spacetimes. On the technical side, this construction requires to map the quantum field
theory in an NBB spacetime to its Big Bang hypersurface, which is strictly speaking a conformal
boundary and not a part of the spacetime itself. This conformal boundary is highly symmetric,
particularly, it possesses a form of time-translation invariance which can be understood as a
limiting case of the conformal translation invariance of the bulk NBB spacetime. Exploiting
this time-translation invariance, one constructs unique ground states and equilibrium states for
the boundary quantum field theory, and obtains the mentioned preferred states for the bulk
quantum field theory by a suitable pull-back. Additionally, using the methods introduced in
[Mor08] and already applied in [Pin10], we are able to prove that the two-point functions of the
found preferred states possess a specific wave front set and are, hence, indeed Hadamard states.

We have already mentioned that the backreaction, ie. the influence of the stress-energy of
a quantum field on the curvature of the underlying background spacetime is described by the
semiclassical Einstein equation. As already remarked in a conceptually clear way in [Wal77],
the very form of the semiclassical Einstein equation imposes restrictions on its right hand side.
Namely, in the equation under consideration, one equates a classical quantity - the Einstein
tensor Gw(x) - with a probabilistic quantity, e the expectation value of the regularised stress-
energy tensor of a quantum field (: 7,,(x):). Hence, one has to assure that the right hand
side has at least finite fluctuations, and, as realised in [Wal77], this 1s situation is given once the



expectation value e (: 7,,(x):) is taken with respect to a Hadamard state . Further requirements
on «(:7,,(x):) are the demand of a local and covariant dependence on the local curvature in the
neighbourhood of x and the covariant conservation of w(:7,,(x):), namely, V¥a(: T ,,(x):) =
0. While the former requirement is motivated by the fact that one wants to describe the influence
of w(: T,,(x):) on the local background geometry without knowing the global background
geometry beforehand, the latter is a simple consistency condition, as V“G#v(x) = 0 generally
holds on account of the Bianchi identities. We have already remarked that normal ordering, ie.,
the definition of a Wick polynomials such as : 7, (x):, is ambiguous in curved spacetimes,
and one might hope that this ambiguity is large enough to fulfil the consistency conditions
necessary for the expectation value w(:7,,,(x):) appearing in the semiclassical Einstein equation.
Indeed, as shown in [Wal77, Wal78a] this is the case for Klein-Gordon fields, and a conceptually
improved version of Wald’s construction has been given in [Mor03]. Again, these results have
only been known for the case of scalar fields, and we thus extend them in the present thesis
to the case of Dirac fields. The hereby obtained local, covariant, and covariantly conserved
construction of a stress-energy tensor of the Dirac field requires on the technical side the detailed
computation of the Dirac Hadamard coefficients. Finally, the just described procedure of the
mathematically well-defined Hadamard regularisation prescription of ew(:T,,(x):) is compared with
the non-rigorous DeWitt-Schwinger regularisation prescription of the same object. It has been well-
known that these two regularisation methods must be related in some way, but its seems that
an explicit comparison has not been given in past works. We close this gap by proving that the
DeWitt-Schwinger prescription can be formulated in a mathematically sound way by using the
same concepts which assure the mathematical rigour of the Hadamard prescription.

The above mentioned construction of a stress-energy tensor of quantum fields is valid in
generic curved spacetimes, but, to consider the application of quantum field theory in curved
spacetime to cosmology, we close our thesis by specialising to the case of flat Robertson-Walker
spacetimes. Generalising the results in [DFP08], we find that some solutions of the semiclassical
Einstein equation in this scenario, where c(: 7,,(x):) is considered as the expectation value
of the stress-tensor of an arbitrary number of free quantum fields of arbitrary spin, generically
display the already anticipated power-law inflationary behaviour at early times. Moreover, at late
times, all solutions display the behaviour of an effective cosmological constant. We stress that
these results are a fundamental generalisation of Starobinsky’s original model [Sta80] and its ex-
tensions, eg [Kok09], in that one takes the full renormalisation freedom of co(: T ,,(x):) and its full
state dependence into account, and not only its trace anomaly part, or a partial state dependence,
¢f [PaRa99, PaRa0l]. As a result, we are able to fit supernova Ia measurements as good as the
cosmological concordance model. Hence, we find that quantum field theory on curved spacetimes
offers a natural and generic explanation of the origin of Dark Energy. Additionally, we observe that
temperature-dependent part of «w(: Tyv(x) :) evaluated in an asymptotic conformal equilibrium
state mimics the bebaviour of (dark) matter on cosmological scales. This opens the possibility that
no additional matter field beyond the ones present in the standard model of particle physics 1is
necessary to explain the effects of dark matter.

A comment on the organisation of our thesis is in order. In chapter I, we describe the geo-
metrical preliminaries necessary for a formulation of both classical and quantum field theories



on curved spacetimes. Building on this, we lay the foundation to the formulation of quan-
tum theories in curved backgrounds by first describing how classical field theories on curved
spacetimes can be formulated in chapter II. In chapter III, we initially review the algebraic for-
mulation of the quantized Klein-Gordon and its Wick polynomials in curved spacetimes and
then construct both the Wick polynomials of the Dirac field in general spacetimes, and preferred
Hadamard states for Klein-Gordon fields and Dirac fields in NBB spacetimes. Finally, in chapter
IV, the general construction of the stress-energy tensor of the Klein-Gordon field is reviewed
and extended to the Dirac case, and a rigorous version of the DeWitt-Schwinger renormalisation
prescription is presented. The thesis closes with the analysis of the solutions of the semiclassical
Einstein equation in the flat Robertson-Walker scenario and their comparison with experimental
data.
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Spacetimes and Spacetime Structures

s the topic of the current thesis are quantized fields on classical curved spacetimes, we are

bound to start by explaining which class of spacetimes we will be considering. Furthermore,
we have to introduce and explain the related notions and structures which are necessary both to
define physical theories on curved manifolds and to investigate their properties. The incipient
chapter is, hence, devoted to these subjects.
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[.1. Spacetimes

[.1 Spacetimes

In this thesis, a spacetime (M, g) is meant to be a Hausdorff, connected, smooth manifold M,
endowed with a Lorentzian metric g, the invariant volume measure of which shall be denoted
by d,x = 4/|detg|dx. We will only consider four-dimensional spacetimes, since this seems
to be the situation favoured by experimental data. However, most notions and results can be
formulated and obtained for Lorentzian spacetimes with a dimension d differing from four and
we will try to point out how the spacetime dimension affects them whenever it seems interesting
and possible. We will follow the highly recommendable monograph by Wald [Wal84] regarding
most conventions and notations and, hence, work with the metric signature (—,+,+,+). It
is often required that a spacetime be second countable, or, equivalently, paracompact, ze. that
its topology has a countable basis. Though, as proven by Geroch in [Ger68], paracompactness
already follows from the properties of (M, g) listed above. In addition to the attributes already
required, we demand that the spacetime under consideration is orientable and time-orientable
and that an orientation has been chosen in both respects. We will often omit the spacetime
metric g and denote a spacetime by M in brief.

For a point x € M, T, M denotes the tangent space of M at x and 7'M denotes the respective
cotangent space; the tangent and cotangent bundles of M shall be denoted by TM and T*M,
respectively. If y : M, — M, is a diffeomorphism, we denote by y* the pull-back of ) and by
X. the push-forward of y. y* and y, map tensors on M, to tensors on M, and tensors on M,
to tensors on M,, respectively; they furthermore satisfy y, = (y ~')* [Wal84, app. C]. In case g,
and g, are the chosen Lorentzian metrics on M, and M, and y, g, = g,, we call y an isometry;
if y,g, = 12%g, with a strictly positive smooth functlon [2, x shall be called a conformal isometry
and 2°g a conformal transformation of g. Note that this definition differs from the one often
used in the case of highly symmetric or flat spacetimes since one does not rescale coordinates,
but the metric. A conformal transformation according to our definition is sometimes called Wey/
transformation in the literature. If y is an embedding y : M, — M,, i.e. y(M,) is a submanifold of
M, and y a diffeomorphism between M, and y (M), it is understood that a push-forward y, of
x 1s only defined on y(M;) C M,. In case an embedding y : M, < M, between the manifolds
of two spacetimes (M, g,) and (M,, g,) is an isomeFry bet\'veer.l (M, g,) and ()((MO, 2 r)((Ml))’
we call y an dsometric embedding, whereas an embedding which is a conformal isometry between
(M, g;) and (y (M,), & ,(u,) shall be called a conformal embedding.

Some works make extensive use of the abstract index notation, i.e. they use Latin indices to
denote tensorial identities which hold in any basis to distinguish them from identities which
hold only in specific bases. As this distinction will not be necessary in the present work, we
will not use abstract index notation, but reserve Latin indices to denote tensorial components in
a frame or tetrad basis, where a frame {e,},_,,; 1s a collection of four, in general only locally
defined, vector fields satisfying g(e,,e,) =7,, and 7, is the Minkowski metric diag(—1, 1,1, 1).
Tensorial components in a coordinate basis { E’H} u=0,1,2,3 Will be denoted be Greek indices and the

coordinate basis components of a frame e¥, defined by e, = e* 5’#, constitute the transformation
matrix relating the two aforementioned bases; here, we have employed the Einstein summation
convention as will be the case throughout this work. We shall lower Greek indices by means

13



Chapter I - Spacetimes and Spacetime Structures

of g, = g(é’#,gv) and raise them by g*’ = (g_l)w, while the same actions are performed on
. . . _ b
frame indices employing 7 , = n*".
Every smooth Lorentzian manifold has a unique metric-compatible and torsion-free linear
connection, the Levi-Civita connection, and we shall denote the associated covariant derivative along

a vector field v by V . We will abbreviate V, by V_and V, by V u and furthermore use the
a u

shorthand notation 7. " =V u -V p T for covariant derivatives of a tensor field 7. Our

definitions for the Riemann tensor R, By the Ricci tensor R, 5 and the Ricct scalar R are

a

- A - A ~ pa
’Ua;ﬂy_(va;y/@—Ra ,5}/7)/1’ Raﬁ_Ra B R=R , (11)

where v, are the components of an arbitrary covector. The Riemann tensor possesses the sym-
metries

Raﬂyé\ = _Rﬁays = R}/é‘aﬁ ’ Raﬂ}/é\ +Ra8ﬁ}/ +Ray8ﬂ =0 (IZ)
and fulfils the Bianchi identity
Raﬁy8;5 +Raﬁsy;é\ +Raﬁ8s;y =0. (13)

Moreover, its trace-free part, the Wey/ tensor, is defined as

1 1
Ca,@}/é\ = Raﬂ}/é\ - g <ga3g,3y - gaygﬂ3> R - E <g,83Ray - gﬁyRaé\ - ga(?Rﬁy + ga}/R,Bé\> ’

where the appearing coefficients differ in spacetimes with d # 4. In addition to the covariant
derivative, we can define the notion of a Lie derivative along a vector field v: the integral curves
c(s) of v with respect to a curve parameter s define, in general only for small s and on an
open neighbourhood of ¢(0), a one-parameter group of diffeomorphisms y” [Wal84, chap. 2.2].
Given a tensor field 7 of arbitrary rank, we can, hence, define the Lie derivative of T along v

as ( 'Z))*T T
£ T =lim <X‘—>

s—0 S

If y? is a one-parameter group of isometries, we call v a Killing vector field, while in case of y°
being a one-parameter group of conformal isometries, we shall call v a conformal Killing vector
Sield. 1t follows that a Killing vector field v fulfils £ g = O, while a conformal Killing vector
field v fulfils £ g = f ¢ with some smooth function f [Wal84, app. C.3].

Up to now, we have tacitly disregarded an essential property of (M, g) which is a prerequisite
for the formulation of physical theories incorporating causality, namely, global hyperbolicity. To
define this concept, we need a few additional standard notions related to Lorentzian spacetimes.
To wit, following our sign convention, we call a vector v, € T .M timelike if g(v ,v, ) <O,
spacelike if g(v_,v.) >0, lightlike or null if g(v_,v ) =0, and causal if it is either timelike or
null. Extending this, we call a vector field v : M — T M spacelike, timelike, lightlike, or causal
if it possesses this property at every point. Finally, we call a curve ¢ : R D 1 — M, with [ an
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[.1. Spacetimes

interval, spacelike, timelike, lightlike, or causal if its tangent vector field bears this property. Note
that, according to our definition, a trivial curve ¢ = x is lightlike. As (M, g) is time orientable,
we can split the lightcones in TM at all points in M into ‘future’ and ‘past’ in a consistent way
and say that a causal curve is future directed if its tangent vector field at a point is always in the
future lightcone at this point; past directed causal curves are defined analogously.

For the definition of global hyperbolicity, we need the notion of inextendible causal curves;
these are curves that ‘run off to infinity’ or ‘run into a singular point’. Hence, given a future
directed curve ¢ parametrised by s, we call x a future endpoint of c if, for every neighbourhood
O of x, there is an s, such that c(s) € O for all s > s,. With this in mind, we say that a future
directed causal curve is future inextendible if, for all possible parametrisations, it has 7o future
endpoint and we define past inextendible past directed causal curves similarly. A related notion is
the one of a complete geodesic. A geodesic ¢ 1s called complete if, in its affine parametrisation defined
by V,. /ds% = 0, the affine parameter s ranges over all R. A manifold M is called geodesically
complete if all geodesics on M are complete.

In the following, we are going to define the generalisations of flat spacetime lightcones in
curved spacetimes. By I (x, M) we denote the chronological future of a point x relative to M, i.e.
all points in M which can be reached by a future directed timelike curve starting from x, while
J*t(x,M) denotes the causal future of a point x, viz. all points in M which can be reached by
future directed causal curve starting from x. Notice that, generally, x € J*(x,M) and I*(x,M)
is an open subset of M while the situations x ¢ /*(x, M) and J*(x, M) being a closed subset of
M are not generic, but for instance present in globally hyperbolic spacetimes [Wal84]. In analogy
to the preceding definitions, we define the chronological past 1=(x, M) and causal past ]~ (x,M)
of a point x by employing past directed timelike and causal curves, respectively. We extend this
definition to a general subset @ C M by setting

rFo,my= =) JEH0,M)= | TH(xM);

X€O0 xX€0

additionally, we define I(O,M)=1"(O,M)UI~(O,M) and J(O,M) =] (O,M)U]~(O,M).
As the penultimate prerequisite for the definition of global hyperbolicity, we say that a subset 0
of M is achronal if IT(O,M)N O is empty, i.e. an achronal set is such that every timelike curve
meets it at most once. Given a closed achronal set O, we define its future domain of dependence
D*(0,M) as the set containing all points x € M such that every past inextendible causal curve
through x intersects 0. By our definitions, D*(0,M) C J*(0,M), but note that [*(0O, M)
is in general considerably larger than D¥(0,M). We define D~(0,M) analogously and set
D(O,M)=D*0,M)UD~(0,M). D(O,M) is sometimes also called the Cauchy development
of 0. With this, we are finally in the position to state the definition of global hyperbolicity.

Definition 1.1.1 A Cauchy surface is a closed achronal set X C M with D(X,M) = M. A spacetime
(M, g) is called globally hyperbolic if it contains a Cauchy surface.

Since the preceding discussion of the causal structure of a Lorentzian spacetime has been com-
pletely independent of its dimension, the same holds for the above definition.
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Although the geometric intuition sourced by our knowledge of Minkowski spacetime can fail
us in general Lorentzian spacetimes, it is essentially satisfactory in globally hyperbolic spacetimes.
According to definition L.1.1, a Cauchy surface is a ‘non-timelike’ set on which every ‘physical
signal’ or ‘worldline’ must register exactly once. This is reminiscent of a constant time surface
in flat spacetime and one can indeed show that this is correct. In fact, Geroch has proved in
[Ger70] that globally hyperbolic spacetimes are topologically R x X' and Bernal and Sanchez
[BeSa03, BeSa05, BeSa06] have been able to improve on this and to show that every globally
hyperbolic spacetime has a smooth Cauchy surface X' and 1s, hence, even diffeomorphic to
R x 2. This implies in particular the existence of a (non-unique) smooth global time function
t :M — R, ze t is a smooth function with a timelike and future directed gradient field V¢; ¢
is, hence, strictly increasing along any future directed timelike curve. In the following, we shall
always consider smooth Cauchy surfaces, even in the cases where we do not mention it explicitly.

In the remainder of this thesis, we will gradually see that globally hyperbolic curved space-
times have many more nice properties well-known from flat spacetime and, hence, seem to
constitute the perfect compromise between a spacetime which is generically curved and one
which is physically sensible. Particularly, it will turn out that second order, linear, hyperbolic
partial differential equations have well-defined global solutions on a globally hyperbolic space-
time. Hence, whenever we speak of a spacetime in the following and do not explicitly demand
it to be globally hyperbolic, this property shall be understood to be present implicitly. A promi-
nent example for a non-globally hyperbolic spacetime is Anti de Sitter space, see, eg. [BGP07,
chap. 3.5].

On globally hyperbolic spacetimes, there can be no closed timelike curves, otherwise we
would have a contradiction to the existence of a smooth and strictly increasing time function.
There is a causality condition related to this which can be shown to be weaker than global
hyperbolicity, namely, strong causality. A spacetime 1s called strongly causal if it can not contain
almost closed timelike curves, ze. for every x € M and every neighbourhood O, 5 x, there is a
neighbourhood 0, C 0, of x such that no causal curve intersects &, more than once. One might
wonder if this weaker condition can be filled up to obtain full global hyperbolicity and indeed
some references, eg [BGP07, HaEl73], define a spacetime (M, g) to be globally hyperbolic if it
is strongly causal and /™ (x) N J~(y) is compact for all x,y € M. One can show that the latter
definition is equivalent to definition 1.1.1 [BGP07, Wal84] which is, notwithstanding, the more
intuitive one in our opinion.

We close this subsection by introducing a few additional sets with special causal properties.
To this avail, we denote by exp, the exponential map at x € M. A set O C M 1is called geodesically
starshaped with respect to x € O if there is an open subset 0’ of T, M which is starshaped with
respect to 0 € 7. M such that exp_: 0’ — O is a diffeomorphism. We call a subset 0 C M
geodesically convex if it is geodesically starshaped with respect to all its points. This entails in
particular that each to points x, y in @ are connected by a unique geodesic which is completely
contained in 0. A related notion are causal domains, these are subsets of geodesically convex
sets which are in addition globally hyperbolic. Finally, we would like to introduce causally convex
regions, a generalisation of geodesically convex sets. They are open, non-empty subsets 0 C M
with the property that, for all x,y € O, all causal curves connecting x and y are entirely
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contained in 0. One can prove that every point in a spacetime lies in a geodesically convex
neighbourhood and in a causal domain [Fri75] and one might wonder if the case of a globally
hyperbolic spacetime which is geodesically convex is not quite generic. However, even de Sitter
spacetime, which is both globally hyperbolic and maximally symmetric and could, hence, be
expected to share many properties of Minkowski spacetime, is not geodesically convex.

[.2  Spinors on Curved Spacetimes

The previous section 1.1 contains essentially everything we need to know about curved spacetimes
in order to construct classical and quantized field theories of integer spin on them. However,
for Fermionic theories, we need additional input. In this section, we will, hence, discuss how to
define a spinor field and its covariant derivative on curved spacetimes.

[.2.1 Spin Structures

Let us recall that, in Minkowski spacetime, a spinor field transforms under the double cov-
ering group of the proper, orthochronous Poincaré group. While global Poincaré symmetry is not
realised in generic curved spacetimes, the proper, orthochronous Lorentz group SOy(3,1) is still a
meaningful local symmetry group by the Einstein equivalence principle. 1t therefore seems sensible
to define a spinor field locally by its transformation properties under the double covering group
of §O,(3,1), namely, the identity component of the spin group Spin,(3,1) which is isomorphic to
SL(2,C). To have a sensible global notion of a spinor field, it is then necessary to make sure
that the local double covering of SO,(3, 1) can be consistently performed on the full spacetime
M. If this is possible, we say that M has a spin structure. In the following, we shall discuss these
issues in more detail.

This subsection will make extensive use of the language of fibre bundles, see [Hus96, KoNo63]
for a stringent mathematical treatment and [CoW106, Nak03] for an introduction well-motivated
from physics. A reference for spin geometry is [LaMi89], but we also recommend the exposition
in the PhD thesis of Sanders [San08, chap. 4].

To encode the local Lorentz symmetry of a spacetime in a meaningful mathematical object,
let us recall that we can define Lorentz frames e, with g(e ,e,) = n,, = diag(—1,1,1,1) at
every point of a Lorentzian spacetime, though in general not globally. Since we only consider
oriented and time-oriented spacetimes, we can restrict our attention to oriented frames with a
future pointing e,. Of course we can have many different such frames at every point, and they
are related by a proper, orthochronous Lorentz transformation. In fact, SOy(3,1) acts on the
frames at one point from the right, ie. given a frame e, and A*, € SO4(3,1), we obtain a new
oriented and time oriented frame by e A* ,- Moreover, this right action is free as only the identity
in §O,(3,1) leaves a frame unchanged and frnsitive since each pair of frames is related by an
element of §O,(3,1). The collection of all oriented and time-oriented Lorentz frames, hence,

constitutes a principle fibre bundle over M with typical fibre SO,(3,1).
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Definition 1.2.1.1 The Lorentz frame bundle of an oriented and time-oriented spacetime M is the
principle fibre bundle LM = LM[SO(3,1),R;,7;,M] with typical fibre SOy(3,1), right action
R, :8O,(3,1) x LM — LM, base space M, and base projection 7t, : LM — M.

We are now in the position to formulate the globally consistent local double covering of
the proper, orthochronous Lorentz group in precise terms. To achieve this, let us denote the
covering Lie group homomorphism Spiny(3,1) — SO,(3,1) by IL Initially, IT is defined to be a
double covering homomorphism, but, in four spacetime dimensions, I constitutes the universal
covering of §Oy(3,1) as Spiny(3,1) = SL(2,C) is already simply connected. A standard way to
realise II is to map a Minkowski vector x to a 2 X 2 matrix as X = x°I, + 23—1 x'c;, where I
denotes the 7-dimensional identity matrix and o; are the Pauli matrices -

01i<? é), 02i<? _Oi>, 03i<é _01> (L4)

Then, one can show that the adjoint action of SL(2,C) > Aon X, Le. /T%/T_l, defines a covering
homomorphism SL(2C) — SO,(3,1) with kernel £I,. After discussing the spin structure, we
will also regard a different, albeit equivalent, way to define II.

Definition 1.2.1.2 Given an oriented and timeoriented spacetime M, a spin structure is a pair
(SM,p), where SM = SM[Spiny(3,1), R, 7wg, M] is a principle fibre bundle over M with typical
Sibre Spiny(3,1), right action R : Spiny(3,1) x SM — SM, and base projection g : SM — M, and
p:SM — LM, is a smooth bundle morphism that fulfils the following two conditions:

a) p is base point preserving, i.e. 7T, 0 0 =TI,

b) p intertwines Rg and R; by implementing the covering homomorphism 11 as

poRy(A)=R (A)ep,
where A € Spiny(3,1) and A€ §O(3,1) are related by H(/T) =A

We call SM a spin frame bundle and say that two spin structures (SM, o) and (SM,, p,) are equiv-
alent if there is a base point preserving bundle isomorphism p: SM, — SM, fulfilling p,0p = p,.

A spacetime (M , g ) endowed with a spin structure (SM , o) shall sometimes be denoted by (M, g,SM, p),
but we will often denote such spacetime by M in brief.

Now we know precisely what kind of an additional structure we need in order to define spinor
fields on our spacetime M. This of course raises the ardent question whether such a structure
really exists on M. The most general answer to this question is due to Borel and Hirzebruch
[BoHi58] and given in terms of Stiefel-Whitney classes, see, i.e. [Hus% chap. 17]. These are initially

defined to be characteristic classes of M with values in the Cedb cohomology groups H "(M,Z,),
but one can show that the latter coincide with the de Rbham cohomology groups H"(M,Z,) in the
case of a smooth manifold M. Since the situation is much simpler in the present case of a
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four-dimensional, globally hyperbolic spacetime, we will not go into details here, but only state
the general result for the sake of completeness. In addition to the monographs already cited, we
recommend the exposition in chapter 2 and appendix A of [K6h95] to the reader interested in
further details.

Theorem 1.2.1.3 An oriented and time oriented smooth spacetime admits a spin structure if and only if
its second Stiefel Whitney class w,(M) € H*(M,7Z,) is trivial.

Let us understand why the question of existence of a spin structure can be answered in easier
terms in our case. If M were parallelisable, ze. if M would admit a global Lorentz frame e,
then the existence of a spin structure would follow immediately, since one could just cover the
Lorentz group at one point and extend this to the full spacetime by means of e,. In fact,
one can even prove that the existence of a spin structure implies the parallelisability of M,
¢of [Ger68, Hus96]. The last ingredient we, hence, need is the insight that an oriented and
time-oriented, four-dimensional, globally hyperbolic spacetime M is always parallelisable. This
follows from the fact that such M is diffeomorphic to R x X, with a three-dimensional, oriented
Cauchy surface 2/, and the standard result of differential geometry that all oriented threefolds
are parallelisable. Altogether, we arrive at the following result, which strengthens the already
obtained insight that globally hyperbolic spacetimes are physically meaningful.

Lemma 1.2.1.4  Every four-dimensional, oriented and time-oriented, globally hyperbolic spacetime admits
a spin structure.

One might wonder whether a spin structure is unique (up to equivalence); it can be shown
that this is the case if and only if M is simply connected. We refer to [Ger68, Ger70] for this
and other interesting facts about spin structures. For examples of spacetimes 7ot admitting spin
structures, see [Ger70, Ohl192].

Bosonic fields are tensor fields and therefore sections in some tensor powers of 7 M and
T*M, which are in turn vector bundles associated to LM, see for example [Nak03, p. 370]. The
natural bundles for spinor fields to be sections of should thus be tensor powers of vector bundles
associated to SM; the definition of the latter is thus in order. To this avail, let us recall that,
in flat spacetime, Dirac spinors transform under the four-dimensional reducible representation
of SL(2,C) given by the direct sum 7y = DGO @ DO of the fundamental representation
of SU(2) and its complex conjugate. Consequently, it seems advisable to construct the spinor
bundles employing 7t also in curved spacetimes.

Definition 1.2.1.5 The Dirac spinor bundle of a four-dimensional spacetime M is the associated vector
bundle DM = SM x __ C*. DM is thus the set of equivalence classes [(p,z)] where p € SM, z € C*,
and (p,,2,), (P, 2,) are defined to be equivalent if there exists a Ae SL(2,C) such that RS(/T)‘D1 =7,

and ﬂ@(/l_l)zl = z,. This entails that DM is a fibre bundle over M with typical fibre C*, structure
group 1o(SL(2,C)), and the base point projection 1, defined as 7wp([(p,2)]) = mg(p). A Dirac
spinor field is a section of DM.
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In analogy, denoting by * the adjoint with respect to the inner product on C*, we call Dirac cospinor

~ ~

bundle of M the C**-bundle associated to SM by identifying (p,z*) with (Rg(A)p,z* 1w (A)); a section
of D*M shall be called Dirac cospinor field.
We define a fibrewise dual pairing of DM and D*M by extending the dual pairing of C* and

C¥: for 2, = [(pr2)) Z; = [(po )], we set Z3(2,) = 23(2,)

In Minkowski spacetime M, a Dirac spinor field is just a map M — C*. The above definition
implies that, locally, we have the same situation in a globally hyperbolic, four-dimensional
spacetime. But, in fact, on simply connected spacetimes, this holds even globally. We have learned
that a four-dimensional, globally hyperbolic spacetime is parallelisable and LM is therefore a
trivial bundle. Consequently, SM is a trivial bundle as well if M is simply connected. Altogether,
on simply connected, four-dimensional spacetimes, we are in the nice situation that all vector
bundles we have introduced up to now, z.e. TM, T*M, DM, and D*M, are trivial and we can
define global frames for all of them. If M is not simply connected, only TM and T*M are
trivial bundles, and DM and D*M are in general not trivial. Moreover, to be in accord with the
spin structure, we have to require that the spin and Lorentz frames are related. Let us therefore
choose a consistent set of frames.

Definition 1.2.1.6

a) Let E : M — SM be an arbitrary but fixed smooth section of SM. We define a spin frame
{E4 amt23.4 a5 a set of four sections of DM by E,(x) = [(E(x),24)], where z, is the standard
basis of C*, If M is simply connected, we can choose E and, hence, E, to be global sections.

b) We can then construct a dual spin frame {E?} B=1234 45 a set of four sections of D'M by
requiring that E*(x)(E(x)) = &% for all x € M. Again, we can choose E® to be global if M is
simply connected.

¢) Employing the spin structure morphism p, we obtain a smooth section e : M — LM by setting
e=poE. Wecan choose e to be a global section. If E is already global, this is straightforward. If
we have only local spin frames, we can choose them such that their (sign) ambiguity does not matter
while projecting to e. Out of e we define, in analogy to a), a Lorentz frame {e,},_,, ,; as a set
of four global sections of T M making use of the fact that TM is an R*-bundle associated to LM.

d) Similar to b), we define a dual Lorentz frame {eb } b=0,1.253 4 a set of four global sections of
T*M by demanding that e*(x) (e,(x)) = 8° holds at all points of M.

Henceforth, we shall denote spinor indices by capital Roman letters and we shall raise and lower them by
(L) s = (LY = &5

Using the just defined global frames, we can decompose every spinor-tensor, i.e. every section

fMoaTM® - @TMRT'M®--- @ T"M®DM® - DURD'M®---@ D'M
[ j k I
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as
ayai Ay Ay hg...Qeb% Ble... B
f =1y s, €0 @@, @@ @R, @ ®F, ®L" @@L,
. 18 sl AL AL . . . .
where the coefficients f," e ,k are functions on M. One could in principle certainly

b/ B/
1’ *y 1’ 5

choose a different sections E of SM and thus obtain different spin and Lorentz frames which
are related to the previous ones by local spin and Lorentz transformations. On the level of

coefficients, such a change of frames results in

B = O G (B e () S T o 09

b’B’ a b;" B -b;B,~B; ’

where A is a smooth map A: M — Sping(3,1), A= Ilo A is a smooth map A: M — $O4(3,1),

and we have omitted the representation 7ty for the sake of notational simplicity.

[.2.2  The Spin Connection

We have seen how to define a Dirac spinor field on globally hyperbolic spacetimes in a sensible
way, using as much as we could save in the passage from flat spacetime to a curved one. In the
long run, this is of course not sufficient, since we will be interested in defining some dynamics
for the Dirac field. In Minkowski spacetime, Poincaré symmetry and the requirement that the
dynamically allowed Dirac field constitutes an irreducible representation of the double covering
group of the Poincaré group uniquely select the Dirac equation as the equation of motion
[Fol63]. In curved spacetimes, such strong requirements are of course not at our disposal and
the best we can do 1s to take the covariant generalisation of the Minkowskian Dirac equation as
the equation of motion. To this avail, we shall need both y-matrices and a covariant derivative
for spinors, i.e. a spin connection. We will start by discussing the former.

Definition 1.2.2.1  The Dirac algebra C1(3,1) is the Clifford algebra of Minkowski space, i.c. it is
the real, associative algebra generated by the identity 1 and a set of elements {y,},_q | , 5 satisfying

ot =170 1y, =211

As 1s well known due to Pauli [Pau36], see also [LaMi89, chap. 4 & 5] and [San08, chap. 4.1], we
have the following important result.

Theorem 1.2.2.2  There is, up to equivalence, only one irreducible, real-linear, representation of C1(3,1)
as complex 4 X 4 matrices. It can be specified as

_.(L o (0 o
Yo o -L, )’ Vi —o; 0 )7

We shall henceforth call the matrices {y,},_ 5 y-matrices.
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Chapter I - Spacetimes and Spacetime Structures

The following discussion of Dirac fields will of course depend on the choice of representation
of CI(3,1). However, one can show that the resulting field theories are equivalent up to gauge
transformations [San08]. Moreover, if one restricts attention to observables of the Dirac field,
the choice of representation is even irrelevant, because observables are always traces over spinor
indices, and these are independent of the representation on account of the cyclicity of the
trace. We shall therefore use the representation mentioned in theorem 1.2.2.2 throughout this
work without loss of generality. Note that our y-matrices differ from the usual ones by an
imaginary unit z, this is due to our sign convention (—,+,+,4), which requires in particular
that 7 = —1,.

A quick look at the anticommutation relations of the Dirac algebra in definition 1.2.2.1 tells
us that both the complex conjugate ¥, of a representation of C/(3,1) and its Hermitian adjoint
v, are valid representations as well. These representations must therefore be related to y, by an
invertible 4x4 matrix.

Definition 1.2.2.3 We define the Dirac conjugation matrix (3 € SL(4,C) and the charge conju-
gation matrix 6 € SL(4,C) by

IB* = ﬁ, V; = —ﬁ}/ﬂﬂ_l, —i/@N“}/d is a positive matrix,

€6=1, 7,=€6y,6C7,

where N = N“e is a future pointing timelike vector field.

These matrices of course depend on the choice of representation of the Dirac algebra. One can
show that [San08, thm. 4.1.6], in our representation,

S=—iy,=B"", €=-iy,==6¢"", €=-8%p. (1.6)

To define the already anticipated spin connection, we have to discuss the relation between
the Dirac algebra C/(3,1) and the identity component of the spin group Spiny(3,1). To this
avail, let us first note that the anticommutation relations of C/(3,1) imply that the y-matrices
{V.}4=0.1.2 are linearly independent. Hence, we can identify their linear span with Minkowski
spacetime M and regard the latter as a subset of CI(3,1). Furthermore, let us recall that
the same anticommutation relations relate ever elements of the Dirac algebra, ze. elements of
C[(3,1) which are sums of a products of an even number of y,. These considerations lead to
the following definitions.

Definition 1.2.2.4
a) By Cly(3,1) we denote the even subalgebra of C1(3,1).
b) The pin group is the set

Pin(3,1)={Ae CI(3,1)| A=c, ¢, c; EM, 2 = £I}.
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[.2. Spinors on Curved Spacetimes

¢) The spin group can then be defined as Spin(3,1) = Pin(3,1)N Cl,(3,1).

To relate the above defined group Spin(3,1) to our previous discussion, we have to prove that its
identity component is the double covering group of §O,(3,1). This can be proven in two steps,
and we refer to [San08, chap. 4.1] for the details.

Proposition 1.2.2.5
a) Pin(3,1)={A€ CI(3,1)|detA=1, Vv eM AvA'eM}.

b) The map 11: Pin(3,1) — O(3, 1) defined as
~ o~ ~b
Ay A7 =y, [H(A)] .

is a double covering Lie group homomorphism which restricts to a double covering Lie group homo-

morphism 11 : Spiny(3,1) — SO,(3,1).

The outcome of the above proposition is an expression for the covering homomorphism 11
which is better suited to our purposes than the one briefly mentioned at the beginning of the
present section. In standard treatments of Dirac fields on Minkowski spacetime, the expression
derived in proposition 1.2.2.5 if often obtained by requiring that the Dirac equation transforms
covariantly under Lorentz transformations.

Having a clear-cut relation between the Dirac algebra and the spin group at hand, one might
wonder how the representation of C/(3,1) in terms of y-matrices is related to the representation
g = D&% @ DO2) of Spiny(3,1) = SL(2,C) chosen in the definition of the Dirac spinor
bundles. In this respect, one can show that the restriction of a Clifford algebra respresentation
on a vector space to the related spin group is always the sum of two inequivalent representations
of such group, see [LaMi89, prop 5.15]; in the case of C/(3,1), this induced representation of
Spiny(3,1) coincides, up to equivalence, with 77,.

The last step we need to take in order to obtain a covariant derivative for spinors is to
compute the derivative of II at the identity. We shall compute this explicitly, since the sign of
the outcome depends on the sign convention of the metric and, as also remarked and corrected
by [San08], some previous works on Dirac fields in curved spacetimes, ze. [Dim82], have been
disregarding this fact. To this end, let us recall that the Lie algebras of Pin(3,1) and O(3,1),
pin(3,1) and 0(3, 1) respectively, equal the Lie algebras of their respective identity components.

Lemma 1.2.2.6  The derivative d11 : pin(3,1) — 0(3,1) of the covering morphism 11 : Spiny(3,1) —
S§Oy(3,1) at the identity fulfils

A1 (X )—EW
b — 4 YaVb

Jorall X, € 0(3,1).
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Chapter I - Spacetimes and Spacetime Structures

Proof Let us take an arbitrary differentiable curve A : [0,1] — Spiny(3,1), /T(O) = I, whose
projection on SO,(3,1), A(s) =II(A(s)), is differentiable as well; the following identity holds

K5y, K6s) " = 7, AG)",.
Deriving with respect to s, we obtain
dA(s) ~
A
LGRS

dA(s)
ds

~ dA(s)~! dA(s)\"”
PR = (0

=% , (1.7)

;A(s)> b

e dR(s)
Y A(s)™ = A(s)y,A(s) TA(S) :Vb< s

a

where, in the second step, we have exploited the fact that the derivation of A(s)A(s)™! = I,
yields

dA(s)~ ~ dN(s)™!
5yt iy )
ds ds
Setting s =0, d= d3§5)|5:0, and A= dﬁgs)kzo, it holds I}/a — }/ﬂI: Vb’lbd- Right-multiplication

with y* and y%y, = n“byayb = ;7“1’;7”1[4 = 41, results in
4d=y Ay =2,rr". (L8)
Taking into account the antisymmetry of A € 0(3,1) and the identity
Ol = ety =y =0,

a possible solution of (I.8) s
v 1 a, b
A= Zﬂﬂb}/ yY. (1.9)

As we are solving a linear, inhomogeneous equation, the above solution is only a particular one,
and we can in principle add arbitrary solutions of the homogeneous equation

42—y, dy* =0. (1.10)

To assure uniqueness of (1.9), we have thus to show that the homogeneous equation has only

trivial solutions. Let us therefore take an arbitrary solution A of (110). It fulfils y*[y,,A] =0,

but, since the y-matrices are linearly independent, the last equality is equivalent to [y,, A] = 0.
Schur’s lemma [Hal03, thm. 4.26] together with the fact that Ya o Y. with a; < - < a,

ay

and 7 < 4 are a basis of M(4,C) then entails that A= kI, with some kb € C. The value of

k can be unambiguously determined if we recall that A as an element in the Lie algebra of
Sping(3,1) = SL(2,C) has vanishing trace. This implies £ =0 and closes the proof. O
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[.2. Spinors on Curved Spacetimes

To define a spin connection and a related covariant derivative, it seems natural to just take
the unique Levi-Civita connection already at our disposal on T'M or, equivalently, LM and try
to lift it to SM to obtain a covariant derivative on sections of DM. Moreover, this option 1s in
fact the only one we have if we want the resulting covariant derivative on mixed spinor-tensors
to be compatible with contractions of spinor indices.

Definition 1.2.2.7 Let I fc denote the connection coefficients of the Levi-Civita connection and

let the associated covariant derivative be specified as Ve, = I' fc e, ® e. Moreover, let o : LM —
T*LM ® 0(3,1) denote the connection I-form on LM induced by I" fc as

ch = et ((e*w)(eﬂ)ec) ,

with e : T*LM — T*M denoting the pull-back of e in the sense of cotangent vectors.
We define the connection I-form (2 of the spin connection by the pull-back

N=dl) " opow.

Let E* : T*SM — T*M denote the pull-back of E in the sense of cotangent vectors. Via the spin

connection coefficients

ol ZEP ((E*Q)(e,)Ey),

we can define a covariant derivative associated to the spin connection as

VE, =0’ e QF,.

Let V = VAE, be an arbitrary differentiable section of DM. We define the spin curvature tensor
via

A
9:{31/119 A A A B
V;ab_v;ba:m&tbv :

We can straightforwardly extend the covariant derivatives in definition 1.2.2.7 to a covariant
derivative V on arbitrary spinor-tensors, ze. sections of arbitrary tensor products of TM, T*M,
DM, and D*M. As an example, the action of V on

f=fe, ®e’ ®FE, ®E"
reads
Vf:eCVC< b“;eﬂ®eb®EA ®EB> =
aA d raA a [fdA A raC C raA c b B
[gcbe = ap Yol T 0clyy — 0 bc]"’ ®e,®e " ®E,®E".

For actual computations, it will be helpful to have an explicit expression for the spin con-
nection coefficients and the spin curvature tensor. To this end, a comment on the nature of
the connection coefficients I~ fc is in order. I’ fc are not the well-known Christoffel symbols, i.e.
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Chapter I - Spacetimes and Spacetime Structures

the connection coefficients of the Levi-Civita connection in the coordinate basis. Particularly,
the I” fc are antisymmetric in the upper and lower right index, as these indices correspond to
indices of a matrix in 0(3,1), while the Christoffel symbols would be symmetric in the lower
two indices. The distinction between the two connection coefficients implies in particular that

the expression for a: stated in the forthcoming lemma 1.2.2.8 is only valid in a frame basis.

B
This is related to that fact that both the Christoffel symbols and I” fc are not the coefficients of
a tensor. However, the identity for the spin curvature tensor %ABﬂ , We will present is valid in
all bases, as it involves only tensorial quantities, see also the discussion following lemma 1.2.2.8.
Due to the non-tensorial nature of I~ fc , we can, given a point x € M, always find a frame such

that F;’C(x) = 0. This fact and a direct application of lemma 1.2.2.6 yield the following identities
[Lic64, sec. 14].

Lemma 1.2.2.8 The spin connection coefficients af ', and the spin curvature tensor RA B S
4) U:B = %Fﬁi(nyd)AB’
b) R, = 1R, (ryY
) Rupap = ~Rpaa = ~Rappa-

Calculations with Dirac fields usually require some serious y-matrix jugglery, and the present
work makes no exception. We shall now state a few identities used in the remainder of this
thesis, which can all be derived in a straightforward manner employing lemma [.2.2.8, the
anticommutation relations of the y-matrices, the cyclicity of the trace, the symmetries and the
Bianchi identity of the Riemann tensor, and finally the fact that a single y-matrix has vanishing
trace. Before stating the promised identities, let us remark that we will now and often omit
spinor indices to simplify notation and let us compute an example to give a brief glimpse into

the necessary calculations, namely, the identity R ab}/b = %Rﬂbyb . Due to lemma 1.2.2.8, we
know that the starting point of the computation is %ﬂb}/b = %Rabcdyb}/cyd. By (I.2) and a
change of summation indices, we get

%b_lR Cdb—lR R cdb_lR b, d. c c..b. d
V"= TRt 7'y’ = 1 Resa+ Raaes) v'r'y" = Raea (' v'r +v7"7") -

We now use the Clifford relations and the antisymmetry of the Riemann tensor to commute the
y-matrices in the two summands of the last term until we reach the initial order.

q i
Raoca (7 7Y Y) = SR (r 7y 2" =2 T 20 ).

The last identity and the definition of the Ricci tensor (I.1) entail
3 1
b b b b b
%ab}/ = ERab}/ _29{11177/ = %ﬂb}/ = ERaby :

Related considerations lead to the following identities.
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Lemma 1.2.2.9

a) The trace of any product of an odd number of y-matrices vanishes. Moreover, if we denote by Tr the
trace over spinor indices, and by (] the idempotent antisymmetrisation of indices, then

Try s =40 Ty 1Y Ya =4 (Masfea = Naclba + Naalloe) >
Tr Y VoYY YeYr =4 (77f[a'7b][c'7d]e Tt NeaMp1dNe1f + Ud[mb]cﬂef> :

b) Products of y-matrices with two of the appearing indices contracted fulfil

r'r.=4, rrrn=-2", rvrr.=9"L,
Y=yt Yty e=2(r vyt

¢) Let us denote by [-.-] the commutator of two matrices. The spin curvature tensor fulfils the following
identities

1
_Vb%ab = %ab‘}/b = ERab}/b s [%ab’ }/c] = Rabdc}/d ’
ab ab 1 abed
Ir %ab)/c}/d = _ZRabcd’ %ﬂb. =0, Ir mabm = _ERahcdR ’
Ir %ab%ﬂb}/cyg’ =Tr 9:{z/zbg}{ab)?cd .

To close this section, let us note that we can promote the initially constant matrices y, to a

smooth section y : M — T"M @ DM ® D*M by setting
y=y, e ®E,®F", (L11)

where }/23 are the matrix elements of y,. Note that this definition of y depends manifestly on
the chosen spin frame E,, but this shall not trouble us since all sensible observables of a spinor
field should be frame-independent. With the above definition at hand, we can contract y with a
vector field v = v”e, to obtain a section of DM ® D*M. As it is customary, we will denote this

by Feynman slash notation, i.e.
7/i )/(7)): fz)“}/:}; EA®EB.

Moreover, we can obtain coordinate basis y-matrices as Yy = eZ ¥,- These fulfil anticommutation
relations with respect to g, viz.

{ront=2g..
Finally, we would like to state an important fact, which is sometimes used to define the covariant
derivative on spinor-tensors in more pragmatic treatments of Dirac fields on curved spacetimes.

To wit, employing lemma 1.2.2.8 and the antisymmetry of I” fc , one can straightforwardly com-
pute [Lic64, sec. 13]:

Lemma 1.2.2.10  The section of y-matrices is covariantly constant, i.e. Vy =0,
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[.3 Null Big Bang Spacetimes

Up to now we have discussed generic four-dimensional, globally hyperbolic spacetimes and these
will indeed be the backgrounds for the general constructions of scalar and spinor field theories
we are going to describe in the following three chapters of this thesis. However, we will also
be interested in cosmological applications of the aforementioned general constructions. Partic-
ularly, we are aiming for concrete calculations in Friedmann-Lemaitre-Robertson-Walker spacetimes,
henceforth abbreviated by FLRW. It is thus essential to see how the general setup described in the
previous two sections manifests and simplifies in such spacetimes. Moreover, as already antici-
pated by the title of the present section, we shall focus on a restricted class of FLRW spacetimes,
as we will explain and motivate in the following.

[.3.1 Cosmological Spacetimes and Power-Law Inflation

According to the well-known cosmological principle, our universe is homogeneous and isotropic. This
postulate implies that, on large scales, the cosmos looks ‘the same’ everywhere and in all direc-
tions, see [Wal84, chap. 5] for a precise definition and a discussion of these issues. A remarkable
confirmation of the isotropy of our universe is the fact that the temperature of the Cosmic M-
crowave Background (CMB) is isotropic up to relative fluctuations of the order 10=> [Jar10]. Based
on the cosmological principle!, we shall regard Friedmann-Lemaitre-Robertson-Walker spacetimes
as the curved manifolds describing our universe on large scales. The underlying manifold of such
spacetimes 1s [, X X, where /, denotes an open interval in R and X is a three-dimensional
manifold of constant curvature x, and their metric is given by the line element

dr?
ds’ =—dt* +4°(t) —2+72d82(t9,g0) .

1—xr

Here, a(t) is a strictly positive smooth function called the scale factor, t € I, denotes cosmological
time, and 0, @ are coordinates on the 2-sphere S?, the canonical line element of which is denoted
by dS?. If we recall the discussion in section L.1, we immediately realise that X is a Cauchy
surface, and hence all FLRW spacetimes are globally hyperbolic. In the following, we shall
restrict attention to x = O as this is the situation strongly favoured by experimental data, the
CMB measurements in particular [Kom10, Amm10]. In this case, one speaks of flat FLRW
spacetimes and X = R?, while » denotes the Euclidean distance in R?, which in our scenario is
called the comoving distance. Obviously, a possible time function on a FLRW spacetime is given
by the cosmological time itself, but there is another possibility called the conformal time 7. It 1s

defined as
(1) j _ar
t)= t,
’ a(t")

Iy

'Note that the mentioned postulate is not beyond any doubt, see for instance [CaSt08, Cla07, HBG04].
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[.3. Null Big Bang Spacetimes

which allows us to view flat FLRW spacetimes as a manifold /_ x R?> with metric line element
ds’=a’(t) (—=do* +dr*+ r’dS*0,9)). (1.12)

Here, I_3> 7 denotes the open interval in R obtained from /, by the transition from cosmological
time to conformal time.

The functional behaviour of the scale factor a describes the ‘history’ of our universe, which,
according to General Relativity, is completely determined by the specification of the matter-
energy content of our universe in terms of the stress-energy tensor T#v and its coupling to gravity
via the Einstein equation

. 1
GHV:R/JV_ERg#VZSTCGTW' (L.13)

Here, GNV denotes the Einstein tensor, G 1s Newton’s constant, and THV is, in the present case of a
FLRW spacetime, given by the stress-tensor of a perfect fluid, viz.

TH = < e > . 1.14)

Y I, (
In (I.14), the energy density o and the pressure p of matter-energy are related by the equation of state
p=wp (L.15)

and we have written TW with one upper index to display it in its most simple form. The
most prominent types of matter-energy are dust (i.e. non-relativistic, classical matter) with w =0
and radiation with w = % Sometimes, a cosmological constant A is added to the left hand side
of the Einstein equation via Agw, but, in view of chapter IV, we consider it as a part of the
matter-energy content with w = —1.

Observations indicate that the current matter-energy content of the universe is comprised
of roughly 27% dust and 73% dark energy, while the relative contribution of radiation is only
of order 10~ [Kom10, Amm10]. The measured @ of dark energy is in good agreement with a
constant w = —1 [Kom10, Amm10] and can therefore be interpreted as a cosmological constant,
though its origin remains unclear. As we shall discuss in great detail in chapter IV, quantum
matter-energy has a time-varying equation of state that approaches w = —1 at late times; it is
thus a possible explanation for dark energy. Moreover, we shall see that, in a suitable thermal
state, the temperature-dependent part of quantum matter-energy mimics the behaviour of dust.

To solve the Einstein equation in flat FLRW spacetimes, one first computes [Wal84, chap.

5.2]

R¥ = oL R=6 £+§ Gt = 35 (1.16)
v s+9n )0 TTO\2 L) T (-5 -29)1, )°

where a dot indicates taking the derivative with respect to t. The above system of ordinary
differential equations reduces to the Friedmann equations

a? a
3= =8nGp, 3—-=—41G(o+3p). (1.17)

612 a
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As the Bianchi identity (I.3) implies V# GHV =0, the Einstein equation only makes sense if
the stress-energy tensor T#v is covariantly conserved as well, z.e. V# Tw = 0. In (not necessarily
flat) FLRW spacetimes, the covariant conservation of the stress-energy tensor implies

a
e+3-(e+p)=0, (L18)
a
and this equation can be obtained directly from the Friedmann equations since V#7,, =0
has been implicitly assumed in their derivation. Under the assumption that each matter-energy
component is conserved on its own, (I.18) implicates that

Orgd’ = constant, Causd” = constant, O.. = constant. (L.19)

We see that dust, radiation, and the cosmological constant have very different scaling behaviours
with respect to 4. The first Friedmann equation implies that, if o > 0 for all times and 4 > 0
at one instant of time, then a will be strictly increasing for all times. Consequently, if we
consider the present matter-energy content described above and assume that dark energy 1s a
cosmological constant, then our universe must have had two phases of evolution preceding the
present era dominated by dark energy: a phase where radiation has determined the behaviour
of a followed by an era dominated by dust. This motivates examining the solutions of the
Friedmann equations separately for each matter-energy component and one finds [Wal84, chap
5.2]

wIN

Apad, X (t - tO)% ’ Aquse X (t - tO) ’ Aee X eﬁt . (IZO)

The outcome of the preceding discussion is that, under the mentioned assumptions, our universe
must have inevitably faced a Big Bang at some point of time in the past, ze. there has been a
ty > —oo with a(ty;) =0 and we shall set £, = 0 in the following. Note that the occurrence of
a Big Bang follows already from the second Friedmann equation and the assumptions 4 > O,
o >0, since then o+ 3p > 0 and therefore 4 < 0 if we take into account the sum of all three
matter-energy constituents in the radiation-dominated era at early times.

The scenario described above is part of the present standard model of cosmology, see for instance
[Dod03] for a detailed discussion, and it is known that it has (at least) one hitch, usually termed
horizon problem. We refer to [Dod03, chap. 6.2] for an quantitative discussion of this issue and
only consider its qualitative aspects here. To wit, the isotropy of the temperature proper to the
CMB radiation entails that the so-called /last scattering surface, i.e. the region from where the CMB
photons we see today have been emitted, must have lied in the forward lightcone of some event
responsible for the thermal equilibrium of such region. The size of the last scattering surface
is the radius 7, of our past lightcone at the time ¢, of CMB photon emission, namely, the
speed of light times the conformal time difference 7(t, ) — 7(t,,). The isotropy of the CMB
therefore entails that the following inequality must hold

tem

dt’
ﬂ%&—ﬂ®=f > (1.21)

ﬂ(t/) — "em
0
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and one can compute that this is not the case in the standard model of cosmology; this 1s
the horizon problem. A prominent possibility to solve the horizon problem is inflation, see
for instance [Dod03, chap. 6.2]. In this scenario, one usually assumes that, in the very early
universe, there has been an additional matter-energy component mimicking a large cosmological
constant and thus leading to phase of exponential expansion. Inserting this assumption into
(I.21) leads to a large negative 7(0) and therefore allows for (I.21) to be fulfilled. However, one
does not have to assume an exponential expansion of the universe at early times to solve the
horizon problem. Let us note that, in the standard model of cosmology, 7(0) in (I.21) is small
and in particular finite because (t) oc 4/ in the radiation dominated phase close to the Big
Bang and the integral in (I.21) thus converges at the lower limit. If we assume that the very
early universe was dominated by a matter-energy component leading to a scale factor fulfilling
a(t) < Ct for some C > 0, then 7(0) = —oco and we have found another solution of the
horizon problem. This scenario is called power-law inflation [LuMa85] and, as shown for the first
time in [DFP08, Pin10] and analysed further in chapter IV, quantum fields on curved spacetimes
constitute a matter-energy component leading to power-law inflation. This fact leads us to pay
particular attention to quantum field theories on the class of Big Bang spacetimes incorporating
power-law inflation in the remainder of this thesis.

In addition to the aforementioned reasons, there is another strong motivation to consider
quantum field theories on power-law inflationary spacetimes. To understand it, let us redefine
the conformal time as

b

: r o,
(t) = —f a(t’)dt , (1.22)

t

with some (possibly infinite) £, > O chosen such that the integral converges at the upper limit.
Having done this, we are in the following situation: from (I.12), we can infer that, by means of a
conformal embedding, the Big Bang spacetimes M under consideration correspond to a portion
of Minkowski spacetime M. If 7(0) is finite, the ‘surface’ t =0 of M corresponds to a spacelike
constant-time surface of M, while in the case of an infinite 7(0), the time-zero surface of M
corresponds to the 7 = —oo ‘surface’ of M. Technically, the t =0 and 7 = —oo surfaces of M
and M respectively are certainly not a part of the particular spacetimes. We will discuss this issues
in more precise terms in the next subsection, where we will also see that the T = —oo ‘surface’
of M is a null surface, which 1s indeed the anticipated second motivation to analyse quantum
field theories on power-law inflationary spacetimes. Namely, as shown in a series of papers
[DMP06, DMP09a, DMP09b, DMP09¢c, DPP10, Mor06, Mor08], it is possible to map quantum
field theories in particular (not necessarily FLRW) spacetimes to distinguished codimension one
null surfaces in a very controllable way. The advantage of this is that, while the spacetimes M
under consideration may not contain isometries, or the field theories on M may not be invariant
under the isometries of M, the mentioned null surfaces are always highly symmetric and the
field theories mapped to them turn out to be invariant under these symmetries quite generically.
This exploitation of the holographic principle introduced by ’t Hooft in [tH093] allows one to
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extend constructions well-known from Minkowski spacetime, like the selection of distinguished
ground states or thermal states, to a large class of non-trivial curved spacetimes, as displayed
in [DMP06, DMP09a, DMP09b, DMP09¢c, DPP10, Mor06, Mor08]. One part of this thesis is
concerned with adding to these results by constructing ground states and thermal states for
quantum field theories in Big Bang spacetimes of the kind described above. Before we lay the
foundation to this by describing the geometric setup in detail in the next subsection, we close
the present subsection by merging the above considerations into a definition. The additional
technical restrictions we shall impose on a(¢) will ensure nice properties of a(7), as we shall see in
the following, and will furthermore be proper to a scale factor driven by quantum matter-energy,
see [Pin10] and the last chapter of this thesis.

Definition 1.3.1.1 A null Big Bang spacetime (NBB) is a flat FLRW spacetime with a scale factor
a(t) fulfilling:

there exist constants  Cy € (0,00), ty>0 suchthat a(t)<Cyit Vi<t

This implies that there is a (possibly infinite) T
ranges over I_ = (—o0, T, ).

Moreover, we demand that, for all ¢ € (0,1), there exist constants C, € (0,00), t, > 0 fulfilling

> —00 such that the conformal time T defined by (1.22)

max

C.t'" <a(t) Vi<t

and that all derivatives of a with respect to t are bounded at the origin.

[.3.2 The Conformal Boundary of Null Big Bang Spacetimes

As already remarked in the preceding subsection, we will be concerned with mapping field
theories on an NBB spacetime, henceforth denoted by My, to the t = 0, or equivalently, T =
—oo boundary of My. The first task is thus to have a clear understanding of the structure
and properties of this boundary. As we already know that an NBB spacetime is conformally
embeddable in Minkowski spacetime M, we can expect that the past conformal boundary d~M,
of My is a part of the full conformal boundary dM of M we shall therefore proceed by
discussing the latter.
Upon choosing polar coordinates, the Minkowski metric 7 1s specified by the line element

ds*=—d7*+dr*+r*dS*(6,¢)

where the notation is the same as in (1.12). To analyse, or, rather, to define M, we have to
compactify it in order to be able to understand it as an open subset of a larger manifold Az; IM
will then be defined as the topological boundary of M in M. To achieve this, let us introduce
the retarded and advanced light coordinates uw and v respectively by setting

w=t—r, v=T4+7.
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[.3. Null Big Bang Spacetimes

In these coordinates, the Minkowskian line element reads
2
v—u
ds’=—dudv+ <T> ds*(6,¢).

In order to obtain a compactification of Ml which preserves the causal structure of M, we define
the compactified light coordinates U and V as

U =tan"'(u), V =tan"'(v)
and therefore transform the line element into

daudv siny(V = U)

ds*=—
’ cos’(U)cos*(V) * 4cos’(U)cos*(V)

dS*(0,¢).

If we finally define time and radial coordinates in the compactified space by
IT=V+U, R=V-U,
then we obtain the line element
, —dT?+dR*+ sin’(R)dS?(0, )

s° =
4cos’ <H) cos? <#>

2

The enumerator of the above line element is nothing but the line element of the metric g
proper to the Einstein static universe (M, gy), sometimes also called Einstein cylinder. This space-
time is the result of Einstein’s famous introduction of the cosmological constant into General
Relativity and its manifold M, is the Cartesian product of R and the three sphere S°, see,
eg [HaEl73] for further details. Note that the singularities of g, at R € {0, 7t} are nothing
but the usual ‘pole singularities’ of polar coordinates. Altogether we see that, via a judicious
choice of coordinates, we have been able to map Minkowski spacetime M into an open subset
of My and n to a conformal transformation of g,. If we call the corresponding conformal
embedding y™ : (M, ) & (Mg, gz), trace back our steps, and recall » > 0, we have that
(X}AIO)[XM(M): (QR_AIng)[XM(M), with the conformal factor specified as

5 ,{T—R ,{T+R 4
{2, =4cos cos = > N (L.23)
2 2 (1+27)(1+u”)

and we can see that y™(M) is the open subset of M specified by the inequalities
—n<T+R<m, —n<T—-—R<m, R>0.

We have depicted the situation in figure 1.1, a so-called Carter-Penrose diagram. Note that the usual
Carter-Penrose diagram of Minkowski spacetime encountered in the literature is the ‘doubling’
of figure I.1 and, hence, a ‘diamond’. However, we have chosen to not draw it in this way, since

33



Chapter I - Spacetimes and Spacetime Structures

Figure 1.1: The conformal embedding of Minkowski spacetime M into the Einstein static universe My. A
point in this picture corresponds to a two-sphere.

R corresponds to a ‘generalised azimuthal angle’ of S® ranging only from 0 to 7z. We consider a
diamond picture misleading because of this fact and also in view of the forthcoming discussion
of IM. Minkowski spacetime, ze. y™(M), corresponds to the interior and left edge of the
triangle displayed in figure 1.1, while its conformal boundary corresponds to the topological
boundary of )(M(M) in My, viz. IM=:iTUSTU°UJ Ui~ It becomes visible that IM is
comprised of five distinct pieces, namely, future timelike infinity 1™, future null infinity 3, spacelike
infinity i°, past null infinity 3=, and past timelike infinity i~. While i* and i° are two-spheres,
8% are codimension-one submanifolds diffeomorphic to I x S?, with I an open interval in R.
Moreover, the interpretation of the boundary pieces is such that all future directed timelike
geodesics of Ml begin in 7~ and end in %, all future directed null geodesics of M begin on §~
and end on 37, and all spacelike geodesics of M ‘begin’ in z° and ‘end’ in z°. Let us stress that
the conformal embedding )(M was sufficient to define the conformal boundary dM, but, if in
addition we would like to do tensor analysis on JdM], a conformal embedding is not enough
since )(jwﬂ is still divergent in the limit to M. However, we can obviously apply the conformal
transformation Qli/ﬂ to X}:wrj to obtain the metric g, which can be manifestly extended to M
in a smooth way.

Let us now return to NBB spacetimes. As we have already remarked, an NBB spacetime M,
can be conformally embedded into Minkowski spacetime M, which can in turn be conformally

embedded into the Einstein static universe. We thus have a chain of conformal embeddings
[Pin10]

(My, gp) = (M, ) — (M, gr)

and, if we denote by y? the resulting conformal embedding y?% : (My, g3) — (M, gz), it
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[.3. Null Big Bang Spacetimes

satisfies

42

B
X 8p rZB(MB): Q_ng r)(B(MB) )
M

Henceforth, we shall omit the restriction of quantities to y” (M) whenever it is obvious in order
to simplify notation. As the conformal time of an NBB spacetime ranges over (—o0,7,,,.), We

have
1’ (My) = " M),

and can therefore define the past conformal boundary d~Mj of M, as the ‘past piece’ of the
conformal boundary M of M. To perform tensor analysis on J~Mp, we have to neutralise the
singularity of ){f gg on d~Mjy. A possibility would be to multiply it with the conformal factor

max

.(2;414_2 in order to obtain the Einstein static universe metric g, in analogy to the discussion
of the Minkowskian boundary dM. However, as we are only considering the past boundary of
M, a ‘weaker’ conformal transformation that only counteracts the singularities of y®g, on this
boundary is sufficient. Moreover, the usage of such different conformal transformation yields a
simple metric on d~ My, as stated in the following definition.

Definition 1.3.2.1 The past conformal boundary =My of an NBB spacetime (M, g) is defined
as

I M,=%"Ui",
where §~ and 1™ are past null infinity and past timelike infinity of Minkowski spacetime respectively.
This entails that i~ is a two-sphere S*, corresponding to the subset of the Einstein static universe M specified
as

L Ut = (= )= -
——=U=tan (#)=tan” (71—7r)=——
2 2
T+R . . T
and T:V:tan_ (v)=tan~ (T+r):—5,
while 3~ is the Cartesian product of an open interval and S?, corresponding to the subset of M specified
as
T Ut = (= )= -
——=U=tan (#)=tan” (71—7r)=——
2 2
nw T+R . . T
and -—< =V=tan (v)=tan (v+7)< —.
2 2 2
Setting
) — 2 2
£2, =2cos| —— | =2cos(U) = = ,
2 1+ u? 1+(t—7r)

we shall regard 3~ as the null manifold R x S described by coordinates v € R and (0,¢) € S* and
endowed with the metric

QZ
. ‘B
h= ?X*BgB f3—= (1+ 'Uz)gE rs—
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which, by a straightforward calculation, corresponds to the line element of the degenerate Bondi metric

ds*=2d2,dv+dS*(0,0).

.. - .2 . ..
In the definition of b, it is undersiood that the metric =2 v 8 o, is smoothly extended to S~ before restrictin
2 X. 8 y 24
it there.

Note that the above definition of 4 is valid, since the differential d {2, of {2, is non-vanishing
on 37, although (2; itself is vanishing there.

