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Cosmological Implications of Quantum Anomalies

by Neil D. BARRIE

The aim of this thesis is to investigate the possible implications of quantum anomalies in the
early universe. We first consider a new class of natural inflation models based on scale invariance,
imposed by the dilaton. In the classical limit, the general scalar potential necessarily contains a
flat direction; this is lifted by quantum corrections. The effective potential is found to be linear

in the inflaton field, yielding inflationary predictions consistent with observation.

A new mechanism for cogenesis during inflation is presented, in which a new anomalous U(1) x
gauge group in introduced. Anomaly terms source CP and X violating processes during inflation,
producing a non-zero CS number density that is distributed into baryonic and dark matter. The
two U(1) x extensions considered in this general framework, gauged B and B— L each containing

an additional dark matter candidate, successfully reproduce the observed parameters.

We propose a reheating Baryogenesis scenario that utilises the Ratchet Mechanism. The model
contains two scalars that interact via a derivative coupling; an inflaton consistent with the
Starobinsky model, and a complex scalar baryon with a symmetric potential. The inflaton-
scalar baryon system is found to act analogously to a forced pendulum, with driven motion near

the end of reheating generating an np consistent with observation.

Finally, we argue that a lepton asymmetric CvB develops gravitational instabilities related to
the mixed gravity-lepton number anomaly. In the presence of this background, an effective
CS term is induced which we investigate through two possible effects. Namely, birefringent
propagation of gravitational waves, and the inducement of negative energy graviton modes in

the high frequency regime. These lead to constraints on the allowed size of the lepton asymmetry.

These models demonstrate that a concerted approach in cosmology and particle physics is the

way forward in exploring the mysteries of our universe.
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Chapter 1

Introduction

The Standard Models of Particle Physics and Cosmology have been highly successful at de-
scribing and reproducing the observed dynamics and properties of the Universe, but they are
incomplete. Many mysteries regarding the workings of nature are yet to be resolved, for which
new physics beyond the standard paradigms is required. Examples of these are the proper-
ties of neutrinos, the identity and origin of dark matter and dark energy, the origin of the
matter-antimatter asymmetry, the inflationary mechanism, the quantum nature of gravity, the
hierarchy problem, and more; each of which are indications that physics beyond the Standard
Model exists. In the past few decades, many extensions to the Standard Model have been pos-
tulated in an attempt to explain and provide solutions to these problems. Many of these models
have tried to solve the various problems of the Standard Model simultaneously. Any such ex-
tensions normally have many phenomenological implications, which can allow for the utilisation
of a variety of tools to constrain the models. As of yet, none of these extensions have been
accepted because they either are ruled out by experimental searches or current experiments are

not sensitive enough to exclude their predictions.

It is no coincidence that the mysteries of the Standard Model of Particle Physics are predom-
inantly associated with the very early universe and its evolution, rather this is the result of
a strong intertwining of cosmological and particle dynamics. Despite the apparent divide be-
tween the cosmological and particle scales today, they are intimately connected, with potential
discoveries in either field having large ramifications on the other. Therefore, to gain a deeper
understanding of the primordial evolution of the universe it is imperative to understand the
properties of the fundamental particles of nature, given that at very early times the microscopic
dynamics of these particles directly dictated this evolution. The interconnectedness of these two
fields is particularly relevant to modern day theoretical explorations given the current lack of
strong evidence of beyond the Standard Model physics at the Large Hadron Collider LHC Run

2 and other terrestrial colliders. The ability for the LHC and near future terrestrial colliders



to discover new phenomena is limited by the energy scales that they can reach, while on the
other hand cosmological observables have the potential to probe energies well beyond these ex-
periments. Imprints and remnants of the dynamics of primordial high energy scale periods can
potentially be seen in cosmological observables. An example of this is the Cosmic Microwave
Background, which has illuminated many of the cosmological properties of our universe that we
know today. Through considering a combination of observables from terrestrial collider searches
and cosmological observables it may be possible to piece together the answers to many of the

open questions of our universe.

This thesis will be structured, chronologically, as follows. In the remainder of this chapter we
will briefly describe the Standard Models of Particle Physics and Cosmology before outlining the
major questions facing these paradigms that will be addressed in this work, and the properties of
anomalous symmetries in the Standard Model of Particle Physics. In Chapter 2, we will examine
the inflationary epoch and a possible mechanism for inflation which also solves the hierarchy
problem [1]. Chapters 3 and 4 present two possible models to explain the origin of the matter-
antimatter asymmetry, the first acting during the inflationary epoch involving the introduction
of a new gauge boson to the Standard Model [2, 3], and the other is a mechanism driven
by the inflaton during reheating utilising the Ratchet Mechanism [4]. In Chapter 5, a novel
way to utilise gravitational waves to illuminate the properties of the illusive Cosmic Neutrino
Background will be considered [5]. Finally, in Chapter 6, we conclude with a discussion of the
implications of each of these works and possible future paths for exploration. The focus of this
thesis is on the cosmological implications of particle physics phenomena, but throughout my
candidature we also conducted research into LHC Phenomenology that will not be discussed
here [6-8].



1.1 The Standard Model of Particle Physics

The construction of the Standard Model of Particle Physics (SM) is one of the greatest achieve-
ments in modern science, the culmination of decades of theoretical and experimental endeavour
by scientists from around the world with the goal of understanding the fundamental building
blocks of nature; some of the foundational works and a review are listed [9-40]. The SM de-
scribes all of the known fundamental particles in nature and the interactions between them
[41], apart from gravity which is still without a consistent quantum description. This includes
all the fermions, comprising of quarks and leptons, and the gauge bosons which are the force
carrying particles, as depicted in Figure 1.1. The SM is now complete, with the last piece of
the puzzle being recently discovered, the Higgs boson. The Higgs particle was theoretically
predicted decades ago to explain the origin of the masses of the SM particles [42-45], and was
discovered at the Large Hadron Collider (LHC) [46] by the ATLAS [47, 48] and CMS [49, 50]

collaborations.
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FiGure 1.1: The SM particle content, including masses, charges, and spins of each of the
fermions and bosons.



1.1.1 Formulation and Structure of the Standard Model

The SM is a mathematical formulation that describes all the known fundamental particles of
our universe, and their interactions which are mediated by the known forces - the strong, weak,
and electromagnetic forces. It combines the half-integer spin fermions, including the leptons
and quarks, and the integer spin gauge bosons, consisting of the photon, weak bosons, gluons,
and Higgs particle. These are each described by fields, which are mathematical objects defined
at every point in spacetime. It is built on the ideas of Quantum Field Theory, and the structure

is fundamentally rooted in the ideas of symmetries and gauge invariance [51-58].

The SM is defined by the following direct product of groups SU(3)cxSU(2), xU(1)y, with each
group representing a gauge symmetry. The structure of the group determines the number and
properties of the force carrying gauge bosons that couple to the associated charges. The SM is
expressed in the form of a Lagrangian with all terms invariant under the gauge transformations
described by these groups, which are local, spacetime dependent transformations. If the action
is invariant under a given symmetry, then the physics derived from it will not change under
such a transformation and the symmetry will have a corresponding conserved quantity. The

SM gauge groups represent the following gauge bosons and forces,

e SU(3)c: defines the strong force which is mediated by the gluons. These couple to fields
that carry colour charge, which include the quarks and the gluons - known as Quantum
Chromodynamics (QCD).

e SU(2)r: the W', W2 and W3 bosons mediate the weak force, with a linear combination
of W' and W? forming the W=, while W2 makes up part of the Z boson and photon along
with the hypercharge boson. Apart from self-couplings, the weak bosons couple only to

the left-handed fermions, and as such maximally violate the C and P symmetry.

e U(1l)y: the hypercharge boson is a linear combination of the Z boson, and the photon.
The strength of the coupling to a given particle is defined by the hypercharge Y = I® + Q,

where I3 is the weak isospin and @ is the electric charge of the particle.

FEach gauge group has a corresponding gauge field strength, G¢ ij

pv
a

respective gauge fields G, ij and B, which define the dynamics of the gauge bosons. The

and B,,, with their

14
gauge field strength tensor for a non-Abelian gauge group is given by,

i = gMAY — 9V AP + ig[AF, AV] . (1.1)

The Higgs mechanism was proposed as a way for generating the masses of the SM particles,

which involves spontaneous symmetry breaking [42-45, 59-62]. For an arbitrary scalar field



its potential may contain a minimum at which the field value is non-zero, if the scalar was to
rest in this minima this would be known as a vacuum expectation value. This is made more
interesting by the possibility that there are many degenerate such minima that are related by
a continuous symmetry, which is broken by the scalar taking a vacuum expectation value. This
is what the Higgs field undergoes in the Higgs mechanism. Applying the Higgs mechanism
to the SU(2)r, x U(1)y portion of the SM leads to spontaneous symmetry breaking, that is,
SU(2), xU(1)y is broken to a single U(1) gauge group, which can be identified with the photon
of electromagnetism. Given that the U(1) symmetry is unbroken it represents a massless boson,
the photon, and indicates that the other three bosons associated with the degrees of freedom
of the original gauge group structure must now be massive. The photon is associated with
generators from both groups of the unbroken electroweak part of the original SM gauge group
structure, which contain linear combinations of the photon and Z boson generators that are
resolved after spontaneous symmetry breaking. This illustrates the unification of the weak
and electromagnetic forces. In the cosmological setting, this spontaneous symmetry breaking
is related to the Electroweak Phase Transition (EWPT). Once the temperature gets below a
certain critical point, the Higgs boson will take a non-zero vacuum expectation value, triggering
spontaneous symmetry breaking in the SM when the temperature of the universe was about
100 GeV [63-66]. Above the EWPT, the weak gauge bosons are massless and the SM will be

described by the unbroken gauge group structure.

Fermions SUB)e SU©2)r Uy B L
i
_ (Y 1 1
2 1
1 1
dy 3 1 -3 3 0
N
Lt = ( > 1 2 -3 0 1
e
L
ehy 1 1 ~1 0 1

TABLE 1.1: The representations of the fermions, in reference to the SM gauge groups, including
corresponding baryon and lepton numbers.

The fermions are described in singlet or doublet representations depending on whether they
have a right or left chirality, respectively. Each generation of lepton and quark is represented
by spinors, as defined by the Dirac equation. In Table 1.1, it is shown how the representation

of each particle couples to each of the SM gauge groups SU(3)¢, SU(2)r, and U(1)y.



The right-handed fermions are singlet fermions and do not couple to the weak bosons, unlike the
left-handed fermion doublets. This defines the SU(2); gauge symmetry as a chiral group. Only
the quarks and gluons are charged under the SU(3)¢ group, with a triplet representation which
corresponds to the three possible colours states. The U(1)y gauge group of the SM describes
a combination of the electromagnetic and weak Z gauge bosons. The coupling of this group to
the fermions is defined as the hypercharge which is given by Y = I? 4+ @Q, where the I? = %73
is known as the weak isospin and is the third generator of the SU(2) gauge group, giving the

connection to the Z boson. The hypercharge of each fermion is given in Table 1.1.

The SM is defined by a Lagrangian density, which contains all the renormalisable terms that
represent the possible field interactions, kinetic and mass terms. The Lagrangian describes the
dynamics and evolution of each of the fundamental particles. The allowed terms in the La-
grangian are determined by the symmetries of the model, and how the fields transform under
them, with the requirement that the action must be left unchanged under any transformations
associated with the SM gauge symmetries, or assumed global symmetries. Imposing renormalis-
ability requires the dimension of the operators in each term of the Lagrangian density to be < 4,
such that the coefficients are dimensionless or have positive mass dimension. In any case, higher
dimensional terms are generally suppressed at low energies by the mass scale of the coefficients.

The SM Lagrangian density is given by,

ﬁSM = EGauge + EDirac + EScalar + EYuk:awa 5 (12)
where
1 a apy 1 b buv 1 %
EGauge - _ZGNVG - ZWN’VW - ZBMVB 5 (13)

describes the gauge fields and their related bosons,
ﬁDirac = MED;W ) (14)
describes the free fermions, where v is any of the fermion representations within the theory,
T pn 20T — (gt )?
Lscalar = (D“Qﬁ) (D ¢) +m ¢'o — §(¢ ¢) ) (15)
describes the Higgs kinetic term and potential,
ﬁYukawa = _quQL¢QR - yeRf/(beR + h.c. (16)

describes each of the fermion interactions between the left-handed particles and their right-
handed counterparts, via the Higgs boson. These terms generate the masses of the fermions,

while the first term in Eq. (1.5) generate those for the W* and Z bosons, once the Higgs



particle takes a non-zero vacuum expectation value. The covariant derivatives D, incorporate

the interactions between the gauge fields and the SM fields.

It is possible the SM may not extend to high energies and rather that it is a low energy Effective
Field Theory [67], which would indicate why it is unable to explain early universe phenomena.
Meaning that it is valid below some energy scale, but breaks down above it, with new physics

required; analogously to the divide between classical and quantum mechanics.

1.1.2 Symmetries in the Standard Model

The SM is built on the principles of gauge invariance through the description of the force
carrying particles as vector bosons. This identification naturally leads to the requirement of
gauge invariance associated with these vector fields, because without it the theory would be non-
unitary and Lorentz violating, with the associated gauge bosons potentially having tachyonic
degrees of freedom. These things would lead to an inconsistent and non-predictive theory. This
means that the gauge symmetries are redundant, in that, the theory would not exist without
their imposition. As such, these symmetries dictate what the allowed interactions are within the
theory, or rather what terms can be contained within the Lagrangian. Gauge symmetries must
also be protected from quantum anomalies - breakdowns in gauge invariance due to radiative
corrections. They must be conserved at all orders of perturbation. Although, this is not

necessarily required for global symmetries.

Classical global symmetries are characteristic symmetries of a theory at the tree level, and can
be retained at all orders of perturbation. They can be present due to all the interactions allowed
by the gauge symmetries respecting the symmetry accidentally, or they can be explicitly imposed
on the theory. Each global symmetry in a theory has a corresponding charge which is conserved
by the classical interactions. Although, global symmetries do not have to necessarily hold once
quantum corrections are included. Symmetries broken by radiative corrections are known as
anomalous symmetries. Gauge symmetries cannot be broken in this way because that would

lead to a breakdown in the consistency of the theory through violations of gauge invariance.

Renormalisability requires that the mass dimension of each operator adds up to four or less,
meaning that all coefficients must be dimensionless or have positive mass dimension. An acciden-
tal symmetry of the SM is one which is only present due to the requirement that the Lagrangian
terms are renormalisable. Imposing this condition causes the removal of higher order terms from
the Lagrangian that would have otherwise broken certain symmetries, subsequently retaining
them as symmetries. Some examples of accidental symmetries of the SM Lagrangian are those

associated with the global baryon number, and generational lepton numbers.



Global Baryon and Lepton Numbers

Baryon number is an accidental global symmetry of the SM. In the tree level SM, there are
six possible U(1) quark symmetries that correspond to each quark flavour, but are broken
once the Cabbibo-Kobayashi-Maskawa (CKM) interactions are considered. This leads to there
being only a single global U(1) symmetry associated with the quarks, the total quark number,
which can be identified with the baryon number symmetry of the SM. Each quark is assigned
a baryon number charge of % under this symmetry, as given in Table 1.1. The corresponding
transformation is given by the following unitary transformations ¢ — ¢i3h q, where [ is a real

number and ¢ represents a quark field.

The generational lepton numbers are also accidental global symmetries of the SM. These are
U(1) symmetries given by the unitary transformations l; — e!®il;, where «; is a real number
and 7 denotes the lepton generation. Although, the discovery of neutrino oscillations proved
that these symmetries are violated. Instead the SM contains a single U(1) associated with the
total lepton number, as the oscillations still leave the total lepton number conserved [56]. Each

of the leptons is assigned a lepton number equal to 1, as given in Table 1.1.

The corresponding Noether currents for the continuous global baryonic and leptonic symmetries
are given by [68],

gl o iy u’ + diytd and Jh o Lyt + oytut (1.7)
where these lead to conservation of B and L at the tree level, 9,j#=0, and ¢ denotes the

generation of the fermion.

The U(1)p and U(1)r, symmetries are present in the SM due to the imposition of renormalis-
ability. There are non-renormalisable operators which can be written down that are consistent

with the SM gauge symmetries, but explicitly break the baryon and lepton number symmetries.

The lowest dimension operators that are examples of these are Q%)QL and Le\H H respectively.
B
These terms are strongly suppressed by their dimensional coefficients. For example, the first

term gives a path for proton decay which, from experiment, has a decay time of 7, > 103234

years, implying Ag > 10'® GeV [69]. The high energy scales associated with these terms, Ap
and Ar, leads to the suppression of these interactions at lower energies, but they could be

indicative of new physics at those scales.

In this thesis, we are interested in symmetry violation by quantum anomalies, that is, induced

by radiative corrections.



1.1.3 Radiative Corrections and Quantum Anomaly Cancellation

Anomalous symmetries are symmetries of the tree level SM that are violated once quantum cor-
rections are included [70-72]. The SM requires radiative corrections of the tree level interactions
so that precise predictions can be made, and so all the possible interactions can be determined
and be taken into account. This can be done by perturbatively expanding the tree level vertices
associated with interactions, in Feynman diagrams, into loops of a higher and higher order,
where each subsequent expansion is suppressed relative to the previous one. These loop calcu-
lations give the quantum corrections to the corresponding interactions, and may even introduce
new interactions that are not present at the tree level. Some examples of loop diagrams are
presented in Figure 1.2, where in the cases presented, there is no tree level vertex with the same
initial and final states, and hence such interactions are only possible with radiative corrections.
These diagrams are also special, in that they may correspond to anomalous contributions to the

associated baryon number symmetry, depending on the fermionic content of the theory.

Quantum anomalies can be induced for global symmetries, violating the conserved charges
to which they correspond. The anomalies of a given symmetry are produced by the radiative
corrections, the magnitude of which are found by considering what particles couple to the vertices
of the expanded loop. This is determined by taking the trace of the vertex generators, doing so
considers all the possible fermions that could traverse the loop, with the coefficient defining the
magnitude. If zero, there is no anomaly present and the associated symmetries are preserved
at that order of expansion. If non-zero, this gives you a correction to the Noether current of
the corresponding global symmetry, which causes it to no longer be conserved, 9,j* # 0. An

example of this is shown in Figure 1.2, for the global baryon number current in the SM.

The gauge fields that couple to each vertex determine the possible fermions that can traverse
the loop. For example, only left-handed fermions couple to the SU(2) gauge field, so only gz,
and l; make up the possible constituents of the fermionic current in the corresponding loop
corrections. There are similar constraints for SU(3), that is, only the quarks Qr, ur and dgr
are considered - while all SM fermions couple to the hypercharge gauge group U(1)y. Refer
to Appendix A, for calculations of each of the 1-loop contributions for the baryon number and

lepton number currents, as well as in the case that they are promoted to gauge symmetries.

Examples of anomalous symmetries in the SM are the global baryon and lepton number symme-
tries. In calculating the radiative corrections, the inclusion of a baryon number current means
that only the quarks are considered in the fermionic loops. If one was to consider these as gauged
symmetries, for example a gauged baryon number, then upon calculating the first order loop
diagrams non-zero anomalies are found to be present for the SU(2)?U(1)g and U(1)2.U(1)p
interactions. These vertex expansions are shown in Figure 1.2. This means that the baryon

number symmetry has the following non-zero triangle anomalies:



10

FIGURE 1.2: The 1-loop anomalous radiative corrections involving a gauge boson associated
with the U(1)p symmetry, (a) SU(2)2U(1)p, where the loop contains only left-handed quarks,
and (b) U(1)2.U(1) g where the loop contains only quarks.

For SU(2)2U(1) g, where all quarks contribute,

A(SU(PU(1)5) = Trir*r'B] = 2 = g . (1.8)

For U(1)3U(1) g, where only left-handed quarks are considered,

AU RU(1)5) = Tr{YYB] = 2 = —g . (1.9)

where ngy is the number of quark generations, which is taken to be three.

It is found that the global baryon and lepton number symmetries have the same quantum
anomalies when right handed neutrinos are included in the SM, but with U(1), replacing U(1)p
in Eq. (1.8) and Eq. (1.9). This indicates that B — L is still a conserved global symmetry of

the SM after quantum corrections are included.

The anomalous currents associated with the U(1)p and U (1)1 currents source B and L violating
processes, namely electroweak instanton transitions and sphaleron processes. These shall be
discussed in Chapter 3, in the context of how this violation of B and L is utilised in Electroweak
Baryogenesis, and how it can also be responsible for the washout of asymmetries generated early

in the universes evolution.

The anomaly calculations of each of the quantum corrections for the U(1)p and U(1), symme-
tries are given in Appendix A. These anomalies provide avenues for baryon and lepton number
violation, as they are not strictly conserved quantities at the quantum level. If the U(1)p
and U(1)7 symmetries are introduced as local gauge symmetries these anomalies become gauge
anomalies. This is a major issue for the validity of the theory and they must be cancelled, the

methods of which we shall now discuss.
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Gauge Anomaly Cancellation and the Green-Schwarz Mechanism

Quantum anomalies associated with a gauge symmetry must be cancelled to maintain the con-
sistency of the theory. The reasons for this are two fold, firstly, they lead to a loss of unitarity
of the S matrix and violation of Lorentz invariance, and secondly, they cause a breakdown
in renormalisability. Each of which is required for a gauge invariant theory [73]. Such gauge
anomalies can be cancelled in various ways through the inclusion of new degrees of freedom.
Two examples of ways in which this can be done are the addition of new fermions, and the

Green-Schwarz mechanism [74].

The inclusion of extra fermions can be used to cancel the anomalies induced by radiative cor-
rections, as their inclusion leads to additional terms being present in the trace of the vertex
generators. The quantum numbers of these new fermions can then be chosen such that the
anomalies disappear. These can create new problems as they could mediate interactions which
have not been observed at terrestrial colliders, or could form charged stable fields that could
be detrimental to cosmological observables. Experimental investigations provide restrictions on
the possible masses and couplings of any introduced particles, and the requirement of complete

cancellation of the anomalies means that they can only carry certain quantum numbers.

The origin of the Green-Schwarz mechanism is in string theory applications, due to the appear-
ance of unwanted gauge anomalies in such theories. To resolve this issue Green and Schwarz
developed a method of restoring gauge invariance via the addition of new terms to the effective
action [74], that lead to an effective field theory in which a new degree of freedom has been intro-
duced to the theory. These new terms remove the anomalies by cancelling the non-invariance of
the fermion measure in the action, leading to a gauge invariant theory that effectively describes

the dynamics of the full theory at energies lower than a characteristic scale.

As an example of how this mechanism works, consider the inclusion of a new U(1)x symmetry
to the SM, which has gauge anomalies. In this case, the Green-Schwarz terms added to the
effective action contribute a new longitudinal degree of freedom to the introduced gauge field
X, which corresponds to the gauge field acquiring a mass. In doing so, we obtain an effective
field theory, meaning that it can only sufficiently describe the interactions of the theory well
below some new physics scale, which we shall denote fx. This parametrises our ignorance of
the full theory, which one could imagine contains heavy fermions that cancel the anomaly at
scales well above fx. For example, the full theory may involve the inclusion of leptoquarks at

high energies, which can cancel the gauge anomalies present in the theory [75-77].

The new counter-terms added to the effective action are included in the Lagrangian density as

follows,

2
*Ccounter = _%AGXM,,X“V R (110)
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where gx is the coupling for the gauge field related to the anomaly, X*¥ is the field strength
tensor, and A is the associated anomaly coefficient. The # component is pure gauge and is the
longitudinal degree of freedom of the new gauge field X,. It is found that the tree level SM
Lagrangian appears to not be gauge invariant once these counter-terms are added, although
their variance cancels out against the gauge variation of the functional measure of fermion fields
within the path integral quantization framework, leading to a gauge invariant theory. This term

is reminiscent of the term for a massive gauge boson in the Stuekelberg formalism [78].

An example of mixed gauge anomalies is the result of promoting the gauged baryon number
symmetry to a gauge symmetry, for which multiple anomalies are present. The following counter-
terms must be included,

395

- 39% -
L counter 3%26(:6') W WH + 327Tge(:]c)Bm,B . (1.11)

In this thesis, we shall be considering the cosmological implications of quantum anomalies such

as these, and whether they can be utilised to explain various mysteries of the SM and SMC.

1.2 The Standard Model of Cosmology and the Evolution of the

Universe

The Lambda Cold Dark Matter (ACDM) model is the current best model we have for describing
the evolution of the universe from its beginning to the present day, and is considered the
Standard Model of Cosmology (SMC) [79-82]. The SMC incorporates all known luminous
matter, cold dark matter, and a cosmological constant to describe the dark energy density. The
present day total energy content of the universe is split between these three main components -
ordinary matter (~ 5%), dark matter (~ 27%), and dark energy (~ 68%). Observations of the
Cosmic Microwave Background (CMB) in combination with other observational surveys provide

data on the cosmological parameters of this model.

