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Chapter 1

Introduction

As far as we know today the dynamics of the fundamental objects of nature is de-
scribed by four kinds of interactions. Three of them, the electromagnetic as well as
strong- and weak force can be described by the standard model of particle physics
(SM) which is a quantum field theory with local (gauge) symmetries. The fourth
and weakest force, namely gravity, is described by Einstein’s theory of general rel-
ativity (GR). The latter is a classical theory, that means not taking into account
the effects of quantum mechanics and up to now it is not known how the quan-
tum completion of Einstein’s theory looks like. The most promising candidates
are string theories, in which the fundamental objects are not any longer point-
like particles but one-dimensional, extended objects, called strings. In this way
string theory provides a natural cut-off, given by the string length, which makes
it possible to overcome the difficulties in the renormalization of quantum gravity.
String theories as fundamental theories have numerous appealing features both,
from a phenomenological, as well as from a conceptual point of view. Originally,
however, string theories were proposed in a different framework. In the 1960’s they
were used to describe hadrons and could explain for instance the observed relation
between the mass and the spin of the lightest hadronic resonances. Later it was
discovered that strong interactions are much better described by a quantum field
theory with gauge group SU(3), called quantum chromodynamics (QCD) and in
which the fundamental objects are point like objects called quarks. It was also
observed that string theories naturally incorporate a massless spin-2 particle in the
spectrum and should therefore rather be used as a description of gravity. Still,
it was conjectured that, since string theories described some features of hadrons
very well, they should in some sense be a dual description to QCD. This duality
conjecture gained some support when people studied the dynamics of D-branes in
string theory. D-branes are solitonic solutions of string theory and correspond to
higher dimensional surfaces on which open strings can end. In the low-energy limit
of string theory, given by supergravity, they correspond to higher-dimensional gen-
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2 CHAPTER 1. INTRODUCTION

eralizations of Reissner-Nordström black holes and their dynamics is described by
gravity, while their string theoretical description is governed by a gauge theory on
the brane world-volume induced by the ends of open strings. It was realized that
the results of calculations done independently in the two descriptions agreed. In
1997 Juan Maldacena then proposed the famous AdS/CFT conjecture. It relates
type IIB superstring theory or M-theory on an AdSd×MD−d, with D = 10, 11 and
M a compact manifold, background to a conformal quantum field theory living on
the boundary of AdSd. Since its proposal the conjecture has experienced enormous
attention and was applied to various problems in gauge- and gravity-theories but
also in condensed matter physics. The appealing feature of the correspondence is,
that the perturbative regimes of the theories on the two sides of the duality are
exactly contrary, making it possible to learn about strongly coupled gauge theory
using perturbative techniques on the gravity side but also to learn about quantum
gravity using weakly-coupled gauge theory. In this way it was possible to gain in-
sight into the dynamics of black holes and learn about confinement in QCD. Being
such a useful tool it is important to know whether the conjecture is actually true.
Since there is no proof yet, the only way to get at least hints on the answer to
that question is, to test the correspondence by comparison of results calculated
independently on the two sides of the duality. This is in general a hard task, since
- as pointed out above - the regimes of validity of perturbative approaches to the
two theories is exactly contrary. There are some special cases though in which
quantities are protected against quantum corrections and therefore the validity of
results for these quantities extends to the non-perturbative regime. Such special
quantities can then be used to test the correspondence. This thesis deals with the
calculation of correlation functions in the AdS/CFT context. Correlation functions
in general and a class of special protected quantities, namely correlators of spinning
folded string solutions will be investigated from the string theory perspective.

In the first chapter we will present the Maldacena conjecture connecting type
IIB superstring theory on an AdS5 × S5 background to N = 4 SU(N) super-Yang-
Mills theory on the boundary of AdS5 and discuss the theories on the two sides
of the duality. Afterwards we discuss the quantization of the type IIB superstring
on the AdS5 × S5 background using a Wess-Zumino-Witten-like non-linear sigma-
model. In the second chapter we discuss the calculation of correlation functions
in general, present the spinning folded string solutions and examine correlation
functions in the AdS/CFT context.



Chapter 2

The AdS/CFT Correspondence

In this chapter, the AdS/CFT duality conjecture as it was proposed by Juan Martin
Maldacena 1998 [1] will be reviewed. The focus will be on the duality between the
type IIB superstring theory on AdS5 × S5 and a N = 4 SU(N) super Yang Mills
theory on the boundary of that space, as this is the best understood example of the
dualities that were conjectured. In order to be able to give a detailed description
of the conjecture, the two sides of the duality will be reviewed first.

2.1 Type IIB Superstring Theory

2.1.1 The Green–Schwarz action

As a first step to understand the AdS/CFT correspondence we will review type IIB
superstring theory on flat space in the Green–Schwarz formalism. The arguments
presented here, follow in parts those in [4] and [6].

We start from the N = 2 spacetime supersymmetric1 string action in D dimen-
sions which was first proposed by Green and Schwarz in 1984, [3].

S = − 1

2π

∫
dσ0dσ1

{√
hhαβΠµ

αΠν
β − 2iεαβ∂αX

µ
(
θ̄1Γν∂βθ

1 − θ̄2Γν∂βθ
1
)

(2.1)

+εαβ θ̄1Γµ∂αθ
1θ̄2Γν∂βθ

2
}
Gµν ,

with

Πµ
α = ∂αX

µ −
2∑

A=1

iθ̄AΓµ∂αθ
A , α ∈ {0, 1} ,

1Note that in principle one can write down a supersymmetric string action for N supersym-
metries in general. However, imposing κ-symmetry requires N ≤ 2.

3



4 CHAPTER 2. THE ADS/CFT CORRESPONDENCE

where Xµ(σ0, σ1) (µ = 0 . . . D − 1) are bosonic worldsheet fields, that map the
worldsheet into the D dimensional target space. θAa(σ0, σ1) (A = 1, 2, a =
1, . . . , 2bD/2c) denote two additional target-space spinorial scalar worldsheet fields.
The index a is that of a spinor in D dimensions. Γµ are the D-dimensional Gamma
matrices that satisfy the Clifford algebra {Γµ,Γν} = 2ηµν and Gµν(X) is the metric
on the target space.

To check whether the given action is a consistent action for a supersymmetric
string we consider the following limits.

• Set θ1 = θ2 = 0. This corresponds to vanishing supersymmetry. The action
reduces to

Sbos = − 1

2π

∫
dσ0dσ1

√
hhαβ∂αX

µ∂βX
νGµν , (2.2)

which is the σ-model action for the bosonic string.

• Discard the σ1 coordinate, such that X(σ0, σ1) → X(σ0), and similarly for
θ(σ0, σ1). This corresponds to the point particle limit. Then the action goes
to

Sp = −
∫

dσ0
√
hh00︸ ︷︷ ︸
≡e−1

2∑
A,B=1

(
Ẋµ − iθ̄AΓµθ̇A

)(
Ẋν − iθ̄BΓν θ̇B

)
Gµν , (2.3)

where Ȯ = ∂0O. This is the straightforward supersymmetric extension of the
massive point particle action.

The action (2.1) therefore yields the results expected from an action describing the
propagation of a supersymmetric string and hence passes this consistency check.
Now let us explore it further by discussing its symmetries.

• Global space-time Lorentz symmetry Since all Lorentz indices are con-
tracted and θ̄AΓµθA transforms as a space-time vector under Lorentz trans-
formations, the action is manifestly invariant under global Lorentz transfor-
mations. Furthermore the action contains only derivatives of the space-time
coordinates Xµ such that, in the case of a flat metric, the Lorentz symmetry
extends trivially to invariance under global Poincare transformations

Xµ(σ0, σ1) → aµ
νX

ν(σ0, σ1) + bµ ,

with aµν = −aνµ.
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• Local reparametrisation symmetry Local reparametrisations of the form

(σ0, σ1) → (f 0(σ0, σ1), f1(σ0, σ1))

can be viewed as general coordinate transformations on the worldsheet man-
ifold. Then the fields transform as

∂αO(σ0, σ1) → ∂fβ

∂σα

∂

∂fβ
O(f 0, f1) ,

hαβ(σ0, σ1) → ∂fγ

∂σα

∂f δ

∂σβ
hγδ(f

0, f1) ,

√
h→ det

∣∣∣∣∂fα

∂σβ

∣∣∣∣√h
and

√
h dσ0∧dσ1 defines an invariant volume element. The worldsheet tensor

density of weight −1, εαβ, transforms as

εαβ → det

∣∣∣∣∂fα

∂σβ

∣∣∣∣−1
∂σα

∂fγ

∂σβ

∂f δ
εγδ ,

such that the action (2.1) is invariant.

• Local Weyl invariance The action is invariant under rescalings of the form

hαβ → eφ(σ0,σ1)hαβ

and all other fields left invariant. Then
√
h → eφ

√
h such that

√
hhαβ is

invariant. Analogously to bosonic string theory this symmetry implies that
the worldsheet energy momentum tensor is traceless.

• Global N = 2 supersymmetry Global supersymmetry transformations
are given by

δθA = εA ,

δθ̄A = ε̄A ,

δxµ = i
2∑

A=1

ε̄AΓµθA ,

where εA is a (τ, σ)-independent spinor. The combination Πµ
α = ∂αX

µ −∑2
A=1 iθ̄AΓµ∂αθ

A is easily shown to be invariant under this transformation.
With a bit more effort it can also be shown that the other terms in the action
are invariant up to total derivatives in the following cases:
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1. D = 3 and θ is Majorana

2. D = 4 and θ is Majorana or Weyl

3. D = 6 and θ is Weyl

4. D = 10 and θ is Majorana–Weyl

So even the existence of a classical superstring theory in this formalism re-
stricts the possible number of dimensions.2

• Local κ-symmetry The action exhibits an additional local fermionic sym-
metry given by

δXµ = i
2∑

A=1

θ̄AΓµδθA ,

δθA = 2iΓµΠν
αGµνκ

Aα ,

δ
(√

hhαβ
)

= −16
√
h
(
Pαγ
− κ̄1β∂γθ

1 + Pαγ
+ κ̄2β∂γθ

2
)
,

where the κAα are (τ, σ) independent space-time spinors and worldsheet vec-
tors which are restricted to be anti-self-dual (A = 1) or self-dual (A = 2):

κ1α = Pαβ
− κ1

β ,

κ2α = Pαβ
+ κ2

β .

Here we have used the projection tensors

Pαβ
± =

1

2

(
hαβ ± 1√

h
εαβ

)
,

that project a vector onto its self-dual or anti-self-dual part respectively.
They satisfy the conditions

Pαβ
± hβγP

γδ
± = Pαδ

± ,

Pαβ
± hβγP

γδ
∓ = 0 .

The contributions to the variation of the action coming from the different
terms cancel exactly in the same cases in which the global supersymmetry is
manifest. Note that, as we will see later, local κ-symmetry decouples half of
the components of θ.

2Note that in the cases when θ is Weyl but not Majorana θ̄Γµ∂αθ must be replaced by
(θ̄Γµ∂αθ − ∂αθ̄Γµθ)/2.
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• Local bosonic λ symmetry The closure of the algebra of κ transformations
requires an additional local bosonic symmetry which is given by

δθ1 =
√
hPαβ

− ∂βθ
1λα ,

δθ2 =
√
hPαβ

+ ∂βθ
2λα ,

δXµ = i
2∑

A=1

θAΓµδθA ,

δ
(√

hhαβ
)

= 0 ,

where λα describes a (τ, σ) independent worldsheet vector. Note that this
symmetry has no additional implications for the on-shell theory.

To determine the classical theory described by the action (2.1) one has to look at
the set of equations of motion it implies. On a flat target space they are given by

Πα · Πβ =
1

2
hαβh

γδΠγ · Πδ ,

0 = Γ · ΠαP
αβ
− ∂βθ

1 , (2.4)

0 = Γ · ΠαP
αβ
+ ∂βθ

2 ,

0 = ∂α

[√
h
(
hαβ∂βX

µ − 2iPαβ
− θ̄1Γµ∂βθ

1 − 2iPαβ
+ θ̄2Γµ∂βθ

2
)]

,

where “·” refers to the target space scalar product built with the metric Gµν .
These equations have a quite complicated nonlinear structure which makes the
quantization of the theory in a covariant way hard. Also the local κ-symmetry
imposes a mixture of first and second class constraints on the canonical variables
which turn out to be hard to disentangle even in flat space. In the following we
will therefore discuss the quantization on flat space in light-cone gauge. Later we
will give a nonlinear coset σ-model for type IIB superstring theory on an AdS5×S5

background and present an attempt to quantize it perturbatively.

2.1.2 Light Cone Gauge Quantization

In the previous section we saw that the classical superstring theory in the Green–
Schwarz (GS) formulation exists only in 3, 4, 6 or 10 dimensions. As in the bosonic
case, quantum effects fix the dimension to a specific value, which is ten in the
case of superstrings. One way to argue that this has to be the case is demanding
the absence of negative norm states, which is easily done in the Ramond-Neveu-
Schwarz (RNS) formulation of superstring theory. Another way to find the critical
dimension is by requiring that the Lorentz algebra is satisfied in the light-cone
gauge. In the following we will just assume that D = 10.



8 CHAPTER 2. THE ADS/CFT CORRESPONDENCE

As stated before, in order to have a supersymmetric and κ-symmetric action of
the form (2.1) in ten dimensions, the θ coordinates must be chosen to be Majorana–
Weyl spinors, which implies that both θ1 and θ2 must be assigned a handedness.
This gives rise to two physically distinct possibilities. Either θ1 and θ2 are of the
same, or of opposite handedness. In the case of open strings the two spinorial
coordinates have to be equated at the ends of the open strings which fixes them
to have the same handedness. This theory is called “type I superstring theory”.
In a theory of closed strings on the other hand, the spinorial coordinates are not
related and both possibilities can be realised. This leads to “type IIA superstring
theory” in case θ1 and θ2 are of opposite and to “type IIB superstring theory” in
case they are of same handedness. In the following we will discuss the light-cone
quantization of type IIB superstring theory.

In order to simplify the superstring action we can exploit the diverse symmetries
the action possesses and make some appropriate gauge choices. We start by using
the local reparametrisation invariance to choose a conformally flat gauge and bring
the metric to the form

hαβ = eφηαβ . (2.5)

After imposing this gauge choice there is still a residual symmetry given by confor-
mal transformations which leads to the appearance of a Virasoro algebra. In terms
of σ± ≡ σ0 ± σ1 the symmetry transformations are given by σ± → ξ±(σ±), which
corresponds to

σ̃0 =
1

2

[
ξ+(σ+) + ξ−(σ−)

]
,

σ̃1 =
1

2

[
ξ+(σ+)− ξ−(σ−)

]
,

which is solved by any σ̃0 respecting((
∂

∂σ0

)2

−
(

∂

∂σ1

)2
)
σ̃0 = 0 . (2.6)

In the case of the bosonic string a straightforward solution to this equation is
obvious. It is given by setting the σ0 direction equal to one of the Xµ. Here, since
the equations of motion of the Xµ coordinates are far more complicated, we cannot
impose such a simple gauge condition for the residual symmetry. Luckily there is
another symmetry of the action which we can exploit to simplify the equations
of motion, namely κ-symmetry. After imposing a gauge fixing condition for this
symmetry we will come back to the residual conformal symmetry.

A convenient gauge choice for κ-symmetry is given by

Γ+θ1 = Γ+θ2 = 0 , (2.7)
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where Γ± ≡ 1√
2
(Γ0 ± Γ9) and in the following we will use the light-cone coordinates

X± =
1√
2

(
X0 ±X9

)
.

Note that while both matrices Γ+ and Γ− are nilpotent, their sum is nonsingular.
Therefore half of the eigenvalues of each of them is zero, which implies that half of
the components of both θ1 and θ2 are fixed to zero by the gauge choice (2.7).
Having imposed the gauge choices (2.5) and (2.7) the equations of motion (2.4)
simplify a lot. The crucial point to realize is, that the κ-gauge choice implies
that θ̄Γµ∂αθ vanishes unless µ = −. This can be seen by using Γ0Γ± = Γ∓Γ0,
(Γ±)

†
= Γ∓ and 1 = 1

2
(Γ+Γ− + Γ−Γ+). Now, using ΓµΠµ

α = Γ−Π− + Γ+Π+
α + ΓiΠ

i
α

and Γ+ = −Γ−, the second equation in (2.4) can be multiplied by Γ+ to give

2Π+
αP

αβ
− ∂βθ

1 = 0 ,

which, using Π+
α = p+δα,0 and the gauge choice (2.5), simplifies further to give

(∂0 + ∂1) θ
1 = 0 .

Similarly one one can derive the equation of motion for θ2, given by

(∂0 − ∂1) θ
2 = 0 .

Finally from the last equation in (2.4) one gets(
∂2

0 − ∂2
1

)
X i = 0 . (2.8)

From these equations we see that θ1 and θ2 describe waves propagating in opposite
directions on the worldsheet. Since we are considering type IIB string theory here,
they are not related via boundary conditions.

Using (2.8) one can find a straightforward solution of equation (2.6) on a flat
spacetime background. It is, similarly to the bosonic case, given by
σ̃0 = X+/p+ + const., where p+ is a constant. Usually, omitting the tildes, this
is rewritten as

X+(σ0, σ1) = x+ + p+σ0 (2.9)

and called the “light-cone gauge fixing” condition. Note that, since
δSUSYX

+ =
∑2

A=1 ε̄
AΓ+θA, this gauge choice is consistent with the κ-gauge (2.7).

After imposing (2.9) the reparametrisation freedom is fixed completely.
Before we solve the equations of motion and get the spectrum of this theory,

we have to discuss the physical degrees of freedom, that survive gauge fixing. As
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discussed before, the action (2.1) possesses manifest ten dimensional Lorentz invari-
ance, but after fixing the light-cone gauge only the SO(8) ⊂ SO(9, 1) symmetry
of the transverse components is manifest. A generic spinor in eight dimensions
has 16 complex components which after imposing Majorana and Weyl conditions
reduce to 8 real components. Therefore the transverse components of θ form an
eight-dimensional spinor representation of the Spin(8) covering group of SO(8).
There are three eight-dimensional real representations of the rank-four Lie algebra
spin(8), related by an outer automorphism of the SO(8) Dynkin diagram which is
called “triality”. One is the (fundamental) vector representation 8V and the other
two are spinor representations usually denoted by 8S and 8C. They describe spinors
with opposite eight-dimensional chirality. Following the notation of [4] we will use
the letters i, j, . . . for 8V indices, a, b, . . . for 8S and ȧ, ḃ, . . . for 8C indices.
Denoting now the transverse spinor components by Sa and S ȧ respectively, in the
case of type IIB string theory, we have

√
p+θ

A → 8S + 8S =
(
S1a, S2a

)
,

where the
√
p+ factor was introduced for later convenience. In this notation the

equations of motion

∂+∂−X
i = 0 , ∂+S

1a = 0 , ∂−S
2a = 0 , (2.10)

take a very simple form. This fact suggests that they can be obtained from a much
easier action than (2.1). In fact such an action is given by

Sl.c. = −1

2

∫
d2σ

(√
h∂αX

i∂αXjδij −
i

π
S̄aρα∂αS

bδab

)
, (2.11)

where Sa denotes a two-component Majorana worldsheet spinor consisting of the
two one-component Majorana–Weyl worldsheet spinors S1a and S2a describing
the left- and right moving degrees of freedom respectively and ρα are the two-
dimensional Dirac matrices obeying

{
ρα, ρβ

}
= −2ηαβ. In the representation in

which the SAa are real, they are given by

ρ0 =

(
0 −i
i 0

)
, ρ1 =

(
0 i
i 0

)
.

This action looks pretty much like the light-cone action of superstring theory in
the RNS formulation. There is an important difference though. While in the
RNS formulation both the worldsheet bosons X i and the worldsheet fermions Ψi

transform in the 8V representation of spin(8), in the action (2.11) the X i transform
in the 8V but the Sa in the 8S representation. In order to get the action (2.11)
from the RNS light-cone gauge action one has to bosonize and then re-fermionize
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the fermions Ψi. This procedure inherits a very important subtlety concerning the
bosonization procedure on finite-volume spaces which in the end leads to the need
of the GSO projection to re-establish supersymmetry in the RNS formulation.

