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1 INTRODUCTION

1 Introduction

We are certain1 that for any known particle there exists the antiparticle with exactly the same
mass, m = m̄ decay width, Γ = Γ̄, and opposite signs of all the charges associated with this particle,
Qj = −Q̄j . Despite this impressive symmetry, which would naturally imply equal number densities
of particles and antiparticles in the Universe, n = n̄, the current situation is quite different: the
Universe (at least in our neighborhood) is predominantly populated by particles: protons, neutrons,
and electrons [12]. The evidence that the universe is has no or very few antimatter comes from a
variety of different observations. On the very small scale, the fact that we do not observe proton-
antiproton annihilations in our everyday life, is a strong evidence that our world is composed only
of matter and no antimatter. Moving up in scale, the success of satellite launches, lunar landings,
and planetary probes suggests that our solar system is made up of the same type of matter that we
are, and that there is negligible antimatter on that scale. The first detection of antimatter outside
particle accelerators comes from cosmic rays. Mixed in with the many protons present in radiation
coming from space are a few antiprotons, present at a level of around 10−4 in comparison with the
number of protons. Also, if matter and antimatter galaxies were to coexist in clusters of galaxies2,
then we would expect there to be a detectable background of γ-radiation coming from the reaction
of annihilation of pp̄ into π-mesons with the subsequent decay π0 → 2γ, which would take place
in the boundary area between the world and anti-world. This background is not observed and so
we conclude that there is negligible antimatter on the scale of clusters. Finally, if large domains of
matter and antimatter exist, then annihilations would take place at the interfaces between them. If
the typical size of such a domain was small enough, then the energy released by these annihilations
would result in a diffuse γ-ray background and a distortion of the cosmic microwave radiation,
neither of which is observed. Today there is general agreement that the universe consists entirely
of matter on all scales up to the Hubble size3. It therefore seems that the universe is fundamentally
matter-antimatter asymmetric. [32].

Baryogenesis is the hypothetical physical processes that produced an asymmetry (imbalance)
between baryons4 and antibaryons in the very early Universe. Understanding the generation of
the matter-antimatter symmetry of the universe is one of the key motivations for physics beyond
the Standard Model (SM). In this paper a mechanism is described, which explains the dominance
of particles over antiparticles in the universe by the introduction of a very light pseudoscalar,
pseudo-Goldstone boson, the “axion” [23].

The necessary conditions for the generation of the asymmetry, as formulated by Sakharov [25],
are the following

1. It must be assumed that there are no antimatter bodies in nature i.e. the Universe is asym-
metrical with respect to the number of particles and antiparticles (C asymmetry). Which
implies different interactions for particles and antiparticles, or in other words, a violation of
Charge (C) and Charge-Parity (CP) symmetries is required.

2. The absence of antibaryons implies non conservation of baryonic charge B.

3. Deviation from thermal equilibrium in the early universe is also required.

The first of these is required because, if C and CP are exact symmetries, then one can prove
that the total rate for any process which produces an excess of baryons is equal to the rate of the

1The Dirac equation, formulated by Paul Dirac as part of the development of relativistic quantum mechanics,
predicts the existence of antiparticles along with the expected solutions for the corresponding particles. Since then,
it has been verified experimentally that every known kind of particle has a corresponding antiparticle. The CPT
Theorem guarantees that a particle and its antiparticle have exactly the same mass and lifetime, and exactly opposite
charge.

2Like Virgo which typically contain 1013 to 1014M� of material.
3If there is a significant amount of antimatter in the Universe, it must be segregated from matter on scales at

least as large as 1012M�, and probably larger than 1014M�. On the face of it, this does not preclude a baryon
symmetric Universe. However, in a locally-baryon-symmetric Universe nucleons and antinucleons remain in chemical
equilibrium down to a temperature of ∼ 22MeV , when nB/s = nB̄/s ' 7 × 10−20, a number that is 9 orders of
magnitude smaller than the observed value of nB/s (see Section 4.1). In order to avoid the “annihilation catastrophe”
an unknown physical mechanism would have to operate at a temperature greater than 38MeV , the temperature
when nB/s = nB̄/s ' 7 × 10−11,and separate nucleons and antinucleons. However, the horizon at that time only
contained ∼ 10−7M�, and so causality precludes separating out chunks even approaching a solar mass, let alone
1014M� [17]

4A baryon is a composite subatomic particle made up of three quarks (as distinct from mesons, which are
composed of one quark and one antiquark). Baryons and mesons belong to the hadron family of particles, which
are the quark-based particles.
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1 INTRODUCTION

complementary process which produces an excess of anti-baryons and so no net baryon number can
be created. That is to say that the thermal average of B, which is odd under both C and CP , is zero
unless those discrete symmetries are violated. The second Sakharov criterion is self-explanatory. If
no processes ever occur in which B is violated, then the total number of baryons in the universe must
remain constant, and therefore no asymmetry can be generated from symmetric initial conditions.
Finally, the interactions must be out of thermal equilibrium, since otherwise CPT symmetry would
impose compensation between processes increasing and decreasing the baryon number (see section
4.2 for more details).

The SM fails to satisfy two of the three conditions above needed for baryogenesis, namely
violation of CP symmetry and deviation from thermal equilibrium. CP violation in the SM appears
to be too small to explain the value of the baryon number-to-photon ratio η [2]. There is no proof
that CP violation in the SM is insufficient for baryogenesis to work. However, so far, all attempts
to predict the value of η with SM CP violation have failed. In particular, CP violation from the
Cabibbo-Kobayashi-Maskawa (CKM) matrix has been shown to be too small to play any role in
electroweak baryogenesis.

We will turn our attention to the role for baryogenesis of the CP non conserving term in the
SM Quantum Chromodynamics (QCD) Lagrangian [26]

L = θ̄
αs
8π
GµναG̃

µν
α , θ̄ = θ + arg det{Mq} (1.1)

The CP-violating θ̄ term is constrained today to be smaller than 10−11 from the absence of
a measurable electric dipole moment for the neutron [6]. The θ parameter characterises the non-
trivial nature of the QCD vacuum. Because chiral transformations change the θ vacuum once
we include weak interactions and the quark mass matrix, the only physical observable angle is
θ̄ = θ + arg det{Mq} where Mq is the quark mass matrix. The QCD angle θ, which is required to
solve the U(1)A problem [30], and arg det{Mq} have nothing to do which each other and there is
no reason why they should be tuned so that |θ̄| < 10−11. This is the so-called strong CP problem
[21].

The QCD vacuum energy depends on θ̄ and is minimised at θ̄ = 0. Therefore the puzzle is
solved if θ̄ is promoted to a dynamical field which relaxes naturally to zero, as postulated by Peccei
and Quinn (PQ) [23]. This solution introduces a new additional chiral asymmetry U(1)PQ which
allows to rotate the θ̄ parameter to zero. The symmetry is spontaneously broken by a scalar field

Φ =
(fa + ρ(x))ei

a(x)
fa

√
2

(1.2)

where the Goldstone boson a(x) is the axion. New heavy colored quarks with coupling to Φ
generate a GG̃ term

αs
8π

a(x)

fa
GµναG̃

µν
α (1.3)

The axion couples to gluons, mixes with pions and couples to photons. Its couplings are all
suppressed by the factor 1/fa while its mass today satisfies

mafa = mπfπ

√
mumd

mu +md
(1.4)

where mπ is the pion mass and mu, md are the up and down quark masses.
The axion a(x) relaxes towards the minimum of its potential, at 〈a〉 = 0, this explaining why θ̄

is very small today. However, in the early universe, just after U(1)PQ breaking, θ̄ = a(x)/fa is large
and frozen to a value of order 1 as long as the axion is massless. One question we want to address
is whether θ̄ could have played any role at the time of the Electroweak (EW) phase transition
(EWPT). Given that the physical effects of θ̄ are testified by the absence in strong interactions of
the isosinglet axial symmetry and its associated Goldstone, a light pseudo scalar meson with mass
comparable to pions [30], and that PQ solution is essentially the only solution to the strong CP
problem, there are strong motivations for considering the role of θ̄ in the early universe.

This paper is organized as follows. In Section 2 we review the U(1) problem: the approximate
axial symmetry is known to be broken, so where is the corresponding quasi-Nambu-Goldstone
boson? The answer to this question can be traced to the fact that U(1)A is broken, by virtue of
the axial anomaly, to the discrete symmetry Z2Nf , where Nf is the number of fermionic generations
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1 INTRODUCTION

[13]. This incomplete breaking of the axial symmetry opens the possibility that this breaking is not
accompanied by a Nambu-Goldstone boson. This can be understood as follows: the rich structure
of Yang-Mills vacuum corresponding to tunnelling between states of different winding number gives
rise to an effective Lagrangian term proportional to θ times the Chern-Pontryagin density, which
violates P and CP conservation. This implies that there is an infinite set of degenerate vacuum
states, each labeled by its NCS . Instanton solutions provide a mechanism of “vacuum tunneling”
between topological inequivalent n-vacua. So that the “true” vacuum (the so-called θ vacuum) is
a linear superposition of n-vacua and as a consequence the theory possesses a hidden parameter,
the vacuum angle θ.

In Section 3, we will review the strong CP problem: we will describe the Peccei-Quinn (PQ)
mechanism which introduces a new additional chiral U(1) symmetry which allows to rotate the
θ parameter to zero. We will see that a consequence of this mechanism is the generation of the
axion, which has eluded detection so far.

Section 4 is an exposition of the basic principles of Baryogenesis. We will review the thermody-
namics and all the quantities relevant for the discussion. The Sakharov conditions are exposed in
detail, together with a particular solution of the electroweak field equations, the sphaleron, which
play an important role in the baryon asymmetry. We will see in particular how such an asymmetry
can be preserved only if the electroweak phase transition, characterised by electroweak symmetry
breaking, was first-order. Finally, we will analyse a possible model for axion-induced CP violation.

In Section 5 a summary of the current state of axion search is given. Unfortunately, so far the
axion has eluded detection.

We conclude in Section 6, and reserve for the Appendix a detailed discussion of topics relevant
to the main subject.
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2 THE U(1) PROBLEM

2 The U(1) Problem

The U(1) problem is the general absence of Nambu-Goldstone particles associated with sponta-
neous symmetry breaking (SSB) when the relevant symmetry of the prevalent theory of the strong
interactions, Quantum Chromodynamics (QCD), is spoiled by the quantum anomaly and instanton
effects5. In fact, the Lagrangian of QCD, see Eq. (C.2),

LQCD =
∑
q

[
−q̄
(
/∂ +mq

)
q +

ig3

2
Gαµ q̄γ

µλαq

]

−1

4
GαµνG

µν
α −

g2
3θ

64π2
εµνλρG

αµνGαλρ (2.1)

shows a chiral U(1) symmetry, under which qi → eiθγ
5

qi, which is not realised, or at least badly
broken, in the real world: it does not seem to be reflected in the spectrum of light pseudoscalar
mesons [34].

The successes of low-energy current algebra considerations strongly indicated that meson physics
has an approximate chiral SU(2)L×SU(2)R. The pion π0 can then be regarded as being the Gold-
stone bosons associated with this symmetry. It is easy to incorporate this symmetry in the QCD
Lagrangian, simply by postulating that the u and the d quarks must have very small mass terms
here. The problem one then encounters is that, if this were the case, QCD should actually have
an even larger symmetry: U(2)L×U(2)R which differs from the observed symmetries by an extra
chiral U(1) component, and this should be reflected in a (partially) conserved isoscalar axial vector
current, jAµ . Thus, the symmetry held responsible for the relatively small value of the pion masses,
should necessarily induce another symmetry in the model that would strongly reduce the mass of
yet another particle: the pions should have had a pseudoscalar partner, somewhat like the η but
composed predominantly of uū and dd̄ quarks, in the combination

(
uū+ dd̄

)
/
√

2. Moreover, with
masses included, chiral perturbation theory unambiguously predicts a neutral pseudoscalar meson
whose mass is strictly less than

√
3mπ. However, the true hadron spectrum contains only the

regular π0 (140 MeV), the η (549 MeV), and the η′ (957 MeV), so the chiral perturbation theory
bound is clearly violated [31].

Now although it was soon established that the corresponding current conservation law is for-
mally violated by quantum effects due to the chiral anomaly (see Appendix A.2) it was for some
time a mystery how effective U(1) violating interactions could take place to realise this violation, in
particular because a less trivial variant of chiral U(1) symmetry still seemed to exist [30]. Indeed,
all perturbative calculations showed a persistence of the U(1) invariance.

2.1 A proposed solution

With the discovery of instantons, see Appendix A.5, and the form the chiral anomaly takes in these
non-perturbative field configurations, a solution to the so-called U(1) problem was proposed [29].
It was now clear how entire units of axial U(1) charge could appear or disappear into the vacuum
without the need of (nearly) massless Goldstone bosons. In a world without instantons the η and
η′ particles would play the role of Goldstone bosons. Now the instantons provide them with an
anomalous contribution to their masses.

The starting point is the solution of classical field equations in four-dimensional (4D) Eu-
clidean gauge-field theories. The solution is obtained from the vacuum by mapping SU(2) gauge
transformations onto a large sphere in Euclidean space. Taking the new, gauge-rotated, vacuum
as a boundary condition, one obtains a nontrivial solution inside the sphere, characterised by a
topological quantum number. If the Lagrangian is

LYM = −1

4
GaµνG

aµν , a = 1, 2, 3

Gaµν = ∂µA
a
ν − ∂νAaµ + gεabcA

b
µA

c
ν (2.2)

then the topological quantum number (compare with Eq. (A.62)) is

5For an overview of Spontaneous Symmetry Breaking and the Goldstone’s Theorem see [27]
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2.1 A proposed solution 2 THE U(1) PROBLEM

NCS =
g2

32π2

∫
d4xGaµνG̃

aµν (2.3)

with

G̃aµν =
1

2
εµναβG

aαβ (2.4)

is an integer for all field configurations in Euclidean space that have the vacuum (or a gauge
transformation thereof) at the boundary. In Minkowsky space n would be i times an integer. The
solution (instanton) with n = 1 in Euclidean space is

Aaµ(x)
cl

=
2

g

ηaµν(x− x0)
ν

(x− x0)
2

+ λ2
(2.5)

Here, x0 is free because of translation invariance and λ is a free scale parameter; η is a tensor
that maps antisymmetric representations of SO(4) onto vectors of one of its two invariant subgroups
SO(4):

ηaµν = εaµν for a, µ, ν = 1, 2, 3
ηa4ν = −δaν for a, ν = 1, 2, 3
ηaµ4 = δaµ for a, µ = 1, 2, 3
ηa44 = 0

Thus isospin is linked to one of the SO(3) subgroups of SO(4). The solution has

S =

∫
d4xL

(
Acl
)

= −8π2

g2
(2.6)

Since we have a 4D rotational symmetry, the solution is not only localised in three-space,
but also instantaneous in time. These solutions of the Euclidean field equations are relevant for
describing a tunnelling mechanism in real (Minkowsky) space-time, from one vacuum state to a
gauge-rotated vacuum (a gauge rotation that cannot be obtained via a series of infinitesimal gauge
rotations).

Suppose now that we have in addition N massless fermion doublets coupled to the gauge field:

Lfermion = −
N∑
t=1

ψ̄t /Dψt (2.7)

The axial vector current j5
µ produced by the QCD Lagrangian has an anomaly, see section A.4

∂µj5
µ = −iNfg

2

16π2
GaµνG̃

aµν (2.8)

Let us compare this with Eq. (2.3). We see that in a volume V3∫
V3

d4x ∂µj5
µ = −2iNfNCS (2.9)

Defining the charge Q5 in a volume V3 by

Q5 =

∫
V3

d3x j5
0 = i

∫
V3

d3x j5
4 (2.10)

we can see that a configuration in Minkowsky space with n = 1 would be associated with a
violation of axial charge conservation:

∆Q5 = 2Nf (2.11)

Let us now write the vacuum to vacuum amplitude in QCD. To calculate the amplitude for such
an event directly in Minkowsky space one needs more understanding of the quantum mechanical
tunnelling from one vacuum to the gauge-rotated vacuum. In practice it is much easier to make
use of the explicit solution in Euclidean space. Let us assume then that all Green’s functions in
Minkowsky space can simply be obtained from the Euclidean ones by analytic continuation. After
some manipulation, we obtain

8



2 THE U(1) PROBLEM 2.1 A proposed solution

�J (x3)

J (x2)

J (x1)

Instanton at x0

Figure 1: The sources J turn the axial charge Q5 into −Q5 for each flavor. The amplitude goes
like J3

〈0|0〉 =

∫
d4x0

∫
dλ (det J)(detM1)

− 1
2 (detM2)(detM3) exp

∫
d4xL

(
Acl
)

(2.12)

where (det J) is the Jacobian following from the transition to some convenient coordinate
system and the matrices M1, M2 and M3 are connected to the gauge, fermion and Faddeev-Popov
ghost term respectively6. M1 and M3 have some zero eigenvalues that neatly cancel. But M2

has zero eigenvalues that are not cancelled by anything, so detM2 = 0 and the amplitude (2.12)
vanishes. From Eq. (2.6) it follows that the exponent equals exp

(
−8π2/g2

)
which is a term that

is unobtainable through ordinary perturbation expansion.
Let us now insert a source term Jφ̄φ into the Lagrangian, where J(x) may contain flavor indices

and γ matrices, but must be gauge invariant. Now the lowest eigenvalues will be come different
from zero. Now we find that

det (M2 + J) '
N∏
i=1

(xi − x0)
−6
J(xi) (2.13)

for large distances. The factor
∏N
i=1 (xi − x0)

−6
is exactly reproduced by the 2N propagators

that connect the sources with the instanton (See Fig. 1). Note that the sources have to switch
chirality. This explains why the instanton gives Eq. (2.11).

