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Abstract

Lattice gauge theory is a robust framework to study non-perturbative physics and it is amenable to
numerical simulations. It has been succesfully used to study the low-energy regime of QCD. Modern-day
lattice simulation codes are actually flexible enough that users can change the theory being simulated: we
can study different number of colors N., number of quarks INyand quarks in different representations N, in
addition to the usual parameters, gauge coupling 5 and quark masses my.

These new theories, although interesting in their own rights as well-defined gauge theories, can be
used as templates to study physics beyond the Standard Model (BSM). I will report on a particular SU(3)
gauge theory with 8 fermions in the fundamental representation. In particular I will highlight how lattice
simulations of the flavor-singlet scalar and pseudoscalar spectrum compare to QCD.

1 Introduction

We perform lattice field theory simulations of QCD with different numbers of light (massless) fermions
to study the spectrum of bound states in the scalar and pseudoscalar channel, in particular focusing
on particles that have no flavor charge (flavor singlets). The flavor-singlet scalar channel has the same
symmetries as the QCD vacuum and it is related to the trace anomaly, while the flavor-singlet pseudoscalar
channel is related to the chiral anomaly. These anomalies dictate the low-energy behavior of QCD and
are instrumentals in the construction of effective models, hence a direct study of these flavor-singlet states
is of paramount importance for the understanding of strong dynamics.

While experiments provide direct access to this spectrum in the case of QCD with N;= 2-where only the

up and down flavors are light— we can only use approximate models with somewhat large

theoretical uncertainties to understand the spectrum for Ny> 2. Our lattice simulations aim at filling this

gap and at providing data with which phenomenological models could be benchmarked.
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This is not only relevant for the understanding of strongly interacting theories like QCD, but
also for physics Beyond the Standard Model (BSM)—in particular extensions of the Standard Model
based on strong dynamics. For example, composite Higgs models regard the SM Higgs sector as a low-
energy description of new strong dynamics where the Higgs boson is a flavor-singlet scalar bound state.
Therefore, the study of this channel with first-principle calculations becomes important to determine
which UV completion has the correct properties to behave like the SM Higgs sector at low energies.

Composite Higgs models based on the idea of walking technicolor require that the strongly interact-
ing theory has near-conformal dynamics and these have been studied on the lattice in recent years 1, 2),

Interestingly, it is still not clear what would the signs of near-conformal dynamics be at the full
non-perturbative level even though there are qualitative expectations from approaches like SD ladder
equations which capture some features of the non-perturbative dynamics. These are only supposed to
be used as guidelines for the lattice investigation. In order to shed light on signals of near-conformal
dynamics we compare the flavor-singlet spectrum from lattice simulations of QCD with Ny = 4, 8 and
12, focusing on Ny = 8 as a promising candidate.

Previous lattice numerical simulations indicate that these 3 different values of Nf correspond to
rather different type of dynamics: while Ny = 4 is expected to show the same features as QCD with
Ny = 2, namely confinement and spontaneous chiral symmetry breaking, the theory with Ny = 12 is
expected to have conformal dynamics, with ratios of mass scales that stay constant toward the massless
limit. This points to QCD with Ny = 8 as a candidate for near-conformal dynamics, with several lattice
studies confirming the presence of a flavor-singlet scalar state much lighter than the vector state, in
contrast with QCD with smaller number of flavors®.

In the following we will highlight the differences, or the similarities, between QCD theories with
different numbers of light (or massless) flavors, in a quantitative way. We leave the interpretation of the
results in terms of composite Higgs models, or walking technicolor theories, to future and more thorough

investigations?.

2 The flavor-singlet scalar state

Extracting the mass of the flavor-singlet scalar state with J©¢ = 0t is difficult because of the need to
calculate expensive disconnected contributions and to tame the statistical noise from gauge fluctuations.
Even from the experimental point of view it is hard to study the lightest 07 properties because this state
appears only as a broad resonance, identified as the fo(500) or o particle with mass ~ 400 — 500 MeV 4).
In that case the o decays to two pions. This is an additional complication for lattice calculations—even
for the real-world case of QCD with N; = 2 light fermions, results have appeared only in the last year 5),
The lattice results support the nature of the ¢ as a broad resonance if the quark mass is not too heavy.
However, if the pion in QCD with Ny = 2 becomes heavier, the o does not decay and it becomes a bound
state with a mass) M, ~ 0.9M, when M,/M, ~ 2.2 5), or even heavier than the p meson, at larger
6

In this section we would like to highlight the difference between the Ny = 2 theory and the large-

fermion masses

Ny theories. For example, our most precise and extensive results in QCD with Ny = 8 show that the
lightest 07 particle is degenerate with the pion in the whole fermion mass range explored. This of course

1So far we have used the term QCD to refer to a generic SU(3) gauge theory with Ny light quarks in
the fundamental irreducible representation of the gauge group, and we continue to do so in the following.