In order to solve the equations of motion and give the mode expansion of the
target space coordinates we have to specify the boundary conditions. Of course in
the case of closed strings the only option is periodicity

X i
(
σ0, σ1

)
= X i

(
σ0, σ1 + π

)
and

SAa
(
σ0, σ1

)
= SAa

(
σ0, σ1 + π

)
.

Then, since both the equations of motion and the boundary conditions looks the
same as for bosonic closed strings in flat space, they are solved by the oscillator
expansions given by

S1a
(
σ−
)

=
∑
n∈Z

Sa
ne−2inσ− ,

S2a
(
σ+
)

=
∑
n∈Z

S̃a
ne−2inσ+

,

X i
(
σ0, σ1

)
= X i

R

(
σ−
)

+X i
L

(
σ+
)
, (2.12)

X i
R

(
σ−
)

=
1

2
xi +

1

2
piσ− +

i

2

∑
n6=0

1

n
αi

ne−2inσ− ,

X i
L

(
σ+
)

=
1

2
xi +

1

2
piσ+ +

i

2

∑
n6=0

1

n
α̃i

ne−2inσ+

.

Finally, thanks to the simplifications yielding a free action (2.11) and linear equa-
tions of motion (2.10) we can quantize the (transverse) theory by imposing the
canonical equal-time (anti-) commutation relations[

Ẋ i
(
σ0, σ1

)
, Xj

(
σ0, σ′1

)]
= −iπδijδ

(
σ1 − σ′1

)
, (2.13){

SAa
(
σ0, σ1

)
, SBb

(
σ0, σ′1

)}
= πδabδABδ

(
σ1 − σ′1

)
,

such that the oscillators satisfy[
αi

m, α
j
n

]
=
[
α̃i

m, α̃
j
n

]
= mδm+n,0δ

ij and (2.14){
Sa

m, S
b
n

}
=
{
S̃a

m, S̃
b
n

}
= δabδm+n,0 .

2.1.3 The Flat Space Spectrum

After quantizing the type IIB superstring theory in light-cone gauge, we are able
to write down its spectrum. In order to do that, we will first concentrate on only
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one of the two sectors, describing left- and right-moving states on the closed string.
The mass-shell condition for one of the sectors is basically the same as that of a
type I open superstring

M2 ∝
∑
n>0

(
αi
−nα

j
nδij + nSa

−nS
a
n

)
.

The ground state |φ〉 is massless such that, as we have seen before, no GSO pro-
jection is needed to truncate the spectrum and eliminate a tachyon. Moreover,
since the operator Sa

0 commutes with M2, the ground state is degenerate and has
to form a representation of the Clifford algebra{

Sa
0 , S

b
0

}
= δab.

The 16 dimensional representation respecting this algebra can be shown to de-
compose as 8V + 8C. Therefore the massless ground state contains the complete
multiplet that has to be obtained from two seperate constructions in the RNS for-
malism. Now at the first excited level, the massive string states can be formed by
acting with αi

−1 or Sa
−1 on |φ〉.

In order to get the states of type IIB we have to form tensor products of the left-
and right-moving sectors. Therefore the massless ground state is given by

(8V + 8C)⊗ (8V + 8C) = (1 + 28 + 35V + 1 + 28 + 35C)B ,

+ (8S + 8S + 56S + 56S)F ,

where “B” denotes bosonic and “F” denotes fermionic states. Therefore the mass-
less ground state of chiral type IIB superstring theory contains the dilaton Φ (1),
the antisymmetric 2-form Bµν in a 28 as well as the graviton in the 35V. Addi-
tionally we find the form fields C0 in a 1, C2 in a 28 and C4 in the remaining 35C.
The fermionic massless spectrum contains two Majorana–Weyl gravitinos 56S and
two Majorana–Weyl spinors 8S.
Since we need an equal number of left- and right-moving excitations to form closed
string states in order to avoid defining a prefered σ1 position on the string, the
massive type IIB states can, analogously to the massless ground state, be formed
of tensor products of massive open-string states with themself at each level.3

2.1.4 Low Energy Effective Action

Since the string theory described by the action (2.1) is quite complicated and string
theory in general is not understood well enough to write down a string field theory
action it is useful to write down a low energy effective field theory in order to better

3More details on this procedure can be found in [4].
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understand its dynamics. As a first step to go from the full action to a simplified
effective one, one has to integrate out all massive fields. In principle, this does not
approximate the theory but is a first step in calculating the exact path integral and
would still give a very complicated and, in addition, non-local theory. Therefore
one systematically expands the action in the number of derivatives, since each
derivative corresponds to a suppression by a power proportional to 1/M , where
M is the characteristic mass scale of the string theory. Of course, keeping only
the first terms in such an expansion yields a theory describing the low energy
dynamics of the theory but lacking a good ultraviolet convergence. In the case of
string theory no action of the form S[Φi] with Φi being the fields is known, such that
a direct expansion of the action is not possible. Instead one has to write down a
field theoretic action describing the same particle content and symmetries and that
yields the same equations of motion as the string theory in the massless regime.
Such actions are known to be given by supergravity actions in ten dimensions.

The bosonic part of the supergravity action (in the string frame) describing the
classical low energy dynamics of type IIB superstring theory was found to be

S = SNS + SR + SCS , (2.15)

where

SNS =
1

2κ2

∫
d10x

√
Ge−2Φ

(
R + 4∂µΦ∂µΦ− 1

2
|H3|2

)
,

SR = − 1

4κ2

∫
d10x

√
G

(
|F1|2 +

∣∣∣F̃3

∣∣∣2 +
1

2

∣∣∣F̃5

∣∣∣2) ,

SCS = − 1

4κ2

∫
C4 ∧H3 ∧ F3

and Fn+1 = dCn, H3 = dB2, 4πκ2 = (2πls)
8, as well as

F̃3 = F3 − C0H3 and

F̃5 = F5 −
1

2
C2 ∧H3 +

1

2
B2 ∧ F3 .

In addition the self-duality condition for the five-form F̃5,

F̃5 = ∗F̃5 ,

has to be imposed as a constraint.
This action has a property which is quite important in the context of the Ad-

S/CFT duality. Namely it possesses a global SL(2,R) symmetry. In order to see
this one can introduce a two-component vector

~B2 =

(
B2

C2

)
,
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which under an SL(2,R) transformation

Λ =

(
d c
b a

)
transforms as ~B → Λ ~B. Also one can combine the dilaton Φ and the so-called
axion C0 into the axio-dilaton τ as

τ = C0 + ie−Φ ,

which then transforms under Λ as

τ → aτ + b

cτ + d
.

Note that, since the dilaton transforms nontrivially, the string-frame metric Gµν

is not invariant. An invariant combination of Gµν and Φ is given by the Einstein-
frame metric

GE
µν = e−Φ/2Gµν .

Under this change of variables∫
d10x

√
Ge−2ΦR→

∫
d10x

√
GE

(
RE − 9

2
∂µΦ∂µΦ

)
,

where RE refers to the Ricci scalar build using the Einstein-frame metric GE. Using
that the four-form C4 and the self-duality condition for F̃5 are invariant under
SL(2,R) transformations one can show that the action (2.15) is also invariant.4

Besides this the type IIB supergravity action incorporates more appealing fea-
tures which can be used to study some properties of the full string theory. One of
those, which is also important in the context of AdS/CFT duality, is the presence
of BPS solutions which give insight to the strongly coupled regime of the string
theory. Some aspects of these D-Brane solutions of the supergravity theory will
therefore be discussed in section 2.3.

2.1.5 Summary

In the last sections we presented the foundations of type IIB superstring theory in
the Green–Schwarz formulation. We described the action, its symmetries, a light-
cone-gauge quantization on flat space and the low energy effective supergravity
theory. Of course the theory has far more features than those we can discuss

4More details on this symmetry can be found in chapter 13 of [5].
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here. An important property is, that the D-branes, which show up as solutions
of the supergravity theory, are, as Polchinksi discovered in 1995, related to the
string theory objects that open strings end on. Incorporating these into type IIB
gives a theory containing closed strings in the bulk as well as open strings that
end on the D-branes. In this way one can incorporate non-abelian gauge theories
into the theory. This fact made it possible to study setups that could, in the low
energy regime, lead to theories similar to the standard model or its supersymmetric
extensions. Note, however, that, since D-branes can be seen as sources of closed
strings, the presence of D-branes in type IIB superstring theories breaks half of the
supersymmetries, as it relates the string left- and right-movers.

Further, the type IIB theory can, via a web of various dualities, be related to
the other string theories, namely type IIA, type I and heterotic string theory, and
even to M theory. It is also connected to “F theory” [7] and the IKKT matrix
model [8].

Consequently, not least because of its importance for the AdS/CFT duality,
type IIB string theory is a broad and still very active research topic.

2.2 N = 4 Super-Yang-Mills in four Dimensions

Here, we would like to give a short introduction to N = 4 Super-Yang-Mills theory
in (3+1) spacetime dimensions. We start by discussing the N = 4 supersymmetry
algebra in four dimensions and its massive and massless representations. After-
wards we present the supersymmetric Yang-Mills Lagrangian and discuss its fea-
tures. The resources on this topic, on which this section is based, are [9][10][11][12].

2.2.1 N = 4 Supersymmetry in four dimensions

Imposing supersymmetry on flat four dimensional Minkowksi spacetime with metric
ηµν = diag (−+ ++) enlarges the Poincare symmetry group R4 n SO(1, 3) with
generators Pµ and Mµν , by imposing N spinor supercharges Qa

α and Q̄a
α̇ ≡ (Qa

α)∗.
Here a = 1, . . . ,N and α = 1, 2 denotes a spinor index. The left handed Weyl spinor
Qa, transforming in the

(
1
2
, 0
)

and the right handed Weyl spinor Q̄a, transforming
in the

(
0, 1

2

)
of SO(1,3) can be written as a 4-component Dirac spinor

Qa =

(
Qa

α

Q̄α̇
a

)
.

The supersymmetry algebra is then given by{
Qa

α, Q̄
b
β̇

}
= 2σµ

αβ̇
Pµδ

ab,
{
Qa

α, Q
b
β

}
= 2εαβZ

ab , (2.16)

[Mµν , Q
a
α] = i(σµν)α

βQa
β,

[
Mµν , Q̄

aα̇
]

= i(σ̄µν)
α̇

β̇Q̄
aβ̇
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and the Qa and Q̄a commute with the translation generator. In the above definition
we used the σ matrices

γµ =

(
0 σµ

σ̄µ 0

)
,

where γµ are the four dimensional Dirac matrices in the Weyl representation, in
the usual manner. Further

σµν =
i

4
(σµσ̄ν − σν σ̄µ) ,

σ̄µν =
i

4
(σ̄µσν − σ̄νσµ) .

The Zab are called central charges, are anti-symmetric in the a, b indices and com-
mute with all other generators. Note that for N = 1 supersymmetry the anti-
symmetry implies that Z = 0.

The supersymmetry (susy) algebra (2.16) is, in the absence of central charges,
invariant under U(N ) transformations U under which

Qa
α → Ua

bQ
b
α and Q̄a

α̇ → U∗a
bQ̄

b
α̇ . (2.17)

These automorphisms of the susy algebra are called R-symmetries. The R-symmetry
group can be split into global phase transformations of all supercharges forming
a U(1)R and mixing of the supercharges as in (2.17) forming an SU(N )R. If the
central charges are non-zero the R-symmetry group gets broken to subgroups of
U(N).

In order to explore the implications of supersymmetry, it is natural to look at
the particle representations. To study the massless representations one can choose
a frame in which the particle’s momentum takes the form P µ = (E, 0, 0, E). Then
the susy algebra takes the form{

Qa
α, Q̄

b
β̇

}
=

(
0 0
0 4E

)
αβ̇

δab . (2.18)

If we consider only unitary representations with a positive definite Hilbert space,
we can use the above relation for α = 1 to get that Qa

1 = 0. Also using (2.18) with
α = 2, β̇ = 1̇ we get Q̄a

1̇
= 0 and plugging in Qa

1 = 0 into
{
Qa

1, Q
b
2

}
= 2Zab yields

Zab = 0.
One can show that Qa

2 raises the helicity of a state by 1
2

while Q̄a
2̇

lowers it by
1
2
. This enables us to construct the multiplets starting from the highest helicity

states and applying the lowering operators for all values of a. Note that in CPT
invariant theories, such as quantum field and string theories, the spectrum must
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be invariant under a helicity sign change. Therefore in N = 4 susy the massless
multiplet with maximal helicity 1 contains a chiral and an anti-chiral real vector,
four left-handed and four right handed spinors and six complex scalars. Note that
the fermionic and the bosonic degrees of freedom match as it should be the case
for a supersymmetric multiplet.

The case of massive particles is a bit more complicated. There we can choose
a rest frame in which the momentum takes the form P µ = (M, 0, 0, 0), so that the
susy anti-commutator becomes{

Qa
α, Q̄

b
β̇

}
= 2Mσ0

αβ̇
δab . (2.19)

Then one can define a ground state via

Qa
α |0〉 = 0 a = 1, . . . ,N α = 1, 2 .

Note that such ground states can carry momentum as well as spin. As can be
seen from the commutator

[
Q̄aα̇, J i

]
= 1

2
(σ̄0)

α̇β
σi

βγ̇Q̄
aγ̇, acting with a Q̄a

α̇ on such a

state changes its helicity projection by ±1
2
. Therefore, in the case of N = 1, from

a general massive spin s multiplet, a multiplet of 4(2s+ 1) states can be obtained.
For instance when the original multiplet is a spin-1/2 doublet, we can generate two
spin-1/2 doublets, a spin-1 triplet and a spin-0 singlet. For higher supersymmetries,
in the case of vanishing central charges, this number of states can be obtained from
each of the independent supercharges to give multiplets of 22N (2s + 1) states. In
the presence of central charges, the supersymmetry generators get related and we
cannot follow the simple arguments above. In this case the algebra possesses an
important feature. To see this we will use the SU(N ) transformations explained
above. Under these transformations the central charges get changed according to
Zab → Ua

cU
b
dZ

cd. This enables us to bring them into block diagonal form

Z = diag
(
εZ1, . . . , εZN/2

)
,

where ε is the two-dimensional anti-symmetric tensor and we restricted ourselves
to the case of an even number of supersymmetries. Now, for convenience, splitting
the index a into two parts (â, ā) with â = 1, 2, ā = 1, . . . ,N /2 and defining the
operators

Qā
α± ≡

1

2

(
Q1ā

α +±
(
σ0
)

αβ̇
Q̄2āβ̇

)
,

the relation (2.19) can be written as{
Qā

α±, Q̄b̄
±β̇

}
= δāb̄

(
σ0
)

αβ̇
(M ± Zā) .
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Note that on the right hand side there is no sum over ā. Now, in the same way
as in the massless case above, in a unitary representation, the operator on the
left hand side has to be positive, which results in the so called BPS bound (for
Bogomolny-Prasad-Sommerfield)

M ≥ |Zā| .

If the BPS bound is (partially) saturated, that means M = |Zā| for some
ā = 1, . . . ,N /2, the supercharges Qā

α+ or Qā
α− have to vanish. For these BPS

states the susy multiplets hence are shortened. If M = |Zā| is satisfied for r values
of ā, the corresponding mulitplets are called

(
1
2

)r
BPS and have dimension 22N−2r.

2.2.2 SU(N) Super-Yang-Mills

Starting from the Lagrangian of SU(N) N = 1 Super-Yang-Mills (SYM) theory in
ten dimensions,

L = tr

(
− 1

2g2
FµνF

µν + iλ̄ΓµDµλ

)
,

with the gauge-covariant derivative DµO = ∂µO + ig [Aµ,O], the ten-dimensional
Gamma-matrices Γ and the field-strength tensor Fµν = ∂µAν − ∂νAµ + ig [Aµ, Aν ],
we can construct the N = 4 super-Yang-Mills theory in four dimensions via dimen-
sional reduction. By this procedure, in which the extra gauge field components
become scalar fields Aµ → X i for µ = 4, . . . , 9, one gets

L′ = tr

{
− 1

2g2
FµνF

µν − 1

g2

∑
i

DµX
iDµX i +

1

2

∑
ij

[
X i, Xj

]2
(2.20)

+i
∑

a

λ̄aσ̄µDµλa − g
∑
a,b,i

(
C−1

i

)ab
λa

[
X i, λb

]
+ g

∑
a,b,i

(Ci)ab λ̄
a
[
X i, λ̄b

]}
,

with i = 1, . . . , 6 and a, b = 1, . . . , 4 and we have used the anti-symmetric matrices

C1 = iγ1γ5C , C2 = iγ2γ5C , C3 = iγ3γ5C ,

C4 = iγ0γ5C , C5 = −iC , C6 = −iγ5C ,

with γi (i = 0, . . . , 3) being the usual Dirac matrices in the Weyl representation
and C = −iγ2γ0 the four dimensional charge conjugation matrix.
Of course this procedure implies that the scalar fields X i transform in the adjoint
represenation of the SU(N) gauge group. Since the ten dimensional Majorana–
Weyl spinors λ belong to the gauge multiplet in the ten dimensional Yang-Mills
theory, the fermions λa and λ̄a transform in the adjoint as well.
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Four dimensional spacetime is special for one-form gauge potentials, since for
this number of dimensions a two-form field-strength tensor can be self dual. This
gives rise to an additional term in the Super-Yang-Mills action, such that the full
lagrangian is given by

L = L′ + tr

(
θ

8π2
FµνF̃

µν

)
. (2.21)

The supersymmetry transformations that leave the corresponding action invariant
can, via dimensional reduction, be obtained from the susy variations of the ten-
dimensional theory given by

δAµ = iζ̄Γµλ , δλ = − i

2
ΓµνζFµν , (2.22)

with ζ being a Majorana–Weyl spinor in ten-dimensions and Γµν = 1
2
[Γµ,Γν ].

The field content of N = 4 SYM in four dimensions is given by the gauge
bosons Aµ, six massless real scalars X i as well as four chiral- and four anti-chiral
fermions λa

α and λ̄a
α̇. All of the fields, as pointed out before, transform in the adjoint

representation of the SU(N) gauge group. Studying the one-loop β-function for the
gauge coupling g one finds a remarkable feature of the theory. For any SU(N) gauge
theory it is given by

β1(g) = − g3

16π2

(
11

3
N − 1

6

∑
i

Ci −
1

3

∑
j

C̃j

)
,

where the sum over i is over all real scalars with quadratic Casimir Ci and the j
sum is over all Weyl fermions with quadratic Casimir C̃j. Since all fields transform
in the adjoint, all Casimir eigenvalues are N . From this one directly sees that
the one-loop beta function of the gauge coupling vanishes. By using superspace
arguments and light-cone gauge calculations it can be further shown that it vanishes
to all loop orders [13][14][15]. This important statement implies that the theory is
conformal and does not need to be renormalized.

The conformal symmetry enlarges the Poincare supersymmetry that we de-
scribed in the previous section to a superconformal symmetry. Namely, the la-
grangian (2.21) possesses a global, continuous PSU(2, 2|4) symmetry. This group
has several ingredients which are given by

• Conformal symmetry generated by translations P µ, Lorentz transforma-
tions Mµν , dilations D and special conformal transformations Kµ, which form
the group SO(2,4),

• R-symmetry generated by the fifteen SO(6) generators T a,
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• Poincare Supersymmetries generated by four supercharges Qa
α and their

complex conjugates Q̄aα̇ (with vanishing central charges),

• Conformal Supersymmetries generated by another set of four super-
charges Sa

α and their complex conjugates S̄aα̇.

