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In this Letter, we investigate the effects of dark energy on P –V criticality of charged AdS black holes by 
considering the case of the RN-AdS black holes surrounded by quintessence. By treating the cosmological 
constant as thermodynamic pressure, we study its thermodynamics in the extended phase space. It 
is shown that quintessence dark energy does not affect the existence of small/large black hole phase 
transition. For the case ωq = −2/3 we derive analytic expressions of critical physical quantities, while 
for cases ωq �= −2/3 we appeal to numerical method for help. It is shown that quintessence dark energy 
affects the critical physical quantities near the critical point. Critical exponents are also calculated. They 
are exactly the same as those obtained before for arbitrary other AdS black holes, which implies that 
quintessence dark energy does not change the critical exponents.

© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction

Charged AdS black holes share striking similarity with liquid–
gas systems. Chamblin et al. [1,2] discovered that there exist first 
order phase transitions among Reissner–Nordström-AdS (RN-AdS) 
black holes, whose critical behavior is analogous to the Van der 
Waals liquid–gas phase transition.

Treating the cosmological constant as thermodynamic pres-
sure, black hole thermodynamics in the extended phase space has 
gained more and more attention recently [3–29] and the analogy 
between charged AdS black holes and liquid–gas systems has been 
further enhanced. Kubizňák and Mann [8] reconsidered the crit-
ical behavior of charged AdS black holes in the extended phase 
space. It was shown that there exists a critical temperature be-
low which a first order small–large black hole phase transition 
occurs. In P –T diagram there also exists a coexistence line ter-
minating at the critical point. Critical exponents were calculated 
and shown to coincide with those of the liquid–gas systems. More-
over, it was stressed that the analogy is exact correspondence of 
physical quantities rather than a mathematical analogy in former 
literatures. Their work was soon elaborated [9–29] by researchers 
all over the world. For a nice review, see Ref. [23].

It is widely believed that our universe is expanding with ac-
celeration. This opinion is supported by a variety of modern ob-
servational results [30–32] and may be explained by the existence 
of dark energy, which makes up about 70 percent of our universe. 
Among the various dark energy model, quintessence is proposed 
as canonical scalar field with state parameter satisfying −1 <
ωq < −1/3 to explain the late-time cosmic acceleration [33–36]. 
For a recent review, see Ref. [37]. Black holes surrounded by 
http://dx.doi.org/10.1016/j.physletb.2014.06.047
0370-2693/© 2014 The Author. Published by Elsevier B.V. This is an open access article 
SCOAP3.
quintessence have received considerable attention and their ther-
modynamics has been intensively investigated [38–54]. It would 
be of interest to probe whether dark energy influences the crit-
ical behavior of black holes in the extended phase space which 
we discussed in the former paragraph. To achieve this goal, we 
would like to investigate P –V criticality of the RN-AdS black hole 
surrounded by quintessence in this Letter. To our best knowledge, 
thermodynamics in the extended phase space of the RN-AdS black 
hole surrounded by quintessence has been absent in literature yet. 
In this letter, we would first study its thermodynamics in the ex-
tended phase space and then probe how dark energy influences 
its critical behavior. We would also calculate its critical exponents. 
With the existence of quintessence, the equation of state in the 
extended phase space becomes more complicated and it would be 
a non-trivial task to solve the equations to get the analytic expres-
sions of critical point. So we would solve a special case analytically 
and leave other cases to be solved numerically.

The organization of this Letter is as follows. In Section 2, ther-
modynamics of the RN-AdS black hole surrounded by quintessence 
will be studied in the extended phase space. In Section 3, P –V
criticality of the RN-AdS black hole surrounded by quintessence 
will be investigated and the effect of quintessence dark energy will 
be discussed. In Section 4, relevant critical exponents will be cal-
culated. Conclusions will be drawn in Section 5.