The measurement of the CMB has provided us a window into the early history of the universe
[83-93]. Much of what we know about the universe comes from analysing the CMB and the
temperature fluctuations that can be found within it. Knowledge of the properties of the
universe prior to the formation of the CMB is difficult to glean due to the opaque nature of
the primordial plasma prior to recombination. Despite this, the CMB can provide information
from earlier times, such as inflation, allowing constraints to be placed on the properties of these
prior epochs. In the case of inflation, this can be done through the spectral index and tensor to

scalar ratio for which inflation makes predictions.
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F1GURE 1.3: The Cosmic Microwave Background as measured by the PLANCK satellite [94].

The CMB is found to be highly isotropic and homogeneous on large scales, and as such, in the
SMC the universe is considered to be static in conformal coordinates. Meaning that the universe
evolves homogeneously and isotropically defined by a global scale factor a(t). The gravitational
metric associated with these evolutionary properties is known as the flat Friedmann-Robertson-
Walker (FRW) universe, which is strongly supported by observations of the CMB. This is the

basis of the understanding of the evolution of the universe, and shall be discussed below.

1.2.1 The Friedmann-Robertson-Walker Metric

One of the simplest models used to describe the evolution of the universe is the set of FRW
cosmological models, which are a particular set of solutions of the Einstein equation that describe
isotropic and homogeneous universes [95]. Isotropy means that they are spherically symmetric
around a point in space and hence have no preferred direction, while homogeneity means that
every point in space is equivalent, and hence there is no preferred position. This is supported
by the remarkable uniformity of the CMB, observed by the WMAP [90] and PLANCK satellites
[94]. Exact homogeneity would imply that there must also be no boundary or centre of the

universe. For simplicity the universe is modelled as an isotropic and homogeneous spacetime.

This class of models includes three possible spatial geometries - closed, flat and open; each with
constant curvature. A closed geometry is analogous to a sphere, which has constant positive
curvature, flat to a plane, which has zero curvature, and open to a hyperbolic plane, which has
constant negative curvature. For a general FRW universe, the metric in polar coordinates is

given by,
dr?

2 _ 2 2

+ 72(dh?* + sin® 0d¢>2)> , (1.12)

where k defines the spatial curvature of the metric, and takes the values kK = 1,0, or —1 which
correspond to closed, flat and open spaces, respectively. The scale factor a(t) embodies the rate

of expansion or compression of the universe.
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From observation, we will be assuming that the universe is a simple flat FRW universe as the

SMC considers, which has the following metric in Cartesian coordinates,
ds* = dt* — a*(t)(dz? + dy? + d2?) , (1.13)

or in conformal coordinates, which is defined by the following transformation of the time coor-
dinate dt = a(7)dT,
ds? = a*(t)(dr? — da® + dy? + d2?) | (1.14)

and hence the metric can now be written as g,,, = a(7)?1,,, which is conformally flat. Therefore,
this flat FRW metric is a suitable model for the spacetime of our universe and provides a simple

framework in which to describe its evolution.

From the FRW metric can be derived the well-known Friedmann Equations, utilising the Ein-
stein equation. They relate the nature of the expansion of the universe to the energy densities

and curvature that is present, as described in Table 1.2. The Friedmann equations are as follows,

N
o (a\" 8mp A Kk
" <a> *3M3+§+CT2’ (1.15)
a 4 A
52_3M3 (p+3p)+§. (1.16)

where p and p are the mass density and pressure of the perfect fluid, respectively, k is the
Gaussian curvature defined above, G is the gravitational constant, H is the Hubble rate [96],

and A is the cosmological constant.

The evolution of the universe is defined by the properties of the scale factor, which is determined
by the form of energy that is dominating. This is illustrated in the time evolution of the scale
factors shown in Table 1.2, which are epoch dependent. In this table we use the dimensionless
parameter w, known as the equation of state, to define each epoch. This parameter is related

to the energy density by,
p oc a 30Hw) (1.17)

1.2.2 The History of the Universe

The main epochs and events in the history of the universe, which we will be interested in, are

as follows:

Inflation: Shortly after the Big Bang, or pre-inflationary state, the universe underwent a
rapid period of expansion within a short period of time. This expansion is able to explain the

homogeneity and flatness observed in the CMB, as well as the temperature fluctuations found
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Type of Energy w p(a) a(t) a(T)
Matter Dominated 0 x a3 o t2/3 x 72
Radiation Dominated % x a4 o t1/2 X T
Vacuum Dominated —1 Constant o< ef? x I_{—i

TABLE 1.2: Scale factors corresponding to each form of energy in a flat FRW universe.

in it. The exact nature of the mechanism leading to inflation is yet unknown, but it is thought
to be caused by a particle known as the inflaton which dominates the energy density of the early
universe. The induced period of inflation is a vacuum dominated era, during which the Hubble

parameter is approximately constant and the scale factor is accelerating.

Reheating: After inflation the universe begins the transition to a radiation dominated epoch
through a period known as reheating. The characteristics of the reheating epoch and the
temperature of the resultant radiation dominated universe is determined by the properties of
the inflationary mechanism and its interactions with the SM or mediator particles. The reheating
temperature can be as high as ~ 10 GeV, for a high inflationary scale, and as low as ~ 1 MeV
to not conflict with predictions from Big Bang Nucleosynthesis (BBN). The exact properties of

reheating are complicated and are still not fully understood.

Baryogenesis: The universe has been observed to have an asymmetry between matter and
antimatter, with minimal antimatter found to be present. The dynamics which lead to the
origin of this asymmetry are generally assumed to occur at or above the electroweak scale,
T ~ 100 GeV. This is highly dependent on the production mechanism, and could potentially
happen as late as T' ~ 1 MeV; once again, to not conflict with BBN.

Dark Matter Freeze-out: It is thought that the dark matter content of our universe was
produced sometime during the radiation epoch. After being produced it would have thermally
decoupled from the hot SM plasma once the temperature of it became low enough to suppress
thermal production; assuming the dark matter interaction with the thermal plasma is small. As
the interactions between the SM particles and dark matter are assumed to be fairly weak, this
freeze out can occur fairly early on, meaning that the density is only affected by dilution due

to the spatial expansion if the dark matter is stable relative to the age of the universe.

Electroweak Phase Transition: At T ~ 100 GeV the Higgs potential becomes such that
the Higgs field takes a non-zero vacuum expectation value, leading to spontaneous symmetry
breaking. As the temperature lowers, thermal fluctuations will cause certain regions to take a

vacuum expectation value before others, leading to the formation of bubbles of true and false
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vacuum. This phenomenon has been considered as the origin of the observed baryon asymmetry,

with this mechanism being known as Electroweak Baryogenesis.

Neutrino Decoupling: As the neutrinos only couple via the weak interaction to the SM,
they decouple from the plasma relatively early in the history of the universe, 7'~ 1 MeV. The
decoupled neutrinos make up the contents of the Cosmic Neutrino Background, which like the

CMB, permeates the universe today.

Electron Positron Annihilation: At 7'~ 500 keV the thermal production of e™ — e~ pairs
freezes out, and the annihilation of these pairs, in the plasma, into photons will leave only
the asymmetric part remaining. This annihilation increases the photon energy density of the

universe.

Big Bang Nucleosynthesis: This is the period in which the nuclei observed in the universe
today have their origin, through a series of well understood nuclear fusion reactions. This is
well modelled by current nuclear physics models, and as such is very sensitive to new physics
[97-107].

Recombination and Photon Decoupling: At a certain point in the evolution of the universe
its temperature will be low enough that the electrons, and the nuclei generated in BBN, will
begin to form atoms such as neutral hydrogen. As more nuclei form the universe becomes
transparent to photons, which allows them to decouple from the plasma. This leads to the

formation of the CMB, at the end of recombination, which we see today.

Dark Energy-Matter Equality: In more recent universal history, the dark energy density
became larger than the matter energy density of the universe. This vacuum domination produces
an accelerated expansion, which can be associated with a cosmological constant, and is the

current state of the universe.

1.3 Mysteries to be Solved

Despite the successes of the SM and SMC in describing the nature and evolution of the universe,
there are still many unsolved mysteries. In this thesis we hope to illuminate some of the following

open problems.

1.3.1 The Inflationary Mechanism

The existence of an inflationary epoch was first postulated to solve unexplained observed
phenomena and theoretical issues in cosmology [109-121]; namely, the flatness, horizon, and

monopole problems [81, 122]. Since this time, significant amounts of evidence supporting a
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Event Time ¢ Redshift z Temperature T’
Inflation 10734 s (7) — —
Baryogenesis ? ? ?
Dark matter freeze-out ? ? ?
Electroweak phase transition 20 ps 1019 100 GeV
QCD phase transition 20 ps 10'2 150 MeV
Neutrino decoupling 1s 6-10° 1 MeV
Electron positron annihilation 6s 2107 500 keV
Big Bang Nucleosynthesis 3 min 4-108 100 keV
Matter-radiation equality 60 kyr 3400 0.75 eV
Recombination 260-380 kyr 1100 — 1400 0.26-0.33 eV
Photon decoupling 380 kyr 1000 — 1200 0.23-0.28 eV
Re-ionisation 100-400 Myr 11 -30 2.4-7.0 meV
Dark energy-matter equality 9 Gyr 0.4 0.33 meV
Present 13.8 Gyr 0 0.24 meV

TABLE 1.3: The key events in cosmological history [108].

period of cosmic inflation has been obtained from a number of astrophysical observations [92],

leading to it being a generally accepted part of the early universe evolution.

The flatness problem stems from the observed flatness of the universe, known to a very high
precision, which appears to be fine-tuned. Rather than flatness being a special initial condition,
inflation provides a natural way for such a lack of curvature to be the observed state of the
universe. If one was to consider an initially curved spacetime, it would be approximately flat
at very small scales. The rapid expansion of the universe produced by inflation will make these
locally flat regions much larger, such that on large scales the universe will begin to appear flat.
That is, the rapid spatial expansion quickly dilutes spatial curvature, pushing it towards zero.
Hence the observable universe appearing flat is a natural consequence of inflation, if enough

e-folds of expansion have occurred, resolving the problem.
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A major mystery that inflation provides a solution for is the so called horizon problem. This
is the observation that the universe is very homogeneous and appears to have been in thermal
equilibrium, although if one is to trace back the evolution of the universe to the Big Bang it is
found that all of today’s causally disconnected regions would not have been in causal contact.
This is because the universe has existed only for a finite period of time, so information can only
have travelled a finite distance. This raises the question of why these causally disconnected
regions are so well correlated. An inflationary epoch can provide the answer to this question by
allowing the universe to have been in thermal equilibrium at very early times, prior to the onset
of inflation. If the very early universe, just after the big bang, was in thermal equilibrium and
then an inflationary epoch began, the resultant universe would be broken into many causally
disconnected regions, after enough e-foldings, explaining what we observe today. This idea is

depicted in Figure 1.4.

Conformal time

T0 ¢
Recombination 'd
Trec /.\
0
Reheating
Particle horizon
=
@]
=
3
)
=
[T}
Causal contact
Tinitial = —20

Big Bang singularity

FIGURE 1.4: Tllustration of the solution of the horizon problem provided by inflation [122].

A generic prediction of many Grand Unified Theories is the production of topological defects,
such as monopoles, at phase transitions which occur as the universe cools from the very high
temperatures at the end of reheating. The dynamics of the early universe would lead to the
thermal production of a high density of monopoles. Unfortunately, it is found that the energy
density of these monopoles in the universe would be too large to be consistent with current
observations. This is known as the monopole problem [123-125]. Now if one is to postulate

an inflationary epoch, this would lead to the significant dilution of the density of these relics,
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removing them as a potential issue, assuming the reheating temperature is low enough to prevent

their overproduction after inflation.

Another attractive property of the inflationary scenario is that it can generate the density per-
turbations observed via the inhomogeneities of the CMB. These density perturbations provided
the seeds for large scale structure formation, and hence led to the formation of the galaxies
we see today. As inflation proceeds, quantum fluctuations of the inflaton field, the scalar field
which induces the inflationary epoch, are enlarged by the rapid spatial expansion, producing

the temperature anisotropies we see in the CMB [126].

Once inflation ends the initial energy densities of matter have been diluted to negligible quan-
tities, so the universe must be reheated. This is also taken into account in the inflationary
mechanism, through the decay of the inflaton after inflation ends; this period is known as the
reheating epoch. The product of the reheating epoch, is a radiation dominated universe with
a thermalised plasma with characteristic temperature T,j, after which the standard big bang

cosmology proceeds.

Unfortunately, despite the many successes of the inflationary paradigm at explaining cosmo-
logical evolution, the exact mechanism for inflation is still not known. It is usually assumed
that this epoch is the result of a scalar field, named the inflaton, which slowly rolls towards the
minimum of its potential [122, 127-132]. The potential energy of this scalar field dominates the
energy density of the universe, as long as the inflaton only rolls slowly in its potential. This
almost constant potential energy, dominating at early times, leads to an effective vacuum energy
dominated universe; a de Sitter space time. Such a vacuum energy dominated universe is char-
acterised by exponential expansion, as discussed above. It should be noted that cosmological
models other than inflation have been proposed to solve the issues described above, such as

String gas and bounce cosmologies, with varying success [133-135].

Many inflaton candidates have been proposed since inflation was first postulated, with most
involving the introduction of a scalar(s), but as of yet none have been experimentally verified
[115, 126, 136-157]. Due to this, many attempts to constrain and test inflationary mechanisms
have been considered [158-166]. One reason this is difficult is that with the current experimental
sensitivity to inflationary observables, many models give degenerate solutions and hence are
indistinguishable. This has led to recent work into identifying classes of inflationary models
[167-170]. Another issue is that the inflaton itself is unlikely to be produced terrestrially due to
it generically having a very high mass, well beyond the range of any current or future collider
experiments. In Chapter 2, we will consider a new class of scale invariant inflationary scenarios

which may have interesting implications for particle physics.
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1.3.2 The Origin of the Matter-Antimatter Asymmetry

One of the major questions in modern physics is how the observed matter-antimatter asymmetry
of the universe developed [171-184]. Antimatter was first predicted to be on equal footing
with matter [185], but observational and experimental results suggest that this is incorrect.
Terrestrial experimental investigations confirmed this in decays of K° (d3) [186, 187], D" (cu)
[188] and BY (sb) [189, 190] mesons, which have provided evidence for C and CP violation. As
an asymmetry is observed, astronomical observations provide strong contradictory evidence to

the equivalence of matter and antimatter [90, 94, 191, 192].

Observations indicate that the visible universe is dominated by matter and not antimatter. This
baryon number density is determined by analysing the Baryon Acoustic Oscillations (BAO) mea-
sured from the CMB power spectrum, depicted in Figure 1.5, and the temperature fluctuations
in the CMB [90, 92, 193]. BBN theory also accurately predicts the abundances of the primordial
light elements and is sensitive to the size of the baryon asymmetry; providing constraints on
it [104, 194-197]. The observed value of the matter-antimatter asymmetry of our Universe is
determined from the combination of these measurements, and is parametrised by the baryon to
entropy density ratio,

np = BB B g5 071 (1.18)

S s

where np (ng) is the baryon (antibaryon) number density, and s is the entropy density of the
universe. It is possible that the universe may have begun with a net baryon number prior to
inflation, but any baryon number density would be diluted away by the rapid expansion of
inflation, hence it is assumed that it must be produced dynamically. The process of dynamical

generation of the observed matter-antimatter asymmetry is known as Baryogenesis.

It has been proposed that the net baryon number of the universe is indeed zero and that
many unmixed islands of matter and antimatter exist [198-200]. If separate sectors do exist
it would be possible to observe annihilations at the boundaries between the regions. Electron-
positron pairs involved in annihilation processes would produce high energy photons, which if
in significant numbers can cause a skewing of the CMB spectrum. These processes can also
heat the ambient plasma leading to an additional indirect spectral distortion. This would be
observable as dilutions or perturbations in the CMB [201]. These gamma ray sources are not
observed, and the CMB is found to be highly uniform, so to be consistent with observation the
voids between these matter and antimatter sectors would be required to be large. However, the
size of the possible voids between these sectors is also constrained by the CMB. Regions large
enough to survive recombination would be observable in the CMB, but these have not been
found; excluding the idea that there are sectors of matter and antimatter separated by voids
within the observable universe. It is possible that we live in a matter island that is larger than

the observable universe, but this is not supported experimentally [202-204].
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F1GURE 1.5: The baryon acoustic oscillations observed in the CMB power spectrum, as mea-
sured by the PLANCK satellite [193].

Seeing as there is overwhelming evidence for the existence of the baryon asymmetry in the

universe, we must consider how such an asymmetry could be produced.

The Sakharov Conditions

The Sakharov conditions [205], formulated by A.D. Sakharov in 1967, are the requirements for

successful Baryogenesis in the early universe. The conditions are,

e Baryon number violation If immediately after the Big Bang there was zero net baryon
number (B) and B is strictly conserved, then the net baryon number density of the universe

would remain zero for all time. Therefore, B number violating processes are needed.

e C and CP violation The baryon number violating processes are required to violate the

C and CP symmetries, such that either the matter or antimatter process is favoured.

e A period of non-equilibrium The processes that violate B, C and CP must occur in
a period of non-equilibrium, so that the reverse reactions do not washout any generated

asymmetry.

Any mechanism that wishes to produce a charge asymmetry in the early universe must satisfy

these criteria, unless the theory violates CP7T.
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Baryogenesis in the Standard Model

One of the most studied mechanisms for the generation of the baryon asymmetry is Electroweak
Baryogenesis. The reason for this is that the first model discovered in this class of Baryogen-
esis mechanisms was the SM itself, which contains all ingredients for satisfying the Sakharov

conditions [206-217]. They are satisfied in the following ways:

e Baryon number violation The quantum anomalies associated with the global baryon
number symmetry and the electroweak gauge group indicate that it is not a strictly con-
served quantity within the SM. Through these anomalies, baryon number violation can
occur via non-perturbative electroweak sphaleron transitions [72], which shall be discussed

further in Chapter 3.

e C and CP violation The C and P symmetries are maximally violated in the SM by the
chiral nature of the weak interactions. There is also CP violation provided by a complex

phase present in the CKM matrix.

e A period of non-equilibrium The electroweak phase transition (EWPT) is the push
out-of-equilibrium utilised in SM Baryogenesis [65, 218, 219]. Once the universe cools,
thermal fluctuations in the primordial plasma can lead to regions falling below the EWPT
earlier than others; the EWPT occurs at a characteristic temperature 7' ~ 100 GeV. This
leads to the formation of ‘bubbles’, or regions, of broken phase, where the Higgs boson
has acquired a vacuum expectation value. The expansion of the walls of these bubbles
creates the non-equilibrium conditions required for Baryogenesis. This process is depicted
in Figure 1.6, where the CP and B violating processes associated with the left handed
fermions lead to the accumulation of a net baryon number in the interior of the expanding
bubble.

FIGURE 1.6: A schematic of the Electroweak Baryogenesis mechanism [220].
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Although the SM satisfies the Sakharov conditions, the resulting prediction for the baryon
asymmetry generated is found to be ng" ~ 10718, approximately eight orders of magnitude
lower than the observed value [221]. One reason for this discrepancy is that the strength of the
CP violation is too weak to produce a large enough asymmetry. Also, the Higgs mass is too high,
myp ~ 125 GeV, for the EWPT to be strongly first order, so the departure from equilibrium is
too small [48, 217, 222, 223]. Therefore, the SM is not sufficient to explain the observed baryon

asymmetry of the universe, and the existence of new physics is required.

Other Proposed Scenarios

Many models have been proposed to solve the issue of the baryon asymmetry of the universe (a
selection of reviews are given here Ref. [224-235]), many of which are simple extensions of the
SM [236-239]. Some of these models also try to resolve other unexplained physical phenomena
alongside the generation of the baryon asymmetry, such as dark matter [240-242]. As of yet
most of these models remain unproven because the related phenomena are beyond the reach of

current experiments.

A very attractive paradigm for the generation of the matter-antimatter asymmetry is Lepto-
genesis [243-249]. In these models the asymmetry is initially generated in the neutrino sector,
through extensions to the SM that also explain the origin of the neutrino masses. Once the
asymmetry is generated the B + L violating electroweak sphalerons redistribute some of the net
lepton number into the baryonic sector, producing what we see today. The interest in this form
of scenario is driven by the lack of a complete understanding of the neutrino sector, which could

potentially be hiding key information to solving this and other mysteries in particle physics.

Extensions that have the baryon asymmetry of the universe generated before the inflationary
epoch risk having the accumulated baryon number being completely diluted. The difficulty
with producing the asymmetry during inflation [250-252] is the requirement that the rate of
asymmetry production must be greater than the rate of dilution. If not, the generated asymme-
try will be quickly diluted away. For this reason the majority of postulated mechanisms occur
after reheating. In this work we will be considering two possible extensions of the SM that can
explain the baryon asymmetry of the universe; one acting during inflation [2, 3] and the other

during reheating [4].

1.3.3 Dark Matter

The existence of dark matter, an abundant form of non-luminous matter in the universe, was
first proposed by Zwicky, in 1933, to explain the discrepancy between the expected and observed

luminosity of galaxies, given their measured gravitational masses [253]. Further evidence for
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dark matter was provided by the observation of anomalous galactic rotation curves [254-260],
which to be resolved with theoretical predictions of the rotation profile required the existence
of more luminous matter than could be seen [261, 262]. Since this time the existence of dark
matter has been generally accepted as many more pieces of observational evidence have been
gathered; these include gravitational lensing, the BAQO, and its importance for cosmological
evolution and structure formation, seeing as it is a key component of the ACDM cosmological
model. Despite this, the true identity and nature of the constituents of dark matter are not

known.

One of the most researched candidates for dark matter are Weakly Interacting Massive Particles
(WIMPs) [263-265]. Originally, this model was very strongly favoured because of the so called
WIMP miracle; a coincidence in which, if the dark matter candidate has a mass of 100 GeV and
couples via the weak force to the SM, then its interaction cross section would be consistent with
the observed dark matter abundance. The interaction cross section was also below the direct
detection measurements at that time. The simplest WIMP miracle paradigm has now been
ruled out by direct detection experiments such as those currently being undertaken at XENON
[266] and LUX [267], which means other candidates must be explored. Many possibilities for
the identity and properties of dark matter have been proposed [268-272], but as of yet none
have been found. Neutrinos were once considered possible candidates for dark matter [273], but
their masses and density are too low, and their relativistic nature early in the universe would
have hindered structure formation. Non-particle explanations for dark matter, which consti-
tute alternate gravity theories, have also been proposed, the most well-known being Modified
Newtonian Dynamics [274], but these have been mostly unsuccessful in explaining all of the

observational phenomena.

The dark matter particles are considered to be stable, to the extent that their lifetime is longer
than the age of the universe, because if they decay too quickly they will fail to facilitate successful
structure formation. It is also possible that there could be various stable particles present in
non-zero densities in the universe, making up components of the dark matter density [275]. A
current issue with the cold dark matter model is that simulations predict more satellite galaxies
to be present than are observed, which could be a result of small structure formation suppression
by dark matter which is warm, rather than cold as usually defined. If the dark matter carries
more kinetic energy it can more easily escape gravitational potentials, and hence contribute to

the washing out of small scale structures.

One of the most attractive paradigms for describing dark matter is asymmetric dark matter,
that is there is a matter-antimatter asymmetry in the dark matter sector too, which may have

a similar origin to that in the baryonic sector. This is motivated by the measurement of the
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ratio of the energy densities of luminous and non-luminous matter,

The similarity in these observed densities could indicate a connection between the dynamics
and cosmological evolution of visible and dark matter. Many models attempting to explain
this ratio have been proposed, and it is an active area of research [237-239, 276-299]. We will

consider the possibility of an inflationary cogenesis scenario in Chapter 3.

1.3.4 Neutrino Properties and the Cosmic Neutrino Background

The true nature of neutrinos has been an intriguing mystery since they were first postulated
due to their weakly interacting nature. There have been major advances in our understanding
of the properties of neutrinos in the last couple of decades due to the ever improving sensi-
tivity of experiments [300]. The Super-Kamiokande [301-306], Sudbury Neutrino Observatory
(SNO) [307-309] and other experiments [310-312], provided the first experimental evidence of
neutrino mass and furthered our knowledge of their interaction properties. More recent experi-
ments have begun determining the neutrino mixing angles, and are getting closer to obtaining

a measurement of the neutrino CP violating phase.

One of the main questions regarding neutrinos at present is what are and is the origin of
their masses; the mass hierarchy of the neutrino generations is also still unknown. Neutrinos
can have either a Dirac mass term m, v vr or a Majorana mass term m,vfvy, each of which
have interesting phenomenological implications. Particularly the Majorana case, because of the
lepton violating nature of the mass term, which can not only induce double beta decay, but can
have implications for Baryogenesis. It is possible that there is also other neutrino species, such
as sterile neutrinos which do not couple to any of the SM gauge fields, that can have interesting

cosmological implications [313].