The presence of the additional supercharges Sa
α is needed for the closure of the alge-

bra, because the special conformal symmetries do not commute with the Poincare
supersymmetry generators. The conformal symmetries and the R-symmetries com-
bine to the bosonic subalgebra SO(2, 4)× SO(6) ∼= SU(2, 2)× SU(4) of PSU(2, 2|4).
The full algebra is given by

[D,P µ] = −iP µ , [D,Kµ] = iKµ ,

[Mµν , Pρ] = −i (ηµρPν − ηρνPµ) , [Mµν , Kρ] = −i (ηµρKν − ηρνKµ) ,

[Pµ, Kν ] = 2i (Mµν − ηµνD) ,

{
Qa

α, Q̄
b
β̇

}
= 2σµ

αβ̇
Pµδ

ab ,
{
Qa

α, Q
b
β

}
=
{
Q̄a

α̇, Q̄
b
β̇

}
= 0 ,

[Mµν , Q
a
α] = i(σµν)α

βQa
β ,

[
Mµν , Q̄

aα̇
]

= i(σ̄µν)
α̇

β̇Q̄
aβ̇ , (2.23)

[D,Qa
α] = − i

2
Qa

α ,
[
D, Q̄a

α̇

]
= − i

2
Q̄a

α̇ ,

[Kµ, Qa
α] = (σµ)αβ̇ S̄

aβ̇ ,
[
Kµ, Q̄a

α̇

]
= (σ̄µ)α̇β Sa

β̇
,

{
Sa

α, S̄
b
β̇

}
= 2σµ

αβ̇
Kµδ

ab ,
{
Sa

α, S
b
β

}
=
{
S̄a

α̇, S̄
b
β̇

}
= 0 ,

[D,Sa
α] =

i

2
Sa

α ,
[
D, S̄a

α̇

]
=

i

2
S̄a

α̇ ,{
Qa

α, S
b
β

}
= εαβ

(
δabD + T ab

)
+

1

2
δabσµν

αβMµν ,{
Q̄a

α̇, S̄
b
β̇

}
= εα̇β̇

(
−δabD + T ab

)
+

1

2
δabσ̄µν

α̇β̇
Mµν ,{

Qa
α, S̄

b
β̇

}
=
{
Q̄a

α̇, S
b
β

}
= 0

and all other commutators vanish. Note that while Qa
α transforms in the 6 and Q̄a

α̇

in the 6̄ of SO(6), Sa
α transforms in the 6̄ and S̄a

α̇ in the 6. The action of N = 4
SU(N) SYM in four dimensions, in fact, is conjectured to have an additional global
discrete symmetry. In order to see this one can combine the gauge coupling constant
g and the instanton-angle θ into a complex parameter

τ ≡ θ

2π
+

4πi

g2
. (2.24)
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Clearly the theory is invariant under θ → θ + 2π corresponding to τ → τ + 1. The
Montonen-Olive conjecture states, that the full quantum theory is also invariant
under τ → − 1

τ
which, when θ = 0 corresponds to g → 1

g
. The combination yields

the so called S-duality group SL (2,Z) which is important in the context of the
AdS/CFT duality as we will see later.
More mathematical aspects of the superconformal group PSU(2, 2|4) will be studied
in more detail in the context of a string σ-model later. For now we will focus on
its representations, since in a physical theory the states should come in unitary
representations of the underlying symmetry algebra. The unitary representations
of the superconformal algebra can be labelled by the quantum numbers of its
bosonic subgroup which we will denote by

(s+, s−), ∆, [r1, r2, r3] ,

with s± ∈ Z+

2
labelling the SO(1, 3) representation, ∆ ∈ Z+ the label of the SO(1, 1)

irreducible representation (irrep) and [r1, r2, r3] are the Dynkin labels of the SO(6)R

representation. As can be seen from the algebra (2.23) the supercharges Sa
α have

scaling dimension −1
2
. Consequently, the application of Sa

α on an operator lowers its
dimension by 1

2
. For operators in a unitary representation this must at some point

yield zero, because in such representations operators of negative scaling dimension
are not possible. Therefore one defines superconformal primary operators O by the
relation

[Sa
α,O]± = 0 ∀α, a ,

where [., .]± denotes the commutator in the case of a bosonic and the anti-commutator
in the case of a fermionic O. Clearly these are the operators of lowest scaling di-
mension in given multiplets. Their (superconformal) descendants O′ are defined
via

O′a
α = [Qa

α,O]± .

From the fact that a superconformal primary operator cannot be theQ-commutator
of another operator and the susy transformations of the fields, one can see that
superconformal primaries can only involve the scalar fields X i in a symmetrized
way. The simplest of those operators are the single trace operators of the form

symtr
(
X i1 . . . X in

)
,

where symtr(.) denotes the symmetrized trace over the gauge algebra. Since
tr (X i) = 0 the simplest operator is given by∑

i

tr
(
X iX i

)
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and is called Konishi operator. More complicated superconformal primaries are the
multiple trace operators which are obtained from products of single trace operators.

The scaling dimension ∆ of any operator in a unitary representation can be
shown to be bounded from below by the spin and SO(6)R quantum numbers. Since
the operators with lowest dimensions were shown to be scalars, such that the
spin quantum numbers are zero, in this case only the SO(6)R quantum numbers
are important. By systematically analyzing the possible situations, four series of
scaling dimensions of the superconformal primaries were found (for details see [9]
and references therein)

• ∆ = r1 + r2 + r3

• ∆ = 3
2
r1 + r2 + 1

3
r3 ≥ 2 + 1

2
r1 + r2 + 3

2
r3 for r1 ≥ r3 + 2

• ∆ = 1
2
r1 + r2 + 3

2
r3 ≥ 2 + 3

2
r1 + r2 + 1

2
r3 for r3 ≥ r1 + 2

• ∆ ≥ Max
(
2 + 3

2
r1 + r2 + 1

2
r3; 2 + 1

2
r1 + r2 + 3

2
r3
)

The first three cases are discrete series for which at least one of the supercharges
Qa

α commutes with the superconformal primary. Hence, as explained before, these
multiplets are shortened BPS multiplets. The fourth case corresponds to a con-
tinuous series of non-BPS states. In table 2.1 the operators and some of their
properties are summarized.
Remarkably it is possible to explicitly write down the various BPS operators in a

max. spin SO(6)R rep. ∆

1/2-BPS 2 [0, k, 0], k ≥ 2 k
1/4-BPS 3 [l, k, l], l ≥ 1 k + 2l
1/8-BPS 7/2 [l, k, l + 2m], m ≥ 1 k + 2l + 3m
non-BPS 4 any any

Table 2.1: Four types of operators in 4D N = 4 SU(N) SYM. The only 1/1-BPS
operator is the identity.

general fashion. We will focus on the 1/2-BPS operators here, since these will be
important later. The simplest series is given by the single trace operators

Ok ≡
1

nk

str
(
X{i1 . . . X ik}

)
, (2.25)

where {i1 . . . ik} denotes the SO(6)R-traceless part of the tensor and nk is a normal-
ization factor. One can build multiple trace operators out of these by taking the
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product of single trace operators and projecting onto the [0,
∑

i ki, 0] representation
inside the [0, k1, 0]⊗ · · · ⊗ [0, kn, 0] tensor product. This is denoted by

O(k1,...,kn) ≡ (Ok1 . . .Okn)[0,k,0] ,

with k = k1 + · · ·+ kn.
In the above analysis we set aside an important subtlety. Namely, since the la-
grangian (2.21) describes an interacting field theory, the scaling dimension of any
operator in principle depends on the gauge coupling g. At zero coupling the bare di-
mensions ∆0 have the values we gave here and the corrections due to non-vanishing
coupling are called anomalous dimensions. Note that, first, the anomalous dimen-
sions within the same representation are equal and second, the anomalous dimen-
sions of BPS operators vanish.

2.3 The Maldacena Conjecture

Having reviewed the most important aspects of type IIB superstring theory in
ten dimensions and N = 4 SU(N) super-Yang-Mills theory in four dimensions,
we are in position to discuss the Maldacena conjecture and some rather heuristic
argument for why it has a chance to be true at least in the low energy regime. This
presentation follows the ones in [16][17].

2.3.1 Classical Black p-Brane Solutions of Supergravity

First we discuss a specific class of solutions of the low energy effective theory of type
IIB string theory corresponding to black brane solutions. We start by rewriting
the (bosonic) supergravity action (2.15) in the following way

S =
1

2κ2

∫
d10x

√
G

(
e−2Φ (R + 4∂µΦ∂µΦ)− 1

2

∑
n

1

n!
F 2

n + . . .

)
,

where the dots represent the NS-NS 3-form (formerly called H3) field strength term
as well as the Chern-Simons term. As stated before, this action cannot describe
the theory on its own, since the self-duality constraint for the RR 5-form field
strength F5 has still to be imposed. It however turns out to be possible to use the
action above in order to derive the equations of motion and impose the self-duality
constraint afterwards.

For convenience we perform a Weyl rescaling,

Gµν → e−
1
2
ΦGµν ,

√
Ge−2ΦR→

√
G

(
R− 9

2

1√
G
∂µ

(√
G∂µΦ

)
− 9

2
∂µΦ∂µΦ

)
,
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to put the action into the Einstein frame

SE =
1

2κ2

∫
d10x

√
G

(
R− 1

2
∂µΦ∂µΦ− 1

2

∑
n

1

n!
eanΦF 2

n + . . .

)
, (2.26)

with an = −1
2
(n− 5). For simplicity we will focus on the case where only one of

the Fn is non-vanishing. Then the equations of motion are given by

Rµ
ν =

1

2
∂µΦ∂νΦ +

1

2n!
eanΦ

(
nF µξ2...ξnFνξ2...ξn −

n− 1

8
δµ
νF

2
n

)
,

∇2Φ =
1√
G
∂µ

(√
G∂µΦ

)
=

an

2n!
eanΦF 2

n , (2.27)

0 = ∂µ

(√
GeanΦF µν2...νn

)
and Fn satisfies the corresponding Bianchi identity. Note that the equations of
motion are invariant under the duality transformations

anΦ → −anΦ, n→ D − n , Fn → F̃D−n = eanΦ ? Fn , (2.28)

where ? denotes the Hodge star operator.
Next we consider a diagonal metric

ds2 = −B2(r)dt2 + C2(r)

p∑
i=1

(
dxi
)2

+ F 2(r)dr2 +G2(r)r2dΩ2
8−p , (2.29)

where we used the coordinates (t, xi, ya), i = 1, . . . , p, a = 1, . . . , 9− p and dΩ2
d is

the metric on the d-dimensional unit sphere. This corresponds to a (p+1) dimen-
sional hypersurface with Rp+1 × SO(1, p) symmetry and a (D − p− 1)-dimensional
transverse space with SO(10− p− 1) symmetry in a ten dimensional spacetime.
Then r2 =

∑9−p
a=1 (ya)2 corresponds to the (quadratic) distance from the hyper-

surface, xi denote the coordinates on the surface and ya the coordinates in the
transverse space. The functions B, C, F , G are restricted to tend to one in the
large r limit.

Now we can make the electric Ansatz,

Fti1...ipr = εi1,...ipk(r) ,

for the field strength. The equation of motion for Fn then yields

k(r) = e−anΦB(r)Cp(r)F
Q

(G(r)r)8−p ,
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with Q being a constant. This Ansatz corresponds to an electrically charged p-
brane with the charge density

µp =
1√
sκ2

∫
S8−p

F̃8−p =
Ω8−pQ√

2κ2
,

where Ω8−p is the volume of the (8− p)-dimensional unit sphere and the magnetic
field strength F̃n can be obtained from Fn via the duality (2.28).
The form of the functions B, C, F and G can be obtained from the equations of
motion. Since the calculation is rather tedious we just give solutions representing
a two-parameter subset of the most general ones.

ds2 = H−2 7−p
∆ (r)

(
−f(r)dt2 +

p∑
i=1

(
dxi
)2)

+H2 p+1
∆ (r)

(
f−1(r)dr2 + r2dΩ2

8−p

)
,

(2.30)

Fti1...ipr = εi1,...ipH
−2(r)

Q

r8−p
,

where

H(r) = 1 +

(
h

r

)7−p

, ∆ = (p+ 1) (7− p) + 4a2
n ,

f(r) = 1−
(r0
r

)7−p

,
∆Q2

16(7− p)
= h2(7−p) + r7−p

0 h7−p .

The two parameters are the charge density Q of the brane and r0. For r0 6= 0 the
solution develops a horizon ar r = r0.

We can obtain the extremal p-Brane solution by setting r0 = an = 0. In this
case the solution (2.30) simplifies further in the case p = 3, since then

∆ = 16 , h4 =
Q

2

and the extremal 3-brane solution is given by

ds2 = H− 1
2 (r)

(
−dt2 +

p∑
i=1

(
dxi
)2)

+H
1
2 (r)

(
dr2 + r2dΩ2

8−p

)
, (2.31)

with H(r) = 1 + Q
4r4 . It was further shown [18] that for a single Dp-brane of type

IIB superstring theory

µp =

√
2π

(2πls)
p−3 ,

such that

Q = gstring
(2πls)

7−p

Ω8−p

.
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2.3.2 Anti de Sitter Space

Here, we want to briefly review the geometric properties of anti de Sitter (AdS)
spaces. They arise as maximally symmetric solutions of Einstein’s vacuum equa-
tions with cosmological constant

Rµν −
1

2
RGµν = ΛGµν .

Maximal symmetry implies that not only the Ricci tensor is proportional to the
metric, Rµν = Λ

2−D
Gµν , but also

Rµνρσ =
R

D(D − 1)
(GνσGµρ −GνρGµσ) .

There are three classes of solutions of this kind, namely

• Λ < 0 anti de Sitter space,

• Λ = 0 flat space RD,

• Λ > 0 de Sitter space.

The most pictorial way to describe AdSD+1 is, as a hyperboloid embedded in a
(D + 2)-dimensional pseudo-euclidean space with coordinates ya a = 0, . . . , D + 1,
metric
Gab = diag (+,−, . . . ,−,+) and isometry group SO(2, D). Then AdSD+1 is defined
as

y2 ≡
(
y0
)2 − (~y)2 +

(
yD+1

)2 !
= R2 = const. (2.32)

and the induced metric clearly respects the full isometry group SO(2, D).
The defining equation (2.32) is solved by the coordinates

y0 = R cosh ρ cos τ , yD+1 = R cosh ρ sin τ , (2.33)

yi = R sinh ρΩi , with
D∑

i=1

(
Ωi
)

= 1 ,

yielding the induced metric

ds2 = R2
(
− cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2

)
. (2.34)

Since ρ ≥ 0 and 0 ≤ τ < 2π, such that the hyperboloid is covered once, these
coordinates are called global coordinates. Near ρ = 0 the metric looks loke the
one of S1 × RD, with S1 representing the compact time direction as depicted in
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τ

ρ

Figure 2.1: AdSD+1 as a hyperboloid embedded in R2,D. To obtain a causal space
one has to unwrap the τ -circle.

figure 2.1. The universal covering of AdSD+1, however, contains no closed timelike
curves and is therefore causal. A causal spacetime can be described using global
coordinates and letting −∞ < τ <∞, which corresponds to simply unwrapping
the S1.

In a physical context, it is often more convenient to look at the euclidean
continuation of the space-time background. Performing such a continuation for
one of the timelike coordinates, that means

yD+1
E = iyD+1 ,

one gets the euclidean version of AdSD+1

y2 ≡
(
y0
)2 − D+1∑

µ=1

(yµ)2 !
= R2 = const. ,

with isometry group SO(1, D + 1). This metric is topologically equivalent to that
of the unit ball

∑D+1
µ=1 (xµ)2 ≤ 1.

In the following we will use different coordinate systems for anti de Sitter spaces.
One of them is the light-cone coordinate system which can be obtained from the
embedding coordinates as

u ≡ y0 + iyD+1 , v ≡ y0 − iyD+1 , ξα ≡ yα

u
α = 1, . . . , D , (2.35)

or in case of euclidean signature

u ≡ y0 + yD+1 , v ≡ y0 − yD+1 , ξα ≡ yα

u
α = 1, . . . , D , (2.36)

Then AdSD+1, in both cases, is defined by v = ξ2u+ R2

u
and the metric in this

coordinates is given by(
ds2
)
AdSD+1

= R2 du2

u2
+ u2dξ2 = dudv − d~y2 . (2.37)
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If one sets R = 1 there is another coordinate system given by (ξ0, ξα) = (u−1, ξα)

with metric ds2 = 1
(ξ0)2

(
(dξ0)

2
+ d~ξ2

)
.

The light-cone coordinate system is particularly useful since the boundary of AdSD+1

can be explored easily in these coordinates. In order to do that we rescale the light-
cone coordinates by a constant factor b

yα ≡ bỹα , u ≡ bũ , v ≡ bṽ

and take the limit b→∞. Then, from the definition of anti de Sitter space in the
embedding, y2 = R2, in this limit we obtain

ũṽ − ~̃y2 =
R2

b2
→ 0 ,

which should describe the boundary of AdSD+1. There is some additional con-
dition on the coordinates though. By taking the limit b→∞ some non-trivial
identification of the coordinates, namely (ũ, ṽ, ỹα) ∼ t (ũ, ṽ, ỹα), arises. Therefore,
the boundary is defined as the D-dimensional space(

y0
)2

+
(
yD+1

)2
= ~y2 = 1 , (2.38)

which topologically is S1×SD−1

Z2
. Alternatively, in the light-cone coordinates, we

obtain two different coordinate systems.

• When v 6= 0 we can scale v to one and the boundary is described by u = ~y2 = 1
and the single point v = 0 which can be thought of as “the point of infinity”.

• When u 6= 0 we can, analogously, scale u to one and the boundary is described
by v = (~y′)2 = 1 and the single point u = 0.

Since infinity is included, the boundary is automatically compactified.
It is interesting to investigate how the isometry group of AdSD+1 acts on its

boundary. Take for convenience the euclidean version of the space. Then an
SO(1, D + 1) transformation acts as

Λ

 u
v
~y

 =

 u′

v′

~y′

 ,

which clearly preserves the norm and hence the boundary uv − ~y2 = 0,
(u, v, ~y) ∼ λ (u, v, ~y) is mapped to itself. We can expand the transformation gener-
ator Λ as Λ = 1D+2 + w + O(w2). Then the infinitesimal transformation w has to
be of the form

w =

 a 0 ~αT

0 −a ~βT

1
2
~β 1

2
~α wD

 ,
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with wD an anti-symmetric D ×D matrix. Now, as described above, we can choose
v = 1 (which is possible everywhere but at infinity v = 0) and describe the bound-
ary by the coordinates ~y. The SO(1, D + 1) transformation gives

(1D+2 + w)

 u
v
~y

 =

 u(1 + a) + ~α· ~y
v(1− a) + ~β· ~y(

~y + u
2
~β + v

2
~α
)

+ wD~y

 ,

but since v changes non-trivially we have to rescale the image coordinates such that

v′ = 1. Using the equivalence scaling we get (u′, v′, ~y′) →
(

u′

v′
, 1, ~y′

v′

)
as needed. This

implies

~y′ → ~y′

v′
= ~y

(
1 + a− ~β· ~y

)
+
~y2

2
+

1

2
~α+ wn~y . (2.39)

The resulting transformations (2.39) can be obtained as combinations of four special
cases, namely

• only ~α 6= 0: ~y → ~y + 1
2
~α,

• only wn 6= 0: ~y → wn~y,

• only a 6= 0: ~y → ~y(1 + a),

• only ~β 6= 0: ~y → ~y
(
1− ~β· ~y

)
+ 1

2
~y2~β,

corresponding to translations, rotations, dilations and special conformal transfor-
mations respectively. Hence the SO(1, D + 1) isometries of the euclidean form of
AdSD+1 act as the conformal group on its boundary which is a compactification of
flat D-dimensional euclidean space.

2.3.3 The AdS/CFT Duality Conjecture

Finally we are able to discuss the duality between type IIB superstring theory on
AdS5 × S5 and N = 4 SU(N) super-Yang-Mills theory in four dimensions. The
presentation here follows [16].