2. Thermodynamics of the RN-AdS black hole surrounded by 
quintessence

The metric of the RN-AdS black hole surrounded by quintes-
sence can be written as [38]
under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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ds2 = f (r)dt2 − f (r)−1dr2 − r2(dθ2 + sin2 θdϕ2), (1)

where

f (r) = 1 − 2M

r
+ Q 2

r2
− a

r3ωq+1
− Λr2

3
, (2)

where ωq is the state parameter while a is the normalization fac-
tor related to the density of quintessence. It is well known that 
for quintessence dark energy −1 < ωq < −1/3, while for phantom 
dark energy ωq < −1. With the normalization factor a, the density 
of quintessence can be expressed as

ρq = −a

2

3ωq

r3(ωq+1)
. (3)

Solving the equation f (r+) = 0, one can obtain the event horizon 
radius r+ , with which the mass of the black hole can be expressed 
as

M = r+
2

(
1 + Q 2

r2+
− a

r
3ωq+1
+

− Λr2+
3

)
. (4)

The Hawking temperature can be derived as

T = f ′(r+)

4π
= 1

4π

(
1

r+
− Q 2

r3+
+ 3aωq

r
2+3ωq
+

− r+Λ

)
. (5)

The entropy can be calculated as

S =
r+∫

0

1

T

(
∂M

∂r+

)
dr+ = πr2+. (6)

In the extended phase space, one can treat the cosmological 
constant as thermodynamic pressure and its conjugate quantity as 
thermodynamic volume. The definitions are as follows

P = − Λ

8π
, (7)

V =
(

∂M

∂ P

)
S,Q

. (8)

With Eqs. (4) and (7), the mass can be reexpressed as

M = r+
2

(
1 + Q 2

r2+
− a

r
3ωq+1
+

+ 8π Pr2+
3

)
. (9)

Utilizing Eqs. (8) and (9), one can obtain the thermodynamic vol-
ume as

V = 4πr3+
3

. (10)

Comparing Eqs. (6) and (10) with those of RN-AdS black holes [8], 
it is interesting to note that the existence of quintessence dark en-
ergy does not affect the expressions of both the entropy and the 
volume of RN-AdS black holes.

With the newly defined thermodynamic quantities, the first law 
of black hole thermodynamics in the extended phase space can be 
written as

dM = T dS + ΦdQ + V dP +Ada, (11)

where A is the physical quantity conjugate to the parameter a. 
It is introduced to make the first law consistent with the Smarr 
relation and its physical meaning needs further investigation.
Utilizing Eqs. (9) and (11), one can obtain

Φ =
(

∂M

∂ Q

)
S,P ,a

= Q

r+
, (12)

A =
(

∂M

∂a

)
S,Q ,P

= − 1

2r
3ωq
+

. (13)

And the Smarr relation reads

M = 2T S + Φ Q − 2V P + (1 + 3ωq)Aa. (14)

Note that the Smarr relation can also be derived from the first law 
by scaling argument as Ref. [3] did.

3. P –V criticality of the RN-AdS black hole surrounded by 
quintessence

With Eqs. (5) and (7), the Hawking temperature can be reex-
pressed as

T = 1

4π

(
1

r+
− Q 2

r3+
+ 3aωq

r
2+3ωq
+

+ 8π Pr+
)

. (15)

From Eq. (15), one can easily derive the equation of state of the 
black hole as

P = T

2r+
− 1

8πr2+
+ Q 2

8πr4+
− 3aωq

8πr
3(1+ωq)

+
. (16)

Denoting 2r+ by v , one can obtain

P = T

v
− 1

2π v2
+ 2Q 2

π v4
− 8ωq × 3aωq

π v3(1+ωq)
. (17)

The critical point can be derived through the following condi-
tions

∂ P

∂v

∣∣∣∣
T =Tc

= 0, (18)

∂2 P

∂v2

∣∣∣∣
T =Tc

= 0. (19)

Utilizing Eqs. (17) and (18), one can get

Tc = 1

π vc
− 8Q 2

π v3
c

+ 8ωq × 9aωq(1 + ωq)

π v
2+3ωq
c

, (20)

where Tc , vc denote the critical Hawking temperature and critical 
specific volume respectively. Utilizing Eqs. (17), (19) and (20), the 
condition that vc satisfies can be derived as

v2
c − 24Q 2 + 8ωq (3ωq + 2)(ωq + 1) × 9aωq

v
3ωq−1
c

= 0. (21)

Utilizing Eqs. (17) and (20), one can obtain the critical pressure as

Pc = 1

2π v2
c

− 6Q 2

π v4
c

+ 8ωq × 3aωq(2 + 3ωq)