Another feature of neutrinos which makes them important for early universe cosmology, is
that, much like photons and the production of the CMB, there is an analogous relic neutrino
background; the Cosmic Neutrino Background (CvB). This background is produced much earlier
than the CMB, and as such could have information encoded within that could unlock many of the
current mysteries in particle physics and cosmology. The information encoded within the CvB
could help us gain a greater understanding of the neutrino sector, and also help illuminate the
many open questions regarding the history of the universe. Unfortunately, the low temperature
and density of this background today means it is unlikely we will ever be able to directly observe
it. There is still hope that it could be indirectly observed, and this is what we shall be exploring

in Chapter 5, through the possible effects the CvB could have on gravitational waves.
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1.3.5 Gravitational Waves

A determination of the fundamental description of gravity would be revolutionary in physics
and have many wide reaching implications. The recent observation of gravitational waves by the
LIGO collaboration [314] signals the beginning of the new era of gravitational wave astronomy,
allowing the opening of a new window into the fundamental workings of gravity and the universe.
To date, the LIGO collaboration has reported the measurement of gravitational waves from
several binary black hole merger events [315, 316]. These observations have allowed constraints
to be put on potential extensions to general relativity [317-320], and possibly in future, other
areas of astrophysics through combined analyses, for example with ANTARES and IceCube
[321]. This is a major step towards gaining a greater understanding of the workings of gravity.
Future gravitational wave detectors, such as eLISA [322, 323], will also be able to differentiate
the polarisations of incoming signals. This will provide information beyond the amplitude and
waveform of the waves, and will enable a deeper analysis of the gravitational wave source as well
as the fundamental workings of gravity itself. This could be achieved through identification of
birefringent propagation effects, which could be smoking guns for certain extensions of General

Relativity.

An exciting aspect of such searches is the possible implications for particle physics and early
cosmological evolution. Unlike light, for which the early universe plasma was opaque prior to the
CMB, it is possible that the gravitational wave remnants from events prior to the formation of
the CMB could be observable by future detectors. These observations could provide constraints
on early cosmology, and the particle dynamics at that time, that are not achievable with current
measurement tools. An example of this shall be discussed in this work with reference to the
Cosmic Neutrino Background [5], which could shed light on the true nature of neutrinos and

also provide information concerning the origin of the matter-antimatter asymmetry.

1.3.6 Hierarchy Problem in the Standard Model

The hierarchy problem is associated with the unnaturalness of the difference between the ap-
parent fundamental scales of nature, with regards to the SM and gravity, namely the weak and
Planck scales [324-331]. This has led to much theoretical anxiety due to the level of fine tuning
required to replicate observables if there are no new fundamental scales between the weak and
Planck scales. This issue is illustrated by the predicted mass of the Higgs boson, for which
the quantum corrections contain quadratic divergences dependent on the scale of new physics.
The, recently discovered, Higgs mass has been found to be much lighter than the Planck scale,

confirming this disparity in scales.
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Supersymmetry has been one of the most studied beyond the SM theories because it can provide
a potentially natural solution to the hierarchy problem [332]. The lack of discovery of the Su-
persymmetry partners has led to the consideration of increasingly complicated Supersymmetry

models, which themselves contain issues with fine tuning.

Another solution to the hierarchy problem, which has gained increased interest in recent times,
is the introduction of a conformal symmetry into the SM [333]. This model postulates a theory
which has no fundamental scales, and that any observed scale is generated dynamically by the
spontaneous breaking of the conformal symmetry. The Lagrangian of such a theory contains
no dimensionful couplings, and as such has no mass terms. Seeing as the conformal symmetry
removes fundamental scales it is a novel way of solving the hierarchy problem. Scale invariant
theories have been studied extensively in the past, and have experienced a recent resurgence in
interest, and have various interesting implications for the cosmological evolution of the universe
[334-364]. In this work we shall consider the application of scale invariance to the inflationary

epoch [1].

1.4 Cosmological Implications of Quantum Anomalies

In the following chapters we shall explore the implications of quantum anomalies in the evolu-
tionary history of the universe. Firstly, in Chapter 2, we consider an inflationary mechanism
within the setting of a scale invariant theory, providing both a mechanism for inflation and a
solution to the hierarchy problem [1]. In Chapter 3, we formulate a generalised version of the
inflationary mechanism for Baryogenesis we introduced in [2], which can now produce the cor-
rect baryon number density as well as dark matter; though the addition of an anomalous U(1)x
and dark matter fermion to the SM [3]. Chapter 4, considers a new mechanism for Baryoge-
nesis during the reheating epoch, in which we introduce a scalar inflaton and complex scalar
baryon which are derivatively coupled [4]. In Chapter 5, we consider a new way to illuminate
the properties of the neutrino sector through attempting to constrain the lepton asymmetry
carried by the CvB due to effects it can induce with respect to gravitational wave propagation

and gravitational instabilities [5].



Chapter 2

Scale Invariant Inflation

The period of inflation in the early universe is a well-established paradigm in standard cosmol-
ogy due to its success at solving various observational problems, as well as providing measurable
predictions. It was first introduced to solve observational problems associated with the stan-
dard big bang cosmology, and is now a well-established theory with many models having been
proposed and significant effort expended in the pursuit of experimental verification. Although
it is generally agreed that there was an epoch of inflation prior to BBN, the exact mechanism
that leads to the accelerated expansion is still unknown. A problem which makes this more
difficult is the degeneracy of the predictions of many models, and the insufficient sensitivity in

current measurements of inflationary scenario observables.

The most common approach to inducing this inflationary scenario is the introduction of a
scalar field which acts as the inflaton, whose domination of the early universe’s energy density,
and traversal of its almost flat potential, leads to the exponential expansion. In this chapter
we explore a new class of natural inflation mechanisms which exhibit scale invariance via the
dilaton, and involve an arbitrary number of scalar fields that are non-minimally coupled to
gravity. The scale invariance of the theory assures the flatness of the inflationary potential,
which is then lifted by small quantum corrections that violate the conformal symmetry. The
breaking of the associated scale symmetry can also provide an origin for the apparent hierarchy

of scales observed in nature [1].

28
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2.1 The Inflationary Epoch

Cosmic inflation is an attractive paradigm that resolves some outstanding puzzles of the stan-
dard hot Big Bang cosmology, such as the horizon, flatness, and monopole problems [109-121].
In addition, it provides a natural mechanism for the generation of nearly scale-invariant inho-
mogeneities through the quantum fluctuations of the inflaton field, that at later stages result
in the observed large scale structure of the universe [126]. Observations of the CMB and large

scale structure provide strong support for cosmic inflation [365].

FIGURE 2.1: The CMB as measured by the PLANCK satellite [92].

Many mechanisms for the inducement of the inflationary epoch have been proposed since the
paradigms inception. The majority of these ideas centre on the existence of a scalar field that
is homogeneous and isotropic, and dominates the energy density of the universe, thus causing
exponential expansion [115, 126, 136-156]. Given the rapid increase in the number of models
proposed, work has recently gone into identifying classes of inflationary models [167-170]. This
is in part due to the degeneracy of the simplest predictions of observable parameters between
different models [158-166, 366].

There are also issues relating to the consistency of the inflationary theory, due to many models
requiring the inflaton to take superplanckian values during its evolution [160, 367, 368]. Higher
order operators, which are suppressed by the Planck scale, start to contribute significantly for
large variations of the inflaton field during inflation. The effective field theory approximation,
which favours |p| < M, breaks down in such cases, and inflationary predictions may become
unreliable [369, 370].

2.2 Modelling the Inflationary Epoch

The simplest mechanisms of inflation are proposed to be related to the evolution of a scalar

field, known as the inflaton field [122, 127-132]. As an illustrative example, we consider a simple
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version of this mechanism known as chaotic slow roll inflation, which is depicted in Figure 2.2.
This model assumes that at the beginning of the universe the inflaton field is in an unstable
vacuum state. Due to the quantum fluctuations of the inflaton field, it will eventually begin to
roll down the potential well towards the true vacuum. As the inflaton field rolls slowly down
the potential, inflation is occurring; this requires that the field is rolling slower than the rate
of expansion. This ensures that as the inflaton rolls down the potential, the potential energy
density remains approximately constant leading to a vacuum dominated epoch. Therefore, from
the Friedman equations, the scale factor during the inflationary period, expressed in conformal

coordinates, is,
1

s (2.1)

a(T)

where 7 € [—00,0] is the conformal time, with 7 — 0 as inflation proceeds. During this epoch
the density of the other forms of energy quickly dilute away. At the end of inflation there is a
period known as reheating, prior to the radiation epoch, in which the initial potential energy of
the inflaton field is converted into SM particles, producing the matter energy densities we see

today [371]. The properties of the reheating epoch will be discussed further in Chapter 4.

B

= False Vacuum Quantum
a / (d) Fluctuation
o8]

A -

EB Quantum

& | Fluctuation

5]

FIGURE 2.2: Tllustration of the features of the chaotic slow roll inflationary mechanism [372].

We now want to describe the evolution of the inflaton field, so that we can determine the
conditions required for inflation to occur, and the possible observable predictions we can obtain

from such a mechanism. The inflaton is a scalar field described by the following Lagrangian,

L= —0,60"6—V(¢), (2.2)

where ¢ is the inflaton field, and V(¢) is the inflationary potential, which could be of the

following form,

2,2 4Oo A "
V(¢) =m"¢" + ¢ %M(MJ : (2.3)

We shall now consider the inflaton in a flat FRW universe. In this spacetime background the

inflaton has the following equation of motion [373],

¢+3Hp+V'($) =0, (2.4)



31

where H is the Hubble parameter which defines the expansion rate, and V' (¢) is the first deriva-
tive with respect to ¢ of the general inflaton potential. This has the corresponding Friedmann

equation,

- (30 +v@) . (25)

where M), =1/ V871G is the reduced Planck mass. The inflaton field must slowly rolling down
its potential for long enough such that the required amount of spatial expansion is achieved
solving the known cosmological problems. In order for this to happen the following conditions
need to be satisfied. Firstly, the inflaton’s potential energy must dominate the kinetic energy

of the field, such that its evolution is gradual, which means,

P <V (9), (2.6)

The other condition, is that the field’s acceleration should be small, allowing a sufficient length

of time for slow rolling and hence the inflationary setting to progress. That is,

6 < [3H|,|V'(¢)] - (2.7)

These requirements allow the definition of the well-known slow-roll parameters, which must be
much less than one to ensure the inflaton is slowly rolling and inflation is occurring. The slow

roll parameters are as follows,

M Vi@N 1 @

2 <V(¢)> C2MpH? 2
Vo) 6
=M = THe (2.9)

where these are the leading order slow roll parameters. The ability of a given scenario to
successfully lead to an inflationary epoch requires the smallness of the slow-roll parameters,
which is equivalent to flatness in the inflaton potential. These constraints ensure that we have
an epoch of effective vacuum domination, acting like a cosmological constant. The smaller €
and 7 are, the longer the possible duration of inflation; with the end of inflation, and onset of
reheating, occurring when these slow roll parameters are violated. The potential of the ¢ field

can now be chosen to see whether it is consistent with an inflationary setting.

During the period of inflation, quantum fluctuations of the inflaton are inflated to produce the
temperature anisotropies observed in the CMB today. The level of inhomogeneity produced
in the inflationary epoch is related to the properties of the inflationary potential through the
slow roll parameters. From the slow roll parameters the power spectrum of the observed scalar

perturbations, P, the tensor-to-scalar ratio, r, and the spectral index ns can be determined,
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and compared with observation. These measurable model predictions are given by,

1 Vi(gy)
P, = —— 2.1
y 24mIM} e (2.10)
ro= 16e, (2.11)
ng = 1— 066+ 27, . (2.12)

All the quantities with subscript ‘x” in the above equations are evaluated at a field value ¢ = ¢,
that corresponds to the field value after a number of e-folds of inflation, N,. The number of

inflationary e-folds can be calculated approximately using the following relation,

]_ Px d(p
N, ~ — —_— . 2.13
M, /0 V2e ( )

In this analysis we have considered a single scalar field, but it is also possible to consider infla-
tionary scenarios which contain multiple scalar fields, each of which could potentially contribute
to the inflationary expansion [374-387]. In multifield inflation, the number of e-folds is a func-
tion of each of the scalar fields in the theory. One scalar may dominate and hence lead to an
effective single field inflationary scenario, or you may get a mixture of the scalars contributing
to produce a flat direction. Analogously, slow roll parameters and inflationary predictions of a

similar form can be derived. In this chapter, we will be considering such a possibility.

The inflationary epoch has also been postulated to solve various other problems in particle
physics, this shall be explored in Chapter 3 in relation to Baryogenesis and dark matter. These
models can utilise the de Sitter nature of the inflationary setting, the associated reheating
epoch, or the inflaton and its decay [388-391]. The possibility of using the reheating epoch for

Baryogenesis will be considered in Chapter 4.

A class of natural inflation models has been suggested as a symmetry-motivated solution to the
hierarchy problem in particle physics [137]. The inflaton in this class of models is a pseudo-
Goldstone boson of a spontaneously broken anomalous global symmetry. The flatness of the
inflaton’s potential is guaranteed by an approximate shift symmetry in the Lagrangian, meaning
that the inflationary potential can easily satisfy the slow roll parameters, and hence can support
an inflationary setting. However, the most recent observational results suggest that the simplest
models of natural inflation are now disfavoured at 95% confidence level [365]. This type of model

is of interest to the work considered in the rest of this chapter.
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2.3 Scale Invariance, Weyl Transformations, and Non-minimal

Couplings

Before considering the new inflationary mechanism that we will discuss in this chapter, we must
first introduce the concept of scale invariance, within the context of a scalar Lagrangian in-
cluding gravity, and the associated Weyl transformation. In some earlier works the existence
of a symmetry associated with scale invariance was advocated as a possible explanation for the
hierarchy problem without fine-tuning [328, 330]. This idea has received renewed attention in
recent times due to the non-observation of Supersymmetry [392, 393]. The existence of a scale
invariance symmetry in nature would have many ramifications for particle physics and cosmol-
ogy. One of the interesting applications of the scale invariance symmetry is to the inflationary
scenario, which has been considered more recently in the literature [354, 356, 358-360, 364, 394—
396, 396-403].

A scale invariant theory is one where there are no physical scales, which is manifest in the
classical action through the absence of dimensionful couplings. In this scenario any scales we
observe must be dynamically generated, such as through a scalar taking a vacuum expectation
value. This would be induced through quantum corrections, which break the scale invariance

symmetry explicitly, as the scale invariance symmetry is typically anomalous.

An example of a scale invariant action that includes gravity is,
1
S = /dm4\/—g <§S2R — 5Ous0"s — V(s)> : (2.14)

where we have a SM singlet scalar field s with a scale invariant potential V(s), and ¢ is the

coupling of s to gravity.

Non-minimal coupling of a scalar field to gravity has been widely discussed in the literature
[404, 405]. This idea can lead to many interesting implications for cosmology, particularly
for inflation [406-409] and cosmological evolution [410]. The idea of a non-minimal coupling
to gravity has been utilised to salvage the idea of Higgs inflation, reconciling the properties
of the Higgs boson with the observational constraints of the associated inflationary scenario.
Although such a solution requires the Higgs to have a large non-minimal coupling to gravity,
namely & ~ O(10%) [411].

The Einstein frame, that containing the usual Einstein-Hilbert term, can be transformed to the
Jordan frame through the consideration of an extra scalar degree of freedom [412]. In the Jordan
frame, the Einstein-Hilbert term is not present, and is replaced by a £s?R term, as in the action
in Eq. (2.14). The coefficient in front of this new term defines the nature of the scalar’s coupling

to gravity. In the case that £ = —1/12, this is known as the conformal coupling, meaning that
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the gravitational coupling is of the usual form. When making the Weyl transformation from
this frame to the KEinstein frame, this scalar is found to not have physical implications and
is a fictitious degree of freedom. If instead & # —1/12, then this is known as a non-minimal
coupling, and corresponds to an alteration to the gravitational-matter field interactions in the
Einstein frame. The advantage of transforming to the Einstein frame from the Jordan frame,

in our model, is the added simplicity of inflationary calculations in the Einstein frame.

We shall now exhibit the properties of the Weyl rescaling utilising the action given in Eq. (2.14).
This action is expressed in the Jordan frame, in which there is no Einstein-Hilbert term. In
order to obtain the Einstein frame we must make a conformal transformation, or Weyl rescaling,

which is defined as,

£s?
:_72,

gfy = Q(S)ng, ,  where Q(s)? 7
P

(2.15)

where gfy is the metric in the Einstein frame, and Mp is the reduced Planck mass. In order for
the action to remain invariant under the Weyl rescaling, the scalar and fermion fields must also

be transformed as follows,

Y
Q(s)3/2 7

and g = (2.16)

g =
P ag)
while gauge vector fields are invariant under the transformation.

After undertaking this transformation the usual Einstein-Hilbert term is obtained, and the
scalar potential is now,

Ve(s) = . (2.17)

The scale invariance symmetry can be introduced into a theory through the introduction of a
dilaton y, which is the scalar field associated with the dilatation current. By scaling any coupling
with dimension n by <§>n we can remove all the scales in a theory leaving only dimensionless
couplings, where f is identified as the dilaton decay constant. The scales we see today would
then be generated dynamically by the dilaton when it takes a vacuum expectation value, which
breaks the scale invariance symmetry spontaneously. This is how the scale invariance symmetry

shall be realised in our inflationary mechanism.

2.4 Natural Inflation with Hidden Scale Invariance

The main focus of this chapter is on a new class of natural inflation models that we have
proposed, which are based on a hidden scale invariance. This is realised through the introduction
of a spontaneously broken anomalous scaling symmetry with a corresponding pseudo-Goldstone

boson, that we identify as the dilaton. We begin by considering a very generic scale-invariant
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model, with an arbitrary number of scalar fields and all allowed scalar interaction operators
in the scalar potential, with dimensionful couplings removed through appropriate rescaling by
the dilaton. In this scenario there is found to always exist a direction in the field space that
is absolutely flat in the classical limit. This bodes well for successful inflation given the ease
with which the slow roll parameters can be satisfied by this model. Inflation proceeds along this
direction, while the other fields in this parametrisation reside in their respective (meta)stable
minima. Although, the flat direction must have a non-negligible slope, such that the inflation
epoch is not eternal. Upon quantum corrections, the scale invariance of the model is broken,
leading to the flat direction being lifted. Now we shall have a more detailed discussion of the

workings of this model, and derive the observational predictions it produces.

2.4.1 Description of the Model

Consider a multifield inflationary scenario in which we have N scalar fields, {¢;} (where i =
1,2,...,N), each with a general non-minimal coupling to gravity, denoted &. Now take a
Wilsonian effective field theory that describes the SM, or its extension, that is coupled to

gravity at an ultraviolet scale we shall call A,

SA:/dm4\/jg[( +Zf@ ¢2>R—28u¢18“¢Z—V(¢Z-)+... , (2.18)

where M), ~ 2.4- 10'® GeV and we use the mostly positive signature for the metric tensor. Here
we have displayed only the scalar sector, which includes the SM Higgs boson. The scalar poten-
tial V(¢;) is a generic polynomial of the scalar fields {¢;} respecting the relevant symmetries of

the theory,

= N (M) iy - i (2.19)
{in}

where A;, ;. (A) is a coupling of mass dimension (4 — n) defined at the Wilsonian cut-off A,
while &;(A) is a dimensionless non-minimal coupling of the scalar field ¢; to gravity. The scale
invariance is explicitly broken in Eq. (2.18) by the ultraviolet cut-off A, the Einstein-Hilbert
term ~ MgR and dimensionful couplings A;, . i, (n #4).

Now we propose that the underlying theory exhibits a scale invariance, which in the effective
low-energy theory is implemented via a (non-linear) pseudo-Goldstone boson, that is the dilaton
X- A simple way to incorporate the dilaton field x is to rescale all of the dimensionful parameters

in Eq. (2.18) by the respective powers of x/f, where f is the dilaton “decay constant”. More
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specifically, the following transformations are taken in the action given above,

2
A A? =\y, M2— M2 <>J§> — 62, (2.20)

4—n
Nin ) X0/ (3) = 0O (2.21)
Thus, instead of Eq. (2.18), we consider the transformed action,

N
= / d:c‘*F—g[ (@8 + Z&(Ax)qb?) R
i=1
1 1
— 50ux9"x — 5 > 0ui0 i — V(i x) + - ] : (2.22)
i=1
where the scalar potential is now given by,

V(X)) =D 0irin () X5, . 0, - (2.23)
{in}

This action is manifestly scale invariant in the classical limit. As we shall see, this scale invari-
ance is broken at the quantum level through the renormalisation group (RG) running of the

. . . . 904y,...i
dimensionless couplings, i.e., 157)(% £ 0, etc.

In the calculations that follow, it is convenient to use a ‘hyperspherical’ representation for the
set of scalar fields {¢;, x},
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X = pHSin(Gk). (2.24)

Expressing the action in Eq. (2.22) through the ‘hyperspherical’ representation of the fields, we
observe that the modulus field p factors out. That is, the first term in the action and the scalar
potential presented in Eq. (2.22) can be written as ~ p¢(0;)R and ~ p*U(6;), respectively, in
which,

i—1
CB) = &(\x) Hsm (0r) —i—ZfZ Ax) cos? Gi)l_lsin2 (Or) (2.25)
k=1

i1—1 in—1

U, = Hsin (0r) ZJ“’ Lin (AX) cos (65, H sin (0g) ... cos ( H sin (0y) (2.26)
k=1

{in} k=1 k=1
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We further assume that 6; fields are relaxed in their stable or sufficiently long-lived (with lifetimes
longer than the duration of the observable inflation) minima (6;) = 6f at very early stages in
the evolution of the universe. Hence, their dynamics are of no interest to us in what follows,

and we can consider the following reduced form of Eq. (2.22),

Sy = /d$4\/jg {C(P)P2R— %%pa"p -V(p)| , (2.27)

V(p) = alp)p", (2.28)

where ¢ = ((05) and 0 = U(65). Hence, we arrive at an effective single-field model with a quartic
potential and non-minimal coupling to gravity [413], but without the standard Einstein-Hilbert

term. It also resembles the large field limit of the Higgs inflation model [411].

In order to reproduce the Einstein-Hilbert term in Eq. (2.27), the modulus field p has to
develop a non-zero vacuum expectation value, (p) = po. If the vacuum configuration {po, 65}

describes the current vacuum state of the universe, then py = ;\;[E’ ) with {(pg) = (o > 0.
PO

, in this case must be vanishingly small to

a(po) M,
4¢3
satisfy the observational measurements of the dark energy density. That is, the scalar potential

must be tuned so that o(pg) = o¢ ~ 12C§H3/Mg ~ 0 , where Hj is the present value of the

Furthermore, the vacuum energy density,

Hubble parameter. However, inflation may end in a metastable state, which subsequently decays
into the current vacuum state, alleviating this possible issue. Hence, we keep pg and oq as free

parameters.

The field p represents a flat direction of the potential in Eq. (2.28), which is constant for
any value of p when considering the Einstein frame. Furthermore, for the special value of the
coupling to gravity (p = —1/12, the conformal coupling, p is a fictitious degree of freedom which
is not manifest in the Einstein frame. In this case, the action in Eq. (2.27) in fact describes

pure Einstein gravity with a cosmological constant.

2.5 Quantum Corrected Potential in Curved Spacetime

The p—dependence of the dimensionless couplings ¢ and ¢ in Eq. (2.27) and Eq. (2.28) is
determined by computing the quantum-corrected effective potential. At the classical level these
couplings are constant and independent of p, and hence the action in Eq. (2.27) is classically
scale invariant. In our analysis we wish to consider the 1-loop quantum corrections to the scalar
potential of p, which are generated by the p? and p* interaction terms. In the case of these
two interaction terms, the possible interactions induced via the radiative corrections will also

be of the form p? and p? at 1-loop, but also with a logarithmic dependence on p analogous to
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the Colemann Weinberg potential. These corrections can be interpreted as contributions to the

running of the two dimensionless couplings ¢ and (.

Seeing as we wish to consider the inflationary setting we calculate the correction to the scalar
potential in an FRW spacetime background. We use the closed form effective potential computed
in Ref. [414] to obtain the 1-loop approximation of the couplings ¢ and o. The running of the
couplings ¢ and o induced by the corrections is described by the 3 functions, 8, and ¢, which
encapsulate the dependence of the couplings on the energy scale. The loop corrected couplings
are given by the following,

2

1 1 2
C(p) = Co+ 554 In (%) and o(p) =00+ 560 In <Z%> ) (2.29)

In our model the corresponding 8 functions are given by,

BCC - 4;‘;(1 +12¢) and % = %a : (2.30)

Thus, the the 1-loop approximations of the ¢ and o couplings are,

2
= o+ LU, (%) (2.31)
2 2
olp) = ao+%ln <2(2)> (2.32)

It is clear to see, that the classical scale invariance of the theory is broken by these radiative
corrections, which is illustrated by the p dependence of the couplings found in the 1-loop correc-
tions in Eq. (2.31) and Eq. (2.32). Note that oy — 0 is a conformal fixed-point of the theory,
since the p dependence disappears in Eq. (2.31) and Eq. (2.32) in this limit. The conformal
coupling (p = —1/12 is also a fixed-point as ((p) = {p. Hence, having o small or { close to
—1/12, near the respective fixed points, is natural in the technical sense. All these attractive
features motivate us to consider scale invariance as an essential symmetry for natural inflation,

with p being the inflaton field.