It is now possible to build an effective vertex that could mimic the same amplitude

Leff (x) = κeiθinst det
[
−ψ̄R(x)ψL(x)

]
+ h.c (2.14)

Here, κ is a constant that should be in principle computable, and it contains the factor e−8π2/g2 .
The subscripts L and R refer to the left- and right handed helicities, obtained by means of the
projection operators 1

2

(
1± γ5

)
. The determinant is the determinant of the matrix ψ̄bRψ

a
L here a and

b are flavor indices only. We see that the interaction (2.14) has exactly the right quantum numbers
for absorbing Nflavor left helicity fermions and creating an equal number of right handed ones (or
vice-versa). In particular, the determinant is easily seen to be the simplest possible interaction that
conserves SU(Nf )×SU(Nf ) symmetry, while breaking U(Nf )×U(Nf ). θinst is a new phase angle
which emerges in the description of interference between the instanton and mass quark symmetry
breaking terms. The cases Nf = 0 and Nf = 1 are rather special. If Nf = 0 while θinst 6= 0, we
see the appearance of an explicit P and CP violation term in the QCD Lagrangian. This will be
discussed at length in the next section.

In a color gauge theory for strong interactions with two massless quark triplets, Eq. (2.14) is
an effective four-fermion interaction with exactly the chiral quantum numbers of a mass term for

6For the details of the derivation, see [28]
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2.1 A proposed solution 2 THE U(1) PROBLEM

the η particle. For simplicity, we can study the case Nf = 2, which gives us the physics of QCD
if we allow ourselves to neglect the effects of the strange quarks. A low energy effective meson
model for QCD with instanton effects included is described in [30, 31]. The effective meson fields
qij basically correspond to the composite operators q̄RjqLi , and this 2× 2 matrix is decomposed
into eight real mesonic fields: a scalar isoscalar σ , a pseudoscalar isoscalar η, a scalar isovector
~α, and a pseudoscalar isovector ~π. It can be shown that if the u and the d quark masses may be
neglected then θinst will be aligned to zero, and the effective coupling goes as

Leff → 2κ
(
σ2 + ~π2 − η2 − ~α2

)
(2.15)

Now, since this is the only effect that splits the pion from the eta, and since the pion continues
to behave as a massless Goldstone boson, one can deduce from Eq. (2.15) that the eta mass
becomes

m2
η = 8κ (2.16)

This analysis shows that the instanton interaction bares exactly the quantum numbers required
for the eta mass term.

10



3 THE STRONG CP PROBLEM

3 The Strong CP Problem

The possible resolution for the U(1) problem given in section 2.1 came through the realisation that
the QCD vacuum has a quite richer structure then expected. The more complex nature of the
QCD vacuum, in effect, makes U(1)A not a true symmetry of QCD, even though it is an apparent
symmetry of the QCD Lagrangian in the limit of vanishing quark masses. However, associated
with this more complicated QCD vacuum there is a phase parameter θ and only if this parameter
is very small is CP not very badly broken in the strong interactions. So the solution of the U(1)A
problem begets a different problem: why is CP not badly broken in QCD? This is known as the
strong CP problem [21].

Consider any of the field configurations described in Eq. (A.59). Neglecting tunnelling effect
we might expect the vacuum to be of the form

ψn[A] = φ[A−An] (3.1)

where the wave functional φ is peaked about zero and has a spread due to quantum fluctuations
and any An be chosen as representative of the classical vacuum, i.e., the classical zero-energy
configuration. But the pseudoparticle solution connects An with An+1 giving origin to tunnelling
between the different ψn [16]. The true quantal vacuum state will therefore be a superposition of
the form

Ψ[A] =
∑
n

cnψn[A] +O
[
exp

(
−8π2

g2

)]
(3.2)

To determine the coefficients cn in this equation let us observe that the finite gauge transfor-
mation g(x) defined in Eq. (A.67), changes ψn into ψn+1. Requiring the vacuum state to be stable
against gauge transformations determines the coefficients to be

cn = einθ (3.3)

Thus we find a family of vacua, parametrised by an angle θ, where under the instanton gauge
transformation we have

Ψθ[A] →
g(x)

e−iθΨθ[A] (3.4)

So that the true vacuum is a superposition of these, so-called, n-vacua and is called the θ-
vacuum:

|θ〉 =
∑
n

e−inθ |n〉 (3.5)

One can write for the vacuum to vacuum transition amplitude

〈θ|θ〉 =
∑
m,n

eimθe−inθ 〈m|n〉 =
∑
k

eikθ
∑
n

〈n+ k|n〉 (3.6)

Now, one can write (see Eq. (A.62))

g2
3

64π2
εµνλβGαµνG

α
λβ = ∂µK

µ

Kµ ≡ g2
3

64π2
εµνλβ

(
GανG

α
λβ −

g

3
fαβγG

α
νG

β
αG

γ
β

)
(3.7)

Because of this property, the space-time integral of the term multiplying θ is determined by
the change in the charge

∫
d3xK0 ≡ NCS between initial and final surfaces (see Eq. (2.3))

g2
3

64π2

∫
d3x

∫ tf

ti

dt εµνλβGαµνG
α
λβ =

∫
d3xK0(x, tf )−

∫
d3xK0(x, ti)

≡ NCS(tf )−NCS(ti) (3.8)
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3 THE STRONG CP PROBLEM

where we assume boundary conditions which ensure the vanishing of contributions from spatial
infinity.

Now, we can write Eq. (3.6) as

〈θ|θ〉 =
∑
k

∫
δAeiSeff [A]δ

[
k − g2

3

64π2

∫
d4x εµνλβGαµνG

α
λβ

]
(3.9)

where

Seff [A] = SQCD[A] + θ
g2

3

64π2

∫
d4x εµνλβGαµνG

α
λβ

= SQCD[A] + θNCS (3.10)

Naive perturbation theory includes only the k = 0 term of the infinite sum in (3.9).
The resolution of U(1) problem, by recognising the complicated nature of the QCDs vacuum,

effectively adds and extra term to the QCD Lagrangian (see Eq. (C.2)):

Lθ = θ
g2

3

64π2
εµνλβGαµνG

α
λβ (3.11)

This term violates Parity and Time reversal invariance, but conserves Charge conjugation
invariance, so it violates CP (see Appendix B). In fact, from Eq. (3.10) we see that the S-matrix
element is periodic in θ with modulus 2π

〈θ + 2π|θ + 2π〉 = 〈θ|θ〉 (3.12)

Since the θ vacuum is no longer P- and T-invariant, one can choose the phase of P and T
operators so that

P |θ〉 = |−θ〉 , T |θ〉 = |−θ〉 (3.13)

Setting θ = π and using Eq. (3.12), it follows that

〈π|π〉 = 〈π|T−1T |π〉 , 〈π|π〉 = 〈π|P−1P |π〉 (3.14)

Consequently, for pure gauge theory θ = π also describes a P-and T-conserving world owing to
the periodicity of θ. Thus if strong CP violation is very weak, a priori the world θ ≈ π is as possible
as the world θ ≈ 0. Nevertheless, as we shall see later, θ ≈ π is ruled out based on current-algebra
arguments [7]. Also, present constraints on the size of the neutron electric dipole moment imply
that it must be smaller than ∼ 10−10. This extremely small magnitude ensures that low-energy
QCD is approximately P and CP conserving: the puzzle of why the value should be so small is
related to the strong CP problem.

If, besides QCD, one includes the weak interactions, the quark mass matrix is in general com-
plex, nondiagonal and may contain γ5 terms:

Lmass = q̄iRMijqjL + h.c (3.15)

To go to a physical basis one must diagonalize this mass matrix and when one does so, in
general, one performs a chiral rotation of the quark field q → exp

(
iαγ5

)
q which changes the phase

of detM → detM + 2α. Due to the chiral anomaly (see Appendix A), θ also changes: θ → θ− 2α.
So, in the total theory, the physical and measurable strong CP violation parameter is

θ̄ = θ + arg detM (3.16)

and this is invariant under chiral transformations of the quark fields. The strong CP problem
is: why is this θ̄ angle, coming from the strong and weak interactions, so small?

What is wrong with simply choosing θ̄ = 0? After all, it is consistent simply to choose the value
of θ̄ to be small within the standard model, and that phenomenologically-small values for θ̄ do not
pose a naturalness problem for the standard model itself. However, such a small value is rather
surprising. This is mainly a theorist’s problem since only a very few phenomena can manifest the
elusive strong CP-odd effects, e.g. the electric dipole moment of the neutron and η → 2π decays.
The strong CP predicament can be rephrased in several different ways. It is a CP hierarchy
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3 THE STRONG CP PROBLEM 3.1 Proposed solution: a new Symmetry

problem: Weak CP violation in K0 − K̄0 systems is characterized by the ε parameter which is of
order of 10−3,whereas strong CP nonconservation is measured by the enormously small parameter
θ̄. It is very difficult to construct realistic models which can generate adequate weak CP violation
responsible for KL → 2π decays and which meanwhile have sufficiently small nonconservation
of strong CP. It is a problem of naturalness: according to ’t Hooft’s principle of naturalness, a
physical parameter can be naturally small if putting it equal to zero increases the symmetry. A
well-known example is the smallness of the electron mass which is attributed to the approximate
chiral symmetry. The strong CP problem comes about because in most models letting θ̄ = 0
does not correspond to an enlarged symmetry of the theory since CP is still violated in the weak
interactions; hence the smallness of θ̄ is not protected by a symmetry [7]. It is also a problem of
fine-tuning in the sense that θ is a free parameter, and in QCD there is no reason why it should
take the value − arg detM .

3.1 Proposed solution: a new Symmetry

A possible solution is that L must possess a chiral U(1) invariance, such that changes in θ are
equivalent to changes in the definitions of the various fields in L and have no physical consequences.
Any such theory is equivalent to a θ = 0 theory and this has no strong P and CP violations. This
property is trivially true for theories where L represents a non-Abelian gauge field coupled only to
massless fermions. In fact, the rotation of a fermion field by exp

(
iγ5σ

)
induces a change in the

effective action (3.10)

δSeff [A] = −2i

∫
d4x

(
∂µγ5

µ

)
σ = −iNCSσ (3.17)

where we used Eq. (A.37). Thus in such a theory the net effect of such a rotation is

θ → θ′ = θ − 2σ (3.18)

If, however, all fermions are massive such a rotation will also change the fermion mass term
in L. Hence one can define inequivalent theories which have the same mass term and various
choices of θ. Only one such class of theories, those in which θ → 0 when all fermion masses have
been made real by a suitable exp

(
iγ5σ

)
rotation, yield a CP- and P-invariant theory of the strong

interactions. Which is the aforementioned strong CP problem, indeed.
A theory was proposed [23] such that the above invariance property remains true when some

fermion masses are included in L, or even when all strongly interacting fermions become massive,
provided that at least one fermion gets its entire mass from a Yukawa coupling GF to a scalar field,
so that the full L can possess at least a single chiral U(1) invariance. To exemplify the theory, a
simplified model of the strong interactions is used, in which there is only a single fermion flavor
and a single color-singlet complex scalar field φ.

L = −1

4
F aµνF

aµν + iψ̄ /Dψ + ψ̄

[
GFφ

(
1 + γ5

2

)
+G∗Fφ

∗
(

1− γ5

2

)]
ψ

− |∂µφ|2 − µ2 |φ|2 − h |φ|4
(3.19)

with µ2 < 0. We note that Eq. (3.19) is formally invariant under the chiral rotation7

ψ → exp
(
iσγ5

)
ψ

φ → exp (−2iσ)φ (3.20)

for which the same considerations as Eq. (3.17) apply: in this theory a chiral rotation redefines
the θ parameter as Eq. (3.18). This demonstrates that for any θ value we obtain an equivalent
theory. To show that these theories are CP conserving we also need

α = arg
(
eiθGF 〈φ〉

)
= 0 (3.21)

which, when 〈φ〉 6= 0, corresponds to requiring that the fermion mass GF 〈φ〉 be real when the
fields are defined so that θ = 0. The proof that Eq. (3.21) is satisfied is quite convoluted. For the

7This is dubbed the Peccei-Quinn symmetry U(1)PQ from the names of the proposers
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3.1 Proposed solution: a new Symmetry 3 THE STRONG CP PROBLEM

details see [22]. Here we give just a summary. We start examining the generating functional of the
scalar Green’s functions

Zθ(J, J
∗) =

∑
q

eiθq
∫

(dAµ)q

∫
dψ dψ̄ dφ dφ∗ exp

[∫
d4x (L+ Jφ+ J∗φ∗)

]
(3.22)

The scalar vacuum expectation value is defined by

〈φ〉 =
1

Zθ

δZθ
δJ

∣∣∣∣
J=J∗=0

= λeiβ (3.23)

where λ and β are real constants. The proof proceeds as follows

1. We make the change of variables

φ = eiβ(λ+ ρ+ iσ) (3.24)

where ρ and σ are real scalar fields.

2. We use the knowledge that only terms of chirality n contribute in each n sector to allow us
to formally integrate out vector and fermion fields and obtain an expression for Z in terms
of nonlocal polynomials of the scalar fields.

3. Using only known reality properties of the polynomials we can write the constraints 〈ρ〉 =
〈σ〉 = 0. We find that they require α = 0, π. These are stationary points of the scalar
potential. To find which is the true minimum we must examine the potential itself.

After some manipulation we can re-write Eq. (3.22) as

Zθ(J, J
∗) =

∫
dρdσ

{
A0

(
ρ, σ2

)
+
∑
n

[
Fn
(
ρ, σ2

)
cosnα− σGFn

(
ρ, σ2

)
sinnα

]}
× exp

[
Jeiβ(λ+ ρ+ iσ) + J∗e−iβ(λ+ ρ− iσ)

] (3.25)

where Fn and GFn are the real and imaginary parts of An(φφ∗) |GF |n (λ+ ρ+ iσ)
n
, respec-

tively. Now we impose the constraints that, by definition, the field ρ and σ have vanishing vacuum
expectation values. This gives us

〈ρ〉 =

∫
dρdσ ρ

(
A0 +

∑
n

Fn cosnα

)
= 0

〈ρ〉 =

∫
dρdσ σ2

∑
n

GFn sinnα = 0 (3.26)

The first of these equations is satisfied for arbitrary α by appropriately choosing λ = λ(α). The
second equation can then in general only be satisfied for α = 0, π. These values are both stationary
points of the potential. To find which is the true minimum we must examine V (φ). This we can
only do to leading order in the Yukawa couplings GF and h, for which we find

V (φ) = µ2φ∗φ+ h(φ∗φ)
2 −K |φ| cosα (3.27)

where K is a real positive constant. Thus if G and h are sufficiently small the minimum occurs
at α = 0. The interaction term in Eq. (3.19), see Fig. 2, becomes

λψ̄

[
GF e

iβ

(
1 + γ5

2

)
+G∗F e

iβ

(
1− γ5

2

)]
ψ (3.28)

This mass can be made real by rotating the fermion fields by exp
(
iγ5σ/2

)
. Such a rotation

gives (see Eq. (3.18))
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3 THE STRONG CP PROBLEM 3.2 The Axion

�

φ1

uL

φ2

dL

uR dR

Figure 2: Instanton interaction generating the axion mass.

θ → θ′ = θ − θ = 0 (3.29)

which is the sought result.
There are possible solutions to the string CP problem other than the Peccei-Quinn symmetry

[7]. One possibility is a global U(1) symmetry implemented by a vanishing mass of any light quark.
The most natural choice, Mu = 0, is disfavoured since it is inconsistent with the observed meson
and baryon masses. Another possibility is based on supersymmetry. However, this is problematic
since a logarithmic divergence which in general occurs in the higher loop correction cannot prevent
θ̄ from being infinite.

On the other hand the PQ symmetry solution is appealing since it is compatible with any
mechanism of weak CP violation: a QCD theory can be built that includes weak and electromag-
netic interactions. Obviously, one must arrange things so that there is no possibility of obtaining
strong CP violations arising through the (strong) pseudoparticle sectors. This requires that one
violate CP in the weak Lagrangian in such a way that the PQ symmetry remains effective. An
example is the Weinberg model of CP violation which needs at least three different Higgs doublets
to have CP-violation. However, this theory does not have strong P and CP conservation because
it also lacks a chiral U(1) symmetry that allows us to change θ. The situation is, however, easily
remedied. By adding a fourth scalar doublet, PQ invariance may be imposed in the model, which
would guarantee strong CP conservation, while Weinberg’s theory is still rich enough in parameters
to cause weak CP violations [22].