2We also remind the readers that some of the unpublished results reported in the following sections
should be considered as preliminary and might change (albeit slightly) in the future.
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Figure 1: Combining LatKMI and LSD results for the flavor-singlet scalar state, a clear trend can be
seen towards the masslesss fermion limit. The 0T* state remains degenerate with the pion (left) and
much lighter than the vector meson (right), all the way to the lightest fermions studied by the LSD

collaboration 3) .

simplifies the numerical analysis with respect to the real-world scenario because the states propagating

in the two-point function are stable. Moreover, not only the lightest 0% state is degenerate with 7, but
7)

The LSD collaboration has performed the same measurements, with a more sophisticated analysis

it is also much lighter than the p meson

technique, for QCD with Ny = 8 using a different discretization. While the hadron masses in units of the
lattice spacing are different, using the Wilson flow scale 1/8%g 8) measured on every ensemble? to rescale
all results allows us to combine the two datasets and draw suggestive comments. In Fig. 1 the LatKMI
results 7) and the LSD results - 3) are combined. The left panel shows the flavor-singlet scalar state
following the pion from heavier (LatKMI) to lighter (LSD) fermion masses. In the fermion mass region
explored there is no sign of the 0 state “peeling” off from the pion, which would happen at very light
fermion masses due to the pseudo-Nambu-Goldstone nature of the pions. The right panel instead shows a
direct comparison between the flavor-singlet scalar state and the p meson. There is a clear trend towards
the massless fermion limit, indicating that the mass hierarchy between the two states increases. As a
comparison, the lattice results for QCD with Ny = 2 for a pion to vector mass ratio corresponding to the
lightest point in the figure yield M, ~ 0.9M,, 9),

We can contrast the Ny = 8 flavor-singlet scalar result with the Ny = 12 case, which was the first
discovered example of a many-flavor theory showing a light scalar state 10), For QCD with Ny = 12
we have found a flavor-singlet state even lighter than the pion. Moreover, its mass interestingly follows a
hyperscaling relation dictated by the mass anomalous dimension v (extracted from scaling relations for
the rest of the spectrum, which has much smaller statistical uncertainties).

We also mention that we have extracted the mass of the flavor-singlet scalar state in QCD with
N; = 4 and its mass on our lightest point is heavier than the pion mass but lighter than the vector

1), This result is shown in panel (a) of Fig. 3.

mass
The qualitative conclusion we draw from the wealth of our results is that the flavor-singlet scalar

state gets lighter with respect to the p and 7 states as the number of light degenerate flavors increases

3For LatKMI ensembles, the Wilson flow scale is reported in Ref. 7), while for LSD ensembles we use
results that have been shared in private communications and used in Ref. 9),
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(eventually becoming the lightest state in the spectrum when the theory enters the conformal window).

3 The flavor-singlet pseudoscalar state

While the results presented for the flavor-singlet scalar had been previously presented in conference talks
or in published papers, the flavor-singlet pseudoscalar results were presented for the first time at this
conference for three values of Ny = 4, 8 and 12. Preliminary results for Ny = 8 have been reported in
Ref. 12).

The flavor-singlet pseudoscalar state has quantum numbers = 0" and corresponds to the
so-called 7’ particle in QCD with Ny = 2. Witten 13) and Veneziano '4) showed that the 7’ mass
is directly related to the contribution of the axial anomaly and the topological structure of the QCD

JPC

vacuum. In fact, in the limit of a SU(NV,) gauge theory with N. — oo, the i becomes massless, behaving
as a Nambu-Goldstone boson. This mechanism for N, = 3, therefore for QCD, is not applicable and the
axial anomaly makes this state very heavy, measured experimentally to be ~ 958 MeV 4),

It is notoriously difficult to compute the mass of the flavor-singlet pseudoscalar, because the pion
contribution is statistically challenging to remove. In our calculations we adopt a gluonic operator, which
does not suffer from the aforementioned problem, since it does not couple directly to m states. The
same method has been adopted in QCD with Ny = 2 + 1 and has led to results in agreement with
experiments 15).

In practice, the interpolating operator used is the topological charge density defined through the

clover-plaquette strength-energy field tensor F** (z):

q(z) = %em,pgTrF’w(x)Fp”(x) , (1)

The two-point function (g(x)q(y)) is computed for all pairs of points (z,y) in the four-dimensional volume
L3 x T efficiently using FFT. Moreover, because of translation invariance, the two-point correlator only
depends on the distance r = |x—y| and we average all contributions at fixed distance to increase statistics.
For a particle freely propagating in four dimensions, the correlator takes the form

A 3 —M, 7
C(T) = ﬁ (1 + 87’) € M, (2)

at large distances r — oco. We fit the data of C(r) to this form, in a specific window of distances
7 € [Pmin, Tmax), t0 extract the two parameters A and M.