2.6 Observational Signatures and Model Predictions

To compute the inflationary observables we first wish to take the action in Eq. (2.27) and

perform a Weyl rescaling to obtain the action in the Einstein frame. The rescaling is as follows,

Q2 — 2Cp2

M2

G = g (2.33)
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We also must make a field redefinition of the inflaton field p in order to obtain the canonical

form of the kinetic term. The field redefinition is,

\ﬁ (2.34)

where f = with ¢ > 0 or ( < —1/12. Therefore, in the Einstein frame the action in Eq.

1+12§
(2.27) reads,

5, — / da'y/ =g 31?,—76#@3“90 Vi) | (2.35)
M? &
Vi) = LA (2.36)

In order to proceed with the actual calculations of the above observables, we substitute Eq.
(2.31) and Eq. (2.32) into Eq. (2.36), and using Eq. (2.34) we can then express the effective
potential in terms of the inflaton field ¢ in the Einstein frame. Next, let us consider the

conformal limit where o9 — 0 and (y — —1/12. The latter limit implies that ¢ evolves slowly,

2¢o
1+12¢0

Eq. (2.36) can be well approximated by a potential which is linear in the inflaton field . It

¢ =~ (p. If we assume further that o} approaches to some constant C, the potential in
should be noted, a linear potential was obtained in another limit of the non-minimally coupling

in Ref. [415]. Therefore, in our scenario the potential takes the following form,

162C
Vip) » —— Mo . (2.37)

T p

This linear potential can now be used to compute the slow roll parameters and inflationary
observables given in Eq. (2.8-2.13). These immediately imply that 7 = 0 and hence we find the

relation for spectral index to be,

ns~1— gr : (2.38)

In terms of the number of observable e-folds N, the model predictions are,

N\ !
—1~-0.025 == 2.
N 0.0 5(60> , (2.39)
N —1
= 0.0667 [ = ) 2.40
, <6O> (2.40)

If we take the observed value of the scalar perturbations - P, ~ 107 - we require that C' ~

5.5-10712 (%)_3/ ?. The predictions found in Eq. (2.39) are in reasonable agreement with the
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most recent analysis of the cosmological data [416], which suggest that,

ns = 0.9669 & 0040 (68%C.L.) , (2.41)
ro.o1 < 0.0685 (95%C.L.) , (2.42)

for the ACDM+r model. As can also be seen in Figure 2.3, the predicted values fit well with
observation. Further improvement of the accuracy of cosmological measurements will be critical
for this scenario.
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FiGURE 2.3: Constraints on Inflationary observables from the PLANCK satellite, including
predictions of various inflationary potentials [365].

Note that, for large (£ — oo) and small (¢ — 0) non-minimal couplings, ns = 1, and thus the

model is excluded by observation in these limiting cases.

2.7 Conclusions and Future Prospects

In this chapter, we have explored a new class of natural inflation models that exhibit hidden
scale invariance, which is realised through the dilaton field. A very generic Wilsonian potential
was considered, consisting of an arbitrary number of scalar fields, that was found to contain a
flat direction in the classical limit, which was lifted by quantum corrections. Thus inflation can
naturally, without fine-tuning, proceed as the inflaton field evolves along this direction. We find
that in the conformal coupling limit, within the leading perturbative approximation, the generic
model is reduced to a one-field model with a linear potential, V(¢) ~ ¢, with the linear term
being radiatively induced. Such a scenario leads to the specific predictions of the spectral index
and the tensor-to-scalar ratio: ng; — 1 ~ —0.025 (%)71 and r = 0.0667 (%)71, respectively.
These predictions are in reasonable agreement with observation, but more accurate cosmological

measurements are required.



Chapter 3

An Asymmetric Universe from

Inflation

It is generally considered that the generation of the observed matter-antimatter asymmetry
must have occurred after the inflationary epoch, as otherwise it would have been diluted away
by the rapid spacetime expansion. In order to produce a significant asymmetry during inflation,
the production rate of baryonic charge must exceed its dilution rate. Despite this challenge, it
has been found that inflationary dynamics may be able to support such a scenario. By utilising
the observation that, if a large baryonic charge density is created due to small-scale quantum
fluctuations, it will typically be stretched out over large scales due to inflation. In the last

decade mechanisms have been proposed to explore this idea, but with varying success.

In this chapter, we argue that the inflationary setting can support the generation of both
the matter-antimatter asymmetry and dark matter through the extension of the SM by an
anomalous gauge symmetry [2, 3]. This is achieved through the addition of a general anomalous
U(1)x and a dark matter fermion candidate v, carrying an X charge, to the SM. The associated
anomaly terms source CP and X charge violating processes, leading to the generation of a non-
zero Chern-Simons number during inflation and subsequently a non-zero baryon number density,
depending on the choice of X charge. This model is also motivated by, and able to explain,
the observation that the dark matter energy density of the universe is of the same order of

magnitude as that observed in the baryonic sector.

41
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3.1 The Matter-Antimatter Asymmetry

The observed matter-antimatter asymmetry is one of the major mysteries of cosmology and par-
ticle physics. The SM predicts the existence of an asymmetry but it is many orders of magnitude
smaller than that observed [214]. This asymmetry, whose energy density is believed to encom-
pass approximately all the visible matter seen today, is quantified by the baryon asymmetry
parameter,

np = BB B L g5.10711 (3.1)

S s

where np (ng) is the baryon (antibaryon) number density and s is the entropy density of the
universe. The observed value of the baryon-to-entropy ratio of our Universe is determined
from the observations of the temperature fluctuations in the CMB [90, 92, 193] and from BBN

predictions of the light element abundances [104, 194-197].

The possibility of this asymmetry being an initial condition of the universe has been explored
in the past, but has been found to be inconsistent with a successful inflationary epoch, other
than in highly unnatural circumstances [417]. This is because the required initial energy density
of the baryon asymmetry may dominate over the inflaton energy density, and hence inflation
could not begin. This makes it very difficult to construct a model in which one can have
an initial baryon number big enough to survive the dilution caused by inflation, and hence a
dynamic generating mechanism during or after inflation is required. The compelling nature
of this mystery has led to the proposal of many models for Baryogenesis; for some reviews
see Refs. [180, 217, 224, 226, 228, 418-422]. A possible connection between the inflationary
setting and the dynamical generation of the observed baryon asymmetry has been considered
in the past, but due to the large dilution associated with inflation it is difficult to accumulate
a large enough asymmetry. Due to this, most mechanisms of Baryogenesis are assumed to have
occurred after inflation; during the reheating epoch [423] or the radiation epoch, prior to BBN.
In this chapter, we will consider an unorthodox mechanism which acts during inflation, utilising

an anomalous gauge symmetry extension to the SM.

In order to explain the observed baryon asymmetry of the universe, any proposed mechanism

must satisfy a set of criteria known as the Sakharov conditions [205].

3.1.1 The Sakharov Conditions

The Sakharov conditions [205], formulated by A.D. Sakharov in 1967, are the requirements for

successful Baryogenesis in the early universe, assuming CPT is conserved. They are as follows:

e B violation If immediately after the Big Bang there was zero net baryon number and B

is strictly conserved, then the net baryon number density of the universe would remain
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zero. Furthermore, if B is strictly conserved and there was a large initial net B this would
be almost completely diluted by the end of the inflationary epoch. This is in conflict
with observational evidence, hence requiring the existence of B violating interactions or
mechanisms [424]. Examples of possible B violating processes are perturbative proton

decay [425, 426], and non-perturbative sphaleron transitions [217].

e C and CP violation The above baryon number violating processes are also required to
violate the C and CP symmetries. Consider that there are interactions that do violate
baryon number e.g. X — a + b, with the antimatter equivalent X — a + b. If there
is no C and CP violation then T'(X — a + b) =T(X — @ + b), where I is the decay
rate, and similarly for the reverse reactions. This means that the matter and antimatter
decays will add and subtract baryon number at the same rate, leading to no net change.

Therefore, C and CP violation is required for a net baryon number to be generated.

e A period of non-equilibrium The processes that violate B, C and CP must occur in a
period of non-equilibrium. In thermal equilibrium, the corresponding forward and reverse
reactions occur at the same rate, for both matter and antimatter processes. This means
that even if C and CP are violated, the B violating reverse and forward reaction rates of
each of the matter and antimatter processes will cancel out. The expected production of

B in thermal equilibrium, at a temperature T:%, is given by,

(B), = Tr(e P B) = Tr((CPT)(CPT) ‘e P¥B)
= Tr(e PH(CPT) ' B(CPT))
= —Tr(eP"B)=—(B), , (3.2)

where CPT is the composition of the three discrete transformations C, P, and T [217].
The CPT operator commutes with H and anti-commutes with B. This implies that
in thermal equilibrium the average baryon number production is zero. Hence a period
of non-equilibrium is a requirement for a net baryon number to be produced. If the
forward reactions were to become favoured, and the processes satisfy I'(X — a + b) #
I'(X — @ + b), meaning C and CP violation, the baryon number each reaction produces
will not cancel, with their reverse reactions or each other. Therefore, the inequality of
the reaction rates for the forward processes will lead to an abundance of baryons over

antibaryons, or vice-versa, in non-equilibrium conditions.

In fact, these criteria apply to not only the generation of a baryon asymmetry, but also any
other particle asymmetry present in the universe. This is of interest with respect to dark matter,
which may constitute an asymmetry produced in the dark matter sector. Such a possibility has

interesting cosmological and phenomenological implications, and is an active area of research.
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3.1.2 Asymmetric Dark Matter

The idea of a common origin of luminous and dark matter traces back to the 90’s [199, 200, 277],
but has received renewed interest in recent years; see a review in [427] and references therein.
The major motivation to this hypothesis comes from the observation that the present-day mass

density of dark matter is of the same order of magnitude as the density of visible matter [92],

PDM = 5.5,03 . (33)

The similarity in these observed densities is perhaps an indication of a strong connection between
the physics and cosmological evolution of visible and dark matter. Hence, within this picture
an asymmetry of similar size may be expected to be generated among dark matter particles and
antiparticles. In the model considered in this chapter, visible and dark matter are connected
by a common anomalous gauged U(1)x, which we introduce in addition to the gauge group
of the SM. It is proposed that this anomalous gauge symmetry is responsible for the observed
particle asymmetries, with the ratio of dark to luminous mass density related to how the X

charge asymmetry is distributed between these two sectors.

3.2 Topological Vacuum States and the Chern-Simons Number

A concept that will be important in the cogenesis scenario, we consider in this chapter, is the
Chern-Simons (CS) number. The CS number is an integer related to the winding number, which
quantifies the topological non-triviality of a given vacuum state. The topological nature of the
vacuum state arises due to non-trivial boundary conditions in the associated gauge theory. Full
derivatives normally integrate to zero in the action integral because of the assumed boundary
conditions. Although, due to the internal structure of the gauge theories involved this may
not always be the case. These gauge field configurations can lead to non-trivial topology at the
boundaries which are dependent on the choice of gauge, analogous to the boundary conditions in
a kink solution. The vacua are each denoted with winding numbers that define certain homotopy
classes, or gauge classes. It is not possible to smoothly deform an element of one homotopy

class into an element of another class due to topological obstruction [53, 54, 428].

These topologically distinct vacua are degenerate, and are separated by potential barriers, anal-
ogous to a set of degenerate potential wells. Each are denoted by a CS number, which is
proportional to the winding number, as depicted in Figure 3.1. As these vacuum states are
related to the boundary conditions of the full derivative terms, they do not contribute to per-
turbation theory, but they can provide interesting non-perturbative effects through transitions

between them, which we shall discuss below.
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The CS number of a given gauge field configuration, in terms of the associated gauge field Af,
is defined as [429],

2

3272

g 2
neg = Ng /d%e”kTr(Aié)jAk + %AZA]AIQ) , (34)

where A, = A7T*, with T the generators of the applicable gauge group, and g is the corre-

sponding coupling constant.

Such topologically non-equivalent vacua are of particular relevance to the SU(2) gauge group
in the SM, where at infinity there is a set of mappings to the number of windings around the S3
symmetry of the internal SU(2) space. The number of windings is related to the CS number. In
the SM, the SU(2) theory has anomalies associated with the B and L global symmetries. This
topological structure is related to these anomalies, and as we shall see, transitions between the

vacua violate the associated global charges.

E

a0\

FI1GURE 3.1: A sphaleron transition between degenerate vacua with different CS numbers.

3.2.1 Instanton and Sphaleron Transistions

An instanton is a semi-classical solution of the gauge field equations of motion in Euclidean
space, that describes a topologically non-trivial vacuum gauge field configuration [430-437]. The
instanton transitions are non-perturbative processes, meaning that they cannot be described in
the Lagrangian by a renormalisable operator, and as such the interaction cannot be represented
by a Feynman diagram. However, an effective operator, or vertex, can be constructed. In the
SM, instanton solutions are present for the weak and strong gauge groups (SU(2) and SU(3)),

and have anomalous global currents through which such transitions can be mediated.

In EWB scenarios, the source of B violation comes from so called sphaleron transitions. These
are vacuum to vacuum transitions induced by thermal excitations that result in a change in the

CS number, which is depicted in Figure 3.1. The SU(2) gauge field vacuum configurations lead
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to the manifestation of these topological vacua, and as such the transitions between vacuum
states are mediated via the B and L global anomalous currents. Each transition event results
in AB = AL = ng, meaning that B — L is conserved; ng, is the number of generations. An

example of such a process is given in Figure 3.2.

As described above, instanton quantum tunnelling processes or thermal excitations can change
the topological number of a vacuum state. During such a transition, the fermion fields must also
evolve as the gauge field configuration changes between topologically distinct vacuum states.

This leads to the generation of particles depending on the associated anomalous symmetries.

u
e+
pt d
7-+
(&

FIGURE 3.2: An example of a sphaleron transition, three antileptons are converted into nine
quarks, conserving B — L.

Seeing as sphalerons correspond to thermal excitations over the potential barriers, rather than
quantum tunnelling, they are highly suppressed at low temperatures, and are only important
at temperatures above the characteristic energy of the potential barrier. In the case of the
electroweak vacuum, the sphaleron processes become important at temperatures above the
EWPT (T ~ 100 GeV). The thermal rate of sphaleron processes in the broken phase, below the
temperature of the EWPT, is [81],

M )3 1o

Fsph(T):M(aWT Mye ™7, (3.5)

where My, is the mass of the W boson, T' is the temperature, p is a constant, Eg,,(T) is the

2
sphaleron energy, and ay = Z—fr ~

% with g2 being the gauge coupling of SU(2).

This indicates why these baryon and lepton number violating processes are not observed today.
An estimate of the rate of sphaleron transitions per unit volume, in which « is a dimensionless
constant, is given by,

Copn(T) =~ ko, T* . (3.6)
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This rate is strongly dependent on the temperature of the state, where when the temperatures
are between the EWPT (T ~ 100 GeV) and 10'? GeV the sphalerons are in thermal equilibrium
[438, 439]. Therefore, these processes are of interest when investigating early universe particle

dynamics, due to the high temperatures that may be present.

Although not integral to our scenario, electroweak sphaleron transitions need to be taken into
account. They can act in thermal equilibrium after reheating, leading to B and L redistribution.
Therefore, depending on the reheating temperature, the B — L number contained within the
X charge asymmetry generated by our model will be redistributed between the SM fermionic
degrees of freedom by equilibrium sphaleron transitions during the radiation era. The quantity
of the initial B — L number density distributed into baryon number is given by the following
[440],

28

ng = 7—9nB_L , (3.7)

where this relation is applicable when the temperature of the primordial plasma is above T' ~ 100
GeV.

The time variation of the vacuum state in an inflationary setting can lead to the accumulation
of CS number in the presence of the X charge anomalies. In the scenario we propose in this

work, the accumulated topological charge in the vacuum will thus correspond to a net X charge.

3.3 A Model of Inflationary Cogenesis

In what follows, we consider an application of these ideas in an inflationary setting to construct
a new mechanism for generating both luminous and dark matter during cosmic inflation. It
has been suggested that inflation may play an even more prominent role in cosmology than
solving the mysteries discussed in Chapter 1, but by also generating the observed matter-
antimatter asymmetry in the universe [2, 250252, 441, 442]. Namely, in [2] we argued that
a successful Baryogenesis scenario can be realised during inflation within models containing
anomalous gauge symmetries [73]. One of the first uses of anomalies for the generation of the
baryon asymmetry was first utilised in a model of inflationary leptogenesis [251], in which a
lepton asymmetry is produced during inflation due to the gravitational birefringence induced

through the gravitational lepton number anomaly coupled to an introduced pseudoscalar field.

In the model we consider in this chapter, ordinary and dark matter both carry charges associ-
ated with an anomalous U(1)x group. Anomaly terms in the model Lagrangian source CP and
U(1)x charge violating processes during inflation, producing corresponding non-zero CS num-
bers which are subsequently reprocessed into baryon and dark matter densities. Other recent
works have considered relating the generation of the luminous matter-antimatter asymmetry

with an asymmetry in the dark sector within a gauged U(1)x extension of the SM [443-449].
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In the early universe, when the expansion rate is faster than processes with fermion chirality
flip, the gauged anomalies may effectively appear within the SM [450]. Indeed, it has been
argued that anomalous production of the right-handed electron number is possible through the
hypercharge anomaly in the SM [451]. An inflationary version of the above scenario is discussed
in [252]. The anomalous gauge theory we consider can also be viewed as an effective low-energy
theory, which admits a fundamental completion free of gauge anomalies. The obvious candi-
dates for such an anomalous gauge theory are gauged baryon and lepton numbers, or any linear

combination thereof.

As with any CPT invariant model attempting to explain the dynamical generation of a charge
asymmetry, it must satisfy the Sakharov’s conditions as discussed above, and ours does so as
follows. The anomalies present upon introduction of the U(1)x gauge boson provide our X
charge violation. On top of this, the gauge invariance of the U(1)x requires a pseudoscalar
field, that describes the longitudinal polarization of the X boson, to couple to these anomalies.
In the cosmological setting these interactions spontaneously violate CP invariance, and the
inflationary epoch provides the push out-of-equilibrium that is required for the accumulation of
the asymmetry. This will be discussed in more detail below. Note that this mechanism differs
from the one presented in [452], in which a non-zero CS number in the hypercharge field is
generated during inflation. In their case, the conversion of this to baryon number happens at
the electroweak scale through altering the right-handed electron chemical potential, while also
requiring a strongly first order electroweak phase transition which is not achieved within the
SM.

3.3.1 Models with an Anomalous U(1)x

In this general mechanism, we consider an extension of the SM that is based on the SU(3) x
SU((2)xU(1)y xU(1)x gauge group and contains an additional fermion(s) that shall act as a dark
matter candidate. The introduction of a scalar to play the role of the inflaton is also required,
but the detailed dynamics of the inflationary epoch is not important for our analysis. The
new U(1)x gauge symmetry is assumed to be anomalous, and hence the corresponding gauge
boson will be necessarily massive with gauge invariance realised non-linearly. The longitudinal
degree of freedom of this U(1)x gauge field is then described by a scalar field 0(x), which allows
anomaly cancellation through the introduction of appropriate counter-terms [73], through the
Green-Schwarz mechanism as discussed in Chapter 1. This theory can be viewed as a low energy

limit of an anomaly-free theory, either within ordinary QFT or string theory. In the presence
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of a cubic anomaly U (1)%0 the additional Lagrangian terms important to our analysis are,

1 1 ... 1 y
\/TQEX == ZQ” g BXWXaﬁ + §f)2(9u (!JXXM - 8u9) (9x X, — 0,0)
2
gX Y1
— A0 X X (3.8)

where X, denotes the field strength of the U(1)x gauge boson with corresponding coupling
constant gx = mx/fx, fx is a parameter that defines the mass of the U(1)x boson (mx),
and X = ﬁe““p"Xpo is the dual field strength, in which e*?? is the Levi-Civita tensor.
We have omitted fermion interactions and the charged current jx terms. The final term in
Eq. (3.8) is responsible for maintaining gauge invariance of the full quantum theory description
under U(1)x transformations, as discussed above. In the proceeding analysis any associated
gravitational anomaly is ignored as its contribution is considered to be negligible with respect

to the other anomalous contributions.

We shall consider two example applications of this general model for cogenesis. Namely, we
consider the extensions involving an anomalous gauged B — L and B [75-77, 453-460]. The
examples we discuss shall also contain a fermionic field(s) v, which carries a chiral charge under
the anomalous gauge symmetry and is sterile under the SM gauge symmetry. The charges of
each of the fermions under these additional gauge symmetries are given in Table 3.1. The mass
my is an extra parameter which can be directly introduced within the non-linear realisation
of the anomalous gauge symmetry. Typically, such a mass is also generated radiatively within
the low-energy effective theory, reflecting a more conventional mechanism for mass generation

within an ultraviolet anomaly-free completion.

The stability of the dark matter candidate v is ensured as the Lagrangian in Eq. (3.8) has no
interaction vertices which allow violation of the global 1) number locally. Violation of X charge,
and hence also the dark X charge, only occurs in this model through the non-perturbative
generation of CS number in an expanding spacetime. This production is only of significance
during inflation, as contributions during subsequent matter and radiation dominated epochs are
negligible due to minimal CP violation and push out-of-equilibrium. This means that after the
inflationary epoch ends, the dark matter density to entropy density ratio is fixed, assuming no

significant additional sources of entropy.

Case 1: U(1l)p_. and a sterile fermion

In the SM, an additional U(1)p_; gauge symmetry is anomalous unless three right handed
neutrinos are introduced. The associated anomalies are trace and cubic: Ag(U(1)p_1) = —3
and Ay (U(1)%_;) = —3. We introduce N, new right-handed (for definiteness) Weyl fermions 1,

some of which act as dark matter candidates in our model. For simplicity we assume that they
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Fermion Field | SU(3) | SU(2) | U(1l)y | Case 1: U(1)p_r | Case 2: U(1)p

i u\’

P = (d>L 3 2 1/6 1/3 1/3

u'y 3 1 2/3 1/3 1/3

diy 3 1 -1/3 1/3 1/3

Li= <“> 1 2 | —1/2 ~1 0
/L

el 1 1 -1 —1 0

1/1 1 1 0 q¢ q1¢,

TABLE 3.1: The representations of the SM fermions and dark fermion 1 in reference to the
gauge symmetries of the theory.

carry the same B — L charge g, and interact only via exchange of the B — L gauge boson. The
addition of these states alters the B — L anomalies as follows: Ay := Ao(U(1)p-1) = —Nygqy—3
and Ay := A, (U(1)%_ ;) = —szqi —3. In this case, the dark matter fermion does not introduce
any new anomalies. We will ignore the gravitational anomaly Ag in our analysis, but it should
be noted that taking g, = —3 or —1 and Ny = 1 or 3, respectively, eliminates Ag. Obviously,
Ny = 3, qy = —1 removes all anomalies, so we are not interested in such a charge assignment

in this paper.

The addition of the B — L gauge symmetry and dark matter candidate to the SM leads to a

Lagrangian density of the same form given for the general case presented in Eq. (3.8).

Case 2: U(1)p and a sterile baryon 1

Gauging the baryon number symmetry of the SM results in the inclusion of two mixed anomalies
involving the weak and hypercharge gauge groups: A2(SU(2)? x U(1)p) = 3/2 and A3(U(1)% x
U(l)p) = —3/2. The addition of a new sterile state 1 leaves these mixed anomalies un-
changed, but introduces two new unmixed anomalies: Ag := Ao(U(1)B) = —Nyqy and Ay =
A (UD)%) = —N¢qi. Hence, there are four anomalies, each of which will contribute to baryonic
charge generation during the inflationary epoch, but only two of which will include generation

of fermions in the dark matter sector, namely, Ag and Aj;.

The presence of additional mixed anomalies means that extra anomaly cancelling terms are

required with respect to the gauged B — L case considered above, that is,

1 1 e v 1 Y
\/fgﬁX == ZQ# g ’BXquaﬁ + §f)2(gu (9x X — 0,0) (9x X — 0,0)
2 2 2
gXQ(:E) Y11 gle(‘r) oI 929('77) a Yrrapv
— X, XH — B,,B" — we Waerv .
A Gz K A2 Gz D A5 Gz Wi (39)

where B, and W, denote the hypercharge and weak field strengths respectively, with corre-

sponding coupling constants g; and go.
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3.4 Dynamics of an Anomalous Gauge Field During Inflation

For a model to successfully produce a charge asymmetry in the early universe it must satisfy the
well-known Sakharov conditions [205]. We will now discuss the framework of our new mechanism

for cogenesis and how it satisfies these criteria in more detail.