3.2 The Axion

We have seen in the previous section that the solution to the strong CP problem was brough by
the realisation that the quark-mass matrix is a function GF 〈φ〉 of the vacuum expectation values
of a set of weakly coupled scalar fields φi, see Eq. (3.21). Although θ is arbitrary, 〈φ〉 is not: it is
determined by the minimization of the potential V (φ) of Eq. (3.27). The phase of GF 〈φ〉 at the
minimum of V (φ) is then undetermined in any finite order of perturbation theory, and is fixed only
by instanton effects which break the U(1)PQ symmetry. Hence the spontaneous breakdown of the
chiral U(1)PQ symmetry associated with the appearance of nonzero vacuum expectation values

〈φ〉 leads to a very light pseudoscalar pseudo-Goldstone boson, the “axion”, with m2
a proportional

to the Fermi coupling GF [35].
So, the introduction in the theory of the U(1)PQ symmetry effectively replaces the static CP-

violating angle θ̄ with a dynamical CP-conserving field, the axion. As a result, under a U(1)PQ
transformation, the axion field a(x) translates

a(x)→ a(x) + αfa (3.30)

where fa is the order parameter associated with the breaking of U(1)PQ. Formally, to make
the Lagrangian of the Standard Model U(1)PQ-invariant this Lagrangian, Eq. (C.1), must be
augmented by axion interactions [21]
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3.2 The Axion 3 THE STRONG CP PROBLEM

Ltotal = LSM + La (3.31)

with

La = −1

2
∂µa∂

µa+ Lint[∂µa/fa; Ψ] + ξ
a

fa

g2
3

32π2
εµνλβGαµνG

α
λβ (3.32)

The last term above is needed to ensure that the U(1)PQ current indeed has a chiral anomaly:

∂µJ
µ
PQ = ξ

g2
3

32π2
εµνλβGαµνG

α
λβ (3.33)

where ξ is the color anomaly of the PQ symmetry. This term also represents an effective
potential for the axion field, and its minimum occurs at 〈a〉 = −faθ̄/ξ〈

∂Veff
∂a

〉
= − ξ

fa

g2
3

32π2

〈
εµνλβGαµνG

α
λβ

〉 ∣∣∣∣
〈a〉=− faξ θ̄

= 0 (3.34)

Since at the minimun the θ̄-term is cancelled out, this provides a dynamical solution to the
strong CP problem.

It is easy to understand the physics of this solution to the strong CP problem. If one neglects
the effects of QCD then the extra U(1)PQ symmetry introduced allows all values for 〈a〉 to exist:
0 ≤ 〈a〉 ≤ 2π. However, including the effects of the QCD anomaly serves to generates a potential
for the axion field which is periodic in the effective vacuum angle θ̄ + ξ 〈a〉 /fa

Veff ≡ cos

(
θ̄ + ξ

〈a〉
fa

)
(3.35)

the Lagrangian (3.32) written in terms of aphys = a− 〈a〉 no longer has a CP violating θ̄-term.
Expanding Veff at the minimum gives the axion a mass, which is generated entirely by processes
such as shown in Fig. 2

m2
a =

〈
∂2Veff
∂a2

〉
= − ξ

fa

g2
3

32π2

∂

∂a

〈
εµνλβGαµνG

α
λβ

〉 ∣∣∣∣
〈a〉=− faξ θ̄

(3.36)

In [36], counting the visible coupling constants and supposing that instanton effects are char-
acterized by a typical strong-interaction scale µ = 200MeV , an order-of-magnitude estimate is
given of

ma ≈ G1/2
F µ2 ≈ 100 keV × 10±1 (3.37)
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4 BARYOGENESIS

4 Baryogenesis

The interactions that violate baryon number (B) are today very weak as evidenced by the longevity
of the proton. They can be characterised by a coupling constant analogous to the Fermi coupling
constant, but at least 25 orders of magnitude smaller:

G∆B ∼M−2 . 10−30GeV −2 (4.1)

where M is of the order of the energy scale of unification, which is likely to be 1014GeV or
greater. However, at temperatures comparable to, or greater than, M, B-violating forces (if they
exist) should have strength comparable to all the other interactions of Nature. These interactions
can allow a baryon-symmetric Universe to evolve a baryon asymmetry of the magnitude required
to explain the present baryon-to-photon ratio [17].

4.1 Thermodynamics

The Universe has for much of its history been very nearly in thermal equilibrium. However, the
departures from equilibrium have been very important. Without them, the past history of the
Universe would be irrelevant, as the present state would be merely that of a system at 2.75K. To
properly understanding the thermal history of the Universe we can compare the particle interaction
rates and the expansion rate. Ignoring the temperature variation of g∗ (see Eq. (4.14)), for this
discussion, T ∝ R−1 and the rate of change of the temperature Ṫ /T is just set by the Hubble
expansion rate: Ṫ /T = −H. So long as the interactions necessary for particle distribution functions
to adjust to the changing temperature are rapid compared to the expansion rate, the Universe will,
to a good approximation, evolve through a succession of nearly thermal states with temperature
decreasing as R−1. A useful rule of thumb is that a reaction is occurring rapidly enough to maintain
thermal distributions when Γ & H, where Γ is the interaction rate per particle, Γ ≡ nσ|v|. Here n
is the number density of target particles and σ|v| is the cross section for interaction times relative
velocity (appropriately averaged). We will use

Γ & H (coupled)

Γ . H (decoupled) (4.2)

as the criterion for whether or not a species is coupled to (decoupled from) the thermal plasma
in the Universe. So, since throughout most of the history of the Universe (in particular the early
Universe) the reaction rates of particles in the thermal bath, Γint, were much greater than the
Hubble expansion rate, H, and local thermal equilibrium (LTE) should have been maintained. In
this case the entropy per comoving volume element remains constant. The entropy in a comoving
volume provides a very useful and reliable quantity during the expansion of the Universe [17, 15].

In the expanding Universe, the second law of thermodynamics, as applied to a comoving volume
element of unit coordinate volume8 and physical volume V = R3, implies that

T dS = d(ρV ) + p dV = d[(ρ+ p)V ]− V dp (4.3)

where ρ and p are the equilibrium energy density and pressure. Now, from

dS =
∂S

∂T
dT +

∂S

∂V
dV (4.4)

and comparing with (4.3), we can see that

∂

∂V

(
∂S

∂T

)
=

1

T

dρ

dT
(4.5)

and

∂

∂T

(
∂S

∂V

)
=

d

dT

(
ρ+ p

T

)
= − 1

T 2
(ρ+ p) +

1

T

d

dT
(ρ+ p) (4.6)

imposing the integrability condition9

8For simplicity we will take the comoving volume to be of unit coordinate volume.
9Equivalent to requiring that dS is an exact differential
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∂2S

∂T∂V
=

∂2S

∂V ∂T
(4.7)

we get

dp =
ρ+ p

T
dT (4.8)

Finally substitute into Eq. (4.3) to obtain

dS =
1

T
d[(ρ+ p)V ]− (ρ+ p)V

dT

T 2
= d

[
(ρ+ p)V

T
+ const

]
(4.9)

That is, up to an additive constant, the entropy per comoving volume is S = R3(ρ+ p)/T .
Recall that the first law (energy conservation) can be written as

d[(ρ+ p)V ] = V dp (4.10)

Substituting Eq. (4.8) into Eq. (4.10), it follows that

d

[
(ρ+ p)V

T

]
= 0 (4.11)

This result implies that in thermal equilibrium, the entropy per comoving volume, S, is con-
served10. It is useful to define the entropy density s

s =
S

V
=
ρ+ p

T
(4.12)

The entropy density is dominated by the contribution of relativistic particles, so that to a very
good approximation

s =
2π2

45
g∗ST

3 (4.13)

where

g∗S =
∑

i=bosons

gi

(
Ti
T

)3

+
7

8

∑
i=fermions

gi

(
Ti
T

)3

(4.14)

is the effective number of massless degrees of freedom. The relative factor of 7/8 accounts for
the difference in Fermi and Bose statistics. We also note that s is proportional to the number
density of relativistic particles, and that in particular s is related to the photon number density,
s = 1.80 g∗S nγ , where nγ is the number density of photons. Today s = 7.04nγ . Since g∗S is a
function of temperature, s and nγ cannot always be used interchangeably.

Conservation of S implies that s ∝ R−3, and therefore that g∗S T
3R3 remains constant as the

Universe expands. The first fact, that s ∝ R−3, implies that the physical size of a comoving volume
element ∝ R3 ∝ s−1. Thus the number of some species in a comoving volume, N ≡ R3 n, is equal
to the number density of that species divided by s (see Fig. 3):

N ≡ n

s
(4.15)

If the number of a given species in a comoving volume is not changing, i.e., particles of that
species are not being created or destroyed, then N remains constant.

As an example of the utility of the ratio n/s, consider baryon number. Define nb to be the num-
ber density of baryons in the universe. Similarly define nb̄ to be the number density of antibaryons,
and the difference between the two, the baryon number in a comoving volume, to be

B =
nB
s

=
nb − nb̄

s
(4.16)

So long as baryon number non-conserving interactions (if such exist in nature) are occurring
very slowly, the baryon number in a comoving volume, nB/s, is conserved. Although η = nB/nγ =

10Here we have assumed that all chemical potentials are zero. It is a very good approximation, as all evidence
indicates that |µ| � T
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Figure 3: The equilibrium abundance of a species in a comoving volume element, N = n/s

1.8 g∗S(nB/s), the baryon number-to-photon ratio does not remain constant with time because
g∗S changes. During the era of e± annihilation, the number of photons per comoving volume,
Nγ = R3 nγ increases by a factor of 11/4, so that η decreases by the same factor. After the time of
e± annihilations, however, g∗, is constant, and η ' 7nB/s and nB/s can be used interchangeably.

4.2 The Sakharov conditions

We will now review in more detail the Sakharov’s conditions [25], necessary to generate a non-zero
baryon number from an initially baryon symmetric state:

• Baryon Number Violation. This is rather obvious: there must be a violation of baryon
number. If baryon number is conserved in all interactions, the present baryon asymmetry
can only reflect asymmetric initial conditions.

• C and CP Violation: Even in the presence of B-non-conserving interactions a baryon asymme-
try will not develop unless both C (charge conjugation) and CP (charge conjugation combined
with parity) are violated: In the absence of a preference for matter or antimatter, B-non-
conserving reactions will produce baryon and antibaryon excesses at the same rate, thereby
maintaining zero net baryon number. Both C and CP violation are necessary to supply such
an arrow. Put concisely, baryon number is odd under both C and CP. For further details
about CP violation see Appendix B.

• Non-Equilibrium Conditions: In chemical equilibrium the entropy is maximal when the chem-
ical potentials associated with all non-conserved quantum numbers vanish. Further, particle
and antiparticle masses are guaranteed to be equal by CPT invariance. Thus, in thermal
equilibrium the phase space density of baryons and antibaryons, given by the Bose-Einstein
distribution

f(~p)BE =
1

1 + exp
(
p2+m2

T

) (4.17)

are necessarily identical, implying that nb = nb̄.
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particle final state branching ratio B

X → qq r 2/3
X → q̄l̄ 1− r −1/3
X̄ → q̄q̄ r̄ −2/3
X̄ → ql̄ 1− r̄ 1/3

Table 1: Final states and branching ratios for X, X̄ decay.

To illustrate the mechanics of Baryogenesis, consider a particle X that decays to quark/lepton
final states qq (B = 2/3) and q̄l̄ (B = −1/3) (see Table 1). Since the two final states have different
baryon number, the decays of X, X̄ violate B. Note that CPT invariance requires the equality of
the decay rates of the X and X̄ bosons; C and CP are violated if the branching ratio of the X to
the qq final state (= r) is unequal to the branching ratio of the X̄ to the q̄q̄ final state (= r̄); that
is, r 6= r̄ [17].

Imagine a system with symmetric initial conditions: equal numbers of X and X̄ bosons. The
mean net baryon number produced by the decay of an X is equal to

BX = r

(
2

3

)
+ (1− r)

(
−1

3

)
(4.18)

and that produced by the decay of an X̄ is equal to

BX̄ = r̄

(
−2

3

)
+ (1− r̄)

(
1

3

)
(4.19)

The mean net baryon number produced by the decay of an X, X̄ pair is just

ε = BX +BX̄ = r − r̄ (4.20)

The baryon number produced vanishes, of course, if C or CP is conserved r = r̄. If there are
no further baryon number violating reactions, then a net baryon asymmetry will persist after all
the X, X̄ bosons decay.

Let’s see the Sakharov conditions in more detail.

4.2.1 B violation

The existence of baryon number violation seems to be a generic feature of a Grand Unified Theory11

(GUT). When the strong and electroweak interactions are unified, quarks and leptons typically
appear as members of a common irreducible representation of the gauge group. Thus gauge bosons
mediate interactions that transform quarks into leptons or antiquarks, and thereby violate B. The
lifetime of the proton should be τp & 1031 to 1032 years, which implies that such additional gauge
bosons must be very massive: M & 1014GeV or so. In addition, there are also likely to be Higgs
bosons with B-non-conserving interactions. The typically weaker couplings of Higgs bosons that
mediate baryon-number violation allow them to have somewhat smaller masses, perhaps as low as
1010GeV . In both cases the large mass of the intermediate boson is responsible for the feebleness
of baryon-number violation today. This suppression (relative to the familiar interactions) is of
course overcome at the extremely high temperatures that should have existed shortly after the big
bang, and interactions that violate baryon number should have been just as potent as all other
interactions. The requirement of B violation arises naturally in GUTs [17].

Almost a decade before the advent of GUTs, Sakharov in [25] proposed a concrete model, of
an interaction that violates baryon charge in the super dense state of the initial Universe.

Both C and CP are observed to be violated microscopically in Nature, in the interactions of
K0 and K̄0 mesons.

11A Grand Unified Theory is a model in particle physics in which at high energy, the three gauge interactions of
the Standard Model which define the electromagnetic, weak, and strong interactions or forces, are merged into one
single force. This unified interaction is characterised by one larger gauge symmetry and thus several force carriers,
but one unified coupling constant. If Grand Unification is realised in nature, there is the possibility of a grand
unification epoch in the early universe in which the fundamental forces are not yet distinct.
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Figure 4: Lowest-order Feynman diagrams for X and Y decay.

4.2.2 C and CP violation

C is maximally violated in the weak interactions, so C violation in the decay of the X boson
should not be a fundamental problem. CP violation is observed in the neutral kaon system, with
dimensionless strength of 10−3. Since its origin is not well understood, it is easy to imagine that C
and CP violation manifest themselves in all sectors of the theory, including the super-heavy boson
sector and at some level C and CP violation must occur in the super-heavy sector due to loop
corrections involving the light quarks. It can be shown that a C, CP violation of only ε ∼ 10−8 or
so is required to produce the observed value of nb/s. To explicitly see how C, CP violation enters,
consider a system with two super-heavy bosons, X and V , with baryon number violating decays.
The generalisation of ε defined above is

εX =
∑
f

Bf
Γ(X → f)− Γ

(
X̄ → f̄

)
ΓX

εY =
∑
f

Bf
Γ(Y → f)− Γ

(
Ȳ → f̄

)
ΓY

(4.21)

where the sum runs over all final states f , state f has baryon number Bf , and ΓX (ΓY ) is the
total X (Y ) decay width. For simplicity, assume there are but two final states for X and Y decay,
and that the interaction Lagrangian is given by

L = g1Xi
†
2i1 + g2Xi

†
4i3 + g3Xi

†
1i3 + g4Xi

†
2i4 + h.c. (4.22)

where i1, i2, i3, i4 are fermion states (quarks and leptons), and the gi are coupling strengths
(which can be complex). This Lagrangian leads to the decay processes: X → ī1 + i2, ī3 + i4, and
Y → i1 + ī3, i3 + ī4. The lowest order diagrams for X and Y decay are shown in Fig. 4

The lowest order processes cannot contribute to ε, as Γ(X → ī1i2) = |g1|2IX = Γ
(
X̄ → i1ī2

)
=

|g∗1 |
2
IX̄ where the kinematic factors IX = IX̄ arise from the phase space integrals. The first non-

zero contribution to ε comes from the interference of the lowest order graphs in Fig. 4 with the
one-loop corrections shown in Fig. 5.
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Figure 5: One-loop corrections to X and Y decay.

These interference terms are given by

Γ(X → ī1i2) = g1g
∗
2g3g

∗
4IXY + (g1g

∗
2g3g

∗
4IXY )

∗

Γ
(
X̄ → i1ī2

)
= g∗1g2g

∗
3g4IXY + (g∗1g2g

∗
3g4IXY )

∗
(4.23)

where the phase-space factors IIJ (I, J = X,Y ) now also include the kinematic factors arising
from integrating over the internal momentum loop due to J exchange in I decay. If the intermediate
particles (i1, i2, i3, i4) in the loop are kinematically allowed to propagate on shell, as will be the
case if X, Y are super-heavy bosons and i1−4 are light quarks and leptons, the quantity IIJ will
be complex. The complexity of IIJ is crucial to Baryogenesis. The difference between X → ī1i2
and X̄ → i1ī2 is given by

Γ(X → ī1i2)− Γ
(
X̄ → i1ī2

)
= 2iIXY Im{g1g

∗
2g3g

∗
4}+ 2iI∗XY Im{g∗1g2g

∗
3g4}

= 4 Im{IXY } Im{g∗1g2g
∗
3g4} (4.24)

After a similar calculation for the other decay mode, we find that

εX =
4

ΓX
Im{IXY } Im{g∗1g2g

∗
3g4}[(Bi4 −Bi3)− (Bi2 −Bi1)] (4.25)

Repeating the same calculations for the Y decay modes, we find εY = −εX . So, we see that 3
things are required in order to have ε 6= 0.

• There must be two baryon number violating bosons, each with mass greater than the sum of
the (fermion) masses in the internal loops; otherwise, Im{IXY } = 0.

• C, CP violation arises from the interference of loop diagrams with the tree graph, and man-
ifests itself in complex coupling constants. Thus, in general we expect ε to be of the order of
αN , where α characterises the coupling constant of the loop particle(s) and N is the number
of loops in the lowest-order diagram that interferes with the tree graph to give rise to ε 6= 0.
Note that for this reason, ε ∼ αN is expected to be small.
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4 BARYOGENESIS 4.3 The Boltzmann equation

• The X and Y particles in the above example must not be degenerate in mass, or the baryon
number produced by X decays will precisely cancel that produced by Y decays.

