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Dirac equation on Schwarzschild space-time is separated in Eddington-Finkel-
stein type coordinates in terms of spin-weighted spherical angular functions.

1. INTRODUCTION

Tt is well known that the pioneering works treating Dirac equ-
ation on curved space time was realized by Fock and Ivanenko [1].
Subsequently the Diracequation on Schwarzschild spacetime (see f.e. 2])
was treated by Sokolov and Ivanenko [3] and Brill and Wheeler [4]. The

separation of variables was perfected in these works using the standard
Schwarzschild coordinates.

Unruh [5] has obtained approximate analytical solutions to Dirac
equation in the long wave length limit of Schwarzschild background in
the same coordinates. This work was developed in the sequel for Kerr
and Kerr-Newman spacetimes (see for references [6,7]. It is of interest to
investigate the Dirac equation on the interior region of a Schwarzschild
black hole, i.e. forr < r, = 26 M/c?, where M is the mass of a black
hole. This paper deals with the examination of Dirac’s equation in

Eddington-Finkelstein type coordinates [8—10] which permit to make
this.

2. SCHWARZSCHILD GEOMETRY. EDDINGTON-FINKELSTEIN TYPE COORDINATES

Schwarzschild geometry is an empty spaéetime out of a massive
spherical body or a black hole. This spacetime is described by a metric
of the form :

rl!

~1
ds? = (1 - "“) as® — (1 - i) dr? —r*(d6* 4 sin®vde?) 1)
r r '

. where r > 7, = 2GM/c%
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It is interesting to see what is when the metric is considered for
all the values of the radial coordinate r. Then, the solntion. ig singular
for r'= 0 and r = r,. The singularity r = r, is. an. unphysical singularity, -
as one may see no scalar polynomial of the curvature tensor and of the
metric diverge as r — r,. This suggests this singularity is one -which is’
a result of a bad choice of coordinates. We can eliminate this by defim
ing

(£ ) .
1 —-—= ‘ €
r .
and [8.9]
tr — t + T* RS ,,\?;,:’ i (3)

'We shall try to sevparate the Dirac equation in modified Eddington-
Finkelstein coordinate [10]

=14 r*—r (4)

Using coordinates (t’, r, 6, @) the metric takes the form g’ given by

ds? = (-—- ﬁ-) de'z — (1 —{——7—.‘—) - dr? — Te a¢ ar —r2(d 02 4 sin? 0 dg?)
o

r r
(5)
The connection components for our metric are :
' 1 7 1 7, T}
=g M=t (i)
' 1 r T,
%, =— %82 ‘€
11 2 rz( r )1
sz = — ¥g
% = — Ty sin? 0,
1o T, 1 7
) T 1 1 __ £
M- E(1-%) m=-5h (6)
1 7 T,
) S 1 ~8
Th= - 2(1 + ),
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I'; = — sin 6 cosH,
1

8 = ——

13 — ?
r
Fg:; = Ctg 0.
The resting connection coefficients are null.

3. DIRAC EQUATION

One generalizes vy matrices from the flat space-time to funection
of position on space-time manifold and imposes the following condition :

P+ Y =200 (7
The Dirac equation is
. (v Dy — ) =0 (8)
with D, covariant derivative:
D,=2d,— T, (9)
where T, are the Fock-Ivanenko [2] coefficients :
Ty = = o 7w — T) (10)

The v matrices are

r, V2 R s
= (1 — —;‘) v 4 -—i (sin 6 cos ey 4+ sin6singy™® -+ cosBy'®)

12
v = (1 — 1‘-) . (sin B cospg® + sinOsiney™ + cos )
r)]

1
v® =-— . (cos 0 cospy® + cos Bringy?® — sin 0 ®)
r

1
YV —_ _T.STD_B_ . (——Sln CPY(l) + cOS8 CPY(z)) (1])

1 re \ V2
A= - —7‘_ - Yoy

p V2 (’I’ . 5 i
vy = (1 — _r!) ( — : Yo + 8in0 coseyy + sinfsin gy, + cosbyy)

Yo = 7 (cos cosgy,, + cosbsingy, — sinfyy)

Yo = rRing (— siney, + COSPYy)

x

Pt
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where v and are the well-known y matrices for flat spacetime which
satistfy '

YO - YO = 3900 — diag (1, —1,~1, 1) a2)

It is straightforward to calculate the I“; coefficiehts, which are as
follows s -

' = — f‘—z (sin-ﬂ cis @y L sin 6 sin oY Ov@+ cos By@y®)
r
B . .
I = f; (1 - '.,_") (sin 6 cos ey + sin O sin ey@y) 1 cosBy03)
1 e\ S @vDy® L §in ov(@y3 |
n=-(1-(1-= )(cos<p~f< YO 4 sinoy®y®)  (13)

- -(-2))

- 8in 6 (sin 6yv® 4 cos 0 sin gyWyB3) — cosb cospy@y®)
In the following, the Dirac equation is written as

SRS
oo =g )

O N oL (i ..ﬁ,_)f‘@}@m=o

r
R P
We have denoted : . h 3 . '
a® = YO0, (na) = sin 6.cos pa® -+ §in Bsinga® + cos 6  (15)

This equation will be separated if we'll consider the- following solu-
tions : ,

. __G—L G(T)Tem (9, @) . 16
Yokm = rl — 7‘3/1')‘/4 (_ iFk(r) (n d)'ﬂkm(ai cF’)) -
One obtains :
o dG.(r) + (10_ _le %G‘(r) = (i + U-)Fk(r)
dr rop P
| o (17)

aFyr) ( L _&I R = (== + ) 6
dr r p T 9

where g = (1—r,/r)¥2, o E |
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Tf onte sets v : ‘
. Gk(r) - Aefefgln ('—‘-—l) Gt(’r) e, L “ (18)
and ‘ T ;
Fi(r) = eie"l"('_a = Fy(r) (19)
we’ll obtain the same equations as in [5] o
dG(r E o~ R -
o980 L B gy = (24 ) ) (20)
.o dr r \ .7 , ,
- AF(r k e ;
p—il+—JMﬂ=0-+QQm. (21)
dr r. R

where % is a positive or negative nonzero integer, = \k — —;— ‘ - and

[ (1—m +1/2\¥2
(TET/—) Timo12(8 @)
, k>0
l m 1/2\12
(_j;l_-{—j——i—/_) Tl,m+l/2(e, ?)

Tkm = , . L3\ (22)

(=1 , k<0

_(z—m+1/2
\

21 + 1)

1/2
) Tims(0y @)
\ )

with o, as the Pauli marices
0 1 0 —i 1 0 .
Gy = Gy — Gg = 23)
! (1 0)’ 2 (i 0)’ 2 (0 ——1) (

(no) = sin 6 cos ¢aoy +- sin Bs8in o, - cos 0o, (24)

and

4. CONCLUSIONS

We have presented a procedure of separation ‘of variables of Dirac
equation in a Schwarzschild space time in Eddington-Finkelstein coor-
dinates. The solutions obtained are valuable for analyzing the behavior
of Dirac’s wave function inside the events horizon of a black hole.
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