Additionally, we utilize the Wilson flow 8) asa smearing technique to remove ultraviolet fluctuations
and obtain interpolating operators with physical size — having enhanced overlap to the ground state.
Using the operator in Eq. (1), where F#¥(z) is computed for several Wilson flow times ¢,,, we obtain a large
number of correlators Cy,, (1) = —(q+, ()q:,, (y)). The statistical fluctuations are dramatically reduced by
the Wilson flow smearing, such that correlators at larger ¢,, can be easily fitted to the exponential form

16). In

in Eq. (2). However, the smearing introduces systematic corrections that have to be addressed
fact, it turns out that the dominant source of uncertainty in extracting M, is coming from systematic

effects of the fitting procedure. There are two competing effects:

e Eq. (2) can only be assumed to be valid in a specific region of large r, where only the ground state
dominates, such that the extracted mass does not depend on the value of rpy;,.

e The correlator at large distances suffers from larger statistical fluctuations and can be extracted

16)

only at large values of smearing t,,, where smearing artifacts are larger.
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Figure 2: The n’ mass fitted for different distance regions and smearings, for a specific ensemble of QCD
with Ny = 12. The main features are described in the text.

We estimate the systematic uncertanity on M, by looking for a plateaux in the fitting range
[Trmins Tmax), and for a plateaux in the smearing range 1/8t,,. This is exemplified in the panels of Fig. 2
for a representative ensemble of QCD with Ny = 12. The smearing range /8¢, is considered in units of
the characteristic radius given by the Wilson flow scale 1/8t, and we find a common region for all the
ensembles at fixed Ny—we see that it does not depend on the fermion mass or the volume. This indicates
that such a smearing corresponds to some physical scale for the operator with the best coupling to the
ground state. In the identified region, we take the difference between the largest and the smallest fitted
mass as an estimate of the systematic error. The statistical errors of the individual points are usually
smaller than this systematic uncertainty.

We can now compare the flavor-singlet pseudoscalar state with the rest of the low-lying spectrum as
we change the number of flavors. The compilation of results for QCD with Ny = 4, 8 and 12 is reported
in Fig. 3. We identify a notable increase in the gap between the flavor-singlet pseudoscalar and the vector
meson. In QCD with Ny = 4 the mass ratio M, /M, is close to one, while it grows to ~ 3 —4 for Ny =8
and 12.
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Figure 3: Flavor-singlet scalar and pseudoscalar spectrum compared to flavor-non-singlet pseudoscalar
and vector spectrum for Ny = 4, 8 and 12. The 1’ mass is shown with error bands that reflect a large
systematic uncertainty. Only statistical errors are shown for the other states.
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Figure 4: Comparison of the flavor-singlet pseudoscalar mass for Ny = 4, 8 and 12 as a function of
the pion mass. The hadronic masses are in units of the Wilson flow scale /8%y to partially remove
discretization effects due to different gauge couplings for the various Ny theories. Different quark mass
regions are explored for different Ny values.

4 Summary

There are theoretical expectations 17)

suggesting that the flavor-singlet scalar state becomes light near
the conformal window as Ny is increased, while the flavor-singlet pseudoscalar becomes heavier. In
particular, the flavor-singlet pseudoscalar is expected to scale with Ny in QCD, as a consequence of a
anti-Veneziano limit where Ny/N, > 1 is fixed as N, — oo. This is confirmed by comparing QCD with
Ny =4, 8 and 12 in Fig. 4 after rescaling all the masses with the Wilson flow scale /8¢.

Moreover, a low-energy description of many-flavor QCD 18), based on the linear sigma model,
is able to incorporate our numerical results for the flavor-singlet scalar and pseudoscalar states in a
consistent framework. This effective description points out a potentially simple way to use our data in
order to discriminate if a particular many-flavor QCD theory is inside or outside the conformal window.
Another effective discription based on the linear sigma model 19) was benchmarked against the spectrum
of QCD with Ny = 8, along the lines of the work in Ref. 20) which used a different effective description
including the effects of a dilaton.

In conclusion, understanding the flavor-singlet spectrum of QCD for varying number of flavors
from first principles is challenging but it is of paramount importance to obtain a quantitative low-
energy description of strong dynamics in different regimes, from spontaneous chiral symmetry breaking
to conformality.
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