4.2.3 Departure from Thermal Equilibrium

The interactions must be out of thermal equilibrium, since otherwise CPT symmetry would assure
compensation between processes increasing and decreasing the baryon number. In fact [32]

〈B〉T = Tr
(
e−βHB

)
= Tr

[
(CPT )(CPT )

−1
e−βHB

]
= Tr

[
e−βH(CPT )B(CPT )

−1
]

= −Tr
(
e−βHB

)
(4.26)

where in the third step I have used the requirement that the Hamiltonian H commutes with
CPT, and in the last step used the properties of B that it is odd under C and even under P and
T symmetries. Thus 〈B〉T = 0 in equilibrium and there is no generation of net baryon number.

The necessary non-equilibrium condition is provided by the expansion of the Universe. Recall
that if the expansion rate is faster than key particle interaction rates, departures from equilibrium
can result. Here the departure from equilibrium will be the overabundance of X, X̄ bosons. Assume
that at some very early time when T � mX (e.g., the Planck time), X, X̄ bosons are present in
equilibrium numbers, nX = nX̄ ' nγ . In LTE

nX = nX̄ ' nγ for T & mX

nX = nX̄ ' (mXT )
3
2 exp

(
−mXT

)
� nγ for T . mX

(4.27)

Equilibrium numbers of X, X̄ bosons will only be present provided that the interactions which
create and destroy X, X̄ bosons (decay, annihilation, and their inverse processes) are occurring
rapidly on the expansion time scale: Γ & H. The annihilation process is ”self-quenching” since
ΓANN ∝ nX , and the decay process is most important for maintaining equilibrium numbers of X,
X̄ bosons. For simplicity then, we will ignore the annihilation process.

4.3 The Boltzmann equation

For much of its early history, most of the constituents of the Universe were in thermal equilibrium,
thereby making an equilibrium description a good approximation. However, there have been a
number of very notable departures from thermal equilibrium: neutrino decoupling, decoupling of
the background radiation, primordial nucleosynthesis, and on the more speculative side, inflation,
Baryogenesis, decoupling of relic WIMPs (weakly-interacting massive particles), etc. As we have
previously emphasised, if not for such departures from thermal equilibrium, the present state of
the Universe would be completely specified by the present temperature. The departures from
equilibrium have led to important relicsthe light elements, the neutrino backgrounds, a net baryon
number, relic WIMPs , relic cosmologists, and so on.

Once a species totally decouples from the plasma its evolution is very simple: particle number
density decreasing as R−3 and particle momenta decreasing as R−1 [17]. The evolution of the
phase space distribution of a species which is in LTE or is completely decoupled is simple. It is the
evolution of particle distributions around the epoch of decoupling that is challenging. Recall that
the rough criterion for a particle species to be either coupled or decoupled involves the comparison
of the interaction rate of the particle, T, with the expansion rate of the Universe, H, as seen in
Eq. (4.2). In order to properly treat decoupling one must follow the microscopic evolution of the
particle’s phase space distribution function f(pµ, xµ). This of course is governed by the Boltzmann
equation, which can be written as

L̂[f ] = C[f ] (4.28)

where C is the collision operator and L̂ is the Liouville operator. The non-relativistic Liouville
operator for the phase space density f(~v, ~x) of a particle species of mass m subject to a force
~F = d~p/dt is

23



4.3 The Boltzmann equation 4 BARYOGENESIS

L̂NR =
d

dt
+

d~x

dt
· ∇x +

d~v

dt
· ∇v =

d

dt
+ ~v · ∇x +

~F

m
· ∇v (4.29)

The covariant, relativistic generalisation of the Liouville operator is

L̂ = pα
∂

∂xα
− Γαβγp

βpγ
∂

∂pα
(4.30)

For the Friedmann-Robertson-Walker (FRW) metric12 the Liouville operator is

L̂[f(E, t)] = E
∂f

∂t
− Ṙ

R
|~p|2 ∂f

∂E
(4.31)

Using the definition of the number density in terms of the phase space density

n(t) =
g

(2π)
3

∫
d3p f(E, t) (4.32)

and upon integration by parts, the Boltzmann equation can be written in the form

dn

dt
+ 3

Ṙ

R
n =

g

(2π)
3

∫
C[f ]

d3p

E
(4.33)

The collision term for the process ψ + a+ b+ . . .↔ i+ j + . . . is given by

g

(2π)
3

∫
C[f ]

d3pψ
Eψ

=−
∫

dΠψ dΠa dΠb . . . dΠi dΠj . . .

× (2π)
4
δ4(pψ + pa + pb . . .− pi − pj . . .)

×
[
|M|2ψ+a+b+...→i+j+...fafb . . . fψ(1± fi)(1± fj) . . .

− |M|2i+j+...→ψ+a+b+...fifj . . . (1± fa)(1± fb) . . . (1± fψ)
]

(4.34)

where fi, fj , fa, fb, . . . are the phase space densities of species i, j, . . . , a, b, . . .; fψ is the phase
space density of ψ (the species whose evolution we are focusing on); (+) applies to bosons; (−)
applies to fermions; and

dΠ ≡ g

(2π)
3

d3p

2E
(4.35)

where g counts the internal degrees of freedom. The 4-dimensional delta function enforces en-
ergy and momentum conservation, and the scattering matrix element squared |M|2, which includes
the appropriate symmetry factors for identical particles in the initial or final states, relates the
initial state and the final state of the process ψ + a+ b+ . . .→ i+ j + . . ..

The significance of the individual terms is manifest: the 3Ṙ/Rn = 3Hn term accounts for the
dilution effect of the expansion of the Universe, and the right hand side of Eq. (4.33) accounts for
interactions that change the number of ψ’s present. In the absence of interactions the solution to
Eq. (4.33) is nψ ∝ R−3.

In the most general case, the Boltzmann equations are a coupled set of integral-partial dif-
ferential equations for the phase space distributions of all the species present. Fortunately, in
problems of interest to us, all but one (or two) species will have equilibrium phase space distri-
bution functions because of their rapid interactions with other species, reducing the problem to a
single integral-partial differential equation for the one species of interest, denoted by ψ. We can
do some approximations that greatly simplify Eq. (4.34). We can use the Maxwell-Boltzmann
statistics for all species instead of Fermi-Dirac for fermions and Bose-Einstein for bosons13. In the

12The FRW metric is an exact solution of Einstein’s field equations of general relativity; it describes a homoge-
neous, isotropic expanding or contracting universe. It is the metric we use to model our Universe

13In the absence of a degenerate (µi & T ) Fermi species or a Bose condensate,the use of Maxwell-Boltzmann
statistics introduces only a small quantitative change, as all three distribution functions are very similar (and much
less than one) for momenta near the peak of the distribution. Moreover, for any non-relativistic species, Maxwell-
Boltzmann statistics becomes exact in the limit (mi − µi)/T � 1

24



4 BARYOGENESIS 4.4 The Sphaleron

absence of Bose condensation or Fermi degeneracy, the blocking and stimulated emission factors
can be ignored, (1± f) ' 1, and fi(Ei) = exp [−(Ei − µi)/T ] for all species in kinetic equilibrium.

We can use the Boltzmann equation to study the precise evolution of the baryon asymmetry.
In [17] a Boltzmann equation is derived for a simplified model, which serves to illustrate most of
the salient features of Baryogenesis, and which can be used to mimic realistic GUTs. The simple
model consists of a massive boson that is self conjugate (X = X̄) and has interactions that violate
B, C, and CP,“light” (i.e., highly relativistic) particles b and b̄ that carry baryon numbers +1/2
and −1/2, and light particles that carry no baryon number and represent the thermal bath of
radiation, and collectively have g∗ degrees of freedom.

4.4 The Sphaleron

As we have seen in section 2, a result of non-trivial vacuum gauge configurations, the vacuum struc-
ture of non-Abelian gauge theories is very rich. The θ-vacuum structure in the electroweak theory
leads to the anomalous non-conservation of baryon number. Transitions between the different
vacua are accompanied by a change in the baryon number. And baryon-number non-conservation
(together with the lack of CP non-conservation and thermodynamic equilibrium) can give rise to
the baryon asymmetry of the universe (BAU). This process is usually associated with the instan-
ton solutions that describe the tunnelling between different θ-vacua (see section A.5) [17]. In the
weakly coupled theories, the probabilities of these transitions are exponentially suppressed; in par-
ticular, the corresponding suppression factor in the standard electroweak theory is exp (−4π/αW ),
where αW = g2

W /4π and gW is the electroweak coupling constant. However, if the energy of the
system is large enough, the system can, in principle, pass over the barrier between the different
vacua instead of penetrating through the barrier (see Fig. 6)

In [18] a model is proposed to estimate the equilibrium rate of the anomalous fermion-number
non-conserving processes in the cosmic plasma in the standard Weinberg-Salam electroweak theory,
and the possibility of the BAU generation at the electroweak temperatures in the standard theory
with light fermions. The authors find that at sufficiently high temperature this rate exceeds the
expansion rate of the universe, but that BAU is not generated by anomalous electroweak processes
if the EWPT is of second order (see section 4.5). The Lagrangian of the theory is

L =
1

2g2
W

trF 2
µν + (Dµφ)

†
(Dµφ)− λ

(
φ†φ− v2

2

)2

+ LF (4.36)

where LF is the fermionic part. The gauge A0 = 0 is used. To estimate the rate of the fermion-
number non-conservation (at thermodynamic equilibrium) we have to study the number of level
crossings per unit time per unit volume. In the picture proposed in section 2 we have seen that
the vacua with, say, n = 1 and n = 0 differ by a topologically non-trivial gauge transformation,
and the level crossing occurs at the top of the barrier, as seen if Fig. 6. Therefore, the rate of level
crossings coincides with the rate of the transitions from the regions left to the barrier maximum
to that right to it, into the adjacent θ-vacuum. This can be evaluated with the use of the theory
of the“vacuum”decay at finite temperature which states that this rate is proportional to exp (−S)
where S is the action for the appropriate periodic (up to twist) solution to the Euclidean field
equations. At sufficiently high temperatures (including those under discussion) two approximations
can be made: the first is to ignore the effects of fermions on the fluctuations of the bosonic fields and
to consider Aaµ and φa as the only dynamical fields. The second is to replace the finite temperature
action S by the free energy at the maximum of the barrier between adjacent θ-vacua. In that case
the transition rate is proportional to exp [−F (Acl, φcl)/T ].

The sphaleron solution is a saddle point in field configuration space: the lowest barrier between
two θ-vacua. Moreover, the sphaleron configuration is classically unstable14. At temperatures
under discussion, the free energy functional is approximately equal to the static energy

F =

∫
d3x

1

2g2
W

trF 2
µν + (Dµφ)

†
(Dµφ)− λ

(
φ†φ− v2

2

)2

(4.37)

The configuration that extremists (4.37) for this transition is indeed the sphaleron, given in the
A0 = 0 gauge by

14As its name implies: sphaleron, Greek for “ready to fall”
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Figure 6: Schematic illustration of the barriers separating different θ-vacua, the instanton (I)
tunnelling path through the barrier, and the sphaleron (S) path over the barrier. The vertical
axis is the free energy (F), and the horizontal axis represents gauge (Aaµ) and Higgs (φa) field
configurations.

Aicl =
i

gW

εijkxjτk
r2

f(ξ)

φacl =
v√
2

i~τ · ~x
r

[
0
1

]
h(ξ) (4.38)

where ~τ are Pauli matrices, r2 = |~x|2 and ξ = gW (T )v(T )r. The functions f(ξ) and h(ξ) have
the following asymptotics

f(0) = h(0) = 0, f(∞) = h(∞) = 1 (4.39)

With the assumption that the action for the tunnelling rate at finite temperature is given by F ,
the rate of vacuum transitions should be proportional to exp (F/T ). Heuristically, this corresponds
to the probability of having a sufficiently large thermal fluctuation to take the fields over a barrier
of height F . The rate at which the baryon number per comoving volume is violated should be
proportional to this rate times the net baryon number per comoving volume, i.e.,

Ḃ = CBT exp

(
−F
T

)
(4.40)

where C is a dimensionless constant expected to be of order unity, and the overall factor of T is
assumed on dimensional grounds. Since CP is conserved by the gauge and Higgs interactions in this
model, a baryon asymmetry cannot be generated by the vacuum transitions. In the early Universe
gW , λ, and v (and hence mW ) are all functions of temperature. The temperature dependence of
gW and v is only proportional to lnT and can be ignored. The temperature dependence of around
the critical temperature is much more important. At T > Tc, v = 0, and as the temperature passes
below the critical temperature, v2 ' v2

0

(
1− T 2/T 2

c

)
(v0 = 246GeV ).

At lower temperatures, T � TC , F/T � 1 and the rate for sphaleron-induced B violation is
exponentially suppressed. However as T → TC , F/T ∝ v(T )/T → 0, and the rate for B violation
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is no longer exponentially suppressed. For a range of temperatures just below TC , Γ∆B/H =(
Ḃ/B

)
/H ∼ 1017C, corresponding to very rapid B violation. The sphaleron solution has also

been interpreted as a massive, unstable particle whose interactions violate B.

4.5 Phase Transitions

One of the most important concepts in modern particle theory is that of spontaneous symmetry
breaking15. The idea that there are underlying symmetries of Nature that are not manifest in
the structure of the vacuum appears to play a crucial role in the unification of the forces. In
all unified gauge theories (including the Standard Model of particle physics, see Appendix C)
the underlying gauge symmetry is larger than that of our vacuum, whose symmetry is that of
SUc(3)×SUL(2)×UY (1) (see Appendix C). Of particular interest for cosmology is the theoretical
expectation that at high temperatures, symmetries that are spontaneously broken today were
restored, and that during the evolution of the Universe there were phase transitions, perhaps
many, associated with the spontaneous breakdown of gauge (and perhaps global) symmetries. In
particular, we can be reasonably confident that there was such a phase transition at a temperature
of order 300 GeV and a time of order 10−11 Sec, associated with the breakdown of SUL(2) ×
UY (1)→ UEM (1). Moreover, the vacuum structure in many spontaneously broken gauge theories
is very rich: Topologically stable configurations of gauge and Higgs fields exist as domain walls,
cosmic strings, and monopoles16.

A simple model to illustrate high-temperature symmetry restoration and phase transitions is
proposed in [17]. Consider a real scalar field described by the Lagrangian density

L =
1

2
∂µφ∂

µφ− V (φ)

V (φ) = −1

2
m2φ2 +

1

4
λφ4 (4.41)

The potential V (φ), as given in Eq. (4.45), is shown in Fig. 7. The key point is that the
Lagrangian is invariant under the discrete symmetry transformation φ↔ −φ. The minima of the
potential, denoted by σ±, and the value of the potential and its second derivative at the minima,
are given by σ± = ±

√
m2/λ, V (σ±) = −m4/4λ and V ′′(σ±) = 2m2 respectively.

Since V (+σ) = V (−σ), both σ± = ±σ are equivalent minima of the potential. On the other
hand, although V ′(0) = 0, 〈φ〉 = 0 is an unstable extremum of the potential because V ′′(0) < 0.
Since the quantum theory must be constructed about a stable extremum of the classical potential,
the ground state of the system is either 〈φ〉 = σ or 〈φ〉 = −σ, and the reflection symmetry present
in the Lagrangian is broken by the choice of a vacuum state. A symmetry of the Lagrangian not
respected by the vacuum is said to be spontaneously broken. The mass of the physical boson of
the theory is determined by the curvature of the potential about the true ground state

M2 = V ′′(σ±) = 2m2 = 2λσ2
± (4.42)

The stress tensor for a scalar field φ is given by [24]

Tµν = ∂µφ∂νφ− Lgµν (4.43)

Taking φ to be constant, φ = 〈φ〉, we find that Tµν = V (〈φ〉)gµν , so that the energy density of
the vacuum is

〈
T 0

0

〉
≡ ρV = −m

4

4λ
(4.44)

The contribution of the vacuum energy to the energy density of the Universe today can at most
be comparable to the critical density ρC ' 10−46GeV . A larger vacuum energy would lead to a
present expansion rate greater than that observed. Therefore, we can set ρV = 0. This can be
accomplished by adding to the Lagrangian the constant +m4/4λ = λ 〈φ〉4 /4. This constant term

15For an overview of Spontaneous Symmetry Breaking see [27]
16In addition, classical configurations that are not topologically stable, so-called non-topological solitons, may

exist and be stable for dynamical reasons. Interesting examples include soliton stars, Q-balls, non topological
cosmic strings, and so on.
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Figure 7: An example of a potential that implements SSB.

will not affect the equations of motion or the quantum theory; its sole effect is to make the present
vacuum energy vanish. By adding this constant, we can write the potential in the form

V (φ) = −λ
4

(
φ2 − σ2

)2
, σ2 = σ2

± (4.45)

We can understand the phenomenon of high-temperature symmetry restoration considering
the effect of finite temperature (or density) upon the propagation of a particle. If one naively
attempts to construct a theory about 〈φ〉 = 0 using the potential of Eq. (4.45), one finds that
the mass squared of the scalar field is negative: V ′′(0) = −λσ2. The imaginary mass results in
exponentially growing solutions, with φ growing until it finds the true ground state. However, if
the φ field is in contact with a heat bath, the interaction of φ particles with particles in the thermal
bath will, in general, damp this exponential growth. A way to quantify this damping is to assign
to the φ a temperature-dependent “plasma mass”, which on dimensional grounds must be of the
form m2

plasma = aλT 2, where a is a numerical constant of order unity. At finite temperature the

effective mass of the scalar field about the classical solution 〈φ〉 = 0 is m2
T = −λσ2 + m2

plasma.

At temperatures where m2
T < 0, 〈φ〉 = 0 will be an unstable point, signalling SSB; while at

temperatures where m2
T > 0, the effective mass will be real, and 〈φ〉 = 0 becomes a stable,

classical minimum of the potential. Clearly, there is some critical temperature, TC ' σ/
√
a, where

m2
T = 0; above this critical temperature 〈φ〉 = 0 is a stable minimum and the symmetry is restored.

