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Abstract. We review recent results for electromagnetic reactions and related sum rules in light and

medium-mass nuclei obtained from coupled-cluster theory. In particular, we highlight our recent

computations of the photodisintegration cross section of 40Ca and of the electric dipole polarizability for

oxygen and calcium isotopes. We also provide new results for the Coulomb sum rule for 4He and 16O. For
4He we perform a thorough comparison of coupled-cluster theory with exact hyperspherical harmonics.

1. Introduction
Electromagnetic reactions have traditionally been a golden tool for studying nuclear dynamics. They

lead, for instance, to the discovery of giant dipole resonances and their interpretation in terms of

collective modes [1, 2]. While a complete body of data has been collected over the years for stable

nuclei, only recently have we begun to elucidate them in terms of first principle calculations. This was

achieved thanks to the introduction of a new ab initio computational tool, obtained from a coupled cluster

theory formulation of the Lorentz integral transform method [3], which we will review below.

The key ingredient to study reactions induced by external electromagnetic probes, such as photons or

electrons, is the nuclear response function. The latter is defined as

R(ω, q) =
∑
f

∣∣∣〈ψf |Θ̂(q)|ψ0〉
∣∣∣2 δ (Ef − E0 − ω) , (1)

where Θ̂(q) is the excitation operator, which will in general depend on the momentum-transfer q and

whose form will be specific to the considered probe. The nuclear response function is a dynamical

observable which requires knowledge on the whole spectrum of the nucleus, being |ψ0〉 and |ψf 〉 the

ground- and excited-states, respectively. The difficulty of studying Eq. (1) lies in the fact that one needs,

in principle, to calculate all the excited states |ψf 〉, including all open channels in the continuum. While

this is possible for two- and three-body problems, starting at four nucleons it can only be done with

restrictions in energy and/or with approximations. To overcome this complication, one can employ the

Lorentz integral transform (LIT) [4] and reduce the problem to the solution of a bound state equation. In

this approach, rather than directly calculating R(ω, q), one computes the following transform

L(q, ω0,Γ) =

∫ ∞

ωth

dω
R(ω, q)

(ω − ω0)2 + Γ2
. (2)
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Here ωth is the threshold energy and Γ > 0 is the Lorentzian width, which plays the role of a resolution

parameter. By using the closure relation one finds

L(q, z) = 〈ψ0|Θ̂†(q) 1

Ĥ − z∗
1

Ĥ − z Θ̂(q)|ψ0〉 = 〈ψ̃|ψ̃〉 , (3)

where we introduced the complex energy z = E0 + ω0 + iΓ and Ĥ is the nuclear Hamiltonian, which

will be taken from chiral effective field theory [5, 6]. The LIT of the response function, L(q, z), can be

computed directly by solving the Schrödinger-like equation

(Ĥ − z)|ψ̃〉 = Θ̂(q)|ψ0〉 (4)

for different values of z. The solution |ψ̃〉 has bound-state-like asymptotic, thus L(q, z) can be calculated

even for A > 3 with any good bound-state method, such as hyperspherical harmonics expansions [7].

Results forR(q, ω) are obtained from an inversion of the LIT and are independent on the choice of Γ [4].

Recently, we have merged the advantage of the LIT method with the mild computational scaling

that characterizes coupled-cluster theory [8] for increasing mass number, obtaining a new computational

tool [3]. In coupled-cluster theory, as originally introduced by Coester and Kümmel [9], the exact many-

body wave function is written in the exponential ansatz

|Ψ0〉 = exp (T )|Φ0〉 , (5)

where |Φ0〉 is a Slater determinant. The operator T , typically expanded in n-particle-n-hole excitations

(or clusters) T = T1 + T2 + · · ·+ TA, is responsible for introducing correlations.