The setup we are going to investigate is given by N coincident D3 branes in type
IIB superstring theory on a flat ten-dimensional Minkowski target-space. As we
saw in section 2.1 two kinds of perturbative excitations arise in the string theory,
closed and open strings. In a low energy regime just the massless modes survive,
such that the closed strings give rise to a gravity supermultiplet propagating in
the bulk and the open strings ending on the D3-branes give an N = 4 vector
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supermultiplet on the four-dimensional world-volume of the branes5 which can be
effectively described by N = 4 U(N) super-Yang-Mills theory. The effective action
of the massless string modes can be split according to

S = Sbulk + Sbrane + Sint. , (2.40)

where

• Sbulk is the action of ten-dimensional supergravity and some higher order
corrections,

• Sbrane describes the dynamics on the four-dimensional world-volume of the
D3-branes and contains the action of N = 4 U(N) super-Yang-Mills theory
and some corrections which are of higher order in derivatives of the fields and

• Sint. describes the interactions of the brane and the bulk modes.

The higher order corrections in the action (2.40) appear, because the effects of
integrating out the massive fields are taken into account.

Now we take the limit in which ls and therefore α′ is sent to zero while the
dimensionless parameters gstring and N are kept fixed. Since all higher corrections
to the brane action come with positive powers of α′ they vanish in this limit, leav-
ing just the pure N = 4 super-Yang-Mills theory. But also the rest of the action
simplifies since the ten-dimensional Newton’s constant is proportional to κ2 and
therefore also to l8s and all interaction terms in Sint. as well as the higher order
corrections in Sbulk come with positive powers of the ten-dimensional Newton’s
constant. Therefore in this specific limit the theory describes two decoupled sys-
tems, given by

• free supergravity in the ten-dimensional bulk and

• N = 4 U(N) pure super-Yang-Mills on the four-dimensional brane world-
volume.

There is also a different way to describe the above setup. D3-branes are massive,
charged objects and therefore they are sources for the supergravity fields and, as
we saw in section 2.3.1, there are solutions to the type IIB supergravity equations

5Dp-branes are 1/2-BPS objects and therefore break the N = 2 supersymmetry of type IIB
to N = 1. Dimensional reduction to the D3-brane world-volume yields N = 4 supersymmetry as
discussed in section 2.2. For details on the gauge theories of open strings ending on Dp-branes
see for instance chapter 2 of [19].
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of motion corresponding to (extremal) 3-Branes given by

ds2 = H− 1
2 (r)

(
−dt2 +

3∑
i=1

(
dxi
)2)

+H
1
2 (r)

(
dr2 + r2dΩ2

5

)
,

Fti1i2i3r = εti1i2i3rH
−2(r)

16Nπgstringl
4
s

r5
,

with H(r) = 1 +
4Nπgstringl

4
s

r4
= 1 +

Q

4r4
.

Here we have introduced a factor of N in the D3-brane charge, since this solution
is supposed to correspond to a stack of N D3 branes.

The metric in the solution has an important property, namely the time-component
is non-constant. This implies a redshift of the energy that is measured by an ob-
server at infinity as compared to the energy measured by an observer at a position
r given by

Er=∞ = H− 1
4 (r)Er . (2.41)

This means that the energy of an object brought closer to r = 0 and measured by
an observer at infinity decreases. Therefore an observer at infinity sees, in the low
energy limit, two kinds of excitations which are

• massless particles in the bulk and

• any excitations near r = 0.

Now in [20] and [21] it was found that in the case of 3-Branes the cross section for
the absorption of all massless particles in the closed string sector goes like

σ ∝ ωQ8 ,

with ω being the energy. That means that in the low energy sector the bulk fields
decouple from the near horizon (r = 0) region. On the other hand, the energy
measured from infinity goes like

Er=∞ =

(√
2r

Q
1
4

+O(r5)

)
Er

and therefore demanding Er=∞ to be smaller and smaller the excitations are more
and more confined to the region near r = 0. Therefore the low energy limit of the
setup again contains two decoupled systems, one of which is free bulk supergravity
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and the other one is the dynamics of the near horizon region of the brane stack.
In the near horizon region r �

√
Q the metric is approximated by

ds2 ' 2r

Q

(
ηijdx

idxj
)

+
Q

2r2
dr2 +

Q

2
dΩ2

5 ,

which seems to be singular for r → 0. Therefore we perform a change of variables

u ≡ Q

2r
, du = − Q

2r2
dr ,

such that the metric becomes

ds2 ' Q

2

[
1

u2
ηijdx

idxj +
du2

u2
+ dΩ2

5

]
.

Now we can blow up the region r → 0 by taking the limit ls → 0 and, in that
way, obtain the metric of an AdS5 × S5 space. This means that the near-horizon
geometry of the D3-brane stack is given by a direct product of AdS5 and S5 both
having the radius R ≡

√
Q
2

.
In both ways of describing the setup we considered, in the low energy regime and
taking the limit ls → 0, two decoupled systems appeared. One of these systems
was in both cases given by free ten-dimensional supergravity. Hence it is natural
to identify the other two systems, which brings us to the conjecture

N = 4 U(N) SYM in four dimensions is dual to type IIB
superstring theory on AdS5 × S5.

This statement is of course much stronger than what is motivated by the discussion
above. Actually it is the strongest form to put the conjecture by Maldacena,
claiming that the two theories are exactly the same for all values of gstring and N .
One can formulate weaker forms of the conjecture that are valid only in specific
limits of the theories. The supergravity approximation on the string theory side
for instance is valid when the radius of curvature of AdS5 × S5 is large compared
to the string length

R4

l4s
∝ gstringN ∝ g2

YMN � 1

and the string coupling gstring is small.6 Therefore we need N � 1. The perturba-
tive description of Yang-Mills theory, on the other hand, is valid when
gstringN ∝ g2

YMN � 1. The regimes of validity therefore are perfectly incompatible

6The relation between the string coupling gstring and the Yang-Mills coupling gYM arises from
the gauge theory on the brane stack.
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and we can use weakly coupled supergravity to learn something about strongly
coupled gauge theory and vice versa.7

There is more evidence supporting the validity of the conjecture stated above which
comes from the global symmetries of the theories. As we saw in section 2.2.2 the
global symmetry group of super-Yang-Mills theory in four dimensions is PSU(2, 2|4)
whose bosonic subgroup contains the four dimensional conformal group and an
SO(6) R-symmetry. Additionally there is the conjectured SL(2,Z) Montonen-Olive
symmetry. On the string theory or supergravity side, the SO(2, 4)× SO(6) isom-
etry group of AdS5 × S5 and the SL(2,Z) symmetry of the axion-dilaton pair are
present.8 We saw in section 2.3.2 that the SO(2, 4) isometry acts on the four-
dimensional boundary of AdS5 as the conformal group. The (bosonic) global sym-
metries of the two theories, summarized in table 2.2, therefore match perfectly
when the U(N) gauge theory lives on the boundary of the AdS5 × S5 space. In
section 2.4 we will see that the superstring theory on the AdS5 × S5 background
actually possesses the whole PSU(2, 2|4) symmetry. As stated before we concen-

AdS5 × S5 Type IIB N = 4 SYM in (3+1)D

• SO(2,4) isometry of AdS5 • conformal symmetry in (3+1)D
• SO(6) isometry of S5 • SU(4) R-symmetry
• SL(2,Z) of axion-dilaton pair • SL(2,Z) Montonen-Olive symmetry

• τ ≡ θ
2π

+ 4πi
g2
YM

Table 2.2: Match of the (bosonic) global symmetries on the two sides of the duality.

trated on a special case of a family of dualities. Indeed in the original work by
Maldacena[1] more dualities were conjectured. They relate M theory on AdS7 × S4

to a 6D (0,2) super-conformal field theory (SCFT) or M theory on AdS4 × S7 to
a three dimensional N = 8 SCFT. The most general form of this kind of duality
conjectures can be formulated as

String-/M-theory on AdS d ×MD−d is dual to a conformal QFT
on boundary of AdS d.

7Actually this reasoning is only valid for gstring < 1. In the other case we can perform an
SL(2,Z) transformation and get similar relations.

8Actually in section 2.1.4 we described an SL(2,R) symmetry of the low energy effective
supergravity theory. However not the full symmetry is shared by the full string theory. By
some stringy and quantum effects, which can be understood in terms of the Dirac quantization
condition, it gets broken to its subgroup SL(2,Z).
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2.3.4 Mapping of Physical Quantities

In [1] no precise identification of the observables on the two sides of the duality
was given. However, a proposal was given shortly afterwards by Witten in [2]. The
main idea is to equate the generating functional for the correlators of an operator
O in the field theory sourced by a field Φ0, i.e. S ⊃

∫
SD Φ0O, to the string (or

supergravity) partition function of the field Φ, which at the boundary approaches
Φ0. The Ansatz therefore is〈

exp

∫
S4

Φ0O
〉

CFT

= Zstring (Φ) . (2.42)

If the operator O has scaling dimension ∆, then the field Φ is supposed to have
scaling dimension 4−∆ in order to make the source term scale invariant. In a similar
fashion the quantum numbers of the operator O dictate the quantum numbers of
the source Φ0 and therefore the field Φ. In the regime in which the supergravity
approximation is valid one can replace the string partition function by exp (−IS (Φ))
with IS being the classical supergravity action. In order to make the Ansatz more
clear we will sketch (following [2]) a sample supergravity calculation in which Φ0

is a massless scalar field and therefore sources an operator of scaling dimension
∆ = 4. Afterwards we will present a semi-classical expansion for correlators in the
supergravity approximation that was given by Witten.

As a matter of fact anti de Sitter space has a nice feature concerning scalar
fields. Namely, any function Φ0 that satisfies the Laplace equation DiD

iΦ0 = 0 on
the boundary has a unique extension Φ to the bulk that obeys the field equation.
The reason for this statement to be true is, that there is no non-zero square-
integrable solution of the Laplace equation that vanishes on the boundary.
We will use the coordinates ξµ with metric

ds2 =
1

(ξ0)2

4∑
µ=0

(dξµ)2 ,

in which the boundary is given by ξ0 = 0 and the single point at infinity ξ0 →∞.
We will further assume the bulk action to be given by

IS(Φ) =
1

2

∫
AdS5

d5ξ
√
G |dΦ|2 ,

because for two-point functions only the quadratic part of the action in the fields
is needed. Note that the integral is just over the AdS5 part of the space. This
is justified since the S5 part of the geometry is compact and we can therefore
decompose the fields living on the product space into Kaluza-Klein towers on the
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S5, yielding fields that effectively live on AdS5. Since the bulk field Φ is determined
by its values on the boundary, we can write

Φ(ξ) =

∫
S4

d4~ξ′K
(
ξ0, ~ξ, ~ξ′

)
Φ0(~ξ

′) , (2.43)

with the propagator K fulfilling the Laplace equation

1√
G

∂

∂ξµ

(√
G

∂

∂ξµ
K(ξ, ~ξ′)

)
= 0

and having delta function support on the boundary. Using some clever line of
argumentation9 one gets the solution

K
(
ξ0, ~ξ, ~ξ′

)
= c

(ξ0)
4(

(ξ0)2 +
∣∣∣~ξ − ~ξ′

∣∣∣2)4 , (2.44)

called massless scalar boundary-to-bulk propagator. Note that, indeed, for ξ0 → 0+:

K
(
ξ0, ~ξ, ~ξ′

)
→ δ(4)

(
~ξ − ~ξ′

)
. Plugging (2.44) into (2.43) and the resulting expres-

sion for Φ(ξ) into the action I(Φ) one gets

I(Φ) = 2c

∫
d4ξd4ξ′

Φ0(~ξ)Φ0(~ξ
′)∣∣∣~ξ − ~ξ′

∣∣∣8 ,

which for the operator O sourced by Φ0 gives the two-point function〈
O(~ξ)O(~ξ′)

〉
∼ 1∣∣∣~ξ − ~ξ′

∣∣∣8 ,
as it should be the case for an operator of scaling dimension ∆ = 4 in a conformal
field theory.

One can do similar calculations for massive scalars, vectors, spinors and p-forms
in the bulk. Then a relation between their masses m and the scaling dimension
∆ of the corresponding boundary fields can be obtained. The generic results for a
D-dimensional boundary read

• scalars: ∆± = 1
2

(
D ±

√
D2 + 4m2

)
,

• spinors: ∆ = 1
2
(D + 2 |m|),

9For details on this calculation see [2].
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• vectors: ∆± = 1
2

(
D ±

√
(D − 2)2 + 4m2

)
,

• p-forms: ∆± = 1
2

(
D ±

√
(D − 2p)2 + 4m2

)
.

In the regime in which the supergravity approximation is valid, one can do a semi-
classical expansion of the correlation functions. Since the effective supergravity
action is proportional to 1

κ2
5

with κ5 being related to the ten-dimensional Newton’s

constant, after integrating out the S5 degrees of freedom, as κ2
5 = 8πG10

Vol(S5)
, the action

is proportional to 1
N2 which allows an expansion in terms of 1

N
. In this way one

obtains a diagrammatic prescription, similar to the Feynman rules in quantum field
theory, on how to calculate a given amplitude. The diagrams, sometimes called
Witten diagrams, are given by a disc whose interior represents the bulk of AdS
while the boundary circle of the disc corresponds to the boundary of AdS. Some
examples of those diagrams are depicted in figure 2.2. They are accompanied by a
set of rules stated below.

• Each external source to a field is represented by a point on the boundary
circle.

• Each external source is connected to either another external source or an
internal interaction point by a boundary-to-bulk propagator.

• The structure of the internal interaction points is determined by the bulk
supergravity action IS.

• Two interior points can be connected via bulk-to-bulk propagators which are
the normal propagators of the given fields in the bulk.

Figure 2.2: Witten diagrams for the 2-point and 3-point function as well as 4-point
contact and 4-point exchange.

The various propagators for given fields look quite complicated and can be found
for instance in [9] and references therein.
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2.4 The PSU(2,2|4) Nonlinear Coset σ-Model

In this section we want to discuss the type IIB superstring on an AdS5 × S5 back-
ground. More details on the calculations can be found in [22], on which this
discussion is based.
Though both anti de Sitter space and the sphere are maximally symmetric spaces
and therefore probably some of the easiest non-trivial spacetime backgrounds for
string theory, it turns out quite hard to quantize the full superstring theory on
an AdS5 × S5 background. Since the background geometry requires non-vanishing
RR five-form flux, the standard RNS formalism cannot be used. Also for the
Green–Schwarz formalism in its usual form, in practice, it turns out to be difficult
to construct an action. There is an alternative approach though, in which the
Green–Schwarz string is defined by a WZW-type non-linear σ-model on the coset
superspace of the geometry. In this framework it was possible to write down a
consistent, κ-symmetric superstring action [23].

2.4.1 AdS5 × S5 as a Coset Space

If a Lie group G acts on a manifold M transitively then, under certain technical
requirements, the coset space G/H(p), with H(p) being the stabilizer of p ∈ M ,
can be shown to be homeomorphic to M . In this way we can, for instance, describe
the D-dimensional sphere SD by the cosets [24]

SD ' SO(D + 1)

SO(D)
' O(D + 1)

O(D)
,

or, for odd-dimensional spheres,

S2D+1 ' SU(D + 1)

SU(D)
' U(D + 1)

U(D)
.

Similarly AdSD+1 can be described by the coset

AdSD+1 '
SO(D, 2)

SO(D, 1)
,

which can be seen by describing the space as

AdSD+1 =
{
[X] |X ∈ RD,2, X ·X < 0

}
where [X] = [Y ] iff X = zY z ∈ R+ .

Clearly the canonical action of SO(D, 2) on the rays [X] is transitive and they are
stabilized by an SO(D, 1) subgroup.
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Since the AdS5 × S5 superspace relevant to type IIB superstring theory is an
extension of AdS5 × S5 by 32 fermionic directions the SO(2, 4)× SO(6) gets en-
hanced to PSU(2, 2|4) as we already saw in section 2.2.2 for the N = 4 SYM theory.
Therefore the coset space we have to consider is given by

PSU(2, 2|4)

SO(4, 1)× SO(5)
. (2.45)

To be precise, since we will be dealing with fermions we should replace the orthog-
onal SO(N) groups by their double coverings Spin(N). Furthermore, since, as we
saw in section 2.3.2, anti de Sitter space is not causal, one should replace AdSD+1

by its universal cover ÃdSD+1. Therefore PSU(2, 2|4) should be substituted by its

univeral cover P̃SU(2, 2|4) to get the coset space

P̃SU(2, 2|4)

Sp(1, 1)× Sp(2)
.

These subtleties will not be important in the following and hence we will use the
notation (2.45) for simplicity.

2.4.2 The psu(2,2|4) Algebra

We already examined some of the properties of the PSU(2,2|4) group and its rep-
resentations in section 2.2.2. Here we summarize some important facts about the
algebra, the matrix representation and the Z4-grading.

We start by defining the superalgebra sl(4|4) over C. It is spanned by the 8× 8
matrices M which can be written in terms of 4× 4 blocks as

M =

(
m θ
η n

)
(2.46)

and fulfill

str M ≡ tr m− tr n = 0 .

While m and n are real valued 4× 4 matrices, θ and η are Grassmann valued.
su(2, 2|4)

is a non-compact real form of sl(4|4). It is given by a subset
su(2, 2|4) = {M ∈ sl(4|4)|M? = M} of sl(4|4), where the Cartan involution is de-
fined as

M? ≡ −HM †H−1



2.4. THE PSU(2, 2|4) NONLINEAR COSET σ-MODEL 39

and

H =

(
Σ 0
0 14

)
, Σ =

(
12 0
0 −12

)
.

Note that for the Grassmann valued matrices (θ1θ2)
∗ = θ∗2θ

∗
1 such that

(M1M2)
† = M †

2M
†
1 . Therefore the elements of su(2, 2|4) satisfy

m† = −ΣmΣ, n† = −n, η† = −Σθ , (2.47)

such that m and n span the subalgebras u(2, 2) and u(4) respectively. Since i1 is
also included in su(2, 2|4), its bosonic subalgebra is given by

su(2, 2)⊕ su(4)⊕ u(1) .

The superalgebra psu(2, 2|4) is obtained by modding this u(1) factor out of su(2, 2|4).
Note that psu(2, 2|4) does not have a realization in terms of 8× 8 matrices.

The automorphism group of the sl(4|4) algebra contains an order-four generator

M → Ω(M) ≡ −KM stK−1 , (2.48)

where

K =

(
K 0
0 K

)
, K =

(
−iσ2 0

0 −iσ2

)
, M st =

(
mt −ηt

θt nt

)
and Ω (M1M2) = −Ω (M2) Ω (M1). This order-four automorphism allows to endow
sl(4|4) with a Z4 grading. Abbreviating G = sl(4|4), and defining

G(k) ≡
{
M ∈ G|Ω(M) = ikM

}
, (2.49)

we can decompose G as a vector space into a direct sum of subspaces

G = G(0) ⊕ G(1) ⊕ G(2) ⊕ G(3) . (2.50)

Then
[
G(k),G(m)

]
⊂ G(k+m) mod Z4 and for every matrix M ∈ G we define its pro-

jection M (k) to G(k) by

M (k) ≡ 1

4

(
M + i3kΩ(M) + i2kΩ2(M) + ikΩ3(M)

)
. (2.51)

Note that ifM ∈ su(2, 2|4) then each of its projections is an element of that algebra,
M (k) ∈ su(2, 2|4).
Since

Ω†(M) = ΥΩ(M?)Υ = − (ΥH) Ω(M) (ΥH)−1 ,



40 CHAPTER 2. THE ADS/CFT CORRESPONDENCE

where

Υ =

(
14 0
0 −14

)
and [H,Υ] = 0 ,

the Cartan involution acts on M (k) ∈ G(k) as(
M (k)

)?
= −1

4
H
[
M + ikΥΩ(M)Υ−1 + i2kΩ2(M) + i3kΥΩ3(M)Υ−1

]
H−1 . (2.52)

In terms of the 4× 4 matrices defined in (2.46) the Z4 decomposition reads as

M (0) =
1

2

(
m−KmtK−1 0

0 n−KntK−1

)
, M (1) =

1

2

(
0 θ − iKηtK−1

η + iKθtK−1 0

)
,

M (2) =
1

2

(
m+KmtK−1 0

0 n+KntK−1

)
, M (3) =

1

2

(
0 θ + iKηtK−1

η − iKθtK−1 0

)
.