As already briefly anticipated, we will be interested in exploiting the symmetry of §~ and of
quantum field theories defined on §~ in order to obtain distinguished ground states and thermal
states for quantum field theories in M. It 1s obvious that 3~ endowed with the Bondi metric
1s invariant under translations in the @ directions. In fact, we will use v as a ‘time coordinate’
on 3~ and define ground states and thermal states with respect to these ‘time translations’.
The physical picture behind this is that the ‘time-translation symmetry’ with respect to v on
7 1is an ‘asymptotic conformal time-translation symmetry’ of both My and the field theories
defined on it; this is underlined by the following lemma which in addition shows how the spatial
translations extend to 3.

Lemma 1.3.2.2  The conformal Killing vector field 3 of (M, gg) can be smoothly extended to y®(My)U

o~

S~ and its restriction to 3~ coincides with 3,0.

Moreover, the Killing vector fields of (My, g5) generating spatial translations

1 1 1
J =——203 -
o sin(@)cos(p) * 7 cos(d) cos(ga)gg r sin(0) sin(¢) %>
d. = _ J - J, - d
2 sin(@) cos(p) * r cos(9)sin(¢p) ot rsin(6) cos(p) ¢
1

= d — 2
5" cos(0) " rsin(6)

can be smoothly extended to y®(My)U S~ and their restriction to 3~ coincides with

1 1 1
a,, a,, d ——Jd,,
sin(@)cos(p) °°  sin(f)sin(p) ° “ cos(d) ©

respectively.

Proof: The result follows by a simple computation once we have stressed a possibly obvious, yet
important fact: we have used the notion of a conformal embedding and the related symbols
to be able to write formulae in a clear and hopefully unambiguous way. However, for all
practical purposes, the conformal embeddings discussed in this work are just judicious choices
of coordinates in combination with restriction of coordinate ranges. This implies in particular
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[.3. Null Big Bang Spacetimes

that y#3 | s, \= d_; analogous relations hold for all other vector fields mentioned in the
x T 1y (Mp) T
statement of the present lemma.
With this in mind, let us consider d_ first. Using the various coordinates defined above and
the mutual relations among them, we obtain on y#(M,)

1
d=—0+d =——m—03,+7..
T u v 1+tan2(U) U v
Given QT in this form, we see that we can smoothly extend it to 3~ where U = —% and, hence,
1 _
1+tan®(U) — 0.

The result for the spatial translations can be obtained in a similar fashion by first recalling
that
2=3+2,

and then realising that 39 and aq, extend to §~ in a trivial fashion, while their coefficients are
proportional to »~! =2(# +v)~! and thus vanishing on §~. O

The above lemma shows that the spatial translations of (M, g;) become angular dependent
v-translations on 37, so-called supertransiations. We can straightforwardly check that supertrans-
lations are isometries of the Bondi metric A: in the degenerate coordinates (v,2;,0,¢), the
Bondi metric reads

" (1.24)

O O O

0
0
1
0

o O - O
O O O -
)

@)

Taking into account the coordinate expression for the Lie derivative, see [Wal84, app. 3], we
obtain for all vector fields of the form ad, with a smooth function a(6,¢) depending on the
angular coordinates

sin

£,0h,=adb, —2h,0(ad),

ey

the above expression vanishes for all w, v, either because h has block diagonal form, or because
a and b are independent of v. Taking into account the above considerations, lemma 1.3.2.2,
and the trivial invariance of / under rotations, we obtain the following important result.

Lemma 1.3.2.3  The conformal isometry of (My, gz) constituted by t-translations and all isometries of
(M, gg). ie. the spatial translations and rotations, extend to isometries of (3, h).

As of now we understand how the conformal 7-translation symmetry of (M, g;) extends to
a strict v-translation symmetry of (37, /). However, as already apprehended at several occasions,
we will be concerned with mapping massive field theories in My to d~Mj in such a way that they
are invariant under v-translations. A reader familiar with conformally invariant theories might
wonder how the latter aim can be achieved despite the fact that massive field theories are ot
conformally invariant. Admittedly, conformal transformations act on a massive field by rescaling
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the mass with the employed conformal factor, as we will discuss in more detail in chapter IL.
However, the following lemma shows that the additional restrictions we have imposed on 4(t) in
definition 1.3.1.1 entail that the conformal factor appearing in our scenario vanishes smoothly
on d~My, such that a massive field in My becomes conformally invariant while approaching

3 _MB .
Lemma 1.3.2.4

a) The scale factor a(T) of an NBB spacetime given in terms of the conformal time <« fulfils: for all
n >0 there exist constants C, € (0,00), T, € (—00,0) such that

1 n
a(t) < < > V1< Tim-

-C,7

Moreover, for all k €N, 4_1(7)|3fﬂ(7)| 1s bounded in the limit T — —o0.

b) The conformal factors - and 5~ appearing in the definition of the Bondi metric and in the
B ™M
conformal embedding (Mg, gg) — (M, &) respectively vanish smoothly towards both §~ and 1~.

Proof. Let us start by proving b) under the assumption that a) holds. To this avail, we recall

Ca()Vi+a a1+ (c+r)

a
2, 2 2

a d(zﬂ)\/1+%2\/1+7)2_4(7)\/1+(T+7’)2¢\/1+(T—7‘)2

2y 2 2
and that taking the limit to §~ corresponds to taking the limit # — —oo while keeping v
finite, whereas taking the limit to 7 is equivalent to taking the limit 7 — —o0 at finite . We
thus directly see that both conformal factors vanish in the considered limit on account of the
rapid decrease of a(7) towards d~Mjy. To see that they vanish smoothly, we have to analyse
all their derivatives with respect to the coordinates U and V/, which are regular on d~Mj. Let
us consider U-derivatives and aﬂﬁjﬂl for definiteness, the other cases can be treated analogously.

From d; = (1+ #?)Jd, we can infer that 5’540&1 is given in terms of derivatives of « multiplied
by terms which are polynomially bounded in # and v. Since a) entails that the 7-derivatives of
a vanish 1n the considered limit at least as fast as 4 itself, 354!2&11 converges to O towards Jd~M 5

for all k.

To prove a), let us remember that, on account of definition 1.3.1.1, there are positive constants
C, C,, t, t, such that, for all ¢ €(0,1),

C.t'" <a(t) Vt<t, a(t)<Ct Vt<t,.
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Inserting the lower bound in the definition of the conformal time (I.22), we obtain

ty t,

Jdt’ D+Jdt/<D 1<_ > D+1 .
—T = _ - — té‘_t—f —_ _t—c,
a(t) ') a@) Tt D\ > D,

t t
with suitable constants D, which we can all assume to be positive without loss of generality (D;
could in principle be negative, but it will always be positive for a sufficiently small z,). Solving
the above inequality for ¢, we obtain

1

1 :
< | ———
“(5m.5)

and, hence, the wished-for property with » = 1/¢ and C, = D,/C by inserting the above
inequality in the upper bound for a(t). O

To close this subsection, let us describe how the above discussion relates to the scenario
analysed in the already mentioned works [DMP06, Mor06, Mor08]. As remarked before, =M,
is invariant under the extensions of translations in 7, spatial translations, and rotations to
M 5> which, considered on Minkowski spacetime M, are a subset of the proper, orthochronous
Poincaré transformations. Since d "M is part of the conformal boundary of M, one could
expect that d ™M, is invariant under the full proper, orthochronous Poincaré group suitably
extended to d~Mj. This can indeed be shown to be true, but the situation is in fact considerably
more general: Minkowski spacetime is a special case of an asymptotically flat spacetime, see [DMP06,
Mor06, Mor08, Wal84] and references therein. Such spacetimes are generally containing the null
boundary piece 37, and, depending on the definition, the pieces *, i, or 1%, where §~ is
viewed as an intrinsic object specified by a manifold R x S?, a degenerate metric A, and a
null vector field d, generating §~. Such intrinsically defined 3~ turns out to have an infinite
dimensional symmetry group, the so-called Bondi-Metzner-Sachs (BMS) group, which contains the
proper, orthochronous Poincaré group as a normal subgroup, ¢¢ [ArDa03, ArDa04, Dap05,
DMPO06, Mor06, Mor08, Wal84] and references therein. To understand why the BMS group is
larger than the proper, orthochronous Poincaré group, note that, by the calculation preceding
lemma 1.3.2.3, 4/l translations of v depending on S?-angles are contained in the BMS group,
but not all of them can be extensions of Poincaré transformations. For an introduction to
these topics, we refer the reader to [Wal84, chap. 11] and to the lecture notes [Dap09]. As a
final comment, note that an NBB spacetime is 7ot an asymptotically flat spacetime, but only
conformally related to one.

[.3.3 Spinors in Flat Friedmann-Lemaitre-Robertson-Walker Spacetimes

Since we would like to analyse Fermionic field theories on NBB spacetimes, we need to discuss
how the spinor-related constructions described in the subsections 1.2.1 and 1.2.2 are realised in
such spacetimes. Particularly, we have to understand if and how we can map spinorial quantities
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on an NBB spacetime to its past null boundary. Some parts of the following discussion do not
depend on the functional behaviour of the scale factor 2 and will therefore encompass all flat
FLRW spacetimes.

To start in more general terms, let us consider the interplay between spin structures and
conformal transformations. As exhibited in subsection [.2.1, the starting point to obtain a
spin structure on a spacetime (M, g) is the bundle of Lorentz frames LM of M. Let us recall
that a Lorentz frame is specified by g(e,,e,) = n,,. Therefore, if e, is a Lorentz frame of
(M,g), £27'e, will be a Lorentz frame of the conformally related spacetime (M,2?g). This
entails that the Lorentz frame bundles of (M, g) and (M,f2°g) are equivalent, ze. they only
differ by the implementation of their local trivialisations by means of a Lorentz frame proper
to (M, g) and (M, (2°g) respectively. The next step in constructing a spin structure on (M, g)
is then to lift the Lorentz frame bundle LM to a bundle of spin frames SM by covering the
local Lorentz groups, ze. the fibres of LM, in a coherent way. As remarked in subsection
[.2.1, the obstruction and essential factor in this step is the topology of M. Since the latter
is manifestly not affected by a conformal transformation, the spin structures on (M, g) and
(M,§2*g) are again equivalent, viz. in case of multiple inequivalent spin structures on (M, g),
each such structure is mapped to a one on (M, f2*g) which is unique up to equivalence in the
sense of definition 1.2.1.2 and vice versa. Finally, the construction of a spin connection on
(M, $2*g) proceeds in the same way as on (M, g) and the relation between the resulting spin
connection coefficients can be explicitly computed employing only the relation between Lorentz
frames on (M, g) and (M, £2°g) mentioned at the beginning of this paragraph; this holds since
the y-matrices y, and spin frames £, on (M, g) and (M,2?g) can be chosen to be identical
on account of the above discussion. While the preceding discussion may seem too general for
our rather specific purposes, it leads us to a very simple computation of the spin connection
coefficients in flat FLRW spacetimes.

Lemma 1.3.3.1

a) Let I'® denote the connection coefficients of the Levi-Civita connection on an arbitrary spacetime
ac

(M, g) and let r ;’C denote the connection coefficients of the Levi-Civita connection on (M,2°g),
where (2 is a strictly positive function on M and the connection coefficients are specified in the
Lorentz frame bases e, on (M, g) and €, = 27, on (M, 2*g), respectively. Then, I" ;’C and I” fc
are related as

b b b b

FM QF 2(3ﬂ V.2-n,V"102),
where NV, =V, denotes the covariant derivative with respect to the Levi-Civita connection on
M, g) Moreover, if (M,g) is a_four-dimensional, globally hyperbolic spacetime and we denote
by 0, and G, the spin connection coefficients related to equivalent spin structures on (M, g) and
(M, $2*g) respectively, then G, and o, are related as

1 1 1 3

o, = 0%ty —[y»rIVR2, yo,=—=yc,+ 272 ‘v, 1.
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b) The spin connection coefficients in a flat FLRW spacetime satisfy

a 3‘1/ 0
}/%2272%

where - denotes taking the derivative with respect to conformal time.

Proof.
Let us start by proving a). If we denote by V the covariant derivative associated to {2*g, then
the connection coefficients I’ fc and I” ;’C are defined as

ffci?b (%gﬂ'evc), Fﬂl’cieb <V€uec>.

Inserting €, = £2~"e,, the identity &* = f2e, related to the former by ¢*(¢,) = 87, and recalling
the properties of a covariant derivative, we obtain

~ ~ 1
It =e? <V€ —ec>.
ac aQ

Now we have to use the fact that V and V must agree on scalar functions, whereas the difference
of their actions on frames can be obtained from their metric compatibility as [Wal84, app. D]

~

Ve =V, e+ (849, In2)+ 84V, In2) 0,5 (V, In2)) e,.

These considerations combined with some elementary algebraic steps lead to

o~ 1 1
IP=—rb4 E(sjvcn —n. V0.

ac - 5 ac

The 1dentities for the spin connection coefficients follow by a direct computation upon recalling
~ __ 11’:17 c _ 11—'17 c
0-4_2 M}/b}/ ’ 0-4_2 M}/b}/ ’

and the anticommutation relations of the y-matrices, ¢f lemma 1.2.2.9.

To prove b), let us realise and recall the following facts: a flat FLRW spacetime M is con-
formally related to the topologically trivial Minkowski spacetime M via gy = a?7. Hence, there
exist unique spin structures on both spacetimes, and, on the portion of M corresponding to the
conformal embedding of M, they are related by the same conformal transformation mapping M
into M. We can therefore apply part a) of the present lemma. To this avail, we have to realise
that the canonical frame on M is provided by

e =4, e, =3d,

2

with J. denoting the partial derivative with respect to the Cartesian coordinates of R’. If we
insert this and {2 = 4 into the identity for y“&, proved in a) and recall that Minkowski spacetime
is flat and has vanishing (spin) connection coefficients, we obtain the wished-for result. O
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It is necessary to know how certain quantities behave approaching the past null boundary
J ™My of an NBB spacetime My in order to be able to map field theories on My to d~Mj in
a controlled way. More in detail, as we would like to perform several operations with spinor-
tensors on &~ My, we have employed the conformal transformation {22472 to endow J~M,
with a non-degenerate, but regular Bondi metric A, see definition 1.3.2.1. Therefore, ‘mapping a
quantity Q on My to d~Mj’ has to be read as ‘transforming )(*BQ according to the conformal
transformation y”g, — _Q;a_z)(ng and then taking the limit to d~M;’. We will of course
specify the latter statement precisely whenever it will be necessary, but for the moment it should
serve as a motivation to understand why we are interested in whether mapping spinors on M
to Q_MB is possible and, if this is the case, how the result of such mapping looks like. In fact,
it turns out that the canonical spin frame on M, induced by its canonical Cartesian Lorentz
frame is not well suited for this purpose as it is vanishing on d~M,. Hence, as we shall discuss
in the following, the conformal transformation )(ng — [Zéa_z)(fglg has to be supplemented
with a spin frame transformation in order to map spinorial quantities from My to "My in a
well-defined way.

To this avail, we need some preparatory considerations regarding the possibility to extend the
spin structure on y®(My) to a spin structure on y®(Mz)U I~ My. As (y"(Mp), x" gz) is per
definition isometric to (M, gz), all constructions related to spin structures on M can be trivially
extended to )(B (My). Moreover, since )(*B gp 1s a conformal transformation of the Einstein
static universe metric g, we can immediately relate the spin structures on ()(B(MB),)(E gs) and
(xB(My), gz ["XB(MB)) on account of the discussion at the beginning of this subsection. M, and,

hence, )(B (My) C M}, are topologically trivial, while the full manifold M. is not, but it is at least
simply connected, since S® is. As a result, all manifolds under consideration carry unique spin
structures; the spin structure of (M, g;) restricted to y®(Mj) must therefore be conformally
equivalent to the one on (y®(My), ¥” gz), which trivially implies that the spin structure on
(x®(My), x? gp) can be extended to one on (M, g;) via a conformal transformation. As already
remarked at the beginning of this subsection, we can without loss of generality choose the ‘same’
spin frame on (y’(My), y®gs) and (y®(My), g, [ #,))- However, we can not extend the

convenient spin frame employed in part b) of lemma 1.3.3.1 from (y%(My), gz [ 21,)) to the

full Einstein static universe (M, g;) in a meaningful way, as already the associated Lorentz frame

is vanishing on d~Mj. To see this, let us introduce the canonical Lorentz frame ef on (Mg, gr)

defined as

1 1
= £~ g o p—) i — 1.25
o= G T% € > % T sn(R)sin(6) #’ (123)

and let us denote the Lorentz frame on (y?(My), gx | ,#1,)) obtained by the conformal trans-
formation )(f gz — Qéﬂa_z)(f g from the canonical Lorentz frame on (M, g;) by

1
e = aﬂﬁjﬂleﬂg, f=-0, f£=-0. (1.26)

0 dT, i 1
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[.3. Null Big Bang Spacetimes

Recalling the various relations between the coordinates (7, R), (U, V), (#,v), and (7, 7), one
can for instance straightforwardly compute

24 u’ 492 v —u? 3 Ix.

E ~ 1~
er =12 e+ E e
0 M 4 0 4 97_ 1

i=1

As (2, = 2\/(14—%2)(14—‘02) 1, whereas eéE is finite on J~M,, which is characterised by
lim, , _, we see that the frame € is vanishing on d~Mj. Hence, as already anticipated, in
order to map spinorial quantities in the bulk NBB spacetime M to its boundary "My in a
finite way, we have to perform first a conformal transformation, and then a spin frame transfor-
mation, namely, the one related to the Lorentz transformation €, — ef . For later reference, we
collect these insights and related details in the following lemma.

Lemma 1332 Let ef denote the canonical global Lorentz frame on (M, g;) defined in (1.25) and
let €, denote the Lorentz frame on (y®(Mp), g | 5 MB)) obtained by a conformal transformation from the
canonical global Lorentz frame on (My, gz), o (1.26).

a) ef and € are related by the Lorentz transformation
a

2412402 2 —y?
E_~ (AB)b (AB)b - ‘QM 4 ‘QM 4 0 0
e,l =€ a? a o, v2—u? - o) 24ul4e? - o d
M~ 4 €, ™M 4 e, € ¢

which is divergent on d~My. Here, €, €, and e_;g denote the unit vectors of Ry w.r.t. polar
coordinates.

b) Let Ef and E, denote the unique (up to a sign) spin frames associated to ef and €, respectively

via the unique spin structure on (M, g). Moreover, let AP denote the matrix-valued function on

)(B (My) constituting the transformation E , — EX, uniquely determined by
TB. B\~ b
Ay (A =y, (A7),

up to a sign. Then, the spinor covariant derivatives Vf and ¥ , related to ef and €, respectively
Sulfil
vE= BT,y

Although the above-mentioned transformation property of the spinor covariant derivatives fol-
lows immediately from lemma 1.2.2.10 applied to the two different frames considered here, we
have written it down explicitly, as one might think that such identity fails to hold for spacetime-
dependent frame transformations at first glance. Finally, let us recall that the Bondi metric on
Q_MB arises from g, via an additional conformal transformation not considered in this lemma,
¢f definition 1.3.2.1. However, this conformal transformation is regular on d~M,, and hence
neither essential, nor obstructive for the above results.
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Chapter I - Spacetimes and Spacetime Structures

[.4  Spacetime Categories

The main topic of the present thesis is the investigation of the backreaction proper to quan-
tum fields in curved spacetimes, ze. the effect of quantum matter-energy on the curvature of
spacetime. This of course necessitates the ability to define quantum field theory on a curved
spacetime without knowing the curved spacetime beforehand. 1t is therefore advisable to employ only
generic properties of spacetimes in the construction of quantum fields, and we shall follow this
philosophy throughout this work. This entails that we have to formulate a quantum field theory
in a Jocal way, re. only employing local properties of the underlying curved manifold. In ad-
dition, we would like to take into account the diffeomorphism-invariance of General Relativity
and therefore construct covariant quantum fields. This concept of a locally covariant guantum field
theory goes back to many works, of which the first one chould mention is [Dim82], followed
by many others such as [Wal95, chap. 4.6] and [Ver01, HoWa01]. Building on these works, the
authors of [BFV03] have given the first complete definition of a locally covariant quantum field
theory.

As shown in [BFVO03], giving such a definition in precise mathematical terms requires the
language of category theory, a branch of mathematics which basically aims to unify // mathemat-
ical structures into one coherent picture. A category is essentially a class € of objects denoted by
obj(€), with the property that, for each two objects A, B in € there is (at least) one morphism or
arrow ¢ : A — B relating A and B. The collection of all such arrows is denoted by hom(A,B).
Morphisms relating a chain of three objects are required to be associative with respect to com-
positions, and one demands that each object has an identity morphism id, : A — A which leaves
all morphisms ¢ : A — B starting from A invariant upon composition, ie. ¢ oid, = ¢. An
often cited simple example of a category is the category of sets Get. The objects of Get are sets,
while the morphism are maps between sets, the identity morphism of an object just being the
identity map of a set. Given two categories €, and &,, a functor F : €, — €, is a map between
two categories which maps objects to objects and morphisms to morphisms such that identity
morphisms in €, are mapped to identity morphism in €, and the composition of morphisms
is preserved under the mapping. This paragraph was only a very brief introduction to category
theory and we refer the reader to the standard monograph [Mac98] and to the introduction
in [Sze04, sec. 1.7] for further details. A locally covariant quantum field theory according to
[BFV03] should be a functor from a category of spacetimes to a category of suitable algebras. The
first step in understanding such a construction if of course the definition of judicious categories
of spacetimes, which shall thus be the topic of the present section.

We have already explained in the previous sections of this chapter that four-dimensional,
oriented and time-oriented, globally-hyperbolic spacetimes are the physically sensible class of
spacetimes among all curved Lorentzian manifolds. It is therefore natural to take them as the
objects of a potential category of spacetimes. Regarding the morphisms, one could think of
various possibilities to select them among all possible maps between the spacetimes under con-
sideration. However, to be able to emphasise the local nature of a quantum field theory, we shall
take embeddings between spacetimes. This will allow us to require locality by asking that a quan-
tum field theory on a ‘small’ spacetime can be easily embedded into a larger spacetime without
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[.4. Spacetime Categories

‘knowing anything’ about the remainder of the larger spacetime. Moreover, a sensible quantum
field theory will depend on the orientation and time-orientation and the causal structure of the
underlying manifold, we should therefore only consider embeddings that preserve these struc-
tures. To this avail, the authors in [BFV03] have chosen isometric embeddings with causally
convex range (see section I.1 regarding an explanation of these notions), but since the causal
structure of a spacetime is left invariant by conformal transformations, one could also choose
conformal embeddings, as done in [Pin09]. We will nevertheless follow the choice of [BFV03],
since it will be sufficient for our purposes. Let us now subsume the above considerations in a
definition.

Definition 1.4.1 The category of spacetimes DJan is the category having as its class of objects
ob(IMan) the globally hyperbolic, four-dimensional, oriented and time-oriented spacetimes (M, g). Given
two spacetimes (M, g,) and (M,, g,) in obj(IMNan), the considered morphisms homgy,, (M1, g,),(M,, g,))
are isometric embeddings y : (M, g,) — (M,, g,) preserving the orientation and time-orientation and
having cansally convex range y (M,). Moreover, the identity morphism idy, . of a spacetime in obj(Man)
is just the identity map of M and the composition of morphisms is defined as the usual composition of em-
beddings.

The just defined category is sufficient to discuss locally covariant Bosonic quantum field
theories. However, for Fermionic quantum field theories, we need a category which incorporates
spin structures both on the level of objects and on the level of morphisms, as defined in
[Ver01, San08]. Before we state the definition of this enlarged category, let us briefly remark that
our usage of the words ‘Boson’ and ‘Fermion’ for integer and half-integer spin fields respectively
is allowed on account of the spin-statistics theorem in curved spacetimes proved in [Ver01].

Definition 1.42  The category of spin spacetimes SINan is the category having as its class of objects
obj(SIMan) globally hyperbolic, fourdimensional, oriented and time-oriented spacetimes endowed with
a spin structure (M, g,SM,p). Given two spin spacetimes (M,, g,,SM,,p,) and (M,, g,,SM,, 0,)
in ob(SIMan), the considered morphisms homggy., (M, &1, Sy, 1), (M, 855815 01)) are pairs X =
(x») with y an element of homgy,, (M, g,),(M,, g,)) and ¥ : SM, — SM, being a smooth map
which satisfies J o Ry =R o ) and p,0 ¥ = y,0p,. Here, R and R* are the right actions of SM,
and SM, respectively, and y, : LM, — LM, denotes the canonical push-forward of y to the Lorentz frame
bundles of the spacetimes under consideration. Identity morphisms and the composition of morphisms are
defined in analogy to the definition of an.

The just defined categories are the last spacetime structure we need in order to define field
theories on curved spacetimes.
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II

Classical Fields in Curved Spacetimes

H aving set up the geometry and the necessary structures of the spacetimes we shall con-
sider, we will now proceed to discuss fields propagating on these spacetimes. Although a
quantum field is arguably a more fundamental object than a classical field, we shall follow the
successful approach to discuss classical fields first and quantize them afterwards.
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II.1. The Free Scalar Field in General Curved Spacetimes

[1.1 The Free Scalar Field in General Curved Spacetimes

We shall start our discussion of classical fields on curved spacetimes with the potentially most
exhausted and maybe physically least relevant model, namely, the free scalar field. However, the
treatment of this simple case will undoubtedly give us a clear understanding of the essential
structures in classical field theory necessary for quantization.

[1.1.1  The Klein-Gordon Equation and its Fundamental Solutions

In physics, we are used to describe dynamics by (partial) differential equations and initial con-
ditions. To apply this philosophy to the scalar field, we therefore need a partial differential
equation to start with. In Minkowski spacetime, Poincaré symmetry entails that the Klein-Gordon
equation (—O+m?)¢ = (—Qﬂgf‘ +m?)¢ =0 is the unique relativistic equation for a scalar field
&, with only the mass m as a free parameter. In curved spacetimes, we have only local Lorentz
symmetry and global diffeomorphism symmetry at our disposal, see subsection 1.2.1. We can
therefore only require the equation of motion for a free scalar field on curved spacetimes to
be a scalar operator with respect to these two notions. In addition, one may require that such
equation of motion reduces to the Klein-Gordon one in the case of vanishing curvature. In the
masslass case, this determines the equation to be

(-O+f)p=(-V,V*+f)$=0

with the d’Alembert operator O] and some scalar function f of mass dimension 2 constructed out
of the metric and vanishing in flat spacetime. One can now, depending on ones taste, either
invoke Occam’s razor or require analytic metric dependence of f like in [HoWa01, sec. 5.1] to
restrict the possible freedom to / = {R with a free constant parameter £ € R. Note that
analyticity arguments rule out f such as

afs
f—RRwR
=R—7—,
which would certainly vanish in ‘some’ spacetimes and with respect to ‘some’ limits towards
vanishing curvature. We shall therefore regard

(—O+<¢R)p=0

as the possible equation of motion for massless free scalar fields in curved spacetimes. Note that
this implies a coupling of ¢ to the curvature of the spacetime both via [J and via R. The case
& =0 is usually called minimal coupling, whereas, in four dimensions, the case £ = 1/6 is called
conformal coupling. While the motivation for the former name is obvious, the reason for the latter
is rooted in the transformation of the covariant derivative under conformal transformations.
Namely, if we consider the conformally related metrics g and g = £2°g with a strictly positive

smooth function {2, denote by V, [0, and R the quantities associated to g and by %, 0,
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and R the quantities associated to g, then the respective metric compatibility of the covariant

derivatives V and V and their agreement on scalar functions imply [Wal84, app. D]
~ 1\ 1 1 1
<—D + ER> —=— <—D + 5R> . (I1.27)

This entails that a function ¢ solving (—[+ %R)gﬁ = 0 can be mapped to a solution gg of
(-O+ %§)¢ = 0 by multiplying it with the conformal factor {2 to the power of the conformal

weight —1, i.e. ¢ = 927'¢. We shall therefore call a scalar field ¢ with an equation of motion
(—O+ %R)¢ = O conformally invariant. In other spacetimes dimensions d # 4, the conformal
weight and the magnitude of the conformal coupling are different, see [Wal84, app. D], but
conformally invariant scalar fields exist in all spacetime dimensions, at least mathematically.

If we consider massive free scalar fields, a potential new freedom in choosing an equation of
motion appears in comparison to the massless case due to the introduction of a new scale, which

would allow couplings like /' = f(R/m?)R, with some analytic function f. However, one can
again either argue with analyticity in m or Occam’s razor to view

P=(-O+ER+m?)$=0 (I1.28)

as the natural generalisation of the massive Klein-Gordon equation on Minkowski spacetime
to a curved manifold. The general treatment of the subject is independent on the magnitude
of either m or &, but for actual calculations we shall often restrict to conformal coupling for
simplicity.

Having a partial differential equation for a free scalar field at hand, one would expect that
giving sufficient initial data would determine a unique solution on all M. However, this is, in
case of the Klein-Gordon operator at hand, in general only true for globally hyperbolic space-
times. To see a simple counterexample, let us consider Minkowski spacetime with a compactified
time direction and the massless case, i.e. the equation (—512 + &’xz + 5;2 + 322)¢ = 0. Giving

initial conditions @|,_y =0, d.¢|,_, = 1, a possible local solution is ¢ = . But this can of
course never be a global solution, since one would run into contradictions after a full revolution
around the compactified time direction.

In what follows, the fundamental solutions or Green’s functions of the Klein-Gordon equation
shall play a distinguished role. Before stating their existence, as well as the existence of general
solutions, let us define the function spaces we shall be working with in the following, as well as
their topological duals, see [CDD77, chap. VI] for an introduction.

Definition 11.1.1.1 By &(M) = C*°(M,C) we denote the smooth, complex-valued functions on
M equipped with the usnal locally convex topology, i.c. a sequence of functions [, € E(M) is said to
converge to | € E(M) if all derivatives of [, converge to the ones of | uniformly on all compact subsets of
M.

The space D(M) = C*(M,C) is the subset of E(M) constituted by the smooth, complex-valued
JSunctions with compact support. We equip D(M) with the locally convex topology determined by
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II.1. The Free Scalar Field in General Curved Spacetimes

saying that a sequence of functions [, € D(M) converges to | € D(M) if there is a compact subset K C M
such that all f, and [ are supported in K and all derivatives of f, converge to the ones of [ uniformly in
K.

By 2(M,R) C 2(M), E(M,R) C E(M) we denote the real-valued subspaces of D(M) and &(M)
respectively.

By 9'(M) we denote the space of distributions, i.e. the topological dual of D(M) provided by
continuous, linear functionals D(M) — C, whereas &' (M) denotes the topological dual of E(M), i.c. the
space of distributions with compact support

For f € 9(M), ne D' (M)D EM)D , we shall denote the dual pairing of f and u by

fd“,(x

The physical relevance of the above spaces is that functions in Z(M), so-called test functions,
should henceforth essentially be viewed as encoding the localisation of some observable in space
and time. From the point of view of dynamics, initial data for a partial differential equation
will always be encoded by some test function, whereas solutions of hyperbolic partial differen-
tial equations like the Klein-Gordon one are typically distributions or smooth functions which
do not have compact support on account of the causal propagation of initial data; having a
solution with compact support would entail that data ‘is lost somewhere’. Moreover, fundamen-
tal solutions of differential equations will always be singular distributions, as can be expected
from the fact that they are solutions with a singular &-distribution as source. Finally, since
(anti)commutation relations of quantum fields are usually formulated in terms of fundamen-
tal solutions, the quantum fields and their expectation values will also turn out to be singular
distributions quite generically.

Let us now state the theorem which guarantees us existence and properties of solutions and
fundamental solutions of the Klein-Gordon operator P. We refer to the monograph [BGP07]
for the proofs.

Theorem 11.1.1  Let P be a normally hyperbolic operator on a globally hyperbolic spacetime (M, g),
re. in each coordinate patch of M, P can be expressed as

P=-g"d,d+A"d,+B

with smooth functions A¥, B and the metric principal symbol — gl‘“’é’y d,. Then, the following results
hold.

a) Let [ € D(M), let X be a smooth Cauchy surface of M, let (uy,1,) € D(X) X D(X), and let N
be the future directed timelike unit normal vector field of 3.. Then, the Cauchy problem

Pu=f, ul o= uy, \ =
has a unique solution w € &(M). Moreover,

supp w C J (supp | Usupp uyUsupp u,M).
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b) There exist unique retarded Gt and advanced G~ fundamental solutions of P. Namely, there
are unique continuous maps G* : QM) — E(M) satisping PGT = GP = id gy and supp
GEf CJ*(supp [, M) for all f € D(M).

¢) Let f, g € D(M). If P is formally self-adjoint, ie. (f,Pg)=(Pf,g), then G* and G~ are
the formal adjoints of one another, namely, (f,G*g)=(G¥f,g).

d) The causal propagator of P defined as A = G~ — G is a continuous map D(M) — EM)
satisfying: for all solutions w of Pu = Q with compactly supported initial conditions on a Cauchy
surface there is an | € D(M) such that w = Af. Moreover, for every [ € D(M) satisfying
Af =0 thereisa g € D(M) such that f =Pg.

The Klein-Gordon operator P is manifestly normally hyperbolic. Moreover, one can check by
partial integration that P is also formally self-adjoint. Hence, all above-mentioned results hold
for P.

To close this subsection, let us examine a little the causal propagator A. The continuity of

A together with the fact that &(M) C 9’'(M) guarantees that

A(f,g)=(f,Ag)

defines a distribution A € 2'(M?) which we shall denote by the same symbol. Moreover, from
the properties of G one obtains that the formal adjoint of A is —A such that A viewed as
a distribution is antisymmetric, ze. A(f,g) = —A(g,f). Additionally, the support properties
of G* entail that A(f, g) vanishes if the supports of f and g are spacelike separated. On the
level of distribution kernels, this implies that A(x,y) vanishes for spacelike separated x and y.
In anticipation of the quantization of the free Klein-Gordon field, this qualifies A(x,y) as a
commutator function.

[1.1.2  The Symplectic Space of Solutions

In the past literature on quantum field theory in curved spacetimes, (at least) two ways how to
obtain a quantized field from a classical one have been proposed. Although they are ultimately
related, they initially emphasise different aspects of quantization. The one we shall describe in
this subsection highlights the ‘canonical quantization’ aspect, whereas the one introduced in the
next subsection will underline the ‘@lgebraic’ aspect of quantization, namely, that classical fields
have an Abelian algebra of observables, while quantum fields have a non-Abelian one.

To perform canonical quantization, we need a symplectic structure on the space of solutions of
the Klein-Gordon equation, ze. we need a Poisson bracket. In standard treatments on scalar field
theory, one usually defines Poisson brackets at ‘equal times’, but as realised by Peierls in [Pei52],
one can give a covariant version of the Poisson bracket which does not depend on a splitting of
spacetime into space and time, and we shall directly give such definition.

Definition 11.1.2.1 By (S (M),c,,) we denote the symplectic space of real-valued solutions of
the Klein-Gordon equation. Here, /(M) C E(M,R) is the space of smooth real-valued solutions ¢
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of P = O with compactly supported (real-valued) initial data on a Canchy surface and ¢, : & (M) X
S (M) — R is a strongly non-degenerate symplectic form defined by

S x S (M) (1, 8) > culr o) = f 45§,V b~ Vs,

X

Above, the sirong non-degeneracy of ¢, entails that (P, $,) =0 for all p, € S (M) implies p, =0
and X is an arbitrary Cauchy surface of (M, g), whereas N is the forward pointing unit normal vector
field on X and d X denotes the canonical volume measure on X obtained by restriction of d X 10X

Definition II.1.2.1 employs an arbitrary Cauchy surface 2 of M, and to show that it is inde-
pendent of such X, we have to understand if and why the integration appearing in ¢, (¢, $,)
yields the same result on all Cauchy surfaces. An alert reader might have already noticed
that ¢,,(¢,,¢,) is independent of X' since it is the ‘charge’ corresponding to the current
74(1, $2) = ¢, VEP, — $,VF @, which is conserved, ie. V,j#(¢;,¢,) =0, on account of
the solution nature of ¢, and ¢,. However, it is still interesting to compute ¢, (P, P,) ex-
plicitly in a manifestly Cauchy surface-independent way since this will give us an alternative
definition of (&*(M),¢,,) in terms of test functions and the causal propagator A.

To this avail, let us recall the relation between test functions 2(M) and solutions . (M). On
account of theorem IL.11, all f € Z(M) can be promoted to a solution &, € (M) by setting
®, = Af and every element of (M) is of this form. However, while A: (M) — S (M) is
surjective, we know that it is not injective, since all g € Z(M) of the form g = Pf for some
f € 2(M) are in the kernel of A. In fact, the kernel of A is so ‘large’ that, given a ¢ € (M),

one can find a suitable /" with ¢ = Af ‘at any time’, as the following well-known result shows.

Lemma 1122 Let ¢ € S (M) be an arbitrary real-valued solution of P = O with compactly
supported initial data on a Cauchy surface and let 3. be any Cauchy surface of M. Then, for any bounded
neighbourhood O(X) of X, we can find a g € D(M,R) with supp g C O(X) and ¢ = Ag.

Proof. On account of theorem IL.1.1 we now that there exists an f € P(M) with ¢ = Af. Let
us assume that O(X) lies in the future of supp f, ze. J (supp f,M)NO(X) = 0, the case
J (supp f,M)NO(X) =0 can be treated analogously.

With the aforementioned conditions in mind, let us consider two auxiliary Cauchy surfaces
X, and X, which are both contained in O(X') and which are chosen such that X, lies in the
future of X’ whereas 2| lies in the past of 2. Moreover, let us take a smooth function A€ §(M)
which is identically vanishing in the future of X, and fulfils A=1 in the past of X and let us
define g = f — PAG™ f. By construction and on account of the properties of both a globally
hyperbolic spacetime M and a retarded fundamental solution Gt on M, Ag = Af = ¢ and
supp g is contained in a compact subset of /" (supp f,M)N O(X). O

The above result may seem surprising at first glance, but it is strongly desirable on physical
grounds. Namely, as already anticipated, we shall interpret test functions as localisations of
observables. In this regard, lemma II.1.2.2 entails that observables solving the equation of
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motion can be ‘predicted’ at all times on the basis of knowing them in an arbitrarily small time
interval. We shall come back to this at later stages of the thess.

As promised, we shall now provide an alternative characterisation of (< (M),¢,,) based on
the properties of A.

Lemma 11.1.2.3 Let <I>f, <I>g be elements of (M) given as <I>f =A f, i) S Ag for suitable test
Sunctions [ and g.

a) The symplectic form ¢,,(® Iz ¢ g) can be computed in terms of the causal propagator as
u(®p, @) =A(f, ).

b) (S (M),cy) is equivalent to the symplectic space (2(M,R)/KerA, ¢ ), where D(M,R)/KerA
is the quotient space obtained from D(M,R) by dividing out the kernel of A, and, given two
equivalence classes [f], [g] in D(M,R)[KerA, the symplectic form ¢ is defined by

(1 [gD) =4, 8).

Proof: b) follows immediately from a) and the fact that the map from Z(M,R)/KerA to (M)
induced by A: Z(M) — & (M) is bijective by construction. The proof of a) can be for instance
found in [Dim80]: Green'’s identity, or, in more general terms, Stokes’ theorem entails that

J dyxvPu—uPv= f dyx u0v —v0u = f d(@V)uVgv—oVin,

v 1% v
where v, # are smooth functions with support properties ensuring that all integrals converge,
V is a submanifold of M with smooth boundary JdV, N is the outward pointing unit normal

vector field on dV and d(J V) is the volume measure on JV induced by d,x. We can apply
the above identity to the two cases

V=xtz=HZ,M\Z, V=X, v=%, #=Gg N=-N
and V=X"=](Z,M)\X, dV=X, v=%, u=G'g, N=N,

where again Y is an arbitrary Cauchy surface of M and N is the forward pointing unit normal
vector field on 2. Note that all integrals we are interested in converge and that we are allowed
to view X as the only relevant boundary of X* because V Nsupp # is a compact set in both
cases on account of the global hyperbolicity of M. With this in mind, we can compute

Alf,g)= J dyxfAg= J dxfo,+ J dxfo,= J dx® PG f+ J dx® PG*f

M >t P =t -
= f dX 8 V(G f)=G fVy®, — f dX 8 V(G f)=GTfV,@,
X X
:Jd2q>ng(Af)—Ava<I>g=gM(<1>f,<1>g).
X
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O

To see that the symplectic structure we have just defined corresponds to ‘equal-time Poisson
brackets’, we need a further well-known result, which will also prove helpful in the discussion of
FLRW spacetimes. As a preparation, let # € &'(M) and f € D(M). By (GFu, f) = (u,G=f) we
can extend G* and, hence, A to maps from &'(M) to 9'(M). Moreover, given a test function
f € 9(%), we can naturally interpret it as a compactly supported distribution and therefore
apply A to it. With these considerations in mind, one can prove the following result [Dim80,
cor. 1.2].

Lemma 11.1.2.4  Let X be an arbitrary Cauchy surface of M and N its future pointing unit normal
vectorfield. For all | € (X)) it holds

VNAffffs Afl-=0.

On the level of distribution kernels, this entails that

VA ) ows=85(x,9), A(x,y) 5 5= 0,

where S y. is the S-distribution with respect to the canonical measure on X..

In order to close this subsection and to relate the symplectic form ¢, to equal-time Poisson
brackets, we shall only make a few brief and formal considerations and we refer the interested
reader to [Wal95, chap. 3] for an exhaustive and precise discussion. First, let us recall that we
can consider a Cauchy surface 2 as an ‘equal-time’ surface because each such X’ can be obtained
a a pre-image of a global time function ¢, e, X' = {x € M |t(x) = t,}. Then, let us remember
cu(®s,®,) = A(f, g) and let us consider &, and ¢, as the outcome of an application of a
distribution ® to either f or g. Doing this, we can relate the distribution kernels of such ® and
of A as

cu(®(x), () = Ax,y)-
We can regard ¢,, as constant with respect to the time evolution generated by a unit normal
vector field N of a Cauchy surface X' and therefore compute

(V@) 5, @) 5) = VA, ) 5= O (%, ),

cu(2(0)] 5 @) 5) = A(x,¥) 55 x=0.

The above equations can now finally be interpreted as equal-time Poisson brackets of the ‘field’
®(x) and its ‘canonical momentum’ V,,®(x).

[1.1.3  The Algebra of Classical Observables

As already anticipated at the beginning of the preceding section, we shall now discuss a different
and rather modern viewpoint of quantizing a classical field which puts more emphasis on the
algebraic structure of both classical and quantum field theory and allows for a unified description
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of both. This approach goes under the name of deformation quantization and, although not being
the first paper to treat this subject, [DiiFrOla] can be named as the earliest reference in which
deformation quantization has been discussed in the language we shall use here. In this approach
to quantization, one essentially treats classical and quantum observables as elements of the same
vector space, but endowed with different products and therefore constituting different algebras.
In more detail, one starts with the algebra of classical observables, which is endowed with a
commutative product, and then ‘deforms’ this product in such a way that one obtains an algebra
of quantum observables with a zon-commutative product. In this process, Planck’s constant b serves
as a ‘deformation parameter’ and one regains the classical theory in the limit 5 — 0. Apart from
providing a clear viewpoint of quantization, deformation quantization is a very powerful tool
to treat perturbative quantum field theory in the algebraic setting, as demonstrated in [BDF09],
see also [BrFr09, Kell0] for an introduction. It allows for the treatment of non-polynomial
interactions and observables and encodes the combinatorial structure of perturbative quantum
field theory in a very efficient way. In the present thesis, we shall only consider free fields and
polynomial observables and therefore present a simplified version of the framework displayed
in [BDF09]. However, we will nevertheless profit extensively from the deformation quantization
approach when discussing normal ordering of quantum fields in chapter III. To lay the foundation
for the deformation quantization of the free scalar field, we shall introduce its algebra of classical
observables in the following.

One usually takes the point of view that states map observables to real numbers. To define
the algebra of classical observables, we reverse this way of thinking and regard observables as
maps from states to the real numbers. In classical field theory, we shall regard states as being
smooth functions on M, ie elements of &(M). Observables are then maps from &(M) to
the complex numbers® and therefore compactly supported distributions in &'(M). However,
for the moment we shall restrict to smooth observables in Z(M) and consider more singular
ones in the later treatment of quantum field theory. A reader who may feel uncomfortable with
the just described ‘definition’ of states and observables in classical field theory should have in
mind the following example: let us consider a classical field describing the temperature of the
universe. The state of this field is just a smooth function T giving the value of the temperature
at every point x € M. An observable /" € Z(M) then corresponds to measuring the mean value
of the temperature in the support of f and weighted according to the functional behaviour of
f, ie the expectation value of f in the state 7" is just (f,7"). However, one can have more
complicated observables, for instance the correlation of the temperature in 7 different regions
of M. Such observables would be represented by sums of elements f, ® --- ® f, in Z(M™");
in fact, we can consider only symmetric tensor products, as the order of the tensor factors in
fl R - ® fn should not matter in classical field theory on account of the commutativity of
classical observables. With this example in mind, we shall proceed to state the definition of the
algebra of classical observables.

Definition 11.1.3.1 By (6,(M), -,) we denote the off-shell algebra of classical observables of the

20f course proper observables have real expectation values. However, we shall allow for complex expectation
values since we also want to discuss unobservable elements of the field algebra.
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scalar field. Here, 6,(M) is the vector space
G =D 7 ),
n=0

with D°(M") denoting the symmetric test functions in n variables 9°(M°) = C, and elements of
Go(M) have to be understood as finite sums [ = @n% @) with £ € 9°(M™). We equip 6,(M)
with the symmetric product - defined as

1 _ 1 1
E(f Lg)M= D Gym <Ef(k)® ﬁg(l)> ;

k+l=n

where Sym : D(M”) — D°(M?7) is the total symmetrisation projector, ie. Sym is surjective and
Sym? = Sym. Moreover, we equip C,(M) with the following topology: a sequence {f,}, = {®, fk(n)} b
in 6,(M) is said to converge to [ =@, f () 4 fk(n) converges to £ for all n and there exists an N

such that fk(”) =0 for all n > N and all k.

We define the on-shell algebra of classical observables of the scalar field (6 (M),-,) by
replacing (6o(M),- ) with the quotient space 6,(M) ]S, endowed with the induced product and topology.
Here, .9, is the closed ideal generated by elements Pf, [ € D(M).

We would like to close this subsection by providing a few remarks on the above definition.
The alert reader might wonder why we have implemented the various factorials in the definition
of €(M). The reason for this is that we want to regard f € 6 (M) as functionals f : E(M) >
& — f(¢)€C, f™ as their functional derivatives at » =0, and -, as the pointwise product of
functionals, ze. (f -, g)(#) = f($)g(¢); this is the picture described in [BDF09]. The factorials
are then necessary to understand -, as coming from the Leibniz rule for functional differentiation
and we have written them in the way displayed above to underline the isomorphy of (¢ (M), -,)
to a subalgebra of the so-called Borchers-Ublmann algebra, an object we shall introduce at the later
stages of this thesis. Finally, we refer the reader to [BDF09, BrFr09, Kel10] for a discussion on
how to implement the symplectic structure introduced in the preceding subsection in the algebra
(6 (M), -,). Note however, that the quotient appearing in the definition of the on-shell algebra
of classical observables corresponds to the quotient with respect to KerA taken in lemma I1.1.2.3
and therefore all elements [f] = @, [f™] of € (M) satisty the Klein-Gordon equation in the
sense P[f]=@,P[f"] =@, [Pf"] =0.

[1.2  The Free Scalar Field in Null Big Bang Spacetimes

Following the general organisation of this thesis, we shall now specialise the structures related to a
classical free scalar field in an arbitrary spacetime described in the previous subsection to the case
of an NBB spacetime. Moreover, in preparation of the wished-for construction of distinguished
states in NBB spacetimes, we will display in which sense it is possible to map the classical scalar
field in the bulk of such spacetime to its boundary. As conformal transformations play an
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essential role in the definition of the boundary of NBB spacetimes, we shall restrict attention to
a Klein-Gordon field with conformal coupling to curvature, ze. we will set £ = % in (IL.28).

[1.2.1 The Mode Expansion of Solutions and the Causal Propagator

As is well-known, the spatial translation and rotation invariance of FLRW spacetimes allows to
give a Fourier decomposition of the on-shell scalar field in terms of so-called modes. Such mode
expansion is not strictly necessary for the constructions we wish to perform on the boundary of
an NBB spacetime, but it will allow us to understand these constructions in simpler terms and
to investigate their cosmological implications; we shall therefore discuss it in this subsection.

To this avail, let us start by analysing the general behaviour of the Klein-Gordon equation and
its solutions under conformal transformations. Building on the discussion of the conformally
invariant version of the Klein-Gordon equation at the beginning of this section, we can obtain
the following well-known and simple, but very powerful results.

Lemma 11.2.1.1 Let 2 : M — (0,00) be the conformal factor related to a conformal transformation

g— § =’ g and let 'V, 0, and R denote the covariant derivative, d’Alembert operator, and scalar
curvature associated to g respectively. Moreover, let

) 1 5 ~. o~ 1~ 1
P=—O04+-R+m", P=—O04+-R+—m".
6 6 2?

a) The two Klein-Gordon operators P and P are related via

1

P=—_Pn.
[23

b) Let G* and A denote the retarded and advanced fundamental solutions and the causal propagator
associated to P respectively. The aforementioned propagators are related to the ones proper to P by

G ==G*2, A=—=AR.
2 2

On the level of distribution kernels, this entails that

G 0)= GG an20), A= s

Ax,y)12(y).

—~

¢) Let S (M) and (M) denote the spaces of smooth solutions with compactly supported initial
conditions associated to P and P respectively. Every u € (M) induces an element 4 of & (M)
vid

n=—u
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—~

and every element of (M) is of this form. Moreover, if f € D(M) is such that u = Af, then

Proof- a) follows directly from (I1.27) which in turn ensues from the behaviour of the covariant
derivative under conformal transformations as displayed in [Wal84, app. D]. Furthermore,
G* manifestly satisfy PGt = idgyy and have the causal support properties of retarded and
advanced fundamental solutions as conformal transformations do not affect the causal structure
of a spacetime; this entails b). To prove c), let X' be a Cauchy surface of (M, g) with future
pointing unit normal vector field N. Then, by the invariance of causal relations under conformal
transformations, X is a Cauchy surface for (M, g) as well. Moreover, since N = 27N is the
forward poiting unit normal vector field of X' with respect to g, and V and V agree on scalar
functions, # = £27'u is manifestly the unique solution of P# = 0 with compactly supported
initial conditions #[,.= 27 'u [, %ﬁﬁfzz (272Vyu + 27'uV, 271 ] . Finally, one can

directly compute # = 50_3/[ = (27 u, which closes the proof. [

To obtain the modes proper to a conformally coupled massive scalar field in a FLRW space-
time (M, g), let us recall that the metric g of such a spacetime is conformally related to the
Minkowski metric 7 via g = a’n. We can therefore apply lemma I1.2.1.1 to the case § = 7,
2=a""! to obtain

1 1 -
P:_D’LER’LMZZE (ETZ—V2+azm2)a,

where V denotes the gradient with respect to the (comoving) spatial coordinates. We thus see
that the conformally coupled massive scalar field in a FLRW spacetime 1s conformally equivalent
to a scalar field with time-varying mass in Minkowski spacetimes. This leads us to define a mode

solution gﬁ/; of Pgb =0 as

| T(e)e™
Pp(r, %) = ———0, (I1.29)
(27)7a(7)
where k& = |/g| and 7,(7) is a solution of the ordinary differential equation
(2 + k- +a%(t)m’) Ty(z) =0, (I1.30)

which can be taken to depend only on & and not on k. To obtain a normalisation for T,(7), let

us note that the Wronskian T,(7)d.T,(t)— T,(7)d.T,(7) is constant in T on account of (I1.30)
and furthermore purely imaginary. We can therefore demand that

T,(1)d. T, ()= T(7)d. T(7)=1. (I1.31)
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This choice of normalisation may seem to be arbitrary at the moment, but we shall see that it
leads to concise expressions for the quantities we are interested in.

Note that ¢ is 7ot an element of (M) as it has manifestly non-compact support on any
Cauchy surface. However, we can still hope to express any ¢ € (M) via a Fourier integral over
gﬁg with suitable coefficient functions. Following [DMP09a, DMP09b], we can show that this is
indeed the case, provided the 7} (7) fulfil certain regularity conditions as a function of & for all
times 7.

Lemma 11.2.1.2  Let us assume that the time parts Ty() of the modes ¢ (v, X) and their T-derivatives

are continuous functions of k for k > O which are squareintegrable with respect to the measure k*dk in
any compact neighbourhood of kb =0, ie. T,(7), d_T,(7) € L*([0,k,], k*dk) for all ky < oo and all
7. Moreover, let us assume that T,(t) and 3_T,(7) are polynomially bounded in k for large k and all
. Then, we can express every p € S (M) via

B(r,7) = jdk gm0+ SB)by(7, ),

where the coefficient functions p(k) can be obtained as

FE) =i | 4780 ($(=, 005D - w290 7)

Proof. Let us start by noting that

Hk)=— fdzaz <¢T;z*>9¢kmz) ¢ %)3. Pl @)

R3

is well-defined, as ¢ € 5” M) and its T-derivative have compact support in X for all 7. Our

notation suggests that ¢ is independent of 7 and this is indeed the case as one can see either
by deriving the integrand with respect to T or by noting that, with the notation of definition
11.1.2.1, d X'V, = dxXa’(7)d. in the case of X being a hypersurface of constant 7. The latter

equality follows from dX'V,, = %\/ |detg|g“ﬂ5awpdx” ANdx” A dxf’é’ﬂ, with € quve denoting

the totally antisymmetric Levi-Civita symbol and entails that, barring an abuse of notation as
Pr &S (M), p(k) = ic)(Pp: P).

Having assured ourselves that gg(g) is well-defined, let us see if the wished-for mode expan-
sion

B(r,7) = j (B, 2) + FE ()

converges and equals ¢. To this avail, let us note that gg(/e) is both smooth and rapidly decreasing

in k since it is given by (the derivative of) 7}, (7) times the Fourier transform of a compactly
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supported smooth function as one can see by inserting the explicit expression for gﬁg given

in (IL29) in the definition of g(/g) Moreover, by our assumptions, 7,(7) is square-integrable
with respect to k*dk for small £ and polynomially bounded for large k. These data entail that

gﬁ(/;)Tk(T) is an element of LZ(R3,d/z) such that the above integral can be interpreted as the
well-defined Fourier-Plancherel transform of a square-integrable function (in fact, the remainder
of the proof will show that it is the Fourier transform of a smooth and rapidly decreasing
function). To see that it really equals ¢, let us recall that ¢ € (M) is real-valued and insert

the definition for gg(/e) to obtain

J £ (m.2) + FE)bmr )

R3

=i | aki7 gt (B2t ) - S D2Fw).

R>xR?

Realising that the integral and the 7}, are invariant under ke —/;, we can flip the sign of k
in the first of the above two summands and then employ the mode normalisation condition
(I.31). The resulting integral is the composition of the Fourier transform and inverse Fourier
transform of ¢ and therefore equals ¢. O

We know that any element ¢ of (M) can be written as ¢ = Af for some f € 2(M). In

view of the just obtained mode expansion for such ¢, a natural question one could ask is how

the expansion coefficients (k) are related to f. As we will need the answer to this question
for the already anticipated interpretation of the boundary states we wish to construct, we shall
discuss this issue in the following. Unsurprisingly, this requires the knowledge of the causal
propagator A in terms of modes and the first step we have to take is thus to obtain a mode
expansion for A. In Minkowski spacetime and for the Klein-Gordon field (with constant mass),
we know that A(x,y) is a translationally invariant distribution on rapidly decreasing functions
and we can therefore Fourier transform it in x —y. In view of the symmetries of a FLRW
spacetime, one could expect that such property holds at least in the spatial variables. If this were
true, we could directly Fourier transform A(7_, X, Tys y) with respect to X —y and give the result
in terms of a suitable linear combination of 7,. However, as we are not aware of a proof of
such properties of A which does not require the knowledge of the looked-for mode expansion,
we shall follow the way displayed in [LuRo90]: we just ‘guess’ the correct mode decomposition
of A(x,y) and then prove that it coincides with the abstractly defined A.

Lemma 11.2.1.3

a) Let us assume that the time parts T,(T) of the modes and their derivatives 3_T), () are continnous

in k _for k >0, polynomially bounded in k for large k, and fulfil T, (1) = O( 12, 3T, (1) =
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O(k_l/ 2) for small k, where all these regularity conditions are assumed to hold for all ©. Then, the
distribution kernel of the causal propagator A can be expressed as

T x Ty,)7) Jd/;¢/;(7'—xaf)¢/;(7'—yﬂi)_¢E(Tx’£)¢;(7'—y’j7)’

where the integral has to be understood as the limit obtained by multiplication of the integrand with
ek, ¢ > 0 and then taking ¢ — O after smearing the result with (at least one) test function in

M),

b) Let | € D(M,R) be a test function related to a p € S (M) by ¢ = Af. The Fourier coefficients
d(k) of ¢ defined as in lemma I1.2.1.2 fulfil

~

Ry =ig ()=i(dr, f)

Proof. b) follows immediately from a) if we compare ¢(7,x) = (Af)(7,x) = A7, x, /) with the

expansion of ¢(7,x) given in lemma I1.2.1.2. To prove a), let us define

B Fomy )= =i | A Bl Bie, ) - S DB 9)

R}
_— f af 25 iy,
@ry ) a(z)a(x,)

R}

where

Ay(rom) = =i (L)) - TR )T(E,))

Following [LuR090], we will first prove that Zf is a smooth solution of the Klein-Gordon

equation and then show that A / and Af have the same initial conditions on a Cauchy surface.
The uniqueness of solutions of the Klein-Gordon equation with compactly supported initial
conditions then entails that A=A

To prove that A maps all f € P(M,R) (and therefore all elements in Z(M) because A is

real-linear) to smooth solutions, let us analyse

(3] D= Bty = =i | dE Flma bl - S5 D)

By our assumptions on the k-regularity of 7, and arguments analogous to the ones given in

the proof of lemma I1.2.1.2, Tj(7)¢p(f) is an element of LZ(R3,d/g) for all T and the above
integral is therefore a well-defined Fourier-Plancherel transform of a square-integrable function.
To see that A(7_, %, f) is actually a smooth function, we have to show that all derivatives of
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its integrand are integrable. Regarding the spatial derivatives, this follows from the regularity of

T)¢g(f) for small & and its rapid decrease for large k, whereas the wished-for property of
T-derivatives follows from the k-regularity of 7,(7) and d_T,(7) and the fact that one can relate
higher 7-derivatives of 7,(7) to lower ones by the ordinary differential equation (IL.30). These
considerations entail in particular that A(7_, %, f) is a solution of the Klein-Gordon equation
since ¢/;(Tx,f) already possesses this property.

In order to show that A f = Af for all f, we need a mode expansion for an arbitrary
solution in terms of its initial datum on a Cauchy surface. To wit, let 2’ denote a Cauchy
surface of constant T = 7, with future pointing unit normal vector field N = a~'d_and volume
measure d X, let # € (M) with u[.= u, and Vyu[-= u,, and let us denote the Fourier
transform of a function f on R’ by Z[f] and its inverse Fourier transform by & ~'[ f]. Then,
we can express # by

Ak(T ’Tx) Ak(T ’Tx)
w(t ,)=F X 9%037—y—9u1—y x), .

as follows either by direct computation on account of the properties of A, inherited from the
mode normalisation condition (II.31), or from the last identity displayed in the proof of lemma
I1.2.1.2. Recalling d X'V = dya*(t,)d. , we can compute

y

| 42009, Bf = Af i = [ 4704 {192, (A5 3) - e, A N, )

X R3

where the second identity follows by insertion of A and dgx =dt dxXa*(t,) and the last one
follows from Parseval’s theorem and (II 32). To close the proof, let us recall that A also fulfils

[pdX MONVNAf —Afu, = fMd x #(x)f(x) as proven in lemma I.1.2.3. This entails that
Af o= Af |y and VyAf o= VyAf |, which in turn implicates A = A due to the unique-

ness of solutions of the Klein-Gordon equation with compactly supported initial conditions. []

Note that the just obtained result allows us to give an ‘interpretation’ of the mode normalisation
condition (II.31): by lemma I1.1.2.4, we know that the normal derivative of the causal propagator
A restricted to a Cauchy surface equals the &-distribution on that Cauchy surface. In view of
lemma I1.2.1.3, (IL.31) entails exactly such ‘normalisation condition’ for A in the special case of
constant-t Cauchy surfaces in FLRW spacetimes.
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The alert reader might have already noticed that we lack one ingredient in order to assure
that the results described in this subsection are really meaningful. Namely, we need to show that
there really exist solutions 7,(7) of (I1.30) fulfilling the k-regularity conditions we have assumed
in lemma I1.2.1.2 and 11.2.1.3. To close both this gap and this subsection, we shall now provide
an example for such 7}, by showing that, on NBB spacetimes, ‘asymptotic positive frequency
modes at early times’ fulfil the aforementioned conditions. Moreover, as realised in [Pin10],
such modes will play an important role in the later discussion of scalar quantum fields on NBB
spacetimes. To briefly anticipate the following result, let us recall that the scale factor (1) of an
NBB spacetime vanishes in the limit 7 — —oo. This implies that (I1.30) tends to the massless
Minkowskian Klein-Gordon equation at early times, and we could therefore expect that the
solutions of (I1.30) come arbitrarily close to massless Minkowskian Klein-Gordon modes while
approaching the past boundary of an NBB spacetime. Following [DMP09a, DMP09b, Pin10], we
will show that this is indeed the case by providing a solution of (II.30) in terms of a convergent
perturbative expansion around the massless Minkowskian case.

Lemma 11.2.1.4  Let a be the scale factor of an NBB spacetime, let V (7) = a(7)m?, let us denote the

normalised positive frequency solutions of (1L30) with V =0by T, ,(7) = ﬁe_ikf, and let finally

Do (7, = =i (Tg(m ) Tool,) = T o7 ) Teol5,))

There exists a Ty < —1 such that the series

T (7) = Tou(7)+ Z T, 4(7)
n=1
with
T2 [ dnye [ e, Aylnim) Ao, o m V() V()T
converges for all T < T, and defines a solution of (11.30) which fulfils
. k 1 . /€ . k
lim e* Ty (7)= — lim e*"d T, (t)=—i4/ =
T——00 @ T——00 2
and

for all k and for all T, whereas

[T

O(/e_ >ﬁ1r/e—>0and
d.T(r)=

O(\/E)ﬁﬁ/eaoo

uniformly in T.
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Proof. Essentially, we want to solve the inhomogeneous differential equation
(92 + k)T (7)== V(7)T}(7)
with the initial conditions

lim (Ty(r) = Tou(v)) =0, lim (8. Ty(v) = 3. Ty(r)) =0.
As (asz + kZ)AO,k(Tx,Ty) =0 and aTon,k(Tx,TyN
forwardly compute that the series under consideration is a formal solution of the mentioned
differential equation with the correct initial conditions. To show that it is a proper solution
which is also smooth in 7, we need to prove that both the series itself and the series of arbitrary
T-derivatives converge. In order to achieve this, it is sufficient to only consider the series of a
single T-derivative, as higher derivatives are related to the ones of zeroth and first order via the
homogeneous differential equation fulfilled by 7, and 4.
To prove the wished-for convergence of the series itself, let us note that, for 0> 7> T,

=1 by construction, one can straight-

Tx:Ty

sink(t,— 1)
Apylryt,) = —————=(1,—7,)

g k

sink(t, —7,)

k(r,—T,)

<(r,—7,)<-T,

as x'sinx is bounded by 1. Moreover, lemma 1.3.2.4 entails that there is a 7, < —1 and a
positive constant C such that V(1) < C77 for all 7 < 7,,. This in combination with the bound
for Ay, and the fact that |1, ,(7)| = (2k)~'/2 implies that the 7 -integral in the definition of
T, .(7) is bounded by C(—7,_,)7"|T;,|. Iterating this argument, we obtain

(:n
|7, (D < ——— T,
n!(—1)

and we see that the series defining 7, (7) converges absolutely and fulfils
<
[T (o) < e Toul,

which in particular implies that T,(7) = O(k~'/?) for all 7.
In order to analyse the convergence of J_T(7), let us first note that

d. Agy(t,,7,)=cosk(t,—7,)<1

and let us then realise that, by the antisymmetry of A, and the absolute convergence of all
appearing integrals for v < 7,

Tn—1

arTn,/e(T):(_l)anTl'“J dTn arAO,/e(T’Tl)'“AO,k(Tn—DTn)V(Tl)”'V(Tn>TOk(Tn)'

>

—00
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More in detail, to see the abovementioned absolute convergence and to achieve our goals, we can
repeat the above considerations regarding the bound satisfied by 7 ,(7) to obtain

n n

C
oT < T, |<——|T,.|.
| T n,k(T)| = (7’2 + 1)(7’1 _ 1)'(—T)n+1| O,/e| = n!(—r)”H' O,k|

This bound entails that the series corresponding to d_7)(7) converges absolutely and fulfils

<

1
9T =12 To () + —(e= = DITol.
This implies the wanted k-regularity of d_T) (7). O

[1.2.2  The Bulk and Boundary Symplectic Spaces of Solutions

As already discussed at the beginning of the present section, one possible approach to field
quantization is to promote a symplectic space, Ze. a space of classical fields with a Poisson
bracket, to an algebra of quantum fields via canonical quantization. As we are interested in
defining a quantum field theory both on the bulk and on the boundary of an NBB spacetime,
we need a symplectic space on the boundary. Moreover, since we would like to have a sensible
relation of the bulk and boundary quantum field theory to be able to interpret boundary results
in the bulk, we need a symplectic space on the boundary which corresponds to the one in
the bulk in a meaningful way. In fact, we will now, following [DMP06, DMP09a, DMP09b,
DMP09¢c, Mor06, Mor08] , show that we can project all elements of the bulk solution space
& (M) to a certain boundary function space, which turns out to be constituted by the smooth,
square-integrable functions with square-integrable v-derivatives on past null infinity §~ with
respect to the integration measure dvdS? induced by the Bondi metric /. In a second step, we
will then show that such L? space carries a symplectic form and that the bulk symplectic form
of any two elements of . (M) is mapped to the boundary symplectic form of their boundary
values. The bulk-to-boundary mapping under consideration is therefore preserving the relevant
symplectic structures and therefore a so-called symplectomorphism.