Firstly, we wish to describe the universe using the Friedmann-Robertson-Walker metric tensor,
which represents a homogeneous, isotropic and spatially flat cosmological spacetime. In con-
formal coordinates the metric can be expressed as: g, = a® (7). During inflation the scale

factor a(7) is given by the following,
a(t) = —1/HineT | (3.10)

where Hj,s is the expansion rate during inflation (Hj,s 2 constant). The conformal time is given

in the range 7 € [—%, —%e‘ inf] during inflation, where Ny, is the number of e-folds during

the inflationary epoch, such that the scale factor is a(m9) = 1 at the beginning of inflation.

To allow analytical treatment, the analysis that follows requires certain simplifying assumptions.
For the 6 field we only consider a classical homogeneous background configuration, (7, #) =
6(7), and ignore quantum fluctuations over it. We take gx < 1 such that the 6(x) and X, (z)
fields essentially decouple from each other. This also implies that the U(1)x boson is light
relative to the scale fx, myx/fx < 1, and hence we will not be interested in its dynamics
during inflation. With these assumptions the Lagrangian in Eq. (3.8) becomes,

1 1
Lx == 0" 0" Xy Xag + a(r)*n (mx Xy — 0,0(7)) (mx X, — 0,6(7))

2
T
- Almewﬁxﬂyxaﬁ , (3.11)

where ¢(7) = fx0(7). From this Lagrangian follows the equation of motion for ¢(7),
(a2¢))' =0, (3.12)

where ¢/ = d¢/dr and we have ignored any terms quadratic in X,,. Solving for ¢'(7) we obtain,

a?(70)

¢'(1) = a2 (3.13)

where ¢, is an integration constant associated with the ‘field velocity’ at the start of inflation,
which is defined at 7 = 79, where a(79) = 1. An upper limit on the value of ¢ is provided by the
requirement that the initial energy density of the ¢ field be less than that of the inflaton field.
This upper limit is thus ¢ S HingM,, where M, =1/ V/G is the Planck mass. Substituting Eq.
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3.13) into the linearised equation of motion for the X, gauge field gives,
o

2
<a$ v+ (CL(TO)’”X> > X'+ rx72é%9; X, = 0, (3.14)
Hiper
where 02(r0) 1 2
x = |4 47r§f): ol (3.15)

and the gauge Xy = 0;X; = 0 has been chosen. The source of CP violation in our model is

apparent in Eq. (3.14) where the two terms have opposite P, and hence, CP transformations.

In the discussion that follows we treat the U(1)x gauge boson as a massless particle, as we have
assumed mx < Hiy. To then quantize this model we promote the X gauge boson fields to

operators and assume that the boson has two possible circular polarisation states,

d:)’]; ik-& * x At —ik-Z
X; = o [G (1, k)€inaae”™™ + G5 (T, k)€ ale” ] , (3.16)

67

where €4 denotes the two possible helicity states of the U(1)x gauge boson (€% = €_) and the

creation, dL(E), and annihilation, &Q(E), operators satisfy the canonical commutation relations,
o (), ali(K')| = 0050 (k — k) , (3.17)

and

al(k)[0)> =0, (3.18)
where |0), is an instantaneous vacuum state at time 7.

The mode functions in Eq. (3.16) are described by the following equations, from Eq. (3.14),

A
(kQ—l—:FlﬁxT k) G+ =0, (3.19)

where \ = which is assumed to be small as stated above.

Hmf

Solving for the mode functions G4 in Eq. (3.19) gives,

G+(T,]€):2%€_22T%+V {01U< TV 1+, z)—i—CgM( AL 1+1/,z>]

2 4’ 2 4’
(3.20)
and
L 1., 1—|—u i€y z 1—|—1/7z(27k z
G_(t,k) = T2 [CgU( 5 v 1+V + C4M 5 471+V3Z~
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where z = %, Qp = %, v= %\/1 — 4% ~ % — X2, U(a,b, 2) is a confluent hypergeometric
function of the second kind, and M (a,b, z) is a confluent hypergeometric function of the first

kind (Kummer Function).

In the limit |7| — 0 (or k2 + ’T\—z > kx72k), CP-invariant wave modes are obtained. These are
described by,

Bk . i N
R v . ik-T * * 11 —ik-@
X, = / 2 2 | Fa(7 R)eiabae™ + Fi(r, K)elpblie ™| (3.22)
where the wave mode functions F4 are found to be,
Fy(r.k) = —\/2WH£2)(I<:T)@‘%(%+”) and F_(r,k) = V;THI(,I)(kT)ei%(%J”’) . (3.23)

By matching the modes in Eq. (3.20) and (3.21) to those in Eq. (3.23) and using the known
Wronskian normalisation we can determine the coefficients C7_4. For more details on this

calculation and the form of the coefficients see Appendix B.

Particle Creation during Inflation and Bogolyubov Transformations

In an expanding spacetime it is difficult to define a time independent vacuum state because the
Hamiltonian becomes time dependent. In a flat spacetime, the vacuum is defined with reference
to plane wave solutions, such that excitations from the vacuum state correspond to plane waves.
In an expanding spacetime background the form of the annihilation and creation operators will
change with time, and thus the canonical vacuum state can only be defined at any given instant
in time. This means that the Hamiltonian’s instantaneous energy eigenstates will not be the
same at all times, and hence the vacuum state will not be as well. That is, the vacuum state at
one time will correspond to an excited state of the vacuum at another time, which means that
on comparing the vacua, a relative particle number with reference to one another may be found.
This is how the expansion of the universe during inflation can lead to particle production [461-
464]. It is possible to relate the particle number of two vacuum states by a so called Bogolyubov
transformation. This type of transformation allows the determination of the particle content of

an evolving vacuum state with respect to another vacuum state.

If we define two different annihilation operators a and b we in turn define the corresponding a
and b vacua; |0,) and |0p), respectively. It is possible to express the b-vacuum as a superposition
of a particle states and vice versa. The a-vacuum will contain no a particles, but may have a b-

particle density. A Bogolyubov transformation performed between the a-vacuum and b-vacuum
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can allow the calculation of this relative particle density, and is defined as [373],
by = ayiy + Bal and b = aZal + Byay (3.24)

where o and § are k dependent complex numbers. In order to determine o and 8 the modes
corresponding to each vacuum state must be matched at some point in their evolution. This is

done as follows,
v*(tg) = awu:(to) + Byuy(to) , (3.25)

v (tg) = Oz,yui;/(tg) + ﬁvu;(to) ) (3.26)
where v and u are the modes defined for the a and b vacuum states, respectively.

In our model, a Bogolyubov transformation will be utilised to match the evolving inflationary
vacuum and the vacuum state for super horizon modes. This is because, at scales smaller
than the Hubble rate the effects of spacetime curvature become negligible, and solutions must
converge to plane waves. Rather than matching the vacua to calculate the net particle density
accumulated, we shall determine the accumulated CS number density that is induced by the X

charge violating anomalous interactions during the inflationary epoch.

In our scenario, we compare the birefringent and CP-invariant modes to derive the Bogolyubov
coefficients relating the two sets of creation and annihilation operators, {a%, &ZT} and {b%, ng},

in Eq. (3.16) and Eq. (3.22). The Bogolyubov transformations in this case are defined by,

The relevant Bogolyubov coefficients are found to be,

1 iN2 (k) il (k)N 2y .
ax=1- 21-v (1 = (kr)1—23 <1 - + TR

ov NG ‘%,km—m :
(3.29)
and,
eFimX® iA2 7T(k‘7’)1_2)‘2 2'21_”(14:7))‘2 \2
Bj: - _ 1 T 1— 4 e:l:ZT(')\ /2G/*| 5
21-v (kr)t—2¥ 2v VEk Tkl |7
(3.30)

where we have considered the superhorizon modes (k|7| ~ 0).
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3.5 Simultaneous Generation of Luminous and Dark Matter

During Inflation

Now that we have determined the dynamics of the X, gauge field we can calculate the general
X charge density generated during inflation. It is known that the anomalous non-conservation

of the X charge current is given by,

O (V—gi%) = A 392X26“”f’”X v Xpo = A gXa (V—gK") , (3.31)

where K* = ﬁe”“p"Xprg is a topological current. This implies that the net X charge
density nx = nx —nz = a~1(7)(0[j%]0) is related to the CS number density of the U(1)x gauge

boson by the following equation,

2
nx = “A1|ég%a(7-end)n05 ) (3.32)

where 7 = Toq is the conformal time at the end of inflation, and nx(79) = ncg(m) = 0 at the
start of inflation. The form of the CS number is given below, in which we wish to consider only

large scale superhorizon modes (k|| ~ 0),

— L 0] X;0; X1|0
) OOl

~ 1 2
- 47T2a4(7em1)/ dk [‘G ‘m k|7[—0 ‘G k|7—|ao} — O,

ncs =
(3.33)

where we ignore small terms with quadratic or higher orders of A. Note that the upper limit
in the integral in Eq. (3.33) simply cuts out sub-horizon modes for which our approximate
calculations are not applicable. The ultraviolet modes do not give a significant contribution
anyway, since they act as CP-invariant planewaves, which expectantly lead to a cancellation
between the positive and negative frequency modes. The dominant contribution to ncg is given
by infrared modes, and in fact the integral is divergent. This divergence is reminiscent of the
well-known infrared divergence of de Sitter-invariant two-point functions, which possibly signals
that the pure de Sitter approximation of the inflationary phase becomes inadequate in our case.
There is no commonly accepted prescription for regularization of these types of divergences in

the literature and we simply introduce an infrared cut-off u.

We assume that the only non-negligible source of entropy density is the process of reheating after
inflation, for which the entropy density produced is s ~ 45 g*T 1> Where Ty, is the associated
reheating temperature and g.(7y,) ~ 106.75. Upon taking a first order expansion around

Qr = 0in Eq. (3.33), we obtain the following expression for the X charge asymmetry parameter
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generated by the unmixed anomaly,

2 4 3
T(2) esMe (X
m0g, \ 4 w3

3
5 & 2 H
~ 8510714, 7/2 (X 0 3.34
8.5 1077 A| (1012 GeV> 1032 GeV?2 101 GeV (3:34)

(Do )t Yy
2101 GeV 104 GeV 10—42 GeV ’

where N, denotes the minimum number of e-folds required to solve the horizon and flatness

nx
nx =— ~ | A
S

problems, and includes the additional dilution that occurs if the reheating period is not instan-

taneous. The number of e-folds that contribute to the dilution of ny is,

2 Hint M 1 Tn
Ne = Nipt + Nop 2275+ - In [ ——2 ) — =1 , 3.35
£+ S t3 n((l GeV)2> 3 n<1 Gev> (3:35)
where
T 2 (HpeM,
Nipp ~34+1In [ — 0 d Ny~ =1 —1.89 . 3.36
ot n(lOO GeV) ane b =g n( T2 (3:36)

In Eq. (3.34), it can be seen that taking the parameter kx to be large increases the asymmetry.
Also, the infrared cut-off ;4 must be sufficiently small. In what follows we consider two possible
cut-offs - the minimal box cut-off [465], u = Hy =~ 10742 GeV, which accounts for all the modes
that are within the present Hubble horizon, and ;1 = Hgpy ~ 10725 GeV which includes all of
the modes within the Hubble horizon at the beginning of the period of BBN; assuming Tggn ~ 1
MeV.

A similar relation to Eq. (3.34) can be derived for the mixed anomalies. In particular, these
can be present in the case of gauged baryon number U(1)p, as considered in [2]. In the case of
the electroweak and hypercharge mixed anomalies the extra contribution to the total X charge

asymmetry is,

ixed 4 3
mixed _ X Ao 15725 5/2 5y 1D 3\ _an, kK \?
== = 3| A (- el —5 , 3.37
/ 2
where kK = %, and we have assumed that they have the same IR cut-off p.

In the derivation of the asymmetry parameters above, Eq. (3.34) and Eq. (3.37), we have
assumed that the only non-negligible contribution to the generated charge asymmetry is pro-
duced during the inflationary epoch. The conditions for the mechanism considered here may
still be active during the radiation epoch, but the overall effect will be negligible as the push
out-of-equilibrium is considered to be too small in later epochs; hence the total X charge is as-
sumed to be conserved once inflation ends. One exception to this is the possibility of sphaleron

redistribution which will violate both the SM B and L charges equally. The mutual dilution
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of the charge and the entropy densities, after reheating, ensures there is no further dilution of
the asymmetry parameter. No additional washout processes have been considered in the above

derivation.

In the following section we utilise the known properties of sphaleron transitions to determine
the distribution of X charges amongst fermionic species after the EWPT, if the reheating tem-
perature is greater than the critical temperature (7. ~ 100 GeV). How the sphaleron processes
redistribute the X charge is dependent on the specific model being considered - the type of

charge gauged, the associated anomalies, and the properties of the new fermion(s) introduced.

3.6 Replicating the Observed ppy/pp and np

Now that the X charge asymmetry parameter has been calculated we can determine under what
conditions this model will replicate simultaneously the observed dark to luminous matter mass
density ratio and the baryon asymmetry parameter. The generated X charge density can be

decomposed into SM and dark matter components as follows,

nx =n3 +np , (3.38)

The SM component will have an associated B — L charge which will be reprocessed by the
action of sphaleron transitions, before or at the EWPT, into a known fermionic distribution.
The dark matter candidate considered here will be unaffected by the sphaleron transitions as it
is assumed here to be a singlet under the electroweak interactions, although this does not have

to be the case.

After the EWPT the B — L charge will be distributed between B and L charges as follows;
(B—L)sy = %B and (B — L)sy = —;—?L. We require that the resultant SM baryon number
asymmetry is consistent with that which is observed, given in Eq. (3.1). The baryon asymmetry
parameter will be given by the following relation,

ng = E(ﬁggiXEd_SM +n§(nmixed—SM) , (339)

where € is a step function defined by,

28
B T, ST,

ci=eT) =< " e , (3.40)
1 Thw<T:

Henceforth we will assume that the mixed anomalies only contribute to the SM sector, n)r‘}ixed =

n)r?ixed_s M as our dark matter candidate is sterile under the SM gauge groups.
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It is assumed that the X charge density generated is initially uniformly distributed between

each of the applicable fermion degrees of freedom, that is,

SM mixed Zz N éM |ng | unmixed
Ny’ =nx + . i — Y , (3.41)
Zi NE:M’qlsM‘ + Zz NzD’qu’
o Zz Nb|qlD| unmixed (3'42)

> Noarldsarl + 22 Nplap| ’

where the index i corresponds to the particle species, V; is the corresponding number of degrees
of freedom, and ¢; is the associated X charge. Therefore, the baryon asymmetry parameter

defined above is given by,

ng = e = ¢ <7731(1ixed + Zz N%M‘qfs‘M| _ ng{nmixed) . (3.43)
> Nsurlasal + 22 Nplap

The dark matter to luminous matter mass density ratio is given by,

pPD _ My 4BND _ 1D ( My, )

- 1 GeV

= (3.44)
PB mp qy"NB Q7B

where we have assumed mp = 1 GeV and qg = 1. In the following analysis we will assume that
this ratio is fixed to the observed value given in Eq. (3.3). Hence upon considering parameters
that give the correct np we will also obtain the observed relic dark matter abundance. Now we
wish to consider this framework in the two scenarios introduced earlier; namely, a gauged B — L

and a gauged B number, each including a single sterile fermion charged under the given group.

Case 1: U(1l)p_. and a sterile fermion

In this scenario we must sum over all the SM fermions, Y, N&,,|q%,,| = 21, assuming no RH
neutrinos have been added. Only the unmixed cubic anomaly contributes to the B — L charge
generation. Using these facts and Eq. (3.44) we derive the following dark matter to luminous

matter mass density ratio,

%~ o (Tew)
— ~— 3.45
p 21le \1 GeV/ ’ ( )

where we have chosen N, = 1.

In the following analysis we wish to consider our mechanism as the only source of both the dark
matter and baryon asymmetry in the universe, and as such require that both Eq. (3.1) and Eq.
(3.3) are satisfied. This immediately leads to the following prediction for the dark matter mass
in this scenario,

my, ~ 116 GeV . (3.46)
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Hence the dark matter candidate ) must have a mass my ~ 41 GeV, or my, ~ 116 GeV; for
Tin > T and Ty, < T, respectively. For consistency with the initial assumption that my, < Hiyy,
the inflationary Hubble rate must be greater than ~ 103 GeV. Interestingly, the fixing of the
ratio pp/pp sets the mass of the associated dark fermion, and is independent of the B— L charge
of the dark matter candidate. If the mass of the dark matter candidate is lower than 116e¢ GeV,
then it cannot be the only component of the dark matter energy density of the universe and
an additional component to the dark matter must be introduced, but we do not consider that
scenario here. It should be noted that this mass relation assumes the correct baryon asymmetry
parameter is generated, and hence the other parameters of the model are constrained, which we

consider now.

The required replication of the observed baryon asymmetry and dark to luminous mass density

ratio results in the following condition on the model parameters, for y = Hy,

e

101 1 m% _sn. [ K
np ~ el Ay |*/? e e | —5 (3.47)
21 + |yl 739, f3 uT3,
3
|A1|5/2 m%{ Hiy <¢6) 2

~35x 10718 GeV 12 ¢
21+ gyl f% T3 \fx

(3.48)

It is found that this can satisfy Eq. (3.1) for a wide range of parameter values. To see this
we shall consider an example. Let us first assume ¢ takes its maximal value, HinrM,, to
ensure maximal CP violation. We will also identify the scale fx with the inflationary Hubble
rate, ~ Hin¢, and the B — L charge of the dark matter fermion to be ¢, = —1. Under these
assumptions we derive the following relation on the model parameters from Eq. (3.1) and Eq.
(3.48),

2 2

H; H;
np ~ 7 x 107 GeV g Tmf = egx Tmf ~ 1072 Gev !, (3.49)
rh rh

which reduces to:

2/5

T
gx ~ 107 GeV‘l/5Hffh/5 or  mx ~ 107 GeV AT S (3.50)

inf

In this example, the satisfaction of this relation guarantees the correct baryon asymmetry and

hence relic dark matter density. This relation leads to interesting constraints on the allowed
max )2
parameter space. We find that for instantaneous reheating, Hi,¢ ~ (Tf]}\‘4 )

, we require gx ~ 0.4.
This is likely larger than that assumed in the model (gx < 1), and means that this relation
can be satisfied for almost all allowed reheating temperatures for a given inflationary Hubble
rate. Hence, the reheating epoch must not be instantaneous and the reheating temperature
cannot conflict with BBN constraints (7, > O(1) MeV). From the mass of the dark matter

candidate and constraints on the inflationary potential we require that the inflationary Hubble
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rate is in the range 10'* GeV > Hj,; > 10° GeV. Taking this into account, we see that the
size of the coupling gx that can satisfy this relation lies in the range 1078 < gx < 0.4, with
the lowest value corresponding to the input parameters Hi,s = 10'4 GeV and T}y, = O(1) MeV.
Interestingly, the mass of the gauge boson can be as low as mx ~ O(1) MeV, when taking
Hipe = 103 GeV and Ty, = O(1) MeV, leading to a coupling of order 107°.

It could be possible to probe experimentally the areas of parameter space in which the X boson
mass is lowest, although this is made difficult by the associated tiny coupling constant. The
generically small couplings would also make it difficult to detect the predicted dark matter

candidate.

If we now consider the IR cut-off to be the Hubble rate at the beginning of BBN, Hgpy ~ 1072°

GeV, the condition becomes,

3
101 1 m3 k2
~ 5/2 X —3N. 351
B 6‘*’41| 21 + ’q¢| 77139* f;{ ¢ </~LTI~2}1> ( )
3
~ 1074 GeV /2 ¢ AP m Hie (60°) 2 . (3.52)
21+ lgy| f% T3 \fx

This choice of cut-off provides a significantly more constrained result, but can still be satisfied

with an appropriate choice of parameters. Considering the same example model discussed above,

H; H;
np ~ 2 x 10710 GeV egk T};f = egx Tglf ~4-10° GeV ™1, (3.53)
rh rh

which reduces to,

2/5

T

gx ~ 10 GeV~1/5 Hril/s) or my ~ 10 GeV VST (3.54)
inf

Considering instantaneous reheating requires a coupling of gx ~ 400, this means that an ex-
tended reheating epoch is needed for consistency with our assumption that gx < 1. The size
of the couplings that can satisfy this relation lie in the range 1073 < gx < 1, where the lower
bound is for Hi,s = 10 GeV and T}, = O(1) MeV. This allowed window is much smaller than
found in the previous case. The minimum mass of the boson is much higher with mx ~ 160
GeV, when Hiys = 103 GeV and T}y, = O(1) MeV. Due to the higher couplings in this case, the
model is likely much easier to constrain with experiments in the lower mx regime, hence a very

large Hiy¢ and low T}, would be required.
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Case 2: U(1)p and a sterile baryon

If we now consider a gauged baryon number extension to the SM we must sum over all of the
baryonic degrees of freedom, Y, N&,|¢L,,| = 12. In this scenario the contributions of the mixed
anomalies SU(2)? x U(1)p and U(1)? x U(1)p must be included, which generate a net charge
only in the form of luminous matter. Hence, we find that the dark matter to luminous matter

mass density ratio is given by,

pD 1 Nw |-Al|5/2 m§( ( My ) (3 55)
prm— 5 :
pp €12+ Ny|qy| %% 4 Ao[52g5 + 3| As[5/2g3 fX N1 GeV
1 15/2 5
~ = 9] L”X( My ) : (3.56)
1 GeV

5 5
€ 120y |52 + Jqy| + 12 /X

where mp = 1 GeV and ¢g = 1 have been set. In the second line we have taken g% ~ ‘é—g

ar
297

rearranging, and requiring Eq. (3.3), we find the following expression for the mass of the dark

and g3 ~ and used the anomaly values given above: Ay = 3/2 and A3 = —3/2. Upon

matter candidate,
75 110200255 + Jgy] +12)

mw ~ Gmi?x 2|qw|15/2 GeV s (357)
which simplifies to,
70
my ~ — GeV , (3.58)
€g
X

when taking |gy| = 1 and gx < 1. Therefore, in this scenario we require that Hins 2 107 GeV,
which implies that the mass of the dark matter candidate lies in the range 10° GeV < my, <
Hi,r. The required dark matter mass is greater than that found in the previous case due to the
additional contributions to the luminous sector from the mixed anomalies, and the interplay of

this with the mass density ratio.

The associated constraint imposed by the observed baryon asymmetry is given by,

3
A _3N. ( K >2
nB ~ € e | —5 (3.59)
ngg* MTrZh
~3x 1071 Gev1/2 Ay mf <}b°> : (3.60)
T3 X

. 12‘q¢|15/2
where A = ( TRESD

A ~ 1, except when considering very large g, which we do not here. Similar to the U(1)p_r,

f5 + | A2 P2 g7 +3\A3|5/295’>. As we assume g% < 1 this reduces to

scenario, we assume ¢ takes its maximal value, Hj,¢M,, and identify the scale fx with the
inflationary Hubble rate, Hj,s. Here the B charge of the dark matter fermion is chosen to be

gy = 1. Under these assumptions, we derive the following relation on the model parameters
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from Eq. (3.1) and Eq. (3.48),

H,, H,, 2.10719 GeV !
f f ~2.10719CGeV! — Hyyp ~ €

~ 4 x 108 GeV T2 . (3.61
nB X e € Tr2h € Tr2h c rh ( )

Interestingly, this relation is only dependent on the inflationary Hubble rate and the reheating
temperature. Upon further inspection it appears to be almost consistent with instantaneous re-
heating, or a very efficient reheating process, hence in this scenario a close to maximal reheating

temperature is required for any given inflationary Hubble rate.

From the analysis of the allowed dark matter mass range above, we find that the inflationary
rate must be in the window 10'* GeV > Hj,r > 107 GeV. The corresponding allowed range of
reheating temperatures is then 10'6 GeV > T}y, > 7-10'2 GeV. The Eq. (3.58) and allowed mass
range also give us a lower bound on the allowed coupling, which we find is gg( ~ 1075, although
this can be relaxed for larger dark matter charge values. These constraints also imply that the
mass of the new X gauge boson must be at least greater than ~ 50 TeV, which suppresses the
ability to detect the new boson and dark matter fermion. These values of the gauge coupling

and boson mass range are well out of the range of any current collider experiments [466].

The constraint obtained when taking the IR cut-off to be = Hgpn ~ 1072° GeV is,

3
Hin A 2
np ~ 1074 Gev~1/2 eAT—th @i) : (3.62)

Considering the same assumptions as for the previous cut-off we find,

Hit  Hin 6-10° GeV~!
np ~ 10717 GeV GTTf - eT—zf ~6-10° GeV ' — Hip ~ %Tfh . (3.63)
rh rh

The constraints on the mass of the dark matter particle and coupling are the same for this
case, but now the relation between the inflationary Hubble rate and reheating temperature has
changed. Now we require an extended reheating epoch, with a maximum reheating temperature
of Ty ~ 4 TeV for Hiys ~ 10" GeV and minimum of Ty, ~ 1 GeV when Hiys ~ 107 GeV. This
change in the allowed reheating temperatures is the only alteration caused by the use of the

other cut-off.