π v
3(1+ωq)
c

. (22)

When ωq = −2/3, Eq. (21) can be analytically solved and the 
corresponding critical quantities can be derived as

vc = 2
√

6Q , Tc =
√

6

18π Q
− a

2π
, Pc = 1

96π Q 2
. (23)

Comparing Eq. (23) with the results of RN-AdS black holes [8], it 
is quite interesting to note that the effect of quintessence dark en-
ergy is reflected in the critical temperature by adding the second 
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Fig. 1. (a) P vs. v for ωq = −0.9, Q = 1, a = 0.1. (b) G vs. T for ωq = −0.9, Q = 1, a = 0.1.
Table 1
Critical physical quantities for ωq = −0.9, a = 0.1.

Q Tc vc Pc
Pc vc

Tc

0.5 0.07925 2.40338 0.02036 0.618
1.0 0.03149 4.63276 0.00911 1.340
1.5 0.01344 6.65598 0.00665 3.294
2.0 0.00311 8.49200 0.00561 15.318

term while the critical specific volume and pressure do not change. 
When a = 0, all these critical quantities reduce to those of RN-AdS 
black holes [8]. When ωq = −2/3, the third term vanishes in both 
Eqs. (21) and (22) just as the case a = 0. So it is not difficult to 
explain why the critical volume and pressure do not change.

When ωq �= −2/3, we appeal to numerical method for help. To 
observe the influence of parameters respectively, one can let one 
parameter vary while keeping others fixed. For specific values of 
parameters, Eq. (21) can be solved numerically by Mathematica 
programming and the critical specific volume can be derived. Then 
the critical temperature can be obtained through Eq. (20) and the 
critical pressure can be derived through Eq. (22).

Firstly, we set the normalization factor a = 0.1 and the state pa-
rameter ωq = −0.9. The corresponding critical physical quantities 
are shown in Table 1. From Table 1, one can find that the critical 
specific volume vc increases with Q while the critical Hawking 
temperature Tc and critical pressure Pc decrease with Q . This re-
sult is qualitatively in accord with that of the charged AdS black 
hole without quintessence surrounding it [8]. However, the ratio 
Pc vc

Tc
does not keep constant as the charged AdS black hole with-

out quintessence surrounding it does [8]. In contrast, the ratio 
increases with Q . This phenomenon reflects again the effects of 
the dark energy.

Secondly, we set the normalization factor a = 0.1 and the 
charge Q = 1 and let the state parameter ωq vary from −0.4 to 
−0.9. The corresponding critical physical quantities are shown in 
Table 2. The critical specific volume vc increases with ωq . Both 
the critical Hawking temperature Tc and the critical pressure Pc

first decrease with ωq and then increase with it. The ratio Pc vc
Tc

decreases with ωq .
Thirdly, we set the charge Q = 1 and the state parameter 

ωq = −0.9 and investigate the effect of the normalization fac-
tor a. The corresponding critical physical quantities are shown in 
Table 3. Both the critical specific volume vc and the critical Hawk-
ing temperature Tc decrease with a while the critical pressure Pc

increases with a. The ratio Pc vc increases with a.
Tc
Table 2
Critical physical quantities for Q = 1, a = 0.1.

ωq Tc vc Pc
Pc vc

Tc

−0.4 0.03510 5.17694 0.00259 0.382
−0.5 0.03201 5.13592 0.00256 0.410
−0.6 0.02898 5.01322 0.00283 0.490
−0.7 0.02688 4.83892 0.00369 0.664
−0.8 0.02707 4.68218 0.00558 0.966
−0.9 0.03149 4.63276 0.00911 1.340

Table 3
Critical physical quantities for ωq = −0.9, Q = 1.

a Tc vc Pc
Pc vc

Tc

0.1 0.03149 4.63276 0.00911 1.340
0.2 0.02007 4.43598 0.01500 3.316
0.3 0.00895 4.28020 0.02095 10.020

To observe the behavior of P more intuitively, its curve is 
plotted under different temperature. As shown in Fig. 1(a), the 
isotherm corresponding to the temperature less than the critical 
temperature can be divided into three branches. Both the small 
radius branch and the large radius branch are stable while the 
medium radius branch is unstable. There is phase transition be-
tween the small black hole and the large black hole. To understand 
this phase transition more deeply, one can analyze the behavior of 
Gibbs free energy.