Following the just-described route, we shall start by discussing the mapping of bulk solutions
to the boundary.

Proposition 11.2.2.1  Employing the notation introduced in section 1.3.2, let

1
PBi_DB'i‘gRB‘i‘mz,

where the index - denotes quantities derived from the metric gg, let ' (Mpy) denote the space of real-valued
solutions associated to Py in an NBB spacetime (M, g5), and let ¢ be an arbitrary element of S (My).
The conformal rescaling
~ a
7= "¢

B
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of &b can be extended to a smooth function on y®(My)U 3~ My and its restriction 925[0 to 37 is therefore

well-defined. Moreover, gﬁ[sf and its v-derivative are elements of L*(3~,dvdS?) and we can thus define
a mapping of bulk solutions to the boundary as

I:SMy)—S3)={2€ 85 ,R)| @€ LX(Y ,dvdS?), 9, € L*(3,dvdS?)},

Proof: We shall prove the thesis by making once more a detour via the Einstein static universe

metric g, since this 1s regular on the full spacetime M, in contrast to the metric corresponding
: 2 -2, _ 2

to the conformal transformation gz — £2,a7*gp = (14 v*)gg[ 54, and yielding the Bond1

metric » on §~. To wit, we can apply lemma I1.2.1.1 to the case g = gB, g=gr [% ()= !2 a—’g
to find that ¢, = a[ZMlgb is a smooth solution of

PE¢Ei<_ +1R +—2m >¢E:O

6 122

with compactly supported initial conditions, where the index -, denotes quantities derived from
the metric gz and it is understood the the above equation only holds on y#(My) C M. Lemma
[.3.2.4 entails that the coefficient of the mass term in P, and all its derivatives Vamsh on
Jd~My=3"Ui", we can therefore smoothly extend P ‘beyond’ J~Mj by setting the mass term
to zero. More in detail, let us recall the coordinates 7" and R of M}, introduced in section 1.3.2,
let us denote by R x {7} x S? D i° the codimension-one submanifold of M specified by R = r,
and let us restrict attention to the ‘lower, slit half® of My, ie. to M; =M, o \(R x {n} x §?)
to avoid having to worry both about the behaviour of the scale factor a towards the future and
about possible issues regarding spatial infinity. Moreover, let us assume without loss of generality
that y®(Mp) is not completely contained in M7, even though y#(My) C My \ (R x {n} x S?).
With this in mind, lemma 1.3.2.4 entails that we can smoothly extend P, from M Ny B(My)
to M by just setting

P rM \){ (MB) DE+6R

Let now f € P(My) be such that ¢ = A,f, where Ay is the causal propagator of Pz. On
account of lemma I1.2.1.1, we know that

a o
2y a

is the causal propagator of Py on (y#(M,;), gE[ u,)) and that b =24, _(23 —f. Let us now
agree to omit denoting the restriction of g, in order to avoid a notatlonal collapse and let

us realise a few simple causal relations between the spacetimes under consideration: (M, gx),

(x"(Mp), gx), and (y®(Myz)N M, g;) are globally hyperbolic spacetimes, as the discussion of
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the conformal embeddings in section 1.3.2 entails that all these spacetimes contain a Cauchy
surface individuated by a constant-t hypersurface. These considerations entail in particular that
xP(Mp)N M is a causally convex region both as a subset of (y*(My),g;) and as a subset of
(M, gg), which in turn implicates that the restriction of Ay to y®(Myz)N M is the causal
propagator of P, on that subspacetime and that the causal propagator of the extended P, on
M coincides with such A, upon restriction to y*(Myz)NM . These admittedly rather tiresome
considerations lead us to the following intermediate result: by lemma II.1.2.2 and the above
discussion, we can choose the f in ¢ = Ayf to fulfil (omitting the push-forward) supp f C
x?(Mz) N M. Moreover, if we denote the introduced extension of A, from y*(Mz)NM; to
M, by the same symbol, then b = AEQ&4_3f is the unique smooth extension’ of ¢, on

x"(Mp)N M fulfilling Py, =0 on the full M; and we can straightforwardly restrict it to

5~ C ME To finally obtained the sought extension of gg: aﬂ;lgﬁ to §7, let us note that, on
xP(Mp)NM I

~ 2y 1

F= e =—tr.

V1422

Since (14 ©?)7Y/? is smooth on §~ Ui, (1+v?)"/2¢, is the wanted smooth extension of ¢
to the past boundary of M.

In order to finish the proof, we have to show that the found mapping /"¢ of ¢ to a smooth
function on 3~ is such that both "¢ and d,I"¢ are square-integrable with respect to dvdS?.
As S? has finite volume with respect to dS?, it is enough to show that I” 925 and avf ng fall off
sufficiently rapidly in the limit v — £o00. Let us consider the limit v — —oo and therefore the
limit to past timelike infinity 2~ first. The wanted fall-off behaviour of "¢ in this limit follows
immediately from the decay properties of (14 22)~"/2 and from the fact that & is smooth on
M and therefore bounded in the limit v — —co. We can apply the same reasoning for a,r'd
if we know that &, &, is bounded for large negative v. To assure the latter, let us switch from v
to the coordinate V =tan~! v which is non-singular on ;~. We can compute

1
3v¢5 = mgvﬁﬁE

which entails the boundedness of d, ¢ in the limit v — —co and therefore closes the discussion
of such limit.

To analyse I'¢p and d,I"¢ in the limit v — oo, we can not repeat the above steps, as
this limit corresponds to an evaluation at spacelike infinity ;° which lies outside of M, by
construction. We can nevertheless show that ¢, and therefore "¢ and J, "¢ actually van-
ish identically for large but finite v by the causal support properties of solutions of the
Klein-Gordon equation with compactly supported initial conditions. As a matter of fact,
the definition of ¢, entails that supp ¢, C J(supp f,Mb?), which in turn implicates that

30f course, Qg/ﬂa_3 is not defined on the full M, but only on 1B (M) N M . The definition of the extended
& is nevertheless valid since, due to the support property of f, nga% is only evaluated where it is defined.
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(supp I"¢p Usupp &,I"¢p) C J~(supp f,M;)N3~. Let us show that this leads to the fact that
there is a v, < 0o such that?

(supp I'¢p U supp J,I'¢p) C (—o0,7,] X S*. (I1.33)

v such that, in terms of the retarded

min® “max

As supp f is compact, there are finite #_. , #__, v
and advanced coordinates ¥ =7 —7r and v =7+ 7,

max?

supp f c O: [%min’ ”max] X [vmin’vmax] X SZ

which entails that
(supp I'¢p U supp J,I"$) C ] (supp fM)N3™ C ] (M )N,

To pursue our goals, let us note that the boundary of /= (&, M - ) is generated by past directed null
curves with constant S? angles. In y#(M}), such curves can be parametrised as r(t) =+t +C,,
or, equivalently as #(7) =27+ C, or v(t) =27+ C, with suitable constants C,, C,, C,. Note
that we do not have to specify to which metric we refer by the invariance of null curves under
conformal transformations. As we are considering past directed curves, we have either the case
of monotonically decreasing # and constant v, or the case of monotonically decreasing v and
constant #. To avoid the singularity of # and v while approaching the boundary of y#(M,),
let us switch from # to U =tan"!# and from v to V = tan"!v; this does not hamper the
discussion of the behaviour proper to null curves, as tan™! is monotonous. In these coordinates,
the above considerations entail that

]_(<>,ME_) C (—oo,tan_1 %max] X (—oo,tan_lfz;max] x §?
which implies (IL.33) with vy =wv___. O]

The above proposition contains essentially everything we need in order to define the sought
boundary symplectic space, as we can expect that the correct symplectic form on the boundary
is already fixed by the requirement that it is the result of mapping the bulk symplectic form
via I". In fact, we have introduced the bulk symplectic form in definition II.1.2.1 as an integral
of suitable normal derivatives on a Cauchy surface and we have shown that it 1s independent
of the chosen Cauchy surface employing Stokes’ theorem and the Klein-Gordon equation. In
FLRW spacetimes in general and in NBB spacetimes in particular, we can think of the bulk
symplectic form as an integral of T-derivatives over a constant-T surface. Moreover, our current
understanding of past infinity d~M, = 3~ U7, allows us to view it heuristically as a limit
of constant-T surfaces towards T — —oo and lemma 1.3.2.2 tells us that 7-derivatives tend to
v-derivatives in the limit to §7. We can therefore expect the correct symplectic form on the
boundary to be an integral of suitable w-derivatives, barring a small caveat: there could be
potential problems viewing d =M as a limit of constant-T surfaces due to 7~ being somehow a
‘conic singularity’ of d~ My, but proposition 11.2.2.1 tells us that such problems do not appear
on account of the good decay properties of the mapped solutions towards z~. With this in
mind, let us state and prove the anticipated results in the following lemma.

*The reader is invited to draw a picture based on figure L1.
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Lemma 11.2.2.2  Let ®, ®, be arbitrary elements of S(37) and let us define a strongly non-degenerate
symplectic form on S(37) by

s(®,,®,)= J dvdS* ©,0,®, — ©,0,9,.
i

In addition, let us denote by ¢y the symplectic form on & (Mp) defined as in in definition I11.2.1. For

all ¢1’ ¢z in S (Mp), it holds
5(F¢1’F¢2): CB(¢1’¢2)'

Proof. Since the bulk-to-boundary map /" involves both a conformal rescaling and a limit towards
§~, we have to prove that both such operations preserve the relevant symplectic forms. To analyse
the first one, let us recall that the definition of a symplectic form on general spacetimes provided
in definition I1.1.2.1 reads

gM(”l’ #ny) = f dx u,) Vg — Vit
¥

and that
1
dX (u,NV o, — NV yuy) = g |det g|g®” (#,0,u, — U 0y ty)€ g, dx7 Ndx" Ndx" (11.34)

with the totally antisymmetric Levi-Civita symbol ¢ 3 Having written the integrand of the

-

bulk symplectic form in this way, we can manifestly élee that it is invariant under conformal

transformations g — f2*g, as such transformations induce g=' — 272¢™" and u; — 27 'u..

If we denote by P, the conformally coupled, massive Klein-Gordon operator on (M, gz) (of

proposition 11.2.2.1), set

a1
P

p="_p=—t
[Z;Ba

5

and denote the symplectic form on the solutions ¢ of 13</§ =0 on (M, 22a7%g,) by , then
the above considerations entail

o bud) =2, <3¢Q—¢> .

The statement and proof of proposition I1.2.2.1 now allow us to apply Stokes’ theorem in a
region of M, which is bounded by a subset O of a Cauchy surface X’ containing the supports of
¢1: gﬁz and their normal derivatives, by /~(0,M;)N 3™, and by a suitable part of the boundary
of J[7(O,M). As a consequence, the integration of (I1.34) with g = Qéa_zgg, u, = aﬂ;lgéi
on either X, or §7 gives the same result, and, recalling that Qéa_z gp restricted to 37 equals
the Bondi metric (I.24), we can straightforwardly compute that (I1.34) with g = Qéa_z 8ps #; =

af2.'p, evaluated on 3~ yields the integrand of s(I"¢;, I"¢,), which closes the proof. O]
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Having discussed a decent part of the bulk-to-boundary mapping in NBB spacetimes, we are
now in the position to say a bit more about the relation of the treatment in this thesis to the
works [DMP06, DMP09a, DMP09b, DMP09¢, Mor06, Mor08] , where such bulk-to-boundary
machinery has been introduced for the first time. The mentioned works treat three different
types of spacetimes, ze. asymptotically flat spacetimes [DMP06, Mor06, Mor08], asymptotically
de Sitter spacetimes [DMP09a, DMP09b], and the Schwarzschild spacetime [DMP09c]. Let us
say a few words about the first two cases, since these are more closely related to NBB spacetimes.
While the null boundary used in asymptotically flat spacetimes is, as already remarked in section
[.3.2, the past (or future) conformal boundary and therefore not a part of the asymptotically flat
spacetime itself, the null ‘boundary’ utilised in the asymptotically de Sitter case is the horizon of
such spacetime (see for instance [HaEl73]) which in particular entails that it is a proper part of
a spacetime obtained by enlarging the asymptotically de Sitter spacetime without introducing a
conformal rescaling. This seems to make the asymptotically de Sitter case an easier one, but such
conclusion is not the full truth, as the authors of the above-mentioned works find that, while the
null boundary of an asymptotically flat spacetime can contain both timelike and null infinity,
the horizon of an asymptotically de Sitter spacetime can only be considered as either 3 or §,
and an analogue of timelike infinity ;¥ does not exist in this case. This entails a difference
in the treatment of the bulk-to-boundary projection map I, namely, in the asymptotically flat
case one can use general properties of solutions of the Klein-Gordon equation alone to define
I" on a more abstract level, while in the asymptotically de Sitter case one has to take a more
hands-on approach and introduce /" via a mode decomposition of solutions. The discussion in
section 1.3.2 entails that we are closer to the asymptotically flat case in that respect; we have thus
been able to introduce /™ in the mentioned general way in the present subsection. However, as
an NBB spacetime is a flat FLRW spacetime, we could have also used the mode-decomposition
approach to I', and we have in fact already collected most results relevant in this respect in
the previous subsection, though not to use them for the definition of I', but to employ them
for the later explicit interpretation of our boundary constructions. Let us stress that, although
both NBB and asymptotically de Sitter spacetimes are FLRW spacetimes, they differ in the
behaviour of the scalefactor a(t) towards T — —oo, which is of the form a(t) = O(z™') in
the asymptotically de Sitter case, whereas it is vanishing faster than any inverse power of T in
the NBB case’. This strong decay of the NBB scale factor for large negative T is the reason
why the locus 7 = —o0 in the NBB case is a proper boundary and not a horizon. Finally, let
us remark that, although there are similarities between NBB and asymptotically flat spacetimes,
there is also major difference. To wit, one can not map massive field theories to the boundary of
general asymptotically flat spacetimes, even though it is possible in the special case of Minkowski
spacetime [Dap07]. As noted in [Pin10], this situation arises because the mass term 7 in the
initial Klein-Gordon operator, which in our case is conformally rescaled as azﬂgzmz and can
therefore be projected to the boundary on account of the decay properties of 4, becomes ‘only’
ngmz in the asymptotically flat case as no scale factor 4 is present, and therefore diverges on

3In fact, one can weaken the definition 1.3.1.1 of NBB spacetimes by allowing all power laws of a(t) yielding an
infinite particle horizon and not only ‘almost linear’ ones. This leads to a(7) = O(t~'7¢), ¢ > 0, and such cases
can be treated with the mentioned mode-decomposition approach of [DMP09a, DMP0%b].
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the boundary.

To close the discussion of the classical scalar field in NBB spacetimes, let us note that we have
not provided a boundary counterpart of the algebra of classical observables defined in subsection
[1.1.3, as in this work we will not make use of its main potential benefit for free boundary field
theories, namely, the concise formulation of normal ordering. However, we would like to stress
that a definition of boundary quantization via a deformation of the classical field algebra is
certainly possible, as has been shown in [DPP10].

[1.3  The Free Dirac Field in General Curved Spacetimes

After discussing the classical free scalar field, we shall proceed to discuss the classical free Dirac
spinor field. Apart from the fact that we have to deal with a multi-component field whose
solution space has a ‘symmetric’ inner product space structure rather than an antisymmetric
symplectic structure, our treatment of the classical Dirac field shall follow the same logic as the
one of the classical scalar field.

[1.3.1 The Dirac Equation and its Fundamental Solutions

Following the path outlined in the introductory paragraph of the present section, we shall start
our analysis of the classical Dirac field by discussing its equation of motion. As already men-
tioned in the discussion of spinors on curved spacetime, in Minkowski spacetime, the Dirac
equation is uniquely determined by Poincaré invariance and the requirement that the reducible
representation of (the double cover of) the Poincaré group constituted by a four-component
spinor becomes irreducible upon restriction to the space of solutions [Fol63]. In curved space-
time we have no translation invariance, but only local Lorentz invariance and therefore more
freedom in choosing a potential Dirac equation. However, we are still limited to differential
equations which transform covariantly under the representation 7ty of SL(2,C) = Spin,(3,1)
which entered the definition of spinor fields in chapter I° and, if we would like the curved-
spacetime Dirac equation to reduce to the usual one (—¢ + ml,)¢ = (=d,y* 4+ ml,)¢ =0 1in
the flat case, we are limited to a differential operator which is a scalar with respect to both local
Lorentz transformations and diffeomorphisms and has mass-dimension 1. This still leaves us
with infinitely many possibilities, but Occam’s razor or the analyticity arguments mentioned in
the discussion of the Klein-Gordon equation lead us to choose

D¢ =(=Y+ml,)¢=0 (11.35)

as the canonical covariant generalisation of the Dirac equation to curved spacetimes and there-
fore D as the canonical Dirac operator, where here ¢ 1s taken as a smooth section of DM. Note

*We would like to stress that initially, any statement about transformation properties of spinors depends on the
chosen spinor frame. However, in the long run we are always interested in observables - these are ‘scalars’ in spinor
space and a statement that an observable is invariant under spinor transformations is therefore frame-independent

and well-defined.
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that analyticity arguments rule out adding terms such as

YR

mZ

to D. In addition to the just defined Dirac equation for spinor fields, ze. sections of DM, we
define the Dirac equation for cospinor fields as

D¢ =(Y+ml)¢ =0,

where (/" is taken as a smooth section of D*M and the adjoint notation for D* will be motivated
soon. To close the discussion of the Dirac equation, let us stress three things: first, the Dirac
equation usually involves an imaginary unit z in standard treatments. This is not the case here,
as we are working with the sign convention (—,+,4+,+) and our y-matrices therefore differ
from the usual ones by a factor z. Secondly, we have up to now defined D only on spinors and
D* only on cospinors, but we shall understand these operators as acting on both spinors and
cospinors in the following, where one should always keep in mind that a cospinor field is a row
vector and therefore any matrix-valued operator is understood to act on it from the right. Finally,
the alert reader might have noticed that the only free parameter in the Dirac equation is the
mass 72, which particularly implies that there is no freedom to choose a coupling to curvature
like in the case of scalar fields and the Klein-Gordon equation. In fact, the coupling of an
on-shell Dirac field to curvature is always conformal, as we shall discuss in more detail in the
next section.

Before discussing the solutions of the Dirac equations, let us define the appropriate section
spaces and distribution spaces we shall deal with in the following. We refer the reader interested
in the physical relevance of these spaces to the comments after definition I1.1.1.1.

Definition 11.3.1.1 By &(DM) = C>®(M,DM) we denote the space of smooth sections of DM
equipped with the usnal locally convex topology, iec. a sequence of sections f, € E(DM) is said to
converge to | € E(DM) if all derivatives of [, converge to the ones of | uniformly on all compact subsets
of M. In analogy, we denote the locally convex space of smooth sections of D*M by &(D*M).

The space D(DM) = C*(M,DM) is the subspace of E(DM) constituted by the smooth sections
with compact support. We equip D(DM) with the locally convex topology determined by saying that a
sequence of sections [, € D(DM) converges to f € D(DM) if there is a compact subset K C M such that
all f, and [ are supported in K and all derivatives of f, converge to the ones of f uniformly in K. We
define the locally convex space 9(D*M )= C*(M,D*M) analogously.

By 9'(D*M) we denote the space of distributions on D(DM), i.e. the topological dual of 2(DM)
provided by continnous, linear functionals D9(DM) — C, whereas &' (DM) denotes the topological dual
of E(D*M), i.e. the space of distributions with compact support. Similarly, we define 9'(DM) as
the topological dual of D(D*M), and &'(DM) as the one of E(D*M). Our notation is chosen such that
92'(DM) > EDM) D D(DM) and 9'(D*M) D> E(D*M) D> D(D*M).

For f € 2(DM), u € 9'(D*M) we shall denote the dual pairing of | and u by

()= f d e n(x)f (x),

M
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where u(x)f (x) = [u(x)|4,[f (x)]* means the fibrewise dual pairing of DM and D*M inberited from
the Hermitean product on C*,

With the above-defined dual pairing at hand, we can now motivate the adjoint notation for
D*. Namely, if either f € 2(D*M) and g € E(DM), or f € E(D*M) and g € D(DM), we can

compute by a partial integration:

(Df,g)={f.D"g), (D'f,g)=(f,Dg).

Having introduced the relevant section spaces, we can now employ the Dirac conjugation
matrix [ and the charge conjugation matrix 6 introduced in definition 1.2.2.3 to define two
associated conjugations on the spaces of smooth sections.

Definition 11.3.1.2  Let f € E(DM) and g € E(D*M) be arbitrary smooth sections. We define Dirac
conjugation maps -1 : E(DM) — ED*M) and -7 : E(D*M) — E(DM) by setting

ff=rp  ¢=p5"¢,

where -* denotes the fibrewise Hermitean adjoint inherited from C*. Additionally, we define charge
conjugation maps - : E(DM)— E(DM) and - : E(D'M) — E(D*M) via

c -1 c =
ff=€"f g=g?t.
Here, the appearing matrix products are meant to be performed in an arbitrary but fixed spinor frame.

Let us stress once more that, although the above definition manifestly depends on a chosen
spin frame, as the matrices 5 and %6 are given in a frame-independent manner, such frame-
dependence of -¢ and -T will disappear when we restrict attention to observable quantities.
Moreover, let us recall that, in the representation of the Clifford algebra chosen by us in theorem
1222, B=—iy,= "' and € = —iy, = —6"". In the follwing, we will need the mutual
relations between -¢ and - and also their interplay with D and D*. As shown in [San08], one
can straightforwardly compute for any f € §(DM), g € E(D*M):

fM=r, ¢'=¢, fe=f, g“=g,
(DA =D ft, (D'g)'=Dg", (DfY=Df°, (D'g)¥=D'g", (36)

flem_fet, glem _get,

We shall now turn to the problem of existence and uniqueness of solutions and fundamental
solutions of the Dirac equations. To attack this problem, one has to make use of the fact,
well-known from Minkowski spacetime, that the Dirac operator squares to an operator of Klein-
Gordon type. In curved spacetimes, this result is called Lichnerowicz identity. In fact, following
[Lic64], we can compute the following result.
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Lemma 11.3.1.3  The Dirac operators D and D* acting on sections of either DM or D*M fulfil
: R
DD*=D'D=P=-V V'+ Z+m L,.

Proof: We shall compute the identity on a section f € §(DM), as the computation for a cospinor
section is analogous. Let us therefore recall that the y-matrices are covariantly constant and
compute

1 1
D'Df =DD'f = (<1, Vs 4 mL) £ = (=507 V.9, = 377 [V Vil + L) £
We can now use the Clifford relations, as well as the identities fulfilled by the spin curvature
tensor (¢f lemma [.2.2.9) to obtain

1 a b 1 a. b 2 a 1 a. b 2
—E{Y,r }Vﬂb—gw [V, V,]+mL ) f=(-V,V —5r'Y R, +mL, ) f

1
= <_vdvﬁz + RL+ m2114> f-
O

The identity we have just proved shows somehow more explicitly how the definition of the Dirac
equation determines uniquely the coupling to (scalar) curvature. It is important to note that, in
contrast to the Minkowskian case, the differential operator 3 is 7ot diagonal, which can be seen
by expanding the covariant derivative in terms of partial derivatives and the spin connection
coefficients. However, such expansion shows that P8 has still (diagonal and) metric principal
part, and is therefore a normally hyperbolic operator. Although we have defined such operators
in theorem II.1.1 only on scalar functions, this definition can be straightforwardly generalised
to sections of vector bundles such as DM and D*M, and the same results on existence and
uniqueness of solutions of the differential equation induced by ‘3 hold also in this more general
setting, as shown in [BGP07]. To wit, as proved in [Dim82], one can use this fact to assure
existence and uniqueness of solutions of the Dirac equation by reducing the problem to the
analysis of 3. Before stating this result, let us stress an additional difference between the curved
setting and the Minkowskian case: the identity D*D = DD* =B holds only for sections of
DM and DM, i.e. for quantities with a single spinor index. In case of spinor-tensors of higher
rank, additional curvature tensors appear in the computation of D*D and therefore lead to a
different result. Let us now provide the promised theorem proved in [Dim82].

Theorem 11.3.1.4

a) Let X be an arbitrary smooth Cauchy surface of M with forward pointing unit normal vector field
N, let DX be the natural Dirac spinor bundle on X' induced by DM and let uy € D(DX). The
Cauchy problem

Du =0, ul = u,
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has a unique solution u € E(DM ) which has the caunsal support property supp u C J (supp uq, M).
Such w has the form w = D*u, where 4 € E(DM) is the unigque solution of the Cauchy problem

b) The operators D and D* possess unique fundamental solutions. Namely, there exist unique
continuous operators

§*:9(DM)— E(EM),  ST:9(D'M)— E(EM)

which fulfil
DS*=§*D = idg D~ Si SiD = tdgpay
supp S*f C J*(supp f,M), supp S CJ*(supp g, M)
Jorall f € 2(DM), g € D(D*M). The operators S*, S* have the form S* = D*&* = &*D",
Sf = D@f = @fD, where
&*: 9(DM)— E(EM), & :9(D'M)— EE*M)
are the unique fundamental solutions of .

¢) Let us define the causal propagators of D and D* by
S§=8§" -8 and S, =8 -8,

* * *

respectively. S and S, are related as

(S.8,f)=—(g,Sf)

Jorall f € D(DM), g € D(D*M). Moreover, every solution u € E(DM) of Du = 0 with
compactly supported initial conditions is of the ﬁ)rm u==Sf for some f € 9(DM), and for all

f € D(DM) satisying Sf = Otberezsanfé@DM with [ = Df

The attentive reader might have noticed that we have provided more statements related to D
than properties of D* in the above theorem. However, the ‘missing’ statements related to D*
can be obtained from the ones proper to D by Dirac conjugation and the fact that —§, 1s the
formal adjoint of §.

In analogy to the scalar case, we can understand § as a distribution on 2(D*M)Q® Z(DM)

by setting
$(g,/)=(s,5f)

for all f € 2(DM), g € D(D*M). S(g,f) vanishes if the supports of f and g are spacelike
separated, which entails that the distribution kernel S(x,y) of § vanishes for spacelike separated
points. This property will enable us to use is as an anticommutator function for the quantized
Dirac field. We would like to stress an important point: § manifestly fulfils DS = §D =0,
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but, when expressing this identity in terms of the distribution kernel S(x,y) of S, one has to be
careful and take into account that, in $D, D 1s meant to act on a test section from the left, and
we have thus to take the adjoint of D if we want to understand it as acting on § from the right.
Using canonical notation, this entails that DS = §D =0 translates into

DxS(x,y):D;S(x,y):O. (IL.37)

To close this subsection, let us say how § is related to Dirac conjugation and charge conjugation.
Namely, using the relation of -¢ and -T to D and D*, one can show for arbitrary test sections

f€2(DM), g € 2(D*M) that
(Sj:f)'{-:S:EfT, (Sif)C:SifC, (S;tg)'{':Si T’ (S*ig)c:Sj:gc (IL.38)
and therefore [San08]

S(fr.8™")=S(g./)==S(f1.g") ==S(g. ). (IL39)

As we shall see later, the first equality in (II.39) entails that the anticommutator of a Dirac
quantum field and its adjoint is invariant under charge conjugation.

[1.3.2 The Inner Product Space of Solutions

We have already briefly mentioned at the beginning of this section that the space of solutions
of the Dirac equation has a ‘symmetric’ inner product space structure based on the causal
propagator § of the Dirac operator D, in contrast to the solution space of the scalar field, which
has an antisymmetric symplectic structure constructed out of the causal propagator A of the
Klein-Gordon operator P. In analogy to the scalar case, we shall first define this inner product
structure in a way which a priori seems to be independent of the causal propagator, and relate it
to the causal propagator afterwards.

To this avail, let us recall that, per definition 1.2.2.3, —iﬁM 1s a positive definite matrix for
all future-pointing, timelike vector fields N”. Hence, —i (u*, BNu) = —i(u', Nu) > 0 for all
n € 9(DM) and —i(u', Nu) vanishes only when # = 0. Following [Dim82], this prompts the
ensuing definition.

Definition 11.3.2.1 By (&(M),¢,,) we denote the inner product space of solutions of the Dirac
equation. Here, S(M) C E(DM) is the space of smooth solutions  of the Dirac equation D = 0 with
compactly supported initial conditions on a Cauchy surface and ¢, : S(M) x &S(M) — C is an inner
product defined by

S(M) X SUL)S (s hs) > (o) = —i f 45 Ny,

X

Above, X is an arbitrary Cauchy surface of (M, g), N is the forward pointing unit normal vector field on
X, and d X denotes the canonical volume measure on X obtained by restriction of d X 10 2

’As an example, consider N* = (l,O,O,O)T. Then, —i SN = ,52 =1,.
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In analogy to the definition of (& (M),g,) in subsection I.1.2, we have utilised a Cauchy
surface 2’ to define ¢;,, and we shall explore the relation between the causal propagator § and ¢,
to show that the latter is independent of the chosen Y. To this avail, the starting point are the
facts that § maps all test sections f in Z(DM) to G(M) and that every element of ¢ € S(M)
is of the form ¢/ = Sf for some f € Z(DM). In fact, we can repeat the proof of lemma I1.1.2.2
by replacing the Klein-Gordon operator P and its fundamental solutions G* with D and §*
respectively to obtain the following result on the nature of such f.

Lemma 11.3.22  Let € S(M) be an arbitrary solution of D = 0 with compactly supported initial
data on a Cauchy surface and let ) be any Cauchy surface of M. Then, for any bounded neighbourhood

O(X) of X, we can find an | € D(DM) with supp f C O(X) and $ =Sf.

With the above considerations in mind, the wanted relation between ¢, and § follows

essentially from the application of Stokes’ theorem to the current j#(¢,,¢,) = gb'b/l“ &,, which
fulfils V j# = 0 if ¢, and ¢, are elements of G(M). The following result is taken from
[Dim382].

Lemma 1323 Let Wy, U, be clements of S(M) given as U, = Sf, W, = Sg for suitable test
sections | and g.

a) The inner product ¢,,(V I g) can be computed in terms of the causal propagator as
LM(\IIf’\IIg) = iS(fT,g).

b) (&(M),y) is equivalent to the inner product space (9(DM)[KerS, () ), where 2(DM)/KerS
is the quotient space obtained from D(DM) by dividing out the kernel of S, and, given two
equivalence classes [, [g] in S(M)/KerS, the inner product ‘;w 1s defined by

Proof. b) follows from a) and the fact that the map from Z(DM)/KerS to G(M) induced by
S:92(DM)— S(M) is bijective by construction. To prove a), let us note that Stokes’ theorem
implies

f d x(D*0)u —vDu = f d x(Yo)u+v¥u= f d(3V)oNu,
\% 1% av

where v € &(D*M), u € (DM are smooth sections with support properties ensuring that all
integrals converge, V is a submanifold of M with smooth boundary JV, N is the outward
pointing unit normal vector field on dV and d(J V) is the volume measure on dV induced
by d X We apply the above identity to the two cases

V=xt=JHZ,M\X, IVv=x, v=Sf), u=¥, N=-N

8
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and V=X"=](Z,M\X, V=X, o=(5Tf), u=¥, N=N,

where 3 is an arbitrary Cauchy surface of M and N is its forward pointing unit normal vector
field. Moreover, all integrals we are interested in converge and viewing X' as the only relevant
boundary of X% is well-defined because V Nsupp v is a compact set in both cases due to the
causal support properties of S* f. Taking into account (I1.38), we can therefore compute

iS(ft,g)=1i J dxf'Sg=i J d,x D*(S™f)'W, +i J d,xD*(S*f)'w,
=i J dX (SHf)Y N, —i J dX (S f) Ny,

=—i f dX (SN, =0, (¥f, ).

]

As it holds for every inner product space, we can complete &(M) with respect to the norm
induced by ¢;, and extend ¢;, to the completion of &(M) by continuity to obtain a Hilbert

space (B(M),¢,,). The inner product space (&(M),¢,,) will be sufficient for all constructions we

shall perform, but we will comment on possible applications of (&(M),¢,,) at the later stages of
this work.

In Minkowski spacetime, 3 = PI, and the causal propagators of the Dirac and the Klein-
Gordon equation are therefore related as § = D*A. Moreover, we know from lemma I1.1.2.4
that (the normal derivative of) A restricted to a Cauchy surface X' can be given in terms of the
S-distribution on Y. On account of § = D*A, similar ‘initial conditions’ hold for S and one
might wonder if this is also true in general curved spacetimes. The following result shows that
this is indeed the case. In preparation for its statement, let us note that, if # is an arbitrary
compactly supported distribution in &'(DM) and g is a test section in Z(D*M), we can define
the action of § on # by

<g>5”) i—(S*g,lxt)

which entails that we can extend S from Z(DM) to &'(DM). Moreover, we can view every test
section in Z(DX) on a Cauchy surface X as a compactly supported distribution in &'(DM)
and therefore define § on Z(DJX). This allows to prove the following statement [Dim82, prop
2.4.(0)].

Lemma 11.3.2.4 Let X be an arbitrary Cauchy surface of M and N its future pointing unit normal
vectorfield. For all f € D(D X)) it holds

Sfls=N7

On the level of distribution kernels, this entails that

S(x’y)erZ: Mé\x(xay),

79



Chapter II - Classical Fields in Curved Spacetimes

where 8 . is the S-distribution with respect to the canonical volume measure on X..

As already anticipated, we will later employ S(x,y) to postulate covariant anticommutation
relations for the quantized Dirac field. The above result entails that this is equivalent to the
often postulated equal-time anticommutation relations.

[1.3.3 The Algebra of Classical Observables

In analogy to the treatment of the Klein-Gordon field, we will now provide the algebra of
classical observables of the Dirac field as a preparation for the deformation quantization we
wish to perform at the later stages of this work. Recall that, for our purposes, the strength of
the deformation quantization approach lies in the efficient formulation of the combinatorics
of normal ordering. While the algebra of classical observables of the scalar field has already
been given by Brunetti, Diitsch, and Fredenhagen in [BDF09] and in preceding works of the
mentioned authors, the formulation of the same algebra for the case of Dirac fields is new. As
in the scalar case, we will only discuss polynomial observables. For a treatment of the subject
which includes non-polynomial observables and is closer to the spirit of [BDF09], we refer the
reader to the recent work [Rej10].

To formulate the wanted algebra of classical observables, it is advantageous to combine a
Dirac spinor field and a Dirac cospinor field into a single object (with eight components), a
path already pursued by previous works on Dirac fields, eg [San08]. To wit, we consider the
double spinor bundle D®M, ie. the direct sum D®M = DM @& D*M of the Dirac spinor and
cospinor bundle, and compactly supported smooth sections Z(D®M) on this bundle. 2(D®M)
is endowed with the usual locally convex topology and naturally contains Z2(DM) and 2(D*M).

Namely, arbitrary f € 2(DM), g € D(D*M) can be promoted to elements f, g of 2(D®M) by

setting
f=f&0, g=0&g.

While the algebra of classical observables of the scalar field is an Abelian algebra, observables
of the classical Dirac field should constitute an algebra of anticommuting objects. This anticom-
mutativity of classical Dirac fields is often encoded by demanding that the classical Dirac field
has values in the Grassmann numbers, see for instance [IZ80], but we shall achieve it in simpler
terms by employing antisymmetric tensor products. Note that such antisymmetry must take into
account both spinor indices and spacetime dependencies. To specify this explicitly, let us define
a frame €9 of the double spinor bundle as

E,®0 if©=Aand
c? = (11.40)
OBQE? ifO=4+B8B,

where E, and EB are frames of DM and D*M respectively, see definition 1.2.1.6. We can
decompose every test section f ) € Z(D®M") as
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SO s x,) = f50 o (R %,) €1(x,) @+ @ €(x, ),

where the component functions fé")@ (x,-++,x,) are elements of Z(M"), and we define
ey

the antisymmetric subspace 2°(D®M") of 2(D®M") by requiring that every element £ of
24(D®M™) fulfils

f@1 9k9k+1"'@n(x1’“ Xy Xpgqs ’xn) = _fgl...@kJr]@k...@n(xl" T Xy Xyt ’xn)

forall ke{l,---,n—1}.

Let us now define the general algebra of classical Dirac fields, and discuss its observable
elements afterwards. As in the scalar case, we shall first formulate a version which does not
contain any dynamical information and then encode the dynamics by dividing out a suitable
ideal, a procedure incorporating the relation between test sections and solutions stemming from
the properties of the causal propagator §.

Definition 11.3.3.1 By (6,(DM), -,) we denote the off-shell algebra of the classical Dirac field.
Here, 6,(DM) is the vector space

6,(DM) = é 9*(D®M™),

n=0

with D*(D®M™) denoting the antisymmetric test sections in n variables 9°(D®M°) = C, and
elements of 6o(DM) have to be understood as finite sums [ = @, - ") with ) € 9*(D®M"). We
equip 6o(DM) with the antisymmetric product -, defined as

(f g = 2915<k,f(k®l,g>

k+l=n

where As : D(DOM") — D*(DOM™) is the total antisymmetrisation projector, ie. Us is surjective
and As* = As. Moreover, we equip 6,(DM ) with the following topology: a sequence {f,}, = {®, fk(")} b
in 6y(DM) is said to converge to f =@, [ if fk(n) converges to ) for all n and there exists an N

such that 1" =0 for all n> N and all k.

We define the on-shell algebra of the classical Dirac field (6 (DM), -,) by replacing (6,(DM),-,)
with the quotient space 6,(DM)/.%;, endowed with the induced product and topology. Here, %7, is the
closed ideal generated by elements D®f, f € D(D®M) and D® = D & D* is the double Dirac

operator.

As already briefly remarked on several occasions, observables of the Dirac fields should be
gauge-invariant, i.e. invariant under spinor transformations. To state this in precise terms, let us
define a frame-dependent ‘action’ of Spiny(3,1) on Z(D®M"). Namely, let A € Spiny(3,1) and
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f) € 9(D®M™) be arbitrary and let €° be a frame of D®M. We define the pointwise action
Ag(A) of A on the level of components with respect to €© by setting

o ~ e

[Aq( /T)f<n>]@1”@ (x50 5%,) = £(A)g. -+ LA, f@<1>6 (X, ,x,),

n

where, in accord with (1.5),
~ B
(A1) if (©/,0) = (A,B)
A
gMg={ X if(6,0)= (44 A,4+B) -

0 otherwise

and the representation 7ty of Spiny(3,1) is implicit. The above action depends on the chosen
frame, see the footnote on [San08, p. 74]. However, a statement like Ae(/T)f () = f ") VA e
Spiny(3,1) is independent of E® as any two frames €, @® are related by a local Spiny(3,1)
transformation, ze. at every point x € M there is a Ae Spiny(3,1) such that

¢(x) = &(A)? €(x).

If M is not simply connected and € therefore not a global frame, we interpret € as a collection

~

of arbitrary frames supported in local patches covering M. Let us therefore extend Ag(A) by

~

linearity from 2(D®M") to 6,(DM) and, noting that invariance under Ag(A) is compatible

with tensor products and therefore also with -, let us state the following definition.

Definition 11.3.3.2 By (CKO”[”(DM ), -,) we denote the off-shell algebra of observables of the
classical Dirac field. Here, %O”I’S(DM ) is defined as

G (DM) = {f € 6(DM)| Ag(D)f = f VA€ Spiny(3,1)} .

The on-shell algebra of observable of classical Dirac field (6€°"(DM),- ) is then defined by
replacing (6" (DM),,) with the quotient space 6"*(DM)[.F] endowed with the induced product and

topology. Here, %) is the closed ideal 1, N 6"(DM).
As Ae(/T) essentially transforms spinors by means of the left action of A'and cospinors

by virtue of the right action of /T, the above definition implicates the well-known postulate that
observables of the Dirac field should be traces of an equal number of spinor and cospinor fields.

[1.4 The Free Dirac Field in Null Big Bang Spacetimes

In this section, we shall treat classical Dirac fields in flat FLRW spacetimes in general and NBB
spacetimes in particular. We will discuss how the general structures that we have already analysed
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in the last section can be re-casted in more concrete terms and we shall introduce new construc-
tions that are only possible on NBB spacetimes. Barring a slight increase in computational work
due to the vector-valued nature of the Dirac field, we will be able to repeat all steps taken in the
analysis of the Klein-Gordon field in NBB spacetimes.

[1.4.1 The Mode Expansion of Solutions and the Causal Propagator

Let us start the treatment of the Dirac field on flat FLRW spacetimes by analysing the transfor-
mation properties of solutions of the Dirac equation with respect to conformal transformations.
As already discussed in detail in subsection 1.3.3, a conformal transformation g — 2? g trans-
forms a Lorentz frame as e, — §27'¢ , but leaves the related spin frame £, and matrices y*
invariant. Based on these facts, we can prove the following important result.

Lemma 11411 Let 2 : M — (0,00) be the conformal factor related to a conformal transformation

g — § =12°g and let N denote the covariant derivative associated to g. Moreover, let e, be a global
Lorentz frame of (M, g), let €, = 27 'e , and let

~ ~ 1
D:—W+m:—y“vea+m, D'—)/“V;a+§m.

a) The two Dirac operators D and D are related via
5 = ,Q_%DQ % .

b) Let S* and S denote the retarded and advanced fundamental solutions and the causal propagator
associated to D respectively. The aforementioned propagators are related to the ones proper to D by

SE=07ist0:,  S=07150.
On the level of distribution kernels, this entails that

~ 3

S%(x,) = 271(x)SH(x,)2 (), S(x,9)=0273(x)S(x,y)02

[S1%.

().

¢) Let S(M) and (~‘5(M ) denote the spaces of smooth solutions with compactly supported initial con-

ditions associated to D and D respectively. Every u € S(M) induces an element u of QNS(M )
via
w= ,Q_% u

and every element of é(M ) is of this form. Moreover, if | € D(DM) is such that u = Sf, then

~

P=S071f
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Proof: To prove a), we employ the results on the behaviour of the spin connection coefficients
o, under conformal transformations obtained in lemma 1.3.3.1 to compute
Vi 3V 12

. i="1|2 : 273 =023 (8 =0 ,
Vs, Q<a+%+ 0 > ' (Gto,) =027y

whence D = 273D 23 b) and c) then follow by computation and the properties of (fundamen-
tal) solutions in direct analogy to the proof of lemma I1.2.1.1. O

To obtain the mode expansion of the Dirac field in flat FLRW spacetimes (M, g), we recall
that g =a?n is conformally related to the Minkowski metric 7 and apply the above result to the
case § =7, 2=a~'. If we choose e, as the canonical frame of a flat FLRW spacetime given by
a~! times the partial derivatives with respect to the conformal time 7 and the comoving spatial
coordinates x;, the result is

D=4 [—yOST — y‘@ +am]I4:| a3 ,

where d. = J.. In Minkowski spacetime, one writes down mode expansions of the Dirac
field by makiI{g use of the fact that DD* equals the Klein-Gordon operator times the four-
dimensional identity matrix, which entails in particular that DD* is a diagonal operator in this
case. Unfortunately, 8 = DD* is not a diagonal operator in flat FLRW spacetimes. This is
related to the fact that I3 does #ot transform in a sensible way under conformal transformations
and 1s therefore not conformally related to a Minkowskian Klein-Gordon operator. One can
diagonalise 3 by ‘brute force’, but the result is a second order partial differential operator in
which spatial derivatives appear both as d:d" and as (—d,d")!/2. Although terms like (—J.d%)!/?
are in principle tractable (they correspond to a multiplication by & in momentum space), we
would like to avoid them and to choose a diagonalisation procedure which yields a more simple
partial differential operator. Fortunately, such a procedure has been given in [BaDu87] and we
shall use in the following, though we will be able to formulate it in more concise terms than the
authors of [BaDu87] by not going to momentum space until after the diagonalisation procedure.
To start, let us introduce the modified Dirac operator D = y°D. Recalling the representation

of the y, -matrices chosen in theorem 1.2.2.2 and yo = —Yo» }/i =¥;, We can compute
R LA P

oV (d_+iam)l,

where &V = 0,3". The equations D¢y = 0 and D¢ = 0 are equivalent, as y° is invertible. If
we define ©* = —aD*y? (the factor a counteracts the bad behaviour of 93 under conformal
transformations) and recall that D* differs from D only by the sign in front of Y, then a
computation yields

[(QT — iam)(é’f—i—iam)—ﬁz] I, 0
0 [(QT—l—iam)(aT— iam)—ﬁz} I,

[T

DD =43

az.
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The just described procedure is, in the case of Minkowski spacetime, equivalent to ‘diagonalising’
DD*, as 99" = —y°DD*y° = —(y°)’DD* = DD* in that case.

The outcome of the above calculation is that we can write every solution ¢ of ng =0, as
Y =2" gb with ¢ being a solution of the diagonal partial differential equation D" ¢ 0. This
leads us to define a mode basis for solutions of the Dirac equations as

-

. 35*”/@ 1(T)eik’?
by (,0) = ——F, (IL41)
’ (27a(7))?
where .
A = (d.+ ia(72m)l2 —i0 ,
—i0. (d.—ia(t)m)L,
and
< 0 0 0
. 0 %, 3 0 } 0
Up1— 0 y  Upop= 0 sy Mp3= (z_k s Mp = i
0 0 0 <
Here, ¥, constitutes an arbitrary solution of
P, = (32+/e2+a m*+ia'm)%, =0, (11.42)

which we can choose to depend only on £ and not on E. To obtain a normalisation condition
for the modes ¥, we require

(8. +iam)T, [P+ kT, =1 (I1.43)

The left hand side of (II.43) is real and one can compute that is independent of 7 for any
solution T, of 2%, = 0. The required normalisation condition is therefore well-defined, but
one might wonder why we have chosen exactly this right hand side of (I1.43). At the same time,
it seems natural to ask if an arbitrary ¥, is enough to span all mode solutions of the Dirac
equation, and if it is not necessary to consider two linearly independent solutions of #%, =0.
Indeed, while the latter question can be answered in the affirmative for solutions of D®*¢) =0,
solutions of D¢ = 0 are only a subclass of these. Consequently, it seems reasonable that they
have fewer independent degrees of freedom, as the following lemma shows.

Lemma 11.4.1.2  Let us consider the modes Py Z(T,f) defined as in (11.41) and constructed out of an

arbitrary ‘S, fulfilling the normalisation condition (11.43). A straightforward computation shows that they
are

a) orthonormal, i.e.

[ aze@; w007, 0= 0F =P,

R}
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b) and complete, viz.

4
| dEe) S0z 200 (r7) = 0 -,
o, I=1
Based on this result and provided that ¥, fulfil certain regularity conditions as functions of

k, we can state the following mode expansion of arbitrary solutions of the Dirac equation with
compactly supported initial conditions.

Lemma 11.4.1.3  Let us assume that T, (t) and I_F,(7) are continuous functions of k for k > 0
which are square-integrable with respect to the measure k*dk in any compact neighbourbood of k = 0,

ie. Tp(t) € L*([0,k,),k*dR) for all ky < oo and all T. Moreover, let us assume that S, (t) and
3%, () are polynomially bounded in k for large k and all T. Then, we can express every ) € S(M) as

()b(T,)?):JdEZ (Zl(lg) SL/;'J(T”?)’
s =1

where the coefficient functions (k) can be obtained as

~ - . - 3
JBy=—i | a7 85) 4L (72 1o ..
R’ ,
Proof. The integral defining ¢;(k) converges because elements of G(M) have compact support
on any Cauchy surface. Moreover, it is independent of T as one can see by direct computation

or by realising that SZI(/;) can be expressed via the inner product ¢, as gZZ(/;) = (¢i 5 ), even
though ¢ ¢ S(M); the latter statement follows from

1 "
dXN = g’/ |detg|g“ﬁsawpdx” ANdx"Ndxfyg =d%a’(1)y,,

which holds on any Cauchy surface 2. with forward pointing unit normal vector field N indi-
viduated by a surface of constant 7.

Knowing that ¢,;(k) is well-defined, we can insert its integral expression into the postulated
expansion for ¢(7,X) to see if the appearing integral converges and equals ¢(7,%). In fact, on

account of the explicit form of SLEI’ ¢,(k) is a Fourier transform of a smooth function with

compact support and therefore smooth and rapidly decreasing in k. In analogy to the proof of
lemma I1.2.1.2, the required k-regularity properties of T,(7) and J_%,(7) ensure that each of
the four components of

[ dE 325 97,229 (1.4
5 =1
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is the well-defined Fourier-Plancherel transform of a square-integrable function. In fact, the
following steps will imply that it is even the Fourier transform of a smooth and rapidly decreasing

function. Namely, inserting the integral expression of gb ) yields

4 4
[4E > 0@ gz mi=—i. [0k 5, mD 8L (577 157
R’ = R’ xR? =
An application of the completeness relation proved in lemma I1.4.1.2 closes the proof. O
In order to relate the just obtained mode decomposition of an arbitrary element ¢ of (M)
to its expression ¢ = Sf via a suitable f € Z(DM), we have to know the mode expansion of
the causal propagator S. As in the Klein-Gordon case, the best we can do is to make an educated

guess of the expansion first and to show that it fulfils all properties uniquely determining §
afterwards.

Lemma 11.4.1.4

a) Let us assume that T, (t) and 3_%,(7) are continnous functions of k for k >0, fulfil T (1) =
O(k™Y) and 3%, (1) = O(k°) for small k, and are polynomially bounded for large k, where all
these regularity conditions are assumed to hold for all . Then, the distribution kernel of the causal
propagator S can be expressed as

4

S(roX,7,y)=1 | d Z <y’y>

R’ =t

where the integral has to be understood as the limit obtained by multiplication of the integrand with
ek, & >0 and then taking ¢ — O afler smearing the result with a test section in 9(DM).

b) Let | € D(DM) be a test section related to a yp € S(M) by ¢ = Sf. The Fourier coefficients
&, (k) of  defined as in lemma 11.4.1.3 fulfil

hik)=igL (=il . f).

Proof. b) follows immediately from a), ¢ = Sf, and the mode decomposition proved in lemma
I1.4.1.3. To show that a) holds, we define

4
S(r,, %t ,@_lfdk 2. i (70%) %1 <ry,y_')
— :

_ 1 Jd/;’ ffe(Tx’fy) ¢ FET)
o a¥(t,)a’(z,)
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where

Note that §;(7,, 7,) depends only on k and not on £ due to the behaviour of D* under Lorentz
transformations in general and spatial rotations in particular. Let / be an arbitrary test section

in 2(DM) and let us consider
[57]can=Sin=i [ R 4y, (D) 4L 0
3 /=1

By the assumed k-regularity of ¥, and d ¥, and arguments similar to the ones invoked in the
proof of lemma I1.2.1.3, the above integral converges to a smooth solution of the Dirac equation.
To show that S f =S/, let u be an arbitrary element of G(M), let X' denote a Cauchy surface of
constant T = 7, with future pointing unit normal vector field N = a~'d_ and volume measure

d X, let u be specified by #[.= u,, and let us denote the component-wise Fourier transform of
a C*valued function f on R? by Z[f] and its inverse Fourier transform by Z~![f]. With
these data, # can be specified via

—S,(t.,
w(e, )= T |2z, Mm%] ,

as follows from S,(7,,7,) = y,, which in turn is equivalent to the completeness relation proven
in lemma I1.4.1.2. Based on this, we recall d XN = d3743(1'y)y0 and compute in analogy to the
proof of lemma I1.2.1.3

[azupsr= fdya () 10 510,90

—5.(7> 7)Y - -
= [ ar.ate) [ ak ) %g[wo](k) P Neok)= [ dyeaty.

Finally, let us recall that, as proven in lemma I1.3.2.3, § also fulfils
jdEugNSf:fdgx ulf
X M

This entails §f .= Sf [ and, hence, S=S§ by the uniqueness of solutions of the Dirac
equation with compactly supported initial data. O
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To close the treatment of the Dirac field in flat FLRW spacetimes and to prepare the ground
for the analysis of Dirac fields in NBB spacetimes, we shall now provide an example for ‘€,
fulfilling the k-regularity conditions assumed in the above two lemmata. Namely, lemma 1.3.2.4
entails that the differential equation (I1.42) for ‘¥, tends to the one of massless Minkowskian
scalar field modes in the limit T — —oo. In addition, the normalisation condition (I.43)
becomes

0T+ kT =1

in that limit. It therefore seems meaningful to require that T, tends asymptotically to (v/2k)1e~*7.

The following result makes this precise.

Lemma 11.4.1.5 Let a be the scale factor of an NBB spacetime, let V(v) = ia'(t)m + a*(v)m?, let

Ty (7)) = ﬁe‘””, and let finally

Do) = =i (Tg(m ) Tiol,) = T o7 ) Teol5,))

There exists a finite Ty < —1 such that the series
7)== ( Toul)+ 3T,00)
T)=— T wk(T
k ‘/z 0,k L k
with
S [ dne [, Aem)e Ayl V() V)T,

converges for all T < T, and defines a solution of (11.42) which fulfils

4 1 . i
lim e*°%, (1) = — lim e*79%,(1)= ——,
lim ()=l 0T () =

and

Sk(’f) =0 (k_l)
Jor all k and for all ©, whereas
@) (/e_l) for k — 0 and
dT(1) =
O (k°) for k — oo

uniformly in T.
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Chapter II - Classical Fields in Curved Spacetimes

Proof: The proof proceeds largely as the one of lemma II1.4.1.5, we therefore only mention the
essential steps. As (97 +/€2)So,k(Tx,Ty) =0and J, S§;,(7,,7,)
solution of the considered differential equation with the correct initial conditions. In order to
prove that the series itself converges to a smooth solution, it is sufficient to consider the original
series and its first T-derivatives.

The starting point is

=1, the series 1s a formal

T)czTy

Agp(tes 7)) <7, for 0>1, 27,

and the fact that lemma 1.3.2.4 entails the existence of a finite 7, < —1 and a constant C such
that |V (7)| < Ct~> for all T < 7,. Namely, these data entail

n

C
T (T < T),,|To,/e|,

and, hence, both the absolute convergence of the series and

<
-7

e

[T (7)] < Tk

uniformly in 7 for all T < 7. Similar considerations lead to

n

C
1T, (T < W'To,k|’

which in turn entails the wanted convergence of the series of first T-derivatives and finally

1 c

2T S = (S — 1)

V2 =2kt

for all T < 7. O

[1.4.2 The Bulk and Boundary Inner Product Spaces of Solutions

In subsection I1.2.2, we have seen that it is possible to map the symplectic space of solutions of
the Klein-Gordon equation in an NBB spacetime M to a suitable counterpart on the past null
boundary d~Mj in a way which preserves the symplectic form. The purpose of the present sub-
section is to show that a similar procedure is possible also for the inner product space (&(My), ¢5)
of solutions of the Dirac equation on M. This will pave the way for the construction of pre-
ferred ground and thermal states of a quantized Dirac field on My by means of a quantum Dirac
field theory on d~Mj in the next chapter. The results we present here constitute the first appli-
cation of the methods developed in [DMP06, DMP09a, DMP09b, DMP09¢c, Mor06, Mor08] to
the case of Dirac fields.

In contrast to the Klein-Gordon case, the analysis of the bulk-to-boundary correspondence
for Dirac fields is complicated by the & priori necessity to include a frame transformation in the
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I1.4. The Free Dirac Field in Null Big Bang Spacetimes

bulk-to-boundary map, see lemma 1.3.3.2 and the preceding discussion. Namely, although the
existence of a well-defined map from (&(My),¢;) to a suitable boundary space can be proven
in analogy to the scalar case and in a straightforward manner, the inclusion of the mentioned
frame transformation makes it difficult to interpret the constructions we shall perform on d~M,
in terms of bulk Fourier modes. This problem arises because, although we have been able to
compute this transformation in lemma [.3.3.2 on the level of Lorentz frames, it is hard to give
an explicit expression for the related spin frame transformation. Hence, we shall proceed in
the following way: we first anticipate a suitable boundary inner product space (S(37),i) by
mapping the bulk inner product ¢ to the boundary with the help of Stokes’ theorem. Then,
we show that a combination of a conformal transformation and a frame transformation indeed
maps (&(Mp), ) to (S(57),1), were we shall use the fact that solutions of the Dirac equation
on the Einstein static universe can be trivially restricted to d~Mj. Finally, we introduce a
second bulk-to-boundary map, which is effectively equivalent to the one already known and,
hence, well-defined, but can be given in explicit terms without having recourse to a spin frame
transformation. Altogether, the natural but unwieldy bulk-to-boundary map is used to prove
the well-posedness of an effective and simple alternative, which shall be the one used in the
constructions performed in the next chapter.

Theorem 11.42.1 Let
Dy=-Y"+m,

where YW* denotes the contracted covariant derivative associated to gy and its canonical Lorentz frame eB

defined in (1.26), and let S(My) denote the space of solutions associated to Dy in an NBB spaaetzme
(My, g3). Moreover, let €5, denote the frame dual to e®, let ., i =1,2 be arbitrary elements of &(Mp),
and let

’é’“éQBe“ ()Z/_az
B B’ [ 371

a QE

B

Finally, let us denote by ¢y the inner product on S(My), of definition 11.3.2.1, and let

I, n-¢d
n =
k(i) = [ < n-d I, ’
where 71 is an arbitrary vector in R and & denotes the vector of Pauli matrices.

a) Let us assume that
. Tr T~
MEIPW ¢1 }/a ¢2 eg(au)

is smooth and integrable with respect to dvdS?. Then,

() = j dods® lim_ 31y, .22

5
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Chapter II - Classical Fields in Curved Spacetimes

b) Let us define a map & as

&g, = lim —L %
e Y
where €, = (1,0,0)7 and AB s the spin_frame transformation introduced in lemma 1.3.3.2. & is
a well-defined map from S(My) to

S(37)=6=(37,CHNLY(3™,dvdS?)
and B _ o
0080 = lim 011 5.5
¢) Let & be defined as

B¢, = lim K@)

T e

where €, = 3, X, and let us define an inner product i on S(37) by

(g, n,)= J dvdS* ulu,

3

Jor arbitrary u,, uy, € S(37). Then, & is a well-defined map between the inner product spaces
(S(My),ty) and (S(37),1), particularly,

‘B(¢1’¢2) = i(®¢1’®¢z)-
d) & fulfils

&Y, = lim ﬂ

o Nowwh

particularly, & is injective.

Proof  a) On account of definition I1.3.2.1, the bulk inner product of ¢, ¢, € &(M}) reads

gD == | dZ 0,

where X is an arbitrary Cauchy surface of (My, g5) with future pointing unit normal N.
Recalling that

1
dX G W =/ |decgl g i1, §re gy d” Ndxt N
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I1.4. The Free Dirac Field in Null Big Bang Spacetimes

b)

and that conformal transformations g — ng entail g_1 — Q_Zg_l, v, — 12y, gbi —
27324, we see that (5(¢,, §,) is invariant under conformal transformations. If we set

s
2

~ a
D="D,

wbwlm

and denote the inner product on the solutions ¢ of D¢ =0 on (M, 224~ gy) by Ty, the
above considerations entail

(1> $2) =15 _;‘;bv_;()bz : (IL.45)
2; 2;

We would now like to apply Stokes” theorem to reach the conclusion that the integration
of the integrand proper to (I1.45) on either X' or ¥~ yields the same result. Assuming that
this is possible, and recalling that Qéa_ng restricted to 3~ equals the Bondi metric (1.24),
one can straightforward compute that the integrand of (I1.45) evaluated on ¥~ equals
. - T T o~
Jim —idly, 4,e(d,).
By our assumptions on the properties of the above expression and the causal support

properties of solutions of the Dirac equation, we can indeed apply Stokes’ theorem to
prove the thesis.

Barring the appearance of a frame transformation, the first part of the thesis can be proved
in close analogy to the proof of proposition 11.2.2.1, and we only sketch the essential
arguments. An application of lemma I1.4.1.1 to the case g = gp, § = gz [ 5,)= 208

and the results of lemma 1.3.3.2 b) imply that gbf = 1343/201;]13/2% are smooth solutions
of

a
D= (¥4 o) =0
with compactly supported initial conditions, where VE denotes the contracted covariant
derivative related to the metric g, and its canonical Lorentz frame ef (¢f (1.25)) and it is
understood the the above equation holds only on y#(My) C M. Let now M denote the
‘lower, slit half’ of M, defined in the proof of proposition I1.2.2.1. The lemmata 1.3.2.4
and 1.3.3.2 entail that we can smoothly extend D from M N y*(My) to M by setting

Dy rME\;{B(MB)E -Y*.

By lemma I1.3.2.2, we can find f; € 2(DMy) fulfilling ¢, = Sy f; and supp f; C yZ(Mp)N

M, where Sp denotes the causal propagator of Dj. Moreover, on account of lemma
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I1.4.1.1 and lemma 1.3.3.2, we know that

is the causal propagator of Dy on (y#(My), gE[ ) and that ¢E =S5 (ZZ a 2f We can
extend S in a unique way to the causal propagator of D on the full M and therefore

smoothly extend ¢E from M N x B(My) to M by inserting the extensmn of §; in the
expression

5
E 5 -3
b =S a2 f;.
The result can be restricted to §~ and we find that

K@F K@

u—»oo‘4

Vito?r 7 (1407

&4, =

is a smooth, C*valued function on ‘3_.~ ~
Let us now show that the mapping & is such that &¢; is not only smooth, but even

square-integrable with respect to dvdS?. As ¢% is smooth on i, ||€5¢l||é , decays as
2y7/2 - - E -
(14 o7)’/* for large negative v. Furthermore, the causal support properties of gbi entail

that there 1s a finite v, such that ||Q~5¢l||é4 =0 for all v > v,. This implies the wished-for
square-integrability. The last asserted property of Q~5, namely,

() B(¢y) = lim —idly, §,8(8,),

follows straightforwardly from

(AYKEYKER (B Blotr) _ B (ot ) A
Vi1+2? Vi4o? Vi4+o?
= —if(A) "y Aey(3,) = ~iBy.2

Here, the identity (/T)*ﬂ = ,5(/,{)_1, which holds for all A€ Spiny(3,1) and follows from
the defining properties of 3 and the relation of Spiny(3,1) to CI(3,1) has been used.