The LIT method in the coupled-cluster language requires the solution of a bound-state equation

(H − z)|Ψ̃R(z)〉 = Θ(q)|0R〉 , (6)

where the right ground-state |0R〉 ≡ |Φ0〉, while H and Θ are the similarity transformed Hamiltonian

and excitation operators, respectively

H = exp(−T )Ĥ exp(T ) , (7)

Θ = exp(−T )Θ̂ exp(T ) . (8)

The solution of Eq. (6) is found as linear superposition of particle-hole excitation on top of the reference

Slater determinant as

|Ψ̃R(z)〉 = R(z)|Φ0〉 = (R1 +R2 + · · ·+RA)|Φ0〉 .
In Ref. [3] we have adopted the most commonly used approximation, i.e., the single and doubles

scheme (CCSD), where T = T1 + T2 and R = R1 + R2 and have successfully benchmarked this

method with exact hyperspherical harmonics on 4He, showing that the CCSD approximation differs only

by 1-2% from the exact result.

Because the computational cost of the coupled-cluster method scales mildly with respect to the mass

number, this theory paves the way for many future investigations of electroweak reactions in medium-

mass nuclei, as it provides an ab initio approach where the continuum is properly taken into account.

2. The photodisintegration cross section
The first observables where we used the power of coupled-cluster theory to address medium-mass

nuclei has been the photodisintegration cross section. In the unretarded dipole approximation, the

photodisintegration cross section is

σγ(ω) = 4π2αωR(ω) , (9)
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Figure 1. 40Ca photodisintegration cross section at the CCSD level [10] compared to experimental data

by Ahrens et al. [12]. Result are obtained with a two-nucleon chiral force [11]. Figure adapted from

Ref. [10].

where R(ω) is the dipole response function, with ω = q for real photons. The excitation operator is the

translationally invariant dipole operator

Θ̂ =
A∑
k

(rk −Rcm)

(
1 + τ3k
2

)
, (10)

where rk and Rcm are the coordinates of the k-th particle and the center-of-mass, respectively, while

(1 + τ3k )/2 defines the projection operator on the Z protons.

By solving Eq. (6) with the dipole operator in Eq. (10) we have been able, e.g., to calculate the

photodisintegration cross section of 40Ca [10] using a realistic two-body chiral potential [11]. Results

are shown in Fig. 1. The width of the blue curve is obtained from various inversions of the integral

transform and constitutes a lower band of the total theoretical error-bar associated to this observable. A

very good description of this quantity with respect to the experimental data from Ref. [12] is obtained

already at this level of approximation in coupled-cluster theory. This result highlights the relevance of

the newly introduced method, which allowed (i) to depart from the classical few-body systems and reach

medium mass nuclei with only little more computational expense and (ii) to obtain, for the first time, a

microscopic description of experimental data in this mass range.

3. The electric dipole polarizability
We now focus our attention on the electric dipole polarizability. The latter is defined as an inverse energy

weighted sum rule of the dipole response function

αD = 2α

∫ ∞

ωex

dω
R(ω)

ω
. (11)

It is well known from the nuclear droplet and hydrodynamic models [13], as well as from density

functional theory [14], that the electric dipole polarizability is correlated with the nuclear charge radius

rch. Thus, it is interesting to see if this correlation is also observed in first principle calculations and the

developed LIT-CC technology allows for such a study.
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Figure 2. αD versus rch in 16O (a) and 40Ca (b). Empty symbols refer to calculations with nucleon-

nucleon potentials only. The red (full) diamonds refer to calculations that include three-body forces.

Details on the potentials used are found in Ref. [15]. The green bands denote the experimental values for

these two quantities. Figure adapted from Ref. [15].

In order to study correlations, one needs a considerable number of interactions, such that results

span a wide range of values both for the polarizability and the charge radius. For this purpose, we take

some of the few realistic nucleon-nucleon interaction and evolve them with similarity transformations.

Fig. 2 shows the correlation of the electric dipole polarizability αD with the charge radius in 16O (a) and

in 40Ca (b). The empty symbols refer to calculations with two-body forces only. They clearly show a

strong correlation between the two observables. On the other hand, one also observes that the use of two-

body interactions only leads to a strong underestimation of the experimental values of both quantities,

denoted by the green bands. When we include three-nucleon forces, by using a variety of Hamiltonians

from chiral effective field theory [16, 17], we obtain the solid diamonds, which still exhibiting a strong

correlation but cluster much closer to the experimental value. This fact indicates that three nucleon forces

are important to obtain a correct description of both observables. It needs to be noted though, that we

have made a specific choice of Hamiltonians, preferring those that provide a reasonable description of the

charge radius. It is well known that other Hamiltonians from chiral effective field theory suffer from and

under-estimation of the radii, which, in the light of Fig. 2, would also lead to an underestimation of the

electric dipole polarizability. In particular, the largest diamond data are obtained with the NNLOsat [17]

potential, which has been fit to reproduce also the 16O charge radius. It is interesting to note that this

constraint enables a correct prediction also for 40Ca.

