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On the Universality of Einstein Equations

Andrzej Jakubiec' and Jerzy Kijowski?

Received October 4, 1986

It is proved that a Lagrangian field theory based on a linear connection in
space-time is equivalent to Einstein’s general relativity interacting with
additional matter fields.

1. INTRODUCTION

It has been proved [3,4] that Finstein’s general relativity can be for-
mulated in the so-called affine language. This means that the field
equations of the theory can be derived from the affine Lagrangian

Zo=2'T’ j'0) (1)

where I" is a linear connection in space time, ¢ is a matter field, and j!f
denotes the first jet of the geometrical object /' (the value of f and its
derivatives). We assume that %, is a scalar density which depends on 8,1 .
via invariant objects, i.e., the Riemann tensor and the covariant derivatives
of the torsion.

The following assumptions have to be imposed in order to obtain the
theory equivalent to general relativity interacting with the matter field:

1. ["is symmetric

2. %, depends on first derivatives of I” via the symmetric part of the Ricci
tensor only, ie.

LG jlo)=L(K,,, T}, %, 0*,)
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where

K, =TI

e oc(yv

)+FZVF£°<_FEHF£V
Iy, =003,  and e, :=0,0p"
Dropping out conditions 1 and 2 leads to a theory which is a priori
more general. Field equations involve the whole Riemann tensor
RO(

Buv

=17

Bvp Buv

+ 15 =TT

and not only the Ricci tensor as in general relativity.

In the present paper we prove that usually this is not a genuine
generalization: for sufficiently “regular” Lagrangians all the dynamical
effects due to the generalization of the Lagrangian may be implemented by
the introduction of new matter fields. This way we prove that general
relativity is really a universal framework for the description of interaction
of the space-time geometry with matter.

It is well-known that the general linear connection I' can be uniquely
decomposed (cf., [7, 27])

Ll =T+ 4, +i0,(4, - T7) (2)

where I, is a symmetric connection, 47, is an antisymmetric traceless ten-
sor, and A is a linear connection in the bundle of scalar densities. Both the
Riemann tensor of I' and the covariant derivatives of the torsion can be
expressed in terms of the Riemann tensor of I, j'4, and j'A4 together with
I itself. Therefore

L', jlo)=ZL(RL(j'T), I, j'4, j* 4, j'¢) 3)

Treating 4 and A as additional matter fields, we have reduced the problem
to the case of the symmetric connection I

The “regularity” conditions which we have to impose on £ in order to
be able to perform our construction are the following

0.¥
1. det 0
¢ (aK,w) ”

0*F
. - 0
2 det < 3K, 0 Kaﬁ> #

where the second derivative of & is treated as a 10 x 10 matrix.
Additional matter fields arising from our construction may of course
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be unphysical if they do not lead to positive total energy. In the present
paper the energy-positivity condition is not given in terms of the original
Lagrangian (1).

2. THE CASE OF THE SYMMETRIC CONNECTION

Therefore, let the connection I in (1) be symmetric and

LT jre)= LR, Thys 0% 070) (4)

wves o
Introduce momenta canonically conjugate to both /" and ¢

0%, 0F 0Ry,

W AT iR, o, )
P =gt =g ©)
The Riemann tensor R fulfils the following identities
R}, +R;,=0 )
R, ,+R. +R, =0

The number of independent components of R is 80. In order to define uni-
quely the derivatives (5), we impose the symmetries of 74" corresponding
to the symmetries of I';, and R’

pva
AT — e = 0 (8)
T 4 T T = 0 (8b)

The number of independent components of 74" is §0. The Euler—
Lagrange equations

0%, 0
a :0 ——az
5750 a0 9

together with the definitions (5) and (6) of the momenta can be rewritten
in the form

d%,=0,(n°dl},) +0,(p . do”)
= dl ;4 0,70 dl'l 4 p,° do”,+ 0, p° do” (10)
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Let

=3(R%,, + R,

uiy VA
and
— RA

Auv

3P, is the antisymmetric part of the Ricci tensor of I". Now, the Riemann
tensor R can be uniquely decomposed

ROL

Buv

=4(0% Ky, — 07 Kp,) + 15(0% Pg, — 05 Py, +205P,,) + W5,, (11)
where the Weyl tensor W fulfils identities (7) and additionally

WA

Auv T

— W}_M_O

Similarly (cf. [1, 6]) the symmetric conection I” can be split into two
independent objects

— 251

%)

(12)

The object «, :=1TI"}, is a connection in the bundle of scalar densities and
2z ;}v is a projectlve connectlon z? #.=0). P,, is a curvature form of a

P=0a,,—0,
where as usual

o, = 0,0,
The Weyl tensor is “the curvature” of %
We (j'X)=0,25—0,25,+3(0%0,2;,—06:0,2%)
+ XN - L2 E ORI, 01X, X,
The decomposition (11) induces the dual decomposition in the space
of momenta

n;;va___ﬁitva_zggfzv)o_zéﬁupv)o— (13)

where



On the Universality of Einstein Equations 723

The tensor density @ fulfils identities (8b) and additionally
Q= Qur =0
Que 4 QU =0

The formula (5) splits into three independent parts

0¥
w 14
T (14)
0¥
B = 15
=, (15)
0¥
uve - 16
‘Q/. aW,_ ( )

nvo

Equation (10) can now be rewritten in the following way
d¥,= 0, (&% dI'}, — 2p* do, — 2Q%7 dX) + p ;7 dop™) (17)

The formula (17) could be interpreted as a variational formula for four
fields 7', o, X, and ¢ with the Lagrangian

L= LKD), Pulfla), WS, (j'2), [0, X, jlo]

va

and with the Lagrangian constraint (12).