) We start by proving ¢z(¢, ,) =i(B¢,,&¢,). The results obtained in a) and b) imply

ROUNAE f dvds® lim iy, ,8(3,)= f dodS* (&) &, =i(B ¢, E¢,).
3~ 3”
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d)

Hence, the compatibility of & with the inner product structures is shown if
&(4)®(4y)= lim —idly, 4,%(3
This, however, follows straightforwardly from

K(E;)*K(e_';) - IB(YO_*_}/Z rxi) _ —ZIB)/ 'é'a(&)
= = 2€p

V1+u? V1+u?
By comparing & with &, we have proven that & maps solutions of the Dirac equation

in the bulk to square-integrable functions on §~. However, it is not yet clear if these
functions are actually smooth. To see this, we notice that

SZZ' (/TB)_ v _ﬂ(/TB)*ﬁ Gt :ﬁ]fﬁ Y
Vizw Vi (4o Vi (4] (1407}

Since /3 1s invertible, the smoothness of Q5¢l» is assured once we know that lim A

n—>—00

is smooth. As already remarked, it is difficult to compute A%, and, hence, A explicitly.
Therefore, we recall the relation between Lorentz and spinor transformations and compute

A A 1 ~, ~,
Ay A f=——= Ny (A)'=—— =4,
V1+u? V1+u?
//1; is a smooth matrix in the limit # — —o0 as can be computed from the explicit form
of AP given in lemma 1.3.3.2. Additionally, A is determined uniquely up to a sign in terms
of A,. More in detail, the matrix elements of / can be obtained from the ones of /A by

algebraic expressions which map smooth functions to smooth functions. Hence, A is a
smooth matrix in the limit # — —oo.

At this point, one might be worried about the fact that the map & contains the non-
invertible matrix K(€,), Ze. one might think that ‘some information gets lost’ in the
bulk-to-boundary mapping. However, if we prove that the multiplication K(¢,) amounts

to a multiplication with 4/2 in the case at hand, then the injectivity of &, being essentially
the limit of a smooth section, is assured.

To see this property of K(€,), we recall that & is defined only on solutions 92 of

D(,b 0. However, any such solution gb can be written as
¢:D*E¢, DD*¢¢:O,
see theorem II.3.1.4. This is the starting point of the following straightforward chain of

identities

lim ———— = lim —" = lim ————(J +am)

C Vb TVl T2 Vi ad? ST



Chapter II - Classical Fields in Curved Spacetimes

~

1 .
= lim —u? <}/O+y‘3rxi) a, ¢¢ = ¢) /6 11m vV—ud, ¢¢,

where lemma 1.3.2.2 has been used in computing the limit of ¢. The thesis now follows

from K(2,)* = v/2K(¢,).
U

Note that the injectivity of ® can be proved in quite the same way the one of & has been proven.
Moreover, the proof of the last item in the above theorem shows once more that the solutions
of the Dirac equation constitute only a subclass of the solutions of the ‘squared’ Dirac equation,
as already discussed in subsection I1.4.1.

To close the discussion of the classical Dirac field on NBB spacetimes, let us remark that it is
possible to complete both the bulk and the boundary inner product spaces to Hilbert spaces and
to extend & by continuity such that the resulting bulk Hilbert space is mapped to a sub-Hilbert
space of the boundary Hilbert space in a unitary manner.
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Quantized Fields in Curved Spacetimes

uilding on the concepts and structures introduced in the previous chapter, we shall now
discuss the formulation of quantum field theories on curved spacetimes. We will see
that conceptual differences to standard treatments of Minkowskian quantum field theories arise
which, however, should not be taken as an obstruction, but rather as a guide to the essential

ingredients of a quantum field theory.
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[II.1 The Free Scalar Field in General Curved Spacetimes

We start our treatment of quantum fields on curved spacetimes by discussing the free neutral
scalar field. In analogy to the case of classical fields, this will enable us to concentrate on the
essential concepts which appear in the quantum theory of a field of an arbitrary spin.

[II.1.1  The Algebras of Observables

The first conceptual difference of quantum field theories in curved spacetimes and such theories
in Minkowski spacetime already arises at the beginning of our discussion. Namely, while in
Minkowski spacetime Poincaré invariance and the spectrum condition select a unique vacuum
state (see for instance [Ara99]), such phenomenon does not occur in generic curved spacetimes.
Admittedly, there are curved spacetimes which have ‘enough’ symmetries to allow for preferred
states, eg. de Sitter spacetime [Al85]. Moreover, we shall provide a construction of preferred
states in NBB spacetimes at a later time. Nevertheless, a proper understanding of quantum fields
on curved spacetimes requires to construct a quantum field theory without having recourse to
states and, hence, Hilbert spaces. Instead, one has to focus solely on the algebraic relations
between fields and observable quantities first, and introduce states and related Hilbert space
representations as secondary objects. This is achieved by the algebraic approach introduced by
Rudolf Haag and it has lead to a deeper understanding of quantum field theory already in the
context of Minkowski spacetime. A canonical monograph in this respect is the book [Haa92]
written by Haag himself, whereas a survey of the algebraic approach to quantum field theory on
curved spacetimes is found in Wald’s book [Wal95]. Many progresses in algebraic quantum field
theory on curved spacetimes have been attained after the appearance of [Wal95], an introduction
to these new achievements can be found in [BrFr09].

Let us start by introducing the BorchersUblmann algebra .of (M) of the free scalar field. This
is the most simple algebra of the free quantum scalar field, it does not contain normal ordered
quantities, ze. Wick polynomials, yet. The enlargement of .&/(M) to an algebra containing
Wick polynomials is non-trivial and will be postponed to a later subsection. If /' € Z(M) is
a test function, we interpret it as ¢( /), ie. a ‘smeared field’, which we can formally write as
&(f) = (¢p,f). The product of two smeared fields P(f,)d(f,) is then just represented by the
tensor product f; ® f,. On the long run, we would like to represent ¢(f) as an operator on
a Hilbert space, we therefore need an operation which encodes ‘taking the adjoint with respect
to a Hilbert space inner product’ on the abstract algebraic level. We define such a s-operation

by setting [¢(f)]" = ¢(f) and [$(f,)-- ¢(/,)]" = [¢(,)]" -~ [#(/})]". Observables would
then be polynomials & of smeared fields which fulfil 2* = 2. To promote ¢(f) to a proper

quantum field, we define

(A1) #()] = P(f)p(g) — P(g)(f) =i A(f &)L, (I1L.46)

where A is the causal propagator of the Klein-Gordon operator and I is the identity. Recall
that A(f, g) vanishes if the supports of f and g are spacelike separated, the above canonical
commutation relations (CCR) therefore assure that observables commute at spacelike separations.
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Chapter III - Quantized Fields in Curved Spacetimes

One can write the CCR formally as

[p(x), p(r)] = ¢ A(x, y)IL.

Recall that this is nothing but the covariant version of the well-known equal-time CCR, see the
discussion after lemma I1.1.2.4. To encode dynamics, we would like the just defined quantum
field ¢(x) to fulfil the Klein-Gordon equation P¢(x) = 0. On the algebraic level, this is encoded
by demanding that ¢(g) =0 for all g € Z(M) of the form g = Pf with f € Z(M). More in
detail, this entails dividing the test functions by the ideal generated by elements of the form Pf.
Recall that this ideal is nothing but the kernel of A, the just described procedure is therefore
compatible with the CCR. We subsume the above discussion in the following definition.

Definition 1.1.1.1  The Borchers-Ublmann algebra .o/ (M) of the free scalar field is defined as
o (M)= o (M)] S,
where .ofy(M) is the direct sum

(M) =P a(M™)

(D(M®) = C) equipped with a product defined by the linear extension of the tensor product of D(M™),

a s-operation defined by the antilinear extension of [ f*](x;,-+-,x,) = f(x,,-+,x,), and it is required
that elements of .ely(M) are finite linear combinations of multi-component test functions. Additionally,

we equip y(M) with the topology defined by saying that a sequence {f,}, = {@®, fk(n)}k in (M)
converges to f =@, f () if fk(n) converges to £ for all n in the locally convex topology of D(M™) and

there exists an N such that fk(n) =0 for all n > N and all k. Moreover, % is the closed *-ideal generated
by elemenis of the form —i A(f,g)®(f ® g— g ® f) and Pf, and of (M) is thought to be equipped
with the product, x-operation, and topology descending from .<fy(M).

If O is an open subset of M, .o/ (O') denotes the algebra obtained by allowing only test functions with
support in O.

A comparison with definition II.1.3.1 reveals that, barring the CCR, the algebra of classical
observables (6,(M),-,) is isomorphic to the subset of .e (M) constituted by (linear combinations
of) symmetric testfunctions. We shall examine this relation in more detail when discussion the
enlargement of .¢/(M) to an algebra including Wick polynomials. Moreover, we stress that
o/ (M), in contrast to .e/y(M), depends explicitly on the metric g of a spacetime (M, g) via the
causal propagator and the equation of motion. However, now and in the following we shall
omit this dependence in favour of notational simplicity.

In what follows, we will denote the smeared fields generating .o/ (M) by ¢(f) for an f €
P(M) and not make the equivalence class corresponding to the quotient .e/y(M)/.# explicit. In
fact, let us recall that, by lemma I1.1.2.2 and the properties of 4, the equivalence class of such f
is so large that it contains elements with support in an arbitrarily small neighbourhood of any
Cauchy surface of M. This implies the following well-known result, which on physical grounds
entails the predictability of observables.
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Lemma 111.1.1.2  The BorchersUblmann algebra .of (M) of the free scalar field fulfils the time-slice
axiom. Namely, let X be a Cauchy surface of (M, g) and let O be an arbitrary neighbourhood of X..
Then <f (O)=<f (M).

The above discussion implicates in particular that we can understand the Borchers-Uhlmann
algebra .o/ (M) equivalently as generated by solutions of the Klein-Gordon equations with com-
pactly supported initial conditions, Ze. by tensor products of (the complexification of) & (M).
Given an element # € (M) with u = Af, this correspondence is constituted by identifying
the smeared field ¢(f') with a field ®(») fulfilling

[D(ny), D(11y)] = iy (101 1y)

where ¢,, is the symplectic form on (M), see definition IL.1.2.1. The field ®(#) can be
understood as a ‘symplectically smeared field’ ®(#) = ¢,,(®, #), see [Wal95] for details.

We now turn our attention to states. Let 2 be a topological, unital *-algebra, ie. 2 is
endowed with an operation * which fulfils (AB)" = B*A* and (A*)" = A for all elements A, B in
. A state co on 2 1s defined to be a continuous linear functional 2 — C which 1s normalised,
ie. w(I) =1 and positive, namely, c(A*A) > 0 must hold for any A € /. Considering the
special topological and unital #-algebra .o/ (M), a state on .o/ (M) is determined by its n-point

functions
w,(fir s ) = w (S(f) - $(f,)) -

These are distributions in 9'(M") by the continuity of cw and the Schwartz kernel theorem.
Given a state e on 2, we can represent 2 on a Hilbert space S, by the so-called GNS construction
(after Gel’fand, Naimark, and Segal), see for instance [Haa92, Ara%99]. By this construction,
algebra elements are represented as operators on a common dense and invariant subspace of J€ ,

while w 1s represented as a vector of . The GNS construction arises out of the observation
that cw(A*A) > 0 entails

w(A*B) = w(B*A)
for arbitrary elements A, B in 2; w therefore gives a positive semidefinite Hermitean form on
(. If we take the quotient 2(/Ker, of 2 and the kernel of w, we obtain a proper inner product
on the resulting quotient space and can complete it to obtain S, . The kernel of c 1s a left
ideal of 2 by the Cauchy-Schwarz inequality, elements of .o/ (M) therefore act on the equivalence
classes in ./ (M)/Ker by left multiplication, e

B[A] = [BA]

for arbitrary A, B in 2. We shall provide a more explicit incarnation of the GNS representation
below. The GNS representation of .o/ (M) yields in general unbounded operators, which are
technically more difficult to handle than bounded operators. One therefore often considers the
Weyl algebra instead of the Borchers-Uhlmann algebra, see for instance [BrRo96v2, BGP07]. This
approach heuristically speaking amounts to consider ¢'?) instead of &(f) and therefore leads
to a GNS representation by bounded operators which are defined on the full GNS Hilbert space.
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For the purpose of this thesis, it will be sufficient to work on the level of the Borchers-Uhlmann
algebra and its extensions.

Among the possible states on .¢/ (M) there are a couple of special classes, which we collect in
the following definition. Some of the definitions are sensible for general s-algebras, as we point
out explicitly.

Definition 11113 Let A denote a general -algebra and let .o/ (M) denote the BorchersUblmann
algebra of the Klein-Gordon field.

a) A state o on U is called mixed, if it is a convex linear combination of states, i.e. w = Aw,+
(1= A)ewy, where A< 1 and w, # w are states on . A state is called pure if it is not mixed.

b) A state co on &f (M) is called even, if it is invariant under $(f ) — —P(f ), i.e. it has vanishing
n-point functions for all odd n.

d) An even state on .o/ (M) is called quasifree or Gaussian if, for all even n,

n/2

w,(fis > f, Z l_[a)z< 2i—1) (2;))

nGS/il

Here, S denotes the set of ordered permutations of n elements, namely, the following two conditions
are satzf ed for t, €S : !

w,(2i-1)<m, (21) for 1<1<1n/2, w,(2i-1)< 7, (2:14+1) for 1<i<n/2.

¢) Let a, denote a one-parameter group of *-automorphisms on 4, i.e. for arbitrary elements A, B of
2,
@ (AB)= (0,4) @,B), @ () =a.(), ad)=A.

A state o on U is called o -invariant if w(a,(A)) = w(A) for all A €.

¢) An a,-invariant state co on U is said to satisfy the KMS condition for an inverse temperature
B =T7'>0if for arbitrary elements A, B of U, the two functions

Fyp(t)=w (Ba,(4)),  Gup(t)=w (a,(A)B)

extend to functions Fz(z) and G,5(z) on the complex plane which are analytic in the strips
O<Imz< /3 and — /6 < Im z < O respectively, continuous on the boundaries Im z € {O, ﬁ },

and fulfil
Fup(t +i8)=Gyp(t).

The KMS condition (after Kubo, Martin, and Schwinger) holds naturally for Gibbs states of
finite systems in quantum statistical mechanics, ze. for states that are given as w ﬁ(A) =Tr pA
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with a density matrix p = exp(—S8H)(Tr exp(—H))™!, H the Hamiltonian operator of the
system, and 77 denoting the trace over the respective Hilbert space. This follows by setting

at(A) — eitHAe—itH’

making use of the cyclicity of the trace, and considering that exp(—/SH) is bounded and has
finite trace in the case of a finite system. In the thermodynamic limit, exp(—BH) does not
possess these properties any more, but the authors of [HHW76] have shown that the KMS
condition is still a reasonable condition in this infinite-volume limit. Physically, KMS states
are states which are in (thermal) equilibrium with respect to the time evolution encoded in the
automorphism ,. In general curved spacetimes, there is no ‘time evolution’ which acts as an
automorphism on .¢/(M). One could be tempted to introduce a time evolution by a canonical
time-translation with respect to some time function of a globally hyperbolic spacetime. However,
the causal propagator A will in general not be invariant under this time translation if the latter
does not correspond to an isometry of (M, g). Hence, such time-translation would not result in
an automorphism of .o/ (M). There have been various proposals to overcome this problem and
to define generalised notions of thermal equilibrium in curved spacetimes. We will comment on
this when constructing KMS states on the boundary of NBB spacetimes.

The authors of [HHW?76| have provided an equivalent formulation of the KMS condition
on the level of Fourier transforms of F,z(¢) and G,4(¢). As we wish to construct KMS states
on the boundary of NBB spacetimes directly in Fourier space, this equivalent condition will be
very convenient.

Lemma 1.1.1.4  An a,-invariant state o on < (M) fulfils the KMS condition at the inverse temper-
ature 3 if the functions F,5(t) and G,p(t) introduced in definition I1I1.1.1.3 are bounded, continuous,
and fulfil the following condition: denoting by F (E) and G(E ) the Fourier transforms of F,p(t) and
G5(t) in the sense of distributions on rapidly decreasing smooth functions,

F(E)=ePPG(E).

Here, the multiplication ePE G(E) has to be understood as first restricting G(E) to a distribution on D(R),
then multiplying it with e”F, and finally considering the unique extension of the result to a distribution on
rapidly decreasing smooth _functions.

The KMS condition seems difficult to check, as it suggests that one has to assure it for arbitrary
elements A and B of .o/ (M). However, on account of the linearity of a state and the fact that a,
is an automorphism, the KMS condition already holds for all A and B if it holds for A = ¢(f).
In the case of a quasifree state c, it is therefore sufficient to check the KMS condition for the
two-point function c,. We refer the reader interested in further properties of KMS states to the
standard monographs [BrRo96v2, Haa92] and to [DMP09c, app. BJ.

Let us now consider quasifree states. These states are closely related to a Fock space picture.
In fact, one can show that pure states can be represented as Fock vacua and therefore define a
particle picture. To understand this in more detail, we shall introduce the notion of a oneparticle
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Hilbert space siructure. Positivity of a quasifree state initially entails that cw,(f,f) > 0 for all
f € 9(M). However, the reversed implication, namely, that every positive two-point function
yields a quasifree state, is not easily seen, but follows from the fact that on the positivity of the
two-point function is sufficient to construct a Fock space representation for the full algebra. To
this avail, one observes that, by the Cauchy-Schwarz inequality and for arbitrary realvalued test
functions f and g,

1
ZIA(f,g)I2 <o(f,fw(g,g). (I11.47)

This general bound can be strengthened for pure states. Namely, a quasifree is pure if and only
if [KaWa91]

Alf, g
o(f,f)= sup |(f—g)| : (I11.48)
§€I(R), o(g.8)70 40(858)

Note that (II1.47) entails that the kernel of ¢ is contained in the kernel of A. If we recall that
this kernel has been identified with zero in the construction of .o/ (M), we find that cv is already
strictly positive definite on .¢/(M). On account of the relation between Z(M) and (M), this
entails that the symmetric part w defines an inner product u on & (M). Namely, if #, = Af,,
u, = Af, are arbitrary elements of .%(M) with suitable f, € (M,R), then we can define such

/u as
)= 2 (@ )+ Ui ) -

The resulting u fulfils

1
Z|§M(”1”"2)|2 < g, uy) g, uy). (I11.49)

and we can interpret it as the real part of the expectation value of the product of the symplecti-
cally smeared field operators ®(u,)®(u,). This shows that viewing .&/ (M) as constructed out of
solutions or test functions is equivalent also on the level of states (once (M) is complexified).
Moreover, we see explicitly that, since the imaginary and antisymmetric part of a two-point
function is always determined by A, the specification of a quasifree state on .o/ (M) amounts
to providing a real and symmetric distribution fulfilling (II.47), or, equivalently, a real inner
product on . (M) fulfilling (II1.49). This is clarified further by the following proposition, taken
from [KaWa91].

Proposition 111.1.1.5 Let & be a real vector space equipped with a strongly non-degenerate symplectic
Jorm ¢ and an inner product . Under these circumstances, one can always find a complex Hilbert space
HC with inner product (-, -) and a real-linear map K : & — S satisfying the following properties.

a) The complexified range K. + 1KY is dense in 7.
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b) u(uy,u)=Re(Ku,Ku,).
a) ¢c(uy,n,)=2Im(Ku,Ku,).
Moreover, the pair (K, 7€) is unique up to unitary equivalence.

We refer to [KaWa91, app. A] for the proof. The above result gives a very explicit realisation of a
representation of the Borchers-Uhlmann algebra on a Hilbert space. Namely, let us consider the
Fock space . built out of symmetric tensor products of 7, let ¢, ¢, € #, and let aT(gbz),
a(¢,) denote the usual creation and annihilation operators on Z fulfilling

[ﬂ(¢1)’ﬂT(¢2):| = (41 )L, [a(¢1), a(¢,)] = [4T(¢1)’“T(¢2)] =0,

see for instance [ReSi75, BrRo96v2]. Then, the symplectically smeared field ®(#) can be repre-
sented on Z as

®(u)=a'(Ku)+a(Ku)

which is equivalent to viewing the smeared field ¢(f) as being represented on F as

P(f)=a'(KAf)+a(KAf).

Note that, by the properties of K, both ¢(f) and ®(#) are real-linear, even though the anni-
hilation operator a(¢) is complex antilinear. The map K can be viewed as selecting a ‘posi-
tive frequency subspace’ of the (complexified) space of solutions (M), see the discussion in
[KaWa91, sec. 3.2]; this corresponds to the well-known mode decomposition of a quantum field
in Minkowski spacetime. Moreover, in [KaWa91] it is also shown that the range K.¥ of K is
already dense in J€ if the considered u satisfies the analogue of (II1.48) and therefore stems
from a pure state.

I11.1.2 Hadamard States

The Borchers-Uhlmann algebra .o/ (M) contains only very basic observables, namely, linear com-
binations of products of free fields at separate points, eg @(x)@(y). However, if one wants to
treat interacting fields in perturbation theory, or the backreaction of quantum fields on curved
spacetimes via their stress-energy tensor, ones needs a notion of normal ordering, ze. a way to
define field monomials like ?(x) at the same point. To see that this requires some work, let us
consider the massless scalar field in Minkowski spacetime. Its two point function reads

1 1

A ey e R RS —

where (x —y)? denotes the Minkowskian product induced by the metric 7 and the limit has to
be understood as being performed after integrating cv, with at least one test function. This is a
smooth function if x and y are spacelike or timelike separated. It is singular at (x —y)*> =0,
but the singularity is ‘good enough’ to give a finite result when smearing w,(x,y) with two test
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functions. Hence, w, 1s a well-defined (tempered) distribution. Loosely speaking, this shows once
more that the product of fields ¢(x)d(y) is ‘well-defined’ at non-null related points. However,
if we were to define b?(x) by some ‘limit’ like

¢*(x) =lim $(x)$(»),

X—y

the expectation value of the resulting object would ‘blow up’ and would not be any meaningful
object. The well-known solution to this apparent problem is to define field monomials by
appropriate regularising subtractions. For the squared field, this is achieved by setting

17(x): = lim ($(x)$(r) — p(x. D),

where of course one would have to specify in which sense the limit should be taken. Omitting the
details of this procedure, it seems still clear that the Wick square : *(x): is a meaningful object,
as it has a sensible expectation value, ie. w(:$?(x):) =0. In the standard Fock space picture,
one heuristically writes the field (operator) in terms of creation and annihilation operators in
momentum space, Ze.

d(x)= ! ; dk al e fa, e
m 2/60 k k
and defines : $%(x): by writing the mode expansion of the product ¢(x)@(y), ‘normal ordering’
the appearing products of creation and annihilation operators such that the creation operators
are standing on the left hand side of the annihilation operators, and then finally taking the limit
x — 9. It is easy to see that this procedure is equivalent to the above defined subtraction of the
vacuum expectation value. However, having defined the Wick polynomials is not enough. We
would also like to multiply them, ze, we would like them to constitute an algebra. Using the
mode-expansion picture, one can straightforwardly compute

1 A(x) 7 (0): = 142 (0) P (0): +4:P(x) (1) 0y(x,7) + 2(e0,(x,7))’

which is a special case of the well-known Wick theorem, see for instance [IZ80]. The right hand
side of the above equation is a sensible object if the appearing square of of the two-point
function w,(x,y) is well-defined. In more detail, we know that ¢,(x,y) has singularities, and
that these are integrable with test functions. Obviously, (cw,(x,y))* has singularities as well,
and the question is whether the singularities are still good enough to be integrable with test
functions. In terms of a mode decomposition, one could equivalently wonder whether the
momentum space integrals appearing in the definition of : *(x)*(y): via normal ordering
creation and annihilation operators converge in a sensible way. The answer to these questions 1s
‘yes” because of the energy positivity property of the Minkowskian vacuum state, and this is the
reason why one usually never worries about whether normal ordering is well-defined in quantum
field theory on Minkowski spacetime. In more detail, the Fourier decomposition of the massless
two-point function w, reads

1 4
wy(x,9) = lgifgl ey J dk O(ky)S (k?) etk (I11.51)
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where ©(k,) denotes the Heaviside step function and we omit the necessary ¢-regularisation for
simplicity. We see that the Fourier transform of w, has only support on the forward lightcone (or
the positive mass shell in the massive case); this corresponds to the fact that we have associated
the positive frequency modes to the creation operator in the above mode expansion of the
quantum field. This insight allows to determine (or rather, define) the square of w,(x,y) by a
convolution in Fourier space

1 .
(i)} =tim = [ d [ dp 01a) ) ) 8(p7) 0+
= im; 2 - — g )?) R0 =50
=tim = [ dk [ dq 040 84" Ok =40 Sk~ ) .

Without going too much into details here, let us observe that the above expression can only
give a sensible result (a distribution) if the integral over g converges, ze. if the integrand is
rapidly decreasing in g. To see that this is the case, note that for an arbitrary but fixed & and
large g where here ‘large’ is meant in the Euclidean norm on R*, the integrand is vanishing on
account of 8(g?) and O(k, — q,) as k, — g, < O for large q. Loosely speaking, we observe the
following: by the form of a convolution, the Fourier transform of ¢, is multiplied by the same
Fourier transform, but with negative momentum. Since the w, has only Fourier support in one
‘energy direction’, namely the positive one, the intersection of its Fourier support and the same
support evaluated with negative momentum is compact, and the convolution therefore well-
defined. Moreover, as this statement only relies on the large momentum behaviour of Fourier
transforms, it holds equally in the case of massive fields, as the mass shell approaches the light
cone for large momenta.

The outcome of the above considerations is the insight that, if we want to define a sensible
generalisation of normal ordering in curved spacetimes, we have to select states whose two-point
functions are singular, but regular enough to allow for pointwise multiplication. Even though
general curved spacetimes are not translationally invariant and therefore do not allow to define
a global Fourier transform and a related global energy positivity condition, one could think
that this task can be achieved by some kind of a ‘local Fourier transform’ and a related ‘local
energy positivity condition’. In fact, as showed in the pioneering work of Radzikowski [Rad96a,
Rad96b], this heuristic idea can be made precise in terms of microlocal analysis, a modern branch
of Mathematics. In the aforementioned works [Rad96a, Rad96b], it has been shown that so-
called Hadamard states, which have already been known to allow for a sensible renormalisation of
the stress-energy tensor [Wal77, Wal78a, Wal95], indeed fulfil a local energy positivity condition
in the sense that their two-point function has a specific wave front set. Based on this, Brunetti,
Fredenhagen, Kohler, Hollands, and Wald [BFK95, BrFr00, HoWa01, HoWa02, HoWa05] have
been able to show that one can as a matter of fact define normal ordering and perturbative
interacting quantum field theories based on Hadamard states essentially in the same way as on
Minkowski spacetimes. Though, it turned out that there is a big conceptual difference to flat
spacetime quantum field theories, namely, new regularisation freedoms in terms of curvature
terms appear. Although these are finitely many, and therefore lead to the result that theories
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which are perturbatively renormalisable in Minkowski spacetime retain this property in curved
spacetimes [BrFr00], the appearance of these additional renormalisation freedoms has a profound
impact on the backreaction of quantum fields on curved spacetimes, as we will discuss in the
next chapter.

We have already anticipated that Hadamard states can be approached from two angles. One
way to discuss them is to look at the concrete realisation of their two-point function. This
treatment has lead to the insight that Hadamard states are the sensible starting point for the
definition of a regularised stress-energy tensor [Wal77, Wal78a, Wal95], and it is well-suited for
actual calculations in particular. On the other hand, the rather abstract study of Hadamard states
based on microlocal analysis is well-suited to tackle and solve conceptual problems. Following
our discussion of the obstructions in the definition of normal ordering, we shall start our
treatment by considering the microlocal aspects of Hadamard states. A standard monograph
on microlocal analysis is the book of Hérmander [H6r90], who has also contributed a large
part to this field of Mathematics [Hor71, DuHo72]. Introductory treatments can be found in
[ReS175, BrFr00, Kra00, Str09].

Let us start be introducing the notion of a wave front set. To motivate it, let us recall that a
smooth function on R” with compact support has a rapidly decreasing Fourier transform. If we
take an distribution # in 2'(R™) and multiply it by an f € Z(R™) with f(x,) # O, then uf

is an element of &'(R™), ie., a distribution with compact support. If f# were smooth, then its

—

Fourier transform f # would be smooth and rapidly decreasing. The failure of f# to be smooth
in a neighbourhood of x, can therefore be quantitatively described by the set of directions in

—

Fourier space where f # is not rapidly decreasing. Of course it could happen that we choose f
badly and therefore ‘cut’ some of the singularities of # at x,. To see the full singularity structure
of u at x,, we therefore need to consider all test functions which are non-vanishing at x,. With
this 1n mind, one first defines the wave front set of distributions on R” and then extends it to
curved manifolds in a second step.

Definition N1.1.2.1 A neighbourhood I” of ky € R™ is called conic if b € I' implies Ak € I for all
A€ (0,00). Let u € Z'(R™). A point (x,4,ky) € R” x (R™ \ {0}) is called a regular directed point
of u if there is an [ € D(R™) with f(xy) # O such that, for every n €N, there is a constant C, € R
Sulfilling

[fu(R)l < C,(1+ k)"

Jor all k in a conic neighbourhood of ky. The wave front set W F(u) is the complement in R” x (R™ \
{O}) of the set of all regular directed points of u.

Let us immediately state a few important properties of wave front sets, the proofs of which can
be found in [H6r90] (see also [Str09]).

Theorem N1.1.2.2 Let u € 9'(R™).

a) If u is smooth, then W (u) is empty.
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b) Let P be an arbitrary partial differential operator. It holds

WEPu)C WF(n).

o) La U, VCR”, let uc D'(V), and let y : U—V be a diffeomorphism. The pull-back y*(u)
of u defined by y*u(f)=u(y.f) foral f € D(U) fulfils

WE(y u)=y " WF(u)={(x"'(x), x"k) | (x,k) € WF(u)},

where y *k denotes the push-forward of y in the sense of cotangent vectors. Hence, the wave front
set transforms covariantly under diffeomorphisms as an element of T*R™, and we can extend its
definition to distributions on general curved manifolds M by patching together wave front sets in
different coordinate patches of M. As a resull, for u € D' (M), WF(u) C T*M \ {0}, where O
denotes the zero section of T*M.

d) Let n,, uy, € 9'(M) and let
WE(u,)® WF(u,) = {(x, b, + k) | (x, k) € WF(n,), (x,k;) € WF(1y)} .

If WF(u,)® W F(u,) does not intersect the zero section, then one can define the product u u, in
such a way that it yields a well-defined distribution in D' (M) and that it reduces to the standard
pointwise product of smooth functions if u, and u, are smooth. Moreover, the wave front set of such
product is bounded in the following way

WEF(u,uy) CWF(u)UWF(uy)) U(WF () ® WF(u,)) .

Note that the wave front set transforms as a subset of the cotangent bundle on account of the
covector nature of & in exp(ikx). The last of the above statements is exactly the criterion for
pointwise multiplication of distributions we have been looking for. Namely, from (II1.51) and
(IIL.50) one can infer that the wave front set of the Minkowskian two-point function (for 7 > 0)
is [ReSi75]

WE(wy) = {(x,3,k,—k) € TM* | x #9, (x =3 =0, kll(x =), ky >0}  (IIL52)

U{(x,x,k,—k) € T"M? | k* =0, ky >0},

particularly, it is the condition &y, > 0 which encodes the energy positivity of the Minkowskian
vacuum state. We can now rephrase our observation that the pointwise square of cw,(x,y) is a
well-defined distribution by noting that W F(cw,)® W F(c,) does not contain the zero section.
In contrast, we know that the &-distribution &(x) is singular at x = O and that its Fourier
transform 1s a constant. Hence, its wave front set reads

WE(3)=1{(0,k)| R €R\ {0}},
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and we see that the &-distribution does not have a ‘one-sided’ wave front set and, hence, can not

be squared. The same holds if we view & as a distribution &(x,y) on Z(R?). Then
WE(S(x,y))={(x,x,k,—k)| k€ R\ {0}}.

The previous discussion suggests that a generalisation of (II1.52) to curved spacetimes is the
sensible requirement to select states which allow for the construction of Wick polynomials. We
shall now define such a generalisation.

Definition 111.1.2.3  Let w be a state on .o/ (M). We say that co fulfils the Hadamard condition
and is therefore a Hadamard state if its two-point function co, fulfils

WF(ew,)={(x,7,k,,—k,) € T"M*\ {0} | (x,k,) ~ (1, k,), k, >0} .

Here, (x, k)~ (y, /ey) implies that there exists a null geodesic ¢ connecting x to y such that k. is coparallel
and cotangent to ¢ at x and k. is the parallel transport of k., from x to y along c. Finally, k>0 means
that the covector k. is_future-directed.

Having discussed the rather abstract aspect of Hadamard states, let us now turn to their
more concrete realisations. To this avail, let us consider a geodesically convex set 0 in M,
see section I.1. By definition, there are open subsets ﬁx/ C T, M such that the exponential
map exp, : 0/ — O is well-defined for all x € 0, ie. we can introduce Riemannian normal
coordinates on 0. For any two points x, y € O, we can therefore define the half squared geodesic
distance o(x,y) as

i
o(x,9)= g (exp] () exp'(9)) -

This entity is sometimes also called Synge’s world function and is both smooth and symmetric on
O x 0. Moreover, one can show that it fulfils the following identity

o,0"=20, (IT1.53)

u

where the covariant derivatives are taken with respect to x (even though this does not matter
by the symmetry of o), see for instance [Fri75, Poi03]. Let us introduce a couple of standard
notations related to objects on @ X O such as o. If VM and WM are vector bundles over M
with typical fibers constituted by the vector spaces V and W respectively, then we denote by
VMR WM the exterior tensor product of VM and WM. VM KR WM is defined as the vector
bundle over M x M with typical fibre V @ W. The more familiar notion of the tensor product
bundle VM @ WM is obtained by considering the pull-back bundle of VMR WM with respect
to the map M > x — (x,x) € M?. Typical exterior product bundles are for instance the tangent
bundles of Cartesian products of M, eg T*M K T*M = T*M?. A section of VM KX WM is
called a bitensor. We introduce the Synge bracket notation for the coinciding point limits of a
bitensor. Namely, let B be a smooth section of VM K WM. We define

[B(x,y)] =limB(x,y).

y—Xx
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With this definition, [B(x,y)] is a section of VM ® WM. In the following, we shall denote by
unprimed indices tensorial quantities at x, while primed indices denote tensorial quantities at y.
As an example, let us state the well-known Synge rule, proved for instance in [Chr76, Poi03].

Lemma 111.1.2.4  Let B be an arbitrary smooth bitensor. Its covariant derivatives at x and 'y are related
by Synge’s rule. Namely,

[B;lu/] = [B] M - [B;[u] ¢
Particularly, let VM be a vector bundle, let ]2 be a local frame of VM defined on O C M and let x,
y € 0. If B is symmetric, i.e. the coefficients B ,/(x,y) of

B(x,7) =B (x,y) £,(x)® f,(y)

Sfulfil
Bﬂb/(x’y) = Bblﬂ(y’x)’
then |
[8,1=[8,]=-15],

The half squared geodesic distance is a prototype of a class of bitensors of which we shall
encounter many in the following. Namely, o fulfils a partial differential equation (II1.53) which
relates its higher order derivatives to lower order ones. Hence, given the initial conditions

[c]=0,  [o,]1=0, [o,]=¢g,

which follow from the very definition of o, one can compute the coinciding point limits of its
higher derivatives by means of an inductive procedure, see for instance [DeWBr60, Chr76, Ful39,
Poi03]. As an example, in the case of [0§MVP]’ one differentiates (II.53) three times and then
takes the coinciding point limit. Together with the already known relations, one obtains

[O';WP]:O.

At a level of fourth derivative, the same procedure yields a linear combination of three coinciding
fourth derivatives, though with different index orders. To relate those, one has to commute
derivatives to rearrange the indices in the looked-for fashion, and this ultimately leads to the
appearance of Riemann curvature tensors and therefore to
1
[0-;/411/@7] = _E(R[ugvr +R,u'rv8) .

A different bitensor of the abovementioned kind we shall need in the following is the bitensor
of parallel transport g:,(x, y). Namely, given a geodesically convex set O, x, y € 0, and a vector

v = v*‘lé’px in TyM, the parallel transport of v from y to x along the unique geodesic in O
connecting x and y is given by the vector ¥ in 7, M with components

~ /
ot = ghof .
P
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This definition of the bitensor of parallel transport entails
[gf]=4%, gh 0%=0, g:,O',’D/:—U.’u.

In fact, the first two identities can be taken as the defining partial differential equation of g*,
p

and its initial condition (one can even show that the mentioned partial differential equation is
an ordinary one). Out of these, one can obtain by the inductive procedure outlined above

1
M =0 “ — _RH .
[ 1=0  [g, 1=5R",
With these preparations at hand, let us now provide the explicit form of Hadamard states.

Definition 1I1.1.2.5 Let v, be the two-point function of a state on .o/ (M), let t be a time function on
(M, g), let

0.(x%,9) = o (x,9) +2ie(t(x) = t(y)) + &7,

and let A be an arbitrary length scale. We say that , if of local Hadamard form if. for every x, € M
there exists a geodesically convex neighbourhood O of x such that cw,(x,y) on O X O is of the form

—1; L %(x’y) as(x,y)
wz(x,y)—lgggﬂz <05(x,y)+'v(x,y)log< gE >+W(x,y)>

- 1imi (h.(x,y)+w(x,7)).

¢l0 872

Here, the Hadamard coefficients u, v, and w are smooth, real-valued biscalars, where v is given by a

series expansion in o as
o0

_ n
v = v,0
=0

n—,
with smooth biscalar coefficients v,,. The bidistribution b, shall be called Hadamard parametrix,
indicating that it solves the Klein-Gordon equation up to smooth terms.

Note that the above series expansion of v does not necessarily converge on general smooth
spacetimes, however, it is known to converge on analytic spacetimes [Gar64]. One therefore often
truncates the series at a finite order 7 and asks for the w coefficient to be only of regularity C”,
see [KaWa91]. Moreover, the local Hadamard form is special case of the global Hadamard form
defined for the first time in [KaWa91]. The definition of the global Hadamard form in [KaWa91]
assures that there are no (spacelike) singularities in addition to the lightlike ones visible in the
local form and, moreover, that the whole concept is independent of the chosen time function
t. However, as proven by Radzikowski in [Rad96b]| employing the microlocal version of the
Hadamard condition, the local Hadamard form already implies the global Hadamard form on
account of the fact that w, must be positive, have the causal propagator A as its antisymmetric
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part, and fulfil the Klein-Gordon equation in both arguments. It is exactly this last fact which
serves to determine the Hadamard coefficients #, v, and w by a recursive procedure.

To see this, let us omit the subscript ¢ and the scale A in the following, since they do
not influence the result of the follwing calculations, and let us denote by P_ the Klein-Gordon
operator action on the x-variable. Applying P, to b, we obtain potentially singular terms
proportional to ¢~” for » = 1,2,3 and to logo, as well as smooth terms proportional to
positive powers of 0. We know, however, that the total result is smooth because P (b + w) =0
since ¢, 1s a bisolution of the Klein-Gordon equation and w is smooth. One possible way
to achieve the smoothness of the so calculated P 5 is to demand that the coefficients of the
potentially singular terms are identically vanishing. Let us stress that, since we do a priori not
know if # contains positive powers of ¢, the terms proportional to negative powers of ¢ could in
principle cancel each other to yield a smooth result. It is therefore a choice and not a necessity
to require the coefficients of the inverse powers of o to vanish. The afore laid down line of
argument does, however, not hold for the coefficients of P_h proportional to logo; since # and
v are required to be smooth, they can not contain a logarithmic dependence on ¢ and the terms
proportional to logo have to vanish necessarily.

The result of the previously described procedure are the well-known Hadamard recursive rela-
tions, and we shall now see how they arise explicitly. Let us therefore examine the terms # /o
and vlogo individually. Starting with the latter, we have

P (vlogo)=(P,v)logo -I—Z ('Un(ljxa —2+4+4n)+ 20;“7)”;#) A (I11.54)
n=0

where we have employed the identity (II1.53). Remembering our previous discussion, we can now
extract our first differential equation by requiring the coefficient of logo to vanish, ze.
P.v=0. (I11.55)

To obtain further differential equations, we need to look at the terms involving #, viz.,

P<u> (Pu) 20,u+(0.0—4)u

- ’
o o 02

which, combined with the o~! coefficient coming from the series obtained out of differentiating
vlogo, leads us to the following two identities:

Pou+2v,,0%+(0,0 —2)v, =0, (I11.56)
2u 0"+ (0,0 —4)u =0, (I11.57)

1 2

referring to the 0™ and o~ coefficients, respectively. To obtain differential equations for the
v,, one observes that (II1.55) implies

(P.v,) 0"+ > (2lvy,0* + (100 +21(I - 1)7;) o'~ =0,
=0 =1

n

113



Chapter III - Quantized Fields in Curved Spacetimes

and, 1f we require this identity to hold true at each order in o, we get

P.vy+2v, 0" +(0.0)v, =0, (II1.58)
P, +2(n+1)v,,,,0"+((n+1)0,0+27(n+1))(v,,,)=0. Yn>1 (111.59)

To solve these recursive partial differential equations, let us now focus on (II1.57). Since the
only derivative appearing in this equation is the derivative along the geodesic connecting x and
v, (IIL.57) 1s in fact an ordinary differential equation with respect to the affine parameter of
the mentioned geodesic. # is therefore uniquely determined once a suitable initial condition is
given. Comparing the Hadamard form with the Minkowskian two-point function (IIL.50), the
initial condition is usually chosen as

[#]=1,
which leads to the well-known result that # is given by the square root of the so-called Van
Vleck-Morette determinant, see for instance [DeWBr60, Chr76, Ful89, Poi03]. Similarly, given
u, the differential equation (IIL.56) is again an ordinary one with respect to the geodesic affine
parameter, and it can be immediately integrated since taking the coinciding point limit of (II1.56)
and inserting the properties of o yield the initial condition

(0] =5 [P.s].

It is clear how this procedure can be iterated to obtain solutions for all v,. Particularly, one
obtains the initial conditions

[vn+1] - 2(7’1 + 1)(7’1 +2) [van]
for all » > 0. Moreover, one finds that # depends only on the local geometry of the spacetime,
while the v, and, hence, v depend only on the local geometry and the parameters appearing
in the Klein-Gordon operator P, namely, the mass 7 and the coupling to the scalar curvature
&. These observations entail that the state dependence of cw, is encoded in the smooth biscalar
w, which furthermore has to be symmetric because it is bound to vanish in the difference of
two-point functions yielding the antisymmetric causal propagator A, viz.

wz(x>y) - wz(x>y) = wz(x>y) - wz(y’x) - iA(x>y)'

More precisely, this observation ensues from the following important result obtained in [Mor99,
Mor00].

Theorem 111.1.2.6  The Hadamard coefficients v, are symmetric biscalars.

As easy as this result sounds, as difficult has its proof been. Namely, it required the introduction
of both a local approximation of smooth Lorentzian metrics by analytic Lorentzian metrics and
a local Wick rotation of the approximating analytic metrics to ones of Euclidean signature. By
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assuring that in these transformations a common geodesic neighbourhood can be maintained,
the symmetry of the coefficients in the Euclidean regime, which follows by functional analytic
methods, could be transported to the smooth Lorentzian case. The above theorem proves the
folklore knowledge that the causal propagator A is locally given by

1
iA=lim—(h.—h_).

¢l0 8772

Even though we can in principle obtain the v, as unique solutions of ordinary differential
equations, we shall only need their coinciding point limits and coinciding points limit of their
derivatives in what follows. In this respect, the symmetry of the v, will prove very valuable in
combination with lemma III.1.2.4. In fact, employing the Hadamard recursion relations, we find
the following results [Mor03].

Lemma W1.1.2.7  The following identities hold for the Hadamard parametrix h(x,y)

[Ph]=[Phl=6[v], [(Ph), )=[Bh) 1=4v],, [(Ph),1=[Ph),]=2[v],.

Proof. Let us recall our previous derivation of the Hadamard recursion relations. After inserting
the found partial differential equations for # and v,, we find based on (II.54) that

P.h :i (fvn(ljxa —2+4n)+20;“vnw> A
n=1

We stress once more that, to our current knowledge, nothing assures that the above sum con-
verges. However, as we are interested in coinciding point limits of finite order, the high sum-
mands will always vanish on account of the properties of ¢, and the convergence of the infinite
sum is not required for our purposes. With this in mind, let us rewrite the above expression in
a more tidy way as

P.h=wv(0,0+2)+20 v, ,+O(0).

Starting from this expression, the identities involving P_ are easily computed employing the
known coinciding point limits of ¢, the symmetry of v,, and lemma III.1.2.4. The identities
involving P, then follow analogously. [

It 1s remarkable that these rather simple computations will be essentially sufficient for the con-
struction of a conserved stress-energy tensor of a free scalar quantum field [Mor03]. Particularly,
the knowledge of the explicit form of, say, [v,] is not necessary to accomplish such a task.
However, if one is interested in computing the actual backreaction of a scalar field on curved
spacetimes, one needs the explicit form of [v,]. One can compute this straightforwardly by the
inductive procedure already mentioned at several occasions and the result is well-known, see for
instance [DeFo08]. However, the necessary computations are quite involved and PhD students
equipped with computer algebra systems seem to be the canonical candidates for doing such
calculations. Moreover, there 1s a remarkable relation between the Hadamard coefficients and
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the so-called DeWitt-Schwinger coefficients, see for instance [Mor99, Mor00, DeFo06], which stem
from an a priori completely different expansion of two-point functions. The latter have been
computed for the first time in [Chr76, Chr78]® and can also be found in many other places like,
eg [DeFo06, Ful89]. We shall provide some new insights on the relation between Hadamard and
DeWitt-Schwinger renormalisation in the next chapter. For now, let us state the explicit form of

[v,].

m* (65 —1)m*R (6& —1)R* (1-5&)OR  R,gR*P R4 sR*T°
[0]=—+ + + — +
8 24 288 120 720 720
2
mt  (GE—)mR (6 DR (1-5HOR  CopaC+RGRY -5
=—+ + + + ,
8 24 288 120 720

(I11.60)

Having discussed the Hadamard form to a large extent, let us state the already anticipated
equivalence result obtained by Radzikowski in [Rad96a]. See also [SaVeOl] for a slightly different
proof, which closes a gap in the proof of [Rad96a].

Theorem 111.1.2.8 Let cw, be the two-point function of a state on ./ (M). c, fulfils the Hadamard
condition of definition I11.1.2.3 if and only if it is of global Hadamard form.

By the result of [Rad96b], that a state which is locally of Hadamard form is already of global
Hadamard form, we can safely replace ‘global’ by ‘local’ in the above theorem. Moreover, from
the above discussion it should be clear that the two-point functions of two Hadamard states
differ by a smooth and symmetric biscalar.

In past works on (algebraic) quantum field theory in curved spacetimes, one has often
considered only on quasifree Hadamard states. For non-quasifree states, a more general microlocal
spectrum condition has been proposed in [BFK95]. Such condition requires certain wave front set
properties of the higher order n-point functions of a non-quasifree state. However, as shown
in [San08, San09a], the Hadamard condition of the two-point function of a non-quasifree state
alone already determines the singularity structure of all higher order z-point functions by the
CCR. It 1s therefore sufficient to specify the singularity structure of ¢, also in the case of non-
quasifree states. Note however, that certain technical results on the structure of Hadamard states
have up to now only been proven for the quasifree case [Ver94].

Before closing the discussion of Hadamard states, let us consider the obvious question
whether Hadamard states exist at all on generic spacetimes. In [FNW81], it has been proven

80n a personal note, we would like to point out how history can repeat itself. Namely, Christensen has
performed the computations whose results are stated in [Chr76, Chr78] during his PhD thesis. It seems that
he also felt that such computations are an inhuman task and therefore should be done by computers. He thus
developed a computer algebra package suitable for computations with bitensors which is by now a commercially
successful product. Unfortunately, this package has not been at our disposal, we have therefore chosen to work
with Mathematica and the free package [Ricci], suitable for performing calculations with vector bundles. The codes
we have used to implement the recursive procedures and coinciding point limits are available upon request from
t.p.hack@gmx.de.

116



[II.1. The Free Scalar Field in General Curved Spacetimes

that Hadamard states exist on ultrastatic spacetimes, these include in particular ground and
KMS states. Moreover, in the same work it has been shown that this result can be generalised
to arbitrary spacetimes by two steps. First, one shows that it is possible to ‘deform’ the past of
a Cauchy surface proper to a generic spacetime in such a way that it contains a neighbourhood
of a Cauchy surface of an ultrastatic spacetime. Then, one picks one of the Hadamard states
known to exist in this ultrastatic region. By the time-slice axiom (lemma III.1.1.2), one knows
that determining a state in a neighbourhood of a Cauchy surface already determines it on the
full spacetime under consideration. Finally, one proves that this globally determined state is lo-
cally Hadamard also outside the ultrastatic region. This is achieved employing the result proved
in [FSW78] (see also [KaWa91, SaVe0l]) that a bidistribution which is of local Hadamard form
in the neighbourhood of a Cauchy surface is already of Hadamard form on the full spacetime.
The mentioned deformation argument proved to be very useful in other works of quantum field
theory on curved spacetimes, and we shall also exploit it in more detail at a later time. Apart
from this rather abstract existence result of [FINW81], there have also been more concrete exam-
ples of Hadamard states. A well-known example is the Bunch-Davies state [BuDa78, Al85] on de
Sitter spacetime. Technically, it has only been known to be of local Hadamard form, but this
is not a flaw in view of [Rad96b]. In the already mentioned work [DMPO09b], the authors have
provided Hadamardian generalisations of the Bunch-Davies state on spacetimes which are not
strictly de Sitter, but only asymptotically of this form. In [Mor08] it has been proved that a dis-
tinguished state on asymptotically flat pastimes (with either ¥ or ) constructed by an already
discussed bulk-to-boundary approach in [DMP06] is of Hadamard form and thus provides a
generalisation of the Minkowski vacuum (which by now should be clear to be the prototype of a
Hadamard state) to asymptotically flat spacetimes. Moreover, with similar holographic methods
the Hadamard property of the Unrub state on Schwarzschild spacetime has recently been proven
in [DMPO09c]. Referring to FLRW spacetimes and apart from the already mentioned results of
[DMPO09b], known Hadamard states are the states of low energy constructed in [Olb07] (see also
[DeVe09] for applications). While ground states on symmetric spacetimes have ‘minimal energy’
everywhere, states of low energy have minimal energy with respect to a finite time interval on the
worldline of an observer, and are therefore observer-dependent. Generalisation of states of low
energy are the equilibrium-like states of low ‘free energy’ constructed in [Kiis08]. In [Pin10], it
has been proved that a distinguished asymptotic ground state on NBB spacetimes is Hadamard.
We shall add to this result by providing asymptotic equilibrium states of Hadamard type on
NBB spacetimes (and both asymptotic ground and equilibrium states on such spacetimes for the
case of Dirac fields).

A class of states related to Hadamard states is constituted by adiabatic states. These have been
introduced in [Par69] and put on rigorous grounds by [LuRo090]. Effectively, they are states
which approximate ground states if the curvature of the background spacetime is only slowly
varying. In [JuSchOl], the concept of adiabatic states has been generalised to arbitrary curved
spacetimes. There, it has also been displayed in a quantitative way how adiabatic states are related
to Hadamard states. Namely, an adiabatic state of a specific order 7 has a certain Sobolev wave
front set (in contrast to the C* wave front set introduced above), and, hence, loosely speaking
differs from a Hadamard state by a biscalar of finite regularity C”. In this sense, Hadamard
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states are adiabatic states of ‘infinite order’.

Finally, let us remark that one can define the Hadamard form also in spacetimes with
dimensions differing from 4, see for instance [SaVe0l, Mor03]. Moreover, the proof of the
equivalence of the concrete Hadamard form and the microlocal Hadamard condition also holds
in arbitrary spacetime dimensions, as shown in [SaVe0l].

[II.1.3  The Enlarged Algebra of Observables

We shall now proceed to discuss how one can apply Hadamard states to introduce a notion of
normal ordering in generic curved spacetimes, Ze. to enlarge the algebra .o/ (M) in such a way
that it includes Wick polynomials of the field. It is here where the power of the deformation
quantization approach of [BDF09] becomes visible. Namely, one is able to introduce a generalisa-
tion of normal ordering without having recourse to a state, or a related Hilbert space picture with
associated creation and annihilation operators. This is achieved by encoding Wick’s theorem
directly as a judicious choice of a product on the algebra of observables. We stress once more
that our review of the construction of [BDF09] is restricted to the simpler case of polynomial
expression of the field, while [BDF09] treat also non-polynomial Wick ordered quantities.

We start by ‘deforming’ the algebra of classical observables (6 (M), -,) introduced in section
IL.1.3. This is achieved by replacing the commutative product -, by a non-commutative one
encoding the CCR. To this avail, let us consider an arbitrary bidistribution B € 2'(M?) and
n > 2. Given an arbitrary test function ) € @(M"), we define the contraction operator Iy
D(M™) — D(M"?) related to B as

[FBf(”)](xl,--- Z Z gyl gyZ B(y;,y,) X (IIL.61)
=1 j= z+1
X f(n)(xl"" Vi Xig X1V )X, 2)-

For n < 2 and f™ € @(M"), we set I'yf") = 0. Given two elements f = @, — ) g =
@m%g(m) € 6(M), we define a star product  , on 6 (M) by setting

1 ,. .
— (f x4 8)" = Gym [efrA(f ® g)]( : : (11L62)

where A is the causal propagator of the Klein-Gordon operator, Sym is the total symmetrisation

projector, and [e2/4(f ® g)]™ means taking the Z(M"}-component of e2/4(f ® g). Note that,
by the symmetry of elements in 6 (M), only mutual contractions between f and g appear. To
see that the introduced product is a non-commutative extension of -, let us consider the case of

[, e €PD(M)C 6(M). We find

1 )
Ef*Ang'sg®§A(f,g)

and, hence,
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1
E(f*Ag_g*Af):iA(f’g)'

Furthermore, note that the star product x, is compatible with the dynamic nature of elements
in 6 (M) that we have implemented by taking an appropriate quotient, see definition I1.1.3.1.
Altogether, it is not difficult to see that the map 7 : .o/ (M) — (6 (M), *,) defined as

7 {@f (”)} i@%@amf g

is an algebra homomorphism. While obtaining (6 (M), ,) from .o/ (M) is straightforward,
recovering .o/ (M) from (6 (M),x,) seems a little more difficult. Namely, .e/(M) contains
arbitrary test functions and not only symmetric ones and one may wonder how to obtain non-
symmetric test functions from (6(M),,). Let us briefly sketch how this can be achieved.
To this avail, let f, g € P(M) and consider f ® g € D(M?) C .o/ (M). We identify f ® g
with f %, g € (6(M),* ), here (inverting the 1/n! factors in 7) viewed as 3(f ® g + g ®
F®IA(f,g) C .o/ (M). Proceeding like this, we have rearranged f ® g in such a way that its
antisymmetric part %(f@ g—g®f)e @(Mz) is stored as the ‘zero order component’ A(f, g).
Given a state o on .o/ (M), the evaluation of w on either f ® g or f x4 g, gives the same result
and we therefore regain the full information stored in f ® g. One can show that it is possible
to extend this to arbitrary elements, thus writing every tensor product of 7 test functions in
terms of symmetrised tensor products of up to 7 functions, by employing the CCR and storing
the antisymmetric part in the coefficients’. Note however, that this is in principle not necessary
if one considers only observable elements. Namely, one would call an element A in ./ (M) an

observable if A* =A. For A = ¢(f)¢p(g) this means that

[2(NE(2)] = p(8)P(f) = ¢(f)p(8)

must be fulfilled. Hence, the observable elements of .o/ (M) have to be generated in a real-linear
way by real and symmetric test functions.

Let us now consider the wished-for extension of .¢/(M). We shall obtain it by extending
(6 (M), ) and then interpret this extension as an enlargement of .&/(M) by the aforemen-
tioned equivalence of .o/ (M) and (6(M), x ,). To this avail, we first extend the off-shell space
6o(M) (see definition II.1.3.1) and consider including dynamic information afterwards. Up to
now, 6,(M) contains only rather regular objects. If we want to consider objects like : p*(f):,
then we must include distributions of the form f(x)3(x,y), f € Z(M) in the wanted extension
of 6,(M). However, we can not include objects which are too singular. The reason to choose
the following regularity condition will soon become clear. We define the distribution space

°T am grateful to Valter Moretti for pointing this out to me.
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EL(M™) C E'(M”) (recall Z(M™) C E'(M™)) as

s M= uesM) | WEwycT M\ [ | J (v ulJ(VO)" | ¢

xeM xeM

where in denote the closed future and past lightcones in the fibre of the cotangent bundle
at a point x in M. Moreover, we denote the subspace of <§’</(M ”) constituted by symmetric
elements as &5(M"). We therefore demand that the wave front set of distributions in &,(M")
does not contain points with all covectors causal and future-pointing, or all covectors causal and
past-pointing. Particularly, f(x)&(x,y) € &3(M?), see the previous subsection. We now set

Goea(M)=EP (M), (IIL63)
n=0

where it is again understood that we consider only finite sequences of distributions. We would
like to equip this space with a topology. As we have a restriction on the wave front sets of
the considered distributions, we need a topology which keeps these under control. Following
[BrFr00, HoWa01, HoRuOl1], we consider:

Definition WN1.1.3.1 Let I” be an arbitrary but fixed open cone in T*M?”, let
6"}(M”) = {14 €& M")|WF(u)C T*M”\F} ,

and let {u,}, be a sequence in 8.(M"). We say that u,, converges to u € E.(M™), if the following three
conditions are fulfilled.

a) Usupp uy, is compact.
k

b) u, converges to u weakly in the sense of distributions.

¢) For every properly supporied psendodifferential operator P with Pu, € D(M™) for all k and
Pu e D(M"), Pu, converges to Pu in D(M").

This defines the Hormander pseudo topology on & (M").

We refer the reader to [Tay81] for the notion of a properly supported pseudodifferential operator
and only briefly remark that such operators are generalisations of partial differential operators
in the sense that one considers ‘functions’ of derivatives more general than polynomials. Ad-
ditionally, let us point out that it is the very last item in the above definition which keeps the
wave front set under control. Namely, by Pu, € Z(M"), P contains information on the com-
plete singularity structure of #,. Demanding that Pu, — Pu € 9(M?") therefore assures that
WPF(u) C WF(u,). Let us state an important result in the context of the Hérmander pseudo
topology [H6190].

120



[II.1. The Free Scalar Field in General Curved Spacetimes

Proposition WN1.1.3.2 Let I be an arbitrary but fixed open cone in T*M" and let u be an arbitrary
distribution in E (M™). Then, there exists a sequence {u},}, of test functions in D(M™) which converges
to u in the sense of the Hormander pseudo topology.

This result immediately entails that 6,(M) is dense in 6, . (M).
The wave front set of the causal propagator reads [Rad96a]

WE(A)={(x,7,k,,—k,) € T"M*\ {0} | (x,k,) ~ (7,k,)} , (ITL.64)

there is no restriction on the direction of k, in particular. Hence, the square of A is not well-
defined and we see that the product x, is not well-defined on 6, . (M) since the x ,-product
of objects like f(x)8(x,y) would immediately lead to pointwise powers of A. This is the
rather technical motivation that leads us to choose a different product than x, on 6, (M).
On the more physical ground, we expect that we have to encode some kind of subtraction of
singularities into the wanted product, in order to obtain an abstract version of normal ordering.
We have introduced the concept of Hadamard states in the previous section in preparation to
the here considered definition of the Wick polynomial algebra. However, we we would like to
avoid considering subtractions involving the two-point function of a Hadamard state because
we are interested in covariant Wick polynomials which are locally defined, see the discussion in
section 1.4 and the next subsection. Yet, a state is an inherently non-local object, as it ‘knows’
the full spacetime by means of the Klein-Gordon equation [HoWa01]. Therefore, as realised in
[HoWa01], one should implement normal ordering by means of the singular part h(x,y) of
a Hadamard state alone, as our discussion in the previous subsection had demonstrated that
h(x,y) depends only on local curvature terms and the constants 7, A, £. In view of our above
presentation of the product % ,, one may want to introduce a *-product by replacing A with
h. However, here a problem arises'’. Namely, as 4 is in a priori defined as a local distribution
on a geodesically convex set, it may not be possible to unambiguously define it on the full
spacetime M. Hence, given two test functions f/ and g whose support is such that it is not
contained in a common geodesic set, an expression like A(f, g) is not well-defined. Therefore, if
one wants to define a product by means of 4 on 6,(M) or even 6, (M), this is only possible
if one restricts a/l algebra elements to have support in a common geodesic set. Note, however,
that the above considerations do not hold if we consider the two-point function ¢,(x,y) of a
Hadamard state. Namely, this is a distribution which is already defined on the full spacetime
M. If one introduces a *-product by means of w,(x,y), this can, barring potential singularities,

in principle be defined on the full algebras 6,(M) and 6, . (M). With this in mind, we choose
the following approach to be as close as possible to the locally covariant spirit. We first consider
the extended algebra constructed out of /4 on a single causal domain N, see section I.1. Recall
that these sets are globally hyperbolic subsets of geodesically convex sets and can therefore be
considered as a globally hyperbolic spacetime in their own. After constructing the extended
algebra on (N, g [), we will show the well-known result that two algebras constructed in this

way out of two distributions which are both of Hadamard form but differ by a non-zero smooth

10T am very grateful to Valter Moretti for pointing this out.
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term are isomorphic. Hence, the construction we have introduced will already hold for (M, g)
if we replace b by w,, and the resulting algebra on (4, g), once restricted to a causal domain
N, will be naturally isomorphic to the extended algebra on (N, g[,) constructed by means of
only a local Hadamard distribution 5.

With the above considerations in mind, let in the following (N, g[,/) be a causal domain in
(M, g), a globally hyperbolic subspacetime of (M, g) in particular. We choose the following new
x-product [BrFr00, HoWa01]. We pick a bidistribution in &’ (NZ) which is of the Hadamard
form b, see definition II1.1.2.5. Given two elements f = @, = — ) g= @m%g(’”) € &,(N"),
we define in analogy to (I11.62)

1 - n
—(f% o) =6m [ (fee)]”, (ITL65)

where 7™ 1s defined like the contraction operator I}, but with the difference that only mutual
contractions between f and g are allowed. To see that the new product is still encoding the

CCR, let us again consider f, g € P(N) C 6, (N). We find

0,ext

1
Ef*hg=f-sg€9b(f,g)

and, hence,

1
E(f*bg—g*hf)ﬂﬂ(f,g)

on account of the fact that the antisymmetric part of / is given by 7 A. More generally, it is not
difficult to see that (6,(N),*,) is a deformation of (6,(N),*,) in the sense that for arbitrary
elements f, g of G,(N),

fryg=e [ )epleTig)]

where b* =h — %A.
It remains to be shown that x, is a sensible product on 6, (N), namely, that 6

0,ext

(N) is
closed with respect to *,. To see this, we note that [e’}" (f ® g)]™ is given by sums of elements
of the form

Jd Xy dyxdyyy e dyyy 1_[}1 x9;) FOg,x,)g 0 ),s

NZ/e

where we stress that, on account of the symmetry of £ and g™, it is sufficient to consider
contractions of the first & arguments. At this point, our choice of regularity of elements in
6 () is crucial. Namely, with our knowledge of the wave front set of 4 and the wave front

sets of £ € E(N™), g™ e Eo(N™), we find by theorem I11.1.2.2 that the pointwise product
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k
[P0 y)f %) 0 39,)
=1

is a well-defined distribution because the sum of the wave front sets of H/ie:l/ﬂ(xi,yi) and

F"M ® g™ does manifestly not intersect the zero section. In fact, based on known wave front
sets of the above factors, an application of theorem 8.2.13 in [H61r90] even yields that the integral
of the above product is well-defined and gives an element of 60\//(N m+n=2k)  Moreover, one can
show that the product x, is continuous with respect to the Hérmander pseudo topology, and
therefore constitutes a well-defined product on 6, (N) [BrFr00, HoWa01]. We subsume the
above discussion in the following definition.

Definition NIL1.3.3  Let N be a causal domain in M, let 6, (N) be defined as in (111.63) with M
replaced by N and let x, be defined as in (I11.65). By

Wo(N) = (65a(N)> %)
we denote the off-shell extended algebra of observables of the quantized Klein-Gordon field.

Let us note that the above defined algebra can be shown to contain not only Wick polynomials,
but also time ordered product of such objects [BrFr00].