In summary, the ability to detect the introduced gauge boson appears likely to be difficult due
to the generic requirement of a high mass, except in special cases, and small coupling. The dark
matter candidate would be more easily detectable in the case of the gauged B — L compared to
the gauged B scenario due to it having a significantly smaller mass, which is of order 10 — 100
GeV. Although as the dark matter candidate can only interact with the SM particles via the
U(1)x gauge boson, the ability to detect it is highly dependent on the gauge boson mass and
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coupling, for which there is a wide range of possibilities. It may be possible to obtain constraints

on the parameter space from Z’ searches [41, 77, 466-477].

3.7 Conclusions and Future Prospects

In this chapter, we have investigated a model for simultaneous generation of luminous and dark
matter during the inflationary epoch, achieved through the introduction of an anomalous gauge
interaction and sterile fermion to the SM. It has been found that this scenario for cogenesis can
successfully reproduce observations for the two possible cases considered - a gauged B and a

gauged B — L charge.

In each scenario, we considered the parameter spaces that correctly predict both the dark
matter to baryonic matter density ratio and baryon asymmetry. Interestingly, for the U(1)p_r,
extension we obtain a prediction for the mass of the dark matter candidate which is independent
of the other choice of parameters, assuming a given relation between gx, Ty, and Hi,e. While
in the U(1)p case, we find the model replicates the observed np as long as a relation between
the reheating temperature and inflationary Hubble rate is adhered to, and the coupling satisfies

g% > 1075,

The general mechanism for cogenesis developed here can be applied to more complex models
involving other or extra anomalous gauge symmetries, as well as additional sterile or non-sterile
fermionic states. It is possible that these additions could lead to a loosening of the constraints on
the allowed parameters imposed by the observed matter-antimatter asymmetry, through extra
contributions to the generation of luminous matter or dark matter. This would likely lead to

altered requirements on the mass of the dark matter candidate.

Our general framework could also provide a mechanism for magnetogenesis, through the pro-
duction of universal hypermagnetic fields via the Uy (1) CS term [478]. One could craft a model
that not only generates this but also the particle asymmetries, providing an extra route for

constraining the allowed parameter space.

Further to this, the study of the associated collider phenomenology of these models is of interest.
Although, this is made difficult by the possibility of very small couplings and high masses.
Despite this, there are certain areas of the parameter space that can already be constrained by

results from collider experiments.



Chapter 4

Baryogenesis During Reheating via

the Ratchet Mechanism

Another interesting and relatively unorthodox approach to generating the baryon asymmetry
of the universe is via the inflaton during the reheating epoch. Unlike the dilution problems
associated with inflationary cogenesis considered above, the difficulties with a reheating scenario
are related to the high level of uncertainty and complexity of the dynamics associated with the
reheating phase. The exact nature of the reheating epoch is mostly unknown, but it is a
period dominated by the inflaton dynamics, and as such is strongly related to the properties
of the inflaton and inflationary potential. To try to alleviate this issue and for simplicity, we
will consider a Starobinsky inflationary scenario, which converges to the usual p?®? potential

during reheating.

We propose a new scenario for Baryogenesis during the reheating epoch that utilises the Ratchet
mechanism, a model inspired by molecular motors in biological systems, and their ability to
generate directed motion. This is achieved through the correlated behaviour between the inflaton
and a complex scalar baryon. If the inflaton and the scalar baryon couple via a derivative
coupling, the behaviour of the scalar baryon phase 6 is found to be analogous to that of the
forced pendulum, potentially producing a non-vanishing value of 6 which is necessary to generate

a non-zero baryon number density [4].

64



65

4.1 The Reheating Epoch and Starobinsky Inflation

A consequence of the rapid expansion that occurs during inflation is that the energy densities
of SM particles are diluted to negligible quantities, so in order to explain the observed matter
energy densities today they must be produced dynamically some time after inflation ends. This
phenomena is known as reheating, and involves the conversion of the energy density stored in
the inflationary potential into matter, through the decay of the inflaton [371, 479-488]. This
process begins once the slow roll conditions are violated, that is, when the inflationary potential
is no longer flat enough to support the inflationary scenario. In the canonical model, the
almost homogeneous inflaton field oscillates coherently in its potential, being damped by Hubble
expansion and a frictional term associated with the decay of the inflaton into matter particles
and radiation. These processes are occurring in an out-of-equilibrium setting that continues until
the decay rate becomes the dominant source of damping. For a m?¢? like inflaton potential
during reheating, the coherent oscillations of the inflaton field induce an approximate matter
dominated epoch [482]. Once the decay rate becomes the main source of damping, the universe
will be dominated by relativistic particles produced from the distribution of the inflaton energy

density into SM particles, and possibly other exotic species, and will begin to thermalise.

Once reheating is completed the universe thermalises and enters a radiation dominated epoch,
with an initial temperature, also known as the reheating temperature, which is related to the
initial energy in the inflationary potential and the decay rate of the inflaton. Faster inflaton
decay leads to a more efficient transfer of energy from the inflationary sector to the radiation
sector, and hence produces a higher reheating temperature. The exact details of the reheat-
ing epoch are complicated and mostly unknown, and as such it is an active area of scientific
exploration, with possible probes of its properties considered [489-491]. We can constrain the
maximal and minimal reheating temperatures using the maximum allowed inflationary scale and
successful BBN, respectively, although this still permits a large range of reheating temperatures
[492]. The uncertainty associated with this epoch lends itself to being an interesting source of
answers to the mysteries surrounding cosmology and particle physics, particularly Baryogenesis

[493], which we shall discuss in this chapter.

It is possible to determine a naive upper limit on the reheating temperature for a given inflation-
ary mechanism by considering the Friedmann equations, and the approximate energy density

contained within the inflaton potential,
pint ~ U(®;) ~ 3M Hy (4.1)

where ®; is the initial value of the inflaton, U(®) is the inflaton potential, and M, = 1/v8rG
is the reduced Planck mass. This energy density can then be equated to that associated with

a radiation epoch with characteristic temperature Tyy,, assuming efficient thermalisation [128],
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which is given by,
2
7
= *Q*Trllh : (4.2)

Prh 30

This gives a maximum reheating temperature of,

90 1/4
Trh ~ (7‘{'29*) MpHinf B (43)

For this temperature to be achieved, one must assume instantaneous and lossless decay of the
inflaton into SM particles. The inflaton decay can be parametrised in the inflaton’s equations of

motion through the introduction of the decay width I', acting as an additional damping term,

O+ 3HO+TO+V'(9)=0. (4.4)

The value taken by I' is dependent on the fields that the inflaton decays into and the strength
of the associated interactions. The physical implications of the magnitude of I' is that once
H ~ T, the inflaton decays will dominate and reheating will end, leading to a radiation epoch
with the characteristic temperature dictated by the properties of I'. The length of the reheating
epoch will be approximately I'"!. The associated reheating energy density can be found using
the Born approximation,

prn ~ 3T2M (4.5)

which upon comparing to the energy density at the end of reheating, we find,

1/4
Ty ~ ( 90 > T, . (4.6)

20,

The number of e-folds of expansion that occur during reheating are,
1 Pinf 2 Hinf
Ny = -1 ~ -1 . 4.7
" 3 ! </0rh > 3 ! ( I .7

It should be noted that the Ty}, given in Eq. (4.6) is the maximum temperature of the radiation

dominated universe, but it may not necessarily be the hottest temperature achieved after infla-
tion has ended, rather temperatures during reheating could be higher. This can have interesting

implications for phase transitions and production of relics.

4.1.1 Starobinsky Inflation

Many models for the mechanism of inflation have been proposed, each of which must produce

observational predictions consistent with the constraints depicted in Figure 2.3. One model
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which is in good agreement with these constraints is the Starobinsky, or R?, type models [110,
126, 494]. Given this agreement with the data, we shall consider this as the inflationary scenario

in our investigation.

The Starobinsky action is the following,

M? R?
_ 4 /— p _
S = /dw V=9 <R 6H2> , (4.8)

where in the Einstein frame of the scalar version we have the following inflationary potential,

32 M? 2
U(®) = % (1 - e*v2/3q’/Mp> , (4.9)
where p = (1.3 x 107°)M,, is the inflaton mass [495]. From this potential the slow roll param-
eters and corresponding predictions can be found. Using the tools presented in Chapter 2, the

Starobinsky model produces the following inflationary predictions,

12
ng~1—— and r~

¥ 57 (4.10)

where N is the number of inflationary e-folds.

The reheating period in the Starobinsky model approaches the usual %pﬂ@z, leading to this
epoch being characterized as an approximate matter dominated epoch [482, 495, 496]. This can

be seen in the expansion of the inflationary potential around ®,

1 u?
U®) = =p?d? — ——3 4 ... 4.11
(@)= g0~ (1)
where the first term dominates for ® < M,,. From numerical calculations it is found that in the
Starobinsky model the value the inflaton field takes at the beginning of the reheating epoch is
[496],
O; = d(t;) =0.62 M, , (4.12)

with a corresponding Hubble parameter of,

H; = H(t;) = 6.2 x 1012 GeV . (4.13)

In the proceeding analysis, we will assume that the inflaton velocity ®(¢;) at this point in time

is approximately zero for simplicity.
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4.2 Baryogenesis during Reheating via the Ratchet Mechanism

Baryogenesis during reheating has been an area of interest in the literature for some time, given
the complicated and uncertain nature of the epoch. In what follows we shall outline a new
mechanism for Baryogenesis in which baryon number generation is driven by the oscillations
of the inflaton field. As with any successful model of Baryogenesis that conserves CPT, the
Sakharov conditions must be satisfied in order to reproduce the observed value of the baryon
asymmetry parameter,

np =~85-10711. (4.14)

Of the many Baryogenesis models that have been proposed, there is a class that generates the
baryon asymmetry via the coherent time-evolution of a complex scalar field that carries a baryon
number charge [175, 231, 481, 493, 497-500]. In this work we consider a similar scenario in the

setting of reheating, with a new scalar baryon coupled to the coherently oscillating inflaton field.

4.2.1 The Ratchet Mechanism

The new Baryogenesis mechanism we propose here acts during the reheating epoch, and is
inspired by the ratchet models that describe molecular motors in biological systems [501, 502].
An example of this is the directed motion of myosin molecules along actin filaments which is
achieved through cyclic chemical reactions that act as a driving force. The model we propose
here utilises an analogous ratchet mechanism, in which the reflection symmetry of a scalar
potential is broken by its interaction with the inflaton, with the inflaton’s coherent oscillations
providing a driving force. This driving force is supplied by the oscillation of the inflaton it its
potential during reheating, while the position of the motor is embodied in the phase 6 of the
complex scalar baryon field. These two scalar fields interact via a derivative coupling which
violates CP, breaking the reflection symmetry of the scalar baryon’s potential. The form of the
interaction between the two scalars is similar to that in the Baryogenesis mechanism considered

in Ref. [503], although in their case CPT violation is required.

4.2.2 Description of the Model

We construct a model consisting of two scalar fields - a real scalar field ® that we identify
as the inflaton, and a complex scalar baryon ¢. In the ensuing analysis we assume that the
dynamics during reheating are dominated by these two scalars and only consider interactions

of the inflaton with SM fields via an effective friction term. Our model is described by the
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following action,

5= /d%\/jg[gw@%*@”qb - Vo(¢,¢")

, |
+5 9 "0 — U(®) + %guy@*(a_")aﬁ)@”@ L (415)

where U(®) is the inflationary potential, which we take to be the Starobinsky potential given
in Eq. (4.9). The scalar baryon potential, Vy(¢, ¢*), is defined as,

Vo(9,0") = A" p(¢ — ¢")(¢" — ) + -+, (4.16)

where the ellipses denote terms that depend only on the product ¢*¢, which are not relevant to

the dynamics in this mechanism.

The coupling between the inflaton and the scalar baryon is introduced as, L;n; = —% J0,® =
—%%6“«98#@. This is a dimension five operator, and as such is suppressed by the mass scale
A which is the energy cut-off at which the effective description of this scalar coupling breaks
down. This interaction term also violates C and CP, which is a necessary ingredient for successful

Baryogenesis.

Upon observation it can be seen that if A = 0, the action will be invariant under the global
U(1) symmetry defined by the transformation (¢, ¢*) — (e®¢, e~*¢*), where « is a constant.
We identify the charge associated with this U(1) symmetry as the baryon number B, where the
complex scalar field ¢ is a baryon to which we assign unit baryonic charge. From the action
we can calculate the corresponding baryon number current, or Noether current for the baryon

symmetry, which is found to be,

ity = i(90" 6" — 5°0g) . (4.17)

We now consider the following polar coordinate parametrisation of the ¢ field,

1

ﬁqﬁ,«ew : (4.18)

¢ =

Under the global baryon number transformation, the phase 0 transforms as 8 — 6 + «, while ¢,
is invariant. In this parametrisation the baryon number density, which corresponds to the time

component of Eq. (4.17), is given by,

npg =j° = ¢%0 . (4.19)



70

This implies that within the framework of our mechanism we must produce a non-zero 6 to
have a net baryon asymmetry generated. Rewriting the scalar baryon potential in terms of this

reparametrisation, ¢, and 6, we obtain the following,
V(dr,0) = Vo(h,d*) = Aprsin® 6 + - - - (4.20)

where the ellipses now denote terms that depend only on ¢,. In the rest of our analysis,
we assume that the terms that only depend on ¢, in V(¢,,0) are such that they keep ¢,
approximately fixed to a constant non-zero value, and that only the dynamics of the phase 6
need be considered. The charge conjugation symmetry C is given by C : ¢ — ¢*, or § — —0,
so C is conserved in this potential. B invariance is related to the translational invariance of the

phase 6, which is clearly violated by this potential, assuming A # 0.

Therefore, in the new parametrisation of the scalar baryon the action takes the form,

2
S = /d4x\/—g [Q;Tg,wa“ea”e — \¢tsin? 6

1 2
45020~ U(®) - %gu,,aﬂea'f@ . (4.21)

Seeing as we wish to consider the cosmological setting of reheating we take the gravitational

metric g, to be the flat FRW metric,

ds? = g drtds” = dt* — a*(t)dz*. (4.22)

Given this isotropic and homogeneous background, we extend this assumption to the properties
of the scalar baryon and inflaton, for which spatial variation will be ignored in our analysis. In

this background, the action of our model reads,

2, 1. 2.,
S = /dt a(t)? [‘7;’“92 — \ptsin? 0 + 5<I>2 —U(®) - %9@ . (4.23)

Therefore, in our model, the Sakharov conditions are satisfied in the following ways. Firstly, B
violation is achieved by the scalar baryon potential V' (¢,, ). Secondly, the derivative coupling
changes sign under both C and CP. We have ignored the spatial dependence of the scalar fields,
so the parity symmetry P is always conserved by this derivative coupling term. The required
push out-of-equilibrium will be provided by the reheating epoch, induced by the coherent oscil-
lation of the inflaton field. During reheating the derivative coupling between the scalar baryon
and inflaton can lead to a kind of resonance effect when the respective potentials are of a similar
order. As we shall see, when this is the case we can observe directed motion in the scalar baryon

phase, and hence a non-zero baryon number density.
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Now, we can carry out the calculations required to determine the baryon number density gener-
ated in this framework. In our analysis we will take the initial phase of the scalar baryon to be
zero, placing the scalar baryon initially in the minimum of its potential. To ensure there is no

initial bias between matter and antimatter we assume that the initial phase velocity 0 is zero.

4.3 Analytical Evaluation

We shall now find an analytical solution for the scalar baryon phase equation of motion so that
we can determine the region of parameter space where we obtain driven motion, and hence have
a non-zero baryon number density. Firstly, we find the equations of motion for § and ®, using

the action presented in Eq. (4.23),

(®+3HD) + <F<i> + dUdf)> -~ Qf‘(é’ +3H0) = 0, (4.24)

. . 1
(0 +3HY) — T (®+3H®) = 0, (4.25)
where I'® is the inflaton friction term, added in by hand, which encapsulates the decay of the

inflaton into SM or mediator particles during reheating, and H is the Hubble parameter. After

some rearrangement, the above equations read,

2 . P 4
= qi (b 4308 + (T + L L 2 Googy — o, (4.26)
dd A
¢72 . . 1 . dU(®) g . B
(1 % (6+3H0) + A\ T2+ == |+ A0 sin(20) = 0. (4.27)
2
The <1 — j;) factor can be absorbed through rescaling of the parameters I', 2 in U(®), and
A, as follows,
P - S o SU S (4.28)
Rl SR ) S |
and hence the equations simplify to,
. : .. dU(® Apt
(P+3HD)+ (TP + U(2) i sin(20) = 0, (4.29)
dd A
. . 1/(-. dU(® -
(6 +3H0) + " <F<I> + dfp )> + ApZsin(20) = 0. (4.30)

During reheating in the Starobinsky inflationary model, the oscillation of the massive inflaton

gives rise to an approximate matter dominated epoch, during which the Hubble parameter H
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is approximately given by, .
a

H=-~—. 4.31

! (431)

We shall also assume that during reheating the Starobinsky potential can be expressed approx-

imately as,

- 1 dU (®
U®)~ -i*®* — (®)

o ~2
5 el (4.32)

as found in the expansion given in Eq. (4.11). Note that early on in the reheating epoch the
full potential should be used. This approximation is valid towards the end of the epoch, when

the inflaton is oscillating near the potential minimum. The equations of motion are now,

. . ~ . \ 4
(<1> + 2@) + <P<I> + [ﬂ@) + 29 Gin(20) = 0, (4.33)
' A
. 9. 1/as <y
6+20)+ 5 (rcp + i <1>) +A¢?sin(20) = 0. (4.34)

In this form we can now begin solving these equations.

Behaviour of the Inflaton

We wish for the inflaton’s motion to be unaffected by the dynamics of #. This ensures that
the properties of the reheating epoch are retained and the approximation given in Eq. (4.31)
remains valid. To do so, we assume that the sin(26) term in Eq. (4.33) can be neglected - the
condition for this assumption shall be provided below. The equation of motion of the inflaton

® then becomes,

.. 2\ .
<1>+<t+r)<1>+[ﬂ<1>:o. (4.35)

This equation can be easily solved in the case when I < [, which is a valid assumption in our

scenario. The approximate solution to this equation is,

(t) = b; <tt> e T2 cos it — t)] (4.36)

where ¢; is the time at which the reheating epoch begins, and ®; = ®(¢;). This solution indicates
that the motion of ®(t) is oscillatory, with an angular frequency fi, and is damped by e Tt/2,
coming from the I term in the equation of motion, while the amplitude is also attenuated as a

function of 1/t from the Hubble damping term.

Now that we have this solution it is possible to find a simple relation describing the assumption

that the sin(26) term can be neglected in the equation of motion of ®. This requires the following
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relation be satisfied, ~
Agy : -2
A < amplitude of f“®(t) . (4.37)

This should be true throughout the reheating epoch, but is sufficient to be true at the end of
reheating due to the damping of the inflaton’s amplitude, predominantly by Hubble damping,

5\ ~92 Hf
r o, (=L 4.
r <A (H) , (4.38)

where t; is the time at the end of the reheating epoch, and H; and Hj are respectively the
values of the Hubble parameter at ¢; and ¢;.

Behaviour of the Scalar Baryon

Now that we have determined the dynamics of the inflaton during reheating, we can utilise the
solution to find an analytical solution for the phase of the scalar baryon. As found above, the

equation of motion for @ is,

(é + fe) + A2 sin(260) + % Td(t) + g2q>(t)] =0. (4.39)

Since the amplitude of f‘@(t) is suppressed compared to the amplitude of i?®(t) by a factor of
approximately T /fi, we can drop the f‘<I>(t) term. Doing this, and defining some new parameters

the equation of motion for 6 becomes,
. 2. ] ~
<9 + t9> + psin(26) + q(t) cos[a(t — ;)] =0, (4.40)

where we have defined,

~ ti CT(f—t.
p=2Xp},  qlt)="— () e tEh)/2 (4.41)

This equation is not simple to solve, so we shall first consider a few possible scenarios to

determine some of its properties. First, consider the case when p < ¢(t), we now have,

. 2. 1d/,, .
(0 + t@) =5y (t 9) = —q(t) cos[a(t — t;)] , (4.42)
which can be integrated to yield,

o(t) = ([LQI{E)Z[1—e_f(t_ti)/Z{cos[ﬂ(t—ti)}+ﬂtsin[/}(t—ti)]H+--- (4.43)
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where the ellipses includes terms subleading in f/ i1, which we have dropped for consistency
with our approximations above. Upon observation we find that there is no dependence on 6,
specifically the sin(26) term is absent. Thus, we can see that, in this limit the motion of 0 is
driven solely by the oscillation of the inflaton and simply oscillates around zero, not maintaining
any finite value. This is to be expected since this limit is equivalent to removing the B violating

term, associated with the scalar baryon potential, from the equation.

Now consider the limit p > ¢(t), for which the equation of motion becomes,

. 2.
0 + {9 + psin(20) =0 . (4.44)

In this case, if we start from a state with finite energy, the friction term will damp the motion of
the phase 0 until it settles into one of its potential minima, and again there will be no non-zero
6 which persists and can lead to a non-zero baryon number density. Of course, this is to be

expected since in this limit the C and CP breaking term has been removed.

Therefore, we can conclude that for successful Baryogenesis, we require p ~ ¢(t) so that both
the B breaking and the C and CP terms can contribute to the time evolution of §. In particular,
we need the condition p ~ ¢(t) to be satisfied towards the end of the reheating epoch, since if
it is satisfied too early, ¢(t) will evolve to be smaller than p by the end of the epoch and any

directed motion of 6 will come to a stop. Thus, we require p ~ ¢(t¢), which we shall name the

Sweet Spot Condition (SSC),
~ 2P,
A2 ~ L2 (Hf> . (4.45)

A H;

The SSC must be compatible with the prior assumptions we have made, such as that derived in
Eq. (4.38). Upon combining these two conditions we find the following requirement, ¢2/A? < 1,
This can easily be satisfied, and has the flow on effect that we can drop the tilde notation from

this point on, that is, A & A, [~ u, and [ ~T.

4.3.1 Approximate Analytical Solution

Considering the SSC found in the previous section, the equation of motion is still difficult to
solve, so we will first attempt to find an approximate analytical solution. We shall then compare

this with numerical calculations to test for consistency.

The requirement for non-zero driven motion near the end of reheating is defined by the SSC,

which can be written as follows,

H; 129, T2
2 Hf B ~ 14 rh
Ay =~ H A 7x 10 GeV—A ,

(4.46)
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where we have used Eq. (4.3), Eq. (4.12), Eq. (4.13), and Eq. (4.45). If we substitute the SSC

into the equation of motion for 8 we get,

9 3 u? H 21 )

“HYW — —HTY + 2 = Ap?sin(260) = 0 4.47

1 oA + A I, 0 COS Vi @7 sin(20) , ( )
where the primes denote derivatives with respect to the Hubble rate. We obtain the following
simplified equation,

2
?ﬂmszm%ym%kZD, (4.48)

where we have fixed p = \¢? ~ H—’:%T’R near the end of reheating, the damping term has been
assumed to be suppressed, and the reheating epoch has been taken to be sufficiently long such
that Hy < H;. In order to aid finding an approximate analytical solution we have neglected
the Hubble damping term. In doing this we find the following simplified expression for the

dynamics of 8 near the end of reheating,

0 ~ p (sin(20) — cos(ut)) . (4.49)

If we now assume the two oscillatory parts have different frequencies, with the inflaton oscillation

rate p being slower, we find that the average value of 0 is of order,

. A2
)~ L2 =A% (4.50)
7
Therefore, the baryon number density generated at the end of reheating is given by,
A 4
ng ~ O : (4.51)
I

Combining the entropy density at the end of reheating and the approximate analytical expression

for np derived in Eq. (4.51), we obtain the following expression for the asymmetry parameter,

4 2
Ay ~ 0.1 i

reh
~ 0.02 R ,
s ,U'Tr3h ATrh

(4.52)
where we have used the SSC in Eq. (4.46). This results assumes certain constraints on the
parameters, namely the SSC, i—z < 1, and that the energy density of the scalar baryon must

be less than that of the radiation epoch at the end of reheating, which corresponds to,

2
At < T

T 4.53
309 rh ( )
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It is found that a wide range of parameter choices can be used that satisfy the observed baryon
asymmetry. We also find that when undertaking numerical calculations of Eq. (4.39), they are
in reasonable agreement with this solution, with results being consistent to within an order of
magnitude for most parameter choices where driven motion is observed. It is generically found

that high reheating temperatures are required, that is 7,5, > 10 GeV.

4.3.2 Phase Locked States

A more rigorous solution for # can be found by drawing an analogy between our mechanism

and a forced pendulum. The equation of motion for € can be parametrised as follows,

0+ f(t)0 + psin(20) = —q(t) cos[u(t — ;)] (4.54)
where )
p=adt =2, gy =" (4] e (4.55)

Now we can observe that the motion of 6 is identical to that of a forced pendulum. The term
proportional to sin(26) can be viewed as the gravitational force on the pendulum, when it is at
an angle 260 from the vertical, g the external pushing force, and f the friction term. There is
an added complexity in our case, in that the strength of the external force ¢(t) and the friction

f(t) on the pendulum depend on t.