Now following the method introduced in [3] we perform the complete
Legendre transformation between I” and #. We define the new Lagrangian
U by the formula

Uiz —8,(I}#8) + & = 3,(BS, 1) + &
= (Tf00— 5 )+ (5, —Th)+%

=m0 (I3, 00— o)+ [T Tl =I5 T — K, ()]

AvMu Bu® iy
+ (K, P,W,a, X, jlo) (18)

where

g «_ JA o o
By, =I5,00,— 17,

(19)

=0,
The formula (17) together with the definition of U implies

dU = 3,(B3, dnt* — 2p*° do,,— 200 dE?, + p . do™) (20)
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Due to the assumption we made in the introduction the above Legendre
transformation is regular; i.e., 10 equations (14) can be solved with respect
to K,

K

w =

Ao, P, W, o, Z, ') (21)

This enables us to express U in terms of j'n, j'a, j'X, and j'¢. More
precisely, (18), (12), and (21) give us
U=U(j'm j'o, j'@)
=LA (n, P, W, 0, X, j'o), P, W,a,Z%, jlo]
+ (3050, —I70,) + n“”[—Zgquv + 32005+ P,

_%v(ﬂ:> P’ W’ o, Z:JI(P)] (22)
The formula (20) gives us the Euler-Lagrange equations

oU oU
_0 —

6U_0 SU
on S

together with the definition of corresponding momenta (e.g., Eq. 19 follows
from the derivation of U with respect to n**,). The above equations are
obviously equivalent to our original equations (9). No Lagrangian con-
straints are left. The Lagrangian (22) is coordinate-dependent, as is usual
in the case of the first-order Einstein Lagrangians. We introduce the
auxiliary symmetric connection y such that
¥
V,n"=0,7" +n"yk, + %y, — 1y, =0
If 7*° is nondegenerate [det(n**)#07] then y is defined uniquely by j'm
(Christoffel symbols). We add to the Lagrangian U the term
04 (V3 4"7) (24)
We obtain an invariant Lagrangian which is second-order with respect to
el
LH= LH(j2n= P’ W> &, 29 JI(P) = ao(’yivﬁliva) + U
=0,[(yj, — i) A1+ & (25)

Easy calculations show that the only term in L, which contains second-
order derivatives of 7 equals

Lg=Lo(j*n) =k, " (26)
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where &, is a Ricci tensor of y. We denote L, =L, (j'n, P, W, o, X, j'¢)
the remaining part of L,

LHzLG+LM

Both L; and L,, are now invariant scalar densities. We see that our theory
can be interpreted as a standard Einstein theory (interacting with three
matter fields «, 2, ¢, and the matter Lagrangian L ,,) provided (26) is equal
to the standard gravitational Lagrangian proposed by Hilbert. This is true
if we introduce the metric tensor g by the formula

1
R =~ (—g) g
K

Kk 1s the gravitational constant; in geometric system of units x= 8.
Similarly, as in the standard general relativity, only those solutions have
physical meaning which correspond to the correct signature (—, +, +, +)
of the tensor n*”. Now y is the Levi-Civita metric connection of g and

1

Lo= ~—
¢ 2K

(—&)"r

where r = g’k ,, is the scalar curvature of 7. It is easy to calculate the mat-
ter Lagrangian L,,

LMZLM(jlgs jld, j127 ]l(p)
:g(%7 P’ W7 a’ Z?jl(p)

1 .
+5= (_g)l/zg#v [%v(ga P’ W/a o, E: ]1 (p)+y;y ng_yzvy5ﬁ+zguzfv

2k
3 B 3 By o 3 B
_gzﬂvaﬂ_ga#aV‘2ZaVYEu+ZHvYﬂ1+§OCﬂV;4v (27)

The gravitational field enters via standard Riemannian geometry represen-
ted by the metric tensor g and its Levi-Civita connection y. Field equations

oLy
e e T

&’=0 0L, 0 5_L’i:

are obviously equivalent to (23), i.e., to (9) since U and L, differ by the full
divergence term (24). The Einstein equations SL,/dg =0 are equivalent to

Kuv(jlr)__'zf,uv(g, Pa W, o, E’ ]l(P):O
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i€, to (21), which in turn are equivalent to (14) in the affine formulation of
the theory.

The trace yf, of the Christoffel symbols defines another connection in
the bundle of scalar densities. One can used it to rescale «

a,:=ou,—yi, (28)

The new object a is a covector field. Since
V5 =0,(1n(—g)"?)
we have

w = Ay Ay

where again
a,,=0d,a,
Therefore we can choose @, X, and ¢ as independent matter fields

Ly=L,lj'e P(j'a), W(j,Z), a, X, j'o]

The formulas (3), (25), and (26) prove that any affine theory based on the
Lagrangian (1) can be formulated as a theory of the original matter field ¢
and additional matter fields: 4, 4, a, 2 minimally coupled to the Einstein
general relativity. Given a solution of field equations of the latter, we can
reconstruct the original connection I' due to the formulas (2), (12), and
(28)

L, =20+ 4% +16%A,+40%a, —Fb%a, + 4670 ,(In(—g)"?)
—25050,(In(—g)"?)

It is worthwhile to notice that the derivatives of both fields 4 and a enter
into the Lagrangian L,, via their curls only

I

F, =R (T)=08,4,—0,4

Auv
and

=0,a,—0,a

nv ny vPu

P

However, the field 4 itself does not appear in the Lagrangian. Therefore, 4
is a “Maxwell-like” field and a is a “Proca-like” field.
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