Two questions are now in order. First, the Hadamard parametrix » employed in the construc-
tion of x, depends on the scale A which is necessary to make the argument of the logarithmic
singularity dimensionless. One may thus wonder to what extent the definition of #,(N) de-
pends on this scale. Let us therefore consider two Hadamard parametrices » and 4’ constructed
with two different scales A and A'. It follows that 4’ — b is given by a constant times log(A’'/A)v
and therefore smooth by the smoothness of v. As observed in [HoWa01], this entails that the
algebras (6, . (N),*,) and (6, (N), ) are isomorphic via the relation

0,ext

frpg=ei[(eif)x,(e1g)],

with d = b’ — h. This obviously hold also if 4’ and b are arbitrary distributions which are of
Hadamard form and only differ by a smooth term. The second question is if and how it is
possible to encode dynamical information in #,(N). As we have explicitly chosen 5 to be the
state-independent part of any Hadamard two-point function w,, » does not fulfil the Klein-
Gordon equation. Taking the quotient of #/,(N) with an ideal generated by the Klein-Gordon
equation is therefore an operation which is not compatible with the product x,. However, we
know that, from an abstract point of view, defining #,(N) by means of w, instead of » gives
an isomorphic algebra. In such a concrete realisation, it is possible to encode the Klein-Gordon
equation by the above described procedure, and the resulting on-shell algebra can be shown to
fulfil the time-slice axiom as a consequence [ChFr08]. Moreover, as discussed shortly above the
introduction of %, defining #(N) by means of cw, allows us to directly extend the definition
to the full spacetime M.
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Definition 11.1.3.4  Let 6, (M) be defined as in (11L.63), let co, be the two-point function of a
Hadamard state, and let x, be defined as in (I11.65) with h replaced by cv,. By

W M) = (Gop M) F 5 %,,,)

we denote the on-shell extended algebra of observables of the quantized Klein-Gordon field.
Here, S is the ideal in (6, (M), *,, ) generated by clements of the form Sym P f Jor f € Gy p(M).

0,ext

After these rather technical considerations, it is time to reap the reward and to see how the
product %, encodes Wick’s theorem as promised. To this avail, let us recall that a concrete
realisation of a scalar quantum field on a Hilbert space in terms of creation and annihilation
operators in combination with the standard definition of normal ordering yields

1) 9%(8): = 1 (N)P*(8): +4(:p(x)p(x): wy(x,9), f(x) ® g (1)) +2(0(f, 8)) -
In comparison, let us consider fN = f(x)8(x,9), § = g(x)8(x,y) € E(M?) (in case b is not

coming from a state, we implicitly assume that everything in this example happens in a causal
domain N). A computation results in

Frp 8 =1f - 810 x5 %5,x,) @ 4h(xy,x,)f (x,)g(x,) ® 2h(f, g)

and shows that the elements of #/ (M) have to be interpreted as already regularised Wick poly-
nomials. This entails in particular that, algebraically, we have to interpret f as representing

:¢2( /):. However, it is obvious that, given a Hadamard state w, the evaluation of w on f
can not be just the integration of w,(x,y) with f(x)&(x,y), as this clearly does not give a
meaningful result. Instead, one has to consider the regularised two-point function : c,:= cw, — h;
this is smooth and can be integrated with f(x)&(x,y). Hence, in the picture presented here,

w(: *(f):) corresponds to (:cw,:, f). Generalising this, we define the regularised 7-point
functions of a quasifree state as

1 forn=0,

) 0 for odd n and
e, (X, ,x,) = )
n/2

> T1(w,—h) (xﬂn(zl-_l),xnn(%» for even 7.

ﬂ:nes; =1

where S; denotes the set of ordered permutations introduced in definition II1.1.1.3. Given an

arbitrary f =@, % f) € W (M) and a quasifree Hadamard state v on .o/ (M), we then define
the expectation value of f in w as

w(f) ﬁZn: <:a)n:, %f<”>> . (I11.66)
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This defines a complex-valued, normalised, linear functional on #/(M) which extends the action
of the quasifree Hadamard state w on .o/ (M) to #'(M). To show that in this way we obtain
a proper state on #/ (M), we have to show that the just defined functional is positive. But, as
proved in [HoRu01], this already follows from the positivity and continuity of cw on .o/ (M) as
this is a dense subset of #/ (M) in the Hormander pseudo topology. This result is a special case
of theorem III.1 in [HoRu01]. There, the authors prove that continuous states on # (M) are
in one-to-one correspondence to (not necessarily quasifree) Hadamard states on .o/ (M) which in
addition have smooth truncated z-point functions for 7 # 2. Without going into details, let us
briefly remark that truncated z-point functions are defined as the ‘connected parts’ of the usual
n-point functions [HoRu01]. In the case of quasifree states, they are vanishing for 7 # 2 and,
hence, smooth in particular.

(IIL.66) fits nicely into the discussion of the algebra of classical observables in chapter I.
There, we have mentioned that a state in classical field theory is given by a smooth function,
whereas we have just seen that in the quantum case this is replaced by the smooth regularised
n-point functions of the quantum field.

To close the discussion of the enlarged algebra of observables, let us mention two important
related results. One the one hand, we have not explicitly discussed Wick polynomials including
derivatives. These are of course of great importance for us, as they include the regularised
stress-energy tensor. However, as discussed in [Mor03, HoWa05], the inclusion of polynomials
with derivatives in #/(M) is a tractable task, essentially because derivatives do not increase
the wave front set of a distribution, see theorem III.1.2.2. On the other hand, as we shall
discuss in more detail in the next chapter, the construction of Wick polynomials on curved
spacetimes is inherently ambiguous. We have already seen this by realising that choosing different
Hadamard forms 5 in the regularisation procedure leads to different results, although the algebra
# (M) is independent on the chosen 5 on abstract grounds. A careful analysis performed in
[HoWa01, HoWa05] extends this preliminary insight by showing that certain physically sensible
requirements, eg appropriate scaling behaviour and specific commutation relations with the
single free field, only determine Wicks products up to polynomials of lower order, where the
coefficients of such polynomials are completely determined by local curvature terms, the mass
m and the coupling to scalar curvature &. Particulatly, they find that two definitions of the
Wick square : p*(x):, :p*(x):" allowed by the mentioned requirements are related as

F(x)! = :¢2(x): +aR(x)+ S,

where @ and 3 are dimensionless constants depending on &. This is well in line with the freedom
of choosing a scale A in the construction of the Hadamard parametrix. In fact, as already
remarked, two such parametrices differ by a constant multiple of the Hadamard coefficient
v. As the Wick square 1s essentially defined by subtraction of a Hadamard parametrix and a
coinciding point ‘limit’, defining Wick squares by choosing two different scales A yields two
objects which differ by a multiple of [v] = [v,]. However, the latter can be computed by the
inductive procedure explained in the previous subsection to be
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i)

We thus find that a change of scale A in 5 is included in the renormalisation freedom found by
[HoWa01, HoWa05]. Particularly, in the case of conformally invariant scalar fields, ie. & = %
and m =0, one can definite the Wick square in a way which maintains conformal invariance,
see [Pin09]. Finally, let us remark that the form of the renormalisation freedom appearing in
the definition of Wick polynomials depends on the dimension of the spacetime, although such
freedom appears in all higher spacetime dimensions as well.

[II.1.4 Locality and General Covariance

As already argued in section 1.4, taking general relativity and quantum field theory serious, one
should always strive to define quantum field theories on curved spacetimes by employing only
local properties of the manifold and in a generally covariant way. This is even more important
if one is interested in the backreaction of a quantum field on the background spacetime, as
this implies that the spacetime is taken to be dynamical and, hence, undetermined in particular.
The requirement of locality and general covariance is therefore not only a generalisation of flat
spacetime Poincaré-invariance, but a fundamentally new concept. In [BFV03], such concept been
formulated for the first time, though based on earlier works, ¢f the introduction in [BFV03] and
section 1.4 in this thesis. We shall now review this notion and explain why the quantum scalar
field provides and example. However, locally covariant theories can already be formulated at the
classical level, see [BrFr09, BFR].

To introduce the notion of a locally covariant quantum field theory and the related concept
of a locally covariant quantum field, we need a few categories in addition to the ones intro-
duced in section 1.4. By TU[g we denote the category of unital topological x-algebras, where for
two ./, .o/, in 0b j(TUIg), the considered morphisms h oy, (-7}, .2/,) are continuous, unit-
preserving, injective x-homomorphisms. In addition, we introduce the category Test of test func-
tion spaces Z(M) of objects (M, g) in Man, where here the morphisms home,(2(M,), D(M,))
are push-forwards y, of the isometric embeddings y : M, < M,. In fact, by & we shall denote
the functor between Man and Test which assigns to a spacetime (M, g) in Man its test func-
tion space Z(M) and to a morphism in 9an its push-forward. For reasons of nomenclature,
we consider TAlg and Test as subcategories of the category Top of all topological spaces with
morphisms given by continuous maps. Let us now state the first promised definition.

Definition 111.1.4.1 A locally covariant quantum field theory is a (covariant) functor .<f between

the two categories Man and TALY. Namely, let us denote by a,, the mapping .o/ (x) of a morphism y
in Nan to a morphism in TUAG and by .of (M, g) the mapping of an object in IMan to an object in
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SUlg, see the following diagram.

X
(M1> 81) - (Mzs gz)

| |
o (M, 8) BRLEN o (M, 8,)

Then, the following relations hold for all morphisms y;; € homgy, (M;, g;),(M 8 ]))

o = o=1d .
a)(zs a)az a)(23°)(12’ a’dM o (M,g)

A locally covariant quantum field theory is called causal if in all cases where y; € homgy,.(M;, g;),(M, g))
are such that the sets y,(M,) and y,(M,) are spacelike separated in (M, g),

[0, o/ (M, 80)) 2,/ (M, )] = 0}

in the sense that all elements in the two considered algebras are mutually commuting.

Finally, one says that a locally covariant quantum field theory fulfils the time-slice axiom, if the
sitnation that y € homgy, (M, g,),(M,, g,)) is such that y(M,, g,) contains a Canchy surface of
(M,, g,) entails

a, (o (M, 8,))= (M), ).

The authors of [BFV03] also give the definition of a state space of a locally covariant quantum
field theory and this turns out to be dual to a functor, by the duality relation between states and
algebras. One therefore chooses the notation of covariant functor for a functor in the strict sense,
and calls such a mentioned dual object a contravariant functor. We stress once more that the
term ‘local’ refers to the size of spacetime regions. A locally covariant quantum field theory is
such that it can be constructed on arbitrarily small (causally convex) spacetime regions without
having any information on the remainder of the spacetime. In more detail, this means that
the algebraic relations of observables in such small region are already fully determined by the
information on this region alone. This follows by application of the above definition to the
special case that (M, g,) is a causally convex subset of (M, g,).

As shown in [BFV03], the quantum field theory given by assigning the Borchers-Uhlmann
algebra .o/ (M) of the free Klein-Gordon field to a spacetime (M, g)) is a locally covariant
quantum field theory' fulfilling causality and the time-slice axiom. This follows from the fact
that the construction of .o/ (M) only employs compactly supported test functions and the causal
propagator A. The latter is uniquely given on any globally hyperbolic spacetime, particularly,
the causal propagator on a causally convex subset (M, g,) of a globally hyperbolic spacetime
(M,, g,) coincides with the restriction of the same propagator on (M,, g,) to (M}, g,). Finally,
causality follows by the causal support properties of the causal propagator, and the time-slice
axiom follows by lemma IIL.1.1.2.

UStrictly speaking, the authors in [BFV03] provide this example in terms of Weyl algebras, but the necessary
arguments are the same.
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Let us now discuss the notion of a locally covariant guantum field. These fields are particular
observables in a locally covariant quantum field theory which transform covariantly, ze. loosely
speaking, as a tensor. In categorical terms, this means that they are natural transformations between
the functors & and .o/ . We refer to [Mac98] for the notion of a natural transformation, however,
its meaning in our context should be clear from the following definition.

Definition 111.1.4.2 A locally covariant quantum field ® is a natural transformation between
the functors 9 and .f. Namely, for every object (M,g) in IMan there exists a morphism .y . -
DM,g) — A (M,g) in Top such that, for each morphism y € homgy, (M, g,),(M,,g,)) the
Sfollowing diagram commutes.

Ry, 1)

P9M,g) — (M, g)

| B

D(M,,g,) —— A (M,, &)

(M2.82)
Particularly, this entails that
0 Pat ) = R0 X

It is easy to see that the Klein-Gordon field ¢(f) is locally covariant. Namely, the remarks
on the local covariance of the quantum field theory given by .o/ (M) after definition III.1.4.1
entail that an isometric embedding y : (M,, g,;) — (M,, g,) transforms p(f) as

@, () =¢(x.f)

or, formally,
a, ($(x) = (x(x)) .

Hence, local covariance of the Klein-Gordon field entails that it transforms as a ‘scalar’. While
the locality and covariance of the Klein-Gordon field itself are somehow automatic, one has to
take care that all extended quantities, like Wick powers and time-ordered products, maintain these
good properties. In fact, as already discussed and as shown in [HoWa01], the Wick monomials
: ¢*(f) : of the Klein-Gordon field are also locally covariant quantum fields, provided they
are defined by means of the local Hadamard parametrix » and, hence, in a state-independent
manner. The same holds also for field monomials including derivatives [HoWa01, Mor03] and,
hence, the regularised stress-energy tensor.

For more recent works in the framework of locally covariant quantum field theory, see
[FePf06, Few06, BPRO5, Pin09, San08, San09a, San09b]. In [BrFr06], the concepts introduced
in [BFV03] have been applied to suggest a possible background-independent formulation of
perturbative quantum gravity.

Finally, let us briefly explain how the requirement of local covariance is interrelated with
the freedom in the definition of Wick polynomials. Namely, a Wick polynomial is determined
up to a finite number of parameters, ze. constant coefficients multiplying expressions built out
of local curvature invariants and the parameters of the quantum field theory appearing in the
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Langrangean/the equation of motion [HoWa01, HoWa05]. Let us assume we have fixed these
coefficients on one spacetime, preferably by some experimental data. Then, the requirement
of local covariance already determines these coefficients on a// globally hyperbolic spacetimes
(of the same dimension). Admittedly, in view of the above presentation of locality and general
covariance, one might think that this holds only for spacetimes with isometric subregions (or
spacetimes with conformally related subregions on account of [Pin09]). However, given two
spacetimes (M|, g,) and (M,, g,) with not necessarily isometric subregions, one can employ the
deformation argument of [FSW78] to deform, say, (M, g,) such that it contains a subregion
isometric of (M,,g,). As the renormalisation freedoms are constants multiplying curvature
terms or dimensionful constants which maintain their form under such deformation, one can
require that the mentioned constants are the same on (M|, g,) and (M,, g,) in a meaningful way.

[II.2  The Free Scalar Field in Null Big Bang Spacetimes

Having discussed the general treatment of the quantized Klein-Gordon field in generic space-
times, we shall now focus on the special case of NBB spacetimes. In this respect, the first main
result of our thesis will be provided: the construction of Hadamardian asymptotic equilibrium
states on NBB spacetimes.

[II.2.1 The Bulk and Boundary Algebras

We have already anticipated how holographic constructions can be achieved in NBB spacetimes
(My, g5). Namely, one first projects a field theory from the bulk M, to the boundary =M.
Note that this essentially means a projection to 37, as the fields mapped to the boundary
decay rapidly towards :~ and the latter subset of d~ M) therefore a posteriori plays a passive
role, although its existence has a priori been necessary to derive such decay properties in the
subsections 11.2.2 and I1.4.2. In the aforementioned two subsections, the projection of the field
theories has only been provided on the level of classical fields. Here, we shall extend this to a
projection of quantum field theories, where we first analyse the scalar case. Such projection will
be obtained as a continuous and unit-preserving *-homomorphism 7, mapping the Borchers-
Uhlmann algebra ./ (M)"? of the bulk NBB spacetime to a subalgebra of a suitable Borchers-
Uhlmann algebra ./ (37) on its boundary. In a second step, one then exploits the high symmetry
of 3~ and the fact that .¢/(37) is compatible with this symmetry to construct preferred ground
and KMS states on .¢/(37). These can then be pulled back via 7, to obtain preferred states in the
bulk, which turn out to be Hadamard and can be interpreted as asymptotic ground and thermal
states. Following the above line of thought, we shall provide the bulk-to-boundary mapping -
in this subsection and discuss the related preferred states in the next one.
To this avail, we shall first define a suitable Borchers-Uhlmann algebra on §~.

2The index 5 in .o/ (Mp) serves to stress that the constructions performed in this subsection are not possible on
general curved spacetimes.
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Definition 11.2.1.1 Let (S(37),s) denote the boundary symplectic space, ¢f subsection 11.2.2 and let
Sc(87) denote the complexification of S(37). The boundary Borchers-Ublmann algebra </ (3™) of
the free scalar field is defined as

<(37)=A(37)/,
where .ofy(37) is the direct sum

A (3)=EP S8

(Sc(87) = C). Elements of .</y(3~) are required to be finite linear combinations of tensor powers
of elements in Sc(37) and l(37) is equipped with a product defined by the linear extension of the
tensor product of E((37)"), a %-operation defined by the antilinear extension of [u*](x;,-++,x,) =

u(x

n’..

-, X,), and the topology defined by saying that a sequence {u,}, = {@n”/in)}/e in ey(37)
converges to u = @, u™ if u/in) converges to u™ for all n in the locally convex topology of E((37)") and

there exists an N such that %/in) =0 for all n > N and all k. Moreover, ¥ is the closed *-ideal generated
by elements of the form —i s(uy, u,)® (1, @ uy— 1, ® u,), and o/ (37) is thought to be equipped with

the product, x-operation, and topology descending from .<fy(37).

Note that the above algebra is not necessarily closed with respect to the topology we have
introduced, as it is not clear if a sequence in §(37) converges to an element of $(37) with
respect to the locally convex topology of &(37). However, this does not pose a problem as the
topology will be sufficient for our purposes.

We can now immediately state the mapping of the bulk algebra ./ (M) to ./ (37). Namely,
by the discussion in subsection III.1.1, we know that we can regard .o/ (M}) either as generated
by equivalence classes of test functions or as built out of elements in the symplectic space of
solutions (% (My), cp). More in detail, given a test function f € Z(My,R), its equivalence class
[f] € 2(Mp,R)/(PD(My,R)) = D(My,R)/(kerAp) C o (Mp) corresponds in a one-to-one
fashion to an element of ./ (M}) by the properties of A,, namely, to A, f. Recalling the bulk-
to-boundary map I, see subsection II.2.2, we can therefore define a bulk-to-boundary algebra
map via the tensorialisation and subsequent complexification of

i (D =T4f (IIL67)

It 1s clear that - 1s continuous by the continuity of I, the latter being essentially a smooth
extension of a conformally rescaled smooth function, see subsection I1.2.2. Moreover, by lemma
[1.2.2.2, we find that the tensorialisation of 7. is an injective homomorphism from .o/ (M})
to .&/(37), as I : (L (My),cp) = (S(37),s) preserves the relevant symplectic forms and its
kernel must be trivial by the strong non-degeneracy of s on $(37). Finally, 7, is obviously unit
preserving if we define it as the identity on C C .&/(M). We collect the above findings in the
following proposition.

Proposition NL.2.1.2  The map i : </ (My) — .o/ (37) defined by the tensorialisation of (111.67) is
a continuous, unit-preserving, injective x-homomorphism.
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We now recall that 3~ endowed with the Bondi metric » has a large class of Killing-
symmetries, namely, all angular dependent translations in the v-direction - the supertranslations
- constitute such symmetries, ¢f. subsection 1.3.2. As the symplectic form s on §(37) is given by
an integral with respect to the canonical volume measure dvdS? derived from A (¢f subsection
[1.2.2), it is invariant under supertranslations and, hence, the following result ensues.

Lemma 1213 Let { : S* — R be a smooth function on the two-sphere S?, let u be an element of
S(37), and let 6, @ denote a coordinate system on S%. The action

2, S(3) = S ), #(0,0,9) (0= {(O,0),0,)
induces a x-automorphism on ./ (7). In the case { =1, we shall denote it by a, : ./ (37) — 7 (37).

Note that we have chosen the minus sign in the above definition, as one would usually set

2, [p(u)] = ¢ (a_,u)

in obvious notation.

Let us remark once more that the supertranslations are only a subgroup of the full symmetry
group of 7, namely, the BMS group, see the discussion at the end of subsection 1.3.2 and
[DMP06]. Moreover, the full group can be implemented as an an automorphism group on the
boundary algebra, and many interesting results can be obtained, see [DMP06]. However, the
supertranslations will suffice to define preferred states on .¢/(37). This can be understood in
the following simple way: in Minkowski spacetime, the vacuum state is invariant under the full
Poincaré group, but one only has to require translation invariance to single it out as a preferred
state [Ara99]. By lemma 1.3.2.2, we know that the generators of ‘translational symmetries’ of
an NBB spacetime, namely, the translations in the comoving spacelike directions and the trans-
lations in conformal time, are all mapped to supertranslations on the boundary. Moreover,
the same holds in the case of Minkowski spacetime, seen as an asymptotically flat spacetime
[DMPO06], where the conformal time translation corresponds to a usual time translation. It is
therefore not surprising that invariance under supertranslations alone suffices to obtain preferred
BMS-invariant states, as shown in [Mor06, Mor08].

Finally, let co be a state on .¢/(§7). We can immediately define a state on .o/ (M) by woi,.
Given a preferred state on .o/ (§7), one therefore obtains a preferred state on .of (Mj). We shall
now proceed to construct such states.

[I1.2.2  Preferred Asymptotic Ground States and Thermal States of Hadamard Type

The discussion of one-particle Hilbert space structures (¢f proposition III.1.1.5) in general and
the case of Minkowski spacetime in particular suggest what one has to do to obtain a preferred
state on .@/(37). One has to select a preferred positive frequency subspace of the space of
solutions, which in our case is replaced by (S(37),s). To obtain a state which is invariant under
supertranslations, one needs to consider positive frequencies with respect to v-translations. We
are therefore lead to consider the Fourier-Plancherel transform with respect to v on §~. We
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refer the reader to [Mor08, app. C] for an account of this operation and immediately state the
following definition.

Definition IL.2.2.1 Let u be an arbitrary element of S(3~) and let O(k) denote the Heaviside step
Sunction, i.e. O(k) =0 for k <0 and O(k) =1 for k > 0. We define the positive frequency part u*
of u as

1 .
u*(v,0,0) = = f dk Ok) ii(k,0,0) e %7,
VZITT
R

where i(k, 0, @) is the v-Fourier-Plancherel transform of u defined as

ei/e'v )

1
n(k,0,0)= —J dv u(v,0,9)
1/27'CR

Moreover, by § (S_)E we denote the complexified space of positive frequency parts, i.e. the complexi-
Sication of S(3 ) ={ut|ueS(37)}

Note that the above definition implies

n=ut+ut

for all # € S(37), we can therefore interpret #™ as the negative frequency part of u.
To define a state on .&/(37), we make the following observation. As # € §(§7) is smooth
and both such # and d,# are square-integrable with respect to dvdS? and to dv in particular,

one finds that both @(k)#%(k) and O(k)kii(k) are square-integrable and, hence, #*, Jd u™ are

square-integrable as well. Consequently, it is possible to extend the symplectic form s from S(37)
to S(‘}_)E, and we set

<M1+, 142+> =—is <u_1+, u2+> : (I11.68)

With this definition, an application of Parseval’s theorem and a short computation yield

(uh,uf)= f dkdS? 2k O(k)i,(k,0,0) ii,(k,0,0), (I11.69)

1
RxS?

particularly, we see that (-, -) yields an inner product on §(37)%. Actually, one can improve
these insights to obtain the following theorem, proved in [DMP06, thm 2.2].

Theorem 111.2.2.2

a) The symplectic form s can be extended from S(37) to S(37)¢, and (I11.68) defines and inner
product on S(37)L.
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b) Let F€ be the Hilbert space obtained by completing S (S_)g with respect to (-, ). The unique

complex-linear, continuous extension of ut — u™ from S(37) to F is a unitary isomorphism
C v

€ — L*((0,00) x S?,2kdkdS?).
¢) The map K : S(37)2 u — u,_ € I has dense range in €.

By the convolution theorem, one computes that 2Im(u", ) = —s(u,, u,) and that u(u, n,) =

Re(u",n)) and s are an inner product and a symplectic form respectively satisfying the relation

(IIL.49). Together with the above theorem, we therefore find that # ~— #__ defines a one-particle

Hilbert space structure of a pure and quasifree state v’ on ./ (3~), whose two-point function
3

602 1S given as

wg(ul,uz) = <14;", u;'>

for all u,, u, € S(37) [DMP06]. Let us recall the *-automorphism @, on .&/(37), see lemma
[11.2.1.3. A direct computation yields

2, u(k,6,0)=e"*" i(k,0,0). (I11.70)
Inserting this into (I11.69), we immediately obtain the following result.

Lemma 11.2.2.3  The state o3 on .o/ (37) is invariant under a,, i.c.

forall t €R.

It is somehow clear that the just defined state is preferred and enjoys ‘energy positivity’
properties that make it a ground state by construction. But one can make this precise, and in
fact it has been shown in [Mor06] that the just defined state is the unique state which is invariant
under v-translations and whose GNS Hilbert space-implementation of the v-translations is a
strongly continuous one-parameter group with non-negative generator. For details and other
related and interesting properties of w3, we refer the reader to [Mor06].

As already anticipated, the state co® enjoys a further remarkable property. Namely, if we

define its pull-back to .o/ (M}) by

B

w? =

ol

then one can show that the resulting state cw? is Hadamard. Initially, this has been proven in
[Mor08] for the case of asymptotically flat spacetimes with either z* or 7~. However, as realised
in [Pin10], the results of [Mor08] can be directly extended to the case of NBB spacetimes. We
shall now review the proof of the Hadamard property of cw?. It proceeds in several steps, the
first of which is the following [Mor08, thm. 4.1.].
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Proposition 111.2.2.4 Let f,, f, € D(My), let Ay denote the causal propagator of the conformally
coupled Klein-Gordon operator (with cither m* =0 or m* > 0) on (M, gz), and let I : /' (Mp) —
S(37) denote the bulk-to-boundary map (¢f. subsection 11.2.2). The two-point function cof of the quasifree
state B is of the following form

l [1"Agf1] ('U:e>§0) [1"Agf)] (7’/’9’§9)

2

a)f(fl,fz):Hilol— J dvdv'dS?

R?xS?

T (v—2"—1ic)

and it defines a distribution in D' (M ; ).

The proof of this statement proceeds essentially exactly as in [Mor08, thm. 4.1.], we therefore only
sketch the main arguments. The starting point is (II1.69) with #, = I"Af,. One uses Parseval’s
theorem to transform this integral with respect to & into one with respect to v. Thereby, the
inverse Fourier-Plancherel transform of

—

2kOR)[ I ALf,](R)

has to be computed. One would like to achieve this by the convolution theorem of the Fourier-
Plancherel transform, therefore a regularising factor exp(—¢k) is inserted. Denoting the inverse
Fourier-Plancherel transformation by .Z ~!, one finds

AL I ay[ra /.0,
g_l [Zke_Sk@FABﬁ] ((07 99 §0) - llflo'l—J d"U/ d [ Bfé] (7) gﬂ)
3 7T

/ . :
V—0V —1¢
R

From the proof of proposition I1.2.2.1, we know that I"A,f, vanish smoothly for large v. A
continuity argument and a partial integration therefore lead us to

(I A f1(0,0,0) [T Az £,]1(v',0,0)

(v—2v' —ie)

1
2 (f, f5) =lim—— f dfvdSzj dv’'
elo T
RxS? R

It therefore remains to be shown that the above expression is integrable with respect to the joint
measure dvdv'dS? and that the result is continuous with respect to the locally convex topology
of Z(M?). These facts follow by combining the continuity of A, with the decay properties
of I'A,f; discussed in the proof of proposition II.2.2.1, as these allow to bound the above
integrand by simple and integrable expressions. We know state the wanted result, already found
in [Pin10].

Theorem 111.2.2.5 The quasifree state «o® on o (My) fulfils the Hadamard condition (cf. definition
111.1.2.3) and is therefore a Hadamard state.

The proof of this statement is quite involved, but again closely mimics the one of theorem 4.2.
and proposition 4.3. in [Mor08] and we only sketch the main arguments (according to [Mor08],
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a proof of a similar statement in a different context can be found in [Hol00]). Namely, we recall
that, by the proof of proposition 11.2.2.1, I"A, f; are given as

3 3
I'A f—@A %/f—;A ﬂf_jf
Bi_QB Eﬂ3 l_m EﬂS [ 19

where A, 1s the causal propagator of the conformally rescaled Klein-Gordon operator

P 1R “
=—0,+-R,+—m
E El g E 2,

on the lower, slit half (M, g;) of the Einstein static universe (M, g;), and where we recall
that the coefficient of 722 is smoothly extended by O ‘beyond’ 37, see the proof of proposition
[1.2.2.1. We also refer to section 1.3.2 for the explicit form of the various conformal factors, and

only recall that the NBB metric gz and the Einstein static universe metric g are related as

ﬂZ

88— —5 8k
2y

Given the above form of I"A f;, we see that w?(x,y) is constituted by the composition of the
distribution

—_

1 -
. . /
T = llll’lf2 ® 8(9, 6 )SZXSZ
o (v—v —1ie)
with two copies of A, where the latter have one entry restricted to §~ and one restricted on
M. Here, the second tensor factor in 7' denotes the S-distribution on S? x S? and we use the

abbreviating notation 6= (0, ¢). Roughly speaking, the main idea of the proof is the following.
One would like to compute the wave front set of the mentioned composition of 7" with two
copies of A using Hormander’s theorem of composition of distributions [H6r90, thm 8.2.13.].
Let us for the moment assume that this is possible. The wave front set of Ais essentially the
same as the one of A, because of the smoothness of the conformal factors multiplying A,.

It therefore has the symmetric form displayed in (IIL.64). In contrast, 7 has the wavefront set
[Mor08]

WEF(T)= {(@,efv’,@,/e,/eg,/e',,/e’) eT (5 P |lv=0,0=0,0<k=—Fk ky= —/e;}

U {(v,@v’,@,k,kg,k/,,/eé)e T3 ) |6=6,k=k'=0,k, = —ké} ,
which follows from the well-known wave front sets of the §-distribution and the distribution
lim, _,(x & 7¢)”" and where we have denoted elements of 7*S” by k,. By the properties of
the wave front sets proper to the composition of distributions [H6r90, thm 8.2.13.], we see that,
considering x and y in w?(x,y) and WF(A;), potential singularities propagate from x and y
to 3~ (past-pointing covector) and back (future-pointing covector) along null geodesics. On §~,
they continue propagating along null geodesics by W F(T), but only in one direction, namely,
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from v to v’. Heuristically, we can therefore imagine that the null geodesics relating x to v, v
to v’, and v’ to y constitute three sides of a parallelogram, their composition therefore equals
the fourth side of the same parallelogram, which is firstly a null geodesic, and secondly one
pointing from x to y. This heuristic argument therefore entails that a)f (x,y) is singular for
null-related points x and y with future pointing covectors at x and thus has the correct wave
front set required for a two-point function of a Hadamard state. To put this heuristic argument
on firm grounds, one has to be able to use [H6r90, thm 8.2.13.], which is only possible if 7" and
the two copies of A are composed on compact subset of §7. In order to assure this situation,
one firstly restricts w?(x,y) to N x N C (Mz N M )?, where N is of the form

N = (%min’ %max) X (vmin’ max) X SZ

Note that the closure of such set has been denoted by < in the proof of proposition 11.2.2.1,
but we choose the different notation here to be in accord with the one in [Mor08] for the
convenience of the reader’®. Given such N, arguments similar to the one given in the proof
of proposition 11.2.2.1 entail that all null geodesics emanating from N can only intersect 3~

in a compact set [0/ v, ]xS* C 3 with o/ <o Next, one has to assure that the

distributions A can be restricted to 3~ x N. One finds that this is possible via [Ho6r90, thm

8.2.4.] as WF(Z) turns out to be (co)normal to 7. We now choose two Cauchy surfaces S,
and S, of M with the following properties: S, lies to the future of N, while S, lies to the past
of N, but to the future of . Moreover, we require that the intersection of S, with 3~ lies to
the past of [0/ v . ]X S? € 3. Let H be the compact subset of J*(i7,M ) enclosed by the
two Cauchy surfaces S, and §,, see figure IT1.2. We pick a cut-off function y € P(M) which is
such that it is identically 1 on a neighbourhood of H disjoint from = and has values in [0, 1]
otherwise. By construction, supp y N3~ D [v/ v, ] xS’ We now define

E=yA, &=(1—-y)A,
which entails that we can decompose A as
A=E+86. (I1L.71)
This entails that, provided f; € 2(N), we can decompose w?(f,, f;) as

(i /o) = wrp(fio o) + wep(fis /3) + @rs(fis o) + wes(fi /o)
oslfo )= i = f dodvds? EA@ A ELW,0,9)

(v—0' —ie)

6"1 ‘U,(9, E2 7/,6’,

BNote that, to compare our presentation with [Mor08], one has to exchange ‘future’ with ‘past’, as there the
future null boundary §* (of an asymptotically flat spacetime) is considered.
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Figure I11.2: The various geometric elements appearing in the proof of theorem I11.2.2.5.

[Ef](,0,0)[E£](¥,0,0)

bl

1
wge(fs o) =lim—— J dodv'dS?

elo T (‘U—‘Z}/—ie‘)z
R?xS?
1 & ,0, & ' 6,
wee(fis fr) =lim—— J dvdv'dS? [64](».0,9)1 f2] (v 99).
|0 T (7)_7)/—18)2
RZXSZ

One can now analyse the four pieces in the above decomposition separately. By construction,
[£/]1(v,0,¢) are not supported in the subset [0/ ,v, . ] X S* of 37 related to N by null
geodesics. Hence, & turns out to be a smooth function on §~ X N. In contrast, E is a
distribution of compact support on §~ X N. We are thus finally in the wished-for situation and
can compute the wave front set of cwgg(x,y) by [H6r90, thm 8.2.13.]. According to [Mor08],
one finds

W F(wgg) C{(x,7,k,,—k,) € T"N*\ {0} | (x,k,) ~ (3, k,), k, >0} ,

which already looks very promising. Let us now consider wg,. The fall-off behaviour of
&(v,0,9,x) for x € N is exactly the one of elements in §(37) by the support property of
(1= y). Using this and the mentioned smoothness of &, one finds that wg, is smooth and
does not contribute to WF (cuf ). Finally, let us consider wp, and wgp. Heuristically, these
terms do not add singularities to W F (a)f ), as potential singularities in, e.g. wge(X,y), propagate
from x to ¥, but can not propagate back to y as & is smooth. On rigorous grounds, this is
found by employing [H6r90, thm 8.2.14.]. Altogether we find

WF(w) c{(x,7,k,,—k,) € T"N*\ {0} | (x,k,) ~ (3, k,), k, >0} .
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To show equality of the two sets, one uses a proof by contradiction often employed in similar
circumstances. Namely, let us assume that there are (x,y,k_, —ky) in the set on the right hand
side of the above bound which are not contained in WF (cof ). N is a geodesically convex set,
being essentially a ‘diamond’ of Minkowski spacetime. Hence, given null-related x and y in N,
there is a unique geodesic connecting them which entails that the covector of k_ of this geodesic
at x is determined up to a positive constant. Moreover, as wf is the two-point function of a

state on .¢/ (My), we have (x y)— f(y,x) = 1Ag(x,y), where we recall
WE(Ag) = {57, bk, € TN\ (0} (k) ~ (1)}

Particularly, WF(Ay) contains both elements (x,k,) ~ (y,k,) with &, >0 and elements with
k, <0. Hence, if WF(c?) does not contain (x,k,) ~ (7,%,) with &, >0, then it must contain
(y,/ey) ~ (x,k ) with /ey >0, otherwise the relation between a)f and A, would not be compatible
with WF(Ag). We can now employ the propagation of singularities theorem, see [Hor71, Rad96a],
to conclude that, since a)f satisfies the Klein-Gordon equation in both arguments, its wave front
set must be a union of sets of the form B(x, k,)x B(y,k,), where B(x, k,) is the lift of the unique
geodesic through x with cotangent vector k, to 7"N. This entails that, if (y,k,) ~ (x, k,) with
k, >0 is contained in WF(w %), then (x,k ) (7, k,) with &, >0 must be contained in the same
set as well. We thus reach the wanted contradiction and ﬁnd the wished-for equality of wave
front sets. To extend the found Hadamard property of WF(wf) on N x N to (M; N M),
we remark that N has been arbitrary and that diamonds like N form a base of the topology
of a spacetime. Combining this with theorem II.1.2.8 and the fact that (N, gzl is a globally
hyperbolic spacetime, we thus find that a)f is of Hadamard form on N and on a geodesically
convex neighbourhood of any point in M; N M. Moreover, the localto-global theorem of
[Rad96b] entails that cof is globally Hadamard on M_ N Mj. Finally, by a propagation of
singularities argument in combination with the propagation of the Hadamard form as devised
in the proof of [SaVe0l, thm 5.8.], we find that cof is globally Hadamard on .

We now proceed to define equilibrium states on .¢/(37). In order to achieve this, we insert
a Bose-Einstein distribution ‘by hand’ in (II1.69). Let us stress that, while the above defined
ground state was already known [Pin10], the equilibrium states we present here are new.

Proposztzon 11.22.6 Let 3 €(0,00) and u,, u, € S(37) be arbitrary and let us define a bidistribu-
tion on >, on S(37) by

B2

iy (k, 0, ) ik, 990) iiy(k,0,0) i, (k,0,0)
1—e Pk ePk 1

Igz(”p”z) J dkdS? 2k O(k)

RxS?

on .of (37) which fulfils the KMS condition

. . . . . . . . . ]
This bidistribution induces a quasifree, & -invariant state ¢,

B

at inverse temperature /6
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Proof. Let us start by checking if the above integral is well-defined. First, recall that the Fourier—
Plancherel transforms 4, of u; are square-integrable. Moreover, the factors (1—exp(—k))~
(exp(Bk)—1)" are smooth and bounded everywhere except at £ =0, but de ’'Hospital’s rule
shows that they they are still bounded at & = 0 after multiplication with k. The above integrand
is therefore integrable and the whole integral well-defined. Moreover, it yields a bidistribution
on §(37) by the continuity of the Fourier-Plancherel transform. To see that it defines a quasifree
state on .¢/(37), we first compute

ﬁz(”p”z) 52(”? ):C‘)E(”v”z)_wg(”p%)’

which shows that w? , fulfils the CCR. A second simple computation proves the inequality

(IIL.47) required for pos1t1v1ty and therefore assures that the two-point function under consider-
ation induces the wanted state. @,-invariance of this state then follows in the same way as the
result of lemma I11.2.2.3.

To see that the induced state fulfils the KMS condition, we recall that, for a quasifree state on
a Borchers-Uhlmann algebra, it is sufficient to check this condition for the two-point function
alone. We therefore define

F)= o, (ma, ), G0)= o), (a,(m)m)
Using (II1.70), we compute
[ z/et ~ —z/et A
iiy(k,6,0) i (/e,@,ga) Tk, 6,0) ik, 6,0)
F(t)= dkdS? 2k O(k ,

( ) f ( ) 1—e Pk ePk 1
RxS? = 4
[ o=k G (R, 0,0) i, (k,0,0) e Tk, 0,0) i, (k,0,0)

1—e Pk ePr 1
RxS? = -

We see that both F(¢) and G(¢) are continuous functions of ¢ on the full real line, as the
integrands are uniformly bounded in ¢ and integrable by the arguments used in the above
paragraph. Moreover, the same arguments entail that we can view F(¢) and G(t) as Fourier-
Plancherel transforms of square-integrable functions. We can therefore directly compute their
Fourier-Plancherel transforms as

. FA—E.0,0) i (—E.0.0) 7(E.0.0)i(E.0,0) ]
F(E):dezzE@(E) ol lgo_):;i §0)+”l( ezzlf(l ?) ,

s? - -

_ F(—E.0,0) i (—E.0.0) |
G(E)= J dS? 2E O(E) ol _ﬁul( 1 ?)
PE_

s? - -

139



Chapter III - Quantized Fields in Curved Spacetimes

We find

F(E)=ePEG(E)

which, in combination with the continuity of F(¢) and G(t), is equivalent to the KMS condition
by lemma III.1.1.4. ]

Again, it seems clear how the just defined state is a preferred state on .o/ (7). Although we shall
not prove it here, we expect that it is possible to show rigorously that the just found KMS state
is the unique one at inverse temperature (3.

3

We can pull-back 2

by i,- to obtain a state

. [23
B:wj

14 B

w o1

on .&/ (Mp). To assure that this state is physically sensible, we would like it to meet the Hadamard
condition already fulfilled by the related state cw®. We can expect that this is the case, as the
modification we have done in the Fourier space with respect to v does not alter the behaviour
for large k. In fact, looking at the definition of a)g in proposition II1.2.2.6, we see that the

occurring integrand approaches the one in (II1.69) for large k. Let us proceed to prove this
heuristic expectation on rigorous grounds.

Theorem 111.2.2.7 The quasifree state a)g on f (M) fulfils the Hadamard condition and is therefore
a Hadamard state.

Proof: We proceed similar as in the proof of theorem II1.2.2.5. Let therefore N and A=E+6&
be defined as in the mentioned proof, and let f,, f, € Z(N). Using our knowledge of the
Hadamard property of «? on N x N, it is sufficient to show that the kernel of the distribution

Ayl f) = 5o fi) = (10 )

is smooth. We start by computing
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Afy(k,0,0) Afy(k,0,0)  Afy(k,0,0) Af;(k,0,)
+
1— e‘ﬁ]e eﬁ/e -1

dy(fi )= f dbdS? 2k O(k)

RxS?

_ ZE(k,é’,gﬂ) Z?z(kﬁﬁﬂ)}

k)@km@(k,e,@

—2Re J dkdS? 2k O(

ek —1
RxS?
- 2k OA
—2Re f dvdS® [Af](v,6,0) 7 2k 64/, (0,6,9)
eP*—1
RxS?
2Re ~ [ 2k6 ~
:‘/2_71 f dvdS? |:Af1:| (v,0,0) <9 1[%] * |:Af2:|>(v,9,g0),
RxS?

where f * g indicates convolution. Let us consider

o1 2k O
R(v):—gf'_l[ i|(7))

eP*—1

A closer look reveals that it is the (inverse) Fourier-Plancherel transform of a square-integrable
function. Moreover, all v-derivatives of the occurring integrand are again square-integrable, and
we therefore find that R(v) is a smooth, square-integrable function and thus falls off at large

. Particularly, its convolution with Af, is well-defined and the last line in the computation of

dg(f1,f;) can be rearranged as

dg(f1:f5) =2 Re J dvdv'dS? [ANfl] (v,0,0) R(v — ") [ANfz} (v',0,9).

RxS?

Let us recall that A can be restricted to 7, as found in the proof of theorem II1.2.2.5. We
find that dﬂ(x,y) is a compostion of the smooth, square-integrable function R and two copies

of A. One would now like to use [Ho6r90, thm 8.2.14.] to compute the wave front set of this

composition. To achieve this, one has to restrict A to a compact subset of 37, and we therefore
decompose d(x,y) as

dﬂ(x’y) = dEE(x’y)+dEé’(x’y)+d€E(x’y)+d$£(x’y)
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in direct analogy to the decomposition of w? in the proof of theorem I11.2.2.5. Analysing
these four terms one-by-one, we first observe that dgz(x,y) is the convolution of three smooth
functions which all fall-off rapidly on §~ and therefore gives a smooth kernel. We recall that, in
the case of &, this follows from the fall-off behaviour of elements in $(37). To treat d¢(x, )
and dgg(x,y), one uses the mentioned [Hor90, thm 8.2.14.] which entails that the wave front
set of these kernels is empty by the smoothness of & and R and by the fact that the wave front

~

set of A(x,y) restricted to 3~ x N fulfils

WF (A)y ={(,k,) | (x,,0,—k,) € WF(4)} =0,
as computed in [Mor08]. Essentially, this holds because all singularities in WF(Z) at x, being
the wave front set of a causal propagator of the Klein-Gordon equation on the Einstein static
universe, must have propagated along a null geodesic from 37, particularly, A can not have
‘isolated singularities’ in N. Applying the same argument and in particular [H6r90, thm 8.2.14.]
twice to the explicit form of dgp(x,7), one finds that this is again a smooth kernel. Altogether,
we find that dlg(x,y) is smooth on N X N, which in turn implies that a)g,(x,y) 1s Hadamard

on this set. The finalising arguments in the proof of theorem III.2.2.5 can now be repeated to

find that a)g(x,y) is Hadamard on the full NBB spacetime. O

With the rather technical machinery of microlocal analysis we have been able to prove that
the found ground and KMS states on the boundary of an NBB spacetime can be pulled back to
Hadamard states on its bulk. However, for actual computations and for a better interpretation
of these states in the bulk spacetime, we will now make use of our preparations in section I1.2.1
and relate these results to the more explicit mode-decomposition picture. To this avail, let us
recall that, by lemma I1.2.1.3 and lemma I1.2.1.4, we can decompose every element of .&(Mj),

say, Ay f with f € D(Mp) as

(8,115, %) =i | dk $(F)pp(v,2)— i(f)i(m, %), (I1.72)

R}

where the modes ¢/; are of the form

b, 7y = DT

(27)2a(7)

with the 7,(7) given by the asymptotic positive frequency modes found in lemma I1.2.1.4. Par-
ticularly, the decomposition we have is a priori only known to be valid for large negative ,
namely, in the region where we know the perturbative series defining 7,(7) to converge. Here,
the strength of the microlocal proof of the Hadamard condition met by the found preferred
boundary-induced states becomes visible. Namely, since we are interested in treating the backre-
action of quantum fields on NBB spacetimes, we do not want to specify the scale factor a(7) on
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the full NBB spacetime beforehand, but only its asymptotic behaviour towards §~

have no a priori control of the mode functions 7}, on the full NBB spacetime, and the abstract
microlocal tools seem really necessary to prove the wanted Hadamard properties by only know-
ing that 4(7) is smooth in the non-asymptotic region. A posteriori, the abstract knowledge of the
Hadamard condition allows to give mode decompositions of the found preferred states on the
full NBB spacetime. To this avail, we recall that the bulk-to-boundary map I : & (M) — S(57)
is given by a conformal rescaling and a smooth extension to 37, 7e. a limit # — —oco. To
relate the boundary construction to bulk modes, we therefore need to analyse how the mode
decomposition of [Agf] stated above behaves under such bulk-to-boundary map. To this end,
we follow the ideas introduced in [DMP06] in order to relate constructions on the null boundary
of Minkowski spacetime to the canonical mode decomposition in its bulk.

. Hence, we

Proposition 111.2.2.8 Let f,g € D(Mp,R) be such that their support lies in the region of My where
the perturbative series defining the modes T\, (T) are known to converge by lemma 112.1.4 and let ¢ i be
the modes resulting from this very lemma.

a) The mapping of Agf to S(37) is of the form

Ir'A 0 _ ! dk Ok \/? (F p—iko
[ 21, m-EJ ) | {5 + e |

where ¢ /;( )=(¢ 0 f) and ki thought to be given in polar coordinates (k, 0, ).

b) The preferred Hadamarnd states co® and a)g

can be decomposed as

B(f g d/e ¢/€ /;' Q)Z(f’ g)—fd/e ¢/;]_[:ka ) ¢keﬁk9ik1f)

or, equzwzlentl ), dS

wB(x,y)= e‘kxf)
)= e f T

. B 1 | Tu(e )Tz ) To(t)Ty(z,) )
sl )_(zn)%z(fx)a(fy)[ il g Py | C

Consequently, o8 are wg are homogeneous and isotropic quasifree states, and ¢>® is pure.

Proof. As always, we start by showing how b) emerges from a). Computing the Fourier-Plancherel
transform of the result found in a), we find

b
12,81k, 8:9) =/ 5 & 1)
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Next, we recall

W’ (f,8)= ([T Asf 1%, [ Apgl* dkdS? 2k O(R)[I" Ay f1(k,0,0) [I'Aggl(k,0,0).

RxS?

Inserting the found [I"A,g](k,0,¢) into this expression trivially leads to the asserted form
of w®(f,g). The one of a)g(f,g) follows analogously. The assertions that the states are

homogeneous and isotropic and that «? is pure follow from [LuR090, sec. 2] and [LuRo90,
thm 2.3.], respectively on account of the k-regularity conditions satisfied by the modes 7},(7)
(see also [Olb07, DeVe09]). Essentially, it should be clear that the states are homogeneous, Ze.
invariant under translations in the comoving spacial coordinates, as they are given as a (single)
integral in 3-momentum space, where the integrands are invariant under rotations.

Let us now prove a). To start, we recall the definition of I given in proposition 11.2.2.1 and
apply it to the mode decomposition of A, f to obtain

FABf:MEer QLB fd/; [i%gﬁg(f,f) + C.C.:|

= lim ﬁ fd/? [igﬁg(f)Tk( )t 4 c.c. ] .

We now remind the reader that

2, 2
As we know that I"A, f gives a meaningful and finite result, the above integral must vanish in
the limit # — —oo and this vanishing is perfectly cancelled by the blow-up of v/ 14 #2. Hence,

we are free to replace v/ 1+ #? by its large-# limit —#. Now, we recall # =t —r and v =t 47
with 7 the Euclidean norm of X. Moreover, we use that

1 V1442

Ty (7)— —— 7"

for large negative T and that the k-regularity of 7,(7) is uniform in 7 in the same 7-regime,
as found in lemma I1.2.1.4. Therefore, we can safely replace 7,(7) in the above integrand by its
asymptotic limit. Merging the last considerations, we find

[FAB](]('U,@, \/_ [ ¢/€ u(1+cosa)+v(l—cosa)] + c.c. :| ,

n—>—00

RXSZ

where a denotes the angle between X (here expressed in terms of v, #, 8, @) and k. Following
[DMP06], we now observe the following: by the Riemann-Lebesgue lemma, the above integral
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is certainly vanishing in the limit of large # due to infinitely large oscillations, except when
cosa = —1, ze. when X and E are antiparellel. We thus expect that in this case the integral
is proportional to #~!, whereas it vanishes rapidly in # in all other cases. To make this clear,
we momentarily choose coordinates such that & = 0. Denoting the angular coordinates of /; by
g',¢’, setting ¢ = cosa = cos&’, and inserting the well-known volume measure on the 2-sphere,
we find

oo 2 1
[FABf](‘U,O, §0) d/edgo’dc |:¢ /e@’ / (f) ce ku(1+c) + c.c. ]
u—>—00
4 77: —o0 0 —1
We now perform a partial integration with respect to ¢, thus getting a surface term for c = —1, a

similar term for ¢ = 1, and a remaining integral with the c-derivative applied to ¢(k,9/,¢/)(f)e_%k”(l_‘).
As already remarked, the latter two of these three terms vanish by the Riemann-Lebesgue lemma,
this follows particularly from the rapid decrease of Qé(k,&’, gg/)( /) in k (and from the compactness
of S?), see section I1.2.1. We now remark that in the case ¢ = %1, ie for &' € {0, 7}, the
integrand is independent of ¢’ and the respective integral gives a factor of 27. Altogether, we

find
L7 20 10,09) = <= f 2k VE o (D™ 4 ]

where we have ‘omitted’ the ¢-dependence of ¢(k,0,-)(f ) to indicate the degeneracy we have
integrated over. However, this degeneracy is an artifact of the ‘bad’-coordinate system we have
used, ze. a usual polesingularity of spherical coordinates. To resolve it, let us remark that,
independently from the chose coordinate system, the only contributiori of the computed integral

surviving by the Riemann-Lebesgue lemma is the one where X and £ are antiparallel. Hence,
restoring the & dependence in the left hand side of the found expression, the right hand side
has an angular dependence obtained from the right hand side by inversion at the centre of the
sphere. ]

The just obtained explicit expressions for the preferred states enable us to interpret them in
physical terms on the bulk spacetime. Namely, let us consider the massless case 72> = 0. Then,
the conformally coupled Klein-Gordon operator is a conformal transformation of the massless
Minkowskian one. Particularly, the mass term in (IL.30) disappears and the modes 7}, () are not
only asymptotically of positive frequency type, but strictly and globally. This entails that the
states we are considering fulfil

M(x, C‘)M(’%J’)
O D3 L S T

a(t,)a(r,) a(t,)a(r,)

where co™ and ™ denote respectively the vacuum state and the KMS state of the massless scalar

b

field on Minkowski spacetime. In the massless case, our construction therefore yields the confor-
mal vacuum and conformal equilibrium states, see for instance [BiDa82] for a detailed discussion of
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these concepts. Particularly, the thermal interpretation of the conformal equilibrium state is the
following. If we compute the Wick square :¢)?: in the state cog by subtraction of w?(x,y)™, we

find by a simple computation (in units where the Bolizmann constant ky = 1)
1 T
C12a4(0)B 124%(x)

wg(: #*:) =lim <w2(x,y) — coB(x,y)> (I11.73)
xXx—=y

The usual interpretation of this is that the temperature T scales as 27! and in fact this is exactly

the situation assumed in the standard cosmological picture, see for instance [Dod03]. A related

interpretation is obtained by formally expanding the (represented) massless scalar field ¢(x) on

an NBB spacetime in terms of creation and annihilation operators ag, and a; as

1 - 2 — 5
(X, T)= — | dE (Tk(f)elkx al + T () a/;> .

a(t)

: : = T : B
Defining the number operator in momentum space as 7y = aap, the mode expansion of coﬂ(x,y)
entails that

)=
W, (nz)=
YR Bk

which one can interpret as saying that the modes have a number spectrum which is given by
the Bose-Einstein distribution. To reach this conclusion, one combines the interpretation of the
a~lscaling behaviour of the temperature 7" with the same scaling behaviour of the ‘physical
energy of a mode’ k/a. The latter follows from the observation that the derivatives with respect
to conformal and cosmological, e, ‘physical’, time are related as at = 4_197. Let us now
consider the massive case. Even in Minkowski spacetime, the interpretation of the Wick square
as ‘thermometer’ fails, because a computation shows that its expectation value computed by
regularising the KMS state with the vacuum yields a complicated function of both T and s,
¢f [Kiih03] (although the validity of KMS states for massive quantum fields in Minkowski
spacetime is beyond any doubt!). We therefore expect that a computation of the Wick square
as in (II1.73) also yields a complicated expression depending on 7, m, and a. However, by the
asymptotic behaviour of the modes 7),(7) for large negative T, we can compute that

lim 1242(7.')@2(:952:) =T

T—>—00

In this sense, the state wg in the case 7 # 0 can be interpreted as an asympiotic conformal

equilibrium state. Similarly, we interpret c? as an asymptotic conformal ground state. We would like to
point out that the state «v? had already been discussed on the level of modes in [And85, And86].

Let us comment on the relation of our equilibrium-like states to past attempts to define
sensible notions of equilibrium (for non-conformal fields) in the non-stationary (and therefore

¥This definition of a Wick square may seem to violate the requirements of local covariance at first glance, but
this is not the case, as the Minkowskian two point function of a massless scalar field has an identically vanishing
Hadamard coefficient w.
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seemingly non-equilibrium) situation provided by cosmological spacetimes. To start with, it
seams reasonable to assume that the conformal interpretation can be maintained in the massive
case if the background spacetime (ie. a(7)) is slowly varying [Hu82]. This interpretation is
valid up to corrections proportional to curvature terms, namely, higher derivatives of 4. In
contrast, the asymptotic conformal equilibrium states we have introduced come closest to a
strict notion of thermal equilibrium in the vicinity of the Big Bang, particularly, for /lazge
curvatures. A common paradigm related to the adiabatic picture is that, in the treatment of finite
temperature effects in the early universe like Baryogenesis and Leptogenesis (see [Buc07] for a review),
the interaction time scales are very large in comparison to the curvature scales; an adiabatic
treatment is therefore implicitly assumed to be sensible and one ‘forgets’ about curvature effects.
A somehow related concept is the one of a local thermal equilibrium. Heuristically, one expects
that a thermal interpretation makes sense only locally anyways, and that a global equilibrium
on the full spacetime is only an idealisation. These heuristic ideas have been formulated in
conceptually clear terms in [BORO01]. Without going too much into details, let us remark that
one tries to implement the idea of a local equilibrium in the sense that thermodynamic laws hold
everywhere, but the parameters specifying the equilibrium are spacetime dependent. The explicit
implementation of these ideas in the treatment of quantum fields on curved spacetimes has been
pursued [BuSc06, ScVe08, Sch10], and the topic is currently under active investigation. However,
it seems that the task to strictly maintain thermodynamic laws, yet with varying equilibrium
parameters is a non-trivial one, as deviations from the usual thermodynamic relations appear
even if one allows for varying, say, temperature. We refer to [Sch10] for recent results and note
that the problem of formulating a sensible notion of thermal equilibrium in (cosmological)
spacetimes seems to lack a conclusive answer to date. We also remark that a somewhat different
approach to the definition of local thermal equilibrium has been taken in [Kiis08]. In this work,
one defines a notion of a ‘generalised free energy’ and obtains Hadamard states minimising this
generalised free energy locally for timelike observers.

To close, we remark that the conformal coupling we have employed is not strictly necessary
for the definition of asymptotic conformal equilibrium and vacuum states. Namely, allowing for
non-conformal coupling & # %, the ordinary differential equation of the modes 7,(7) changes
to

<872 + k24 (6 — 1)4— —|—42m2> T,(t)=0
a

By our assumptions on the rapid decay of 4(7) for large negative 7, the appearing a” vanishes
towards §~ in the same way as 2® does and a similar definition of perturbative solutions around
the massless Minkowskian case is possible. Similarly, without giving a detailed proof, we re-
mark that a proof of the Hadamard property of the related preferred states constructed on the
boundary should be possible with minor modifications, especially in view of the results found
in [DMPO09b] in the case of asymptotically de Sitter spacetimes. Finally, by the results of [Pin10],
especially theorem 3.1. in that paper, one knows how to obtain a large class of pure Hadamard
states starting from c®. Namely, it turns out that performing a Bogoliubov transformation, i.e.
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replacing the modes 7),(7) in the mode expansion of w?(x,y) by

T (7) ZA(R) T (7) + B(k)T,(7)
where the mode normalisation condition (I1.31) entails
A(R) ~ |B(R)* =1

yields a Hadamard state if and only if B(k) is rapidly decreasing for large k. We strongly expect

/‘Z, although we shall not prove it here.

that an analogous statement holds for the states

[II.3  The Free Dirac Field in General Curved Spacetimes

The last section on the quantized Klein-Gordon field in curved backgrounds should have given
us a good understanding about the essential (and the dispensable) concepts necessary for the
formulation and analysis of quantum field theories on curved spacetimes. In the present section
we will extend the treatment to the case of quantized Dirac fields and thereby find many new
(expected, yet valuable) results.

[I1.3.1 The Algebras of Observables

We start our treatment of quantized Dirac fields on curved spacetimes by providing the Borchers-
Uhlmann algebra of Dirac fields. As observed in previous works on the subject, see for instance
[K6h95, FeVe02, San08], this is best formulated by combining the spinor and cospinor field into
a single object as in section I11.3.3.

Definition NL3.1.1  Let DM = DM @& D*M denote the double spinor bundle, let D® = D @& D*
denote the double Dirac operator, and let us introduce a conjugation x on &(D®M) by seiting

x(hof)=flof!

Jor a generic element | = f,® f, € E(DM) with f, € E(DM), f, € E(D*M). Moreover, we define
the double causal propagator

S®. 9(D®M) — §(D°M),  S®=S@S.

as the sum of the causal propagators of the Dirac operator on E(DM ) and its adjoint on E(D*M) which
corresponds to a distribution on D(D®M?) by setting

SEB(f’ 8)=(&, SA)—(8.12> &) = S(&2 1)+ S(12, 81)-
The Borchers-Ublmann algebra .of (DM) of the free Dirac field is defined as

o/ (DM)= e(DM)) .S
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where .f(DM) is the direct sum

L¢ﬂM®ié§@@ﬂMﬂ

n=0

(2(D®M°) = C). Elements of .ely(DM) are required to be finite linear combinations of multi-component
double test sections and .<ly(DM) is equipped with a product defined by the linear extension of the tensor
product of D(D®M"), a «-operation defined by the antilinear extension of

/720 5x,) = X7 f1 (x5 %),

and the topology defined by saying that a sequence {f,}, = {®, fk(n)} y in ey (DM) converges to f =
®, f " if fk(n) converges to [\ for all n in the locally convex topology of D(D®M™) and there exists an

N such that fk(n) =0 for all n > N and all k. Moreover, given arbitrary f, g € D(D®M), & is the
closed +-ideal generated by elements of the form —iS®(f,g)®(f ® g+ g Q®f) and D®f, .o/ (DM) is
taken to be equipped with the product, *-operation, and topology descending from .<fy(DM ), and the fields
generating ./ (DM) shall be denoted by B(f).

If O is an open subset of M, .o/ (DO) denotes the algebra obtained by allowing only double test

sections with support in O.

Note that, as in the scalar case, we leave the equivalence class [f] of an f € 2(D®M) implicit

in the notation of the double spinor field B(f). Let us remark how the single Dirac spinor and
cospinor fields are elements of ./ (DM). Namely, given f, g € 2(D®M) of the form

f=08fh, g=g®0
with g, € 2(DM), f, € D(D*M), we define
v =B(),  $(g)=B(g).

We stress that a cospinor field is smeared with a spinor test section and vice versa. Related to
this, one has that by the chosen quotient in the definition of ./ (DM), the spinor and cospinor
fields fulfil the Dirac equation and its adjoint in the dual sense. Namely, B(D®h) = 0 for
arbitrary h € Z(D®M) entails that

DY(f)=d(D f,)=0,  D*Y'(g)=¢'(Dg)=0.

Moreover, on the level of single fields, the imposed s-operation on .¢/ (DM has the form

[T =4'),  [¢'(=)] =)

Finally, we point out the maybe the most important feature of .¢/(DM) constituted by the
canonical anticommutation relations (CAR). On the level of B(f'), we have imposed

{B(f),B(g)}=B(f)B(g)+B(8)B(f)=iS°(,¢)
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which for the single Dirac fields implies that

{4(6), ¢'(g)} =iS(fr21)

and that all other anticommutators vanish. We recall that, by lemma I1.3.2.4, these CAR are
equivalent to ‘equal-time’ CAR on a Cauchy surface. In this respect, we also mention that lemma
[1.3.2.2 has the following easy consequence.

Lemma 111.3.1.2  The BorchersUblmann algebra .of (DM) of the free Dirac field fulfils the time-slice
axiom. Namely, let X be a Cauchy surface of (M, g) and let O be an arbitrary (globally hyperbolic)
neighbourhood of X Then .o/ (D O)=</ (DM).

The double spinor formulation has two main advantages, one of which is maybe already
obvious from the definition of .o/ (DM). Namely, we are interested in an algebra generated
by arbitrary (tensor) products of spinor and cospinor fields, mixed ones in particular. The
double spinor formulation clearly provides the most simple mean to formulate such requirement.
Related to this is the fact that the double spinor formulation has enabled us to state the classical
algebra of Dirac fields in section I1.3.3 in terms of antisymmetric tensor products and therefore
no explicit introduction of Grassmann numbers has been necessary, although this concept is
somehow still implicit. To unravel the second advantage of the double spinor formulation, we
remark that, on account of lemma II.3.2.3, one can define an inner product on the quotient

space 2(D®M)[(D®D(D®M)) = D(D®M) [ker§® via
2(f,8)=5%(x/g)-

Particularly, we can complete Z(D®M) to a Hilbert space 4 and extend .o/ (DM) to an an-
tisymmetric tensor algebra § over €. As is well-known, this turns out to be a C*-algebra
[Ar70, Ar70, BrRo96v2, San08], as the fields B(f) can be understood as bounded operators act-
ing on the antisymmetric Fock space §§. Note however, that this is a somewhat ‘abstract’ Fock
space, as no state has been introduced. In this sense, a selfdual™ formulation of a CAR algebra,
introduced in [Ar70, Ar70] and manifesting itself in .o/ (DM) here, makes the C*-structure of
such algebra easier accessible. Notwithstanding, we stress that we shall not have recourse to these
facts in the following. Particularly, we shall not employ the Hilbert space topology induced by
(®, but only the locally convex topology explicitly mentioned in the above definition.