By studying similar correlations in 48Ca and combining them with experimental information from

electron scattering, we also were able to provide narrow constraints on the neutron skin thickness and on

the electric dipole polarizability [18, 19].

4. The Coulomb sum rule
Finally, we turn our attention to the Coulomb sum rule. With the objective in mind to eventually tackle

neutrino-nucleus interactions relevant for long-baseline neutrino experiments, we initiated a study of

electron-scattering reactions within coupled-cluster theory. Following the work done with the Green’s

function Monte Carlo method in Ref. [20], we first investigate the Coulomb sum rule.

Omitting for simplicity the role of the nucleon form factor, the longitudinal Coulomb sum rule is
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Figure 3. Comparison of CCSD and exact hyperspherical harmonics (HH) computations of f2(q), panel

(a) and |Fel(q)|2, panel (b) as a function of the momentum transfer q using a chiral two-body force [11]

for the nucleus of 4He.

defined as as total strength of the inelastic longitudinal response function as

CSR(q) =

∫ ∞

ω+
th

dωRL(ω, q) , (12)

where

RL(ω, q) =

∫∑
f �=0

| 〈Ψf |ρ̂(q)|Ψ0〉 |2δ
(
Ef +

q2

2M
− E0 − ω

)
, (13)

with ρ̂(q) being the charge operator and q2

2M a recoil term. One possible approach to compute the

Coulomb sum rule is to perform a multipole expansion of the charge operator and then solve Eq. (4)

for every multipole on a grid of q, as was done in Ref. [21]. However, the Coulomb sum rule can be

rewritten also as expectation value on the ground state which is much easier to calculate

CSR(q) = Z + 〈ψ0|
∑
i �=j

eiq·(ri−rj)|ψ0〉 − |Fel(q)|2Z2 = Z + Z(Z − 1)f2(q)− |Fel(q)|2Z2 , (14)

where f2(q) is the Fourier transform of the proton-proton correlation density and Fel(q) is the elastic

form factor [22]. To first compare the CCSD approximation with exact calculation we compare

computations of f2(q) and |Fel(q)|2 with exact hyperspherical harmonics, as shown in Fig. 4 vs. the

momentum transfer. Calculations are performed with a chiral two-body force [11] and show a very nice

agreement between the two methods, proving the CCSD approximation to be very reliable.

In Fig. 4 we finally compare the Coulomb sum rule calculated from coupled-cluster theory for 4He

and 16O with experimental data. Measurements of the longitudinal response functions at low momentum

transfers (q = 200 and 250 MeV/c) are taken from Buki et al. [23], while intermediate momentum

transfer values are collected in Ref. [24]. Unfortunately, no data exist for 16O, so we show data for 12C

taken from [25]. Similar results were also obtained in Refs. [25, 26]. Fig. 4 shows that our calculations

agree quite well with the experimental data. Thus, extensions to heavier nuclei and to neutrino reactions

are promising.

5. Conclusions
We reviewed some of our recent results on electromagnetic reactions and related sum rules obtained from

coupled cluster theory and the Lorentz integral transform. The method has allowed us to surpass previous
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Figure 4. Coulomb sum rule for 4He (a) and 16O (b) from coupled-cluster theory using a chiral two-body

force [11], compared to experimental results from [23, 24] for 4He (a), and from Ref. [25] for 12C (b).

mass limits and paves the way for ab initio studies of neutrino-nucleus cross section. We addressed first

electron scattering observables, such as the Coulomb sum rule, and performed a comparison to exact

calculations and to data. This is essential for any theory that is going to be used to model neutrino-

nucleus interactions.
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