In the extended phase space, the mass is interpreted as en-
thalpy. So the Gibbs free energy can be derived as

G = H − T S = M − T S

= 3Q 2

4r+
+ r+

4
− 2Pπr3+

3
− a(2 + 3ωq)

4r
3ωq
+

. (24)

The behavior of Gibbs free energy is depicted in Fig. 1(b). The clas-
sical swallow tail phenomenon observed below the critical temper-
ature implies that the existence of first order phase transition.

4. Critical exponents of the RN-AdS black hole surrounded by 
quintessence

Critical exponents are often used to describe the critical be-
havior near the critical point. It is convenient to introduce the 
following notations

t = T − 1, ε = v − 1, p = P
. (25)
Tc vc Pc
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The definitions of critical exponents are as follows.

C v ∝ |t|−α, (26)

η ∝ |t|β, (27)

κT ∝ |t|−γ , (28)

|P − Pc| ∝ |v − vc|δ. (29)

α describes the behavior of specific heat when the volume is 
fixed. From Eq. (6), it is not difficult to draw the conclusion that 
the entropy S is independent of the Hawking temperature T . So

C V = T

(
∂ S

∂T

)
V

= 0, (30)

from which one can derive that α = 0.
β characterizes the behavior of the order parameter η. Near the 

critical point, the equation of state can be expanded into

p = 1 + b10t + b01ε + b11tε + b02ε
2 + b03ε

3 + O
(
tε2, ε4), (31)

where

b01 = b02 = 0, (32)

b10 = Tc

Pc V c
, (33)

b11 = − Tc

Pc V c
, (34)

b03 = 24Tc

Pc vc
− 18

π Pc v2
c

+ 8ωq × 9aωq(−10 + 17ωq + 36ω2
q + 9ω3

q )

π Pc v
3(1+3ωq)
c

. (35)

Since the pressure keeps constant during the phase transition, one 
can obtain

1 + b10t + b11tεl + b03ε
3
l = 1 + b10t + b11tεs + b03ε

3
s , (36)

where the subscripts l and s denote the large black hole and 
small black hole respectively. On the other hand, one can apply 
Maxwell’s equal area law

εs∫
εl

ε
dp

dε
dε = 0, (37)

where

dp

dε
= b11t + 3b03ε

2, (38)

and obtain

b11t
(
ε2

s − ε2
l

) + 3

2
b03

(
ε4

s − ε4
l

) = 0. (39)

From Eqs. (36) and (39), one can obtain

εl = −εs =
√

−b11t

b03
. (40)

So

η = vl − vs = vc(εl − εs) = 2vcεl ∝ √−t, (41)

yielding β = 1/2.
γ describes the behavior of isothermal compressibility κT , 

which can be derived as
κT = − 1

v

∂v

∂ P

∣∣∣∣
vc

∝ − 1
∂ p
∂ε

∣∣∣∣
ε=0

= − 1

b11t
, (42)

which yields γ = 1.
δ characterizes the behavior of the critical isotherm correspond-

ing to T = Tc . Substituting t = 0 into Eq. (35), one can obtain

p − 1 = b03ε
3, (43)

yielding δ = 3.
From the above derivations, we can see clearly that four crit-

ical exponents are exactly the same as those obtained before for 
charged AdS black holes. This implies that quintessence dark en-
ergy does not change the critical exponents.

5. Conclusions

By treating the cosmological constant as thermodynamic pres-
sure, we study the thermodynamics of the RN-AdS black hole sur-
rounded by quintessence in the extended phase space. It is quite 
interesting to note that the existence of quintessence dark energy 
does not affect the expressions of both the entropy and the ther-
modynamic volume of RN-AdS black holes. Quintessence dark en-
ergy does not affect the existence of small/large black hole phase 
transition either. It is shown that the isotherm corresponding to 
the temperature less than the critical temperature can be divided 
into three branches. Both the small radius branch and the large ra-
dius branch are stable while the medium radius branch is unstable. 
And the classical swallow tail phenomenon implying the existence 
of first order phase transition is also observed below the critical 
temperature in the Gibbs free energy graph.