2.4.3 An AdS5 × S5 Superstring Lagrangian

We start by postulating the lagrangian

L = −g
2

[
γαβstr

(
A(2)

α A
(2)
β

)
+ κεαβstr

(
A(1)

α A
(3)
β

)]
, (2.53)

where γαβ = hαβ
√
−h, κ ∈ R and

A = −g−1dg = A(0) + A(1) + A(2) + A(3)

is a one-form with values in su(2, 2|4) and g ∈ SU(2, 2|4) and A(i) are the com-
ponents of the Z4 decomposition (2.50). By construction, A is pure gauge and
therefore it satisfies F = dA− A ∧ A = 0 or, in components,

∂αAβ − ∂βAα − [Aα, Aβ] = 0 .

Note that, usually, the Wess–Zumino term enters the action as a non-local expres-
sion integrated over a three-cycle whose boundary is the string worldsheet. Here
it would have the form∫

d3x θ3 ≡
∫

d3x str
(
A(2) ∧ A(3) ∧ A(3) − A(2) ∧ A(1) ∧ A(1)

)
.

Since A is pure gauge, θ3 is closed, and moreover, since the cohomology group of
psu(2, 2|4) is trivial, θ3 is also exact,

θ3 =
1

2
d str

(
A(1) ∧ A(3)

)
.

Hence the Wess–Zumino term can be written as in the lagrangian (2.53).
Now we will discuss the symmetries of the lagrangian we postulated. Besides

the obvious reparametrisation- and Weyl-invariance, they are the following:
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• Local U(1). Since str
(
A(2)

)
= str (1) = 0, the lagrangian is invariant under

A(2) → A(2) + ic · 1 ,

which corresponds to right multiplication of g by a U(1) element.

• Local SO(4,1)× SO(5). Consider the right multiplication g → gh of g by
an element h ∈ SO(4, 1)× SO(5) ⊂ SU(2, 2|4). Then

A→ h−1Ah− h−1dh ,

which for the components of A implies

A(1,2,3) → h−1A(1,2,3)h, A(0) → h−1A(0)h− h−1dh .

Since the lagrangian is invariant under similarity transformations of the
A(1,2,3) components, this is a local symmetry of the theory.

• Global PSU (2,2|4). The transformation

g → Gg ,

with G ∈ PSU (2, 2|4) being constant, leaves the current A invariant and is
therefore a symmetry.

The local U(1)× SO(4, 1)× SO(5) symmetry shows, that the lagrangian indeed

depends on a coset space element from PSU(2,2|4)
SO(4,1)×SO(5)

. Since i1 ∈ G(2), the local U(1)

symmetry allows us to gauge away the trace part of A(2).
Of course from a Green–Schwarz action we expect an additional fermionic symme-
try. Indeed the lagrangian possesses

• κ-symmetry. Consider the right action of an h = eε with ε ∈ psu(2, 2|4)
on the coset representative g. Under this the connection transforms as
A→ A− dε+ [A, ε]. Assuming ε = ε(1) + ε(3) we get for the Z4 components

δA(1) = −dε(1) +
[
A(0), ε(1)

]
+
[
A(2), ε(3)

]
,

δA(2) = −dε(3) +
[
A(2), ε(1)

]
+
[
A(0), ε(3)

]
,

δA(3) =
[
A(1), ε(1)

]
+
[
A(3), ε(3)

]
,

δA(0) =
[
A(3), ε(1)

]
+
[
A(1), ε(3)

]
.

Make the ansatz

ε(1) =
{
A

(2)
α−, κ

(1)α
+

}
,

ε(3) =
{
A

(2)
α+, κ

(3)α
−

}
,
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where V α
± ≡ Pαβ

± Vβ ≡ 1
2

(
γαβ ± κεαβ

)
Vβ. The fact that ε(1,3) is in su(2, 2|4)

implies for the parameters κ, that

Hκ(1) =
(
κ(1)
)†
H ,

Hκ(3) =
(
κ(3)
)†
H .

Now the lagrangian is invariant under the transformation g → geε provided
that κ = ±1, such that the P± are orthogonal projectors, and, provided that
the metric at the same time transforms as

δγαβ =
1

2
tr
([
κ

(1)α
+ , A

(1)β
+

]
+
[
κ

(3)α
− , A

(3)β
−

])
.

Having presented the symmetries of the coset non-linear σ-model given by (2.53),
we close the discussion of the lagrangian by stating the classical equations of motion
that can be obtained from it. The variation of the lagrangian with respect to A
yields

δL = −str
(
g−1δg (∂αΛα − [Aα,Λ

α])
)
, (2.54)

where

Λα = g

(
γαβA

(2)
β

1

2
κεαβ

(
A

(1)
β − A

(3)
β

))
.

Regarding ∂αΛα − [Aα,Λ
α] as an element of su(2, 2|4) the corresponding equations

of motion are given by

∂αΛα − [Aα,Λ
α] = c · 1 ,

with c being some constant. Since we are considering psu(2, 2|4) = su(2,2|4)
u(1)

the
relevant equations of motion are given by

∂αΛα − [Aα,Λ
α] = 0 . (2.55)

This equation of motion, implying the conservation of the current

Jα ≡ gΛαg−1 ,

can be projected to the Z4 components of A to give

∂α

(
γαβA

(2)
β

)
− γαβ

[
A(0)

α , A
(2)
β

]
+

1

2
κεαβ

([
A(1)

α , A
(1)
β

]
−
[
A(3)

α , A
(3)
β

])
= 0 ,

Pαβ
−

[
A(2)

α , A
(3)
β

]
= 0 ,

Pαβ
+

[
A(2)

α , A
(1)
β

]
= 0 ,
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while the projection onto G(0) vanishes. The equations of motion that come from
varying the action with respect to the metric γαβ are the Virasoro constraints given
by

str
(
A(2)

α A
(2)
β

)
− 1

2
γαβγ

ρδstr
(
A(2)

ρ A
(2)
δ

)
= 0 . (2.56)

2.4.4 A Coset Parametrisation

In order to give a more explicit form of the lagrangian (2.53) one has to embed
the coset representatives g into the SU(2, 2|4) group. This can, of course, be
done in different ways but all the embeddings are related by some non-linear field
redefinitions and are therefore equivalent. It should be noted however, that in
general non-linear field redefinitions can change the boundary conditions of the
fermions.

As we have seen before, the bosonic subalgebra of psu(2, 2|4) is given by
su(2, 2)× su(4). One can show that, regarding both groups as real vector spaces,
they are spanned by

su(2, 2) ∼ span
R

{
1

2
γ̃i,

1

2
γ̃5,

1

4

[
γ̃i, γ̃j

]
,

i

4

[
γ̃5, γ̃j

]}
i, j = 1, . . . , 4 ,

su(4) ∼ span
R

{
i

2
γ̃i,

1

4

[
γ̃i, γ̃j

]}
i, j = 1, . . . , 5 ,

with the hermitean matrices

γ̃1 ≡
(

0 iσ2

−iσ2 0

)
, γ̃2 ≡

(
0 iσ1

−iσ1 0

)
, γ̃3 ≡

(
0 12

12 0

)
,

γ̃4 ≡
(

0 iσ3

−iσ3 0

)
, γ̃5 ≡

(
12 0
0 −12

)
= Σ,

fulfilling the SO(5) Clifford algebra{
γ̃i, γ̃j

}
= 2δij i, j = 1, . . . , 5 .

Now we choose the parametrisation of a coset representative g to be

g = Λ(t, φ)g(χ)g(X) . (2.57)

Here we have used the AdS5× S5 coordinates (t, zi, φ, yi), i = 1, . . . , 4, with metric

ds2 = −Gttdt
2 +Gφφdφ

2 +Gzzdz
idzjδij +Gyydy

idyjδij , (2.58)
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where

Gtt =

(
1 + z2

4

1− z2

4

)2

, Gφφ =

(
1− y2

4

1 + y2

4

)2

, Gzz =

(
1

1− z2

4

)2

, Gyy =

(
1

1 + y2

4

)2

,

and z2 = zizjδij as well as y2 = yiyjδij. Further

Λ(t, φ) ≡ exp

(
i
2
tγ̃5 0
0 i

2
φγ̃5

)
, X ≡

(
1
2
ziγ̃jδij 0

0 1
2
yiγ̃jδij

)
, χ ≡

(
0 θ

−θ†Σ 0

)
,

g(χ) ≡ χ+
√

1 + χ2, g(X) ≡
√

1+X
1−X and Λ(t1 + t2, φ1 + φ2) = Λ(t1, φ1)Λ(t2, φ2). Note

that the coordinate φ, 0 ≤ φ < 2π, parametrises a big circle in the S5. Therefore
closed strings can have a non-trivial winding number m, such that
φ (σ1 = 2π)− φ (σ1 = 0) = 2πm. We will assume m = 0 in the following. Note
further, denoting gb ≡ Λ(t, φ)g(X), that the bilinear str (gbdgb)

2 reproduces the
metric (2.58). Explicitly the matrix g(X) is given by

g(X) =

 1q
1− z2

4

[
1+ 1

2
ziγ̃jδij

]
0

0 1q
1+ y2

4

[
1+ i

2
yiγ̃jδij

] .

Since K (γ̃i)
t
K−1 = γ̃i for i = 1, . . . , 5, the matrices g(X) are in the subspace

G(2) ⊂ G. Therefore the bosonic part of the lagrangian (2.53) is, in this parametriza-
tion of the coset representative gb, given by

Lbos. = −g
2
γαβ∂αX

M∂βX
NGMN , (2.59)

where XM ∈ {t, zi, φ, yi} and GMN is the metric (2.58). It therefore looks, as one
should expect, like the σ-model lagrangian on a curved spacetime background.

Consider now a local SU(2, 2)× SU(4) transformation h acting from the left on
the coset representative g. Using the representation (2.57) this means

hg = hΛ(t, φ)h−1 hg(χ)h−1 hg(X) ,

such that the fermions transform under the adjoint of SU(2, 2)× SU(4), while the
bosons in general transform in a non-linear fashion. For the special case, however,
in which h corresponds to a global shift in the coordinates (t, φ), h can be identified
with an element Λ(a, b), such that

Λ(a, b)g = Λ(t+ a, φ+ b)g(χ)g(X) ,

that means, both χ and X remain untouched. Such a parametrisation is useful
for a light-cone gauge quantization in which the light-cone directions are t and φ.
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It is interesting to look at the maximal subgroup of the bosonic symmetries that
commutes with the Λ transformations, since this subgroup will be the manifest
bosonic symmetry of the light-cone guage fixed lagrangian. The shifts in t and φ
are generated by the matrices(

iγ̃5 0
0 0

)
and

(
0 0
0 iγ̃5

)
respectively. Since 1

4
[γ̃i, γ̃j] with i = 1, . . . , 4 commute with γ̃5, the centralizer C

consists of two copies of so(4) spanned by these matrices

C = so(4)⊕ so(4) = su(2)⊕ su(2)⊕ su(2)⊕ su(2) ⊂ so(4, 2)× so(6) .

Then, for a h ∈ C, hΛ(t, φ)h−1 = Λ(t, φ) and

hg = Λ(t, φ) hg(χ)h−1 hg(X)h−1 h ,

where the last h acts from the right and can therfore be absorbed by a local
SO(4, 1)× SO(5) transformation which is a symmetry. We hence see, that under
an h ∈ C the bosons and fermions both transform in the adjoint

g(χ) → hg(χ)h−1, g(X) → hg(X)h−1

and therefore these bosonic symmetries are realized linearly.

2.4.5 Light-Cone Gauge

As we saw in section 2.1.2 quantization of a Green–Schwarz action simplifies dra-
matically in the light-cone gauge, even in flat space. Therefore we will discuss
the light-cone gauge of the coset-model action (2.53) here. We closely follow the
presentation in [22] and the calculations done in [25]. Since the calculations are
rather involved we will not perform them in detail. In section 2.5 we will then use
the light-cone gauge to make an attempt to perturbatively quantize the bosonic
part of the action.

We start by analyzing the bosonic part of the lagrangian (2.59). Introducing
momenta canonically-conjugate to the coordinates

PM ≡ δS

δẊM
= −gγ0β∂βX

NGMN , (2.60)

we can rewrite the lagrangian in the form

Lbos. = PMẊ
M +

γ01

γ00
C1 +

1

2gγ00
C2 , (2.61)
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where

C1 ≡ PMX
′M , C2 ≡ GMNPMPN + g2X ′MX ′NGMN .

The Virasoro constraints then impose the conditions

C1 = C2 = 0 .

Now we introduce the light-cone coordinates

X− = φ− t, X+ = (1− a)t+ aφ , (2.62)

P− = Pφ + Pt, P+ = (1− a)Pφ − aPt ,

where a ∈ R. Using these coordinates the lagrangian can be written as

Lbos. = P−Ẋ
+ + P+Ẋ

− +
γ01

γ00
C1 +

1

2gγ00
C2 , (2.63)

with

C1 = P+X
′− + P−X

′+ + PµX
′µ ,

C2 =
(
a2Gφφ − (a− 1)2Gtt

)
P 2
− + 2

(
aGφφ − (a− 1)Gtt

)
P−P+ +

(
Gφφ −Gtt

)
P 2

+

+ g2
(
(a− 1)2Gφφ − a2Gtt

) (
X ′−)2 − 2g2 ((a− 1)Gφφ − aGtt)X

′−X ′+

+ g2 (Gφφ −Gtt)
(
X ′+)2 +GµνPµPν + g2GµνX

′µX ′ν

and Xµ ∈ {zi, yi}.
The light-cone gauge we employ is given by

X+ = P+σ
0, P+ = const. . (2.64)

Then the vanishing of C1 implies

X ′− = − 1

P+

PµX
′µ , (2.65)

which can be substituted into C2 = 0 to get an expression for P−. Then the light-
cone gauge Hamiltonian of the system is given by

H = −P+P− (Pµ, X
µ, X ′µ) , (2.66)

where we have omitted the total derivative term P+Ẋ
−. Setting for simplicity

P+ = 1 the result for the Hamiltonian reads

H =

√
GφφGtt (1 + ((a− 1)2Gφφ − a2Gtt))Hx + g2 ((a− 1)2Gφφ − a2Gtt)

2 (X ′−)2

(a− 1)2Gφφ − a2Gtt

+
(a− 1)Gφφ − aGtt

(a− 1)2Gφφ − a2Gtt

, with Hx ≡ GµνPµPν + g2GµνX
′µX ′ν .
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This expression has a very-complicated and non-linear dependence on the coordi-
nates and momenta which makes it hard to use it for canonical quantization. An
effective quantization in a specific limit in which g →∞ is presented in section 2.5.

There is an important subtlety concerning the light-cone gauge (2.64). We
have seen in section 2.1.2 that the freedom to impose the light-cone gauge in flat
space comes from a residual symmetry after imposing a conformally flat worldsheet
metric. This strongly relied on the fact that the equation of motion for light-cone
coordinate X+ was given by a wave equation. Now, due to the non-constant metric
(2.58), the equations of motion for these coordinates are more complicated, which
makes imposing a conformally flat world-sheet metric and the light-cone gauge
(2.64) at the same time impossible. Still the reparemtrisation invariance makes it
possible to impose the light-cone gauge, but then the metric cannot be conformally
flat anymore. In the discussion above we started by introducing momenta canoni-
cally conjugate to the target-space coordinates. If one wants to include fermions,
it becomes difficult to find the conjugate momenta due to non-trivial interactions
between the bosonic and fermionic fields. Therefore in this case it is easier to
introduce an auxiliary field p ∈ su(2, 2|4) and rewrite the action in the form [25]

L = −str
(
pA

(2)
0 + κ

g

2
εαβA(1)

α A
(3)
β

)
+
γ01

γ00
C1 −

1

2gγ00
C2 , (2.67)

where

C1 ≡ str
(
pA

(2)
1

)
,

C2 ≡ str
(
p2 + g2

(
A

(2)
1

))
.

Solving the equations of motion for p and plugging the result back into the above
expression yields the lagrangian (2.53). The Virasoro constraints are now given by

C1 = 0 , (2.68)

C2 = 0 . (2.69)

Without loss of generality one can assume that P ∈ G(2) and therefore can be
written as

p =
i

2
p+Σ+ +

i

4
p−Σ− +

1

2
pµΣµ + ip11 ,

with the matrices

Σ+ =

(
Σ 0
0 Σ

)
, Σ− =

(
−Σ 0
0 Σ

)
, Σi =

(
γ̃i 0
0 0

)
, Σ4+i =

(
0 0
0 iγ̃i

)
.
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Analogously to the flat space case the lagrangian and its equations of motions can
be further simplified by gauge fixing the κ-symmetry. It can be shown that using
this symmetry the fermionic field θ can be brought to the form

θ =


0 0 θ13 θ14

0 0 θ23 θ24

θ31 θ32 0 0
θ41 θ42 0 0

 ,

which is equivalent to demanding

{Σ+, χ} = 0 , [Σ−, χ] = 0 ,

where

χ =

(
0 θ

−θ†Σ 0

)
,

as before. Now one can compute the current A = −g−1dg = Aeven + Aodd to be
given by

Aeven = −g−1(X)

[
i

2

(
dX+ +

(
1

2
− a

)
dX−

)
Σ+

(
1 + 2χ2

)
+

i

4
dX−Σ−

+
√

1 + χ2d
√

1− χ2 − χdχ+ dg(X)g−1(X)
]
g(X) ,

Aodd = −g−1(X)

[
i

(
dX+ +

(
1

2
− a

)
dX−

)
Σ+χ

√
1 + χ2

+
√

1 + χ2dχ− χd
√

1 + χ2
]
g(X) ,

from which one sees that the choice a = 1
2

simplifies the currents significantly. Using
these results we can write the lagrangian (2.67) as

L = P+Ẋ
− + P ′

−Ẋ
+ − str

(
pA′

even + κ
g

2
εαβA(1)

α A
(3)
β

)
,

with

A′
even = −g−1(X)

[√
1 + χ2∂0

√
1− χ2 − χ∂0χ+ (∂0g(X)) g−1(X)

]
g(X) ,

p+ =
i

4
str
(
pΣ−g2(X)

)
= G+p+ −

1

2
G−p−, G± ≡

1

2

(√
Gtt ±

√
Gφφ

)
,

P ′
− =

i

2
str
(
pΣ+g(X)

(
1 + 2χ2

)
g(X)

)
.
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Note that P ′
− is not the momentum canonically conjugate to X+ due to a contri-

bution coming from the Wess–Zumino part of the lagrangian. Now imposing the
light-cone gauge (2.64) one can calculate the gauge-fixed lagrangian. The calcula-
tions are rather tedious and can be found in the various appendices in [25]. Setting
P+ = 1 again, the result reads

L = Lkin. −H , (2.70)

Lkin. = PµẊ
µ − i

2
str (Σ+χ∂0χ) +

1

2
gνpµstr ([Σν ,Σµ]B0)

− iκ
g

2

(
G2

+ −G2
−
)
str
(
F0KF st

1 K
)

+ iκ
g

2
GµGνstr

(
ΣνF0Σ

µKF st
1 K
)
,

H = −P ′
− − κ

g

2

(
G2

+ −G2
−
)
str
(
Σ+χ

√
1 + χ2KF st

1 K
)

− κ
g

2
GµGνstr

(
Σ+Σνχ

√
1 + χ2ΣµKF st

1 K
)
,

where we have used

g(X) = g+1+ g−Υ + gµΣµ , g2(X) = G+1+G−Υ +GµΣµ ,

as well as

Bα = −1

2
χ∂αχ+

1

2
(∂αχ)χ+

1

2

√
1 + χ2∂α

√
1 + χ2 − 1

2
∂α

√
1 + χ2

√
1 + χ2 ,

Fα =
√

1 + χ2∂αχ− χ∂α

√
1 + χ2 ,

being the even and odd components of g−1(χ)∂αg(χ) respectively. After quantizing,
physical states should respect the level matching condition, which is obtained by
integrating the Virasoro constraint C1 = 0 over σ1.