As discussed above, Baryogenesis is realised in this scenario when the solution of the equations
of motion is found to give 9(t §) # 0, at the end of reheating ¢;. This means we must adjust
the timing and intensity of the external pushing to match the motion of the pendulum, which
is the idea embodied by the SSC, corresponding to p ~ ¢(tf). If this is satisfied, the rotational
motion of the pendulum around the fixed point arises with an almost constant angular velocity

6. This is the solution we wish to determine.

The time evolution of ¢(t) toward the end of the reheating epoch can be expected to be slow,
so to analyse the dynamics of # within that time frame, it is sufficient to replace it with the
constant ¢(tf). The same can be said of the coefficient of the 0 term, which we replace with

(2/ty). Thus, we obtain the following simplified equation,

. 2.
0+ ;9 + psin(260) = —q(ts) cos[p(t — t;)] , (4.56)
f
where the coefficients of @ and cos[u(t—t;)] are now constants, p = A¢? and q(ty) = e 3 Igf_"‘? {)‘}\“2 ,

the damping term has been taken to be suppressed, and H.,q < H; has been assumed.
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The relevant solutions to the above equation in our Baryogenesis scenario are those that increase
or decrease monotonously in time with only small amplitude modulations. Such solutions exist
and are known as phase-locked states, which are found in the study of the chaotic behaviour
of the forced pendulum. The conditions for phase-locked states to exist were considered in the
study of chaotic behaviour of electric current passing through a Josephson junction [504]. Since
it is convenient to follow the notation adopted in these studies [505], we change the variables as

follows,

0 =20, TE\/%[(t—ti)—Z}, w \/Lpr, QE\/gtf, v M (4.57)

p

Thus, the equation of motion becomes,

1.
O+ é@ +sin © = ycos(wT) . (4.58)

Our equation coincides exactly with that of the forced pendulum or Josephson junctions. The

generic phase-locked state solution to the above equation has the following form, when v ~ 1,

o0
O(7) = O + nwt — Z Oy sSIN(MWT — Gpy) (4.59)
m=1
where n and m are integers. In the numerical calculations we performed only the phase-locked
states with m = 1 appear. In such solutions the period of the amplitude modulation is equal to

that of inflaton’s oscillation. Hence the solution to our equation of motion is of the form,

O =0, +n(wr —¢) — asin(wr — @) . (4.60)

For these solutions, we can calculate the baryon number density ng as the time average of 6.

From this we arrive at the following,
= 620) = \[2620) = | B = (ut) (461)

Interestingly, this result depends on the integer n, where n/2 is the number of rotations of the
phase 0 per oscillation of the inflaton. The value of n depends on the validity of the phase-locked
state and its stability. This is not a number which is predicted by the theory and hence we
must determine it using numerical simulations. Although, the approximate solution derived in
the previous section can provide an approximate value for n, which is found to be surprisingly

consistent with numerical calculations.
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4.4 The Generated Asymmetry Parameter

Combining the entropy density at the end of reheating and the analytical expression for np

derived in Eq. (4.61), we obtain the following relation for the asymmetry parameter,

2
eh  MB wo:

= — ~0.01 . 4.62

B 5 n X <Tr?i1> ( )

This relation needs to be consistent with the observational constraint presented in Eq. (4.14).
At the end of reheating, there is no further generation of baryon number, but for reheating
temperatures greater than ~ 100 GeV, sphaleron redistribution must be considered [214, 440,

506]. This redistribution leads to a dilution factor of 28

%5, and hence the required asymmetry

parameter at the end of reheating is,

79
nieh = g/l = 24 % 10710, (4.63)

The rough analytical expression that we derived, is found to be a good approximation for large
values of n. By comparing these two solutions we can get an approximation of the parameter
n. Combining Eq. (4.52) and Eq. (4.62) we obtain,

A2

n~2 ,
12

(4.64)

which must be greater than one if driven motion is to be observed. For values of n of O(10)
and greater, the approximate solution is in good agreement with numerical simulations, which
is likely due to the consistency of these n values with the assumptions used. In this mechanism,
large values of A are naturally required to produce driven motion, which we shall address in
future work. We also require high reheating temperatures for the numerical simulations to be
valid, although this can also be seen when substituting the SSC into Eq. (4.64),

2

T
na~2x10712 GevV! Th : (4.65)

where a large reheating temperature is required for driven motion. It would generally be ex-
pected that the cutoff scale A would be of order of the Planck scale, such that the derivative

coupling interaction term is valid near the beginning of reheating.

4.4.1 Conversion to Standard Model Particles

So far we have identified the baryon number density np with that of the scalar baryon, implying

np(scalar) = qﬁ?ﬂ However, the actual baryon number density in our universe is made up of
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fermionic matter. Therefore, the baryon number density of the scalar baryon must be converted

to that of fermionic baryons. There are multiple ways to accomplish this conversion.

If we insist on using SM fields directly for the scalar-fermion conversion, we require SU(3)¢ X

SU(2)r, x U(1)y x B invariant interactions.

The simplest and most realistic model may be to reinterpret the baryon number associated
with the scalar as lepton number, and introduce the lepton-number preserving dimension four
interaction,

ALing = yr¢ ' virr + h.c. (4.66)

which describes the decay of the complex scalar lepton into a vrrg pair. This same interaction
can be used to generate a large Majorana mass for vz, when ¢ obtains the vacuum expectation
value, (¢) = ¢,/v/2, with this leptonic scalar being a component of the neutrino mass generating
model known as the seesaw mechanism [507-509]. The lepton number generated via the decay
of the complex scalar can then be converted to baryon number through redistribution by B — L

conserving sphaleron processes [207, 217], as in the usual Leptogenesis scenarios [510].

Alternatively, one could introduce the following dimension six interaction between the scalar
and fermionic baryon number currents,
1

N 1 _
AL = p(gz)* Oud) g(m“u + dy'd) (4.67)

where u and d are four component Dirac fields. Identifying the charges carried by the scalar
and fermionic currents requires the existence of a term in the interaction Lagrangian which
would lead to both the ¢ and the quark fields transforming at the same time, which we will

not show explicitly here. Rewriting the scalar baryon in the polar coordinate parametrisation,

¢ = ﬁ@eie, and ignoring the spatial dependence of 6§ we obtain,
2 . 1
AL = —150 g(uTu +dld) , (4.68)

such an interaction term has been utilised in previously considered Baryogenesis scenarios [503].
This term is analogous to a chemical potential coupling to the baryonic current, shifting in

2
favour of matter or antimatter, where pup = —%.

4.5 Conclusions and Future Prospects

In this chapter, we have considered a new Baryogenesis mechanism that acts during reheating,
which takes its inspiration from the ratchet models of molecular motors in biological systems.

The mechanism we propose here is found to produce driven motion in an analogous framework
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to that found for a forced pendulum, in which the driving force is supplied by the oscillation of
the inflaton, the position of the motor is embodied in the phase 6 of a complex scalar baryon
field, and the required breaking of the reflection symmetry is realised via the coupling of the
inflaton to the scalar baryon. The push out-of-equilibrium comes from the reheating epoch
itself. In our analysis, we find a rigorous solution which is dependent on an indeterminable

parameter n,

2
et & 0.01n x <”‘§> : (4.69)
Trh

The issue with this solution is that the parameter n must be determined using numerical cal-

culations. This can be bypassed by considering the approximate solution we derived,

A 4 2
¢g ~ 0.1 Or ,
ply AT,

nih & 0.02 (4.70)
which is in good agreement with numerical simulations for n > 10. Using these relations we
found that it is possible to replicate the observed baryon asymmetry. We were also able to find an
estimate of the parameter n through comparing the approximate and rigorous solutions, which
allows a more targeted approach at testing the allowed parameter space with the numerical

methods.

Although, in order for this to be achieved a very unnatural choice of the coupling A must
be chosen. This issue can be alleviated by a change in the scalar baryon potential we have

considered, which shall be discussed in future work.

High reheating temperatures are a generic requirement of our model, which can be seen in the
SSC, but is also a result of difficulties with the numerical calculations when considering reheat-
ing temperatures less than approximately 5 x 10'® GeV. Reheating temperatures greater than
10™ GeV could be a possible issue due to the over production of gravitinos, if one considers a su-
persymmetric theory [511-515], but we do not consider this an issue in our non-supersymmetric

scenario.

We have made the simplifying assumption of a uniform isotropic universe and as such have
ignored the spatial dependence of the scalar fields ® and ¢, and consequently that of the phase
f, in our analysis. In reality, as the universe expands, different parts of the universe will lose
causal contact with each other, possibly leading to the evolutions of ® and € obtaining spatial
dependencies. More work needs to be done to see how much of an impact, if any, this can have

on the baryon number density generated.

More analysis needs to be done on the possible chaotic nature of this mechanism, given its
parallels with the forced pendulum. Preliminary work into the Poincare maps associated with

the nature of this scenario have been conducted, and will be discussed in future work. Also,
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a further refinement of the numerical procedure needs to be considered to see whether lower

reheating temperatures, corresponding to longer integration times, can be calculable.

Hopefully, through further investigation of this mechanism we can get a better understanding of
the allowed regions of the parameter space. We also plan to explore the application of the ratchet
mechanism in other cosmological settings, for example during the radiation epoch following the

end of reheating.



Chapter 5

Gravitational Waves and the Cosmic

Neutrino Background

The Cosmic Neutrino Background (CvB) contains information from very early times which may
help illuminate both the properties of the neutrino sector and the evolution of the universe.
Unfortunately, the weakly interacting nature of neutrinos combined with the low temperature
of the background today, makes the prospect for detection near impossible in the foreseeable
future. Despite this, in the early universe, the dynamics of the CvB could have had significant
effects on the evolution of the universe. The prospect of gleaning indirect evidence of the CvB
is to be explored in this chapter, through considering the possible implications for gravitational
wave propagation. Given the dawn of the new era of gravitational wave astronomy, this is an

exciting possibility.

We argue that a CvB that carries a non-zero lepton charge develops gravitational instabilities,
which are fundamentally related to the mixed gravity-lepton number anomaly. In the presence
of this background, we find that a gravitational Chern-Simons (CS) term is induced, which
leads to interesting physical effects. Firstly, gravitational waves propagating in such a neutrino
background exhibit birefringent behaviour leading to an enhancement or suppression of the
gravitational wave amplitudes, depending on the polarisation, with the magnitude of this effect
related to the size of the lepton asymmetry. Secondly, this modification can lead to negative
energy graviton modes in the high frequency regime, which induce very fast vacuum decay
that produces, for example, positive energy photons and negative energy gravitons. Both of
these effects can provide bounds on the lepton asymmetry of the universe, and hence probe the

dynamics of the early universe [5].

82
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5.1 The Cosmic Neutrino Background

Along with the CMB, the existence of the CvB is an inescapable prediction of the standard
hot big bang cosmology [516]. At early times in the universe, the neutrinos are in thermal
equilibrium with the SM plasma through the weak interactions alone. As the cross sections for
these interactions are small compared to electromagnetic processes, the neutrinos will fall out
of equilibrium well before the first generation of charged SM species. As given in Table 1.3,
this occurs just prior to BBN, at around 2-3 MeV - with there being a temperature range due
to the different decoupling times for each neutrino species. This is due to the additional weak
interactions between electron neutrinos and the electrons and positrons present in the primordial
plasma, which are not present for the muon and tau neutrinos because at these temperatures
the population of charged muons and taus is thermally suppressed. The CvB is assumed to
be a highly homogeneous and isotropic distribution of relic neutrinos with the characteristic

temperature,
1

4 \3
T, = <11) T, ~1.945 K, (5.1)

where T, = 2.725 K is the temperature of the CMB today. Unlike the CMB though, the CvB is
extremely hard to detect and its properties are largely unknown. The reason for the difference
between the temperatures of the CvB and CMB, despite both sectors evolving as radiation for
most of the cosmological history, is the extra entropy injection produced by the electron-positron

annihilation dominantly into photons, which occurs after neutrino decoupling.

The physics of the generation and evolution of the CvB has been a closely studied area due to the
window it could provide to early universe physics [517-519]. One interesting characteristic of the
CvB is that it may exhibit a neutrino-antineutrino asymmetry. Unlike the baryon asymmetry
which is strongly constrained, the CvB asymmetry can be relatively large. The associated lepton

asymmetry is defined as follows,

Ny, — (I -~ 7T2 fi
mo =Mt s Fs (6 5) 5:2)

for each neutrino flavour o = e, p, 7. Here £, = uqo/T is the degeneracy parameter, p, being
the chemical potential for a-neutrinos. In fact, such an asymmetry is generically expected to be
of the order of the observed baryon-antibaryon asymmetry, ng = (np —fig)/n, ~ 10710, due to
the equilibration by sphalerons of the lepton and baryon asymmetries in the very early universe,
which conserve B — L. However, there are also models [520, 521] which predict an asymmetry
in the neutrino sector that is many orders of magnitude larger than np. If so, this would
have interesting cosmological implications for the QCD phase transition [522] and large-scale
magnetic fields [523]. There have been attempts to circumvent the sphaleron redistribution

constraints in such scenarios [520], which include the possible suppression of the equilibrium
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sphaleron processes when the lepton asymmetry is very large, £ > 1 [524]. The presence of a
large asymmetry can alter the cosmological expansion history, as it changes the effective number
of relativistic species Nqg, due to the increased energy density in the neutrino sector associated

with a non-zero neutrino chemical potential. That is,

30 (&\* 15 (&))"
ANgg ~ — | = — (= , 5.3
which can be constrained by measurements of the CMB.

The most stringent bound on the relic lepton asymmetry comes from the successful theory of
BBN. The BBN observables primarily constrain the electron neutrino asymmetry, due to the
implications of a large electron neutrino asymmetry on the helium abundance [516, 525-538].
However, this bound applies to all flavours, since neutrino oscillations below ~ 10 MeV are
sizeable enough to lead to an approximate flavour equilibrium before BBN, pe =~ 1, = pir (= 1)
[539-541]. Although it has been found in a recent analysis that larger 7,, ., asymmetries may
be allowed [542]. In any case, the updated analysis in [536] leads to the following bound on the
common degeneracy parameter,

1€,] < 0.049 . (5.4)

The lack of strong constraints on the size of the relic lepton asymmetry has led to the postulation
of many ideas associated with the prospect of having a large asymmetry, and mechanisms that
can generate it, while not being in conflict with BBN constraints [542]. If it would become
possible to observe the size of the asymmetry this would then be a potential smoking gun for

these unorthodox particle physics models [450, 521, 543-555].

The experimental observation of neutrino oscillations demonstrates that the neutrinos must
carry mass, but the mechanism for the origin of these masses is not explained within the SM,
and is still unknown. An interesting possibility is that the SM neutrinos have Majorana mass
terms,

1
Ly = im,,DEVL , (5.5)

where no right-handed neutrinos are present. In this scenario, the SM exhibits a mixed gravity-

lepton number quantum anomaly.

If the neutrinos have Majorana masses, as we assume in this chapter, then the cosmological
leptonic asymmetry carried by the CvB is defined as the difference between the left-handed
neutrinos and right-handed antineutrinos [544, 556]. Due to this Majorana mass term, which
violates lepton number, the relic neutrino asymmetry would be expected to be washed out once
the mixing process becomes important. This would occur when the mixing timescale becomes
smaller than that associated with the spatial expansion % This means that at very early times a

large Majorana neutrino asymmetry could be present and consistent with current observations,
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assuming that the rate of lepton number violation is such that it is sufficiently washed out before

the freeze-out of equilibrium sphaleron processes.

5.2 Gravitational Waves and the Graviton Propagator

The recent observation of gravitational waves from black hole merger events by the LIGO
collaboration [314], signals the beginning of the new era of gravitational wave astronomy [315,
316]. An important feature of upcoming gravitational wave astronomy experiments will be the
ability to differentiate polarisations, hence allowing the exploration of possible astrophysical
and cosmological birefringent effects. These can be the results or signs of very interesting
physics [557-560]; including CS modified gravity theories [561, 562]. Future gravitational wave
detectors, such as eLISA [322, 323], will be able to probe the polarisations of incoming signals

from astrophysical sources.

5.2.1 Linearised Gravitational Waves

In order to obtain predictions associated with gravitational wave production and propagation
we utilise the linearised gravity approach. Gravitational waves can be described as small pertur-
bations around a general spacetime background. The assumption of a small amplitude allows
the higher order terms in h, the metric perturbations, to be neglected, removing non-linear
interaction terms - producing the linearised gravity description. The metric perturbations are

defined as follows,
1

Juv = gul/ + ﬁphuu ’ (56)

where h,,, is the metric perturbation and satisfies |hy,| < M, , and M, = 1/v/8nG is the

reduced Planck mass. In the linearised approximation, the Einstein-Hilbert action becomes,

M2
Sp = /dx‘*Fg 7”}2
1 1
= / dz*\/—g <2hWDhW — 0" 9o h"® + hO, 0 hH — QhDh) (5.7)

1 _ _
=3 / da\/=g h,, OB (5.8)

where in Eq. (5.8) we have taken Ay, = hy, — %hnwj and assumed the harmonic gauge, 9,hl; =

%&,B. The graviton coupling to matter is of the form Li,; oc R*VT},, .

From this action we can derive the propagator for the graviton. In this chapter, we wish to
consider the alteration to the graviton propagator in the presence of an asymmetric CvB. We

shall do this by calculating the graviton polarisation tensor, which is connected to the graviton
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action in the following way,

1

Sa 5

/dm4\/—g R 1L p0 P (5.9)
where I1,,,,, is the graviton polarisation tensor.

The graviton h can be split into circularly polarised planewaves - hg and hy, - in an isotropic
and homogeneous universe, similarly to the quantised U(1)x gauge boson in Chapter 3. This

shall be useful for our analysis of birefringent effects in this chapter.

Gravitational waves can have many sources, with both present-day and primordial origins of
interest. The recent measurement of black hole mergers is an example of present-day sources that
correspond to very high energy scenarios. Cosmological sources may include phase transitions
in the early universe, which can produce a stochastic gravitational wave background. Also,
inflation generates tensor modes that can imprinted on the CMB in the measured B-mode

polarisation.

5.3 Graviton Polarisation Tensor in a Lepton Asymmetric CvB

In what follows we wish to consider the possible observational implications of a lepton asymmet-
ric CvB on the properties of gravitational waves, and the possible inducement of gravitational
instabilities. A non-zero lepton asymmetry for active neutrinos implies an imbalance between
neutrinos of left-handed chirality and antineutrinos of right-handed chirality, and as we shall
demonstrate, leads to the inducement of the gravitational CS term in the effective gravitational
action. The possible effects of a large lepton asymmetry on primordial gravitational radiation
has been considered in other contexts [563], and gravity has also been utilised to produce a relic

neutrino asymmetry [564].

To determine the implications of a universal lepton asymmetry on gravity, we want to consider
the effects on the graviton propagator. To do this we shall consider the presence of a chiral
chemical potential u,,, which parametrises this asymmetry, and the gravity-lepton number chiral
quantum anomaly. This anomaly is present in the SM when considering Majorana neutrinos;
due to the absence of right-handed neutrinos. In this scenario we can expect an induced parity
violating contribution to the gravitational action, which can be found through calculating the

contribution of the chiral chemical potential to the graviton polarisation tensor.

We calculate the inducement of the CS like term to the effective graviton Lagrangian through
the 1-loop graviton polarization diagram depicted in Figure 5.1, which is influenced by the
chemical potential p,. The lepton asymmetry is enforced in the Lagrangian through the chiral

chemical potential by the following term, £, = vhySv = p, Y9y v, where we have considered
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the frame in which the CvB is at rest (J = p,70). The neutrino propagator is altered as follows,

[e.9]

S0 / S () =se+ Y se . 610
n=1

:p—m—}ﬁfy5:p—mn:0 p—m

where Sp(p) is the usual fermion propagator in vacuum.

p+k

FIGURE 5.1: The 1-loop correction to the graviton propagator that is relevant in the parity
violating background.

In the calculation that follows, we shall use the standard Feynman rules [565, 566], with the

above modified neutrino propagator to first-order in p,, S(p) = So(p) — iuyﬁ’yofyg’ }é—im‘ The
higher order terms in b, or u,, are neglected because we are only interested in the linear terms
in b,,, which give the CS like term. Thus we find that the induced parity odd part of the graviton

polarization tensor is,

4
o =~ [ (jjgmp B Cpt K)o [Trms()(p B35 (0) (5.11)
TS B 0+ )] (5.12)

To evaluate the divergent loop integral in Eq. (5.12) we employ the dimensional regularization

method (d =4 — ¢, ¢ — 0) and use the relations provided in Appendix C. This gives,

1 2y27€ 2

My o 4T\ k

0 po :—87T2k E’WO/O dx [ Ve ] [8332(1 —2)%(1 - 2x)2WI’(1 + )k kg
+ (2422 — 44z +18)T(e — 1) M1 — 1622 (1 — 2)*T()k*10

— (80z* — 19223 + 15622 — 50z + 5)11(6)1431,/%} , (5.13)

where M? = m? — x(1 — z)k? and the limit ¢ — 0 is assumed. In simplifying this result we find

a divergent quantity that is of the following form,

A 1
H,(f%; = _E o2 kagppa(]anzxo ) (5.14)
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where v is Euler’s constant. A straightforward inspection reveals that this divergent term
does not satisfy the gravitational Ward identity, k”H,%ZC), # 0, and hence violates the gauge
invariance of the effective gravitational action. This has also been observed previously in related
calculations [567, 568]. The origin of this violation is rooted in the method of dimensional
regularization, which violates local Lorentz invariance explicitly through the extrapolation to a
non-integer number of spacetime dimensions d = 4 — e. Therefore, following the standard lore,

we introduce non-invariant counter-terms to renormalise away this unphysical divergent term.

The polarisation tensor then takes the following simple form,
Wpo = e ppaok® kuke — E2nue]C(K?) (5.15)

where

oy _ L m? 2 _ 2 12¢an—1 V2
C(k*) = 10272~ T6m2(k2)2 N 4m? — k2 tan T . (5.16)

This further reduces to,

1 k2 22
— , ifk*/m* <1
C(k?) = 19207“" m / : (5.17)
if k2/m? > 1

192727
From this polarization tensor we can determine the induced parity violating term in the effective

action. We shall now investigate the two possible limiting cases separately.

In the limit ¥%/m? < 1, this term reads,

2
v

Sepp o L2 / A4z paoh O O(Oh* 0y — 0,0.h7) | (5.18)
m
In the case of the harmonic gauge, taking h*¥ = h*¥ — %n“”h, for which 8,]#” = 0, the action
reduces to,

S 'u’;/d‘lxaupagh“”@aDthnW . (5.19)
ml/

Note that this induced term contains more than two derivatives and thus is significant only in

the ultraviolet regime. Indeed, taking the harmonic gauge we derive the modified equation of

motion for the linearised graviton field,

. 1
Ohsj

LN ) 5.20
192072 M zarz — (5.20)
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The dispersion relations for left (—) and right (4) graviton polarisation modes then readily
follow from Eq. (5.20),

My
(w* = k*) ¥

—r _|k|(w? - |k*)?=0. 21

One can then see that for large enough momenta |k| there are modes with imaginary frequencies,

~ 1920m*mg M}

2 2
w” — |k|7) = ,
T

(5.22)
which are unstable. Such potentially unstable modes, however, have extremely small wave-
lengths,

192072 M}

k| 2 (5.23)

v

In this trans-Planckian regime, the Einstein’s theory itself is believed to be untrustworthy, so

we do not consider this limit any further.

It is more interesting to consider the opposite limit, £2/m2 > 1. In this limit we obtain the

following contribution to the graviton action,

Hy 4 v aa o o
Seff - _1927.‘-2 /d xE,UPOthH 0 (th Nve — &/aohp )

P / dz KO (5.24)

T 4872

which contains the same number of derivatives as the standard kinetic term in the weak field ap-
proximation. In fact, K is the linearised Oth component of the four dimensional CS topological

current,

, 2
KP = gbor (19 9,17, — §rgpFZArﬁa) . (5.25)

Therefore, the presence of an asymmetry in the CvB replicates CS modified gravity,

Scs = / d'z (0,0)K" = / d'z (*RR) , (5.26)
where we can make the identification dgf = 4’8‘$ and,
*RR:= RR = *R“VPUR”MM , (5.27)

where the dual tensor is given by *R',”7 := %5”"0‘6 R”Wﬁ .

This is the expected result in a parity violating background, and is found in both gravitational

and electromagnetic cases [566—-577].
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5.4 Chern-Simons Modified Gravity and Observational Impli-

cations

CS modified gravity is an area of active research due to it naturally appearing in the context
of anomaly cancellation in String Theory, via the Green-Schwarz mechanism [74], and in Loop
Quantum Gravity, as well as providing many interesting phenomenological implications [561,
562]. It is also a useful model independent way of parametrising parity violating effects in the
cosmological setting. This modification to the gravitational action is analogous to the CS terms
associated with the Green-Schwarz mechanism utilised in Chapter 3, but with the Riemann
tensor replacing the field strength tensor. There are many potential observational consequences
of this extension that have been explored, from which limits have been imposed on the CS

coupling parameter.