The phase transition from the symmetric phase to the broken phase in this model is second
order. In general, a symmetry-breaking phase transition can be first or second order. The tem-
perature dependence of V (φ) for a first-order phase transition is shown in Fig. 8. For T � TC the
potential is quadratic, with only one minimum at φ = 0. When T > TC , a local minimum develops
at φ 6= 0. For T = TC , the two minima become degenerate, and below TC , the φ 6= 0 minimum
becomes the global minimum. If for T ≤ TC the extremum at φ = 0 remains a local minimum,
there must be a barrier between the minima at φ = 0 and φ 6= 0. Therefore, the change in φ in
going from one phase to the other must be discontinuous, indicating a first-order phase transition.
Moreover, the transition cannot take place classically, but must proceed either through quantum or
thermal tunnelling. Finally, when T < TC the barrier disappears and the transition may proceed
classically. For a second-order transition there is no barrier at the critical temperature, and the
transition occurs smoothly.
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Figure 8: The temperature dependence of VT (φ) for a first-order phase transition.

Transition to the true vacuum state by quantum tunnelling occurs through the nucleation of
bubbles of the energetically favored asymmetric phase (φ = σ), which then expand outward at
the speed of light [17]. The first step in the calculation of the probability for bubble nucleation is
solving the Euclidean equation of motion for φ(tE , ~x), where tE = it

�Eφ− V ′(φ) =
d2φ

dt2E
+∇2φ− V ′(φ) = 0 (4.46)

The probability of bubble nucleation per unit volume per unit time is given by

Γ = A exp (−SE) (4.47)

where SE is the Euclidean action for the solution of Eq. (4.46)

SE(φ) =

∫
d3xdtE

[
1

2

(
dφ

dtE

)2

+
1

2
(∇φ)

2
+ V (φ)

]
(4.48)

For most applications an estimate for A based on dimensional grounds will suffice. All possible
solutions to Eq. (4.46) contribute to the tunnelling rate; and the one with least action makes the
largest contribution to the tunnelling rate. In flat space, at zero temperature, the least-action
Euclidean solution has O(4) symmetry, in which case φ is only a function of r, where r2 = t2E + |~x|2
and the O(4)-Euclidean equation of motion for φ(r) is

d2φ

dr2
+

3

r

dφ

dr
− V ′(φ) = 0 (4.49)

Once the solution φ(r) is known, the Euclidean action is obtained from Eq. (4.48):

SE = 2π2

∫ ∞
0

dr r3

[
1

2

(
dφ

dr

)2

+ V (φ)

]
(4.50)

The Euclidean solution φ(r) can be interpreted if, for simplicity, we suppose that the transition
of φ(r) from φ(r = 0) = φe to φ(r =∞) = 0 occurs suddenly at r = R, so that very crudely:
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Figure 9: The one-loop Higgs potential in the electroweak model for different values of the Higgs
mass M .

φ(r) ' φe for r . R and φ(r) ' 0 for r & R. When φ(r) is expressed in terms of Lorentzian time,

φ(r) = φ

(√
|~x|2 − t2

)
, one can see the Minkowski-space interpretation of the O(4)-Euclidean

solution as a spherical bubble of radius R, within which φ(r) = φe, is nucleated at time tE = t = 0,
and expands outward at the speed of light. Outside the bubble, space is still in the false vacuum:
φ = 0. In general, a closed-form analytic solution to Eq. (4.49) cannot be found. However in
the“thin-wall” approximation, where the difference in energy between the meta-stable and true
vacua are small compared to the height of the barrier, it is possible to find a simple, approximate
analytic expression for SE .

The final step in the evaluation of the Euclidean action is the determination of R by the
minimisation of SE (dSE/dR = 0).

The tunnelling rate at finite temperature is computed by following the same procedure above,
remembering that field theory at finite temperature is equivalent to Euclidean field theory, periodic
in imaginary time with period T−1 [17]. Thus, the finite-temperature tunnelling rate is found
by solving Eq. (4.46) subject to the additional condition that φ(tE , ~x) = φ

(
tE + T−1, ~x

)
, and

computing SE according to Eq. (4.48).

4.5.1 Electroweak Phase Transition

During EWPT, the full gauge symmetry of the Electroweak theory, SUL(2) × UY (1) is broken
down to UEM (1): it is when in our Universe evolution, the Electric and Weak forces differentiate.

Considering the case where the Higgs mass M is small (M . 100GeV ), we can see the Higgs
potential in Fig. 9, where MCW is the Coleman-Weinberg mass [17]. The extrema of the potential
are at φ = 0 and φ = σ. Of particular interest for the development of the phase transition is
the question of whether, at zero temperature, φ = 0 is also a minimum of the potential. The
condition for φ = 0 to be a minimum is V ′′(0) ≥ 0, which is satisfied for M2 ≤ M2

CW . Therefore,
if M ≤ MCW , φ = 0 is also a minimum, separated from φ = σ by a barrier, and the transition is
first order. In the event that M2 ≤ M2

CW and φ = 0 is a local minimum, we must require that
the SSB minimum φ = σ have a lower free energy than the minimum at φ = 0; otherwise the
Universe would have remained in the symmetric minimum, and electroweak symmetry breaking
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4 BARYOGENESIS 4.6 Domain Walls

would not have occurred. V (0) ≥ V (σ) is satisfied for M2 ≥ M2
CW /2. This bound is referred to

as the Linde-Weinberg bound.
Now consider the potential at finite temperature: the finite-temperature potential will have a

temperature-dependent piece in addition to the zero-temperature part. The temperature-dependent
part receives a contribution from all particles that couple to the scalar field, including the scalar
field itself. It is convenient to study the phase transition in different regimes, determined by the
Higgs mass.

• 1TeV &M & 100Gev. In this limit the transition is second order with TC ' 500GeV .

• 100GeV & M > MCW . The transition is (weakly) first order. Determination of TC is
difficult. Thermal and quantum tunnelling rates are slow, and the transition does not proceed
until T = T2 < TC , when the barrier vanishes and the transition can proceed classically. The
transition temperature T2, the effective temperature for the phase transition, is determined
by the condition that V ′′T (0) = 0. From a temperature of Tc until a temperature of about
T2, the Universe is trapped in the meta-stable, false-vacuum state φ = 0, during which time
it is said to“supercool” (just as supercooling liquid water below 0◦C). When the barrier
disappears (T ' T2), the phase transition to the SSB vacuum takes place, and the vacuum
energy is released, heating the Universe to a temperature of order TC , and thereby increasing
the entropy density by a factor of about (TC/T2)

3
. Since for Higgs in this weight class, TC

is less than twice T2, there is only a small amount of supercooling and associated entropy
production; hence the transition is weakly first order.

• MCW & M & MCW /
√

2. In this range there will always be a barrier between the meta-
stable and true vacuum (T2 → 0 as M → MCW ), and the transition must proceed via
tunnelling. The thin-wall approximation in this case is not valid and a numerical calcula-
tion of the bounce action is necessary. Numerical calculations give a quantum tunnelling
action SE ≥ 104 for M . MCW , and SE → ∞ for M → MCW /

√
2 where the two min-

ima are exactly degenerate. Since the tunnelling rate is proportional to the exponential
of the action, the transition is never completed for Higgs masses in this interval. How-
ever, there is an additional physical phenomenon that must be considered. The extreme
supercooling will eventually be terminated when QCD interactions become strong, at a tem-
perature T ∼ 200MeV . Below this temperature, chiral symmetry is dynamically broken
and a quark condensate forms, which is signalled by 〈q̄q〉 developing a non-zero vacuum
expectation value, 〈q̄q〉 ' Λ2

QCD (q is the quark field). Since the Higgs Yukawa coupling
makes a contribution to the potential ∆V = −hqφq̄q, the 〈q̄q〉 condensate will result in
an effective linear term in the Higgs potential which destabilises the symmetric minimum,
thereby driving the transition. However, the large amount of supercooling will result in a big
entropy release, Safter/Sbefore ∼ (TC/200MeV )

3 ∼ 109, which dilutes the baryon number
present before the phase transition. Such a large reduction in the baryon-to-entropy ratio is
probably unacceptable, and thus cosmological considerations constrain the Higgs mass to be
& 1.1MCW .

• M ≤ MCW /
√

2. The true ground state at zero temperature is φ = 0. Since this is also
the ground state at high temperature, the Universe will remain in the symmetric state, and
the electroweak symmetry will never be broken, which is not the case. In sum, cosmological
considerations of the electroweak phase transition result in the limit M & 1.1MCW

While the preceding discussion applies specifically to electroweak symmetry breaking, it pro-
vides an excellent paradigm for a generic SSB phase transition, e.g., GUT symmetry breaking.

4.6 Domain Walls

How can we tell if the Universe underwent a series of SSB phase transitions? One possibility is
that symmetry-breaking transitions were not “perfect”, and that false vacuum remnants were left
behind, frozen in the form of topological defects: domain walls, strings, and monopoles [17]. Given
the Lagrangian for a real scalar field that undergoes SSB, Eq. (4.41), we see that invariance under
φ → −φ is spontaneously broken when φ takes on the vacuum expectation value 〈φ〉 = +σ or
〈φ〉 = −σ. If space is divided into two regions, so that in one region of space 〈φ〉 = +σ, and in the
other region of space 〈φ〉 = −σ, since the scalar field must make the transition from φ = −σ to
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Figure 10: The solution for an infinite wall in the x− y plane.

φ = +σ smoothly, there must be a region where φ = 0, a region of false vacuum. This transition
region between the two vacua is called a domain wall: domain walls can arise whenever any discrete
symmetry is broken.

Consider an infinite wall in the x − y plane at z = 0. At z = −∞, φ = −σ, and at z = +∞,
φ = +σ. The equation of motion for φ is

− ∂2φ

∂z2
+ λφ

(
ψ2 − σ2

)
= 0 (4.51)

The solution to the equation of motion, subject to the boundary conditions above, is

φW (z) = σ tanh
( z

∆

)
(4.52)

where the “thickness” of the wall is characterised by ∆ = (λ/2)
−1/2

σ−1. This solution is
illustrated in Fig. 10

The domain wall is topologically stable. The finite, but non-zero, thickness of the wall is easy
to understand. The terms contributing to the surface energy density include a gradient term
∼ σ2/∆, and a potential energy term ∼ ∆λσ4. The gradient term is minimised by making the wall
as thick as possible, while the potential term is minimised by making the wall as thin as possible.
The balance between these terms results in a wall of thickness ∆ ∼ λ−1/2σ−1. Domain walls are
inherently relativistic, and their gravitational effects are inherently non-Newtonian. To understand
the production mechanism, assume that at the time of the phase transition, the correlation length
ξ of the scalar field vacuum expectation value (VEV) is finite. For any two points separated by
a distance D & ξ the VEV is uncorrelated, and there is a 50% chance that the two points will
be in different vacua. If they are, they must be separated by a domain wall. Therefore, a phase
transition associated with the SSB of a discrete symmetry should lead to a network of domain
walls, with walls separated by a typical distance ξ. In addition, a typical wall in the network will
be curved, with curvature radius characterised by ξ. Within the network there will be both infinite
walls and finite walls. Just as a membrane with a surface tension evolves to minimise its surface
area, a curved wall will evolve so as to minimise its surface area. The evolution of a wall can, in
principle, be followed by solving the equations of motion for the scalar field itself. It is easier to use
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4 BARYOGENESIS 4.7 Electroweak Baryogenesis

the equations of motion for an idealised thin wall. One finds that the dynamics of the expansion
and evolution of the wall system depend upon the average velocity of the wall gas.

For non-relativistic walls, the energy density is proportional to R−1. In this limit the wall gas
stretches conformally with the expansion, with the distance between walls increasing as R, the
surface area of the walls growing as R2, and the number density of walls decreasing as R−3. Since
the mass of a wall is proportional to its area, and the wall energy density is proportional to the
product of the wall mass and the wall number density, one finds that in fact the energy density of
the walls decreases as R−1. One expects the velocities associated with any domain walls created
in the early Universe to be rapidly red shifted away, so cosmological walls should quickly come
to dominate both the radiation and the matter energy densities, and thereby drastically alter the
standard cosmology. However, the existence of large-scale domain walls in the Universe today can
be precluded simply based upon their contribution to the total mass density. Walls would also
lead to large fluctuations in temperature of the Cosmic Microwave Background (CMBR) unless σ
is very small.

4.7 Electroweak Baryogenesis

The standard electroweak theory possesses all the necessary ingredients for generating the BAU.
First, anomalous B non conservation is strong enough at high temperatures, and second, there
is CP non conservation coming from Kobayashi-Maskawa mixing. Finally, large deviations from
thermal equilibrium occur during the first-order phase transition associated with the breaking of
SUL(2)× UY (1) symmetry (see section 4.5.1) [19].

Baryon number violation in the SM follows from the EW anomaly

∂µj
µ
B = Nf∂µK

µ = Nf
αW
8π

TrFF̃ (4.53)

where Nf is the number of fermionic generations and F is the EW field strength. Variations
in the baryon number are related to variations in the Chern-Simons number by ∆B = NF∆NCS ,
where NCS =

∫
d3xK0 is the Chern-Simons number (see sections 3 and A.5).

Assuming we have some free energy difference ∆F between the states on either side of the
barrier (see section 4.4), and a rate Γ for sphaleron transitions between neighbouring minima, the
ratio of the rates Γ+, Γ− to go over the barrier in the two different directions (see Fig. 6) is [11]

Γ+

Γ−
= e−

1
T ∆F (4.54)

which leads to the master equation for Baryogenesis

dnB
dt

= Γ+ − Γ− = −Γ

T
∆F (4.55)

Using

∆F = Nf
∂F

∂B
(4.56)

we get

ṅB = −Γ

T

∂F
∂NCS

=
Γ

T
µCS (4.57)

where µCS is the chemical potential from CP-violating sources inducing a non-vanishing B
number. The generated Chern-Simons number asymmetry can then be written

〈NCS〉 (t) =
1

Teff

∫ t

0

dt′ ΓCS(t′)µ(t′) (4.58)

where Teff characterises the temperature at which Chern-Simons transitions are operative at
the same time as efficient CP-violation effects [26].

The procedure of calculating the baryon asymmetry is technically very complicated and in-
volves several steps. First, one has to construct an effective action for the gauge and Higgs fields
integrating out the fermionic degrees of freedom. Second, one should generate a number of equi-
librium gauge-Higgs configurations just before the phase transition. Then, it is necessary to solve
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classical equations of motion arising from the P- and CP-non-invariant effective action with the
use of relevant thermal equilibrium configurations as initial conditions. In some cases, however,
it is possible to estimate the produced asymmetry [19]. Suppose that the effective action has the
form

Leff =
αW
8π

Φ(φ) TrFF̃ (4.59)

where Φ(φ) is some time-varying function of fields which depends on the underlying Baryoge-
nesis model. It is then relatively straightforward to evaluate the contribution to CP violation in
Baryogenesis for various forms of the functional Φ(φ). The size of CP violation ultimately depends
on both the size of the coefficient in Φ(φ) and the degree of time variation during Baryogene-
sis. In general, if the only time-variation in Φ(φ) comes from the time-variation of T , then µCS
is suppressed by a factor encoding the rate of Hubble expansion. Its only during a first-order
phase transition that we expect more rapid time variation of the quantity Φ(φ), and hence an
unsuppressed chemical potential for NCS [10].

Although there are a variety of non-equilibrium phenomena that may lead to Baryogenesis,
we will focus here on Baryogenesis during the electroweak phase transition, under the assumption
that the phase transition is first-order and sufficiently strong. In principle, the phase transition
proceeds through bubble nucleation, and the generation of baryon number asymmetry occurs only
in the bubble wall when µ = Φ̇(φ) is significant. In practice, however, it is difficult to make any
precise quantitative statements about a nucleation phase transition without extensive numerical
simulation. One must understand not only the details of the phase transition and bubble wall
propagation, but also particle transport at the phase boundary in the presence of CP violation.
Qualitative estimates may be made if we consider a spinodal decomposition phase transition, in
which the scalar field rolls uniformly to the true vacuum; such a transition gives a spatially uniform,
but time-varying, phase transition. The assumption is that the results should be similar to those of
a nucleation phase transition, as Lorentz invariance in principle relates processes with time-varying
fields to those with space-varying fields.

We have ∫
d4x

αW
8π

Φ(φ) TrFF̃ =

∫
d4xΦ(φ) ∂µK

µ = −
∫

dt ∂tΦ(φ)

∫
d3xK0 (4.60)

where we made an approximation in which Φ(φ) is replaced by its spatial average L−3
∫

d3xΦ(φ)
and we integrated by parts in order to exhibit the chemical potential for Chern-Simons number

µ =
d

dt
Φ(t) (4.61)

Therefore, the time derivative of Φ can be interpreted as a time-dependent chemical potential
for Chern-Simons number and Leff takes the form

Leff = µNCS (4.62)

The produced B asymmetry is given by

nB = Nf

∫
dt

Γµ

T
∼ NF

Γ(Teff )

Teff
∆Φ (4.63)

The transition rate for fluctuations between neighbouring minima depends entirely whether
electroweak symmetry is broken. In the unbroken phase, sphaleron transitions are unsuppressed,
while in the broken phase there arises the usual exponential suppression. The transition rates in
the symmetric and broken phases are, respectively

Γ ' 30α5
wT

4

Γ ' 30 (αwT )
−3
m7
W exp

(
−Esph

T

)
(4.64)

where αw is the weak fine structure constant, Esph is the sphaleron potential energy and mW is
the value of the W boson mass which is varying through the wall [9]. Clearly the contribution from
the symmetric phase dominates. In the spinodal decomposition transition, we may assume that
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4 BARYOGENESIS 4.8 Axion-induced CP violation

these values interpolate smoothly. Treating Γ a as a step function and T as essentially constant
during the phase transition, we can estimate the integral to find a total baryon asymmetry. Using
the sphaleron rate in the EW symmetric phase NfΓ = 30α5

wT
4 ∼ α4

wT
4, this leads to

nB
s

= Nfα
4
w

(
Teff
Treh

)3

∆Φ
45

2π2g∗(Treh)
∼ 10−7

(
Teff
Treh

)3

∆Φ (4.65)

where Treh is the reheat temperature after the EWPT. It may be significantly higher than
the temperature of the EWPT, TEWPT , if the EWPT was delayed and completed after a super-
cooling stage (see section 4.5.1). For standard EW Baryogenesis, Teff = TEWPT = Treh. In
contrast, the key-point for cold Baryogenesis is that Teff 6= TEWPT . It is significantly higher than
the temperature of the EWPT. It is a way to express the very efficient rate of B violation in terms
of the equilibrium expression Γ ∼ α4

wT
4 although the system is very much out-of equilibrium. This

estimate should be compared to the observed value, nB/s ' 10−10. Although this expression has
been obtained for a spinodal decomposition transition with a number of simplifying assumptions,
it is parametrically similar to the analogous expression for bubble nucleation. In the case of bubble
nucleation, the parametric dependence on ∆Φ is unaltered [10].