2.5 Quantization at large g

As we have seen in the last section, the kinetic term of the gauge fixed lagrangian
(2.70) is highly complicated and yields highly nontrivial Poisson brackets which
makes it hard to quantize the theory. Quantization can much easier be performed
in various limits. One of these, namely the limit of strong coupling g →∞ for the
bosonic theory, was adressed quite recently in [26]. The main idea the authors of
this paper used, is to perform a scaling on the target space coordinates to get a
perturbatively accessible theory. Naively starting from the Nambu-Goto action for
the bosonic string on an AdS5 × S5 background with metric (2.58)

SNG = −g
∫

d2σ
√
−det (∂rXµ∂sXνGµν)
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and scaling the target space coordinates as Xµ → √
gXµ yields an action that can

be expanded in terms of g. It starts with a term quadratic in the world-sheet fields
Xµ which is independent of g and all interaction terms come with positive powers
of g. If we now split the Xµ into their zero-mode and their oscillator part

Xµ
(
σ0, σ1

)
= xµ

(
σ0
)

+ X̃µ
(
σ0, σ1

)
,

we see that a scaling of this form supresses the oscillator parts of the fields in the
expansion of the action. Therefore this scaling is not convenient when considering
massive fields. The idea of [26] is now to perform a different scaling, namely to
scale the phase-space variables according to

Xµ
(
σ0, σ1

)
→ g

1
4xµ

(
σ0
)

+ g
1
2 X̃µ

(
σ0, σ

)
, (2.71)

Pµ

(
σ0, σ1

)
→ g

1
4pµ

(
σ0
)

+ g
1
2 P̃µ

(
σ0, σ

)
,

where P µ are the momenta canonically-conjugate to the coordinates Xµ.
Now starting from the action (2.63) and specifying a = 1

2
in the light-cone coordi-

nates (2.62) we will perturbatively solve the constraints C1 = C2 = 0. In order to
do that employ the light-cone gauge

P+ = p+, X+ = X+ + p+σ
0 ,

where x+ and p+ are (σ0, σ1) independent. As before we can solve the C1 = 0
constraint by setting

X ′− = − 1

p+

PµX
′µ .

To make the expressions more explicit we will in the following use a notation in
which Pi and Qi denote the momenta canonically conjuagete to the AdS5 coordi-
nates Zi and the S5 coordinates Y i respectively. Then the constraint arising from
the vanishing of C2 is given by

0 =

(1 + ~Y 2/4

1− ~Y 2/4

)2

−

(
1− ~Z2/4

1 + ~Z2/4

)2
(P 2

−

4
+ p2

+

)
+
(
1− ~Z2/4

)2
~P 2

+

(1 + ~Y 2/4

1− ~Y 2/4

)2

+

(
1− ~Z2/4

1 + ~Z2/4

)2
P−p+ +

(
1 + ~Y 2/4

)2
~Q2 (2.72)

+ g2

(1− ~Y 2/4

1 + ~Y 2/4

)2

−

(
1 + ~Z2/4

1− ~Z2/4

)2
 1

4p2
+

(
P iZ ′jδij +QiY ′jδij

)2

+ g2


(
~Z ′
)2

(
1− ~Z2/4

)2 +

(
~Y ′
)2

(
1 + ~Y 2/4

)2

 .
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Next, as discussed above, we rescale the fields according to (2.71) and then calculate
P− as a series in g. In that calculation we will restrict to the case in which

qφ =
1

2
p− + p+ ∝ g0 ,

with the notation

xµ =

∫
dσ1

2π
Xα(σ1), pα =

∫
dσ1

2π
Pα(σ1), with α ∈ {t, φ,+,−} .

This condition implies that writing p+ and p− as a power series in g, the powers of
g appearing in both series have to be the same.
To leading order, equation (2.72) yields

−2P−p+ = gM2 +O
(
g

1
2

)
,

where

M2 = ~̃P 2 + ~̃Q2 +
(
~̃Z ′
)2

+
(
~̃Y ′
)2

.

From p2
t = q2

φ − 2p+p− one can also get the leading-order energy

p2
t = q2

φ + gM2 +O
(
g

1
2

)
,

with the flat-space mass operator

M2 =

∫
dσ1

2π
M2 .

From the fact that p+ = 1
2
(qφ − pt) and the condition on qφ one can deduce the

seperate form of P− and p+ to be

p+ = p
(0)
+ g

1
2 + p

(2)
+ +O

(
g−

1
8

)
,

P− = −g
1
2
M2

2p
(0)
+

+O
(
g

1
8

)
.

Using this one can extract the next higher order expression for P− from (2.72). This
can be repeated to give an iterative procedure to calculate p+, P− and therefore
p2

t to any order. In [26] the calculation is performed up to order g0 and the results
can be found there.
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Having solved the Virasoro constraints, one can quantize the theory by promot-
ing the fields to operators and replacing the Poisson brackets by commutators in
the usual way. The coordinates and momenta fulfill the equal-time Poisson brackets{
Zi
(
σ0, σ1

)
, P j

(
σ0, σ1′)}

P.B.
=
{
Y i
(
σ0, σ1

)
, Qj

(
σ0, σ1′)}

P.B.
= 2πδ

(
σ1 − σ1′) δij ,

which can be solved by imposing the oscillator expansion

Z̃i
(
σ0, σ1

)
=

i

2

∑
n6=0

[
αi

n (σ0)

n
e−inσ1

+
α̃i

n (σ0)

n
einσ1

]
,

P̃ i
(
σ0, σ1

)
=

1

2

∑
n6=0

[
αi

n

(
σ0
)
e−inσ1

+ α̃i
n

(
σ0
)
einσ1

]
,

Ỹ i
(
σ0, σ1

)
=

i

2

∑
n6=0

[
βi

n (σ0)

n
e−inσ1

+
β̃i

n (σ0)

n
einσ1

]
,

Q̃i
(
σ0, σ1

)
=

1

2

∑
n6=0

[
βi

n

(
σ0
)
e−inσ1

+ β̃i
n

(
σ0
)
einσ1

]
,

with the non-vanishing equal-time oscillator brackets being given by{
zi, pj

}
P.B.

= δij ,
{
αi

m, α
j
n

}
P.B.

= −imδm+nδ
ij ,

{
α̃i

m, α̃
j
n

}
P.B.

= −imδm+nδ
ij,{

yi, qj
}

P.B.
= δij ,

{
βi

m, β
j
n

}
P.B.

= −imδm+nδ
ij ,

{
β̃i

m, β̃
j
n

}
P.B.

= −imδm+nδ
ij .

The Virasoro generators are defined as

Ln ≡=
1

2

∞∑
m=−∞
m6=0,n

(
~αn−m · ~αm + ~βn−m · ~βm

)
, L̃n ≡=

1

2

∞∑
m=−∞
m6=0,n

(
~̃αn−m · ~̃αm + ~̃βn−m · ~̃βm

)

and the flat-space mass operator can be expressed by the oscillators as

M2 = 2
(
L0 + L̃0

)
.

Defining further Φ ≡ 2
(
L0 − L̃0

)
the level matching condition, which comes, as

before, from integrating the constraint C1 = 0, can be written as Φ |Ψ〉 = 0 for
any physical state |Ψ〉. Note that in the quantized theory both L0 and L̃0 are
well-defined up to a normal ordering constant. However, since this constant is the
same for both operators, the level matching condition is well-defined. Note further
that though the oscillator expansions and brackets look pretty much like in flat
space, they are far more complicated due to the non-trivial σ0 dependence of the
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oscillators. In section 3.4 we will adress the problem to explicitly calculate it, since
it is important in order to define vertex operators and calculate correlators.

Now one can quantize the theory by replacing Poisson brackets by commutators,
{., .}P.B. → −i [., .] in the usual fashion. The result are the standard commutators[

αi
m, α

j
n

]
= mδm+nδ

ij,
[
α̃i

m, α̃
j
n

]
= mδm+nδ

ij ,[
βi

m, β
j
n

]
= mδm+nδ

ij,
[
β̃i

m, β̃
j
n

]
= mδm+nδ

ij ,[
Lm, α

i
n

]
= −nαi

n+m,
[
Lm, β

i
n

]
= −nβi

n+m ,[
L̃m, α̃

i
n

]
= −nα̃i

n+m,
[
L̃m, β̃

i
n

]
= −nβ̃i

n+m .

Then, after performing a unitary transformation and fixing the constants p
(0)
+ , the

spectrum for physical states is of the form10

p2
t = q2

φ + gM2 +
√
g
(
~p2 +M2~z2 + ~q2

)
+O

(
g

1
4

)
,

which looks like the spectrum of a massive particle on AdS5 × S5.

10For details on this see [26].



Chapter 3

Correlation Functions

Correlation functions are central objects in quantum field and string theories since
they correspond to physical observables and govern the dynamics of the theory. In
the AdS/CFT duality context they play a special role since one can obtain insights
about the dynamics of strongly coupled field theories by performing calculations
on the string theory side, and therefore use string theory to predict measurable
quantities. This chapter is devoted to the studies of correlation functions in the
AdS/CFT correspondence. We will restrict ourselves to the bosonic sector of the
theory in most of the cases.

3.1 Correlation Functions in String Theory

As we have seen in the previous sections, the type IIB Green–Schwarz lagrangian
(2.1) as well as the coset-model lagrangian (2.53) possess local reparametrisation
and Weyl invariance. This invariance makes the quantum field theory on the world-
sheet a conformal field theory in two-dimensions. It is easy to see from the la-
grangians that this feature extends also to the purely bosonic sector. Reparametri-
sation invariance makes it possible to map the worldsheet corresponding to an
interaction of N incoming and outgoing strings to a compact space as displayed
in figure 3.1. In order to keep the information about the quantum numbers of the
particles participating in the interaction, local operators, called vertex operators,
have to be inserted on the compact space. Due to the existence of two different
quantization schemes, namely the operator and the path integral formalism, there
are two different methods to calculate correlation functions. In the path integral
formalism a correlator of M states is given by the functional integral

A ∝
∫
DX (~σ)Dhαβ (~σ) e−S(X)

M∏
i=1

VΛi
(ki) ,

54
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Figure 3.1: The closed string 4-point amplitude can be cast into a sphere with four
punctures at which vertex operators get inserted.

where ki are the momenta of the particles labelled by Λi. On a flat target space
background the vertex operators are of the form

VΛ(k) =

∫
d2σ

√
hWΛ(~σ)eik·X ,

where WΛ is a local operator that is a worldsheet-scalar and carries the same
Lorentz quantum numbers as the state Λ.
In section 3.2.3 we will discuss a saddle-point method used to calculate ampli-
tudes of some class of operators in the path integral formalism on an AdS5 × S5

background.
In the operator formalism we have to make use of the operator state correspon-

dence to define the relation between local operators and their corresponding states.
In analogy to quantum field theory one defines in- and outgoing states as

|Λ; k〉 = lim
σ0→i∞

e−iσ0

VΛ

(
k, σ0

)
|0; 0〉 ,

〈Λ; k| = lim
σ0→−i∞

eiσ0 〈0; 0|VΛ

(
k, σ0

)
.

Using these definitions an amplitude of the form

A ∝ 〈Φ1|V2 (k2) ∆V3 (k3) . . .∆VM−1 (kM−1) |ΦM〉 , (3.1)

with ∆ being the σ0-propagators, can be calculated using operator techniques. We
will do such a calculation in section 3.3.
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3.2 Spinning String Correlation Functions in Ad-

S/CFT

In general, since we are not dealing with free theories on both sides of the Ad-
S/CFT duality, the physical quantities depend in a non-trivial way on the coupling
constants, or more precisely on the ’t Hooft coupling λ = g2

YMN = R4

α′2
. As we saw

in section 2.2.2, in the case of BPS operators it is possible that the dependence be-
comes trivial due to constraints coming from supersymmetry. Checking the duality
beyond the BPS regime, by comparing the results for physical quantities obtained
by calculations on the two sides, remains a challenging task. The reason is that
while the perturbative string theory description is valid in the large λ limit, the
perturbative regime of the SYM theory is at λ� 1 and therefore one has to com-
pute the full functional dependence of the operators on λ. Analogously to the case
of quantization, there are several limits in which some quantum numbers of single-
string states scale with

√
λ in the large λ limit and predictions can be made. One

example is the BMN limit[27] in which one considers small closed strings whose
center of mass is moving along a large circle of S5 with large angular momentum
J � 1 and finite J2

λ
= const.. In this limit one can describe the states as quadratic

fluctuations near a point-like string and show that string σ-model corrections of
higher than 1-loop order vanish. In that way a precise correspondence between
the energies of string states and the scaling dimensions of the dual CFT operators
was established.1 Here, we will consider a different limit, first proposed in [29],
describing single-string multispin states with at least one large S5 spin component
J . The classical energy has a regular expansion in λ

J2 and the quantum superstring

σ-model corrections are suppressed in the J � 1 limit with J2

λ
= fixed [31]. In

this section we first review the classical solutions corresponding to these spinning
strings and then discuss the calculation of some of the non-BPS correlators of such
states.

3.2.1 Classical Spinning String Solutions

The bosonic part of the coset-model lagrangian given by (2.59) can be rewritten
in terms of the 6+6 embedding coordinates XM (M ∈ {1, . . . , 6}) of S5 and YP

(P ∈ {0, . . . , 5}) of AdS5, yielding the action

S =
√
λ

∫
dτ

∫ 2π

0

dσ

2π
(LAdS + LS) , (3.2)

1For details see [31] and references therein.
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where

LAdS = −1

2
ηPQ∂aYP∂

aYQ +
1

2
Λ̃
(
ηPQYPYQ + 1

)
,

LS = −1

2
δMN∂aXM∂

aXN +
1

2
Λ
(
δMNXMXN − 1

)
.

Λ and Λ̃ are Lagrange multipliers used to impose the constraints

ηPQYPYQ = −1 , δMNXMXN = 1

and ηPQ = diag (−1,+1,+1,+1,+1,−1). In these coordinates the conserved charges
corresponding to the global SO(2, 4)× SO(6) symmetry are given by

SPQ =
√
λ

∫ 2π

0

dσ1

2π

(
YP ẎQ − YQẎP

)
, (3.3)

JMN =
√
λ

∫ 2π

0

dσ1

2π

(
XMẊN −XMẊN

)
.

Now we introduce global coordinates given by

Y0 ≡ Y5 + iY0 = cosh ρ eit,

Y1 ≡ Y1 + iY2 = sinh ρ sin θeiφ1 ,

Y2 ≡ Y3 + iY4 = sinh ρ cos θeiφ2 , (3.4)

X1 ≡ X1 + iX2 = sin γ cosψeiϕ1 ,

X2 ≡ X3 + iX4 = sin γ sinψeiϕ2 ,

X3 ≡ X5 + iX6 = cos γeiϕ3 ,

such that the AdS5 × S5 metric is(
ds2
)
AdS5

= dρ2 − cosh2 ρ dt2 + sinh2 ρ
(
dθ2 + sin2 θ dφ2

1 + cos2 θ dφ2
2

)
,(

ds2
)
S5 = dγ2 + cos2 γ dϕ2

3 + sin2 γ
(
dψ2 + sin2 ψ dϕ2

1 + cos2 ψ dϕ2
2

)
and the 3+3 Cartan generators of the SO(2, 4)× SO(6) isometry group of the
metric can be chosen to be translations in AdS5 time t, the two angles φa and the
three S5 angles ϕi.
The Ansatz for a rotating string solution is given by

Y0 ≡ Y5 + iY0 = z0(σ)eiω0σ0

,

Y1 ≡ Y1 + iY2 = z1(σ)eiω1σ0

,

Y2 ≡ Y3 + iY4 = z2(σ)eiω2σ0

, (3.5)

X1 ≡ X1 + iX2 = z̃1(σ)eiν1σ0

,

X2 ≡ X3 + iX4 = z̃2(σ)eiν2σ0

,

X3 ≡ X5 + iX6 = z̃3(σ)eiν3σ0

,
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where zi ∈ (z0, z1, z2) and z̃a ∈ (z̃1, z̃2, z̃3) are complex variables and can be written
as

z̃a = r̃ae
iαa ,

3∑
a=1

r̃2
a = 1, (3.6)

zr = rre
iβr , ηrsrrrs = −r2

0 + r2
1 + r2

2 = −1.

Plugging in this ansatz into the expressions for the conserved charges yields

E = S0 ≡ S50 =
√
λω0

∫ 2π

0

dσ1

2π
r2
0(σ

1) ,

Si ≡ S(2i)(2i+1) =
√
λωi

∫ 2π

0

dσ1

2π
r2
i (σ

1) i ∈ {1, 2} ,

Ji ≡ S(2i)(2i+1) =
√
λνi

∫ 2π

0

dσ1

2π
r̃2
i (σ

1) i ∈ {1, 2, 3} ,

which, due to the constraints (3.6), fulfill∑
i

Ji√
λνi

= 1, (3.7)

∑
r,s

ηsr Sr√
λωs

= −1 i.e.
E

κ
− S1

ω1

− S2

ω2

=
√
λ.

The equations of motion coming from the variation of the lagrangian (3.2) yield

∂σ

(
δabr̃ar̃bα

′
a

)
= 0 ⇒ α′a =

va

r̃2
a

va = const., (3.8)

∂σ (ηrsrrrsβ
′
r) = 0 ⇒ β′r =

ur

r2
r

ur = const.,

as well as

r′20 + κ2r2
0 =

2∑
r=1

(
r′2r + ω2

rr
2
r +

u2
r

r2
r

)
+

3∑
a=1

(
r̃′2a + ν2

a r̃
2
a +

v2
a

r̃2
a

)
, (3.9)

2∑
r=1

ωrur +
3∑

a=1

νava = 0.

Let now

kr = ma = 0,

ur = va = 0,
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that means assume that φr and ϕa do not depend on σ. In terms of global coordi-
nates this ansatz is described by

t = κσ0, φr = ωrσ
0, ϕa = νaσ

0,
cosh ρ = r0, sinh ρ sin θ = r1, sinh ρ cos θ = r2,

sin γ cosψ = r̃1, sin γ sinψ = r̃2, cos γ = r̃3.
(3.10)

While the periodicity of r0, r0(σ
1 + 2π) = r0(σ

1), implies that ρ(σ1) = ρ(σ1 + 2π)
the angles θ, γ and ψ may be periodic up to a 2π shift, e.g. ψ(σ1 + 2π) = ψ(σ1) + 2πn.
If n = 0 the solutions are called folded, if n 6= 0 they are called circular.
A non-trivial two-spin folded string solution called “(S, J)” solution is now given
by

κ, ω1, ν1 6= 0, ρ = ρ(σ), θ = 0, γ = 0, ψ = 0

and ψ(σ1 + 2π) = ψ(σ1), such that

Y0 = cosh ρeiκσ0

= r0e
iκσ0

, X1 = eiν1σ0

,

Y1 = sinh ρeiω1σ0

, X2 = 0 , (3.11)

Y2 = 0 , X3 = 0 ,

with the constraint

ρ′2 − κ2 cosh2 ρ+ ω2
1 sinh2 ρ = −ν2

1 (3.12)

coming from the Virasoro constraints. Then the conserved charges are given by

J ≡ J1 =
√
λν1,

S ≡ S1 =
√
λω1

∫ 2π

0

dσ1

2π
sinh2 ρ,

E =
√
λκ

∫ 2π

0

dσ1

2π
cosh2 ρ.

Another non-trivial solution, called “(J, J ′)” solution

κ, ν2, ν3 6= 0, ρ = 0, θ = 0, γ =
π

2
, ψ = ψ(σ1),

is connected to the above solution by the analytic continuation

ρ→ iψ, κ→ −ν2, ω1 → −ν3, ν1 → −κ,
E → −J2, S1 → J3, J1 → −E.