The terms added to the gravitational action for CS modified gravity are given below,

Scg o / d*z/—g0*RR , (5.28)

where k = 1/87 G, and 6 denotes the CS coupling, which we have assumed to be a non-dynamical
CS extension. In the case of a dynamical CS extension, a kinetic and potential term for 8 are
required,

Sp o / d*z/—glg" (V0,)(V6,) + 2V (0)] . (5.29)

Although, experimental tests of CS modified gravity have been mostly confined to the non-
dynamical scenario [578-581]. This is due to the increased complexity associated with the
dynamical case, which has not been explored as extensively in the literature. Fortunately, the
case we consider in our work is of the non-dynamical type, and hence we can consider the effects

that have been explored in this simpler scenario.

An interesting phenomenon associated with CS gravity is birefringent propagation of gravita-
tional waves. The CS correction leads to an exponential enhancement and suppression of the
left and right circularly polarised waves, which depend on the wave number, CS coupling and

the integrated history of the propagation [562].

5.4.1 Birefringent Propagation through an Asymmetric CvB

Planned gravitational wave detectors, such as eLISA, DECIGO and BBO, can potentially mea-
sure the polarization of observed gravitational waves, and hence potentially this birefringence

effect. We now wish to consider the magnitude of the birefringent effect induced by the CS
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term in Eq. (5.24), and determine the possible sources that could be constrained by this ef-

fect. To this end, we parametrise the gravitational waves as, h;; = i exp[—i(o(n) — k - x)],

a(n)
which can be decomposed into the two circularly polarised states - ef} and ez-Lj. The two pos-
sible circularly polarisgd states are, e/l = %(eg +ie;;) and el = %(ejj —ie;;), which satisfy
nis”kez’L = i)\R,L(e{)R’L, where Ar; = £1. The phase factor Ar leads to exponential

suppression or enhancement of the left and right circular polarisations of the the propagating

gravitational waves, the magnitude of which we shall now calculate.

From the equations of motion for the action S = Sgg + Scs¢ we obtain, for a general 6 [582],

] AR, LK,
(105 + (O55)" + My + H? = [KP?) <1 - )

izno K|

= g (O = 2HO ) (0" = iH) - (5.30)

We first solve the above equation assuming propagation in the matter dominated epoch, a(n) =

agn® = 1‘f£Z, as we are considering sources within the range of possible near future observatories
- 2 < 30. The accumulated phase over propagation, to first order in 6, is given by,
RL _ . I 1. 1dp
A¢mat = Z)\R’L|k|HO . 1977)7] — 50777 F . (531)

2
In the case considered in this work, we make the following identification 6 , = (‘2((2;)))) A‘&ﬁ‘fow ,
p

where pg = a(n)u, is the chemical potential at present. Thus, for the asymmetric CvB,

. 1 /"LVHO ’k|
AL — _ 1+2)*. 32
Omat = ~logg M2 <1 Gev ) 17 (5:32)

Hence the ratio of the wave amplitudes of the two polarisation states is given by,

hit o o286l (5.33)
L

Taking into account the current bounds on the CvB asymmetry parameter, £ < 0.049, we find
liApfl| < 10787 (1 E}(LV>, for z ~ 30. This accumulated phase difference is too small to be

observable by any conceivable gravitational wave detector.

This leads us to shift to the more interesting scenario, which is the propagation of gravitational
waves from sources in the very early universe. The effect would be thought to be of a higher
magnitude because both the chemical potential would have been larger and the waves would
have a longer propagation time over which a phase difference can be accumulated. Conceivably,
any early universe sources could provide constraints, if the two polarisations of the signal are

differentiable. Some examples of this would be the inflationary gravitational waves, and those
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produced by collisions of bubbles formed during phase transitions. Therefore, we now consider
gravitational waves produced at very early times, during the radiation dominated epoch. The

accumulated phase now reads,

K| tr 1, 1dn
AR =ixp | /[0 ] ] 5.34
d ) QLOHOQ 0 2 iyl ,’7 51 7,]2 ( )

where Q9 ~ 9.2- 1077 is the radiation density parameter today. After taking the integral we
find,

AL~ —ixp € [ L\ (5.35)
rad = ORIV TGV ) \1TeV ) ‘

where we have redefined the redshift in terms of the temperature at which the gravitational

waves are produced, Ts, or when the asymmetry is generated, whichever is lowest.

From Eq. (5.35), it can be seen that if an asymmetry is present in the CvB, which equilibrium
sphalerons transitions may assure, then it is possible to get significant birefringent behaviour in
the propagation of gravitational waves from primordial sources, depending on the momenta |k|

of the gravitational waves and size of the asymmetry.

If one is to assume that the characteristic momenta of the gravitational waves is of the order
of the Hubble rate at the time of production (|k| ~ H), and the asymmetry is already present,
then we get the following interesting constraint on the gravitational waves produced from the

source, at a temperature Ty,

. T, \°
poltt = ity (e ) (5.30

hence very early sources and large asymmetry are required, if a relative enhancement or sup-

pression of order one is to be observed.

5.5 Induced Ghost-like Modes and Vacuum Decay

Another interesting consequence of the induced CS term in Eq. (5.24) is that short-scale gravi-
tational fluctuations exhibit negative energy modes, which if present lead to a rapid decay of a
vacuum state, for example, into negative energy graviton and photons [581]. Since in this set-
ting the graviton energy would not be bounded from below, the phase space for this process is
formally infinite [583, 584], and as such will develop very rapidly. We investigate the production

of two photons and a negative energy graviton via this process, to provide constraints on the
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neutrino asymmetry at early times. The relevant effective interaction is of the form,

Sin ~ d4 peanuy
t My / Z uv
1 1
= / d%ihc‘mFWF’“’ — WSS FHOFY (5.37)

e

where the canonically normalised graviton field is hff;” = mcanhfﬁ,", with the definition,

k
Mean = Mp 1+ )\R,L | | ’ (538)

amcgs

where mcg is the analogous CS mass scale,

My _ My _ ahMy (5.39)
My fT Ho

mes(t) =

5.5.1 Photon Energy Spectrum from Induced Vacuum Decay

To obtain a finite result for the decay rate we need to constrain the phase space. In the absence
of a fundamental physical reason for such a truncation, we follow [583, 584], and simply cut-off
the three momenta at |K|ynq = A. In the analysis that follows, we consider decays into this
mode as it will have the largest contribution to the energy density of the generated photons. In

addition, we take the reasonable approximation,

ks,
Mean =\ |L“ : (5.40)

and consider the dynamics of our scenario prior to BBN and after reheating, when the universe

is radiation dominated and evolves as follows,
1/2
a(t) = agV't = 1/2Q,; Hot (5.41)

where Q9 ~ 9.2-107° is the radiation density parameter today.

The time at which this ghost term is no longer present will be defined as ¢, and is found in

terms of the scale factor as,

A Lo &, T A
T — )~ B2 ty) ~ , 5.42
ey < )= er et =240 (5.42)

where T, is the temperature at which the ghost terms stop contributing.

This fixes the time at which the ghost modes no longer exist, and decay of the vacuum ceases.

We can reinterpret this as a temperature, so that it is possible to associate this with the maximal
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reheating temperature, and also ensure it does not have adverse implications on BBN. If we
assume that the asymmetry is produced during or after the reheating epoch, and prior to BBN,
the scale factor has a % dependence, if we ignore the decoupling of radiation degrees of freedom.

The scale factor takes the following form,

a(t) ~ (909“70)‘t VHoMy (5.43)

o\ g*n? T ’

where ¢g* ~ 106.75. Equating Eq. (5.42) and (5.43) to find the temperature at which this effect

1
7 ([0 HoM\ © [0,
’ gm? &2 A

~ 44;’ GeV % (5.44)

ends, we find,

Given that the maximum reheating temperature is T}, ~ 10 GeV, Eq. (5.44) implies we
. . . . e —o5 M,
can constrain the production temperature of neutrino asymmetries satisfying &, = 2 - 10 25T”,
with smaller &’s not generating ghost like modes after reheating. We also assume here that
¢ is approximately constant, and hence is the same parameter currently constrained by BBN

measurements, in the calculation of the lepton asymmetry stored in the CvB.

Next we compute the spectrum of photons generated by the induced vacuum decay, and then
subsequently the energy density, which can be constrained by experiment. It is given by,

1d k
E%(a%(z@,t)) =T9 <‘A’ — > , (5.45)

where n(k,t) is the number of photons per unit logarithmic wave number |k| and I" is the total

decay width, which we take to approximately be,

AS a(t)A®  a(t)?A°

I~ = =
mgan ’k‘ul/ Ko

(5.46)

Since the above decay rate is much faster than the expansion rate of the universe, we may safely
assume that the decay is approximately instantaneous. Therefore, we fix the scale factor in Eq.
(5.46) at time t,, when the asymmetric background is first produced. We then integrate Eq.

(5.45) between the time ¢, and when the ghost terms are no longer present, t.,

a(ts)?AT,

[k (JK[) ~
5 Ho

(5.47)
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Taking into account the dilution factor due to the expansion of the universe since the end of

3
photon production to today, (a(t*)) = a(t,)?, we obtain,

ao

a(ts)?AT,

[|no(|k|) ~
5 Ho

(5.48)

Therefore, the energy density for a given momenta [K| is,

dE eirs M3 AN\
7 Ok k|) ~ Gy A . 4
Brdn K| [kfro([k]) 1072\ Hy \ M, (5-49)

We can now obtain a bound on the energy density in the produced photons, through the

observation that the universe is not radiation dominated today,

This means we get the following constraint on &, assuming the asymmetry is generated above

the characteristic temperature Ty, when requiring consistency with observation,

T 4/3 /o \17/3
<9.1074(__~2 _bp
sz (e ) () a0

for which it is assumed T, 2> % GeVy/ % Equivalently,

”s T ~2/3 ;A \17/6 5.52)
T, > 10% GeV () <) . 5.5
1015 GeV M,

Thus we arrive at the conclusion that, unless A < M, the resulting photon energy density
from the induced vacuum decay can hardly be accommodated with observation. Substituting
the constraint in Eq. (5.51) into that for the asymmetry stored in the CvB as a function of &,,
in Eq. (5.2), we find the following bound,

T 43 \YT/3
< —41 a p
w510 <1015 GeV> < A > ‘ (5.53)

If we instead assume that T, < 4%/‘22 GeV %, and hence vacuum decay does not occur, then

we get the following constraint on 7,

m < 0.033

~

<2000 GeV)2 M,

— .b4
Ta A, (55)



96

where 7, < 0.033 is the current upper limit from BBN constraints.

5.6 Conclusions and Future Prospects

In this chapter we have argued that a relic neutrino background with non-zero lepton number
can lead to gravitationally observable effects [5]. We have explicitly calculated the parity odd
part of the graviton polarization tensor in the lepton asymmetric CvB, which replicates the
gravitational CS term in the effective action. The observable implications of this were then
explored, wherein the derived gravitational instabilities are related to the gravity-lepton number

mixed anomaly.

The induced CS term leads to birefringent behaviour, causing an enhancement or suppression of
the gravitational wave amplitudes depending on the polarisation. While this effect is negligible
for local sources, we demonstrate that it could be sizeable for gravitational waves produced in

the very early universe,

AL = —ixg e, (X Ly (5.55)
rad = RIS TG0y )\ T Tev ) '

which when considering a source produced with momenta |k| ~ H, with H being the Hubble

rate at the time of production,

. 7, \°
poltt = -ivnsts (e ) (5.50

which immediately indicates the need for very early sources, if interesting constraints are to be

obtained.

In addition to the above, we have also argued that short-scale gravitational fluctuations in the
presence of asymmetric CvB exhibit negative energy modes, which can lead to the rapid decay of
the vacuum state into negative energy graviton and positive energy photons. Since the graviton
energy is not bounded from below, the phase space for this process is formally infinite, that is the
instability is expected to develop very rapidly. Conservatively, we introduced a comoving cut-
off A and computed the spectrum of produced photons as a function of the neutrino chemical
potential. From the constraints on the radiation energy density today, we have obtained an

interesting bound on the neutrino degeneracy parameter,

T 48 \ /3
< 9. —41 a p
5210 (1015 GeV> < A ) ’ (5:57)

which unless A < M,,, would effectively rule out the existence of an asymmetric CvB that is

produced early enough for ghost modes to be present. If we assume there are no ghost modes
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associated with the CvB at any point in the early universe we get the following constraint,

m < 0.033

~

<2000 GeV)2 M,

T - (5.58)

We believe that the findings reported in this chapter will prove to be useful for gaining a
greater understanding of the properties of the CvB, and possibly allow constraints to be placed
on particle physics models containing a lepton asymmetry. Being able to constrain or obtain
indirect measurements of the size of the lepton asymmetry would help illuminate the properties

of the neutrinos and possibly the mechanism for Baryogenesis.

This paper [5] explores the exciting new possibility of using gravitational wave phenomena
to uncover information about the properties of the fundamental particles of nature. It will be
interesting to consider these CvB effects further, and also if similar phenomena could be induced

by dark matter or other potential relics.



Chapter 6

Concluding Remarks and Outlook

The Standard Models of Particle Physics and Cosmology have been highly successful at de-
scribing and reproducing the observed dynamics and properties of the Universe, but they are
incomplete. There are still many mysteries of nature yet to be solved, for which new physics
beyond the standard paradigms is required. In this thesis we have tried to propose solutions for
some of these problems by considering particle physics ideas, specifically in relation to quantum
anomalies, to early universe cosmology. This was motivated by the knowledge of the strong
intertwining of cosmological and particle dynamics at very early times, when the microscopic
dynamics of the fundamental particles directly dictated the evolution of the universe. Through
considering a combination of observables from terrestrial collider searches and cosmological ob-
servables it may be possible to piece together the answers to many of the open questions of our

universe.

In Chapter 2, we proposed a new class of natural inflation models which provided a solution to
the hierarchy problem through a hidden scale invariance realised through the introduction of
a dilaton field [1]. Given the scale invariant symmetry of the theory, the inflationary potential
naturally contains a flat direction in the classical limit, which is lifted by quantum corrections.
Thus inflation can naturally, without fine-tuning, proceed when the inflaton field evolves along
this direction. We find that in the conformal limit, the inflaton potential is linear, which
gives predictions in agreement with observations. Therefore, this model provides a successful
inflationary scenario within which a solution to the hierarchy problem of the Standard Model

can be found.

Chapter 3 presented an unorthodox mechanism for the origin of the matter-antimatter asymme-
try as well as dark matter; one that acts during the inflationary epoch [2, 3]. This mechanism
for cogenesis involved the introduction of an anomalous gauge interaction and sterile fermion to
the Standard Model. The anomalies associated with the new gauge field provided the X charge

violation, and the corresponding counter terms violated C and CP in the cosmological setting,
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while the inflationary epoch provided the push out-of-equilibrium. It was found that this sce-
nario for cogenesis can successfully reproduce the observed values of the baryon asymmetry and
dark matter abundance for the two possible cases considered - gauged B and gauged B — L
charge - for certain parameter spaces. The general mechanism for cogenesis developed here
could be applied to more complex models involving other or extra anomalous gauge symmetries
and additional sterile or non-sterile fermionic states. It is possible that these additions could
lead to a lessening of the parameter constraints imposed by the observed matter-antimatter
asymmetry, through extra contributions to the luminous matter generation. Given that this
model involves the introduction of new gauge bosons and a dark sector to the Standard Model,
this mechanism could have potential avenues for experimental investigation at terrestrial col-
lider searches and direct detection experiments. Therefore, it may be possible to utilise both

terrestrial and cosmological measurements to constrain this mechanism.

In Chapter 4, we presented a model for Baryogenesis during reheating that utilises the Ratchet
Mechanism [4]. We introduced a theory containing two fundamental scalars, an inflaton con-
sistent with the Starobinsky inflationary mechanism, and a complex scalar baryon with a sym-
metric potential; with the two scalars interacting via a derivative coupling. The scalar baryon
potential violates B, and the violation of C and CP is introduced by the derivative coupling
interaction. The push out-of-equilibrium in this mechanism is provided by the reheating epoch,
which is caused by the coherent oscillation of the inflaton in its potential. In order for a non-
zero baryon number density to be produced, driven motion must be induced in the phase of
the complex scalar baryon. The inflaton-scalar baryon system was found to act analogously
to a forced pendulum, with driven motion achieved near the end of reheating for parameters
consistent with the Sweet Spot Condition. This result implied a high reheating temperature as a
generic requirement of our model. Further analysis of this mechanism could provide interesting
cosmological phenomenology beyond the reheating epoch through the decays and interactions

of the baryonic scalar.

Chapter 5 discussed a novel way to utilise gravitational waves to illuminate the properties of
the illusive Cosmic Neutrino Background [5]. We explicitly calculated the parity odd part
of the graviton polarization tensor in the presence of a lepton asymmetric Cosmic Neutrino
Background, which replicates the gravitational Chern-Simons term in the effective action, in the
vanishing neutrino mass limit. The induced Chern-Simons term causes birefringent behaviour in
gravitational wave propagation leading to an enhancement or suppression of the gravitational
wave amplitude depending on the polarisation. While this effect is negligibly small for local
sources, we demonstrated that it could be sizeable for gravitational waves produced in the very
early universe with a momenta |k| ~ H. We also argued that a relic neutrino background with
non-zero lepton number exhibits gravitational instabilities that are related to the gravity-lepton
number mixed anomaly. The induced negative energy modes, lead to a rapid decay of a vacuum

state into photons and gravitons, from which we could derive observational bounds. From the
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constraints on the radiation energy density today, we were able to obtain an interesting bound
on the neutrino degeneracy parameter. We believe that the findings reported in this Chapter
will prove to be useful for further understanding of the properties of the Cosmic Neutrino
Background and allow constraints to be placed on particle physics models that generate a lepton
asymmetry. Being able to constrain or obtain indirect measurements of the size of the lepton
asymmetry would help illuminate the properties of the neutrinos and possibly the mechanism
for Baryogenesis. This work explored the exciting new possibility of using gravitational wave

phenomena to uncover information about the properties of the fundamental particles of nature.

In this thesis, we sought to demonstrate the importance of particle physics in the evolution of the
early universe, and some of the interesting ways in which this could be explored; predominantly
through the consideration of quantum anomalies. Increased investigation into such phenomena,
as well as other particle physics applications to cosmology, will undoubtedly further increase
our understanding of nature. It is clear that this approach, in concert with terrestrial particle
physics phenomenology and experimental searches, is the clear way forward in our endeavour

to understand the fundamental nature of the world around us.



Appendix A

Baryon and Lepton Number
Anomalies in the Standard Model

A.1 Baryon Number Anomalies

The introduction of a gauged baryon number leads to the inclusion of quantum anomalies in the

theory, refer to Figure 1.2. The anomalies, for the baryonic current, are given by the following,

For SU(3)2U(1)3,

A1(SU(3)2U(1)) = Tr[A\*A\°B] = 3 x g (Z Bi— Y Bi> =0. (A1)

left right

For SU(2)?U(1)3,

As(SU22U(1)g) = Trir*r"B] = ° - S Bo = g . (A2)

For U(1)3U(1)p,
A3(U(1)3U(1)g) =Tr[YYB] =3 x 3(2Y3Bg — Y B, — Y Bq) = —g : (A.3)

For U(1)3U(1)y,
As(U(1)3U(1)y) = Tr[BBY] =3 x 3(2B3Yg — BiY, — BjY;) =0 . (A.4)
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For U(1)3%,
As(U(1)s) = Tr[BBB] =3 x 3(2B} — By — Bj) =0 . (A.5)

For U(1)p,
AG(U(l)B) = T?“[B] =3 x 3(2BQ — Bu — Bd) =0 N (AG)

where the factor of 3 x 3 is a result of there being three generations of quarks and three colours

for each quark. The 6? terms are not included in the anomalies.

A.2 Lepton Number Anomalies

When including right handed neutrinos into the SM the quantum anomalies for a gauged lepton

number, or leptonic current, are the following,

For SU(3)2U(1),

AL(SU3)2U1)L) = Tr[AN°L] = ZL ~Y Li|=0. (A7)

left right

For SU(2)2U(1),

A2(SU(2)2U (1)) = Tr[r%rPL] = gLL = g : (A.8)
For U(1)3:U(1)r,
A3(U(3U(1)) = Tr[YYL] = 3(2Y2L — Y2L, — Y2L,) = —g . (A.9)
For U(l)%U(l)Ya
AqU)2U(1)y) = Tr[LLY] = 3(2L3Yy, — LY., — L2Y,) = 0. (A.10)
For U(1)3,
As(U(1)3) =Tr[LLL) = 3(2L3 — L2 - L3)=0. (A.11)
For U(l)L,
Ag(U(1)) =Tr[L] =3(2Ly — Lo — L,) =0 . (A.12)

If the right handed neutrinos are not included in the SM, A5 and Ag will be non-zero. That is,
As = 3 and Ag = 3, where Ag is to the graviton-lepton anomaly.
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A.3 Mixed Gauged Baryon and Lepton Number Anomalies

If these two gauge groups are introduced then the interactions between the leptonic and baryonic

currents must also be anomaly free,

For U(l)QBU(l)La

AUMW%U(1)) =Tr[BBL] =0 . (A.13)
For U(1)pU(1)7,
A(UM)2U(1)g) = Tr[LLB] =0 . (A.14)
For U(1)pU(1)LU(1)y,
AUM) U1 LU1)) = Tr[BLY] =0 . (A.15)

These will only be non-zero if fermions such as leptoquarks are added to the SM. There are
no fermions in the SM which can couple to both a leptophobic gauge boson and a leptophillic

gauge boson.

Some recent models have introduced leptoquarks along with gauged baryon and lepton number
symmetries into the SM [76, 77]. To ensure that these mixed interactions don’t lead to new
gauge anomalies, the number of types of leptoquarks and the quantum numbers they carry are
such that these quantum corrections remain zero. They can also be used to cancel the gauge
anomalies that are also present with these gauge bosons in combination with the SM gauge
fields.



Appendix B

Further Details of Chapter 3

Calculations

B.1 F, Coefficients, Eq. (3.20)

Matching superhorizon modes with the plane waves, we obtain the following relation,

PO (L 250 yr
V2k INESLO N

The Wronskian normalisation implies:

\/7 @010251n(4( + ) + G \/;F(LBQ’“) 2k

Solving the above conditions we find that the coefficients for the Fy modes are,

9= 1 (LHU) (30 9= 5(u+3) (#) =) o

Vrk - (30 k’

Ci =
and

K

o0w2or V ok W2

Oy = re) o —Lﬁ) ("?)4 .
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B.2 F_ Coefficients, Eq. (3.21)

Similarly as above, we obtain the following relations from the matching,

INE=Y (1 - 241<1+mk)ﬁ> B5)

C4 = —— C3 ‘
271(1—ZQ,€)\/7; V2k F(%)

and the Wronskian normalisation,

(B.6)

ViCi [
CF +|Cy* + 2C5e 7 T \2rm ( Ca >=€ : ¢

(1+;'Qk) k 7 ’

These two equations determine the coefficients for the F_ modes,

oo () o

and

F(*=%) VT ey 1
Cy = ST 1—2 - 310, Qe 2 — — T

97 (1=i%) i(5+19k)p(k)F(T) T
(B.8)
where
3 ZQk
93/4 x T
Py = 20 [ome "t [~V | _Re ( ! ) (B.9)
ﬁ 9 4kI’(1+ZQ’“) 92 4k




Appendix C

Further Details of Chapter 5

Calculations

C.1 Dimensional Regularisation Integrals and Useful Relations

The following dimensional regularisation Integrals were utilised in Chapter 5,

) dVp 1 1 [472X2]°¢
i =— I(e) ,
(2m)N (p?2 — m?2)? 1672 | M?

/ dVp 1 1[4 T(1+e)

! 2m)N (p2 —m?2)3 3272 | M? M2

. de Pubv 1 4mA?]° 2

/ @m)N (p2 —m2)2  32n% | M2 M (e =gy

. / d"p _ pupy L i R
= - € Vo
! 2m)N (p? —m?2)3 6472 | M? In

. / dVp  pupvpppo 1 [4mPN?
2m)N (p2 —m?2)3 12872 | M?
Some other useful relations are,

Tr(7#7a7p7,375) = _4i5uapﬂ )
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TT('YM(p +E+ m)7000ﬂ75(p +m)) = 4{5upaﬁ[m2 - p2 — (kp)] — k)\[gaﬂpApu — Eapurbpl}t 5 (C.7)

TT('Yp(p —F+ m)'YuUaﬂ'Ys(? +m)) = 4{5upa6[p2 —m®— (kp)] — k/\[gaﬁpkpu - 5a,3u/\pp]} . (C.8)

Upon taking € — 0 the following are obtained,

1 1
F(14e€)|eso=1, T(€)|eso i v, T(e—=1)]es0 =~ — +v-1, (C.9)
N =4 —2e, (C.10)

4w ° 4\
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