In the next section we will describe a procedure to compute the size of CP violation ∆Φ given
a particular functional Φ proposed in [10, 26].

4.8 Axion-induced CP violation

We will investigate whether the large values of the effective vacuum angle in Eq. (1.3) at early
times can have any implications for EW Baryogenesis. We have

θ̄ =
a

fa
∼ O(1) for T & 1 GeV (4.66)

and then θ̄ quickly drops as the axion gets a mass m2
a ∝ Λ3

QCD at the QCD phase transition
[10], where ΛQCD is the strong sector confinement scale, and starts oscillating around the minimum
of its potential17. The axion Lagrangian reads

La = L(∂µa)− 1

2
∂µa∂µa+

a

fa

αs
8π
GG̃ (4.67)

where the last term describes axion coupling to the QCD field-strength G (see Section C). So
that (compare with Section 3)

∂Veff
∂a

= − 1

fa

αs
8π
GG̃ (4.68)

Gluon condensation from SU(3) instantons leads to a VEV for GG̃ and a potential for the
axion that can be written as

V = f2
πm

2
π

(
1− cos

a

fa

)
≈ f2

am
2
a

(
1− cos

a

fa

)
(4.69)

As a result

αs
8π

〈
GG̃
〉

= f2
am

2
a sin θ̄ (4.70)

To make a connection between the axion and EW Baryogenesis, we have to construct an effective
operator gathering gluons and EW gauge bosons. The main point of the previous section can be
summarised, according to equations (4.59) (4.62) (4.61), as

Leff =
αW
8π

Φ(T ) TrFF̃ ↔ Leff = µNCS where µ =
d

dt
Φ(T ) (4.71)

An operator of the type (4.59) can arise, where Φ is controlled by the axion mass squared. In
particular, the η′ meson, which is a singlet under the approximate SU(3) flavor symmetry of strong

17Classical oscillations of the axion background field around the minimum of the potential start at Ti when its
mass is of the order of the Hubble scale ma(Ti) ∼ 3H(Ti) ∼ Λ2

QCD/MPlank. The energy stored in these axion
oscillations redshifts as non relativistic matter, and eventually behave exactly as cold dark matter, according to
d2 〈a〉

/
dt2 + 3H(Ti) d 〈a〉/dt +m2

a(t) 〈a〉 = 0
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interactions, can couple to both GG̃ and FF̃ . At temperatures below the η′ mass, mη′ ≈ 958 MeV,
we can use the effective operator

Leff =
1

M4

αs
8π
GG̃

αw
8π

FF̃ (4.72)

where 1/M4 = 10/
(
F 2
πm

2
η′

)
. We end up with

Leff =
1

M4
f2
am

2
a(T ) sin θ̄

αw
8π

FF̃ (4.73)

hence

Φ(T ) =
1

M4
f2
am

2
a(T ) sin θ̄ → µ =

dΦ

dt
=

f2
a

M4

d

dt

[
m2
a(T ) sin θ̄

]
(4.74)

So that we can see, the time variation of the axion field and/or mass is a source for Baryogenesis:

nB ∝
∫

dt
Γ(T )

T

d

dt

[
m2
a(T ) sin θ̄

]
(4.75)

In general, the axion mass is very suppressed at temperatures above the QCD scale. A large B
asymmetry is therefore produced only if the EWPT occurs not much earlier than the QCD phase
transition. Also, if the baryon asymmetry of the Universe (BAU) could really be created due to
the existence of a non-vanishing axion field at high temperatures, then one can expect that there
is some relation between the observed magnitude of the BAU and the amount of the axionic dark
matter. However, the calculated value of baryon asymmetry turns out to be the right order of
magnitude only in the case of a maximal initial misalignment angle and when there is no reheating
after the phase transition. The last condition requires a very small value for the Higgs-boson
mass, MH ∼ 100KeV , but the model of this kind seems to be (almost) excluded by experiments
at CERN, because experimentally MH ∼ 125, GeV [1]. Which for some authors is sufficient to
conclude that the electroweak Baryogenesis seems impossible to realise in the simplest versions
of invisible axion models [19]. Others are more optimistic, and include the possibility that in the
context of cold Baryogenesis the effective temperature characterising baryon number violation may
be significantly higher than the actual temperature of the Universe [26]. In this case an EW scale
dilaton provides a new route for departure from thermal equilibrium and can drive a parametric
amplification of baryon number violation at low temperatures. This opens the possibility that
the strong CP violation via the QCD axion could be responsible for the baryon asymmetry of the
universe during a delayed EWPT.
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5 The Quest for Axions

A priori the mass of the axion (or equivalently, the PQ symmetry breaking scale) is arbitrary. All
values solve the strong CP problem equally well: the axion mass only determines the curvature
of the potential that holds θ̄ at zero, and the strength of the axions interactions, as we will see
below. If we arbitrarily set the symmetry breaking scale fa be somewhere between 100GeV and
1019GeV , the axion mass then lies between about 1MeV and 10−12 eV a span of eighteen orders
of magnitude to look for the particle [33].

As a consequence, an axion model has only one free parameter (compare with Section 3.2): the
axion mass, or equivalently the PQ symmetry breaking scale. They are related by

ma =

√
z

1 + z

fπmπ

fa/ξ
' 0.62 eV × 107GeV

fa/ξ
(5.1)

where z = mu/md ' 0.56, mπ = 135MeV and fπ = 93MeV are the pion mass and decay
constant, ξ is the color anomaly of the PQ symmetry. The axion field a is related to θ̄ by a =
(fa/ξ)θ̄. The Feynman diagrams associated with these interactions are shown in Fig. 11.

The most significant feature of all the axion couplings gaii is that they are proportional to
1(fa/ξ) or equivalently ma: the smaller the axion mass, or the larger the PQ SSB scale, the
more weakly the axion couples. The coupling of the axion to the photon arises through the
electromagnetic anomaly of the PQ symmetry, and allows the axion to decay to two photons.

5.1 Laboratory searches

The original axion proposed by Peccei and Quinn was based upon a PQ symmetry breaking scale
equal to that of the weak scale (fPQ ∼ 250GeV ), leading to an axion mass of about 200 keV .
For that reason, its interactions were roughly semi-weak, making it very accessible to laboratory
searches. This kind of axion was quickly ruled out. Shortly after that, the axion was made
“invisible” by raising the symmetry breaking scale fPQ to a value much greater than 250GeV
and by that reducing the coupling strength of the axion. Once the weak scale was excluded from
research, all values of fPQ became more or less equally attractive. Among the laboratory searches,
the most sensitive were [33]

• The kaon decay process K+ → π+ + a, where the axion is not found. The present exper-
imental upper limit to the branching ratio for K+ → π+ + nothing is 3.8 × 10−8. In an
axion model this process arises either through axion/pion mixing (the decay K+ → π+ + π0

is observed) or an off-diagonal coupling of the axion to s and d quarks (s↔ d+ a).

• The decays of quarkonium (QQ̄) states, J/ψ → a + γ, Y → a + γ. The upper limits of the
branching ratios for these two processes are 1.4× 10−5 and 3× 10−4, respectively.

Based upon the three processes just mentioned, one can safely conclude that, if an axion exists,
it must be characterised by

fPQ ≥ 103GeV or ma . 6 keV (5.2)

While laboratory-based experiments rule out axion masses in the range of about 10 keV to
1MeV and most certainly exclude the original axion, they leave open an enormous window,
10−12 eV to 10 keV , one which has only been explored by exploiting the astrophysical and cosmo-
logical effects of the axion.

5.2 Stars

Given the intrinsically short timescale associated with nuclear interactions, it is surprising that
stars live as long as they do. A star like our sun can live burning hydrogen for 1010 years. The
reason for stellar longevity is that the rate at which a star can liberate its nuclear free energy is
controlled not by its nuclear reaction rates, but rather by the rate at which the nuclear energy
released inside can be transported through the star and radiated outside, into the space. Under
the conditions that exist in a typical star, like our Sun, the mean free path of a photon is only
about 1 cm, and the time required for a photon emitted at the center of the sun to make its way
to the surface is ∼ 107 years. Ordinary matter is very opaque to photons because of the strength
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Figure 11: Axion couplings to ordinary matter (electrons, nucleons, and photons) and the dominant
axion emission processes in stars. The dominant emission processes in main sequence stars, red
giant stars and white dwarfs are the Compton-like and bremsstrahlung processes, the rates for
both of which are proportional to the axion-electron coupling squared. For the hadronic axion the
dominant emission process in these objects is the Primakoff process, owing to the fact that the
tree-level axion-electron coupling is highly suppressed. In neutron stars the dominant emission
process for both types of axions is nucleon-nucleon axion bremsstrahlung. In the early Universe
the dominant axion production process is axion-pion conversion π+N → a+N , which corresponds
to the Feynman diagram for N +N → N +N with the lower nucleon line removed.
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of the electromagnetic interactions. The Thomson cross section is σ ' 0.67× 10−24 cm2. Stellar
longevity is explained by the large interaction cross section of the photon with ordinary matter.
The existence of a light, weakly interacting particle has the potential to greatly accelerate the
evolutionary process of stars of all types by more efficiently carrying energy away, and by that
shortening their lifetimes. To effectively remove the free energy liberated in the nuclear reactions
in a star, the axion must interact weakly enough so that it streams right out without interacting,
but strongly enough so that it is produced in sufficient numbers to move away large amounts of
energy. The “optimal” interaction strength is such that the interaction length is comparable to
the size of the astrophysical object.

Neutrinos are examples of efficient “star coolants”: neutrino emission is the primary cooling
mechanism for a newly born neutron star, as they remove the greatest part of the gravitational
binding energy that is released in the formation of the star. Based upon the observed duration
of the neutrino bursts detected in the SN 1987A supernova, we can take the conclusion that the
number of light neutrino flavors must be less than about nine. For more than nine neutrino
flavors the cooling of the neutron star would have proceeded too rapidly, shortening the neutrino
burst by about the same factor, in contradiction to the observations of the Kamiokande II and
Irvine-Michigan-Brookhaven water Cherenkov detectors [33].

The potential effect of axion emission on stars is the acceleration of their evolution and short-
ening of their lifetimes. In main sequence and red giant stars the primary axion emission processes
are

• The Compton-like process γ + e− → a+ e−.

• The Axion bremsstrahlung e− + Z → a+ e− + Z

• The Primakoff process γ + Z (or e−)→ a+ Z (or e−)

The first two are proportional to g2
aee ∝ m2

a. Of lesser importance, unless gaee vanishes at
tree level, as it does for a hadronic axion, is the third one. In very low-mass stars (M . 0.2M�)
emission through the axio-electric effect (the analogue of the photo-electric effect) is also very
important. Roughly speaking, if one “turns on” axion emission in a star, the star contracts to
raise its temperature and nuclear energy liberation rate to balance its axion energy losses. In
the process the star also raises its photon luminosity, and as a result of both axion emission and
enhanced photon emission its lifetime is shortened. It is found that the axion mass limits that
follow from the Sun is ma . 1 eV .

5.3 SN 1987A

SN 1987A was triggered by the gravitational collapse of the blue super giant Sanduleak −69◦ 202.
During the catastrophic collapse of the iron core about 3× 1053 erg of energy was radiated in the
form of thermal neutrinos of all three types. If an axion exists, it can play an important role in the
cooling of this nascent neutron star. Axions carry away energy from the core and thus accelerate
the cooling of the core. The observable effect of axion cooling is to shorten the neutrino burst.
Under the conditions that existed in the post-collapse core the dominant axion emission process
is nucleon-nucleon axion bremsstrahlung. The axion coupling relevant for this process is that to
nucleons, of order mN (fa/ξ) ' 10−7(ma/eV ). Based upon the observed length of the neutrino
burst associated with SN 1987A, an axion of mass 10−3 eV to 2 eV can be excluded.

The SN l987A axion mass constraint is the most stringent astrophysical constraint to the axion
mass. The known uncertainties in the axion emission rate amount to no more than a factor of 10.
Since that rate itself scales as the axion mass squared, the uncertainty in the axion mass bounds
amounts to no more than a factor of 3. Moreover, because the physics of the cooling of the nascent
neutron star is so simple and the observable (the neutrino burst) is so clean and direct, the SN
1987A constraint is probably the most reliable of the astrophysical bounds [33].
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6 Conclusions

In this paper, a mechanism was exposed to explain the asymmetry between matter and antimatter
in the Universe. In particular, we have shown that the QCD axion could play a key role in providing
a source of CP violation in Baryogenesis.

We have seen that the solution to the U(1) problem came from the realisation that Quantum
Chromodynamics has a rich structure, characterised by a topological integer or winding number
NCS . Instanton solutions provide a mechanism of tunnelling between topological inequivalent
n-vacua. So that as a consequence the theory possesses a hidden parameter, the vacuum angle
θ, which implies violation of CP invariance in strong interactions. Since it is experimentally
verified that the strong interaction is CP-invariant, the solution to the U(1) problem causes another
problem, dubbed the “strong CP problem” i.e. why in Nature θ has a very small value. Peccei-
Quinn proposed a solution that introduces a new additional chiral symmetry which allows naturally
to set θ = 0. However, the symmetry is accompanied by a new Nambu-Goldstone boson, the
”axion” that has so far eluded detection.

Several theories try to incorporate the axion idea to solve the BAU riddle. In this report, we
focused on Electroweak Baryogenesis, a theory that has all the elements for generating the baryon
asymmetry, and we analysed a model that makes use of θ to leverage the effect of the Electroweak
theory to generate an optimal violation of CP invariance.

In my opinion, the Peccei-Quinn solution is a good candidate to solve the strong CP problem.
It is an elegant and ingenious theory, that introduce a seemingly simple explanation to one of the
unsolved problems in physics. Between the various solutions proposed for the strong CP problem,
is the only one that provides a “strong” solution, since it imposes a symmetry on the Lagrangian
from the outset so that θ = 0 initially and remains stable after the symmetry breaking. All other
theories, apart from those based on Supersymmetry, have serious problems or were ruled out due
to inconsistencies with observed quantities.

However, the axion has never been detected despite extensive search. Laboratory searches and
cosmological considerations have helped narrowing down the possible values its mass may have.
New experiments will be performed soon at the LHC that could provide the definitive answer. The
next few years will be crucial to confirm or reject the theory.
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A THE CHIRAL ANOMALY

A The Chiral Anomaly

In quantum physics an anomaly is the failure of a symmetry of a theory’s classical action to be a
symmetry of any regularization of the full quantum theory. In particular, a chiral anomaly is the
anomalous non-conservation of a chiral current. In some theories of fermions with chiral symmetry,
the quantisation may lead to the breaking of this (global) chiral symmetry. In that case, the charge
associated with the chiral symmetry is not conserved.

A.1 Current conservation and Ward Takahashi identities

We work in the usual spinor electrodynamics described by the Lagrangian density [3]

LQED = ψ̄iγµ(∂µ − ieAµ)ψ −mψ̄ψ − 1

4
FµνF

µν +B∂µAµ + i∂µc̄∂µc (A.1)

where Fµν = ∂µA
a
ν − ∂νAaµ. The last two terms in LQED stand for the gauge fixing term and

the Faddeev Popov ghost term.
We can form two currents from the vector and pseudo-vector Dirac field bilinears [24]

jµ(x) = ψ̄(x)γµψ(x) jµ5(x) = ψ̄(x)γµγ5ψ(x) (A.2)

Computing the divergences of these currents, using the equations of motion which follow from
Eq. (A.1) gives the two equations

∂µj
µ = 0 (A.3)

∂µj
µ5 = 2imψ̄γ5ψ (A.4)

Thus jµ is always conserved if ψ(x) satisfies the Dirac equation. When we couple the Dirac
field to the electromagnetic field, jµ will become the electric current density. If m = 0, the current
jµ5, called the axial vector current is also conserved.

In gauge theories such as quantum electrodynamics, it is of fundamental importance to perform
calculations by preserving gauge invariance in any finite order of perturbation theory. The impor-
tant relations which express the gauge invariance of the starting Lagrangian in terms of Green’s
functions are called Ward-Takahashi (WT) identities [14].