The Borchers-Uhlmann algebra .o/(DM) contains many elements we would not regard as
physically observable, but we can single out the observable elements in the same way as we have
done it on the level of classical fields.

~

Definition 11.3.1.3 Let € be an arbitrary frame of D®M, let Ag(A) denote the frame-dependent

action of an element Ain Spiny(3,1) introduced in section I1.3.3, and let us denote the map induced on
the quotient space .<f (DM) using the same symbol. If M is not simply connected and € therefore not a

This term has been coined in [Ar70] and in our case refers to the fact that x leaves 2(D®M) invariant, whereas
it does not leave the single spinor section spaces invariant.
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global frame, we interpret € as a collection of arbitrary frames supported in local patches covering M. With
this setup, we denote by .o/ *(DM) the algebra of observables of the quantized Dirac field defined
as

AM(DM)={f €./ (DM)| Ag(A)f = f VAE Sping(3,1)} .

We remark that .o/°*(DM) contains elements generated by products of an even number of Dirac
fields in particular. This is markedly important in physical terms, because general elements of
&/ (DM) anticommute at spacelike separations on account of the CAR and the causal support
properties of §. However, we would like physical observables to commute in such case. This
requirement is fulfilled by all elements in the even subalgebra of .of (DM), as the following
result shows.

Lemma 11.3.1.4 Let A,, 1 € {1,2} be two elements of </ (DM ) which arise as finite linear combina-
tions of an even numbers of generators B(f) as

A= Z B(]iziJ)"’B(fni,zk,,)

such that
U supp f, 1,]. and U supp f; 2’].
n.J n,j
are spacelike separated. Then
[A;,4,]=0.

Proof. Let us start by noticing the following simple relation between the commutator and anti-
commutator of four algebra elements A, B,C and D.

[AB,CD]=A{B,C}D —AC{B,D} — C{A,D}B + {A,C}DB. (IIL.74)

Then, since only products of an even number of fields appear in A;, the properties of the
commutator allow to reduce [A,,A,] to a linear combination of commutators, all of the form

(I11.74) with AB and CD of the form B(flj )B(flj ) and B(fzj )B(fzj ), respectively. The thesis
7, 7,75 7, 7,75
therefore follows by the required support properties and the CAR. O

In the following, we shall work with .&/(DM) for simplicity and just keep in mind how observ-
able elements in .¢/ (DM and its possible extensions can be singled out.

Let us now discuss states on ./ (DM). Some of the definitions stated in definition II1.1.1.3
make sense for arbitrary x-algebras, and, hence, .&/(DM) in particular. These are the notion
of pure and mixed states, the notion of automorphism-invariant states, and the notion of KMS
states. However, regarding gauge-invariance and quasifreeness, we have to give new definitions
suitable for .o/ (DM). We also define charge-conjugation invariance in the way formulated by
[San08].

Definition 111.3.1.5
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a) A state w on o/ (DM) is called even, if it is invariant under B(f) — —B(f), ie it has
vanishing n-point functions for all odd n.

b) An even state on .o/ (DM) is called quasifree or Gaussian if, for all even n,

n/2

(o f)= 2] Jeor (£ i fran) -

T, GS/

Here, S’ denotes the set of ordered permutations of n elements already introduced in definition
H1.1.1.3, namely, the following two conditions are satisfied for 7, € S;:

w,(2i—-1)<m,(2t) for 1<:1<n/2, w,(2i—-1) <7, (2i+1) for 1<i<n/2.

¢) Let © denote the charge conjugation maps on E(DM) and E(D*M) introduced in definition
11.3.1.2. We extend them to E(D®M) by setting

fC if;(‘ @f‘ZC
Jor a generic element [ € E(D®M), and finally define an action a. on ./ (DM) by the tensor:-

alisation of

D(DM)3 f = x(f)

in the canonical way. We say that a state «o on .<f (DM) is charge-conjugation invariant if

woas=w.

Recall that, as discussed at the end of subsection II.3.1, the causal propagator § fulfils

S(F*,g")=5(g,f)
for arbitrary f € 2(DM), g € P(D*M) which in turn entails the identity

$acfracg)=S5%(f¢)
for any f, g € 2(D®M). We thus find that o is an automorphism of .¢/ (D M) [San08] and see

that the above definition of a charge-conjugation invariant state makes sense. Moreover, note that
the property ‘even’ for states of the Dirac fields is often replaced by the stronger requirement
of ‘gauge-invariance’ formulated by asking that the state is invariant under the action which,
given an arbitrary complex number A of unit norm, maps ¢(f) to A¢(f) and ¢(g) to AT(g)
This would be equivalent to saying that the state gives zero when evaluated on the elements like
D)) or T(g)d(g,). However, the given formulation is sufficient for our purposes, and
we will see in the next subsection that the Hadamard condition will already force the expectation
values of elements like /(g,)¢(g,) to be ‘small’ as the corresponding distribution kernels turn
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out to be smooth. This leads us to single out two distributions. Namely, given a state v on

o/ (DM), we define

M=o (U)o ()2 e ($TNHE)) as)
where f € 2(DM) and g € 2(D*M). «w?* turn out to be distributions in 9'(D*M K DM)

(recall our dual notational convention of distributions, ¢f definition 1I.3.1.1) and clearly fulfil

w+(f,g)+w_(f,g)=i5(g,f).

Moreover, if w is invariant under charge conjugations, then

™ (g", )= 7(f, g). (ITL.76)

Finally, let us remark under which condition a bidistribution w, in 2'(D®M?) defines a
quasifree state o on .o/ (DM). Namely, positivity of a state co would imply ,(f,xf) >0 for
all / € 2(D®M) and one can show that this is even a sufficient condition for a bidistribution

to induce a quasifree state [BrRo96v2, p. 44]. On the level of single-spinor two-point functions,
positivity is therefore assured if and only if

o~ (ho )+ 0t (o )+ 0 (SUENGED) + 0 (4714 () = 0 (IIL.77)
for all £, f, € 2(DM).

I11.3.2 Hadamard States

We shall now discuss Hadamard states for Dirac fields. As in the scalar case, it is possible to
analyse them both from the perspective of microlocal analysis and in more explicit terms via a
local series in the geodesic distance. We start with the former point of view and therefore need
to introduce the notion of a wave front set for vector-valued distributions. We illustrate this for
the example of cw*. Being distributions in 2'(D*M K DM), we can expand w¥ in a local frame
as

w0*(x,9) = 0t 7 (x,9) EAX) ® Ey(y),

where the expansion coefficients are scalar distributions and we recall our primed index notation
of bitensorial quantities. We now define the wave front set of cw* as

WF(w®) = U U a)iAB/(x,y).

A=1p'=1

A priori, it seems possible that this definition depends on the chosen frame. However, one can
show that this is not the case, see [Den82, Kra00, SaVeOl]. Moreover, it is possible that some
‘directions’, z.e. components, of co® are more singular than others, and with the above definition
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of the wave front set we clearly loose such information. However, there is a meaningful way to
retain this information by using the so-called polarised wave front sets introduced in [Den82].
We shall not go into details here, but we remark the following: in the treatment of Hadamard
states for the scalar field, we have frequently mentioned the propagation of singularities theorem
for scalar distributions which are solutions of a partial differential equation. If we have a
vector-valued distribution solving a non-diagonal partial differential equation (this is the case
at hand with w?* solving the Dirac equations), then one can expect that the singularities of
various components in general get mixed up in the propagation. However, as proven in [Den82],
the polarised wave front set propagates meaningfully, and this has been successfully applied in
[Kra00, Hol99] to compute the polarised wave front set of Hadamard states. Hence, whenever
one makes statements on the wave front set of a vector-valued distribution by means of the
propagation of singularities theorem, it is understood that one computes the propagation of the
polarised wave front set and then projects down to the usual wave front set. Apart from this,
it seems that the polarised wave front set has not found many applications in (mathematical)
physics yet, although one may suspect that vector-valued distributions that seem to not allow for
pointwise multiplication by means of the wave front set criterion, may very well be multiplied by
their polarised wave front set properties, as certain singularities ‘cancel’ in this way, see [Kra00]
for an example of this phenomenon.

In Minkowski spacetime, a)gjﬂ(x,y) are obtained by applying suitable derivatives to the two-
point function a)lzw(x,y) of the Klein-Gordon field (see, eg. [Sch95)), ze.

_ x M — _ x M
ohe)=Dil(nx),  wp(ry)=—Dlwl ().

Note that the reversed order of arguments in the first equation is due to our ‘reversed’ definition
of wt in (IIL75). Knowing the wave front set of wgﬂ and recalling that derivatives do not
increase the wavefront set, we thus find that e (x,y) has the canonical ‘positive energy’ wave
front set of scalar Hadamard distributions, whereas oy, (x,) has the “flipped’ negative energy
wave front set. It therefore seems meaningful to require the same condition for states of the
Dirac field in order to assure that a sensible definition of normal ordering is also possible in
this case.

Definition N1.3.2.1 Let w be a state on o/ (DM). We say that o fulfils the Hadamard condition
and is therefore a Hadamard state if its two-point function co, fulfils

WF(ew,)={(x,7,k,,—k,) € T"M*\ {0} | (x,k,) ~ (1, k,), k, >0} .

Here, (x,k.) ~ (y, /ey) implies that there exists a null geodesic ¢ connecting x to vy such that k. is coparallel
and cotangent to ¢ at x and /ey is the parallel transport of k_ from x to y along c. Finally, k>0 means
that the covector k. is_future-directed.

We have stated the definition on the level of double spinor distributions. However, the next
result shows that this is equivalent to a statement in terms of distributions on Z(DM) and

P(DM).
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Lemma 111.3.2.2 A state o on .o/ (DM) fulfils the Hadamard condition if and only if
WE(w®)={(x,7,k.,—k,) € T"M*\ {0} | (x,k,) ~ (. k,), k. £0}

and
o(PH)H), (' (H)d'(e)

are distributions with smooth kernel.

Proof: Let us recall that, for a double test section of the form f = f, @ f,, we have set

B(f)=¢'(f)® ¢(f)-

Starting from this, one computes

wy(f>8) = w(B(f)B(g) = (f1>8) + @ (8 ) + @ ($(H) (&) + @ <¢T(f1)gw(g1)> .

The ‘if’ direction of the thesis follows directly from this expression. To see that the remaining
one is valid, we remark that the Hadamard property of ¢ implies

WE(w*) C{(x,p. k., —k,) € T"M*\ {0} | (x,k,) ~ (3, k,), k, 30} .

To see equality of the two sets, one employs a standard argument. Namely, one recalls w™*(f, g)+
w (f,g) = 1i85(f,g). The wave front set of S(f,g) can be computed by the methods of
[Rad96a, SaVe0l1] (recall that S is given as a Dirac derivative applied to the causal propagator
of P = D*D). One finds that WF(S) = WF(A), with A the causal propagator of the Klein-
Gordon field. Particularly, WF(S) contains all elements of the form (x,k,) ~ (y,%,) with both

k>0 and k_<0. From this it clearly follows that co* must have the asserted maximal wave front
set in order to be compatible with the CAR. It remains to be shown that the wave front sets of

the distributions given by (¢ (£)¢(g,)) and w(J(f,)¢ (g,)) are empty. We show this for the

&(fy, &) = w(¢(f2)¢(gz)) )

the remaining one follows analogously. To this end, we note that the CAR implicate

5(/@) g)= _‘3(82:]{2)

and use a second standard argument, see for instance [Rad96a, SaVe0l]. Namely, let us assume
that (x,k,) ~ (7,k,) with k, >0 is contained in the wave front set of &(x,y). Then, the above
equation entails that (x,&,) ~ (y,k,) with k<0 must be contained in the same set. However,
the Hadamard property of c implies that

WE(&) C{(x,7,k,,—k,) € T"M*\ {0} | (x,k,) ~ (3,k,), b, >0}

and we reach a contradiction. The wave front set of ¢ must therefore be empty. O
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We see that in general, one has to restrict the wave front set of both ot and w™ to assure the
Hadamard property of . However, as already remarked in [Hol99], (IIL.76) implies that for
charge-conjugation invariant states, it is sufficient to restrict only the wave front set of either co™
or w-.

Let us now turn to the more explicit expression of Hadamard states. Based on the aforemen-
tioned relation between the vacuum two-point functions of the Dirac and Klein-Gordon field in
Minkowski spacetime, a generalisation of the (global) Hadamard form introduced in [KaWa91]
to the case of Dirac fields has been given in [K6h95, Ver96]. In contrast to the scalar case, there
does not seem to be a local-to-global proof like the one in [Rad96b]. However, we expect that a
similar proof can be given in the case of Dirac fields and shall be content with providing only
the local definition of the Hadamard form. We refer the reader to [K6h95, Ver96, SaVe01] for
the full global definition.

Definition 111.3.2.3  Let co™ be the two-point functions of a state co on .o/ (DM) defined as in (111.75),
let t be a time function on (M, g), let

0.(x,9) = 0 (x,9) +2ie(t(x) = t(y)) + &7,

and let A be an arbitrary length scale. We say that c is of local Hadamard form if, for every x, € M
there exists a geodesically convex neighbourhood O of x such that «w*(x,y) on O X O are of the form

o, 1 U(xy) 04(x,7)
+ _ _ D* F¢e
wr(x,y)= I:Iélzlzgﬂ_sz <—0;E(x,y) + V(x,y)log <—/12 + Wi(x,y)

1
=lim+—D’ (H*(x,y)+ W(x,y)) .

*
o 8%

Here, the Hadamard coefficients U, V, and W are smooth bispinors, where V' is given by a series
expansion in O as

with smooth bispinorial coefficients V. We furthermore require H= to be parametrices, namely, bisolutions
of the spinorial Klein-Gordon equations up to smooth terms, i.e.

‘BxHi(x,y) eED'MRDM), ‘:ByHi(x,y) eED'MRDM) (II1.78)
and demand that their difference is specified by the causal propagator of B, viz.
H™(f,g)—H (f,g)=1(g,(&~ = &")f),
Jor arbitrary | € D(DM) and g € D(D*M).

It will be clear from what follows that, as in the scalar case, U and V, are completely determined
by local curvature terms and the mass 7 (recall that there is no choice of coupling to curvature
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in the Dirac case). It therefore turns out that the bispinor W encodes the complete state
dependence of w®. Note that (II1.76) enforces a kind of ‘symmetry’ of W in the case of
a charge-conjugation invariant state. As H* are the ‘same’ for all Hadamard states and in
particular the charge-conjugation invariant ones, we expect that (IIL.76) forces W to share the
(potential) symmetries of U and V, though we have not analysed this question in detail.

One may wonder why we have required the difference of H* and H~ to be given by the
causal propagator of 3. In fact, this is not guaranteed by the CAR, as this only implies the said
statement up to (distributional) bispinors in the kernel of Dy* (recall that S(y,x) is equal to D;‘
applied to the mentioned causal propagator by theorem I1.3.1.4). Similarly, we have demanded
H#? to be bisolutions which is in contrast to the scalar case where this follows automatically.
The reason for this is that the definitions (II1.75) of w*(x,y) entail

D:a)i(x,y) = Dycoi(x,y) =0

and, hence,

D.D; (H*(x,7)+ W*(x,y)))=0
D,D; (H*(x,y)+ W*(x,9)) =B, (H*(x,7)+ W*(x,»)) -

These data imply that both D;D;Hi and ‘,]3yHjE are smooth by the smoothness of W*, but

nothing guarantees us that 5, H* is smooth (the result of [SaVeOl, lem. 5.4], which solves a
similar problem in the case of Majorana spinor fields, unfortunately does not hold in our more
general case of Dirac spinor fields). In Minkowski spacetime, H* would be translationally invari-
ant and the action of D; would be equivalent to the one of D_, thus assuring the smoothness of

B H*. In general curved spacetimes, one can expect that this is true up to smooth terms and we
shall soon provide a result which confirms this expectation. In fact, this result will be important
in the computation of the Hadamard coefficients V,. However, as it requires the equivalence
of the Hadamard condition and the Hadamard form for the present case of Dirac fields, we
shall now state this result, obtained in the works [K6h95, Kra00, Hol00, SaVe01, San09b]. Let us
remark that these results hold in arbitrary spacetime dimensions, barring the necessary modifi-
cation of the Hadamard form, see for instance [Hol00].

Theorem 111.3.2.4 A state o on ./ (DM) fulfils the Hadamard condition if and only if it is of global
Hadamard form.

We remark that the equivalence of the Hadamard condition and the Hadamard form is also
known to hold in the case of non-quasifree states [San08, San09b]. However, certain technical
results are up to now only available in the restricted case of quasifree states [DaHo06].

Having assured the above equivalence, we now focus on the mentioned behaviour of H*(x,y)
with respect to moving Dirac derivatives from x to y and vice versa by proving that (Dx—Dy*)H +

is smooth. We stress that this does not follow by the required property of H* to be bisolutions
of B as the latter demand a priori only assures the smoothness of (D, —D;‘)Hi up to a (possibly

singular) element in the kernel of D?. To achieve the wanted smoothness, we recall that a causal
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domain 1s a subset of a geodesically convex set which 1s in addition globally hyperbolic, see
section I.1 and [Fri75]. The restriction to the possibly very small sets in the following result
is not a disadvantage, as we will ultimately only need it to compute coinciding point limits of
certain quantities.

Proposition 111.3.2.5 Let O be a causal domain in (M, g) which has the topology of R* (this is
permitted as causal domains form the base of the topology of M [Fri75]), and let 2. be an arbitrary Cauchy
surface of the spacetime (O, g| ). There exists a neighbourhood Oy., such that, for every geodesically convex
set N in Oy and every x,y € N, the Hadamard parametrices H*(x,y) introduced in definition 111.3.2.3
Sulfil

<Dx _ D;) H%(x,y)= (D, - D;) H%(x,y) € §(D'M ®DM).

Proof. The idea of the proof is to deform the spacetime (0, g[,) in such a way that it can be
related to Minkowski spacetime. There we know that the wanted identities hold strictly, and a
propagation argument then shows that they hold up to smooth terms in 0.

To this avail, we use [FNW8I, prop. C.1.]. This proposition entails that there is a globally
hyperbolic spacetime (M’, g") with two Cauchy surfaces X, and X, and related neighbourhoods
O, and 0, such that the following holds: O, lies to the future of 0,, X is isometric to 2" and
there is a neighbourhood Oy. of X such that (0, g’) is isometric to (O, g). Moreover, (0, g’)
is isometric to a subset of a neighbourhood (0, 7) of a Cauchy surface X}, in Minkowski
spacetime (M, 7) and X, is isometric to the intersection of a Minkowskian Cauchy surface with
Oy;. Here, our requirement that 0 has the topology of Minkowski spacetime is crucial, as the
deformation can only affect the metric, but not the topology of a spacetime.

Let us now consider a geodesically convex subset N of Oy.. We can push-forward H* from
N to an isometrically related subset of 0. We construct .o/ (M’) on (M’, g’) and consider a
Hadamard state on .o/ (M"). Existence of such states follows by the very results of [FNW81] in
combination with the propagation of the Hadamard form obtained for vector-valued fields in
[SaVe01], but we can also take the pragmatic point of view that we start the proof by assuming
that F* stem from a Hadamard state on .o/ (M), the state on .o/ (M’) is then obtained by a push-
forward and the time-slice axiom (¢f lemma II1.3.1.2). Particularly, we obtain bidistributions H*
which are of Hadamard form in any geodesically convex set of (M’, g’) and coincide with the

push-forwards of H* on a suitable subset of ;. On 0,, H* locally coincide with the Hadamard
forms on Minkowski spacetime, and are therefore translationally invariant.
We now define

wH(0) = (Do = D)) H¥(6,0) = (D, = D)) HE(xy), #4(00) = (D, = D;) H¥(x.9).

#® can be pushed forward from N to 0, where they coincide with #*. Moreover, we know that
#%* =0 on 0,. Realising that #* fulfil BB, #% on the full spacetime (M’, g’), we can apply
the theorem of propagation of singularities [Den82] to find that, as WF(#%) =0 on 0, the
wave front set of %#* and, hence, ¥ on N can only contain elements of the form

(x,7,k,,0) or (x,,0,k), (I11.79)
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as these would not propagate to 0,. Following an argument presented in the proof of [SaVe0l,
thm 5.8.], we can infer that W F(#%) =0 in the following way: by the very definition of #*, we
have W F(u*) C WF(H?*). We now need a stronger result than theorem I11.3.2.4. Namely, the
latter theorem assures that o™ and, hence, D;H * have the wave front sets as found in lemma

I11.3.2.2. However, by [San09b, prop. 4.11], we even have that H* have the same wave front sets
as c*, which is a priori not clear as derivatives can in principle shrink the wave front set of a
distribution. If we now consider the mentioned ‘antisymmetric’ wavefront set of H*, it follows
that W F(#%) can not even contain elements of the form (II1.79) and are thus empty. U

With the above proposition at hand, we possess all tools necessary to compute the Hadamard
coefficients U and V. For the convenience of the reader, we recall all partial differential
operators that are by now known to give a smooth bispinor once applied to H*.

P.=DD,, P,=DD,, D,-D =D -D; (IIL.80)

From our presentation of the computation of the Hadamard coefficients # and v, of the
Klein-Gordon field, it is in principle clear how to proceed to obtain recursive differential equa-
tions for U and V. Namely, we apply one of the above differential operators to the explicit
form of H* given in definition II1.3.2.3, we group the found terms by the appearing powers of
the half squared geodesic distance o, and we require that the coefficients of the inverse powers
of o and of logo vanish by our knowledge of the smoothness of the total outcome. However,
it is important to stress that this procedure requires two explicit choices. On the one hand, it
is by no means clear that the differential equations for U and V, we obtain in this way are
independent of the operator chosen from the ones in (II1.80). On the other hand, setting the
coefficients of the superficially divergent inverse powers ¢ to zero is also only sufficient, but not
necessary, as ‘hidden’ o-dependencies of U and V, could in principle lead to cancellations of
terms which are a priori of different order in ¢. The latter remark does, however, not extend
to the terms proportional to logo. As U and V, are required to be smooth, they can not
contain implicit logarithmic dependencies on ¢, and any term proportional to logo obtained
after application of one of the operators listed in (I11.80) must necessarily have a vanishing coef-
ficient. These considerations immediately lead to the following partial differential equations for

v=> Vo"
PV=P,V=(D,-D))V=(D,-D)V =0. (IT1.81)

The first two equations have direct analogues in the scalar case, whereas the latter corresponds
to (d, + ay)v =0 in the such case, which in turn corresponds to the symmetry of v, proven in
[Mor00, Mor99] (and the fact that v, depends on x and y via ‘x —y’). There is no symmetry
proof available for the Diracian Hadamard coefficients to date, and, although we suspect that
a proof can be given with the methods of [Mor00, Mor99], we have not attempted to do this.
Hence, our proposition (II1.3.2.5) and the latter of the above differential equations for V,
which results from this proposition, will serve as a ‘replacement’ for the lacking knowledge of
the symmetry of V' on computational grounds. To continue the discussion of the Hadamard
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recursion relations, we have to make the anticipated choice of differential operator. In order
to be in close analogy to the scalar case, we choose B3 for convenience. We therefore find the
following differential equations by asking that the coefficients of o= and o~! respectively in

B, H vanish identically.
2U,,0 *+(0,0 —4)U =0, (I11.82)
B,U+2V,,0"+(0,0-2)V,=0. (I11.83)

Let us stress once more that the above equations are ordinary differential equations with respect
to the affine parameter along the unique geodesic connecting x and y. To obtain similar
differential equations for V , with 7 > 1, one starts from the 3V = 0 equation in (IIL.81),
inserts the series expansion of V, and demands that 8.V = 0 holds at each (now positive) order
in o separately. One therefore finds

B, Vo+2V, ,0"+(0O,0)V,=0, (I11.84)
BV, +2(n+ 1)V, 0+ (n+1)0,0+2n(n+1)V,,, =0 Yn>1. (I8

. n
5

[t seems that the found Hadamard recursion relations have the same form as in the scalar case.
Particularly, we find differential equations for V, which are of ordinary type once lower orders
are known and we realise that the identity (D, — D;)V is in principle not strictly necessary
to determine V), uniquely. Let us consider how the found Hadamard recursion relations in
the Dirac spinor case can be solved. We start with (II1.82) and point out that it has a unique
solution once an initial condition is given. In the Minkowskian case, ‘8 = PI, with P denoting
the Klein-Gordon operator, and H* are therefore just given by the scalar parametrices A, times
the identity matrix I,. A sensible initial condition for U in terms of the Synge bracket notation
of coinciding point limits is, hence,

and a sensible ansatz for U is

U=ut,

with # the scalar Hadamard coefficient constituted by the square root of the Van Vleck-Morette
determinant and a suitable bispinor .#. Inserting this ansatz and the known differential equation
(IT11.57) of # into (II1.82), one finds

[4]=1, J’WU;“:O.

These ordinary differential equations determine .# to be the spinor parallel transport along the
unique geodesic connecting x and y. Namely, given a spinor F = FA4(x)E,(y) at x, its parallel
transport along the mentioned geodesic from x to y has the components

FP(y)=F(x).9," (x,9),
where ¢, B are the components of .# in a the local spin frame E,, namely,

I(x,y) =5, (x,9) EX(x)® Eg(y).
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Therefore, .#(x,y) can be understood as a ‘generalised trace’ and it appears naturally in the
construction of elements in .e/°*(DM). One could now hope that the remaining coefficients
V., are also proportional to the scalar ones v, by means of .#. However, as is well-known (see for
instance [Ful89, Hol00]), this is not the case as terms proportional to the spin curvature tensor
R, enter the arena via the derivatives of .# present in ‘B _U. In fact, following the inductive
procedure outlined in subsection III.1.2, one can compute

We also remark the following relation between the (coordinate basis) y-matrices and .#. Namely,

recalling the vector parallel transport g/’ introduced in subsection II1.1.2, the fact that the section
. . . : v

y 1s covariantly constant is equivalent to

Y=gl sy s,

where we have suppressed spinor indices.
Returning to the solution of the Hadamard recursion relations, we find in analogy to the
scalar case

1 1
[Vo]:_i[me]s [VnH]:_2(n+1)(n+2)[mxv”] Vn>0.

These initial conditions are, depending on ones interest, either the starting point for the de-
termination of coinciding point limits of derivatives, or the initial conditions to integrate the
ordinary differential equations (II1.83)-(II1.85). We remark that the Hadamard coefficients are
are essentially equal to the DeWitt-Schwinger coefficients, as in the scalar case. The latter have
been computed for Dirac fields in [Chr78], but unfortunately not to the order necessary for
our purposes. We therefore had to obtain these results ourselves. Namely, we shall be interested
in computing the (normal-ordered) stress-energy tensor of the Dirac field. To assure that it is
covariantly conserved - a requirement one has to impose if one wants to take the expectation
value of such tensor as a source term in the Einstein equation - one has to compute [Vl;#], as we
shall see in the next chapter. In the scalar case, one knows that v, 1s symmetric [Mor99, Mor00]
and, hence, [vlw] = %[7}1];# holds (see subsection III.1.2). As already mentioned, such symmetry
is not known to hold in the Dirac case and [V} ] therefore needs to be computed explicitly.
We warn the reader that this task is not as harmless as it may seem. To perform the wanted
calculation, one has to compute terms such as

1
[O_;aﬁ}/8¢sﬂ] = _gRaﬂjfé\;(ﬁE/l + 779 terms.

The following results are thus the outcome of several months of computer-aided work (see the

footnote on page 116). Before we state them, we need an additional small lemma which turns
out to simplify computations considerably.
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B(x,y)
0" (x,y)

Lemma 111.3.2.6  Given a smooth bitensor B(x,y) which is such that

holds
[B } _ [O"B]
o"] (O]
Proof: Since B and B/o” are smooth, their coinciding point limits depend neither on y nor

on the path along which one approaches x. Thus, we can apply de I’Hospital’s rule to our
smooth bitensors restricted to arbitrary smooth curves, in particular coordinate curves, thereby

s a smooth bitensor, it

expressing coinciding point limits of fractions via such limits of fractions of covariant derivatives

with respect to v, eg,
O'n (O'n);lu/ )

As the coinciding point limit of ¢ and its first covariant derivative vanish, the coinciding
point limit of the k-th covariant derivative of ¢” vanishes for all 0 < & < 27 — 1. Due to
the smoothness of B/o” and de I'Hospital’s rule, the same must hold for the k-th covariant
derivative of B as well. Consequently, a multiple application of de ’'Hospital’s rule yields

b

[ﬁ}z By, | Ban]  [Bui)

(Un);p;u-p;n - [(0”);#/,..#/ ] - [(an);m-~-/t2n]

1 2n

where the third equality holds due to Synge’s rule and the vanishing of lower order derivatives
of both B and ¢” in the coinciding point limit. Since the above equalities do not depend on
the choice of -+ u,,,, it holds (even for the vanishing components)

B

I:Biﬂl"';“zn] = [;] I:(O-n)Wf“/UZn:I

and appropriate contractions with the metric yield

B
[O°B] = [—} [O"(e™)],

o

which closes the proof. [[0"(0”)] can be expressed solely in terms of traces of the metric
and is non-vanishing in particular, further applications of the de I'Hospital rule are thus not
necessary. [

We can now finally state our main result in this subsection.

Theorem 111.3.2.7 Denoting by H either H™ or H™, the following identities hold.

o) (B H]=6[Vi], [(¥.H), =8V, ],  [(B.H),1==8[V,,]+6[Vi],,
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)

¢

4)

Proof.

b)

[B,H] = 6[Vi],  [(F,H),] =8[V,,] - 2[Vi],.,  [(B,H),] = -8[V,,]+
8[V,],..
T+ [D/D/H] = ~Tr [B,H], T [(D.DH),] = ~Tr [(B.H),] +[V.]

Ir (DD H), )] ==Tr [(BH),/ ] - [Vi]

U
s

Tr [(myH _PxH) ,u/]}//u}/v =2Tr [Vl];v :

a) We shall employ (II1.82)-(I11.84). These data entail
PH=2Vy,0¢+V(O,0+2)+0(0), (I11.86)

and thus, taking the coinciding point limit and remembering those of ¢ computed in
subsection IIL.1.2, ['B, H]| = 6[V,]. Similarly, one gets, deriving (IIL.86) once and per-
forming the limit, [(B,H),,] = 8[V, ,]. By means of Synge’s rule, we finally have

[(B.H),/]=-8[Vy, ] +6[Vi],.

We would like to compute ‘ByH directly, but without any knowledge on the symmetries
of the Diracian Hadamard coefficients, we have to verify the transport equations for 3,
which otherwise would follow automatically from those for 3. as it happens in the scalar
case for the scalar Hadamard coefficients # and v [Mor99, Mor00]. To wit,

2U 0 +UO,0 —4)=Y <2u;#/a;*‘ + (0,0 —4)> =0,

where the first equality holds since the derivative of .# vanishes along the geodesic con-
necting x and y and the second one holds since #(x,y) = #(y,x)" and # is thus subject
to transport equations for both B, and *P,. Since P, H is smooth by our definition of
H, we now know that

— Yo U +2VOW/0;M/ +Vo(0,0 - 2)
=—=

o o

must be smooth as well. Alas, it does not factorise into a term only involving the scalar
coefficients # and v times . and, up to now, we are unaware of a way to prove that it is
identically vanishing. But we can try to compute whether it vanishes up to the derivative
order we need for our purposes. To this end, it helps to split V' into v.# + V, where V is
the non-trivial matrix part of V' stemming from the spin curvature. In this way one can
separate from Y, a term which vanishes due to the transport equation for v and has to
cope with the remainder only. Involved calculations yield

[Yi]= [Y1;,u] =[0OY,]= [(DY});#] =0,

1®The symmetry of # does not have to be proved in the same long way as that of ¥ (see [Mor99, Mor00]), but it

follows automatically by its explicit form #(x,y) = \/det(o;w/(x,y))\/|g(x)|_1 \/|g(y)|_1.
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and thus, employing lemma I11.3.2.6, [Z,] = [le] = 0. Consequently,
PB,H= ZV;E/U_@/ + V(3,0 +2) + terms vanishing in the limit

and

(B, H),, =2V, /0.@/ + V,,,(0,0 +2) + terms vanishing in the limit.

One can now straightforwardly obtain [P, H] =6[V,], [(B,H), ] =8[V, ] -2[V/],
and (B, H),,] = 8[V,,,] - $[V.],,

Let us define
Z,=(D, —D;‘)H = (Dy —D;)H.

By direct inspection,

D.D!H=—P.H~D.Z,.

We know that Z, is smooth by proposition II.3.2.5 but, alas, neither this quantity, nor
D Z, turn out to be vanishing. Luckily enough, we can still extract some useful results at
the level of traced coinciding point limits, at an order of derivatives high enough for our
purposes. One computes

UD,-D*o (D,—DU-V(D,—D"o
Z,=— ; AN ? 4 +log(o)(D, — D;)V
o o

U(D. - D)o (I11.87)

. y Y2 *
=2 4 2y log(o)(D, — D)V
o o Y

As already discussed, the last term vanishes identically and so does the first term on
account of

U(D, —D;‘)a =-u(Iyto, , +y" Io )=—u(Iy o, +ﬂy”g5 o,)=0.

This leaves us with Z, =Y, /0. Involved computations, employing (D, —Dy*)V =P V=
0 to exchange higher derivative terms with terms of lower derivative order in the appearing
commutators with y-matrices, yield

[V,]=[Y,,]=[0OY,]=0, [@Y,),]=6[[Vi].y,].

After a few rearrangements and out of lemma II1.3.2.6, one gets

[Z]=0, [Z,]=[[Vil.7.] -

Hence, [ZZ;,u] is traceless due to the antisymmetry of the commutator. By means of
lemma 1.2.2.9, one can show that 77 [V, ]y, y, = Tr [V}]g,, which entails that even D’Z,
is traceless and thus

T [D.D;H] = ~Tr [P, H].
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In order to compute 7r [(D;D;H)W] and Tr [(D;D;H)W/], let us consider that D;Z2 =

D;Z2 +P . H - ‘ByH . Employing this as well as the previous results and other tricks we
have discussed in this proof, one obtains the following chain of identities

Ir [(D;ZZ),/A] =Tr }/V[ZZ;V/,{] =—TIr }/V[ZZ;\//J] + Ir }/V[ZZ;/.I]V

=Tr (D] 2,),, 1 =T [(D;Z,),,] = Tr [(B,H - B .H),,]
) (IT1.88)
=T [(B,H-$.H), =T [Vi],

=-—Tr [(D;Zz)w/] .
We can finally use this last calculation to obtain

I [(D:D:H),] = ~Tr [(BH), 4 [Vil,, T [(D:D:H),] = ~Tr [(B.H),]-[Vi],.-

d) Inserting the previous results, we have [(‘ByH—‘BxH),V/] =2[V,].,. As already discussed,
due to y-matrix identities, tracing [V,] with two y-matrices amounts to a multiplication
with the metric. Since the operations of trace and covariant derivation commute, we have

Ir [Vi],y"y,=Tr [V],, and thus

Tr [(myH - SBXH);V/]}/V'}/H - z[vl];lu .

We conclude the subsection by stating the coinciding point limit of V,, viz.

m* m2R R? OR Ra Ra,@ Ra Ra/)’y& ma %aﬁ
< S L+ (lL8Y)

t—t—t—
8§ = 48 1152 480 720 720

[V1] =

III.3.3 The Enlarged Algebra of Observables

In the previous subsection, we have seen that Hadamard states are a sensible and possible concept
also in the case of Dirac fields. Let us recall that the necessity of Hadamard states arised out
of the question whether and how it is possible to define normal ordering in curved spacetimes.
Particularly, we had to assure that we are dealing with distributions whose spectral properties
allow for pointwise multiplication, a situation which necessarily arises out of Wick’s theorem
when dealing with an algebra of Wick polynomials. We shall now proceed to generalise the con-
struction of the scalar Wick polynomial algebra provided in [BFK95, BrFr00, HoWa01, Mor03,
HoWa05] to the case of Dirac fields, and we stress that the result is expected, but new. As in the
scalar case, the power of the following construction will be the ability to encode Wick’s theorem
already on the algebraic level, without having recourse to a state or any related representation in
terms of creation and annihilation operators.

Again, we start by promoting the antisymmetric algebra (6 (DM), -,) introduced in sub-
section I1.3.3 to a proper CAR algebra by exchanging - with a suitable product encoding the
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CAR. To this end, we need a contraction operator like the one in (IIL.61), but suitable for our
case of vector-valued, anticommuting fields. Hence, let us recall our notation &€ for frames
of D®M, let ¢, denote the dual frame of &9 and let us consider an arbitrary bidistribution
B € 9'(D®M?), whose kernel can be decomposed as

B(x;,x,) = BI1%(x,y) €o (%) ® Eg (x,).

Let now 7 > 2. Given an arbitrary test section £} € 2(D®M™), we define the contraction operator
Sy : D(D®M™) — D(D®M™?) related to B on the level of frame coefficients as

—i 66’
(65 6,0, (X1 +%,_5) ZZ d,y,d,y, (=17 B9 (y,,,) x (IL.90)
=1 j= z+1
x ("> (Xpy e 3V Xy 5 X %)
0,60,,,0;_,0/+0,_, VX X1V Xy 0)-

For n < 2, and f® € 9(D®M"), we set By ") = 0. Given two elements f = @, — (),
g= @m%g(”’) € 6 (DM), we define a star product ¢ on 6 (DM) by setting

1 n) . i (n)
—(fx5)" =2 [ (fog)| ", (91)

where $® is the ‘double causal propagator’ introduced in definition II1.3.1.1, s is the total
ant1symmetrlsat10n projector, and [e2%®(f ® g)]") means taking the Z(D®M")-component of

e3%°(f ® g). In analogy to the scalar case, only mutual contractions between f and g appear

by the antisymmetry of elements in 6 (DM). Let us see how the introduced product is an
extension of - which encodes the CAR. Considering the case of f, g € Z(D®M) C €(DM).
We find

1 i
Ef*sg=f-ag®55@(f,g)

and, hence,

S 258+ g )= IS 8).

Furthermore, the star product * is compatible with the dynamic nature of elements in 6 (DM)
that we have implemented by taking an appropriate quotient in definition 11.3.3.1, as S§® is per
construction the causal propagator of the double Dirac operator D®. Clearly, we have tailored

(6(DM), xg) in such a way that the map T : .o/ (DM) — (6 (DM), ) defined as
1
()| ~ — (n)
T [@f ] =D f
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is an algebra homomorphism. To see that .o/ (DM) and (6 (DM),*) are isomorphic, one re-
alises that the non-antisymmetric parts of elements in ./ (DM) can be implemented in 6 (DM)
by storing their evaluation with (the symmetric) §® in numerical coefficients of antisymmetric
test sections, in close analogy to the scalar case (¢f subsection II1.1.3).

We now extend (6 (DM), ) and interpret the result as an extension of ./ (DM) in view
of the above discussed relation of these two algebras. To this avail, we first extend the off-shell
space 6,(DM) (see definition I1.3.3.1) and include the dynamics in a second step. Therefore,
let us recall that Wick monomials correspond essentially to objects derived from &-distributions

and define the distribution space &7,(D®M") C &'(D®M") as

&, (D°M")={ ue&'(DM") | WEw) cTM"\ | | J(VH)'ulJ (V)" |},

xeM xeM

where in denote the closed future and past lightcones in the fibre of the cotangent bundle at
a point x in M. Moreover, we denote the subspace of 6”‘//(D@M ") constituted by antisymmetric
elements as é”‘/f(DeaM”). We will soon give a detailed account on how objects like : (fT¢) : are
contained in &7(D®M"). We now set

oo DM) =P E3(DM™), (I1192)

n=0

where it is again understood that we consider only finite sequences of distributions. As in the
scalar case [BrFr00, HoWa0l, HoRu01], we endow the above set with the Hormander pseudo
topology to have a means to control the wave front set of sequences of distributions (it is
understood that we only consider sequences in 6, (DM) with a finite maximal number of
direct sum entries). In definition III.1.3.1, we have stated this concept strictly speaking only
for scalar distributions. But with our current understanding of wave front sets of vector-valued
distributions, the extension of definition III.1.3.1 to the latter is clear and we shall not repeat it
here. Similarly, proposition I1I.1.3.2 which entails that test functions are dense in the compactly
supported distributions (with the wanted restriction on the wavefront set to a closed cone)
with respect to the Hérmander pseudo topology extends immediately to the case at hand, thus

meaning that 6,(DM) is dense in 6; . (DM).

Let us now recall that §% has the ‘symmetric’ wave front set (II1.64) of of the causal prop-
agator A of the Klein-Gordon field. By our choice of 6, (DM), the product * is therefore
not well-defined on all elements of 6, . (DM), as potential pointwise powers of §® can appear.
But these are not sensible objects due to the shape of WF(S§®) and the criterion of Hérman-
der, see theorem III.1.2.2. We therefore choose a new product built out of contractions with a
bidistribution that has an ‘antisymmetric’ wave front set. Moreover, we are again interested in
constructing locally covariant Wick polynomials. Our treatment of the scalar case in subsection
(IIL.1.3) suggests what we have to do. Namely, we should consider subtractions by means of

the local Hadamard forms to obtain locally covariant Wick ordered quantities. However, if we
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want to define an algebra by means of the local Hadamard parametrices alone, then we need to
restrict ourselves to a causal domain N in M. But, this is not a flaw, as isomorphy of algebras
constructed with distributions differing by a smooth section will also hold in this case. Hence,
if we define the extended algebra by means of a two-point function ), of a Hadamard state, a
definition on the full M is possible, and the restriction to any causal domain N is isomorphic
to any extended algebra constructed on N by means of only the local Hadamard parametrices.

With this in mind, let N be a causal domain in M. We define a bidistribution in @/(D®N2)
by setting

9(f.g) = [(D:H (g )~ [D;H 1) (1193
=H+(g1,Df2)—H_(f1,g2) (I11.94)

for arbitrary f = /i@ f,, g = g, ® g, € Z(D®N?) Based on this, we set

1 mut n
—(frg) =% [¢F ()], (11.95)

where & is defined like the contraction operator & 5 but with the difference that only mutual
contractions between f and g are allowed. It is easy to see that the new product is still encoding

the CAR. Namely, let us again consider f, g € 2(D®N) C 6, . (DN). We find

0,ext

1
Ef*Hg=f-ﬂg€Bf9(f,g)

and, hence,

%(f*Hg —gxy f)=15%f,¢)

on account of the fact that H*(f,,Dg,)—H (f;,Dg,)— = iS(g,, /;)- More generally, it follows
that (6,(DN),*y;) is a deformation of (6,(DN),*s) in the sense that, for arbitrary elements
f, g of 65(DN),

frug=e® [(e7 f)xs (e g)]
where H* = — %S‘B.

In order to show that %, is a sensible product on ;. (DN), namely, that 6, . (DN)

is closed with respect to 6, (DN), we note that [€®5"(f ® g)]™ is, on the level of frame
coefficients, given by sums of elements of the form

k
[ st s 97 7 (e 080, e 2., (199
i=1 to

Mzk

where we stress that, on account of the antisymmetry of £ and g(™), it is sufficient to consider
contractions of the first & arguments. By our knowledge of the wave front set of §) and the
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wave front sets of f(”) € é”\/f(D@N”), g(m) IS g\/j’(D@N’"), we find by theorem II1.1.2.2 that the
pointwise product appearing in (II1.96) is a well-defined distribution because the sum of the
wave front sets of Hf_lf)(xi, y;) and £ ® g™ does manifestly not contain the zero section.
In fact, based on known wave front sets of the above factors, an application of [Hor90, thm.
8.2.13] even yields that the integral of the above product is well-defined and gives an element
of £’</(D®Nm+"_2k). Moreover, it is not difficult to see that the product * is continuous
with respect to the Hérmander pseudo topology, and thus constitutes a well-defined product on

6o ex(DN), in analogy to the scalar case. The following definition is thus a sensible one.

Definition 111.3.3.1  Let 6, (DN) be defined as in (111.92) and let x; be defined as in (111.95). By
%(DN) = ((go,ext(DN) > *H)
we denote the off-shell extended algebra of observables of the quantized Dirac field.

Let us now assume that we have defined a second product *,, employing a bidistribution
$)’ which fulfils WF($ — $') = 0. This case arises in particular if we define x, by means of
changing the scale A in the logarithm appearing in ), or if we define %, utilising the two-point
function ), of a Hadamard state e on .o/ (DM). In this case, one immediately obtains that
the two algebras (6, (DN),*y) and (6, ., (DN),*;;) are isomorphic via the relation

0,ext 0,ext

frwg= e [(e"ﬁdf) *H (€_®dg):| ,
with d = H' — H. In this sense, the algebra (6, . (DN),y) is independent of the chosen $), as
long as it fulfils the correct antisymmetric wave front set condition. It is therefore not a flaw
that one has to choose a concrete realisation *;s of an allowed *-product by means of a 9’ which
fulfils the (double) Dirac equation to be able to encode dynamics in #,(DN) in a meaningful
way by taking a suitable quotient. We expect the on-shell algebra resulting in this case can be
shown to fulfil the time-slice axiom with the methods employed in [ChFr08]. Moreover, defining
the construction by means of the two-point function w, of a Hadamard state, it can directly be
extended to the full spacetime M.

Definition M1.3.3.2  Let 6, (DM) be defined as in (11L92), let c, be the twopoint function of a
Hadamard state on ./ (DM ), and let *,, be defined as in (111.95), but with §) replaced by cv,. By

W(DM) = (6 DM)[ I, %)

we denote the on-shell extended algebra of observables of the quantized Dirac field. Here, ¥ is
the ideal in (6, (DM), *,,) generated by elements of the form Us D®f for f € 6, (DM), where

D®=De@ D"
We shall now provide an example showing that the rather abstract algebra we have just

defined really contains Wick polynomials and encodes the Wick theorem, which has ultimately
been our 1nitial motivation to consider Hadamard states after all. To this end, let us consider
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the smeared Wick square : [(/T(](f):, where we take f € Z(M) and therefore assume implicitly
that the spinor indices have been contracted. Our discussion of the enlarged algebra of the
Klein-Gordon field suggests that such object corresponds to f(x)8(x,y)-#(x,y), where &(x,y)
is the usual 8-distribution on M? and .#(x,y) is the spinor parallel transport along the geodesic
connecting x and y (we implicitly assume that such geodesic exists and is unique). This test
distribution is rather symmetric, and at first glance this seems to be in contradiction with the
antisymmetry we have required for elements in #(DM). Notwithstanding, let us recall that we
have required antisymmetry on the level of double spinor coefficients. Particularly, let us define

I () i (0,0)=(4,4+B)
I ()= =2 F(xy) i (0,0)=(4+4B)

0 otherwise

Written in terms of a block matrix, this is equivalent to

o 0 (I (x,y)
ﬂ@@’(x’y): < —ﬂAB/(x,y) 0 g > :

We now propose that

~ 1
J= 5 (6)8(x.9)98, (x,9) (111.97)

is the correct representative of : [¢/T()](f): in # (DM). Let us see why this is the case. First,

]7 has the correct wave front set and antisymmetry property. Secondly, as we have the formal
identity BO(x gbA x)® ¢P(x), :B(x)B(y): can be written in matrix form as

o' ¢A ¢A(x)¢3/ y
BB 0):= < tpA(x sﬁ/ y) A ) () >

If we heuristically view : B(x)B(y): as being obtained by B(x)B(y) — ﬁ(x,y) and consider the
CAR, then this is an antisymmetric matrix. This follows, eg from : T (x)(y):= — :J(y)dT(x

and it is clear that : [¢T¢](f): can be obtained by smearing : B(x)B(y): w1th £8 (x,y). To
strengthen this, let us see how Wick’s theorem is implemented by . Name?y, the usual
approach to normal ordering with respect to the Fock representation in a (pure and quasifree)

state co would give us
A2 (CIEH A 1G]

[T P1) [7010): +: 4T () (0): (s )+ 2 () s“ ™ (3, %)+ (9, x)0”(x,7).

In contrast, for ﬁ and f; defined as in (II1.97), we find

fixu h= [fl - f21| @ ‘one contraction with §)° @ ‘two contractions with £’.
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If we now realise that the definition of $(x,y) in theorem III.3.2.4 can be rephrased in block
matrix form as

ﬁ@@/(x,:)/): < —[D*H_]AB/(X,:)/) 0

y
we easily see the analogy between *,, and Wick’s theorem.
Regarding states on #'(DM), we can proceed in close analogy to the scalar case. We first

realise that the only sensible interpretation of the evaluation of elements like ]7 € Gpeu(DM) in
a Hadamard state « is provided by integrating them with the regularised (and, hence, smooth)
two-point function : w,: = w, — . We generalise this by defining the regularised 7-point
functions of a quasifree state as

0 [D;‘H"']Bfl(y,x) >

1 forn=0,

) 0 for odd 7 and

1w, (X, 5 X)) = ;
) n/2

> (=1l [T(w, - b) <x77: @i-1p Xx (2i)> for even 7.

T GS; i=1

n

where S; denotes the set of ordered permutations introduced in definition III.3.1.5. Given an

arbitrary f = @n% (") € W(DM) and a quasifree Hadamard state v on .o/ (DM), we then
define the expectation value of f in w as

w(f) ﬁZn: <:a)n:, %f<”>> : (I11.98)

This defines a complex-valued, normalised, linear functional on #(DM) which extends the
action of the quasifree Hadamard state v on .o/ (DM) to #(DM). Recalling that 6,(DM) is
dense in 6, (DM) with respect to the Héormander pseudo topology, we find that positivity
of w on #(DM) follows from positivity on .o/ (DM) by the continuity of . In fact, the
full proof of theorem III.1 in [HoRu01] can be directly extended to the case of CAR fields, by
essentially only inserting a few signs at the correct places.

To close the discussion of the extended algebra of Dirac quantum fields, we remark that
objects like : 4Ty #¢: and :¢Tvy¢: can be easily included in #(DM) by appropriate general-
isations of the spaces &7,(D®M"), as multiplication by smooth sections and derivatives do not
increase the wave front set of a distribution (for the same reason, objects like : ¢TD¢: are already

included in #(DM)).

[II.3.4 Locality and General Covariance

By our brief review of locally covariant quantum field theory in subsection III.1.4, it should
be clear how to generalise such concept to the case of vector-valued fields like the Dirac field.
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Namely, as already pointed out in the seminal work [BFVO03], one achieves this by exchanging
the category of globally hyperbolic spacetimes Man in definition II1.1.4.1 with a more general
one including the bundle structure of the vector-valued fields under consideration. In the case of
Dirac fields, this means replacing tan by the category of spin spacetimes GJtan, see definition
[.4.2. Regarding the notion of a locally covariant quantum field as reviewed in definition 111.1.4.2,
one has to replace the test function category Test by a more general one, eg one incorporating
D(D®M) as a test section space.

In fact, these constructions have been performed to some extent in [Ver01], and in more detail
in [San08, San09b] (see also the foundational work in [Dim82]). Particularly, in [San08, San09b]
it is found that the double Dirac field B(f), and, hence, also the single ones ¢/7(f;) and ¢(f,)
are locally covariant quantum fields and that the algebra .o/(DM) can be re-casted as a locally
covariant quantum field theory. These results follow essentially by the fact that only locally
covariant concepts have been used in the construction of .&/ (DM ), namely, the bundle structure
of Dirac fields, the Dirac equation, and the causal propagator §. We recall that we have made two
choices in the construction of these objects. Namely, if M is not simply connected, multiple spin
structures exist on M [Ger68, Ger70] and we have to choose one to start with. Moreover, we have
chosen one specific representation of the Dirac algebra C/(3,1) and, hence, a representation
of the spin group Spiny(3,1) in order to define DM and the associated structures. However,
these choices do not interfere with locality and general covariance, as spin structures depend
only on the topological properties of a spacetime, and are not affected by the morphisms in
SMan, which are diffeomorphisms in particular. Regarding the representation of C/(3,1), one
can simply agree to use the same for all spin spacetimes. Nevertheless, the quantum theory of
a Dirac field on curved spacetimes is inherently non-unique, and in [San08, San09b] this non-
uniqueness has been analysed in great detail. It turns out that such non-uniqueness vanishes if
one restricts the relevant algebras to contain only observable elements, although it seems that not
all restrictions we have proposed in our definition I11.3.1.3 of ‘observable’ are necessary. In fact
it seems to be sufficient to restrict oneself to the subalgebra of ./(DM) generated by an even
number of fields B(f). We refer the reader to [San08, San09b] for the details of the mentioned
result.

Finally, let us consider how the enlarged algebra #'(DM) fits in the locally covariant frame-
work. We have not repeated the analysis in [HoWa01, HoWa05] of the renormalisation freedom
of elements in #/ (M) for the case of #'(DM), but we expect that such analysis would yield
the following result: for general elements of #(DM), one would presumably find the renor-
malisation freedom discovered in [HoWa0l, HoWa05] plus additional degrees of freedom in
terms of spinor-tensors of appropriate dimension and rank built out of y-matrices and the spin
curvature tensor R, ;. Whereas, if one considers observable elements of #/(DM), then one
would most likely find that their renormalisation freedom is exactly of the same kind as found
in [HoWa01, HoWa05]. We shall discuss this in more detail in the next chapter for a particular
observable Wick polynomial, namely, the stress-energy tensor.
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[II.4 The Free Dirac Field in Null Big Bang Spacetimes

In this section, we will for the first time extend the general holographic ideas introduced and
applied in [DMP06, DMP09a, DMP09b, DMP09¢c, Mor06, Mor08] to the case of Dirac fields.
Thereby, we will be able to construct states similar to the ones found in section II1.2, namely,
asymptotic conformal ground and equilibrium states of Hadamard type.

[11.4.1 The Bulk and Boundary Algebras

The first step in the construction of preferred states on the Borchers-Uhlmann algebra .o/ (DMp)
of the Dirac field on an NBB spacetime (M}, g;) by holographic methods is to find a relation
between ./ (DMp) and a suitable algebra on the boundary of an NBB spacetimes. Our treatment
in section II1.2 already suggests that this is most conveniently formulated on the level of solutions
of the Dirac equation, rather then on the level of test sections. Let us therefore first explain how
the Borchers-Uhlmann algebra .o/ (DMj,) introduced in definition IIL3.1.1 can be equivalently
stated in terms of the space of solutions G(M;) of the Dirac equation on (My, gz). To this
end, let us recall that in definition II1.3.1.1 we have taken a suitable quotient to encode the
Dirac equation in ./ (DM}). Particularly, .o/ (DM}) is generated by equivalence classes [ /] of
test sections f € P(DM), where two representatives in [f] differ by a solution of the Dirac
equation. Hence, an equivalence class [f] is in one-to-one correspondence with an element
n € S(Mp) of the form u = S, f, where Sy denotes the causal propagator of the Dirac equation
on (Myg, gg). Moreover, recalling the relation between the inner product ¢, on &(My) to the
causal propagator Sy found in lemma I1.3.2.3 and denoting by &'(M;,) C &(D*M) the space
of solutions of the adjoint Dirac equation, one can formulate .o/ (DM}) equivalently in the
following way: one considers the algebra generated by tensor products of G(M;) @ &(M;) and
endows it with the locally convex topology induced by the one on &(DM)®E(D*M). Moreover,
to encode the CAR, one defines a suitable ‘double inner product’ on G(M,)® ST(M;) out of ¢
and considers an appropriate quotient space which enforces CAR specified by this double inner
product. With these considerations in mind, the following definition seems natural.

Definition 111.4.1.1 Let (S(37),1) denote the boundary inner product space, of. subsection 11.4.2 and
let ST(37) denote the adjoint space

S 3T)={u"|nes(3)}.
Moreover, let
() 25(3) @5'(3),
let us define an inner product i® on S®(37) by setting
i%(u, + ”;L » U1t ‘U;) = (v, #y) +(y,v,),

and let us define a conjugation € on S®(37) via

B, @ ul) = u, ® ] .
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The boundary Borchers-Ublmann algebra .o/ (DS™) of the free Dirac field is defined as

where .cfy(DI™) is the direct sum

(S®(37)° = C). Elements of oy(D3I™) are required to be finite linear combinations of tensor powers
of elements in S®(37) and ely(D3™) is equipped with a product defined by the linear extension of the
tensor product of [€°°(37,CH @ €=(5~,C*)]", a *-operation defined by the antilinear extension of
[ ] (s 5x,) = [€®"u](x,,- -+ ,x,), and the topology defined by saying that a sequence {u,}, =
{®, u/(:)} o in (DS converges to u = &, u™ if 142") converges to u\"™ for all n in the locally convex
topology of [ €°(3~,C*) @ 6°°(3~,C**)]" and there exists an N such that u/(en) =0 forall n >N
and all k. Moreover, % is the closed *-ideal generated by elements of the form

([ @nll®[v @0+ [v,®0]]® (1, ®u]]) ®—i(s, ® u],0, @),

and .o/ (DS™) is thought to be equipped with the product, -operation, and topology descending from
(DT

We stress that, as in the scalar case, the just defined algebra is not necessarily closed with respect to
its topology. However, the topology is still sufficient to define states on .o/ (DJ™) as continuous
linear functionals, which is what we are interested in. Moreover, the following result is not a
surprise, as .o/ (D37) has been perfectly tailored exactly for this purpose. Namely, employing
theorem I1.4.2.1, we can directly prove:

Proposition 111.41.2  Let & : S(Mp) — S(37) denote the bulk-to-boundary map introduced in theorem
114.2.1 and let [f] € 2(DM)]/(DD(DM)) and [gT] € D(D*M)[(D*D(D*M)) denote the equiv-
alence classes of f € D(DM) and g* € D(D*M) respectively. The map iy, : .o/ (DMy) — o/ (DI~
defined by the tensorialisation of

io([f1@[gT) =6S,f & (8Sg)
is a continuous, unit-preserving, injective x-homomorphism.

Finally, we introduce a natural action of the supertranslations on 3~ also on the newly
obtained algebra .¢/(DJ7). As the boundary inner product defined in subsection I1.4.2 is given
by the integral with respect to the supertranslation-invariant measure dvdS? induced by the
Bondi metric A, the following result is easily seen to hold exactly as in the scalar case.
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Lemma 1413 Let { : S* — R be a smooth function on the two-sphere S?, let u be an element of
S(37), and let 6, @ denote a coordinate system on S*. The action

2 S) S, #(0,0,9) 0 (0~ {(B,)1,6,0)
induces a x-automorphism on ./ (D3™). In the case { = 1, we shall denote it by a, : </ (DJ™) —
o/ (D37).

[11.4.2  Preferred Asymptotic Ground States and Thermal States of Hadamard Type

We shall now construct a preferred state on .o/ (DJ~) which is a ground state with respect to
v-translations. It seems clear what we have to do to obtain such state. We take the Minkowski
vacuum of Dirac fields as an inspiration, define a suitable splitting of S(37) in positive and
negative frequency subspaces, and write down a state with the correct spectral properties.

Proposition 111.4.2.1 Let u be an arbitrary element of S(37). We define the Fourier-Plancherel trans-
Sform 4 of u on the level of components as

eikv )

1
u(k,0,0)= —J dv u(v,0,9)
V27TR

Based on this, we define two distributions w* on S(37)® ST (37). Namely, let u,, u, € S(37) be
arbitrary. We set

2

wt(u,ul) = J dkdS® O(xk) it;(k,0,¢) i1,(k,0,0).

RxS?

Here, * denotes the adjoint with respect to the canonical inner product on C*. The bidistribution mg on
S®(37)? defined as
3 t N — ot t
oy (n, ®uy, v, @v,))=w (u,v))+w (vy,u,),

Jor arbitrary u, ® ”2} v, ® ’U; € S®(37) induces an o -invariant, quasifree state v on .o/ (DF™).

Proof.: Continuity of mg follows from the continuity of the inner product on the square-
integrable, C*-valued functions on R x S?. To show positivity (¢f (II.77)), we compute

mf (”1 @ %ZT, (u, EB%;)*> :mg <u1 EBMZ, %ZEBMD = w_(ul,u;f)-l—er(uz,M;) >0.

Moreover, to see the CAR property, we recall the definition of the boundary inner product i
and compute

W(n,u,)= J dvdS® ui(v,0,¢) uy(v,0,0)= J dkdS’ ii;(k,0,0) i)(k,0,0),

3 RxS?
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where the latter equality follows from the unitarity of the Fourier-Plancherel transform on square-
integrable functions. Hence, we find

W (g 1)+ 0 (11, 1) = (1, 1),
which is equivalent to the CAR property (here written in unsmeared form for simplicity)
t03(x,9) + w3 (y, x) = 1%(x, ).
Finally, @,-invariance follows trivially from @, # = e’ 7 for all # €S(37). ]
We now define a state ® on .o/ (DM,;) as a pull-back via the bulk-to-boundary *-homomorphism
L VIZ
B . (a3 .
” =1w">oiy.

This state 1s quasifree per definition. Moreover, let f =£9f § =8 g € Z(D®My) be
arbitrary. We define the analogues of ¥ in the state t0® by setting

(£, 8) = (£, &)+ (g, f)- (I1L.99)
From this, we obtain

w¥(f,g) = w* (85,1, [68587]')
for arbitrary f € 2(DM), g € D(D*M). We would now like to show that the found state is

charge-conjugation invariant, see II.3.1. To this end, we have to assure that

w*(g", 1) =w¥(f,g)

holds. Let us recall the realisation of the conjugation maps in definition I1.3.1.2, the relation of
Sp to them (see the end of subsection II.3.1), and the fact that & is a (real) conformal rescaling
and a smooth extension. Moreover, let us set # = &S, f, v = QSSBgT. With these preparations,
we compute

* (g™, 1) = »* (@SBgTC , [@ngw} T) =w* <‘UC , %TC>
_ f dkdS? O(+k) ule 3% = J dkdS? O(+k) 7 D= f dkdS? O(Fk) 5* 7
RxS? RxS? RxS2
=wT (%, ’UT> =T (f,g).

As promised in the title of this subsection, we shall now prove that the found state is
Hadamard.

Theorem N1.4.2.2  The following assertions hold for the charge-conjugation invariant, quasifree state o>
on .o/ (DMp).
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a) The two point functions wWE(f, g) defined in (111.99) are distributions in 9'(D*My R DMy) of
the form

1 BS T7* /,(9, &S ’(9’
*(f,g)=lim — dodv'dS? [ B8 ] (v 40/) [ sf1(v 90)'
210 27z v—v *i1e
RZxS?

b) v fulfils the Hadamard condition (see definition I113.2.1) and is therefore a Hadamard state.

Proof  a) The proof proceeds in analogy to the one of proposition I11.2.2.4, which in turn is
taken from [Mor08]. We recall

%

w*(f,g) = w* (85,1, [65,5']") = J dkdS® O(k) 6S,¢" (k,6,9) 65,7 (k,6,0)
RxS?

By theorem 11.4.2.1, S, g" and BS, f are square-integrable on §~ with respect to dvdS?,
we can therefore employ the unitarity of the Fourier-Plancherel transform to compute

*(f,g)= J dv'dS? [@SBgT] ' (v',0,9) F! [@(i/e)g?B\f] (v',0,9),

where Z ! denotes the inverse Fourier-Plancherel transform. To be able to use the convo-
lution theorem on the second factor, we make use of the continuity of Z ! and insert a
regularising factor e¥*¢. Recalling the Fourier-Plancherel transform of the Heaviside step
function (see for instance [ReSi75]), we find

7! [@(ik)@] (¢',0,9) = lim 7~ [ﬁf’@(ik)@] (v,6,9)

L[ [65,/1(0.0,9)

=lim— | dv —

elo 272 v—v Eie
R

On account of the decay properties of the smooth and square-integrable functions &S, g’
and &S, f found in theorem I1.4.2.1, we can insert this in the last identity for ro*(f, g)
to find that the resulting integrand is integrable in the joint measure dvdv’dS? and,
hence, ®(f, g) have the asserted form. The same decay properties in combination with
the continuity of S, imply the continuity of w*(f, g).

b) By lemma IIL.3.2.2, it is sufficient to prove
WE(w*) ={(x,7,k,,—k,) € T"M*\ {0} | (x,k,) ~ (7,k,), k, 30} .
The proof of this statement can be obtained by repeating the proof of theorem I11.2.2.5

with minor modifications, where we recall that the latter proof has essentially been a
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repetition of the Hadamard proof in [Mor08]. We therefore choose the same notation as
in the proof of theorem II1.2.2.5 and only sketch the main argument and the modifications
necessary to show the assertion considered here. To this end, we recall the explicit form
of the bulk-to-boundary map & found in theorem 11.4.2.1. Namely,

5

2 1 o A
BSyf =—= S, —f=———S —f=5f, (I11.100)
2@ iyt @

where S, is the causal propagator of the extended Dirac operator D, on the lower, slit
half (M = gp) of the Einstein static universe (M, g;) and we refer the reader to section
[.3.2 for the definitions of the various conformal factors. What is important here is that
the appearing conformal factors are smooth in the regions where they are evaluated, and,

hence, WF(S) = WF(S;), which in turn equals the by now well-known symmetric wave
front set of the causal propagator of the Klein-Gordon operator, hence,

WE(S)={(x,5, k., —k,) € T"(M; Y\ {0} (x,k,) ~ (3, k,)} .