The dependence of the energy E on the other quantum numbers S and J can
now be extracted using equation (3.7). The classical expression for the energy for
the folded (S, J) solution is a complicated function of S and J which interpolates
between the functional behaviour in a variety of limits given by[28]
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1. ρ ≈ 0, J � 1, S � 1 E =
√
J2 + 2

√
λS + . . . ,

2. ρ ≈ 0, J �
√
λ, J � S E = J + S + λS

2J2 + . . . ,

3. S �
√
λ, J � ln (S) E = S +

√
λ

π
ln S√

λ
+ πJ2

2
√

λln S√
λ

+ . . . ,

4. ln
(

S
J

)
� J√

λ
� S√

λ
E = S + J + λ

2π2J
ln2 S

J
+ . . .

where we used S = 1√
λ
S and J = 1√

λ
J . Note that analogous expressions can be

calculated in the gauge theory framework, where the corresponding gauge invariant
operators are of the form tr

(
DSZJ

)
+ . . . with the covariant derivative D and

complex scalar field Z. Agreement was found at least for the cases (2) and (4).
For the case (1) quantum corrections are expected to still play a role and hence
this expression cannot be compared to gauge theory. Case (3) is the limit we will
explore in the following chapters. An analysis of this limit on the gauge theory
side still has to be performed.

3.2.2 Vertex Operators

The central ingredients needed to compute correlation functions on the string the-
ory side of the duality conjecture (2.42) are, as we saw before, the vertex operators
corresponding to physical states in the theory. In particular we would like to know
the vertex operators corresponding to the classical spinning folded string solutions
we discussed in the last section. Unfortunately the construction of vertex oper-
ators in the AdS5 × S5 string theory context is not well understood. Therefore
what is usually done, is to make a reasonable guess for an operator respecting the
SO(4, 2)× SO(6) quantum numbers of the state, and to check whether the flat
space limit is obtained correctly when the corresponding string gets very small and
hence does not experience the curvature of AdS5 and S5. One can then go on by
a semi-classical evaluation of the two point function and compute the dependence
of the energy on the other quantum numbers, which can then be compared to the
relations obtained for the classical solutions.

In the string-gauge duality context as we saw it in section 2.3.4 the operators
corresponding to the string states should be sourced by a field on the boundary.
Therefore a general vertex operator should be parametrized by a boundary point
x, as

V (x ) =

∫
d2σ V (x′(σ), x, z(σ); . . . ) , (3.13)
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where . . . stand for the S5 coordinates and fermions present in the superstring
theory and we used the coordinates

Ym =
xm

z
, Y4 =

1

2z

(
−1 + z2 + xmxm

)
, Y5 =

1

2z

(
1 + z2 + xmxm

)
, m = 0, . . . , 3 ,

with xmxm = −x2
0 +

∑3
i=1 xixi. V (x ) is called integrated vertex operator. The

unintegrated vertex operator V can be split into a propagator part

K (x′ (σ)− x, z (σ)) = c (Y0)
−E

and the part encoding the information about the other quantum numbers U as

V (x′(σ), x, z(σ); . . . ) = K (x′ (σ)− x, z (σ))U (x′(σ), z(σ); . . . ) .

Let us now discuss the vertex operator corresponding to the spinning folded string
solution we described in the previous section. In flat space a bosonic string state
with spin S and energy E on the leading Regge trajectory is given by[30]

VS = e−iEt
(
∂X∂̄X

)S/2
,

where X ≡ x1 + ix2 and X̄ = x1 − ix2. A straightforward guess for the operator
corresponding to a string state with angular momentum J in the S5 is then

UJ =
(
∂X1∂̄X1

)J/2
, (3.14)

with X1 being defined in the same way as in (3.4). Similarly the operator corre-
sponding to a string state with spin S in AdS5 is given by

US =
(
∂Y1∂̄Y1

)S/2
. (3.15)

After imposing these operators one has to check whether they correspond to the
expected classical solutions. In case of the spinning folded string solution (S, 0)
with S �

√
λ, the check was performed in [32] and [30]. We will just summarize

the general spirit of the derivation. One starts by writing down the bosonic string
action including operator insertions at two distinct points on the worldsheet one of
which can be set to zero due to the symmetries present in the theory. The operator
insertions are source terms for the fields and therefore this action is the effective
action for the two-point function. For the case of two insertions of vertex operators
of the form (3.15) VS at ~σ = 0 and V−S at ~σ = ~σ1 the action is given by

S = S0 + E

∫
d2σ ln (Y0)

(
δ2 (~σ)− δ2 (~σ − ~σ1)

)
(3.16)

− S

2

∫
d2σ δ2 (~σ) ln

(
∂Y1∂̄Y1

)
− S

2

∫
d2σ δ2 (~σ − ~σ1) ln

(
∂Y1∂̄Y1

)
.
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Now one can show that a special case of the spinning folded string solution (S, 0)
presented in the previous section in which ρ(σ1) = µσ1, solves the corresponding
equations of motion2, provided

κ =
E − S√

λ
, µ =

1

π
ln

S√
λ
.

The marginality condition on the vertex operators then implies[33] κ ≈ µ, which
yields the expected relation between energy and spin

E ≈ S +

√
λ

π
ln

S√
λ
.

The states corresponding to the vertex operators (3.14) and (3.15) are non-BPS
states however. This means that the vertex operators are not eigenstates of the
anomalous dimension operator and they hence will mix with other operators with
the same quantum numbers. Ignoring fermions those operators are given for in-
stance for (3.15) by

(Y0)
−E−p−q (Y1)

p+q (∂Y0)
p (∂Y1)

S
2
−p (∂̄Y0

)q (
∂̄Y1

)S
2
−q

+O
(
∂YM∂Y

M ∂̄YK ∂̄Y
K
)
,

with p, q ∈
{
0, . . . , S

4

}
. Since all those operators have the same classical quantum

numbers their mixing is not suppressed and hence it is hard to calculate correlators
of such operators. There is a way though to semi-classically calculate at least 3-
point functions which we will review in the next section.

Note, that in the following we will sometimes perform a euclidean continuation
of the form

Y0e = iY0,

such that YMY
M = −Y 2

5 +
∑4

i=0 Y
2
i = 1 becomes the definition of AdS5 in the em-

bedding3, as we saw in section 2.3.2 and the isometry group SO(4, 2) is replaced by
SO(5, 1). This group contains the discrete transformation Y0e ↔ Y4 under which
E ↔ ∆, with ∆ being the eigenvalue of the dilatation operator acting as ξ → kξ
and we can label the states by the set of quantum numbers (∆, S1, S2) instead of
(E, S1, S2). In that case the vertex operator contains a factor (Y5 + Y4)

−∆ which
replaces the factor of (Y0)

−E such that the propagator part of the unintegrated
vertex operator becomes

K
(
~ξ′ (σ)− ~ξ, ξ0 (σ)

)
= c (Y5 + Y4)

−∆ = c
[
z + z−1xmxm

]−∆

and in the relations of the energy and the other quantum numbers E gets replaced
by ∆.

2This is a solution to the equation that approximates (3.12) in the limit κ = ω1 = µ � 1 on
the interval σ1 ∈

(
0, π

2

]
. The formal solution on 0 < σ1 ≤ 2π is obtained by combining four of

such stretches to get a sawtooth-wave like looking curve.
3Note that we have set R = 1.
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3.2.3 Semiclassical Computation of Some 3-point Functions

As we saw in the last chapter the direct computation of n-point correlators of
non-BPS operators is quite difficult. There was a recent proposal [34] however on
how to semiclassically compute at least three-point functions4. The general idea
is to consider a correlation function of n vertex operators VH that are cosidered
heavy, that means having ∆ ∼ Qi ∼

√
λ� 1, and some number m of light vertex

operators for which Qi ∼ 1 and ∆ ∼ λ1/4 or ∆ ∼ 1,

〈VH1(x1) . . . VHn(xn)VLn+1(xn+1) . . . VLn+m(xn+m)〉 . (3.17)

Then in the large λ expansion the leading order will be given by evaluating the light
vertex operators on the semi-classical trajectories that are determined by the heavy
operators in the way we saw in (3.16) and below. This can be motivated as follows.
In the case in which one wants to semi-classically compute the correlator of n+m
heavy operators one has to solve the equations of motion coming from the action
with n+m operator insertions, which is quite hard in general. If now the quantum
numbers of m of the operators are much smaller than those of the others, the
solution to the equations of motion will be dominated by the contribution of the n
heavy operators and the effect of the light operators can be included perturbatively.

Here we will analyze three-point functions of two heavy operators corresponding
to spinning folded string solutions and one light vertex operator following [34].
Since we are dealing with a conformal field theory the three-point functions are,
due to the symmetries, constrained to be of the form5

〈V1(x1)V2(x2)V3(x3)〉 =
C123

|x1 − x2|∆123 |x1 − x3|∆132 |x2 − x3|∆231
, (3.18)

where ∆abc ≡ ∆a +∆b−∆c. The constant C123 will in general depend on the choice
of normalization of all three of the operators. One can define the ratio

〈VH(x1)VH(x2)VL(x3)〉
〈VH(x1)VH(x2)VL′(x3)〉

· 〈VH′(x1)VH′(x2)VL′(x3)〉
〈VH′(x1)VH′(x2)VL(x3)〉

,

in which the normalization constants of both the heavy and the light vertex oper-
ators cancel out. Alternatively one can define

C̃123 =
〈VH(x1)VH(x2)VL(x3)〉
〈VH(x1)VH(x2)〉

, (3.19)

4This has also been extended to correlators of more than three operators[37].
5For simplicity we consider only correlators of scalar operators here. There are similar expres-

sions for operators with spin.
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which depends only on the normalization of the light vertex operator. In this way
one avoids difficulties coming from infinite symmetry factors which cancel out in
the ratio of three- and two-point functions. C̃123 will in general not be a constant
since the x-dependence of the operators does not cancel generically. However we
will see below that there are cases in which C̃123 becomes independent of all xi.

Before we can start calculating correlators of the form discussed above we have
to discuss some types of operators we can use as the light ones. The simplest
candidates are possibly the dilaton operator and its higher Kaluza-Klein harmonics
with angular momentum J in the S5. The corresponding vertex operators are given
by[34]

U
(dil)
J = (X1)

J (∂YM ∂̄Y
M + ∂Xk∂̄X

k + . . .
)
, (3.20)

where the dots represent fermionic terms. They are highest-weight states of the
SO(2, 4)× SO(5) symmetry as it should be the case and since the dilaton and its
harmonics are BPS states they are actual eigenvectors of the anomalous dimension
operators and do not mix with other operators.

The 1/2 BPS superconformal primary scalar operator is the highest weight state
of the SO(6) representation [0, J, 0] (J ≥ 2) we saw in section 2.2.2. It is given by
[34]

U
(dil)
J = (X1)

J (z−2
(
∂xm∂̄xm − ∂z∂̄z

)
− ∂Xk∂̄X

k
)

+ . . . , (3.21)

where the dots stand for fermions and derivative terms that will not contribute to
the computation. The dilaton operator we discussed above is the supersymmetry
descendant of this operator.

With these two classes of operators at hand we can now calculate some correla-
tors in the way described above. Since the correlation functions should transform
as singlets under the symmetry group of the theory, the two heavy operators should
be conjugate to each other. Further, as we have seen in equation (3.18), the xi

dependence of the correlator is determined completely by the conformal invariance
which enables us to fix the position of the light vertex operator to x3 = (0, 0, 0, 0)
such that it looks like

VL (0) = c

∫
d2σ (Y5 + Y4)

−∆L U (x(σ), z(σ); . . . ) .

Since the heavy operators will, in our case, correspond to spinning folded string
solutions, the semiclassical solutions will fulfill Y4 = 0 and therefore Y5 = z−1 such
that the semiclassical expression for the three-point function (in Poincare coordi-
nates) simplifies to

〈VH(x1)VH(x2)VL(0)〉 ∼
∫

d2σ z∆
cl. U (xcl.(σ), zcl.(σ); . . . ) . (3.22)
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To simplify the computation of such a correlator further let us investigate the
classical solution corresponding to the heavy operators a bit closer. Performing
the euclidean continuation of the (S, J) folded spinning string solution (3.11) with
κ = ω1 and ρ = µσ1, that means writing σ0

e = iσ0 and Y0e = iY0 we get

Y0e = cosh
(
κσ0

e

)
cosh

(
µσ1
)
, Y5 = cosh

(
κσ0

e

)
sinh

(
µσ1
)
,

Y1e = cosh
(
κσ0

e

)
sinh

(
µσ1
)
, Y2 = −i sinh

(
κσ0

e

)
sinh

(
µσ1
)
,

which in the (z, x) coordinates looks like

z =
1

cosh (κσ0
e) cosh (µσ1)

, x0e = tanh
(
κσ0

e

)
, (3.23)

x1 = tanh
(
µσ1
)
, x2 = −i tanh

(
µσ1
)
tanh

(
κσ0

e

)
, (3.24)

where x0e = ix0 and κ2 = µ2 + ν2. Note that for σ0
e → ±∞ the string approaches

the boundary z → 0 of AdS5 and since z2 + x2
0e + x2

1 + x2
2 = 1 in that case |x| = 1.

Therefore and since the two-point correlator of two operator insertions with scaling
dimensios ∆1 and ∆2 at x1 and x2 respectively behaves like |x1 − x2|−2∆1 δ∆1,∆2,
C̃123 becomes a constant that we can extract from the ratio

C̃123 =
〈VH(x1)VH(x2)VL(0)〉
〈VH(x1)VH(x2)〉

= c∆

∫
d2σ z∆

cl. U (xcl.(σ), zcl.(σ); . . . ) , (3.25)

where ∆ is the scaling dimension of the light operator and c∆ depends just on the
normalization of this operator.

Using equation (3.25) we are finally in the position to calculate semi-classical
three-point functions. First we choose the dilaton-type operator (3.20) as the light
vertex operator. In the (z, x) coordinates it looks like

U = (X1)
j [z−2

(
∂xm∂̄x

m + ∂z∂̄z
)

+ ∂Xk∂̄Xk

]
,

where ∆ = 4 + j and j is the S5 angular momentum. The normalization constant
c∆ was calculated to be given by[35]

c∆ = c4+j =
2−j/2

2π2
(j + 3) .

Evaluating U on the classical solution (3.23) we get

ejµσ0
e
(
κ2cosh2

(
µσ1
)

+ µ2 − κ2sinh2
(
µσ1
)
− ν2

)
= 2µ2ejµσ0

e ,

such that the expression for C̃123 becomes

C̃123 = 4c∆

∫ ∞

−∞
dσ0

e

∫ π
2

0

dσ1 2µ2ejνσ0
e

[cosh (µσ1) cosh (κσ0
e )]

∆
,
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where the factor 4 comes from the four slices of ρ = µσ1 as discussed in footnote
2. Performing the integral yields

C̃123 = c∆
µ

κ
2j+8C (j, µ)B

(
j,
ν

κ

)
,

C (j, µ) = sinh
(π

2
µ
)

2F1

(
1

2
,

1

2
(5 + j),

3

2
, −sinh2

(π
2
µ
))

,

B
(
j,
ν

κ

)
=

2F1 (4 + j, b+, b+ + 1, −1)

b+
+

2F1 (4 + j, b−, b− + 1, −1)

b−
,

b± = 4 + j
(
1± ν

κ

)
.

For the case of the dilaton, that means j = 0, we get

C̃123 =
64c∆ (S − 1) (S2 + 4S + 1) lnS

9π (S + 1)3
√
J 2 + 1

π2 ln
2 S

,

which in the case of S �
√
λ becomes

C̃123 ∼
lnS√

J2 + λ
π2 ln

2 S
. (3.26)

There are two distinct cases now. If J �
√

λ
π

lnS the folded spinning string so-

lution goes to the BPS solution with E = J and C̃123 vanishes. This matches
the expectation that the dilaton does not couple to BPS states. In the case in

which J �
√

λ
π

lnS the correlator approaches a constant. This is reasonable since
the states cooresponding to the heavy operators are massive and hence the dila-
ton couples generarically to them via their mass term. It is worthwile to notice
that the expression (3.26) is in agreement with the strong-coupling limit of the
corresponding coupling on the gauge theory side6.

Our second candidate for the light vertex operator was the superconformal
primary scalar (3.21). Evaluating the vertex operator on the solution (3.23) yields

U = ejνσ0
e

[
κ2

(
2

cosh2 (κσ0
e )
− 1

)
+ µ2

(
2

cosh2 (µσ1)
− 1

)
+ ν2

]
,

with ∆ = j. This yields

C̃123 = 4c∆

∫ ∞

−∞
dσ0

e

∫ π
2

0

dσ1 2ejνσ0
e

[cosh (µσ1) cosh (κσ0
e )]

∆

[
κ2

cosh2 (κσ0
e )
− µ2tanh2

(
µσ1
)]
,

6Details on this can be found in [34].
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which when evaluating the integrals becomes a complicated function of ν
µ

and j. It
can be discussed in several limits. We will not repeat the whole discussion, which
can be found in [34], here. There is a specific interesting limit though in which
one first expands C̃123 for small µ and fixed l ≡ ν

µ
� 1 and j and afterwards lets

l→∞. The resulting expression reads

C̃123 =
2j+3πc∆
j + 1

µl
[
1 +O(l−2)

]
,

with the normalization[36]

c∆ =
(j + 1)

√
j

2j+3N

√
λ ,

where N is the rank of the U(N) gauge group, as usual, entering the normalization
via the common radius of AdS5 and S5. Effectively we therefore get

C̃123 =
1

N
J
√
j.

This result for the three-point coupling of three BMN-type operators was indepen-
dently obtained in a different way and hence gives a justification for the method.
In the literature the calculations have been performed for more classes of light
operators and also when the heavy operators correspond to rigid circular string so-
lutions in S5 with three angular momenta J1 = J2 and J3. Furthermore the method
has been extended to four-point functions [37].

3.3 Stringy Correlators Using Operator Quanti-

zation

In this section we want to review how bosonic string theory correlators of the form
(3.1) can be computed using operator techniques. Since the theory on an AdS5×S5

background comes with various complications we will do some calculations on flat
spacetime. The AdS5 × S5 case will be discussed in the following section. For
simplicity we will restrict ourselves to the bosonic string7. The basic idea of these
calculations in the operator technique is to use the fact that the oscillator modes
αµ

n of the world sheet fields Xµ(σ0, σ1) annihilate the vacuum if n ≥ 0

〈0|αµ
−n = αµ

n |0〉 = 0 n ≥ 0.

Therefore the goal is to use the commutation relations of the operators to make
these oscillators act on the vacuum and in this way get rid of them.

7Calculations involving fermions in the RNS formalism can be found in chapter 7 of [4].
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Vertex operators, in general, have to be conformal primaries. Denoting their di-
mension by

(
h, h̄
)
, they transform as

V (z, z̄) →
(
∂w

∂z

)h(
∂w̄

∂z̄

)h̄

V (w, w̄)

under the infinitesimal transformations z → w(z). Equivalently the states fulfill

L0 |Φ〉 = h |Φ〉 , Ln |Φ〉 = 0 n > 0,

L̄0 |Φ〉 = h̄ |Φ〉 , L̄n |Φ〉 = 0 n > 0.

Since vertex operators correspond to physical states, which fulfill the conditions

(L0 − 1) |Φ〉phys = 0, Ln |Φ〉phys = 0 n > 0,(
L̄0 − 1

)
|Φ〉phys = 0, L̄n |Φ〉phys = 0 n > 0,

the operators are restricted to have scaling dimension h = h̄ = 1. There are various
ways to check that this is fulfilled, one of which is the condition

[Lm, V (k, z, z̄)] =

(
zm+1 d

dz
+mzm

)
V (k, z, z̄).

There is a more convenient way though which we will use in the following. Under
the infinitesimal transformations δz = ε(z), δz̄ = ε̄(z̄) the vertex operators trans-
form as

δεV (w, w̄) =
1

2πi

∮
dz ε(z) [T (z), V (w, w̄)] ,

δε̄V (w, w̄) =
1

2πi

∮
dz ε(z)

[
T̄ (z̄), V (w, w̄)

]
respectively. Where, as a consequence of time-ordering, the integrals are evaluated
along a closed z or z̄ loop encircling the point w or w̄ respectively. Complex
analysis now tells us that, in order to calculate the integrals we only need to know
the singular terms in (z − w). For conformal primary fields of dimensions (h, h̄)
the singular terms are poles and the short-distance singularities in the operator
product expansion (OPE) with the energy-momentum tensor are given by

T (z)V (w, w̄) =
h

(z − w)2V (w, w̄) +
1

z − w
∂V (w, w̄) + . . . ,

T̄ (z̄)V (w, w̄) =
h̄

(z̄ − w̄)2V (w, w̄) +
1

z̄ − w̄
∂V (w, w̄) + . . . ,
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where the . . . stand for non-sigular terms. Therefore, in order to check the confor-
mal dimension of a given vertex operators, we have to calculate its OPE with the
energy-momentum tensor and check whether it has the above form with h = h̄ = 1.