We write the generating functional of correlation functions as

Z(Jµ, η, η̄) =

∫
Dψ̄DψDAµDBDcDc̄ exp

[
i

∫
d4x (LQED + LJ)

]
≡

∫
dµ exp

[
i

∫
d4x (LQED + LJ)

]
(A.5)

where the source terms are defined by

LJ ≡ −Aµ(x)Jµ(x) + η̄(x)ψ(x) + ψ̄(x)η(x) (A.6)

The WT identity resulting from the gauge invariance of the starting action is derived by con-
sidering the following change of integration variables (gauge transformation)

ψ′(x) = eiα(x)ψ(x)

ψ̄′(x) = ψ(x)e−iα(x) (A.7)

and the following identity in the path integral formulation holds

∫
dµ exp

{
i

∫
d4x

[
LQED

(
ψ̄, ψ,Aµ, B, c, c̄

)
+ LJ

(
ψ̄, ψ,Aµ

)]}
=

∫
dµ′ exp

{
i

∫
d4x

[
LQED

(
ψ̄′, ψ′, Aµ, B, c, c̄

)
+ LJ

(
ψ̄′, ψ′, Aµ

)]} (A.8)
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This derivation is based on the fact that the value of a definite integral does not depend on
the naming of integration variables. This relation when combined with the invariance of the path
integral measure under the above change of variables

Dψ̄DψDAµDBDcDc̄ = Dψ̄′Dψ′DAµDBDcDc̄ (A.9)

and the change of the action in the order linear in α(x)

LQED
(
ψ̄′, ψ′, Aµ, B, c, c̄

)
= LQED

(
ψ̄, ψ,Aµ, B, c, c̄

)
− ∂µα(x)ψ̄γµψ

LJ
(
ψ̄′, ψ′, Aµ

)
= LJ

(
ψ̄, ψ,Aµ

)
− iα(x)ψ̄(x)η(x) + iα(x)η̄(x)ψ(x) (A.10)

finally gives the identity∫
d4xα(x)

〈
∂µ
[
ψ̄(x)γµψ(x)

]
− iψ̄(x)η(x) + iη̄(x)ψ(x)

〉
J

= 0 (A.11)

by keeping the terms linear in α(x). We also performed a partial integration by using the fact
that α(x) is local, namely, it vanishes at space-time infinity. We also defined

〈O(x)〉J ≡ 〈0,+∞|Ô(x)|0,−∞〉J

=

∫
dµO(x) exp

[
i

∫
d4x (LQED + LJ)

]
(A.12)

for a general operator Ô(x).
If one chooses α(x) in the identity (A.11) to be a function with a δ-functional peak at x, one

obtains

∂µ
〈
ψ̄(x)γµψ(x)

〉
J

= i
〈
ψ̄(x)η(x)

〉
J

+ i 〈η̄(x)ψ(x)〉J (A.13)

which is the basic relation known as a WT identity.
If one functionally differentiates this identity with respect to Jν(y) once and then sets all the

sources to be 0, one obtains

∂xµ
〈
T ψ̄(x)γµψAν(y)

〉
= 0 (A.14)

The Fourier transformation of this last, relation means that the. probability amplitude for
electron-positron pair creation from the current jµ(x) = ψ̄(x)γµψ(x) and then pair annihilation
into a photon vanishes when multiplied by the momentum. In common language, this corresponds
to the current conservation of Eq. (A.3).

A.2 Quantum breaking of chiral symmetry

On the basis of the simplest gauge theory, quantum electrodynamics, we perform a calculation of the
quantum breaking of chiral symmetry (or chiral anomaly) associated with an axial-vector current.
The Euclidean18 generating functional of correlation functions for quantum electrodynamics is
given by

Z(Jµ = 0, η = 0, η̄ = 0) =

∫
Dψ̄Dψ[DAµ] exp

(∫
d4xLQED

)
(A.15)

where we set the source term at LJ = 0. We also defined

[DAµ] = DAµDBDcDc̄ (A.16)

in the path integral measure. Namely, the measure [DAµ] includes all the terms related to
gauge fixing. We consider the following change of path integral variables

18Euclidean space-time is obtained upon analytic continuation of physical amplitudes for imaginary time: we
replace t by ix4 with now x4 a real coordinate. This is exactly what one needs to do if one wishes to compute a
tunnelling amplitude
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ψ′(x) = eiα(x)γ5

ψ(x)

ψ̄′(x) = ψ̄(x)eiα(x)γ5

(A.17)

which is called the chiral transformation. Here ψ′(x)
†

= ψ(x)
†
e−iα(x)γ5

but because of the
anti-commuting property of γ5 and γ0, we have the expression above. We have an identity under
this change of variables

∫
Dψ̄Dψ[DAµ] exp

[∫
d4xLQED

(
ψ̄, ψAµ

)]
=

∫
Dψ̄′Dψ′[DAµ] exp

[∫
d4xLQED

(
ψ̄′, ψ′, Aµ

)] (A.18)

namely, we have the statement that the definite integral does not depend on the naming of
path integral variables, which is a generalisation of the ordinary integral

∫
dx f(x) =

∫
dy f(y).

We look at parts which depend on fermionic variables in this identity. Firstly, the variation of the
action in the exponential factor is given for an infinitesimal α(x) by

∫
d4x

[
ψ̄(x)eiα(x)γ5

iγµ(∂µ − ieAµ)eiα(x)γ5

ψ(x)−mψ̄(x)eiα(x)γ5

eiα(x)γ5

ψ(x)
]

=

∫
d4x

[
ψ̄(x)iγµ(∂µ − ieAµ)ψ(x)−mψ̄(x)ψ(x)

]
+

∫
d4x

[
−∂µα(x)ψ̄(x)γµγ5ψ(x)− 2miα(x)ψ̄(x)γ5ψ(x)

] (A.19)

where we used γ5γµ + γµγ5 = 0 and Eq. (A.17). If one further assumes that the path integral
measure does not change under the above change of variables, one has

Dψ̄Dψ[DAµ] = Dψ̄′Dψ′[DAµ] (A.20)

The above identity is written after those calculations as

∫
Dψ̄Dψ[DAµ]

{∫
d4x

[
−∂µα(x)ψ̄(x)γµγ5ψ(x)− 2miα(x)ψ̄(x)γ5ψ(x)

]}
× exp

(∫
d4xLQED

)
≡
∫

d4x
〈[
−∂µα(x)ψ̄(x)γµγ5ψ(x)− 2miα(x)ψ̄(x)γ5ψ(x)

]〉
= 0

(A.21)

when one retains only the terms linear in α(x) by expanding the action in the exponential
factor in powers of α(x). If one considers α(x) which has a δ-functional peak in the neighborhood
of x, one obtains after partial integration the“naive” chiral identity

∂µ
〈
ψ̄(x)γµγ5ψ(x)

〉
= 2im

〈
ψ̄(x)γ5ψ(x)

〉
(A.22)

As seen in Equations (A.2), (A.3) and (A.4), the current ψ̄(x)γµγ5ψ(x) which contains γ5 is
called the axial-vector current. In the case of the vanishing fermion mass m = 0, the axial-vector
current is conserved and such a theory is called chiral invariant.

However, within the framework of perturbation theory, that the axial-vector vertex has anoma-
lous properties which disagree with those found by the formal manipulation of field equations. In
particular, because of the presence of closed-loop “triangle diagrams” (Fig. 12), the divergence of
the axial-vector current is not the usual expression calculated from the field equations, and the
axial-vector current does not satisfy the usual Ward identity: because the integral defining the
triangle graph is linearly divergent, the value of the triangle graph is ambiguous and depends on
the labelling convention and the method of evaluation of the integral. A consequence is that, in
massless electrodynamics, despite the fact that the theory is invariant under γ5 transformations,
the axial-vector current is not conserved [3].
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Figure 12: Feynman diagrams which give rise to the triangle anomaly

The actual perturbative calculation is very complicated and one has to deal with subtle momen-
tum integrals which include a linear divergence. However, if one uses the covariant regularization
[14], the calculation becomes simpler, and one can show the deviation from the naive chiral identity
without relying on perturbative calculations.

The current is rewritten as

〈
ψ̄(x)γµγ5ψ(x)

〉
= lim

y→x

〈
T ψ̄(y)γµγ5ψ(x)

〉
= − lim

y→x

〈
Tγµαβγ

5ψβ(x)ψ̄α(y)
〉

= lim
y→x

tr

[
γµγ5 1

i /D −m
δ(x− y)

]
(A.23)

We expand the denominator, where /D = γµ(∂µ − ieAµ) in powers of eAµ. In the present case,
the term linear in eAµ vanishes due to charge conjugation properties and the quadratic term in
eAµ gives the lowest-order term. In terms of the language of Feynman diagrams, one evaluates the
triangular diagrams in Fig. 12 where the current appearing on the left-hand side of Eq. (A.22)
is denoted by j5

µ. For this reason, the chiral anomaly is also called the “triangle anomaly”. The
degree of divergence d of this triangle diagram is d = 1 and the diagram diverges linearly.

We apply the covariant regularization to this calculation

〈
ψ̄(x)γµγ5ψ(x)

〉
cov
≡ lim
y→x

tr

[
γµγ5 1

i /D −m
f

(
/D

2

Λ2

)
δ(x− y)

]
(A.24)

with a smooth regulator function f(x) (f(0) = 1, f(∞) = 0, limx→0 xf
′(x) = 0 and limx→∞ xf ′(x) =

0) and the trace is taken over the freedom of Dirac matrices. A direct evaluation of this quantity
is possible, but what we want to know is the deviation from Eq. (A.22) and thus it is sufficient to
evaluate the derivative of this regularised current

∂µ
〈
ψ̄(x)γµγ5ψ(x)

〉
cov

(A.25)

This calculation is performed in the following manner. We first define a complete set of eigen-
functions of the hermitian operator /D

/Dφn(x) = λnφn(x)∫
d4xφ†m(x)φn(x) = δm,n∑
n

φn(x)φ†n(y) = δ(x− y) (A.26)
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and rewrite Eq. (A.24) as

〈
ψ̄(x)γµγ5ψ(x)

〉
cov

= lim
y→x

tr

[
γµγ5 1

i /D −m
f

(
/D

2

Λ2

)∑
n

φn(x)φ†n(y)

]

= lim
y→x

∑
n

φ†n(y)γµγ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x)

=
∑
n

φ†n(x)γµγ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x) (A.27)

The summation here converges if the function f
(
λ2
n/Λ

2
)

rapidly approaches 0 for large λ2
n/Λ

2.
We now take the derivative of this expression

∂µ
〈
ψ̄(x)γµγ5ψ(x)

〉
cov

= ∂µ
∑
n

φ†n(x)γµγ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x)

=
∑
n

[
∂µφ

†
n(x)γµγ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x)

+ φ†n(x)γµγ5 1

iλn −m
f

(
λ2
n

Λ2

)
∂µφn(x)

]
= −

∑
n

(
/Dφ
)†
n
(x)γ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x)

−
∑
n

φ†n(x)γ5 1

iλn −m
f

(
λ2
n

Λ2

)
/Dφn(x)

= −
∑
n

φ†n(x)γ5 2λn
iλn −m

f

(
λ2
n

Λ2

)
φn(x) (A.28)

where we used the properties of the γ matrices. This formula is further rewritten as

∂µ
〈
ψ̄(x)γµγ5ψ(x)

〉
cov

= 2im
∑
n

φ†n(x)γ5 1

iλn −m
f

(
λ2
n

Λ2

)
φn(x) + 2i

∑
n

φ†n(x)γ5f

(
λ2
n

Λ2

)
φn(x)

= 2im
〈
ψ̄(x)γ5ψ(x)

〉
cov

+ 2i
∑
n

φ†n(x)γ5f

(
λ2
n

Λ2

)
φn(x)

(A.29)

This final expression shows that the gauge covariant regularization gave rise to an extra last
term which can break chiral symmetry, in contrast to the naive chiral identity (A.22). The chiral
identity is modified from a naive form by quantum effects if the above extra term does not vanish.

This last term is evaluated as follows: We first assume that the operator f
(
/D

2
/Λ2

)
is suffi-

ciently convergent, and rewrite the sum over the four-component functions φn(x) to an integral
over a complete set of plane waves

∑
n

φ†n(x)γ5f

(
λ2
n

Λ2

)
φn(x) =

∑
n

φ†n(x)γ5f

(
/D

2

Λ2

)
φn(x)

= tr

∫
d4k

(2π)
4 e
−ikxγ5f

(
/D

2

Λ2

)
eikx (A.30)

where the trace is over the Dirac indices which take four values. This calculation is performed
as

47



A.2 Quantum breaking of chiral symmetry A THE CHIRAL ANOMALY

tr

∫
d4k

(2π)
4 e
−ikxγ5f

(
/D

2

Λ2

)
eikx

= tr

∫
d4k

(2π)
4 γ

5f

(
(ikµ +Dµ)(ikµ +Dµ)− ie

4 [γµ, γν ]Fµν

Λ2

)

= Λ4 tr

∫
d4k

(2π)
4 γ

5f

(
−kµkµ +

2ikµDµ

Λ
+
DµDµ

Λ2
− ie

4Λ2
[γµ, γν ]Fµν

)
(A.31)

where we used the following relation

/D
2

=
1

2
{γµ, γν}DµDν +

1

2
[γµ, γν ]DµDν

= DµD
µ − ie

4
[γµ, γν ]Fµν (A.32)

where we then moved the factor eikx through the operator f
(
/D

2
/Λ2

)
and performed a scaling

of the variable kµ → Λkµ. We next expand the contents of the function f(x) around the value
x = −kµkµ =

∣∣k2
∣∣ (note that x ≥ 0 in our Euclidean metric convention)

f

(
−kµkµ +

2ikµDµ

Λ
+
DµDµ

Λ2
− ie

4Λ2
[γµ, γν ]Fµν

)
= f(−kµkµ) + f ′(−kµkµ)

(
2ikµDµ

Λ
+
DµDµ

Λ2
− ie

4Λ2
[γµ, γν ]Fµν

)
+

1

2!
f ′′(−kµkµ)

(
2ikµDµ

Λ
+
DµDµ

Λ2
− ie

4Λ2
[γµ, γν ]Fµν

)2

+ . . .

(A.33)

and use the fact that only the terms of order 1/Λ4 or larger survive in the limit Λ → ∞ in
Eq. (A.31). We also note that the trace with the factor γ5 is non-vanishing only when the trace

contains four or more γ-matrices. The term which contains ([γµ, γν ]Fµν)
2

in Eq. (A.33) is the
only one satisfying these non-vanishing conditions.

So, we have

tr

∫
d4k

(2π)
4 γ

5 1

2!
f ′′(−kµkµ)

(
− ie

4
[γµ, γν ]Fµν

)2

= tr γ5 1

2

(
− ie

4
[γµ, γν ]Fµν

)2
1

16π2

∫ ∞
0

dxxf ′′(x)

=

(
e2

32π2

)
εµναβFµνFαβ

(A.34)

where we used

tr γ5 1

16
[γµ, γν ]

[
γα, γβ

]
= −εµναβ (A.35)

and also d4k = π2 d
∣∣k2
∣∣ ∣∣k2

∣∣ = π2 dxx. Furthermore, we performed the integral

∫ ∞
0

dxxf ′′(x) = xf ′(x)

∣∣∣∣∞
0

−
∫ ∞

0

dx f ′(x)

= − f(x)

∣∣∣∣∞
0

= f(0) = 1 (A.36)

having in mind the properties of the regulator function (See comments after Eq. (A.24)).
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We thus derived the chiral identity with the anomalous term (the last term)

∂µ
〈
ψ̄(x)γµγ5ψ(x)

〉
cov

= 2im
〈
ψ̄(x)γ5ψ(x)

〉
cov

+ 2i

(
e2

32π2

)
εµναβFµνFαβ (A.37)

Equation (A.37), which is the principal result of this section, states the surprising fact that
the axial-vector current divergence, as calculated in perturbation theory, contains a well defined
extra term which is not obtained when the axial-vector divergence is calculated by formal use of
the equations of motion. It can be shown [3] that the axial-vector divergence with the extra term
included, is not multiplicatively renormalizable. It can also be shown that in perturbation theory
is impossible to maintain gauge invariance and conservation of axial current at the same time. One
may argue that there is no a priori reason to demand gauge invariance with respect to the photon
indices as opposed to a normal axial-vector Ward identity, or, for that matter, to demand either.
However, there are strong physical restrictions on the matrix element for an axial-vector meson to
decay into two photons, and on the behaviour of the triangle loop diagrams at low energy, that
force us to choose a value for the regulator function that preserves gauge invariance. So that it is
not possible to get rid of the anomalies here discussed.

A.3 Connection with the PCAC puzzle

Despite the effective coupling constant for π0 → γγ should vanish for zero pion mass in theories
with Partially Conserved Axial Current (PCAC) and gauge invariance, it does not so vanish in an
explicit perturbation calculation in the Gell-Mann & Lévy σ-model [5].

The invariant amplitude for π0 → γγ is obtained by contracting the polarisation vectors of the
photons with a tensor

Tµν(p, q) = εµναγpαqβT
(
k2
)

(A.38)

where p and q are the photon momenta and k is the pion momentum. The above general form
of Tµν is dictated by Lorentz invariance, parity conservation, gauge invariance and Bose symmetry.
Now T

(
k2
)
, when calculated in perturbation theory from diagrams similar to those in Fig. 12,

with j5
µ replaced by the pion-nucleon coupling ig0γ

5, gives

T (0) = g4π2m−1 (A.39)

where m is the nucleon mass.
On the other hand, when the neutral pion field is the divergence of the PCAC, as calculated

by formal use of the equations of motion, then

T (0) = 0 (A.40)

Reconciling equations (A.39) and (A.40) is the PCAC puzzle.
In [5] the authors attempt to circumvent this contradiction by introducing a regulator nucleon

field ψ1 which is quantised with commutators rather than anti-commutators. The coupling of the
regulator field to the mesons is such that as the regulator mass approaches infinity, the regulator
coupling to the mesons becomes infinite as well. As a consequence, even in the limit of infinite
regulator mass the regulator field triangle diagram makes a contribution to the amplitude for
π0 → γγ so that the total amplitude does vanish at (p+ q)

2
in accord with the PCAC prediction.