From this one finds that §(x,y) can be restricted to 3~ as its wave front set is conormal
to §~. We therefore recognise to®(x,y) as being the results of composing

T lim—— @ 8(6.0)
— sV JS?xS?

/ .
o v—v +ie

on 37 x 3~ with two copies of S, Here, 3(6?, @)Szxsz denotes the &-distribution on S?
and T has the same wave front set as the distribution 7 in the proof of theorem II1.2.2.5,
because (x —i¢)~! and (x — 2e)™? have the same wave front set (see for instance [Str09]),
whereas T has the ‘flipped’ wave front set, Ze.

WF(*(0,v,0,60)) = WE(T~ (¢, 0,0,0)).

We would now like to use the theorems 8.2.13. and 8.2.14. in [H6r90] to compute the wave
front set of to® (note that this is possible despite of the vector-valued nature of the involved
distributions, because we can understand their composition as sums of compositions of
scalar distributions). To this end, one introduces an arbitrary diamond-shaped set N in

My and constructs the related cut-off function y € P(M). This allows us to split S into
S=yS+(1-y)S=S+,

where . turns out to be smooth and S is a distribution of compact support on 3~ X N.
Building on this, we can split to~(f, g) into four parts

w(f, g) =1 (f,g)+ w5 (f,g)+ w5 (f,g)+w (f,g),
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whose wave front sets we analyse separately. Per construction, m:StS(x,y) 1s a composition

of two copies of the compactly supported distribution S and the distributions T=. [H6r90,
thm. 8.2.13.] therefore entails that

WE(wZ5) C {(x,7,k,—k,) € TM*\ {0} | (x,k,) ~ (3,k,), k, £ 0} .

Moreover, via [H6r90, thm. 8.2.14.] one finds that m;S and mzsty have empty wave
front sets, whereas rn:;, ., can directly be computed to have a smooth kernel by the fall-off
properties of elements in S(§7) (which are visible in (II1.100)). Altogether, one finds

WE(w*) C {(x,7, k., —k,) € T"M\ {0}| (x,k,) ~ (1,k,), k. 0} .
Equality of these sets now follows from the CAR property

' (f,g)+w (f,g)=1i55(g,f)

and the knowledge of WF(S;) by the argument already given in the proof of lemma
I11.3.2.2. We therefore find that t? is a Hadamard state on (.o/(Mj) restricted to the
spacetime (N, gz). To extend this property to the full spacetime (My,g,), we realise
that, by the very definition of N as a diamond-shaped set, we can collect several such
N to form a causal normal neighbourhood N (X') of an arbitrary Cauchy surface X' of
(Myg, gg). Here, given a Cauchy surface X' of (M, gg), A (X)) is called a causal normal
neighbourhood of X if X is a Cauchy surface for (A(X'), gz) and for every pair of points
x,y € N (X) with y € JT(x,My), there is a geodesically convex neighbourhood in M
which contains x and y [KaWa91]. Hence, we find that 10? is a Hadamard state in a causal
normal neighbourhood of a Cauchy surface of M, and by a propagation of singularities
argument in combination with a propagation of Hadamard form argument as given in
the proof of [SaVe0l, thm 5.8.], we obtain the wanted Hadamard property of w? on the
full NBB spacetime.

N

After dealing with a ground state on .o/ (DS™), we now provide a construction of KMS states
on .o/ (DJ7). Unsurprisingly, this is achieved by inserting a Fermi-Dirac distribution by hand in
the spectral decomposition of 13, ie. by ‘smearing out the Fermi step at & =0’.

Proposition 111.42.3  Let u,, u, € S(37) be arbitrary. We define two distributions ‘wfg on S(37)®

ST(37) &y setting 0.0, i (k.0,0)
n,(R,0,p)u(R,0,¢

eFPk 11

‘w;;(ul, u;r) = f dkdS?

RxS?
The bidistribution m% , on S®(37)? defined as

1‘02)2(%1 ® M; ) 7);) = wlg(ul, 7};‘) + wg(ful, u;),
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Jor arbitrary n, ® u;, v, ® 'v;r € S®(37) induces an o -invariant, quasifree state m% on ./ (D37).
Moreover, m% is a KMS state at inverse temperature [3.

Proof. Note that the above expressions are well-defined, being integrals of an integrable term mul-
tiplied by a smooth function which is bounded by 1. Continuity, positivity, and a,-invariance
of m% follow by the same arguments as the ones employed in the analysis of 3. Moreover, the

CAR property follows by a simple computation from
1 1 .
+ =1.
ePE41 e PR 41

To see that the induced state fulfils the KMS condition, let # = #, & u;, =1, @‘U; be arbitrary
elements of S®(37). We define

F(t)= 1*02’2 (D,a,(#)) = wg <7)1,at(uj)> + wg <at(u1),7);>
iy (k,0,¢) 0,(k,0,0) ekt 0,(k,0,¢) i,(k,0,¢) ekt
+
ek 41 ePE 41

bl

= f dkdS?

G(1) =, (2,(7),8) = v} (, (), 0]) + w} (o), ,(]))
0;(k,0,9) i, (k, 0, 0) e i13(k,0,0)0,(k,0,p) e~
1 " P A1 |

The above integrands are absolutely integrable and uniformly bounded in ¢, F(t) and G(t) are
therefore bounded and continuous. In fact, one may view F(t) and G(¢) as inverse Fourier-
Plancherel transforms of square-integrable functions and, hence, directly compute their Fourier-
Plancherel transforms. In analogy to the proof of proposition II1.2.2.6, one finds

F(E)=ePEG(E)

which is equivalent to the KMS condition by lemma II.1.1.4 and the fact that .o/ (DJ7) is a

Borchers-Uhlmann algebra. ]
We pull-back m% by 4 to obtain a state
m’; = m% 0 1y

on .o/ (DMp). m‘; is manifestly quasifree, and one can show that it is charge-conjugation

invariant by a similar computation as the one which showed this property in the case of 1%,
Let us note that the spectral decomposition m% approaches the one of 13 for large k. Hence,
we can expect that mg shares the Hadamard property enjoyed by t?. Let us prove it.
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Theorem 111.4.2.4 The charge-conjugation invariant, quasifree states m’; on of (DMy) fulfil the

Hadamard condition and are therefore Hadamard states.

Proof The proof is essentially a repetition of our proof of theorem I11.2.2.7, we therefore only
sketch the main steps. We consider the setup and notation of our proof of theorem I11.4.2.2. Let

therefore N and S = S+.% be defined as in the mentioned proof and let f 185 §=¢®%
be arbitrary test sections in Z(D®Mp) with support in N. We introduce the two-point functions
on the level of single fields as

wi(/, §) = w5 (h, )+ wi(gn f). (ITL101)

By lemma II1.3.2.2, it is sufficient to prove

WE(w%)= {(6,9, ke —k,) € T"M?\ {0} | (x,k,) ~ (1, k), B, 30},

and, hence, it suffices to prove that

+ o+
dﬁ_mﬁ 1o

are distributions specified by a smooth kernel. Let therefore f € P(DMy), and g € D(D*My)
be arbitrary test sections with support in N. A computation yields

+ 2 1 s
dx(f,8)= f dkdS <m—@(:|:/e)> " (k,6,0) SF(k, 6, 0)

RxS?

:‘/%_n dvds? [Sg'] (v,0,9) <9r-1 [%— ] | fD v,0,9)

RxS?

= J dvdv'dS? [ggT] (v,0,9) R(v — ") |:§f] (v',0,9),
R?*xS?
where we have set )

+ - —1 1 _ v
R (v)_mff [—ﬁﬂkﬂ @(:l:/e)]( ).

R*(v) are the inverse Fourier-Plancherel transforms of square-integrable, bounded, and expo-
nentially decaying functions. Hence, R*(v) are square-integrable and smooth and the above
computation has been sensible in particular. Based on this, one now employs §=S+.7 to
decompose the distributions dﬁi into four pieces, which are all found to be individuated by

smooth kernels. This follows from the known wave front set and decay properties of S and R*
by suitable applications of [H6r90, thm. 8.2.14.]. Altogether, one finds an upper bound on the
wave front set of to restricted to N x N. The finalising arguments in the proof of theorem

[11.4.2.2 now yield the wanted conclusion. ]
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As for the boundary-induced states of the Klein-Gordon field, we would like to have a more
explicit interpretation of the newly found Hadamard states in terms of modes. Therefore, we
shall now exploit our results found in subsection I1.4.1 to interpret to? and mf; as asymptotic
conformal vacuum and equilibrium states respectively. For the convenience of the reader, we
repeat our findings from subsection I[.4.1. Namely, we have shown that an arbitrary solution

u € G(My) of the Dirac equation with compactly supported initial data of the form # = S, f
with f € 9(DM;) can be decomposed as

S, 1w D=1 [ 4 2 4L () g .9,
s /=1 ’

where gb;l(f) = 21 , /). The Dirac modes ¢/§,Z have the form

H

i)*”k,z(f)eﬂg’?

¢/;',1(T>9?)i

(2ra(c)}
where .
A = (d.— ta(t)m)l, —ick ,
—ick (d_+ia(t)m)l,
and
T, 0 0 0
| o | T | o | o
Up1= 0 s Hpo= 0 s Up3= T_k y  Ups= 0
0 0 0 T,

We have shown that the above results make sense once particular regularity properties of the
modes T,(7) are assured. This turned out to be the case for the asymptotic positive frequency
modes found in lemma II.4.1.5. They are of the form
) " 1 ) " Z
lim "%, (1) = —, lim e*"d %, (r)=——.
T——00 ﬁk T——00 ﬁ

We remind the reader that we have only been able to assure sensible k-regularity properties of
T,.(7) for sufficiently large (but finite) —7, the above mode expansion is therefore a priori only
rigorous in this region of an NBB spacetime. However, the first part of the following result,
which analyses the behaviour of the mode decomposition under the bulk-to-boundary map, in
combination with the abstractly known Hadamard property of the states w? and mg will imply
that the hereafter obtained mode decompositions of these states hold on the full NBB spacetime.

Proposition 111.4.2.5 Let [ € D(DMy), g € D(D*My) be such that their support lies in the region of
My where the perturbative series defining the modes T, (T) are known to converge by lemma I1.4.1.5 and
let ¢ i, be the modes resulting from this very lemma.
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a) The mapping of Szf 1o S(37) is of the form

iK(=2,) P 0 ko
[6S,/](,0,0) = — m’e fd/e/e ok) ¢_éz(f ) | —o(=k) s || b
: ; 47 )

where €, = Qk/;:: K(—¢,) is the matrix defined in theorem 114.2.1 and /; is thought to be given in
polar coordinates (k,0, ).

b) The single-spinor two-point functions of the preferred Hadamard states vo® and mfg can be decomposed

as

4

Wil g)= [ 4B 3 9L ) g (o),

=1

mz(f,g):fdgi TN T I i)

R3
where c;r =(1,1,0,0) and ¢ = (0,0,1,1).

Proof. Again, we start by showing how b) emerges from a). Namely, inserting the Fourier-
Plancherel transform of the result found in a) into

L —— %

w(f,g) =w* (&S,f,[6S,8") = J dkdS? O(xk) 68,51 (k,8,0) 63,7 (k,6,)

RxS?

trivially leads to the asserted form of w*(f, g). The one of mz(f, g) follows analogously.

As a) can be proved with the arguments already used in the proof of proposition 1I1.2.2.8,
we only mention the essential steps. To this avail, we recall the form of & as devised in theorem
[1.4.2.1 d) and compute
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) iv2 a\? -3
[65,1(2.0,¢) = ,,Lﬂz;ﬁ <3> J i ZZ I () (m9)

4

nu—— 00227_52
3

4 ()

oo 2 1 R
T )
= lim 5 ijdkdgp/dc k2 K(Ek) ¢/€,2(f) e—l%[n(c+1)—v(c—1)]
#——00 22 7T2 0
0
0
° & [u(e—1)—o(c+1)]
K _é’ + e_i? u(c—1)—v(c+1 ,
(=) /)
4 ()

where ¢ denotes the cosine of the angle between k and X, and the computation of [&S, /] (v,0,¢)
at @ = 0 shall be sufficient to obtain a result for arbitrary §. Namely, as in the proof of propo-
sition II1.2.2.8, we can perform a partial integration with respect to ¢ to cancel the # in front
of the integral. This procedure yields two boundary terms at ¢ = #£1 and a new integral with
respect to ¢. Due to the rapid decrease of W ) for large k, two of these three terms always

vanish in the limit # — —oo on account of the Rlemann—Lebesgue lemma. Moreover, at ¢ = %1,
the integrand is degenerate in ¢’ and the associated integration yields a factor of 27. This also
implies that the terms which survive in the limit are independent of ¢, but we can restore the ¢
dependency and at the same time obtain the asserted result for arbitrary & by noticing that the

integral we have computed has been non-vanishing only if £ and X had been parallel (/ = 3,4)
or anti-parallel (/ =1,2). O

Without giving an explicit proof, let us remark that the above result implies that both to? and
o8 are homogeneous and isotropic states and that rw? is pure in addition.

P

On the basis of these results, one can interpret to? and mg as follows. In the massless case,

the Dirac field is conformally invariant and, hence, the asymptotic mode expressions for T, are
valid on the full NBB spacetime (in fact, on any flat FLRW spacetime). This entails that the
states we are considering fulfil

B mM(x,y) B m%ﬂ(x,y)
10°(x, ):#, ro',(x, ):#’
Y aX(t,)ax(t,) £ ai(t )a(t,)
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where to™ and ™ denote respectively the vacuum state and the KMS state of the massless

Minkowskian Dirac field on Minkowski spacetime. In the case 7 =0, our boundary construc-
tion therefore naturally yields the conformal vacuum and the conformal temperature states of
the Dirac field. One may wonder if there is a natural ‘thermometer’ like a) (: p*(x):) also in

the case of massless Dirac fields. Indeed, by dimensional arguments one would assume that
mB :bTd(x):) is proportional to T°. However, it turns out that deﬁnlng the mentioned Wick

monomral by subtraction of the conformal vacuum yields mg :T¢(x):) = 0. Namely, one has

PN =Tr [wi(e,y) =7 (x) ]

i) g2

e 1€{3,4}

1 - 1 1
= dk{ | ———— —1)2(F|Z, )= |0.3,) < >2 d% 2—/62‘3?2}:
(27_[4)3J {<€_ﬁk+l > ( | /e| |r k|>+ eﬁk—}—l <| T /el | k|>

R

) 2 AR

le{1,2}

In the case m # 0, the found states w” and mz are asymptotic conformal vacuum and equilib-
rium states in the sense that they are becoming conformally related to the massless Minkowski
vacua in the limit to the Big Bang. Particularly, to ( ¢t (x):) is non-vanishing for finite times,
but is vanishes towards the Big Bang.

To close, we remark that one can presumably repeat the work of [Pin10] to find that Bogoli-
ubov transformations that give modes differing from the asymptotic positive frequency ones T,
by pieces which vanish for large k also yield Hadamard states. However, we shall not discuss
Bogoliubov transforms in the Dirac case and possible extensions of the results of [Pin10] here.
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IV

The Backreaction of Quantized Fields in
Curved Spacetimes

e have seen how curved spacetimes necessitate new concepts in the context of quantum
field theory and, hence, how the background curvature influences quantum fields propa-
gating on it. In this chapter, we will analyse how quantum fields shape the curved spacetime they

are living on and we will find that can even generate the full spacetime curvature responsible for
the recent history of our cosmos.

187



Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

188



IV.1. The Semiclassical Einstein Equation and Wald’s Axioms

IV.1 The Semiclassical Einstein Equation and Wald’s Axioms

We shall start treating the backreaction of quantum fields on the background spacetime by
introducing the central equation describing this phenomenon, namely, the semiclassical Einstein
equation. It reads

G, (x)=87G w(:T,,(x):), (IV.102)
where the left hand side is given by the standard Einstein tensor G,, =R, — %R 8.v» G denotes
Newton’s gravitational constant, and we have replaced the stress-energy tensor of classical matter
by the expectation value of a suitable Wick polynomial : Tw(x): representing the quantum stress-
energy tensor evaluated in a state «w. Considerable work has been invested in analysing how such
equation can be derived via a suitable semiclassical limit from some potential quantum theory
of gravity. We refer the reader to [FIWa96, sec I1.B] for a review of several possibilities and
only briefly mention that a possibility to derive (IV.102) is constituted by starting from the
Einstein-Hilbert action

1 1
Sey = d,x R+S_., Z—de\/ detg|R+S,_ e 5 IV.103
EH 167TGJ g matter 167'CG | gl matter ( )
M

M

formally expanding a quantum metric and a quantum matter field around a classical (back-
ground) vacuum solution of Einstein’s equation, and computing the equation of motion for the
expected metric while keeping only ‘tree-level’ (%°) contributions of the quantum metric and
‘loop-level’ (') contributions of the quantum matter field. In this work, we shall not contem-
plate on whether and in which situation the above mentioned ‘partial one-loop approximation’
is sensible, but we shall take the following pragmatic point of view: (IV.102) seems to be the
simplest possibility to couple the background curvature to the stress-energy of a quantum field
in a non-trivial way. We shall therefore consider (IV.102) as it stands and only discuss for which
quantum states and Wick polynomial definitions of : T, (x): it is a self-consistent equation.

To this end, let us first realise that in (IV.102) one equates a ‘sharp’ classical quantity on the
left hand side with a ‘probabilistic’ quantum quantity on the right hand side. The semiclassical
Einstein equation can therefore only be sensible if the fluctuations of the stress-energy tensor
:Tyv(x): in the considered state ¢ are small. In this respect, we already know that we should
consider ¢ to be a Hadamard state and :Tw(x): to be an element regularised by means of a
Hadamard bidistribution. Namely, our analysis in the last chapter tells us that this setup at least
assures finite fluctuations of : T#V(x): as the pointwise products appearing in the computation of
such fluctuations are well-defined distributions once their Hadamard property is assumed. In
fact, this observation has been the main motivation to consider Hadamard states in the first
place [Wal77, Wal95]. However, it seems one can a priori not obtain more than these qualitative
observations, and that quantitative statements on the actual size of the fluctuations can only be
made a posteriori once a solution of (IV.102) is found.
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Having agreed to consider only Hadamard states and Wick polynomials constructed by the
procedures outlined in the last chapter, two questions remain. Which Hadamard state and which
Wick polynomial should one choose to compute the right hand side of (IV.102)? Let us recall
that the second question is highly non-trivial, as normal ordering turns out to be ambiguous in
curved spacetimes, see [HoWa0l, HoWa05] and the last chapter. We have already pointed out
at several occasions that one must define the Wick polynomial :Tw(x): in a local, and, hence,
state-independent way. The reason for this is the simple observation that one would like to solve
(IV.102) without knowing the spacetime which results from this procedure beforehand, but a
state solves the equation of motion and, hence, already ‘knows’ the full spacetime, thus being a
highly non-local object. On account of the above considerations, we can therefore answer the
question for the correct Wick polynomial representing : 7,,,(x): without having to agree on a
specific Hadamard state c.

To this avail, let us consider the stress-energy tensors of classical matter fields. Given a
classical action §_ .., the related (Hilbert) stress-energy tensor can be computed as [Wal84,
FoR604]

2 3 Smatter
. (IV.104)

T,= 5o
V|detg| 08

To consider the classical stress-energy tensors of a Klein-Gordon and a Dirac field, we therefore
need to introduce their classical actions. They read [FoR604]

SKGingx LKGﬁde,/|detg| [%¢;M¢;#+é(§R+m2)¢z} , (IV.105)
M M

o= [ dyr Lo = [ /gl [50D9+ 50909 ] . (vaog
M M

Computing the related stress-energy tensors according to (IV.104), one finds in the scalar case
[Wal84, FoR504]

T;(VG :¢;M¢;v + 5 <g,uvl:| - V,uvv +Rluv) ¢2 - g,uvLKG (IV107)
1 1
(12606 1,268,640, 8 8, {200+ (3 3) 8,075
whereas, for Dirac fields, the result is (recall our sign convention (—,+,+,+)) [FoR304]
1
Di __ T AT _
T/uv _2 <¢,(lu}/y)¢ ¢ V(#‘Av)) g,uvLDi (IVlOS)

:% (¢;T(#7/v)¢ - Sw}/(ysb;v)) B %gﬂv <¢TD¢ + (D*¢T)¢> -

Here, (-,-) denotes idempotent symmetrisation of indices and we remark that the computation
of TKR‘ is a quite involved task as one has to take into account the metric dependence of
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Lorentz frames e, [FoR604]. We also point out that one can in principle omit the multiples
of the Lagrangean L, in the above expression, as this quantity manifestly vanishes on shell,
e. 1if one assumes that the Dirac fields satisfy the relevant equations of motion ng =0,
D*¢t = 0. However, we have chosen to explicitly write it down as it will be important in the
following discussion. A straightforward computation shows that the classical stress energy tensors
are covariantly conserved if one imposes the Klein-Gordon equation and the Dirac equations
respectively, ze.

VHTRC =0, VHTP =0
uy 193
Moreover, a computation of their trace employing the relevant equations of motion yields

g T = (68 —1) (pOp+ B 1) —m’$, M T =—my'y.

Particularly, we see that in the conformally invariant situation, that is, 72 = O for Dirac fields
and m=0, ¢ = é for Klein-Gordon fields, the classical stress-energy tensor has vanishing trace
in the on-shell case. In fact, one can show that this is a general result, namely, the trace of a
classical stress-energy tensor 1s vanishing on-shell if and only if the respective field 1s conformally
invariant [FoR604, thm. 5.1].

With the classical stress-energy tensors at hand, its seems natural to take them as a guide for
choosing the correct Wick polynomial :T,w(x): for the semiclassical Einstein equation. To this
end, our treatment of normal ordering entails that a Wick polynomial has to be understood as
a distribution # with a particular wave front set, whereas its evaluation in a state v means to
integrate the relevant regularised 7-point function : ¢, : with #. In the case at hand, we would

for instance regard :(¢, ¢ )(f): with f € Z(M) as the distribution

f(X)Vlug\j/Vvlg(x,y),

where we recall that gvvl is the parallel transport (¢f. subsection II1.1.2) along the unique geodesic
connection x and y (we implicitly assume that x and y are sufficiently close), and we have
deliberately applied the v derivative to the y-slot to account for the fact that it acts on the
second field in the monomial. We interpret :(¢;y¢;v)(f): as being regularised with a Hadamard
distribution A; this entails that the evaluation of (gb#gév)(f) in a Hadamard state o reads

& (8,6 )07) = (@x502) = b (500), ST, T 8(2) )

= (5 [V vt ),

T

where w 1s the smooth state-dependent part of ¢, and the cornered brackets denote the coincid-
ing point limit, see subsection II.1.2. Let us note that w(x,y) is smooth, the above expression
therefore does not have to be integrated with the test function f to give a meaningful result. We
are thus free to interpret c( ¢ &,)(x):) as the smooth function

o (+8,8.00) = = [,/ Vowle)]
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Proceeding like this, we can obtain a canonical expression for w(: 7 ,,(x):) by replacing all field
monomials in the classical stress-energy tensor with suitable derivatives of w such that, in the
scalar case, we can write

o (19 (x1) £ [P ().

My 1%

where
. v : / 1
DEVG’““ =(1-28)g/V,V, ~ 28V, V,+£G,, +g, {ZEDx + <2£ - 5) §eVPV, - Emz}

and the index “" indicates that this is the canonical choice of Wick polynomial :Tl;f(x): and
related bidifferential operator Di? What we have just described is the so-called pointsplitting

regularisation scheme [BiDa82, Wal95]. Namely, one takes a quantity which is initially divergent
(the expectation value of the non-normal ordered field monomials), writes it as the formal limit
of a bitensor (DISS applied to w,(x,y)), subtracts the singular part (DE? applied to h(x,y))

and then finally takes the coinciding point limit of the resulting (sufficiently regular) quantity.
Note that one often writes the point-splitting differential operator in such a way that it acts
symmetrically on the x and y slots of the regularised two-point function. However, as one 1s
interested in the coinciding point limit, this is not strictly necessary, and we have not done it
here.

In the case of Dirac fields, the point-splitting regularisation would proceed analogously.
Recalling the Hadamard form in the case of Dirac fields discussed in subsection II1.3.2, and
defining normal ordering by subtraction of the Hadamard singularity, the canonical choice of a
Diracian quantum stress-energy tensor evaluated in a Hadamard state would be

o (T2 (x)5) = = 7 [D2 W)

where

N 1 / 1

DE:,can = _DE:,CanD; = {_EV(# (VV) — gvv) V‘/) — ng <Dy +D;> } D; .
Note that the trace over spinor indices appears because W and its derivatives are bispinors, and
that the minus sign arises because such sign appears in the relation between ™ and H ™.

As our presentation may have already suggested, it turns out that the expectation valued
of the just introduced canonical quantum stress-energy tensors are #ot good candidates for the
right hand side of the semiclassical Einstein equation. To understand this, we must of course
specify criteria for admissable right hand sides of (IV.102); such axioms have been formulated
by Wald in his seminal paper [Wal77]. We remark that from the rather modern point of view
we have reviewed and presented in our thesis, it is quite natural and unavoidable that normal
ordering in curved spacetimes is ambiguous. However, at the time [Wal77] appeared, workers in
the field had computed the regularised stress energy tensor by different methods like adiabatic
subtraction, dimensional regularisation, and {-function regularisation (see [BiDa82] and also
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IV.1. The Semiclassical Einstein Equation and Wald’s Axioms

[Mor98]) and differing results had been found. The axioms we shall now review had helped to
clarify the case and to understand that in principle a/l employed regularisation schemes were
correct in physical terms, and that the apparent differences between them could be understood
on clear conceptual grounds. We shall provide Wald’s axioms in their modern form and also
suitable for both the Klein-Gordon and the Dirac case.

Definition 1V.1.0.6  We say that c(: T ,,(x):) fulfils Wald’s axioms if the follwing five conditions are
Sfulfilled.

1

5.

Given two (not necessarily Hadamard) states co and ' such that the difference of their two-point

Sunctions «, — wy, is smooth, (:T,,(x):) — &'(:T,,(x):) is equal to

[DfVG’“‘” (wz(x,y) - a);(x,y))} (Klein-Gordon case),

Tr [553”” (™ (x,5)— a)/_(x,y)):l (Dirac case) .
In Minkowski spacetime M, and in the relevant Minkowski vacuum state coy
Wy <: TW(X)!> =0.

Covariant conservation holds, i.e.

Ve (:T,,(x):) =0.

w(:T,,(x):) is locally covariant in the following sense: let

x:(M,g)— Mg (Klein-Gordon case),

x:(M,g,SM,p0)— M, g, SM', p") (Dirac case) ,

be defined as in subsection 1.4 and let a , denote the associated continuous, unit-preserving, injective

s-morphisms between the relevant enlarged algebras W (M, g) and W (M', g"). If two states o on
W(M,g)and o' on W(M',g') respectively are related via > = ' o a ,, then

o’ <:TH/V/(x’):> =y, <:Tyv(x):> ,
where y, denotes the push-forward of y in the sense of covariant tensors.

(:1,,,(x):) does not contain derivatives of the metric of order higher than 2.

Let us briefly comment on the relevance of the above listed axioms.
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Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

1. In a given Fock-representation of the quantum field, the non-diagonal matrix elements of
the formal unrenormalised stress-energy tensor operator in the ‘number-basis’ are already
finite, because their calculation only involves finitely many terms on account of the or-
thogonality of states with different particle numbers [Wal77, Wal78a]. To regularise the
formal stress-energy tensor operator, it is therefore only necessary to subtract an infinite
part proportional to the identity operator, thus leaving the non-diagonal matrix elements
unchanged" - axiom 1 amounts to require such a ‘minimal’ regularisation. This axiom is
also related to so-called relative Cauchy evolution of a locally covariant field [BFV03, San08];
since the functional derivative of the relative Cauchy evolution involves the commutator
with the stress-energy tensor operator, one could reformulate this axiom on the operator
level requiring that any regularisation prescription yields the same relative Cauchy evolu-
tion. If we consider Hadamard states, the requirement is equivalent to demanding that the
bidifferential operator used in the point-splitting procedure is given by the canonical one
of the respective field theory plus a term which does not influence the state dependence

of w(:T,(x):).

7%

2. The motivation behind this axiom is to assure that any regularisation prescription for
(: T}, (x):) should be an extension of the formalism in Minkowski spacetime. However,
with our current understanding of curved spacetime quantum field theory, its general
framework should rather serve as a guide to Minkowskian quantum field theory than vice
versa. Moreover, there are at least two other reasons why one should discard this axiom.
On the one hand, this axiom could be interpreted as forcing any ‘cosmological constant’
present in «(:7,,(x):) to be zero. However, as remarked in [Ful89], this is not necessarily
a sensible requirement in cosmological applications. On the other hand, we will see that
the only way to assure the validity of this axiom is to fix certain constants in terms of
inverse powers of the mass 7. But this is not a procedure which behaves well in the limit
m — Q.

3. This axiom may be obvious, yet it is crucial and the main obstruction in providing a
regularisation procedure for w(: 7),,(x):) or, in our terms, the correct Wick polynomial
representing :Tw(x):. Namely, the left hand side of the semiclassical Einstein equation is
constituted by the Einstein tensor G, which is covariantly conserved. Consistency of the
equation therefore requires the right hand side to be conserved as well.

4. As already remarked at several occasions, a backreaction equation is only sensible if the
source term depends only in a local manner on the curvature of the spacetime. Of course
a state is a non-local object, and one can not avoid ‘some’ non-locality in the expectation
value w(: 7, (x):). However, one should at least try to obtain the ‘minimal’ non-locality
by constructing :Tw(x): in a locally covariant way. In fact, this axiom seems to have
been an inspiration towards the formulation of locally covariant quantum field theory, as

"To see the direct relation to the statement of the axiom, consider two normalised Hilbert space vectors |A)
and |B). Then |C*) =|A) £|B) are orthogonal, and (AIT,,|A)—(B|T,,|B) = %((C+|TMV|C_) + (C_|T#V|C+)).

Conversely, every pair of orthogonal vectors can be written in terms of two normalised vectors.
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IV.1. The Semiclassical Einstein Equation and Wald’s Axioms

described in the seminal paper [BFV03]. Moreover, this axiom is automatically fulfilled
in our case as we define the regularisation by subtracting only the local, geometric part of
any Hadamard state.

5. Wald originally proposed this axiom in a rather technical and more strict way [Wal77,
Wal78a], essentially requiring that cw(: 7,,,(x):) does not depend on derivatives of the
metric of order higher than the first. On the one hand, this is motivated by the wish
to have a sensible initial value formulation for the (semiclassical) Einstein equations with
source, and, on the other hand, one would like to recover the usual Einstein equations
in the classical limit % — O (recall that w(:7,,(x):) has contributions of order B'), see
the enlightening discussion in Wald’s original papers [Wal77, Wal78a]). Wald himself had
realised, however, that the strict version of this axiom could not even be satisfied in the
classical theory and has thus proposed the weaker one stated here. Unfortunately, further
examinations have revealed that even this weaker version does not seem possible to fulfil in
massless theories without introducing an artificial length scale into the theory; therefore,
the axiom has been discarded. We still believe, however, that it could be fulfilled, though
only under special circumstances, eg in cosmological spacetimes. We shall comment on
this issue at a later stage.

Using these axioms, Wald could prove that a uniqueness result for c(: Tw(x):) can be ob-
tained. The first and fourth axioms already imply that the results from two different sensible
regularisation schemes can only differ by a local curvature tensor. The second and third ax-
iom then imply that this local curvature tensor is conserved and vanishes if the spacetime is
locally flat. Requiring that this term has the correct dimension of m*, the possible tensors are
presumably [FIT198] only the ones obtained by varying a Lagrangean of the form

R R, R* R, R“P
() e (5o +5 (25)
m m m

with respect to the metric, with some dimensionless functions F,(x). By requiring suitable
analyticity properties with respect to the curvature tensors and 72 it has been shown in [HoWa05]
that the only possibilities are m4gw (F,=1)"%, szW (F, = x) and the three local curvature

tensors ]W (F, = x?), ]W (F, =x), K, (F; =x) given as

8Note that a term proportional to the metric is not allowed if one seeks to fulfil the second axiom. Furthermore,
we stress once more that the results in [HoWa05] regarding the restriction of the possible regularisation freedom by
demanding analytic dependence on curvature and mass have only been obtained for scalar fields. However, since
the stress-energy tensor for Dirac fields is an observable and thus still a ‘scalar’ field, the results in [HoWa05] can
be presumably extended to this case.
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Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

1 8 1
I, = Jd xR*=g V<—R2+2|:|R> —2R ,,—2RR (IV.109)
Y Vderg] 98" ) “\2 g .
I, : i fd R R = 1 (R,R”+0OR)—R., +0OR, —2R, ;R*P
e X = - — I\, - )
”V IdethSgWM e 28R Y S
1 )
K, = . J d,x R,z sR*T
V[ detg| S g* A

e e R, SR LIR , R 4R R P 4R, R —4CR, +2R

_Eg#" afyd +2 afyu v+4 af u v_4 au v_4l:| /UV+2 sy
In fact, we will show in the next subsections that changing the scale A in the regularising
Hadamard bidistributions amounts to changing cw(: 7,,,(x):) exactly by a tensor of this form
and, furthermore, the attempt to regularise Einstein-Hilbert quantum gravity at one loop order
automatically yields a renormalisation freedom in form of such a tensor as well [tHoVe74].
Having in mind how the semiclassical Einstein equation may be derived, these two arguments
are of course related by means of internal consistency.'” Moreover, using the Gauss-Bonnet-Chern
theorem 1n four dimensions, which states that

voT v 2
f d xR, R"°* —4R R* +R

M

is a topological invariant and, therefore, has a vanishing functional derivative with respect to the
metric [Alt95, tHoVe74], one can restrict the freedom even further by removing K . from the
list of allowed local curvature tensors as K, =/ w4 e Finally, the above tensors all have a
trace proportional to (IR and thus the linear combination /,, — 3], is traceless.

Taking Wald’s axioms as a guide, we shall show in the next subsections how a meaningful
expectation value of the quantum stress-energy tensors of Klein-Gordon and Dirac fields can be
provided. Let us briefly anticipate where the main obstruction lies. Namely, to assure locality of
the stress-energy tensor, we have subtracted only the local divergence encoded in the Hadamard
form. However, this subtraction term does not fulfil the relevant equations of motion, which
have been essential in deriving both the conservation of the classical stress-energy tensor and its
vanishing trace in the conformally invariant case. We will see that it is possible to ‘restore’ the
conservation by a judicious choice of Wick polynomial for :Tyv(x) :. However, one can not
assure vanishing trace in the conformally invariant case at the same time. Hence, a well-known
quantum anomaly arises, namely, the trace anomaly.

®In fact, at least in the case of scalar fields, the combination of the local curvature tensors appearing as the
finite renormalisation freedom in [tHoVe74] is, up to a term which seems to be an artifact of the dimensional
regularisation employed in that paper, the same that one gets via changing the scale in the regularising Hadamard
bidistribution.
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IV.2. The Quantum Stress-Energy Tensor of a Scalar Field

IV.2 The Quantum Stress-Energy Tensor of a Scalar Field

After some dispute about computational mistakes (see the discussion in [Wal78a]) it had soon be
realised that the canonical choice of differential operator mentioned in the previous subsection
does not assure conservation of the stress-energy tensor. The obvious solution to this problem has
been to compute the expectation value of the canonical stress-energy tensor, calculate its covariant
divergence, and then define a new stress-energy tensor expectation value by just subtracting this
conservation anomaly. 1t was found that then the trace anomaly arises inevitably, and that every
quantum stress-energy tensor (expectation value) which fulfils Wald’s axioms necessarily displays
this phenomenon.

At a more recent date, Moretti [Mor03] proposed a version of the point-splitting procedure
which is conceptually more clear and does not require to bluntly subtract the conservation
anomaly. Let us describe the main idea in the case of a Klein-Gordon field. As already an-
ticipated, the conservation anomaly of the canonical stress-energy tensor arises because we have
regularised it by means of a singular bidistribution which does not fulfil the equation of motion.
As a result, expressions like P ¢ which classically vanish on-shell, are on the quantum side rep-
resented by Wick polynomials : P ¢ : whose expectation value does not vanish, even though
the state satisfies the equation of motion. However, as proposed in [Mor03], one can try to turn
this disadvantage into an advantage. Namely, one modifies the classical stress-energy by adding a
term like ngng &, with an initially undetermined constant ¢. One then constructs the related
bidifferential operator D;V, computes the covariant divergence of the stress-tensor expectation

value, and then hopes that it vanishes for a particular c. It turns out that this procedure works
very well, and one therefore has a regularised stress-energy tensor in the quantum case which
reduces to the canonical one 1n the classical, on-shell limit.

In [Mor03], the procedure we have just described has been applied to the case of a Klein-
Gordon field in any spacetime dimension. We shall review it here in the case of four spacetime
dimensions, and then proceed to apply it to the Dirac field in the next subsection. To this avail,
we define the stress-energy tensor expectation value in a Hadamard state as

w (: T;G(x):) = Lz [DKG’Cw(x,y)] (IV.110)

8 ©y

where
KG,c - KG,can
Dlw = DHV + chPx (Iv.111)
=(1- zg)g;’vyvv, -28V,V,+&G,
1 , 1
2
+ g, {2§Dx + <2§ - 5) g/f VPVP, — 5m } +cg, Py

The following result can now be shown [Mor03].

Theorem IV.2.1  Let e(: vac(x):) be defined as in (IV.110) with ¢ = —% and ¢ being a Hadamard
state on .of (M).
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Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

a) ow(: vaG(x):) is covariantly conserved, i.e.
Viw (: T;ff(x);> =0.

b) The trace of e (: vac(x):) equals
g¥ew (:TKG(x):> = L [v,]— L <3 <1 — §> O+ m2> [w]
a 47’ 87 6
1
~ 288077

(3 ) (Lo

which, for m =0 and £ = %, constitutes the trace anomaly of the quantum stress-energy tensor

proper to the Klein-Gordon field.

5 RZ
<5 (65 — 1)R2 +6(1— 55)|:|R + Ca,@yé‘caﬁys +Ra/BRa/B — ?>

¢) The conservation and trace anomaly are independent of the chosen scale A in the Hadamard
parametrix h. Namely, a change

A X

results in

ow(: vaG(x):) — T;{VG(X):)/ = ow(: T;{VG(X):) +37,,,
wher 2log A/ X 2log A/ X

- 0g KG,c _ 0g KG,can
0T, = 872 [Dw v] 8l [Dw v]
2log A/ X [ m*(6E =1)G,,  m* 1 (6& —1)?
= 2 < - __g[uv_*__(lluv_ ]yv)_—]/uv
87 12 8 360 144

is a conserved tensor which has vanishing trace for m =0 and & = %.

Proof  a) Leaving ¢ undetermined and employing Synge’s rule (¢f lemma III.1.2.4), we com-
pute

872V w (: T;G(x):) =V*# [DEVG’C w] = [(V” + g:j,V”/)DES’C fw}

[(8/ VP +c(g/VyP,+V,P))w] .

Let us now recall that P (b + w) =0 and, hence, P w = —P_h. Inserting this and the
identities found in lemma II1.1.2.7, we obtain

872V w (: TfVG(x):> =— [(g:/VV/Px + C(g:/VV/Px + vax)> h]

=—(2+6¢)[v,], -

This proves the conservation for ¢ = %

198



IV.2. The Quantum Stress-Energy Tensor of a Scalar Field

b) It is instructive to leave ¢ undetermined also in this case. Employing Synge’s rule and the
results of lemma II1.1.2.7, we find

8l g" <:T;G(x):> =8mgH [DKG’C w]

= —(1+4c)[P,h]+ <3 <% —5) O+ m2> [w]

=—(1+4c)6[v,] + (3 <% —~ 5) O+ m2> [w].

Inserting ¢ = —% yields the wanted result.

c) The proof ensues without explicitly computing & Tw in terms of the stated conserved
tensors from the following observation. Namely, a change of scale as considered transforms
w by a adding a term 2log A/A’v. Hence, our computations in a) and b) entail

8° , ,
legA//l/vlunguv: [(gv vV/Px+C(gV VV/PX+VVPX)> ‘U] 5
87'[2 /JvST — 1 4 P 3 1 5 )
Wg w=(1+40)] x‘U]+< <g— >D+m>['v].

The former term vanishes because P v = 0 as discussed in subsection II1.1.2, and the same
holds for the latter term if we insert & = % and m =0.
O

Note that the proof of b) clearly shows that there is a possibility to assure vanishing trace in the
conformally invariant case, but this possibility is not compatible with conservation. A related
observation is that & trace-anomaly is already present if one considers the canonical stress-energy
tensor. Finally, we have stated the result of c) in explicit terms to show how a change of scale in
the Hadamard parametrix (almost) exhausts the renormalisation freedom. Moreover, note that
the term we have added to the canonical stress energy tensor is state independent and, hence,
assure the validity of Wald’s first axiom. This follows once more from the observation that
P w=—P_h.

Regarding the validity of the axiom asking for a vanishing expectation value of the stress-
energy tensor in Minkowski spacetime, let us remark that in the massless case this is automatically
assured, as then v (and w) are identically vanishing (recall the massless vacuum two-point
function displayed in (IIL50)). If 7 # O, then one can assure a vanishing expectation value by
fixing the constant A in the Hadamard parametrix in terms of the inverse mass, see [Mor03] for
a detailed calculation. However, as already remarked, such fixing of A would behave badly in the
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Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

limit to vanishing mass and we do not feel that this axiom should have to be fulfilled in view
of cosmological applications.

An observation related to the previous paragraph is the following [Wal78a, Wal95]. If we
do not fix the scale A in the Hadamard parametrix, then the explicit form of & THV provided
in the statement of theorem IV.2.1 indicates that we do not fix the ‘amount’ of the conserved
local tensors /,,, and ], “present in c(: T/ic(x):)’. Hence, we do not have any control on these

specific higher-than-second derivative terms and Wald’s fifth axiom can not be assured. At the
same time, we see that we can very well assure the validity of this axiom if we only consider
the trace of the stress-energy tensor and if [w] does not explicitly depend on higher derivative
terms. This follows from the fact that, in the case & = %, the trace of & T/N does not contain
higher derivative terms.

We would also like to point out that the above explicit form of the trace anomaly has also
been known before Hadamard point-splitting had been developed. Particularly, the same result
had been obtained by means of the so-called DeWitr-Schwinger expansion in [Chr76]. This regu-
larising prescription is a priori not rigorously defined on general spacetimes and the Hadamard
point-splitting computation in [Wal78a] had therefore been the first rigorous derivation of the
trace anomaly of the stress-energy tensor proper to the quantized Klein-Gordon field. However,
we shall discuss in more detail in the following sections that the status of the DeWitt-Schwinger
expansion 1is not so bad after all.

Finally, let us remark that a treatment of the regularised stress-energy tensor of a scalar field
encompassing also the interacting case has been given in [HoWa05]. In this work, the authors
have analysed the regularisation freedom of locally covariant Wick polynomials including deriva-
tives by demanding that specific ‘Leibniz rules’ should be fulfilled. They have shown that the
regularisation freedom of locally covariant Wick polynomials is large enough to allow for such
Leibniz rules to hold, and this entails in particular that one can have a conserved stress-energy
tensor.

IV.3  The Quantum Stress-Energy Tensor of a Dirac Field

We shall now apply the tidy point-splitting procedure introduced in [Mor03] to the case of Dirac
fields. We point out that our results constitute the first computation of the stress-energy tensor
of Dirac fields in the rigorous framework of Hadamard states. However, the trace anomaly we
find 1s in principle already known from (apparently non-rigorous) computations in the DeWitt-
Schwinger approach [Chr78].

In order to obtain a conserved stress-energy tensor expectation value, we have to explore
the classical freedom of the stress-energy tensor also in the Dirac case. Let us observe that the
Lagrangean Ly, (see (IV.106)) vanishes on shell - this is the reason why we have explicitly written
it down when providing the form of the classical stress-energy tensor. A canonical possibility to
modify the classical stress-energy tensor and, hence, the related canonical bidifferential operator
thus seems to be constituted by adding multiples of Lp,.. This leads us to consider the following
definition.
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IV.3. The Quantum Stress-Energy Tensor of a Dirac Field

w <: T/Ri(x):> = 8%7:2 Tr [D;)‘i’c W(x,y):| (Iv.112)
where
DP*=pPn o (D'4D ) D’ (IV.13)
v v SO \Fx Ty )y

. 1 4 * *
= {_5}/(# <VV) B gv)VV/> B ggw (Dy +Dx>}Dy :

Based on this, we can prove the following result.

Theorem IV.3.1 Let o (: Tg(x):) be defined as in (IV.112) with ¢ = —% and ¢ being a Hadamard
state on .o/ (DM).

a) o(: Tx(x):) is covariantly conserved, i.e.
u 7D —
Viw (.Tw(x).) —0.
b) The trace of e (: Tfj(x):) equals

g (:T2(x):) = —4_12 (V] + S%Zmn [D; W]

/i

1 7 1
= <—C Lo CHPT 411 <R SR — —R2> —6[:|R>
288072 \2 # 3

L <ﬁ4+m—2R> +i2mrr[Dy* W] ,

w\ 8 48 87
which, for m = Q, constitutes the trace anomaly of the quantum stress-energy tensor proper to the

Dirac field.

c) The conservation and trace anomaly are independent of the chosen scale A in the Hadamard
parametrix H~. Namely, a change

Ao X
results in
DN s ool TP )Y — (= T ).
(T, (x):) = (T (%)) = (T, (x):) + 3T,
wher 2log A/ X 2log A/ X
—L Diyc _L Di,can
8T, = =5 1| Dl v = s v D2 v |

2log A/ [ m* m? 1
:—2 Tg[uv_TG/uv-i_a(lyv_:S][uv)

is a conserved tensor which has vanishing trace for m = 0.

8
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Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

Proof.  a) Again, we leave ¢ undetermined to start with. Applying Synge’s rule and taking into
account that {R ,,y#} =0 and [gvvly] =0 (¢ lemma 1.2.2.9 and subsection II1.1.2), we
get

872V e (: Tfj@):) — VHTr [Df;f \X/] = Tr [(W +g! VDD W]
=i {3 (69, -9.) (DD +9,) + 31D;8, - B

4
- (&/vo+v.) (DD -,) | w).

Remembering that —D;(H ~+ W) is the local two-point distribution of a state, it follows

that H~ + W is subject to the distributional differential equations D:D;(H_ + W)=

0= ‘By(H_ + W). Thus, we can safely replace W in the above equation by —H~, since
every appearing term involves one of the two aforementioned differential operators. Such
a procedure yields

87 Vee (sT0(x): ) = Tr H; (V,-g'Vy) (DD +%,) + %}/v (Y +m) (P, —B,)

C / * * —
— (8/v,+7,) (%, —Dny)} H ] .
Now we can insert the various coincidence point limits of the differentiated Hadamard
bidistribution H~ computed in theorem II1.3.2.7 to obtain

v o©

8§72V (: T;;(x);) = —(1+60) Tr[V]]

This proves conservation for ¢ = —%.

b) Leaving ¢ undetermined for one last time, we use both the insights on the parallel transport

of gamma matrices from subsection III.3.2 and the arguments already employed in the
computation of the conservation to get

87l g w <:T£i(x):> =g"Tr [ij’c W]

=T [{— <2c + %) (DD -%,) + mD;} W]
=T [ <2€ + %) (DD —%,) H™+ mD;‘W]

=—6(4c+ 1) Tr[V,]+m T D; W|.

202
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) A change of scale as considered transforms W by a adding a term 2log A/A’V. Hence,
our computations in a) and b) entail

2

210g/1//llv mv r|:{2<gv VV/_V")( x y+€By>+Z}/\/ y(“py_ipx)

4

S (/v +7,) (D -9,) | V]

872 1

—— oS8T =Tr|{— Zc+—> (D*D*— )+mD*} V:|

2log NS O Tm r[{ < 5 ) DD =%, )

The former term vanishes because V' is in the kernel of all occurring differential operators
as discussed 1n subsection II1.3.2, and the same holds for the latter term if we insert 72 = 0.

]

Let us comment on how our definition of cw(: T}Ri(x) ) fits into the framework of Wald’s

axioms. The first axiom requiring state-independence of the procedure is again fulfilled because
the additional differential operators we have added allow to replace W by H~ in the relevant
terms, thus making the modification of the canonical stress-energy tensor state-independent. In
fact, this will be the case quite generally for all spins if one follows the ideas of [Mor03], as one
will always consider modifications given by differential operators whose kernel will contain the
relevant two-point function of a Hadamard state. In case one insists, the vanishing in Minkowski
spacetime can be assured by a similar calculation as performed in the scalar case in [Mor03]. In
the massless case, V = W = 0 and there is nothing to be done. In the massive case, one fixes
the scale in the Hadamard parametrix A in terms of the inverse mass and obtains the wanted
result by a straightforward, but cumbersome calculation, see [DHP09] for the details. As in the
Klein-Gordon case, one is in the unsatisfactory situation that the lack of a fixed A prevents the
fifth axiom to be fulfilled. Namely, as the proof of theorem IV.3.1 ¢) shows, the conserved local
tensors ]MV and ]MV appear inevitably if one changes this scale.

To close, we point out that the structure of many terms related to the stress-energy tensor of
Dirac fields seems to be simpler than in the Klein-Gordon case. The reason for this is simply
that the Klein-Gordon field is essentially the only field which has a freedom in its coupling to
(scalar) curvature. If one chooses conformal coupling & = %, then the structure of the stress-
energy tensors of both the Klein-Gordon and the Dirac field is essentially the same. This is one
reason why we would like to advertise the choice of conformal coupling whenever one treats
Klein-Gordon fields.

IV.4  The Relation between DeWitt-Schwinger and Hadamard Point-Splitting

We have already remarked at several occasions that the results on the trace anomaly of the quan-
tum stress-energy tensor computed in the scalar case by [Mor03] and in the Dirac case by us have
in principle already been known based on point-splitting computations involving the DeWitt-
Schwinger expansion. In fact, the trace anomaly for Klein-Gordon, Dirac, and Maxwell fields in
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general curved spacetimes has been computed in [Chr78] (confirming results of computations
in more specific cases). These results have been generalised to field theories of higher spin by
providing generalised ‘index theorems’ in [ChDu79], yet again based on the mentioned DeWitt-
Schwinger expansion. This expansion is problematic on general curved spacetimes, because it
makes use of results proper to heat kernel theory (see for instance [Wa79, Mor99] and references
therein). These results, however, are initially only valid on Riemannian spacetimes, and thus can
apparently at best be extended by a Wick rotation to Lorentzian spacetimes which are analytic and
have a Riemannian (‘Euclidean’) section. The identities used in deriving the DeWitt-Schwinger
expansion on general Lorentzian spacetimes are therefore purely formal, moreover, they show
infrared divergences in the massless case. Although the workers in the field have been aware of
this fact (see for instance the comments at the beginning of section 6.6. in [BiDa82]), the results
have been trusted and have found their way into standard monographs like [BiDa82] (¢f table 1.
on page 179 in that reference). It seems the common sense was that the results of the procedure
can be trusted, even though this is not the case for the involved steps. This belief has been
strengthened even more after the observation that the Hadamard coefficients appearing in the
rigorous treatment of Hadamard point-splitting are essentially the same as the ones appearing
in the DeWitt-Schwinger expansion, see for instance [Mor00, Mor99, DeFo06, DeFo08]. In fact,
the point of view to date seems to be that the Hadamard approach is rather well-suited for rigor-
ous treatments, while the DeWitt-Schwinger approach is more convenient for actual calculations
[DeFo06, DeFo08]. We do not claim to provide a full understanding of the relation between the
two approaches, but we would like to show that - at least regarding their application - the ap-
proaches are essentially equivalent. Particularly, the DeWitt-Schwinger calculations can be put on
rigorous grounds without much effort. Our findings are not surprising, but, to our knowledge,
they do not seem to have been reported in the explicit form we give here to date. We discuss
the example of the Klein-Gordon field and show how the DeWitt-Schwinger calculations yield a
stress-tensor which fulfils Wald’s conservation, state-independence, and local covariance axioms.

Let us start our treatment by giving a brief and formal account on the derivation of
the DeWitt-Schwinger renormalisation of the stress-energy tensor based on the presentation in
[Wa79] (see also [Ful89]). The starting point 1s the effective action S . defined via a path integral

as
e_seff — J [d¢]e—%(¢,P¢) ,

where P is the Klein-Gordon operator, [d¢] is supposed to denote some (formal) measure
on the space of field configurations, and the argument of the exponential in the integrand is
the classical action Sy, up to boundary terms. We have written the effective action for the
Riemannian case, whereas, in the Lorentzian case, one would put an imaginary unit in front
of both actions in the above formula. The relevance of the effective action in our case is the
fact that one can formally define the expectation value of the regularised stress-energy tensor in
analogy to the classical case as

= |detg_|8gfuv.

w(:71),:)
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The natural question which arises 1s where the state dependence of the right hand side is hidden
and one can interpret the situation in such a way that the measure [d¢] is state-dependent
[Mor03]. To obtain c(: Tw :) in this picture, one therefore needs to regularise the effective
action and then compute the mentioned functional derivative with respect to the metric. Note
that, if the regularisation is such that the effective action is diffeomorphism-invariant, than the
resulting functional derivative will automatically lead to a conserved w(: 7 ,,:).

Let us proceed to understand why the effective action is divergent and how to regularise it.
Ignoring the infinite dimension of the space of field configurations, and evaluating the above

integral as a Gaussian integral in a finite dimensional vector space, one finds (up to a constant)

1 17 log P
e Seff_—(detP) 1=¢ 207 lo8 ,
and, hence,

1
Setr = Efdgx [logp](x’x)ifngLeff(x)a
M M

where the indentity (valid in finite dimensional cases) logdet P = Tr log P has been used, the
trace is evaluated by integrating the kernel of the operator log P at coinciding points, and L g is
interpreted as the effective Lagrangean. The above integral is certainly diverging, as one can already
infer from the identity

o

—sP
log P = lim —ste—+(y—logs)ﬂ :
e S

3

where y denotes the Euler-Mascheroni constant and I is the identity operator. We discard the
divergent term proportional to I (note that 77 [ = co), and define

[e'e) —sP
L (x)= _J g5 L1 (IV.114)
0 S

The integral kernel [e=*"](s,x,y) of the appearing exponential of P is called the heat kernel
because it satisfies the heat equation

(4P [ (5 x.0)=0.

In the Riemannian case, P = -V V¥ + m? is a positive and symmetric operator on Z(M,R)
(and this is also the case if we include a coupling to scalar curvature, provided & is positive
and R is somehow bounded from below). One can therefore consider a self-adjoint extension of
P and define the heat kernel by functional analytic methods, see [Wa79, ReSi75]. In this way,

one obtains an expansion for the integral kernel of e™*” on a geodesically convex set given as
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[Wa79, Mor99]

1 o(x, 0
[e_SP:I (s,%,9)= (4] e~ Zan(x,y)s” + ‘smooth biscalar’ (IV.115)

n=0

1 _ﬂ(xa)_mzs > n c . s
= e > E a,(x,y)s” + ‘smooth biscalar’,
(47s) =0

where a,(x,y) are smooth biscalars which fulfil the recursive differential equations [Ful89,
Mor99]

1
ag=u, Pﬂn—awaiﬂrl— <ED0+n—1> a,,,=0 (IV.116)

with # denoting the square root of the VanVleck-Morette determinant, and &, being related to
a, via

n m2j
@, =D —a,_;. (IV.117)

'l
7=0 ]

The reason why we have displayed the above expansion in two versions is the following: the
second version in terms of @, is more convenient in the regularisation procedure, because the
appearing m? will be necessary to avoid potential infrared singularities in the integral with
respect to s present in L 4. In contrast, the version given in terms of @, is important to show the
relation between the Hadamard coefficients v, and the a,. Namely, a short computation and
comparison with the scalar Hadamard recursion relations discussed in subsection III.1.2 reveals
the well-known identity [Mor99, Mor00]

a,, ==y 2" aly,. (IV.118)

One can show that, in the Riemannian case, the above expansion of the heat kernel is asymp-
totic for small s and x =y, see [Wa79, Mor99], which means that the smooth remainder term
vanishes in a controlled way in the limit s — 0. In Mathematics and on Riemannian mani-
folds, this expansion is called Minakshisundaram-Plejel expansion - and the coefficients a, thus
Minakshisundaram-Plejel coefficients - while in Physics and on Lorentzian manifolds, the above
expansion (with s replaced by zs) 1s termed DeWitt-Schwinger expansion and a,, are called DeWiit-
Schwinger coefficients [Ful89]. Note that, in the case of Lorentzian manifolds, there is no general
way to define the ‘heat kernel’ e=*” if P is the Klein-Gordon operator, because —P, being hy-
perbolic and not elliptic, is not a positive operator. Hence, the DeWitt-Schwinger expansion is
also not known to have any asymptotic properties whatsoever and one can presumably only take
it as a ‘clone’ of its Riemannian cousin. We also remark that the infinite sum in (IV.115) is not
necessarily converging, but this is not relevant for our purposes.

Let us continue discussing the renormalisation of w(:7,,,:) via renormalising L. Inserting
(IV.115) in the definition of L 4 (IV.114), one finds that the contributions due to » =0, n =1,
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and 7 =2 lead to divergent integrals with respect to s if x =y (or 1f x and y are lightlike related
in the Lorentzian case). Particularly, we observe UV-divergences at the lower integration limit,
while infrared divergences at the upper limit are not present on account of e™™5. One therefore
defines the renormalised effective Lagrangean as

f1 1 &

L x)=—|ds - e " E a, (x,x)s”, IV.119

eff,ren( ) J 5(47'1,'5)2 — n( ) ( )
0

and w(:7),,:) by the functional derivative of the associated renormalised effective action

Seff,ren = J dgx Leff, ren(x) .

M

In the Lorentzian case, one would again define these quantities by replacing s with zs. We
point out two important things. First, we know that the Hadamard coefficients v, and, hence,
a, are covariant biscalars. Therefore, the renormalised effective Lagrangean is a scalar, and,
consequently c(: T#v 1) is automatically conserved by its definition as a functional derivative
with respect to the metric of a diffeomorphism-invariant quantity [Wal84, app. E]. Secondly, it
is clear that L g . (x) has no state dependence whatsoever. This holds because we know that the
coefficients «,, are completely specified by local curvature terms and 2, & In fact, we have ‘lost’
the state dependence by disregarding the smooth remainder term in the expansion of the heat
kernel. Defining w(: 7, :) via Ly () therefore completely disregards the state dependence
of w(:T,,:). Apart from the appearance of the Hadamard coefficients, there does not seem to
be a close relation to our definition of w(:7,,:) in terms of applying a suitable bidifferential
operator DW to the regularised two-point function and then taking the coinciding point limit.
However, one can reformulate the above renormalisation of the effective action in the following
way [Chr76, Wa79]. One formally pulls the functional derivative with respect to the metric in
the definition of w(: T, :) under the integral with respect to s and then finds via additional

formal steps

a)('T -)i 2 SSeff: 2 8v|detg|P(x,y)ste_sp
T Vdetg[ 88 | W/[detg] 98"

2 S

B Y fd ol 8T, f“’ i
| VIderg[ 9870 $()560) ) | 94()340) )
= [De ) [P (x0)]

where the outer square brackets denote the coinciding point limit. In the above formal deriva-
tion, it has been used that the integral kernel P(x,y) = &(x,y)P, of P is obtained as the second

sP sP
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functional derivative of the classical action § with respect to the field ¢ and that the canonical
differential operator D:;“ we have considered in section IV.1 is nothing but the second func-

tional derivative of the classical stress-energy tensor with respect to the field ¢. In the context of
renormalisation of the effective action in Lorentzian spacetimes, one usually considers P~

be the Feynman propagator Ay (note that P! is not unique). Hence, the divergences of w(: T,
computed as above are interpreted to stem from the divergences of the Feynman propagator at
coinciding points. To renormalise c(: T#v :) in the Lorentzian case, one therefore inserts the
DeWitt-Schwinger expansion (IV.115) of the heat kernel in the integral expression for P~! in
terms of e~ to obtain

_o(xy)tic — s > ”
D ()

n=0

Ap(x,y) _hmfds

n—1

—lim f} <U+ig>TKn_1 (\/2m2(0+ie)> ,(x,y),

elo 877 “=\ 2m

where the e-prescription suitable for the Feyman propagator has been inserted and an integral
identity for the modified Hankel function K, has been used. Expanding this in powers of o,
inserting &y = #, and removing the e-prescription from the regular terms, we find

1 u (o +ie)ym?e®\ [(m?’n a mtuo a0 miao
AF(x’y):8_77:2 +l€+log 27 * -

2 2 2 8 4 4

a a, _
- - + - + 2+O(0210g(0+zs))} ,
2 16 2 4  2m

and, inserting the relation between «, and v, as given in (IV.118) and (IV.117), we see explicitly
that, barring the different e-prescription, A.(x,y) displays the Hadamard singularity structure.
Again we point out that the ‘correct’ Feynman propagator is always state-dependent, while the above
expression is manifestly state-independent, being essentially only a local curvature expression. Once
more, this stems from the fact that one has disregarded the smooth (non-local) remainder in
the expansion of the heat kernel. Note however, that, while this smooth remainder term is
essentially well-understood in the Riemannian case, this does not hold in the Lorentzian case,
as there the whole DeWitt-Schwinger expansion is not rigorous. Hence, in contract to the
Hadamard expansion of the two-point function of a Hadamard state, there does not seem to
be a possibility to introduce the state-dependence in a rigorous way in the DeWitt-Schwinger
renormalisation as we have presented it up to now. Moreover, it is already visible from the few
terms we have provided that, in term of the Hadamard series, the smooth term w of the above
distribution contains inverse powers of the mass and, hence, diverges in the massless limit. Of
course this is particularly also the case for the logarithmic terms, which displays the infrared
singularity of the integrals with respect to s.

By the well known distributional identities (see for instance [ReSi75, Ful89])
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1 1
lim — =P —+ind(x), lim log(x +i¢) = log|x| + 7iO(—x),
o x+1¢e X ¢|0

where & denotes the principal value, one finds that [D;‘*V“(x,y)[P_l](x,y)] is a complex num-

ber, and one therefore has to consider its real-part as the ‘correct’ definition of w(: T, :). In
terms of the Hadamard series we have discussed in subsection II1.1.2, this corresponds to consider

the symmetric part

1
h‘(x,y)i E(/J(x>y)+h(y>x))

in the definition of the point-splitting prescription. Note that this encodes the same information
as the full 4 in the coinciding point limit.