The vertex operators of flat target space bosonic open string theory have the
generic form

VΛ(k, z) =: WΛ(z)V0(k, z) : ,

where

V0(k, z) = ei k·X(z),

which, using the oscillator expansion

Xµ(z) = xµ − i pµ ln z + i
∑
n6=0

1

n
αµ

nz
−n,

can be recast in the form

V0 = Z0W0,

Z0 = exp (i k · x+ k · p ln z) ,

W0 = exp

(
k ·

∞∑
n=1

1

n
α−nz

n

)
exp

(
−k ·

∞∑
n=1

1

n
αnz

−n

)
.

Closed strings, now, possess a left- and a right-moving sector. As is well known
they can be described by a direct product of open string states each carrying half
of the momentum k of the corresponding state. Therefore the vertex operators
factorize according to

V (k, σ0, σ1) = VL

(
k/2, σ0 + σ1

)
VR

(
k/2, σ0 − σ1

)
.

While the position of the vertex operator on the world sheet of closed strings is
fixed to be at one of the end points σ1 = 0, π, on a closed string the vertex operator
can be at any σ1 position. Therefore, the vertex operators have to be integrated
over σ1 and take the form

V closed(k, σ0) =
1

π

∫ π

0

dσ1 VL

(
k/2, σ0 + σ1

)
VR

(
k/2, σ0 − σ1

)
.

Now we can use the fact that σ1 translations on the worldsheet are generated by
L0 − L̄0 to rewrite the closed string vertex operator in the form

V closed(k, σ0) =

∫ π

0

dσ1

π
e−2iσ1(L0−L̄0)VL

(
k/2, σ0

)
VR

(
k/2, σ0

)
e2iσ1(L0−L̄0). (3.27)
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In the same way the closed string states factorize according to

|Φ〉closed = |Φ〉L ⊗ |Φ〉R .

The form of (3.27) has an important implication for the calculation of three-point
functions. Since physical states are constrained to fulfill the level matching condi-
tion they are annihilated by L0 − L̄0 and therefore the σ1 integral is trivial. Using
the factorization properties of the closed string vertex operators and states as well
as the fact that the left- and right-moving oscillators commute a three-point func-
tion of closed string states can be written as(

〈Φ1|L V2,L

(
k/2, σ0

)
|Φ3〉L

)
·
(
〈Φ1|R V2,R

(
k/2, σ0

)
|Φ3〉R

)
.

Before we start calculating such an amplitude we will go back and look at the
conformal dimension condition for vertex operators. The energy momentum in flat
target space bosonic string theory is given by

T (z) = −2 : ∂X · ∂X : , T̄ (z̄) = −2 : ∂̄X · ∂̄X :

and the OPE of the bosonic field Xµ(z) with itself is

Xµ(z)Xν(w) = −1

4
ln (z − w) + . . . .

With this information at hand it is straightforward to compute the conformal
dimension of the tachyon vertex operator

T (z) : eik·X(w,w̄) : =
k2

8(z − w)2
: eik·X(w,w̄) : +

1

z − w
: k · ∂X(w)eik·X(w,w̄) : + . . . ,

T̄ (z̄) : eik·X(w,w̄) : =
k2

8(z̄ − w̄)2
: eik·X(w,w̄) : +

1

z̄ − w̄
: k · ∂̄X(w̄)eik·X(w,w̄) : + . . . .

Hence the conformal dimension of this operator is (k2/8, k2/8) and in order to make
it a consistent vertex operator we have to demand that k2 = 8. Similarly one can
compute the OPE of the graviton operator and the stress tensor

−2fµν : ∂X · ∂X : : ∂Xµ(w)∂̄Xν(w̄)eik·X(w,w̄) :︸ ︷︷ ︸
≡V µν

grav

= fµν

(
− i

4
kµ ∂̄X

ν(ω̄)

(z − w)3
+

1 + k2/8

(z − w)2
V µν

grav

+ i
k · ∂X(w)

z − w
fµνV

µν
grav + . . .

)
,

which gives the conditions

kµfµν = 0 and k2 = 0 ,
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that have to be fulfilled in order for fµνV
µν
grav to be a good vertex operator. Analo-

gously one can calculate the OPE of the vertex operator with the anti-holomorphic
part of the stress tensor T̄ (z̄) which doesn’t impose additional constraints. Having
done these exercises we can now look at a candidate for a vertex operator corre-
sponding to a large spin S, closed, bosonic string state on flat target space. In
analogy to the graviton operator we will assume

VS = fµ1µ̄1...µS/2µ̄S/2
: ∂Xµ1 ∂̄X µ̄1 . . . ∂XµS/2 ∂̄X µ̄S/2 eik·X(w,w̄) : . (3.28)

The calculation of the conformal dimension is analogous to the graviton vertex.
There is an additional contribution of order four in (z − w)−1, though, which comes
from the contraction of the two ∂X terms in the stress tensor with two of such terms
in the spin-S vertex operator. It is straightforwardly calculated to be given by

− 1

8 (z − w)4

 ∞∑
i,j=1
i6=j

fµ1...µi...µj ...µ̄S/2
ηµiµj : ∂Xµ1 . . . ∂̂Xµi . . . ∂̂Xµj . . . ∂̄X µ̄S/2 eik·X :

 ,

where ∂̂Xµi means that this term is omitted in the product. Demading that the
vertex operator is a conformal primary therefore imposes the condition

fµ1...µi...µj ...µ̄S/2
ηµiµj = 0 ∀ i, j ∈ {1, . . . , S/2} , i 6= j.

The order three divergent term in the OPE looks similar to the one of the graviton

− i

8 (z − w)3

(
∞∑
i=1

fµ1...µi...µ̄S/2
kµi : ∂Xµ1 . . . ∂̂Xµi . . . ∂̄X µ̄S/2 eik·X(w,w̄) :

)

and the corresponding condition ensuring the right transformation behaviour of
the operator is

fµ1...µi...µ̄S/2
kµi = 0 ∀ i ∈ {1, . . . , S/2} .

Finally the last interesting term in the OPE is given by

− i

8 (z − w)2

(
k2VS +

∞∑
i=1

fµ1...µi...µ̄S/2
: ∂Xµi∂Xµ1 . . . ∂̂Xµi . . . ∂̄X µ̄S/2 eik·X(w,w̄) :

)
,

such that we can guarantee that VS has scaling dimension h = 1 when

fµ1...µi...µj ...µ̄S/2
= fµ1...µj ...µi...µ̄S/2

∀ i, j ∈ {1, . . . , S/2} , i 6= j
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and k2 = 0. Analogous conditions can be obtained for the µ̄ indices of f by the
OPE of the anti-holomorphic part of the stress-tensor T̄ (z̄) with VS.
To summarize, the conditions we have to impose on VS are the following

fµ1...µi...µj ...µ̄S/2
ηµiµj = fµ1...µ̄i...µ̄j ...µ̄S/2

ηµ̄iµ̄j = 0 ∀ i, j ∈ {1, . . . , S/2} , i 6= j,

fµ1...µi...µj ...µ̄S/2
= fµ1...µj ...µi...µ̄S/2

∀ i, j ∈ {1, . . . , S/2} , i 6= j,

fµ1...µ̄i...µ̄j ...µ̄S/2
= fµ1...µ̄j ...µ̄i...µ̄S/2

∀ i, j ∈ {1, . . . , S/2} , i 6= j,

fµ1...µi...µ̄S/2
kµi = fµ1...µ̄i...µ̄S/2

kµ̄i = 0 ∀ i ∈ {1, . . . , S/2} , (3.29)

k2 = 0.

Knowing that (3.28) is a reasonable vertex operator we can now start calculat-
ing correlation functions. We will, in analogy to the previous section investigate
a three-point function of two large spin closed string states and the dilaton. In
order to simplify the corresponding expression let us first examine the state corre-
sponding to the vertex operator (3.28). According to the standard operator-state
correspondence it is given by8

|2S, 2k〉L = lim
y→0

y−1 : ∂Xµ1(y) . . . ∂XµS(y)eik·X(y) : |0〉

= lim
y→0

y−1 :
S∏

i=1

(∑
n∈Z

αµi
n y

−n−1

)
y eik·xyk·pek·

P
n>0

1
n

α−nyn

e−k·
P

n>0
1
n

αny−n

: |0〉

= lim
y→0

:
∑

n1,...,nS∈Z

αµ1
n1
. . . αµS

nS
y−(

PS
i=1 ni)−Sek·

P
n>0

1
n

α−nyn

: |k〉 ,

where we have used the definition |k〉 ≡ eik·xyk·p |0〉. Now, if any of the ni is positive
the corresponding αni

gets shifted to the right by normal ordering and annihilates
|k〉. Therefore oly the terms in which ni are negative or zero survive.

|2S, 2k〉L = lim
y→0

∑
n1,...,nS≥0

αµ1
−n1

. . . αµS
−nS

y(
PS

i=1 ni)−Sek·
P

n>0
1
n

α−nyn |k〉 .

In the above expressios we suppressed the “polarization tensor” fµ1...µS
that the

terms are contracted with. As we have seen in (3.29) this tensor has the property
kµifµ1...µi...µS

= 0 for any i. This property becomes important now because when-
ever one of the ni = 0, the resulting expression will vanish since αµi

0 |k〉 = kµi |k〉.
Therefore we get

|2S, 2k〉L = lim
y→0

∑
n1,...,nS>0

αµ1
−n1

. . . αµS
−nS

y(
PS

i=1 ni)−Sek·
P

n>0
1
n

α−nyn |k〉

= αµ1

−1 . . . α
µS
−1 |k〉 . (3.30)

8We focus on the left-moving sector here. The calculation for the right-moving sector is
analogous.
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This results is in accordance with the naive expectation for an open spin S state
one has from operator quantization of flat space bosonic string theory. Using this
result we can write down the holomorphic (i.e. left-moving) part of the three-point
correlator of two such states and a dilaton. It reads

− i

2
〈k|αµ1

1 . . . αµS
1 :

(∑
n∈Z

αµ
nz

−n−1

)
eik̃·xzk̃·p

× ek̃·
P

n>0
1
n

α−nzn

e−k̃·
P

n>0
1
n

αnz−n

: αρ1

−1 . . . α
ρS
−1 |l〉 ,

where 2k and 2l are the momenta of the in- and outgoing states, 2k̃ is the mo-
mentum of the dilaton and we have omitted the polarization tensors fµ1...µS

and
fρ1...ρS

as well as the δµν factor from the dilaton vertex operator that multiply the
expression. The calculation for general S is straightforward but quite complicated
and does not provide any physical insight. Therefore we will not discuss it here.
To obtain the result one has to work out the normal ordering first and then use
commutators to get rid of the oscillators. To give the general idea let us consider
S = 2 here, which corresponds to the graviton.

The commutation relations of the operators enable us to get rid of most of the
terms such that the correlator is given by

− i

2
〈k|αµ1

1 . . . αµS
1 :

(
αµ

1z
−2 + (l + k̃)µz−1 + αµ

−1

)
ek̃·α−1ze−k̃·α1z−1

: αρ1

−1 . . . α
ρS
−1 |l + k̃〉 ,

where we have used that αµ
0 |k〉 = kµ. Now making normal ordering explicit and

using the diffeomorphism invariance on the worldsheet to set z = 1 we get

− i

2
〈k|αµ1

1 α
µ2

1

[
αµ
−1e

k̃·α−1e−k̃·α1 + ek̃·α−1e−k̃·α1αµ
1

]
αρ1

−1α
ρ2

−1 |l + k̃〉

− i

2
〈k|αµ1

1 α
µ2

1

[
(l + k̃)µek̃·α−1e−k̃·α1

]
αρ1

−1α
ρ2

−1 |l + k̃〉 .

Now we can use the relations

[
αµ

1 , α
ρ1

−1 . . . α
ρN
−1

]
=

N∑
k=1

(
ηµρk αρ1

−1 . . . α̂
ρk
−1 . . . α

ρN
−1

)
,

〈p|αµ1

1 . . . αµN
1 ec k·α−1 = 〈p|

∑
σ∈SN

N∑
k=0

(
N
k

)
ck

N !

(
N−k∏
j=1

α
µσ(j)

1

)(
N∏

j=N−k+1

kµσ(j)

)
,

〈l|αµ1

1 . . . αµN
1 αρ1

−1 . . . α
ρM
−1 |k〉 = δN,Mδ(k − l)

∑
σ∈SN

N∏
i=1

ηµiρσ(i) .



74 CHAPTER 3. CORRELATION FUNCTIONS

to get

Aµµ1µ2ρ1ρ2 = − i

2

(
1

2
k̃µ1 k̃ρ1 k̃ρ2ηµ2µ − ηµ1ρ2ηµ2µk̃ρ1 − 1

2
k̃µ1 k̃µ2 k̃ρ1ηµρ2 + k̃µ2ηµρ1ηµ1ρ2

+
1

4
kµk̃µ1 k̃µ2 k̃ρ1 k̃ρ2 +

1

4
kµηµ2ρ1ηµ1ρ2 − kµηµ1ρ2 k̃µ2 k̃ρ1 +

(
µ1 ↔ µ2

ρ1 ↔ ρ2

))
,

where we have suppressed the momentum conservation factor δ
(
l + k̃ − k

)
. Since

the right moving sector looks very similar, the three-point correlator of two spin-4
states and a dilaton is finally given by

fµ1µ̄1µ2µ̄2fρ1ρ̄1ρ2ρ̄2δµνA
µµ1µ2ρ1ρ2Aνµ̄1µ̄2ρ̄1ρ̄2 .

3.4 AdS5 × S5 Correlators in the Operator For-

malism

In principle it would be a good check of the results obtained in [34] to recalculate the
correlation functions using the perturbative operator quantization of [26] and the
methods reviewed in the last section. Extending this quantization procedure to the
fermionic sector using the light-cone action of section 2.4.5 one could furthermore
include fermionic contributions to the correlators and calculate corrections to higher
orders in α′. However, performing such a calculation is much harder, even in the
bosonic case, in the context of a string on an AdS5 × S5 background. The first
complication arises from the fact that the quantization relies crucially on the light-
cone gauge. As we saw in section 2.4.5 it is then not consistent to impose the
conformal gauge for the worldsheet metric - a gauge choice that simplified the
calculations in the previous section a lot and made it possible to use tools from
complex analysis in the calculation of OPEs. The second complication comes from
the complicated equations of motion for the fields. In the mode expansion of section
2.5 the time (σ0) dependence of the oscillators is not explicit. This time dependence
is needed however to perform general calculations in the operator formalism since
the vertex operator insertions on the worldsheet have to be separated. There are
several ways to calculate the explicit form for α(σ0), one of which uses the equations
of motion for the fields but turns out to be very complicated. An alternative
approach uses the worldsheet Hamiltonian H as a time-evolution operator and
Heisenberg’s equation

Ȯ ≡ ∂

∂σ0
O = [H,O] .
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The light-cone worldsheet hamiltonian is, in terms of the oscillators, given by[26]

Hws =gM2 +
√
g

(
~p2 + ~q2 +

(
~y2 + ~z2

) (
p

(0)
+

)2

+
~z2 − ~y2

2
M2

−~z2
∑
n6=0

~αn · ~̃α+ ~y2
∑
n6=0

~βn · ~̃β +
~z2 + ~y2(
p

(0)
+

)2

∑
n∈Z

LnL̃n

+O
(
g

1
4

)
.

Then one can expand Heisenberg’s equation for αi
n in g and, to leading order, get

α̇i
n = −ignαi

n,

which is solved by

α̇i
n = e−ingσ0

.

The time dependence, hence, looks similar to the flat space case as expected. An
importance difference is apparent though. Namely a factor of g turns up in the
exponent. This is another evidence for the fact that we cannot impose conformal
gauge for the worldsheet metric anymore. More explicitly the worldsheet metric
will depend on g. The next-to-leading order differential equation for αi

n takes the
following form

α̇i
n = −ignαi

n +

√
g

2

(
−in

(
~z 2 − ~y 2

)
αi

n + i~z 2nα̃i
−n

− i

2

∑
r,s∈Z

r 6=s,r 6=0

~z 2 − ~y 2(
p

(0)
+

)2 nα
i
r+m

(
~̃αr−s · ~̃αs + ~̃βr−s · ~̃βs

) ,

which is a coupled non-linear partial differential equation. Finding a solution,
hence, is a quite non-trivial problem, which we were not able to solve. Still it is
possible to calculate special correlation functions in which all operator insertions
are at the same world-sheet time σ0 but at different σ1.

The third complication comes from the vertex operators themselves. As we dis-
cussed in section 3.2.2 no systematic way to construct vertex operators is known
in the case of non-trivial backgrounds. Still, as we have seen, it is possible to write
down some special vertex operators and perform calculations. In order to calculate
amplitudes using the quantization procedure we have to rewrite the vertex oper-
ators in the coordinate system used in section 2.5, which gives quite complicated
expressions. The spin-J vertex operator (3.14), for instance, is, in this coordinate
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system, given by

VJ = C

(
1 + ~Z2/4

1− ~Z2/4

)−E

e−iEt

(
∂

(
Z1 + iZ2

1− ~Z2/4

)
∂̄

(
Z1 + iZ2

1− ~Z2/4

))J/2

,

which has to be expanded in g and afterwards the oscillators have to be plugged
in. The resulting expression is quite lengthy and therefore we will not present it
here.
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Conclusions

In this thesis we have discussed the Maldacena conjecture connecting type IIB
superstring theory on an AdS5×S5 background to N = 4 SU(N) super-Yang-Mills
theory on the boundary of AdS5. Also the theories on both sides of the duality have
been examined. We presented the Wess–Zumino–Witten-like Green–Schwarz coset
action for the superstring and discussed an approach to perturbatively quantize
it in the light-cone gauge. In the second part of the thesis we presented spinning
folded string solutions to the classical equations of motion of the bosonic string
on AdS5 × S5 and showed how these solutions can be used to test the AdS/CFT
correspondence. Furthermore we discussed a semi-classical path integral method
which enabled us to calculate three-point functions of these non-BPS states. In this
context we also examined the structure of vertex operators and their construction
both in flat space and on the curved AdS5 × S5 background. We showed how
to calculate correlation functions in the operator quantization and as an example
calculated a three-point function on flat space. The last section of the thesis deals
with the computation of correlators using operator techniques in the AdS/CFT
context and the various complications that arise.

We saw that no general way to construct vertex operators corresponding to
given states on curved space-time backgrounds is known. Still one can guess ex-
pressions that have the correct flat-space limit and carry the right quantum num-
bers. Such an expression at hand, one can calculate the correlation function of two
such operators and check whether it yields the correct dependence of the energy
on the other quantum numbers. In the AdS/CFT context all vertex operators
should depend on boundary points, since the corresponding fields are sources for
CFT operators on the boundary. This makes vertex operators in general, and es-
pecially for the spinning folded strings, being quite complicated expressions. In
order to calculate correlation functions using the quantization scheme of section
2.5 it would be good to know the (worldsheet-)time-dependence of the oscillators.
We calculated the corresponding differential equations and to leading order got a

77
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time-dependence similar to the one in flat space. The difference was given by the
fact that the worldsheet-metric, in this framework, has to depend on the ’t Hooft
parameter λ. To next-to-leading order the differential equations for the operators
could not be solved.

Still, one can calculate correlation functions of operators inserted on the world-
sheet at the same time σ0 but with different positions σ1 on the closed strings,
which is work in progress. After having performed these calculations we plan to
extend the computation to higher orders in α′ and incorporate fermions. Another
approach that we want to follow in the future is to try to construct expressions for
vertex operators in the context of a field theory on the worldsheet, in which the
metric explicitly depends on λ. This will hopefully enable us to obtain expressions
order-by-order in the ’t Hooft parameter and therefore simplify calculations and
give a consistency check for the methods developed in [26].
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