However, quintessence dark energy affects the critical physical 
quantities near the critical point. For the case ωq = −2/3, it is pos-
sible to derive analytic expressions of critical physical quantities. It 
is quite interesting to note that the critical specific volume and 
pressure are exactly the same as those of RN-AdS black holes [8]
while the critical temperature gains an extra term due to the 
existence of quintessence dark energy. For cases ωq �= −2/3, we 
appeal to numerical method for help. Firstly, we fix the normal-
ization factor a and the state parameter ωq . The critical specific 
volume vc increases with Q while the critical Hawking temper-
ature Tc and critical pressure Pc decrease with Q . This result is 
qualitatively in accord with that of the charged AdS black hole 
without quintessence surrounding it [8]. However, the ratio Pc vc

Tc

does not keep constant as the charged AdS black hole without 
quintessence surrounding it [8] does. In contrast, the ratio in-
creases with Q . This phenomenon reflects again the effects of the 
dark energy. Secondly, we observe the impact of the state param-
eter ωq . The critical specific volume vc increases with ωq . Both 
the critical Hawking temperature Tc and the critical pressure Pc

first decrease with ωq and then increase with it. The ratio Pc vc
Tc

decreases with ωq . Thirdly, we focus on the impact of the nor-
malization factor a. Both the critical specific volume vc and the 
critical Hawking temperature Tc decrease with a while the critical 
pressure Pc increases with a. The ratio Pc vc

Tc
increases with a.

In the end, we would like to discuss more on the findings of 
this Letter. On the one hand, the critical exponents calculated in 
this Letter are the same as those of other black holes in former lit-
eratures, suggesting again that the critical behavior of black holes 
in the extended space also obeys the mean field theory and that 
AdS black holes may belong to the same universality class as Van 
der Waals liquid–gas systems. On the other hand, the ratio Pc vc

Tc

does not keep constant as the RN-AdS black hole does. In fact, 
it depends on the state parameter ωq and the normalization fac-
tor a. This reflects the influence of the quintessence dark energy. 
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This result is quite natural for it has been shown in former litera-
tures that the ratio Pc vc

Tc
relies on some characteristic quantities of 

black hole spacetimes, such as dimensionality [10], Born–Infeld pa-
rameter [9], Lovelock parameter [21] etc. The results in this Letter 
show the impact of dark energy, not only on the first law but also 
on the critical physical quantities. Hence it would be of great im-
portance to investigate the implications of black holes surrounded 
by quintessence as a dark energy model. And it should be further 
probed in the future.
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[19] N. Altamirano, D. Kubizňák, R. Mann, Z. Sherkatghanad, Kerr-AdS analogue of 
tricritical point and solid/liquid/gas phase transition, Class. Quantum Gravity 
31 (4) (2014) 042001.

[20] D.C. Zou, S.J. Zhang, B. Wang, Critical behavior of Born–Infeld AdS black holes 
in the extended phase space thermodynamics, Phys. Rev. D 89 (2014) 044002.

[21] J.X. Mo, W.B. Liu, P –V Criticality of topological black holes in Lovelock–Born–
Infeld gravity, Eur. Phys. J. C 74 (2014) 2836.

[22] J.X. Mo, W.B. Liu, Ehrenfest scheme for P –V criticality of higher dimensional 
charged black holes, rotating black holes and Gauss–Bonnet AdS black holes, 
Phys. Rev. D 89 (2014) 084057.
[23] N. Altamirano, D. Kubizňák, R. Mann, Z. Sherkatghanad, Thermodynamics of 
rotating black holes and black rings: phase transitions and thermodynamic vol-
ume, Galaxies 2 (2014) 89–159.

[24] M.S. Ma, H.H. Zhao, L.C. Zhang, R. Zhao, Existence condition and phase transi-
tion of Reissner–Nordström–de Sitter black hole, Int. J. Mod. Phys. A 29 (2014) 
1450050.

[25] S.W. Wei, Y.X. Liu, Triple points and phase diagrams in the extended phase 
space of charged Gauss–Bonnet black holes in AdS space, arXiv:1402.2837.
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