With the setup we have just described, the regularisation of w <:TW:> goes as follows
[Chr76]. Applying D;avn to the real part of A, given in terms of the DeWitt-Schwinger ex-
pansion, one finds that, as in the regularisation of the effective action, divergences come from
the terms of order » =0, » = 1, and n = 2. Hence, one identifies the divergent part of the stress-

energy tensor as D;avn applied to the first three terms in the expansion. However, these terms of

course also contain smooth contributions, and in fact one has to take care to not subtract ‘too
much’, otherwise one could spoil the covariant conservation of w(: T, :) which was automatic
in the renormalisation of the effective action. Namely, although in the latter renormalisation
one has subtracted the first three terms of the DeWitt-Schwinger expansion as well, some of the
subtractions have been zero on account of the vanishing of ¢ in the coinciding point limit.
As we now derive the series, we could accidentally introduce these vanishing terms since second
derivatives of o do not vanish in the coinciding point limit present in L 4{(x). However, as
observed in [Chr76], this can be avoided if one defines the divergent part of w(:7),,:) by apply-
ing D;‘f‘ to the real part of Ay(x,y) and then discarding all terms which are proportional to

inverse powers of the mass. Proceeding like this, Christensen has computed in [Chr76, Chr78]
the divergent part of the quantum stress-energy tensor and has obtained the trace anomaly by
computing the negative trace of the divergent part. This follows because the full expression of
the stress-energy tensor must have vanishing trace in the conformally invariant case as, despite its
divergence, it its completely given in terms of the real part of A,, which in turn is a bisolution
of the Klein-Gordon equation by its very construction in terms of the DeWitt-Schwinger series.
Note that Christensen has introduced the massless limit by replacing the 72? in the logarithmic
divergence by an arbitrary scale A. This may seem rather ad-hoc, but from our point of view
this is a reasonable procedure if we remember that we have defined the Hadamard series with an
arbitrary length scale in the logarithm right from the start. Finally, since the smooth terms pro-
portional to inverse powers of the mass had been discarded to assure conservation, the massless
limit could be performed in a meaningful way.

Having reviewed the DeWitt-Schwinger point-splitting renormalisation of the stress-energy
tensor, let us recapitulate its seeming disadvantages.

a) It has been defined via an expansion of the heat kernel which is not well-defined in general
curved Lorentzian spacetimes.
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b) It does not take into account the state dependence of w (: le:>.

c¢) It employs a Hadamard series whose smooth part w diverges in the massless limit.

We shall now give a regularisation prescription which closely mimics the one of Christensen,
but disposes of the above three problems.

Theorem IV.A1  Let w, be the two point function of a Hadamard state on .o/ (M), let

W) S{r() +0,0,%)),

and let us define for x and y in a geodesically convex neighbourhood

om?e? <m2u a, m*uo a,0 m2a10>

o1 "
hps(x,y) = s {9’; +log

2

m?u  Sm*uno a0 a0  a,
— - + - + ;
2 16 2 4 2m?
= ho(x,7)+ b, (x,7),
1o .
hm(x’y):_2_2> bo(x’y):bDS(x’y)_bm(x’y)'
871 2m

Moreover, let us split the canonical bidifferential operator

| 1\ 1
DX6or = (1-28)g"V ¥, — 26V, V,+£G,, +g,, {ZED,C + <2£ - 5) gV, — Emz}

as
1
DKG,can :DO + D" , D" = __ng , DO :DKG,mn _DO )
134 v uy v 2 ry uv uv uv

The stress-energy tensor regularisation prescription defined as
.TDS R R KG,can s 0
w < TW (x)) = I:D#V <a)2 — hDS> +D/,me:|

Sulfils the Wald axioms of conservation, state-independence, and local covariance. Particularly, it displays

the trace anomaly
1
—[vi].

m2=0 471_2

¥ w <: Tﬁs(x):>

Proof- First of all, let us remark that the regularisation prescription is well-defined, as the relation
between @, and v, given in (IV.118) and (IV.117) implies that ] — hps is of class C? (the worst

terms in a)é—st are of the form 2 log o). Additionally, the prescription fulfils the requirement
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of local covariance, since it only involves subtraction of objects given in terms of the DeWitt-
Schwinger/Hadamard coefficients. Moreover, state-independence follows manifestly from the
definition, as the modification of the canonical prescription is given in terms of Dzvhm, which

is a state-independent term.
To prove covariant conservation, we recall that, in the proof of theorem IV.2.1, it has been
implicitly computed that for any smooth biscalar B(x,y) the following relation holds

u KG,can _
Ve [ Dl B = [V,P, B] .
Applying this to our current case, we find
Viw (: Tfj(x):) = VH [DES’““ (@, — hps) +wabm]

= [VyP, (@)= hps) + VP2 b, | = [V, (Pow) = Pohps+P0h,,) |
where we have defined
P°=—-O+¢R.

A straightforward computation employing the Hadamard/DeWitt-Schwinger recursion relations
yields
Phys="P%, .
From this and the fact that a)g naturally solves the Klein-Gordon equation, conservation follows.
By Wald’s results [Wal78a], the above findings already imply that ¢ <:T£S(x):> displays
the ‘correct’ trace anomaly. However, it is instructive to compute it explicitly. To this end, we

obtain with steps similar to the ones already taken and using the implicit computational results
obtained in the proof of theorem IV.2.1

g e <:T55(x):> = g™ [DEVG’“‘“ (w,— bDS)"‘DZme]

= [(Px —m?) <a); — hDS> —|—P3hm:| = —m?’ [a); — hDS] = —m? [a)s — ho] +

1 m*u
=—m’ I:a)z—bo} +8_7r2 |:27)1—m2'00+ 7 i| .

A few comments on the result are in order. First, on practical grounds, the above result is
really equivalent to the computation of Christensen in [Chr76, Chr78] because the terms of the
DeWitt-Schwinger expansion we have omitted are all proportional to o and, hence, vanish upon
application of the occurring differential operators in the coinciding point limit. In this sense,

we have been able to put his results on firm grounds. Secondly, the modification term wabm

does not ‘simply cure the conservation anomaly’. In this sense, the regularisation prescription
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just analysed differs from the one introduced in [Wal78a] and improved in [Mor03] in that it
assures conservation in a different way. Namely, conservation does not follow by adding a term
by hand or by modifying the classical stress energy tensor. In contrast, it follows by the explicit
structure of the smooth term w in the DeWitt-Schwinger two-point function in combination
with discarding specific terms proportional to inverse powers of the mass. Recall that the
latter procedure has been motivated by analysing carefully the subtractions in the (non-rigorous)
regularisation of the effective action. Altogether, we believe that the above result, even though
it holds only in the case of scalar fields, tells us that the trace anomaly results obtained by
DeWitt-Schwinger calculations in the case of higher spins can be trusted, or at least most likely
completely reproduced in rigorous terms. Moreover, let us remark that the above prescription
as we have presented it does not assure that c(: T;DVS(X) :) is smooth, as w3 — by is a priori

only known to be twice-differentiable. However, this only affects the state-dependent term in
o(: T/RS(X):) and not the trace anomaly.

To close, we would like to suggest two other possible ways to put DeWitt-Schwinger compu-
tations in general curved Lorentzian spacetimes on rigorous grounds. On the one hand, it is
maybe possible to use a deformation argument like the one employed in the proof of propo-
sition I11.3.2.5 to deform a sufficiently small region of the Lorentzian spacetime (M, g) under
consideration in such a way that one relates it to a portion of an analytical Lorentzian spacetime
(M’, g") which allows for a Wick rotation. One could compute quantities like co(: T,(x):)in
the analytical spacetime, and thus by locality and general covariance immediately obtain the
state-independent part (and hence, the trace anomaly) of w(: 7),,(x):) on the full spacetime
(M, g). Note that one would have to make sure to perform this steps by means of an analytical
spacetime (M’, g’) which has a non-vanishing Weyl tensor, to be able to grasp the full structure
of w(: Tw(x):). A related possibility is to use the local analytic approximation and local Wick
rotation techniques developed in [Mor99, Mor00]. This would make it possible to work in the
analytic framework without employing a deformation argument.

IV.5  Cosmological Solutions of the Semiclassical Einstein Equation

With the understanding of co(: 7,,(x):) developed in the previous sections, we can try to look for
solutions of the semiclassical Einstein equation (IV.102). One can expect that these can be most
easily obtained in the case of FLRW spacetimes, as there only one dynamical degree of freedom of
the background curvature - the scale factor a(t) - exists. At the same time, this simple situation
is already very interesting, as it can offer the possibility to model the evolution of our universe
by the effects of quantum matter-energy. Hence, we shall develop in this section the (well-
known) analysis of solutions of (IV.102) in the case of flat FLRW spacetimes. In the next section,
we will compare the behaviour of these solution with supernova Ia measurements. Although
solutions of the semiclassical Einstein equations had already been matched to experiments in
past work, see for instance [PaRa99, PaRa01] and references therein, it is safe to claim that the
following considerations are the first which take 4/ contributions of w(: T, (x):), namely, the

. L .
anomalous part, the state-dependent part, and the regularisation freedom into account. In view

212



IV.5. Cosmological Solutions of the Semiclassical Einstein Equation

of the findings of this and the following section, we personally feel that the term ‘backreaction’
is somehow misleading, as it suggests that the effects of quantum matter-energy are secondary.
However, we shall find that one can indeed model the full recent cosmic history by purely
quantum effects.

IV.5.1  The Energy Density of Quantum Fields

In order to analyse the solutions of the semiclassical Einstein equation in the flat FLRW case, let
us assume that we consider the expectation value of the stress energy tensor in a homogeneous
and isotropic Hadamard state like the ones constructed in the subsections I11.2.2 and 111.4.2. In
this case, the symmetry of the state implies that cw(: 7,,,(x):) has the form of a stress-energy
tensor of a perfect fluid, ze.

characterised by a quantum energy density o, and a quantum pressure p,. We have not
computed these quantities up to now explicitly, but let us recall that on the one hand we know
very well the trace of cw(:T),,(x):) on general spacetimes and that on the other hand we know
that w(:7),,(x):) is covariantly conserved. Out of these data, we can directly compute o, and
Pqo- Namely, let us recall that covariant conservation in the flat FLRW case entails

8q+3H(oq+pq)=0,

where _
. d

H=-

a

is the Hubble function. On the other hand, we know that

Combining these equations, we find

&a

g =—Tq. (IV.120)

This is an ordinary differential equation, we can therefore determine o, out of TQ once an
initial condition is given. Let us recall that the stress-energy tensor of classical radiation has
vanishing trace because o, = %Pmd’ see subsection 1.3.1. Hence, any ‘radiation component’
of the quantum stress-energy tensor would be invisible in (IV.120). This entails than an initial
condition can be given by specifying a radiation component of the quantum stress-energy tensor.
In more mathematical terms, once a particular solution 19?;) of (IV.120) is known, the general

solution must be of the form c

0
= + —,
(QQ @Q d4

213



Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

where ¢ is some constant because the term ca™*

, as already discussed in subsection 1.3.1, is
the general solution of the homogeneous version of (IV.120). Let us stress that ¢ is not a free
parameter, on the contrary, it is fixed to a certain value, once the state cw is specified. Given the
quantum energy density o, we can solve the semiclassical Einstein equation by solving the first

Friedmann equation

3H? = SNG@Q

as this equation in combination with the covariant conservation is equivalent to the full (semi-
classical) Einstein equation. Let us now consider the quantum trace 7. Our computations of

T,

o 1n the Klein-Gordon and Dirac case in the previous subsections have revealed

1 5 R?
TR = <— (66 —1)R*+6(1—5E)OR+C,5,5C*1° + R, ;R — ?>

Q 288072 \ 2
1 /m* (6§ —-1)m’R 1
b — = ) (3 -= |:|+m2>w: 2, IV.121
477:2<8 24 > <<6 g) (47) ( )
7D — ! <ZC C/”PT+11<R R“V—1R2>—6DR>
Q 288072 \2 “FT # 3
1 /m* m*R
I AT AN
ﬂ2<8 AT > me (4792

where we have replaced the state dependent terms by expectation values of Wick squares for
simplicity, a procedure which is legitimate in view of the regularisation freedom of both the
Wick squares and the stress-energy tensor. Namely, let us recall that the finite renormalisation
freedom of : TW: as discussed in section IV.1 consists of adding arbitrary multiples of the

conserved curvature tensors m4gW, szw, [W, and ]W. On the level of traces, this entails that

TQ is determined up to multiples of m*, m?R, and COR. We have already discussed that :?: is
determined up to multiples of 72?2 and R. Admittedly, we have not discussed the renormalisation
freedom of Fermionic Wick polynomials in great detail, but as remarked at several occasions, it
can be expected that the an analysis of this subject in the spirit of [HoWa01] would yield results
similar to the scalar case for observable quantities. Particularly, one would certainly find that
: T is determined up to m> and mR terms. Altogether, we find that the renormalisation
freedom of the full 7, and its state dependent contributions can be treated in a unified way.

Having discussed the renormalisation freedom, let us simplify notation by omitting all terms
in TQ subject to renormalisation freedom in the following. We shall collectively abbreviate them
by Ty as long as the discussion of the remaining terms lasts. Hence, from now on,

Ty =am*+ Bm’R+yOR

with immaterial constants o, /3, and y. With this in mind, let us consider (IV.121) in the case
of peculiar interest to us, namely, for a flat FLRW spacetime, and, on the scalar field side, with
conformal coupling to scalar curvature. Namely, if we consider that the Weyl tensor, being
conformally invariant, vanishes in all spacetimes which are conformally related to Minkowski
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IV.5. Cosmological Solutions of the Semiclassical Einstein Equation

spacetime, if we insert { = 1/6, and if we express the remaining curvature quantities in term of
H, (IV.121) becomes

1 :
I = 24072 (H'+ HH?) = m’e (:4%) + Ty, (IV.122)
. 11 :
i A
)= o (H*+HH?) = meo (:47¢:) + Ty

In this simple form, the universal structure of T, for free quantum fields of any spin becomes
visible. One the one hand, the trace anomaly differs among fields of various spins only by
dimensionless coefficients, see [BiDa82, p.179] for a table of coefficients for spins higher than
% obtained by DeWitt-Schwinger computations. On the other hand, we have the universal
renormalisation freedom. Finally, the state-dependent terms are contributing only for massive
fields (with the due exception of a non-conformally coupled scalar field). In fact, these very
terms are the tricky point in the business of solving the semiclassical Einstein equation, and we
shall have to devote a full subsection to their computation.

IV.5.2 Computation of the State-Dependent Contributions

To be able to compute w(:$?:) and w(: $7¢:) explicitly, we need to express them in terms of
regularised mode integrals. As shown in [DFP08, Pinl0], in case of the conformally coupled
scalar field and for pure states, the result is

w (:9252:) :lim;

. 1
f dE (1T - ——
J—=x “2(27'5)3 24 k% + a?m?
R}

where T}, are the normalised modes of the Klein-Gordon field discussed in subsection I1.2.1.
While the 7} -term is a trivial consequence of the mode expansion of states discussed in subsec-
tion I11.2.2, the form of the subtracted term can be obtained as follows [Pin10].

Initially and up to the renormalisation freedom,

w(:¢*(x):) = lim (w,(x,7) = h(x,) (IV.124)

= T,
RN 4 2 (IV.123)
m

see the discussion at the end of subsection II.1.3. In the above expression, x and y are thought
to be sufficiently close to each other for the local Hadamard parametrix to be well-defined, ¢f
definition II1.1.2.5. However, as w, — A is a smooth function, we are free to choose y and the
path along which we approach x. Particularly, we can choose y = (7,y) if x = (7,%). The
advantage of this is that the half square geodesic distance between such x and y has the simple
form

o(5,) = 3 NE =T = A orlx,),

where oy;(x,y) denotes the half square geodesic distance in Minkowski spacetime. To arrive at
(IV.123), we need to be able to write h(t,X,t,¥) in terms of a Fourier integral. To this avail,

215



Chapter IV - The Backreaction of Quantized Fields in Curved Spacetimes

we note a simple but valueable fact: we have a good knowledge of the two-point function, and,
hence, the local Hadamard parametrix of Minkowski spacetime and the corresponding Fourier
integral. Namely, for a massive scalar field in the vacuum state one has (see for instance [Mor03])

1 1 m? o, m?  m?log(mA
w?ﬂ(x,y): <a ( +—10g< ( y>>>—1 + g(z )+O(0M)

87° x,y) 2 A2 67 87

1 b () m? +m210g(m/1) (V125)
=—hy,(x,y)— g

g2 MY T e 872

_ 1 J db 1 e—u/k2+m2<rx-fy) ei/;(fc'—j’) ,
2r) 24/ k% + m?
R3

where we have omitted the necessary e-prescription. Moreover, A is the usual scale present in
the Hadamard parametrix and the O(oy,) terms are irrelevant since they vanish in the the limit
x — 7. On the other hand, we know that a massive scalar field in a flat FLRW spacetime
corresponds to the conformal transformation of a scalar field in Minkowski spacetime with the
time-dependent mass a(7)m, see subsection I1.2.1. As conformal transformations do not affect
the wave front set of a distribution and transform causal propagators into causal propagators
[Pin09], it follows that the Hadamard form h(x,y) corresponding to the Klein-Gordon operator

R 2
P=—DO+—+m

in a flat FLRW spacetime and the conformally rescaled Hadamard form a~'(7 )k, ., (x, y)a_l(Ty)
corresponding to the Klein-Gordon operator
PM = _DM + ﬂzmz

in Minkowski spacetime must be equal up to a smooth piece! Regarding the Minkowskian
quantities, replacing 7 with am in (IV.125) yields

1 ) 1 1 azmzl op(x,) o V126
7 M,am(x’y)_ 2 UM(x,y)+ 2 og /12 + (O_M) ( . )

. 2,2
ei'\//e2+azm2(7x—fy)eik(f—j’)+d m-

- 1
(2nf‘fdk VE+ 22 167 8
o 2V kS +atm T T

Moreover, by our knowledge of the Hadamard coefficients # and v appearing in b, a cumber-
some computation indeed reveals [Pin10]

a*m? log(“*)

hM,am(T’ 3?’ 7’37)
a*(7)

Combining (IV.124) with (IV.126) and (IV.127) trivially leads to (IV.123). However, we stress
once more that the exact values of @ and ﬁ are immaterial on account of the renormalisation

lim <h(T,9Z’, T,y)—

y—ox

T,
> = m? loga + —R§ , (IvV.127)
m
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freedom. The above considerations imply that an evaluation of the Wick square in the asymptotic
conformal equilibrium states co®

B

introduced in subsection II1.2.2 corresponds to the Fourier

integral

1 o [ ePk 41 1 T
Wb (:¢%:) = Jdk €—|Tk|2—— 4+ RE (IV.128)
g a*(2rm)’ e’k —1 2V B+ P m? m’
R3

Following the above ideas, we would like to obtain a similar result in the Dirac case. To this
avail, we first recall that, up to the renormalisation freedom,

([¢141(x):) = Tr lim (™ (x.)+ D} H(x.))) (IV.129)

see subsection I11.3.3. Considering the simplified situation y = (7,7), x = (7,%) once more,
proposition I11.4.2.5 entails that the relevant Fourier integral for cw™ in the case of the asymptotic
conformal equilibrium state introduced in subsection I11.4.2 is

ek —1 7
2 (26T, (7)) = 1) *E, (IV.130)

— 1 e

Tr t’olg(f,x, T,9)= a0 f dk B
R3

Here, ¥, are the normalised Dirac modes introduced in subsection I1.4.1 and we omit the
necessary e-regularisation prescription for simplicity. To obtain a Fourier expression for the
Hadamard subtraction term —D;H , we again exploit the conformal relation between flat FLRW
spacetimes and Minkowski spacetime. In the latter case and for a Dirac field with mass m, the
vacuum two-point function w, is given by —(ﬁ—l—m)con, see for instance [Sch95]. Upon taking
the trace over spinor indices, the ¢ term vanishes. Hence, employing (IV.125), we find

Tr oy, (x,y) = —4m{ 12 <0 (1 +m710g <—0M(x,y)>> - 1m + ” log(zm/l) +O(0M)}

87 X,y) A 67 87
7 (8 + m)by(x,9) + m _ mlogmd) (IV.131)
=——1r m X, — .
872 MA%a) 47? 27°

—_ am J d/; 1 iV km (s, 7)) eilz(z_y),
(2m)’ vk + m?
R3

With the scalar case in mind, we would now like to replace all occurring 7 in the above equation
with am and interpret the resulting quantities as corresponding to a Dirac field with mass 72 in
a flat FLRW spacetime. However, such a replacement is not sufficient in the Dirac case as the
‘squared Dirac operator’ 3 = D*D is not conformally related to the Minkowskian Klein-Gordon
operator with mass am, see the discussion in subsection IL.4.1. As a result, by, is not conformally
related to H. A quick way to see the failure of the mentioned conformal relation and to fix
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this problem is to notice that the two Hadamard parametrices 5 and H, and, hence, hM and
H, differ considerably in their coefficient of the logarithmic singularity. The reason for this is
the fact that, although the coinciding point limits of the relevant scalar and Dirac Hadamard
coefficients [v] and [ V'] respectively share the same structure, namely

l=v]=; (4 (e-1)®).

the one of the conformally coupled scalar field does not contain a scalar curvature term because
&= é in this case. In contrast, the coupling to the scalar curvature present in f = D*D is
& = %. Recalling that the mass term inside the Fourier integral in (IV.131) is responsible for
the coefficient of the logarithmic singularity, a natural ansatz for the Fourier expression of the
Hadamard subtraction term —D;H is the following ‘mass replacement’: one takes the Fourier

integral in (IV.131), replaces the mass term m2 outside of the integral with am, and the mass term

m inside the integral with
~. [, R
am=af{/m- + —.
12

1
———Tr (§ +am) by 5(x,7) =
8 ’

_ 1 1 a’m? oy(%,y)
= —4am {Snz <0M(x,y) + 5 log <T>> + O(UM)} (IV.132)

B} 3, ~2 3~ cai
:_4am Jdé 1 AR (o) ik _ +a mm*log(“7)
2

(27?)3R3 VB 4 2257 47? 27

The above discussion implies that the conformal rescaling of 7r (¢ +am) Py .7 has the potential
to differ from 7 D*H only by a smooth term. In fact, a computation similar to the one in the

Hence, one arrives at

scalar case shows that this is the case and that

Tr (¢ +a(T)m) by o
a’(7)

[t is time to reap the rewards of our rather cumbersome considerations and to state the resulting

Fourier integral expression for the expectation value of : (T¢):. Namely, combining (IV.129) with
(IV.132) and (IV.133) yields

lim <Tr D;H(T,a?, T,9) —

-

y—x

T,
> = 4mm?*loga + —=. (IV.133)
m

1 - ePk 1 2am
Bt ) = - - 2 2
mﬂ(.gb ¢.)_(2m)3jd/e eﬂkHz(zk 1T = 1)+ —— (IV.134)
e \/k +a (m +E>
it p)ls(itgy) | Ty
472 m
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The last and most difficult input we need for the computation of the expectation values
of :?: and : ¢T¢): are explicit expressions for the modes 7} and T,. Let us recall what we
know about these modes. One the one hand, we know that are subject to ordinary differential
equations in the conformal time 7, viz.

(2 +k*+a*m*)T, =0, (2 +k*+a*m® +ia'm)%, =0,

on the other hand they fulfil suitable normalisation conditions, namely,

T (1)2. Ty (1) = T (r)d. T (7) =4, (0, +iam)Z, [P+ £2|T, = 1.

Moreover, we have specified the asymptotic thermal equilibrium states cw? and to? by the

s p
requirements that the modes are asymptotic, massless, positive frequency modes, Ze.
: 1 . k
lim e’kTTkz—, lim e’kTQTTk:—z >
T——00 /2/€ T——00
: ikt 1 : ikt :
lim ¢*"%, =——, lim ¢ d %, =——.

T——00 ‘/Ek T——00 ﬁ

Nevertheless, these data do not allow us to provide a closed expression for 7, and T,. Hence,
to be able to obtain any solution of the semiclassical Einstein equation, we have to employ some
approximations. In the following, we are interested in matching the solutions of the semiclassical
Einstein equation to experimental data in order to model the recent cosmic history. Hence, it is
legitimate to choose approximations which are good exactly in this regime. Let us state these in
the following.

* Observations imply that the present Hubble rate /1 is non-vanishing, but that its (cosmo-
logical) time derivative H and higher order time derivatives are small. Hence, we shall
discard derivatives of H in o, and thus compute TQ only up to terms linear in H.

 The measured Hubble rate is of the order of 107>*¢V [Amm10]. This is many orders larger
than any reasonable non-zero mass value one would impose for a quantum field. Hence,
we shall discard any % terms in ©,. This amounts to omitting O(H®) and O(H’H)
terms in 71,

* Even with the above-mentioned approximations at hand, one finds that, due to the e”*
factors, the Fourier integrals in the state-dependent terms are impossible to compute ana-
lytically. Hence, we shall assume that Sm = % < 1 and only compute the lowest order
[-dependent terms. On the physical side, this approximation is motivated by the fact that
the only temperature scale that appears in the recent cosmological history of the universe,
namely, the CMB temperature, if of the order of 1K which corresponds to 10~*eV.
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Note that the approximations regarding the curvature terms are close in spirit to the one em-
ployed in [DFP08], although the authors there have not computed the state-dependent contri-
butions to 20 of order H*. As we would like to compute these terms as well, we choose a
different procedure to approximate the mode functions since the approach of [DFP08] would
not give an unambiguous answer regarding the F* terms. To this end, we first note that, for our
purposes, we do not need 7}, and T, but only their absolute squares. Hence, we employ the
differential equations and normalisation conditions fulfilled by the modes themselves to obtain
the following differential equations and initial conditions for their absolute squares

(9T3|Tk|2 +4(k* +a*m*)I_|T,|* + 44’ m*H|T,|* =0,

lim |7,]* =

T—>—00 k ’

P|T ) +aHP|Z, P + 4k +a°m?)I|Z, P + 4’ m’H|T, P — 22H =0,

hm |T,)* = hm PN =

lim |T,[2=

fim =2

: 2_ 2 12
lim J|T,["= lim J|T,|" =
T—>—00 T—>—00
However, these differential equations have the same flaw as their progenitors, namely, they can

not be solved analytically. To find solutions which are approximate in the sense discussed above,
we make the ansatz that both |T,|* and |, |? are analytic in H and its time derivatives, Ze.

TP gl k) 35S (1= 80s, ) g @k [ [ (27H)

n=0iy;=0  i,=0 J=0
Tl = G )+ 32573 (1= 8,5, ) G (e k)l—[ (3/H)"
n=0i,=0  i,=0 /=0

We stress that, a priori, our ansatz is solely motivated by the approximation we would like
to employ and we do not know if |T,|* and |T,|* really fulfil these analyticity properties.
Particularly, it is not clear if this ansatz is compatible with the initial conditions for |7}|?
and |T,|* in the limit T — —oo. However, we will find that it will be possible to obtain
unique solutions for the coefficients once we impose the initial conditions. Finally, one may
recognise similarities of our approach with the often employed adiabatic regularisation scheme,
see for instance [BiDa82]. However, whereas in the adiabatic regularisation approach an ansatz
related to ours is used to compute the divergent subtraction terms in the definition of w(: ¢*:) and
other Wick polynomials, we use the low curvature expansion to compute the to-be-regularised
original terms which we consider to be made finite by a Hadamard substraction. Even so, in
case of w(:¢p?:), the expression we find for the Hadamard subtraction in Fourier space happens
to coincide with the one employed in the adiabatic regularisation scheme, ¢f [BiDa82].
Recalling which powers and derivatives of H we consider to be relevant in our approximation,
it is sufficient to compute the expansion coefficients in the above two power series up to g, ,
g1 and G, 4, G, respectively. These coefficients can be computed by means of a recursive
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IV.5. Cosmological Solutions of the Semiclassical Einstein Equation

procedure. Namely, by the very nature of our series expansions, inserting them into the relevant
differential equations and collecting terms containing equal powers of H and its derivatives, it
turns out that the series coefficients satisfy a first order, inhomogenous ordinary differential
equation, viz

k> +a*m?
dzmzH gio""’in + gio""’in - Sio"",in ’
B2+ a*m? . C ¢
dzmzH io’.“’in + iO"“’in - io,...,in b

where Sioyersi and Sio ..; are source terms which are determined by coefficients of lower order.
Hence, all coefficients are uniquely determined up to a solution of the corresponding and

universal homogeneous differential equation, which is of the form

C
VB +aPm?
Here, C is a dimensionful constant with zero or negative mass dimension; the exact value of
the mass dimension depends on the coefficient order, it becomes more negative with increasing
order. Let us consider the scalar case first. One can compute that the source term s, is vanishing,

hence, g, is given by the unique solution of the homogeneous equation which fulfils the initial
conditions for |T},|* towards ¢ — O, namely,

1

Y e

Considering gy, it turns out that its source term s, is vanishing as well. The only solution of the
homogeneous equation which is compatible with the initial conditions in this case is g, =0,
because the results of lemma 1.3.2.4 imply that H 1s diverging towards the Big Bang. In fact,
the same lemma implies that a/l derivatives of H are diverging in the limit 7 — —oo, hence,
for all higher coefficient orders, the only solution to the equation compatible with the initial
conditions is the trivial one. As already anticipated, we can thus obtain unique solutions for
all coefficients. However, it is by no means clear that the unique solutions we find are really
compatible with the initial conditions. Moreover, the necessary computations are quite involved
and barely manageable without the usage of computer algebra systems. Notwithstanding, the
result we find for |7,|* up to the relevant order is

5 1 5 3a*m? 5a°m*
|Tk| = +H 2 N 2 2, 20\2
24 k2 + a*m? 8(k*+a"m?): 16(k*+a"m”)?
. 115542 m?® 6934 '°m® 52548 m* 15a%m?
+H B 11 + 9 7
256(k*+a’m?)T  64(k*+a’m?)z  64(k*+a*m?):  8(k’+aPm?)?
. atm? - 20348 m* 2314"%m® 434°m?
+H—————+HH 7~ T 7
8(k? +a*m?)? 320k +a’m?):  64(k*+a’m?)2  16(k* +a’m?)?
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and one can check that all terms depending on H and H vanish towards the Big Bang because
they are multiplied by sufficiently many powers of a. Hence, apart from the fact that it is still
far from clear if our series ansatz for | T,|* is converging, we find that it is compatible with the
initial conditions towards 7 — —oo and that all coefficients can be determined uniquely.

Let us know turn to the Dirac case. Here, the source term §, corresponding to G is non-
vanishing, but equals # Moreover, already at the lowest order, the trivial solution of the
homogeneous equation 1s the only one compatible with the initial conditions. At higher orders,
the considerations we have made in the scalar case again entail that all coefficients have unique
solutions, once the initial conditions are imposed. Finally, the result we find for |T,|* up to the

relevant order, viz
1 , 4k’a>m? — a®m?

+H
2V B +a’m? <\/k2+azm2+am) 16m2(k2+42m2)§
. =192k m?> +712k*a’ m” — 247k%*a° m°® + 4a'm !

|(5/e|2 =

+H 13
256m*(k* +a*m?)z
. a’m’ =Rk m’ +131k%a"m” — 84" m’
+H -+HH -
8m*(k? 4+ a*m?)> 64m*(k* +a*m?)2

indeed fulfils the initial conditions, as the coefficients of the H-dependent terms contain suffi-
ciently many powers of a.

By now we have collected all ingredients to compute the state dependent terms present in
TQ. To take the low-temperature approximation into account, we split the integrals present in
(IV.123) and (IV.134) into a -dependent and a B-independent part. In the former, we rewrite the
integral in terms of the dimensionless variable y = k(am)~!. As the ePk = e4PY factors appear
in the denominator of the relevant integrands, we find that these integrands are essentially only
non-vanishing for y < (am3)~! < 1. Hence, we can obtain an expansion in 7'/m by expanding
the S-dependent integrands in y. Proceeding in this way, and computing the resulting integrals,
we find that the state dependent terms in the approximation employed read

H*+7HH? mT*{(3
—mzcoB(:gbZ:) = — = {2( )
2407 a’

B

+ Typs

—15Hm? + 11H* +47HH? 3mT((3)

24072 a7’

—m t’o%(:gﬁgﬁ:): + Tips

where { denotes the {-function. Moreover, to obtain the mentioned result for m/g(: Jid:), we

have expanded the logarithmic term present in (IV.134) up to the relevant orders of H and H.
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IV.5.3  Classification of the Cosmological Solutions

Inserting our results for the state-dependent terms evaluated in the asymptotic equilibrium states
in (IV.122), we find
HH? mT*(3

- G) + 17,

RE>
4072 a7l

KG _
TQ =

—50Hm?+36HH? 3mT*{(3)
2407 @’
An important observation is that the state-dependent terms have exactly cancelled the H* con-
tributions of the trace anomaly, both in the scalar and in the spinor case. To see the relevance
of this point, let us recall the approximation we have employed. Namely, we have decided to

discard terms containing derivatives of /1 in the quantum energy density o, which arises out
of Tq, by means of oo/H +4p05 = —T. To obtain the the contributions to o, stemming

Tgi: + Ty

from the H terms in the above expressions in a closed form, we proceed in the following way.
If we add suitable higher derivatives of H to T, we can integrate the result in a closed form

to find that the H terms in TQ in combination with the added terms generate H terms in Co-

Hence, all H terms in 7, contribute H terms to o, up to higher derivative terms, but these are
immaterial in our context anyway. Consequently, in our approximation,

o mI°((3)
L
4 3ImT?{(3)
Di __
TQ__—ﬂ37'C2 + Tips

and we see that, up to potential contributions from 7y, which we anticipate to be irrelevant for
our current discussion, the traces only contain terms which look like classical matter! However,
in previous works, e.g. [Wal78b, DFP08, Kok09], it was found that the anomalous H* term which
is not present in classical matter-energy contributions significantly alters the solution structure
of the Einstein equations in the flat FLRW case. Hence, we find that the contribution from
massive quantum fields in our asymptotic equilibrium states cancels the only anomalous term in
T, which remains in our approximation. It seems that a similar result is at the heart of the works
[PaRa99, PaRa01], though the authors there compute the state dependent contributions by means
of partially resumming the DeWitt-Schwinger series, which is manifestly state-independent, see
the discussion in section IV.4. In contrast, it seems that in [And85, And86], where essentially
the same quantum state we consider (though at zero temperature) is used to evaluate the state
dependent terms of a massive scalar field, the conclusion is drawn that the state-dependent terms
double the anomalous H* term rather than cancelling it.

Motivated by the findings in the preceding paragraph and by the pragmatic fact that we do
not know the non-anomalous contribution of TQ for vector fields yet, we choose the follow-
ing field content for solving the semiclassical Einstein equations: we consider N; massive and
conformally coupled scalar fields, N, massive Dirac fields, and N; massless vector fields. All
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fields are considered to be free fields, and for notational simplicity we assume that all scalars and
Dirac fields have the same mass 7. Note that the latter simplification is not essential for the
interpretation of our solutions, as masses only rescale field multiplicities in the terms we con-
sider. Moreover, we assume that the quantum state of the scalars and Dirac fields is the relevant
asymptotic equilibrium state for a common temperature 7 < m. Considering the vector field
results listed in [BiDa82, p. 179] and writing out the T}, terms, we thus arrive at the following
total stress energy trace

31N, NymT3((3)  3N,,mT((3)

T, =— H*+ HH?) —
Q 120772 < ) a’ a

+am*+ Bm’ (H+2H?) +y (H+6HH +4H* + 12HH?) .

As already anticipated, the terms which are subject to the finite renormalisation freedom of TQ
do not contribute H* terms to T Let us consider these terms in more detail. The term con-
taining the high derivatives of H is unsurprisingly the (JR contribution to the renormalisation
freedom. One can straightforwardly check that its contribution to the quantum energy density

Cq s
U
@QDRZE(zHH—H +6HH?) .

In [Wal78b, DFP08], this term has been discarded in order to fulfil Wald’s fifth axiom, which
requires that higher-than-second derivatives of the metric are not present in ¢(: TMV :). Equiva-
lently, one could discard it in order to assure the existence of stable solutions of the semiclassical
Einstein equation. However, although these equations certainly have runaway solutions once
OR terms are included, they still maintain at least one family of stable ones, see for instance
[And83, Kok09]. Indeed, general procedures to consistently select the ‘stable subspace’ of solu-
tions to higher-derivative equations containing the [OR exist, ¢f [PaSi193, FIWa96]. In any case,
we will discard these terms on the basis of the approximation we would like to employ (see also
the ‘quasi-de Sitter’ approximation in [Kok09]).

The H+2H? term coming from the 72R renormalisation freedom contributes a H? term to
the quantum energy density, while the trace anomaly term leads to a F/* contribution. Altogether,
we find that the total energy density induced by our quantum field content is

3IN, z\fomﬁm)Jr3N1/2mT3C(3)+W4+£H2

)
3072 a7l a7t 2 at

o=

where ¢ is the integration constant which arises upon solving (IV.120) for o.,. Physically, it
determines the magnitude of an effective radiation component present in the quantum energy
density. As such, it is fixed once we have chosen a state for the massless vector fields. However, as
we are not able to fix such a state within our analysis, we shall consider ¢ to be a free parameter
in the following and we refer the reader to [And85, Pin10] for further discussions regarding this
freedom.
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To finally solve the semiclassical Einstein equation, we insert the found quantum energy
density in the first Friedmann equation 3H? = 87G o to obtain an algebraic equation of
fourth order in H, namely,

H4—2H2H2+9+2+C =0 (IV.135)
* ﬂ4 613 3T '

where

1572 (8- ) 30,22
2~ 832G ~307°c
C —_

H?>= , C= : (IV.136)
" 31N, 31N,
. 30(3)mT? (N, +3N,,) 30%am*
C,= , = —— .
31N, 31N,

The algebraic equation can be solved immediately, thus leading to the following solution of the
semiclassical Einstein equation

Hz(a)iHZ:t\/H“—g———C (IV.137)
* % a 3 '

Note that, in view of the Friedmann equation 3H? = 871G o, these solutions can be regarded as

L . . .1 872G . . . .
constituting the effect.we quantum energy density (r.nultlp.hed by ”T) which arises upon inserting
the solutions for H in o,. Assuming that the universe is expanding forever, we observe that the
solution we have found has the two asymptotes

2 - g2 4
H)=H*+,[H*~C,.

Although cosmological time is not a good astrophysical observable, one can integrate the above
solution to obtain H(t). A generic plot of such solution is shown in figure IV.3. We can see the
anticipated asymptotes very well. Moreover, we find that only the upper branch displays a Big
Bang behaviour (it goes back until t = 0), whereas the lower branch becomes singular at finite
time. Note that the singularity in this case is not of Big Bang type because of a # 0. This is
best seen in the explicit form (IV.137) - the non-Big Bang singularities arise when H?(a) fails
to be real because the argument of the square root becomes negative. However, it is clear that
we can not ‘trust’ our solutions up to this point, as there H diverges and the approximation we
have employed breaks down. Indeed, it is well-known that this singularity is not present if one
includes higher derivatives terms, see for instance [And83, Kok09].

The phenomenon that we have just discussed in the context of the lower branch can not
happen on the upper branch, at least if we require that H < 0 (in accord with observations
of the recent cosmic history) and that C, is suitably bounded by C,. Namely, in this case,
it turns out that the ‘radiation component’ contained in o, must have negative energy density
(C; < 0). However, one should not assign any direct physical significance to this, as this is only
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Figure IV.3: Generic plot of H(t) obtained by integrating H(a) as provided in (IV.137). H is given in

units of H,, while ¢ is given in units of H*_l. The upper branch corresponds to H, (¢) with C; = C, =

—C; =0.1H*, the lower branch corresponds to H_(t) with C; = C, = C; = 0.15H*. As observations

indicate that H < 0 in the recent cosmic history, we consider solutions with H > 0 to be unphysical and
have not plotted them.

an intrinsic component of o, which has the same functional behaviour as radiation, the full
quantum energy density is still positive. It should therefore not be interpreted as a weird form
of classical radiation.

The most important observation is that both the lower and the upper branch display the
behaviour of an expansion dominated by dynamical dark energy at late times. Moreover, we can
finally prove the often anticipated result, namely, that the upper branch is in fact a null Big
Bang spacetime and, hence, displays a power-law inflationary behaviour.

Proposition IV.5.1  The solution of the semiclassical Einstein equation given as

with Cy < 0 is a null Big Bang spacetime according to definition 1.3.1.1. Namely, integrating H_ (a)
to obtain a(t) from the differential equation a(t)=a(t)H (a(t)), a(0) =0, one obtains a scale factor
a(t) with the following properties.

a) There exist constants  Cy € (0,00), t,>0 such that a(t)<Cyt Vit <t,.

b) For all ¢ € (0,1), there exist constants C_ € (0,00), t, > O fulfilling C.t'** <a(t) Vi<t,
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¢) All derivatives of a with respect to t are bounded at the origin.

Proof In order to obtain the bounds on a(t), we derive the algebraic solution (IV.135) of H(a)
with respect to t. Rearranging terms, this leads us to the following differential equation.

H H?—2H?- Sl

H? H? - H?

We know that / diverges at the origin, hence, we can obtain the following bounds for a suitable

ty>0,e>0,and all £ < ¢,
d<1> 1
1<—— )< .
dt \ H 1+¢

Integrating this with the initial condition H~'(0) =0, we obtain

1
t<— <
H 1+¢

t, Vi<t

If we now invert these estimates and insert the result into

—})H(tl)dt/
a(t)=aye * ,

the assertion is proved with ¢, =1¢..
To show the boundedness of ¢-derivatives of a, we first consider

. 2 4 C3 Cl dC2
a=aH =H_ |a"+,|a 1+§ _F_?

and observe that it is manifestly bounded at 2 = 0. Regarding higher derivatives of 2 we compute
d"a=3"aH, =(aH,d)aH,

and find that boundedness of all ¢-derivatives of a4 follows from boundedness of all a-derivatives
of aH,. However, the latter is manifestly assured, as /1, is on account of C; < 0 a smooth
function of 4 in an open neighbourhood of 2 =0. ]

This result has already been observed and employed in [Pin10] and it shows that the construc-
tions we have performed on NBB spacetimes have been sensible. Of course the approximation we
have employed breaks down when H and its derivatives becomes large, ze. close to the Big Bang.
However, numerical analyses generically yield the possibility to have power-law inflationary so-
lutions also with higher derivative terms included, see [And83, And85]. Moreover, in [Pinl0] it
has been shown that, taking the full state dependence into account, though still discarding OR
terms to fulfil Wald’s fifth axiom, analytic solutions which constitute null Big Bang spacetimes
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can be found. For a recent treatment which considers the full state dependence for scalar fields
with not necessarily conformal coupling to curvature, see [ElIGo10]. Finally, let us point out
that the asymptotic equilibrium states are a priori not well-defined on the lower branch solu-
tions. However, as already remarked, one can avoid the non-Big Bang singularity on the lower
branch by going beyond the low-curvature approximation we have employed [And83, And85],
and we suspect that the full analysis of the asymptotically defined states can be extended to
this more general case. Moreover, in computing the T-dependent contribution of the state, we
have used that T < am is equivalent to T < m. This equivalence certainly fails in the limit
to the Big Bang. In fact, as discussed in the subsections II1.2.2 and II1.4.2, we expect that any
T-dependent contribution in a)g(: ¢?*:) is proportional to 77 close to the Big Bang, while the

same contribution in mg(: ¢tJ:) is vanishing in this regime.

Let us comment on the relation of the solutions found in this subsection to previous works
on the subject. The first work analysing solutions of the semiclassical Einstein equation in the
cosmological scenario has been [Sta80], see also [Vil85]. In fact, the solution found in [Sta80]
constitutes the first inflationary model ever suggested [Vil85]. In more detail, in [Sta80], the
analysis we have performed here is done in the case of a conformally invariant field without
taking the renormalisation freedom or state-dependent terms into account. Hence, only the
trace anomaly enters o, and the resulting solution found corresponds to the upper branch,
though being unstable and ‘decaying’ into the lower branch on account of the presence of
the OOR term. The same analysis has been performed in [Wal78b], though with the OOR term
removed by means of the regularisation freedom. Both the upper and the lower branch of the
solution are discussed, but without taking the regularisation freedom in terms of the field masses
times G, into account, the upper branch of the solution turns out to give a H which is very
large, in fact, at Planck scales. To see this, note that H_ defined as in (IV.136) is essentially the
Planck. Hence, in [Wal78b], the lower branch is taken as the sole physically sensible solution,
and it is argued that the singularity at finite a stems from the breakdown of the semiclassical
approximation. Similarly, in the more recent work [Kok09], the semiclassical Einstein equation
provided by considering only the trace anomaly is analysed and all possible prefactors of (OR
in o, are taken into account. Generalising the results of [Sta80], it is found that for a negative
coefficient of (JR in 20> the lower branch is stable but shows underdamped oscillations, while
the upper branch is unstable in that case. In contrast, a positive coefficient of IR in o, yields
a stable upper branch and an unstable lower branch. However, as in in [Wal78b], it is argued
that the upper branch is always at Planck scale and, hence, unphysical. Confirming the results
of [DFP08], [Kok09] find that the case of vanishing prefactor of OR in 2q displays two stable
asymptotes. Quite generally one can safely claim that most works which appeared after [Sta80],
for instance [And83, And84, Vil85, KoPr08, Kok09, NoOd, NOTO05, Sha03], have only considered
the cosmological effects of conformally coupled quantum fields. Hence, only the trace anomaly
and the indeterminacy of the [(JR term have been taken into account in these works, while all
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m-dependent finite regularisation and all state-dependent terms have been neglected.

Admittedly, there have been attempts to go beyond the trace anomaly and to consider the
cosmological effects of quantum fields with non-vanishing mass. Indeed, massive scalar fields
have been considered in [And85, And86] and extensive numerical analyses of the solutions
have been performed, however, without considering the full renormalisation freedom of «(:
T/N :) and without comparing the solutions with (at that time unavailable) measurements. In
[PaRa99, PaRa0ll] (see also the references therein), the effects of a non-conformally coupled
and/or massive scalar field have been analysed and it has been found that an initially ‘classical’
cosmological expansion is altered in the low-curvature regime by quantum effects which mimic
dynamical dark energy and can be matched to experimental data. Particularly, it seems that
the authors find quantum effects to be important only at late times and low curvatures. Our
impression is that these results do not hold once at least one conformally couple scalar field
or any massless higher-spin field is included. Namely, in this case the trace anomaly terms,
not being cancelled by the state-dependent terms, will certainly be important at high curvatures.
Finally, our result is a generalisation of the results in [DFP08], as we consider arbitrary fields,
compute the state dependent terms up to the curvature orders present in the trace anomaly,
provide the solution for C; # 0, and consider experimental data to perform a more detailed
analysis. Particularly, we share the new point of view taken in [DFP08] that the upper branch can
be considered physical as well on account of the renormalisation freedom. We remark that the
upper branch differs from the lower one by giving an interpretation of a late time cosmological
constant in terms of fundamentally different quantum effects, whereas the lower branch can be
interpreted as adding small quantum contributions to a ‘classical’ cosmological constant. We
shall analyse these issues in a quantitative manner in the next section.

Finally, we point out the following fact. In contrast to the common folklore assumption,
quantum field theory does not predict a Planck scale cosmological constant. 1t should be clear from
our presentation that quantum field theory on curved spacetimes does not predict any value of the
cosmological constant. Rather, the careful analysis of such theory shows that there are renormali-
sation degrees of freedom (determining the value of an effective cosmological constant), which,
with the current lack of a full theory of quantum gravity, can only be fixed by experiment.

IV.6 Comparison with Supernova la Measurements

Before we proceed to match both the lower and the upper branch solutions found in the
preceding section to recent experimental data, we shall briefly introduce the relevant astrophysical
observables. As of today, it is standard knowledge that our universe is expanding, which manifests
itself in a measured non-vanishing Hubble constant Hy = H(t, ), see the recent review [FrMal0].
To measure the expansion of the universe, one first considers that the light emitted from a
distant object at time r,_ at wavelength A is redshifted by the expansion of the universe to
a lower wavelength A where the relative deviation between the two wavelengths is given by

[Wal84, Dod03]

now?

A

—A a(t
Zi em now _ (nOW) _ 1.

A oa(r,)

em
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z is called the redshift, and setting a(¢,,,) = 1, we have the well-known relation

For nearby objects, the usual Doppler relation holds and the redshift is equal to the recession speed
v of the object (in units where the speed of light is set to 1), ze.

d(ar)
zZ=v= =H,r,
dt
where 7 is the comoving distance to the emitting object and ar is its physical distance [Wal84,
chap. 5.3.]. Hence, to determine the current Hubble rate H,, one has to measure redshift and
distance of nearby objects. The former is not a problem, one just matches the measured spectra

of the considered objects to known template spectra, eg. known emission or absorption line
patterns. However, measuring the distance is non-trivial. A possibility is to know the intrinsic
brightness of an object, measure its observed brightness, and argue that the difference must be
due to the distance of the object. To be able to perform such a procedure, one needs standard
candles. These are objects which are by some common physical mechanism known to have an
empirical relationship between a property which can be measured very well and their intrinsic
brightness. An example are Cepheid variables, these are stars which show a periodic variability in
their brightness, and one knows that there is a correlation between their intrinsic brightness and
their period. To determine such correlations, one naturally needs a couple of these objects which
are so close nearby that their distance can be measured by some direct means. Indeed, Cepheid
variables are among the objects one has used to determine the Hubble constant, see for instance
[Dod03, FrMal0] for details.

However, one is not only interested in the current Hubble rate H,, ze. the current expansion
speed of the universe, but also in its acceleration (and ultimately of course, in its complete evo-
lution). To measure the acceleration of the universe and the full behaviour of a(t), one needs
to consider distant standard candles and the correct distance-redshift relationship. It turns out
that this is given by [Dod03]

d
[uim—M:510g< L >+K, (IV.138)
10pc

where m 1s the observed magnitude, M 1s the absolute (intrinsic) magnitude, K 1is a suitable constant,
‘pc’ denotes the unit Parsec (1pc=3.08 X 10'°m), and d, is the luminosity distance defined as

z

d,(z)= (1+z)J dz' :

H(z")

Moreover, the standard candles used in this context are supernovae of type la. These are believed
to emerge from a twin star system, where one star is a white dwarf, and the other one is a
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red giant. Without going too much into details, let us mention that the white dwarf slowly
accretes matter from the red giant until it reaches the Chandrasekbar limit and collapses [HiN100].
It has been observed that there is a strong correlation between the maximum brightness of
the lightcurve resulting from this collapse and its shape, particularly, the width of the curve.
Hence, to determine the intrinsic brightness M of a supernova explosion, one fits its measured
lightcurve into a template and reads off the brightness of the peak. There are various templates
that are used, see for instance [Amm10], and these ‘lightcurve-fitters’ are ‘trained’ with data from
nearby supernovae whose distance has been determined by other means. We would like to point
out that the status of supernovae as standard candles is not undoubted, as the details of the
related collapse are not completely understood. Particularly, it is believed that there might be a
z-dependence of the lightcurves which is not taken into account, or an intrinsic reddening due
to the particular surrounding (host galaxy) of the individual supernovae. However, we shall not
be concerned with these issues here, and refer the reader to [HiNi00, Amm10] and references
therein for details.

Supernova measurements indeed show that our universe is accelerating and, because they
constitute the only experimental data which is available in a whole redshift interval rather than
only at selected special points, their analysis is a major part of the input to the currently ruling
ACDM cosmological concordance model which entails that the current matter-energy density of the
universe 1s constituted by 70% dark energy/cosmological constant and 30% dust. [Amm10]. We
shall now proceed to compare the late time cosmological evolution given by the solutions of
the semiclassical Einstein equation with the measured supernova Ia data, under the hypothesis
that only the quantum energy density o, found in the previous subsection and no classical
energy density is present. To this end, we choose the recent Union2 compilation provided in
[Amm10]. This is a selected compilation of various supernova surveys with a total number
of 556 supernovae ranging from z = 0.01 up to z = 1.55. Note that a data point at z =1
corresponds to a supernova which happened roughly 9 billion years ago.

We start with the upper branch and state its parametrisation in terms of the redshift, viz

H,(z)= \/Hf +H = C(1+2)' — (1 +2) ~C;.

To underline that the dark energy-behaviour of the upper branch deviates significantly from a
cosmological constant, we discard the ‘bare cosmological constant’ contribution in H*(z) by
setting C; = 0. We determine the best-fit parameters of our model by minimising?

2

2 . lui,obs(zobs) - IU(Z)
X (H*’ Cl’ CZ) - : :
i€{Data} Alu 1,0bs

where u; . denote the u of specific supernovae listed in the Union2 compilation tables, Ay;
their errors, 4(z) the parameter-dependent u provided by our solution H(z) via (IV.138). It is
possible to remove the constant K present in u from the fitting procedure by marginalisation, see

20We are very grateful to Christian Hambrock for providing us his y it script.
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for instance [Wei110]. This 1s indeed necessary to deduce H; from the supernova data. However,
we shall not do so, as we are mainly interested in the time variation of H rather than in H,,.
One usually states the result of such a fit in the form y?/dof, where dof denotes the degrees of
freedom of a fit, calculated as the number of data points minus the number of fit parameters
plus one. To compare our results with the concordance model, we also provide the fit to this
scenario, which is given by the solution of the Friedmann equation

(Qma er
3H*=87G <@CC + ﬂ—;)

and, hence, by

87 G
3
The above described fitting procedure yields the best fit parameters H, = 0.570H,, C, =
—O.273Hg, G = O.27OH:. Moreover, we find that the upper branch of the solution of the
semiclassical Einstein equation determined in the previous subsection is capable of fitting the
Union2 set as good as the concordance model ( )(jlin /dof = 0.98 in both cases), but not better,
see figure 5. Nevertheless, we point out that the upper branch solution provides an explanation
of the origin of dark energy in that it shows that every free and massless quantum field displays
generically the behaviour of a late time cosmological constant. Therefore, our results are not bound to
a specific model, but rather an inevitable consequence of quantum fields propagating on curved
spacetimes, provided one considers the semiclassical Einstein equation to be a sensible equation.
Supernova data fits are certainly only a first step to determine the actual physical relevance of
the upper branch, and further checks are necessary. Particularly, we note that, because of the

\/@CC + (Qmatter(1 + 2)3 .

H(z)=

additional square root induced by the anomalous H* term, there is no component in the effec-

tive energy density 3}'—11(2)(877:(?)_1 which scales like classical matter, Ze. a=>. However, it is

well-known that a sufficiently large effective equation of state parameter W, = p, .1/ Cotal > —%
is necessary to account for structure formation, and it is usually assumed that structure forma-
tion happens in the matter-dominated phase (see for instance [Dod03]). Hence, it seems natural
to ask if w; > —% is possible on the upper branch and we can answer this question to the
positive, see figure IV.4. Admittedly, there are still large differences between the standard matter-
dominated phase in ACDM and the w_; > —% phase in the upper branch solution, and further
analyses are necessary to give a definite answer on whether the upper branch can really describe
the cosmological reality.
Let us now consider the lower branch, which, given in terms of z, reads

H (z)= \/Hf —H' = C(1+2) = (1 +2) - C,.

For a sensible physical interpretation, we assume that the parameters are such that the non-Big
Bang singularity, where the feasibility of our solution breaks down, occurs at z > 1. This
amounts to require that A* is much larger than C;, i =1,2,3. Hence, we can expand H_(z) as
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Figure IV4: Plot of the effective equation of state parameter w,q = Loal — 1 _ 21 {1 the best fit upper

Lot
branch (solid line) and the ACDM model/best fit lower branch (dashed line). The dotted line displays

the minimum Weprs — necessary for structure formation.
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H (z)= | K, +K(1+2) '+ K(14+2z) + K,(1+2)° +K,(1+2z) + O <§1o>

where K are given in terms of the C; and H,. As already anticipated, it is visible that the lower
branch can be phenomenologically interpreted as ACDM plus quantum corrections, where the
latter are here constituted by the K, K, and the omitted terms. To investigate the magnitude
of the quantum corrections in the best fit, we set K, = 0 <> C;, = 0A K, = 0, as radiation
is usually thought to have no influence on the recent cosmological expansion in ACDM. The
error bars in the data seem to be insufficient to give a definite answer on the magnitude of
the quantum corrections. In fact, the parameter space is so degenerate that any K, ranging
from zero to 10_3HgL gives an equally good fit, whereas the other best fit parameters are K, =
O.73H02, K, = O.27H02. Hence, on the currently available supernova Ia data, the lower branch
is indistinguishable from ACDM. However, it is important to point out that the dark energy
behaviour of the lower branch is still of dynamical nature and deviates from a pure cosmological
constant at large z. Moreover, as

C,C; +2C,H*
N 4H°

o (3N, +Ny) mT?,

we find that a thermal component of the quantum energy density displays the scaling behaviour
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of classical matter. However, having a T° rather than a volume dependence, it can ot be inter-
preted as a density of massive non-relativistic particles. As already mentioned, field masses 7
and field multiplicities N,, N,,, are degenerate, hence, one can not infer a specific mass, tem-
perature, or field multiplicity from the best fit. Nevertheless, the mentioned scaling behaviour
of the thermal contribution to o, opens the tantalising possibility that dark matter, at least on
cosmological scales, is not a new, weakly interacting quantum field which is not present in the
standard model of particle physics, but maybe only a low-temperature effect of standard model
fields. A deeper analysis of such topic is certainly in order, and we hope to return to this issue
at a later occasion.
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Figure 5. Best fits of the Union2 set [Amm10]. Dashed line: best fit ACDM model/best fit lower
branch solution. Solid line: best fit upper branch solution.
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Conclusions

We shall now give a brief synopsis of our results. To start with, we have been able to suc-
cessfully generalise the deformation quantization approach which had been well-developed for
scalar fields [BDF09] also to the case of Dirac fields in curved spacetimes. As a result, we have
constructed the enlarged algebra of observables of the Dirac fields. The starting point of this
construction has been the classical algebra of observables constituted by antisymmetric smooth
and compactly supported sections and endowed with an antisymmetric tensor product. This
has been promoted to the algebra of quantum observables of the Dirac field by replacing the
antisymmetric classical product with a quantum product x¢ encoding the canonical anticom-
mutation relations determined by the causal propagator S(x,y) of the Dirac equation. In a
subsequent step, this basic algebra of observables has been enlarged by considering, on the one
hand, compactly supported distributions with a specific wavefront set and, on the other hand,
a new x-product x,; obtained by replacing § by a Hadamard parametrix H(x,y). We have ar-
gued that this new algebra is well-defined, contains local and covariant Wick polynomials like
:7¢:, and that its product *,; provides an implementation of Wick’s theorem in a way which
is independent of any state or its Hilbert space representation.

In a next step, we have considered an important element of the enlarged algebra of observ-
ables, namely, the stress-energy tensor : 7', : of the quantum Dirac field. Following the concepts
introduced and applied in [Mor03] for the Klein-Gordon case, we have been able to provide
a conceptually clean and rigorous point-splitting regularisation prescription of the expectation
value w(:7),,:) of : T, : in an arbitrary Hadamard state co also in the Dirac case. The obstruc-
tion that one had to overcome is the following: as one is interested in obtaining a local and
covariant definition of : T, :, one defines the regularisation of w(: 7 ,,:) by means of subtracting
only the Hadamard singularity of the two-point functioncw,(x,y) of the Hadamard state cw, but
not the full w,. Hence, the conservation of cw(: T, :), which in a naive approach would be
assured on account of w, being a bisolution of the Dirac equation, is not automatically ful-
filled. To retain the local covariance of c(: TW:) but still assure its covariant conservation, we
have modified the classical stress energy tensor by adding terms which classically vanish on shell
but have non-vanishing locally covariant quantum Wick polynomial counterparts. Thereby, a
o(: THV:) has been obtained which can be understood to yield the original classical stress-energy
tensor in the classical, on-shell limit. As is well-known due to results of Wald [Wal78a], a local,
covariant, and covariantly conserved definition of c(: T#V:) inevitably leads to a trace anomaly,
namely, the trace of cw(: TW:) is not vanishing in the conformally invariant, ze. massless, case.
Indeed, we have been able to compute the trace anomaly of w(: TW 1) explicitly. In order to
achieve this and to construct a conserved w(: T, :), detailed and cumbersome calculations of
the Hadamard coefficients of Dirac fields had been necessary.

The Dirac trace anomaly we have found is matching previous computations performed by
means of the DeWitt-Schwinger point-splitting prescription in [Chr78]. This is somehow not a
surprise, because it had been well-known that the Hadamard and DeWitt-Schwinger coefficients

are essentially the same. However, it seems that a strict and clear relation between the Hadamard
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and DeWitt-Schwinger prescriptions has never been given explicitly, and we have managed to fill
this gap. Particularly, we have been able to prove that the DeWitt-Schwinger regularisation can
be formulated entirely in a well-defined way.

Apart from the above mentioned results, valid on general curved spacetimes, we have also
studied a special class of flat Robertson-Walker spacetimes. Such spacetimes are entirely de-
termined by the behaviour of their scale factor 4, and we have chosen a subclass where a(7)
expressed in terms of the conformal time 7 is exponentially vanishing towards T — —oco. This
has entailed in particular that these spacetimes possess a Big Bang at finite cosmological time
t, and that the corresponding constant-time hypersurface is lightlike. Hence, we have termed
these spacetimes null Big Bang spacetimes (NBB). NBB spacetimes had already been studied
in [DFP08, Pinl0], particularly, it has been shown that these spacetimes arise naturally as the
solutions of the semiclassical Einstein equation

G, =87Gw (: TW:>

sourced by the stress-energy tensor of quantized Klein-Gordon fields. Moreover, in [Pinl0], it
had been shown that NBB spacetimes possess a distinguished Hadamard state for Klein-Gordon
fields, which can be interpreted as an asymptotic conformal vacuum state towards T — —oo. We
have added to these results by constructing asymptotic conformal ground states for the Klein-
Gordon field and asymptotic conformal ground and equilibrium states for the Dirac field, where
all these states have been shown to be of Hadamard type. To achieve these results, we have applied
and generalised the holographic methods developed in [DMP06, DMP09a, DMP09b, DMP09c,
Mor06, Mor08] for the case of Klein-Gordon fields. The underlying idea is the following. One
considers spacetimes which possess a suitable, highly symmetric, null hypersurface, in our case
constituted by the Big Bang hypersurface §~ of NBB spacetimes. One seeks a way to map
classical solutions of a field equation in a well-defined way to 3~ and then uses this classical
map to obtain a map on the level of quantum fields. In this way, one constructs a full-fledged
quantum field theory on ¥~ and subsequently exploits the high symmetry of §~ to identify
preferred quantum states, Ze. ground states and KMS states in our case. Finally, using the
relation between quantum fields on the bulk NBB spacetime and the same objects on §7, it
is possible to pull-back the preferred ground and equilibrium states on 3~ to obtain states for
the bulk quantum fields, which then can be interpreted as asymptotic conformal ground and
equilibrium states.

In the last stages of the thesis, we have combined the somehow different lines of research
constituted by the extended algebra and stress-energy tensor of Dirac fields on general curved
spacetimes on the one hand, and the analysis of preferred states on NBB spacetimes on the
other hand, in that we have considered solutions of the semiclassical Einstein equation on flat
Robertson-Walker spacetimes and for quantum fields of arbitrary spin. In contrast to most
earlier works on the subject and generalising the results in [DFP08], we have taken into account
the cosmological effects of both the often analysed trace anomaly and the rarely considered
state-dependent contribution and finite renormalisation freedom induced only by massive fields.
As a result, we have found solutions of the semiclassical Einstein equation which are partially
of power-law inflationary type, but all display a late time de Sitter behaviour, where all these
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features are independent of the considered field content and hold for arbitrary spins. Moreover,
we have compared the cosmological dynamics provided by these solutions with measurements
of supernova la data. In this way, we have found that both families of semiclassical solutions
explain the data as good as the cosmological concordance model. Moreover, the upper branch
solution differs fundamentally from the ACDM concordance model, while the lower branch
can be interpreted as the ACDM model plus quantum corrections. Thus, quantum fields on
curved spacetimes provide a natural and dynamical explanation of dark energy which is difficult
to discard. Furthermore, it is often said that quantum field theory predicts a too large value
of the cosmological constant. We find that this is by no means true. In fact, as it is well-
known within the community of quantum field theory on curved spacetime, this theory does
not predict any value of the cosmological constant. In contrast, it has inherent renormalisation
degrees of freedom which have to be fixed by experiment, and, we find that these can indeed be
fixed in a way which perfectly matches the cosmological evolution inferred from supernova Ia
measurements.

To close, let us comment on some prospects and open questions. First, it is mandatory to
extend the analysis we have performed to the more general and realistic case of interacting fields.
While we do not expect new results on the qualitative level regarding the recent cosmological
history, one might anticipate that interactions among matter fields become important in the early
universe. In this respect, it is necessary to find ways to compute the state-dependent terms also
at high curvatures, maybe by means of numerical computations in the spirit of [And85, And86].
Finally, we have found that a thermal component in the quantum energy density mimics the
behaviour of dark matter on cosmological scales. This phenomenon definitely deserves more
attention and a deeper analysis, as it might ultimately lead to the insight that what be believe to
be dark matter is only a tiny thermal effect of standard model quantum fields.
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