However, it has been noted in [3] that the regulator procedure described above leads to grave
difficulties when we turn to purely strong interaction phenomena. In fact, it introduces unrenor-
malizable infinities into the strong interactions in the σ- model, and therefore is not satisfactory.

A.4 Chiral anomaly in QCD-type theory

To derive the chiral anomaly in this case we will use a different method which, as opposed to
the non-vanishing contribution of a triangle diagram, reinterprets it as a change in the partition
function measure under a chiral transformation. The quantum anomaly is identified as the Jacobian
arising from the symmetry transformation of path integral variables [14].

We start with an explanation of a straightforward generalisation of quantum electrodynamics,
which is called Abelian gauge theory, to a non-Abelian gauge theory which has the same structure
as QCD (quantum chromodynamics). The Euclidean path integral for this theory is given by
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∫
Dψ̄Dψ[DAµ] exp

[∫
d4x ψ̄

(
i /D −m

)
ψ + SYM

]
(A.41)

Dirac’s γ-matrix convention is the same as for QED and γµ is anti-hermitian19. The covariant
derivative Dµ is defined by

/D ≡ γµDµ = γµ

(
∂µ −

∑
a

igAaµT
a

)
≡ γµ(∂µ − igAµ) (A.42)

by using the generator T a of a non-Abelian gauge group. The non-Abelian gauge field carries the
same number of components as the generators of the group. We often use the notation Aµ = AaµT

a

as in the last expression above. The field strength tensor F aµν of the gauge field, which is a

generalisation of the electric and magnetic fields ~E and ~B is defined by

[Dµ, Dν ] = −ig
(
∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν

)
T a ≡ −igFµν (A.43)

SYM is an action for the non-Abelian gauge field, which is called the Yang-Mills field,

SYM = −1

4

∑
µνα

∫
d4xF aµνF

aµν

= −1

4

∫
d4x

(
∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν

)2
(A.44)

and it gives a generalisation of Maxwell’s action of the electromagnetic field. The path integral
measure for the gauge field [DAµ] in Eq. (A.41) contains a suitable gauge fixing term also, and
the details of the gauge fixing are not important for the analysis in this chapter20.

The actual QCD, which describes the strong interaction, is based on the gauge group SU(3),
and thus we deal with a three-component field consisting of three conventional Dirac fields. In
the case of the gauge group SU(2), for example, an arbitrary function which belongs to SU(2) is
written as

g(x) = exp

[
i

3∑
a=1

ωa(x)T a

]
∈ SU(2) (A.45)

by using three real functions ωa(x) and the generators T a of SU(2), which are given in terms of
the Pauli matrices. The non-Abelian (local) gauge transformation is then defined by the replace-
ment of variables

ψ(x) → ψ′(x) = g(x)ψ(x)

ψ̄(x) → ψ̄′(x) = ψ̄(x)g†(x)

Aµ(x) ≡
∑
a

Aaµ(x)T a → A′µ(x) = g(x)Aµ(x)g†(x) +
1

ig
[∂µg(x)]g†(x) (A.46)

The gauge transformation for matter fields thus corresponds to a rotation in internal space
specified by a local g(x) at each space-time point; for the gauge field Aµ, the transformation is
given by a combination of rotation (the first term) and translation (the second term). The covariant
derivative Dµ is then transformed under the gauge transformation as

D′µ = ∂µ − igA′µ(x) = g(x)[∂µ − igAµ(x)]g†(x) = g(x)Dµg
†(x) (A.47)

and consequently

D′µψ
′(x) =

[
∂µ − igA′µ(x)

]
ψ′(x) = g(x)[∂µ − igAµ(x)]ψ(x) = g(x)Dµψ(x) (A.48)

is transformed in the same manner as the field variable ψ(x) itself. For this reason, Dµ is called
the covariant derivative. The field strength tensor of the gauge field, which is expressed in terms
of the covariant derivative, is transformed as

19See [24] for the properties of γµ and γ5

20For an explanation of non-Abelian gauge groups see [27]
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[
D′µ, D

′
ν

]
= −igF ′µν = g(x)[Dµ, Dν ]g†(x) = −igg(x)Fµνg

†(x) (A.49)

If one recalls g(x)g†(x) = 1, with the convention trT aT b = (1/2)δab, the action appearing in
Eq. (A.41) remains invariant under the gauge transformation, namely, the action is gauge invariant

∫
d4x

[
ψ̄
(
i /D −m

)
ψ − 1

4
F aµνF

aµν

]
=

∫
d4x

[
ψ̄
(
i /D −m

)
ψ − 1

2
trFµνF

µν

]
=

∫
d4x

[
ψ̄′
(
i /D −m

)
ψ′ − 1

2
trF ′µνF

′µν
]

(A.50)

We examine the localised (space-time dependent) infinitesimal chiral transformations

ψ′(x) = eiα(x)γ5

ψ(x) = ψ(x) + iα(x)γ5ψ(x)

ψ̄′(x) = ψ̄(x)eiα(x)γ5

= ψ̄(x) + ψ̄(x)iα(x)γ5 (A.51)

for the non-Abelian gauge theory. To analyse the Jacobian for the chiral transformations, we
expand the fermionic variables

ψ(x) =
∑
n

anϕn(x)

ψ̄(x) =
∑
n

b̄nϕ
†
n(x) (A.52)

in terms of the eigenfunctions of the hermitian operator /D (see Eq. (A.26))

/Dϕn(x) = λnϕn(x)∫
d4xϕ†m(x)ϕn(x) = δm,n (A.53)

The action for the fermion is formally diagonalized by this expansion∫
d4x ψ̄

(
i /D −m

)
ψ = lim

N→∞

N∑
n=1

(iλn −m)b̄nan (A.54)

The path integral measure for this case is written as

Dψ̄Dψ = lim
N→∞

N∏
n=1

b̄nan (A.55)

and it leads to the following Jacobian for an infinitesimal chiral transformation 21

J = exp

[
−2i lim

N→∞

N∑
n=1

∫
d4xα(x)ϕ†n(x)γ5ϕn(x)

]
(A.56)

The actual evaluation of this Jacobian proceeds by replacing the mode cut-off by the eigenvalue
cut-off as

lim
M→∞

lim
N→∞

N∑
n=1

∫
d4xα(x)ϕ†n(x)γ5f

(
λ2

M2

)
ϕn(x)

lim
M→∞

∞∑
n=1

∫
d4xα(x)ϕ†n(x)γ5f

(
/D

2

M2

)
ϕn(x)

≡ lim
M→∞

trα(x)γ5f

(
/D

2

M2

) (A.57)

21see [14] for details
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where f(x) is an arbitrary function of x which approaches 0 rapidly as x→∞ with a normal-
isation f(0) = 1. After some manipulation, which is the generalisation to non-abelian case of that
in section A.2 we finally get for the Jacobian of the chiral transformation

J = exp

[
−2i

∫
d4xα(x)

g2

32π2
tr εµναβFµνFαβ

]
(A.58)

where the remaining trace is over the indices of matrix generators of the Yang-Mills field.

A.5 The Instanton

The Euclidean non-Abelian gauge theory, unlike abelian theory, accommodates a classical solution
which is called an instanton. This solutions is the long range field Aµ(x) which minimise locally
the Yang-Mills actions SE and for which SE <∞. The instanton is fundamental since it describes
tunnelling from one vacuum in field theory to another. In fact, in Euclidean theory we use an
imaginary time to describe tunnelling in field theory just as in quantum mechanics. In particular,
the classical solution of Euclidean theory gives the stationary point of the action and thus describes
the path where the tunnelling probability becomes a maximum. The instanton solution precisely
gives such a stationary point of the action.

All fields we are interested in satisfy the condition F aµν(x) → 0 at space-time infinity x →
∞. Consider a very large sphere, written as S3, in our Euclidean 4-dimensional space

(
x̂4, ~x

)
.

The sphere itself is of course 3-dimensional. Since the action SE is invariant under the gauge
transformation, the gauge field Aµ(x) itself should approach the configuration which is gauge
equivalent to the vacuum Aµ(x) = 0. This is equivalent to [4]

Aµ(x)

∣∣∣∣
S3

≈ ig(x)∂µg
†(x)

∣∣∣∣
S3

(A.59)

where g(x) is defined in Eq. (A.45). It can be shown that one can regard the element g(x) ∈
SU(2) as describing a unit hypersurface (also written as S3), so that the a point on the sphere in
four-dimensional Euclidean space-time described above and a point on the hypersurface described
by g(x) are in 1 : 1 correspondence. Namely, when the coordinates

(
x̂4, ~x

)
of space-time cover

S3 once, the element g(x) covers the hypersurface S3 in the gauge space once. Hence every field
Aµ(x) produces a certain mapping of the sphere S3 onto the gauge group SU(2). It is clear that

if two such mappings belong to different homotopy classes then the corresponding fields A
(1)
µ and

A
(2)
µ cannot be continuously deformed one into another. It is known that there exists an infinite

number of different classes of mappings of S3 → G if G is a non-abelian simple Lie group. Hence,
the phase space of the Yang-Mills fields are divided into an infinite number of components, each of
which is characterised by some value of NCS , where NCS is a certain integer, called the winding
number. This is written by using the instanton solution as

NCS =
1

32π2
tr

∫
d4x εµναβFµνF

µν (A.60)

To prove this, we use the Jacobi identity

tr εµναβ [Aµ, Aν ][Aα, Aβ ] = tr εµναβAµ[Aν , [Aα, Aβ ]] = 0 (A.61)

and the Gauss law together with the behavior of the instanton solution at infinity to write

NCS =
1

8π2
tr

∫
d4x ∂µ

[
εµναβ

(
Aν∂αAβ −

2i

3
AνAαAβ

)]
=

1

24π2
tr

∫
dSµ ε

µναβAνAαAβ

=
1

24π2
tr

∫
dSµ ε

µναβ
(
g∂νg

−1
)(
g∂αg

−1
)(
g∂βg

−1
)

(A.62)

Indeed, the integral in the last expression stands for a surface integral over the hypersurface S3

located at infinity of four-dimensional space-time, and dSµ stands for the surface element which is
orthogonal to the µ-axis. So, we see that the integrand in Eq. (A.62) is precisely the Jacobian of
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the mapping of S3 on SU(2). Hence NCS is the number of times the SU(2) is covered under this
mapping. It is just the definition of the mapping degree22.

Now, if we define F̃µν = (1/2)εµναβFαβ and use the Schwartz inequality

∫
d4xF aµνF

a
µν =

√∫
d4xF aµνF

a
µν

∫
d4x F̃ aµν F̃

a
µν

≥
∣∣∣∣∫ d4xF aµν F̃

a
µν

∣∣∣∣ (A.63)

Using Eq. (A.60) we have

1

4g2

∫
d4xF aµνF

a
µν ≥

8π2

g2
|NCS | (A.64)

and the equality holds only for the case

F aµν = ±F̃ aµν (A.65)

where ± corresponds to the signature of the winding number NCS . If one uses the + signature

in this relation and defines Aµ(x) = if
(
r2
)
g(x)∂µg

†(x), we have f
(
r2
)2−f(r2

)
= −r2f ′

(
r2
)

which
can be shown to be satisfied by

f
(
r2
)

=
r2

r2 + ρ2
(A.66)

where the parameter ρ is a real constant. This shows that the instanton gives the winding
number NCS = 1 and at the same time it gives the minimum of the action for NCS = 1. The
field configuration which gives the stationary point of the action is a solution of the field equation
derived from the action, and thus the instanton is in fact the solution of the Euclidean Yang-Mills
field equation.

We finally write down an expression for the instanton solution

Aµ(x) = i
r2

r2 + ρ2
g(x)∂µg

†(x) (A.67)

that approaches the configuration ig(x)∂µg
†(x) at infinity, which is gauge equivalent to the

vacuum. Physically, this gauge function g(x) is interpreted as describing tunnelling starting from
one vacuum at x4 = −∞ to another vacuum at x4 = ∞ following the Euclidean imaginary
time. (For this reason, this solution is called an “instant-on”, indicating that it appears and then
disappears instantly in time unlike the ordinary soliton). The value of the action for this solution
SE = −8π2/g2 describes the height of the tunnelling barrier, and in the path integral the factor
with this action in the exponential

e
− 8π2

g2 (A.68)

is understood as giving the leading term of the tunnelling probability.

22The quantity appearing in Eq. (A.62), Kµ = 1
8π2 tr

∫
d4x εµναβ

(
Aν∂αAβ − 2i

3
AνAαAβ

)
, is the Chern-Simons

form
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B CP Violation

Any relativistic field theory must be invariant under continuous Lorentz transformations. In ad-
dition to continuous Lorentz transformations, there are two other space-time operations that are
potential symmetries of a theory’s Lagrangian: parity and time reversal. Parity, denoted by P,
sends (t, x) → (t,−x), reversing the handedness of space. Time reversal, denoted by T, sends
(t, x) → (−t, x), interchanging the forward and backward light-cones. It will be convenient to
introduce a third (non-space-time) discrete operation: charge conjugation, denoted by C. Under
this operation, particles and antiparticles are interchanged [24].

Before 1956 it was firmly believed that physical laws are symmetric with respect to P, T and
C. Though none of these symmetries followed from any fundamental principle the belief was quite
strong and it was a great shock when it was found that space parity is not conserved [20] so
that a mirror reflected process could be physically impossible. It was assumed immediately that
simultaneous mirror reflection and charge conjugation, CP, restore the symmetry so that for each
process with particles the mirror reflected process with antiparticles, and otherwise the same, is
possible. However in 1964 it was found that CP is also broken [8] and after this discovery a theory
of non conservation of baryons became possible.

The only discrete symmetry which survived to the present day is the combination of all three
transformations, CPT. The so called CPT-theorem can be proven which states that any Lorentz-
invariant theory with positive definite energy and the normal relation between spin and statistics
is invariant with respect to CPT-transformation. As a result of this symmetry masses of particles
and antiparticles and their total decay widths must be exactly equal. However the probabilities of
specific channels should be different for charged conjugated processes if both C and CP are broken.

Experimentally the first Sakharovs condition is well justified, CP-violation is directly observed
in the decays of K0-mesons, but it is not yet known what mechanism is responsible for it. A
knowledge of that is very important for baryogenesis because baryogenesis took place at a much
larger energy scale where the data on the kaon decays cannot be simply applied. Anyway it is
known in principle that antiparticles are not just mirror reflections of particles, they have essentially
different interactions and are produced with different probabilities in charge conjugated processes.

B.1 P, T and C

The existence of the operations of parity and time reversal is related to the connectedness of the
Lorentz group itself [6]. In fact not all coordinate transformations permitted in special relativity
can be built infinitesimally as a continuous Lorentz transformation starting from the identity. In
particular, the two transformations of coordinates seen above cannot: the parity transformation

xµ → Pµν x
ν , Pµν =


+1

−1
−1

−1

 (B.1)

which reflects each space coordinate, and the time reversal transformation,

xµ → Tµν x
ν , Tµν =


−1

+1
+1

+1

 (B.2)

which reverses the sign of time. The representations of P and T in the theorys Hilbert space are
denoted by P and T respectively. P can always be chosen to be a unitary operator and although
T cannot be made unitary, it may always be chosen to be anti-unitary (that is, an operator which
flips the sign of i)23. Parity and time reversal are potential symmetries of a theory’s Lagrangian.

The unitary operator that represents this interchange in the Hilbert space will be denoted by
C.

23The reason T is anti-unitary is that H must transform under the symmetry into an operator which still has a
positive spectrum; this will be satisfied if PHP∗ = H and THT ∗ = H. On the other hand, time evolution by a
positive amount of time t, e−iHt, should be changed under time reversal to time evolution by a negative amount of
time t, T e−iHtT ∗ = eiHt. The only way that both of these can be true is if T is an anti-unitary operator, reversing
the sign of i.
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B.2 Invariance of the SM to CPT transformation rules

The action of P, T , and C on particle states and on fields is determined (up to a conventionally
fixed freedom to redefine fields) by their transformation properties under Lorentz transformations.
Their action on a state, |p, σ〉, that describes a particle of three-momentum p, total spin j, and
third component of angular momentum σ, may be chosen to be

P |p, σ〉 = αp |−p, σ〉
T |p, σ〉 = αt(−)

j−σ |−p,−σ〉
C |p, σ〉 = αc|−p, σ〉 (B.3)

In these expressions, αp, αt and αc are phases that are characteristic of each particle type, and

the state |. . .〉 denotes the antiparticle for the state |. . .〉. The transformation properties of the
corresponding creation and annihilation operators are determined by those of the particle states

Pa∗p,σP∗ = αpa
∗
−p,σ

T a∗p,σT ∗ = αt(−)
j−σ

a∗−p,−σ

Ca∗p,σC∗ = αcā
∗
p,σ (B.4)

The transformation rules for the fields are then determined by their expansions in terms of
creation and annihilation operators. Since these have the generic form

φ ∼
∑
p,σ

[
u(p, σ)ap,σ + v(p, σ)ā∗p,σ

]
(B.5)

the transformation rules for fields representing spin-zero particles become

Pφ(x)P∗ = α∗pφ(xp)

Cφ(x)C∗ = α∗cφ(x) (B.6)

in which xp = (−x, t) denotes the image of x = (x, t) under parity. (Since invariance of the
theory under the combination CPT is guaranteed on general grounds, T-invariance is equivalent to
CP-invariance. For this reason it suffices to have explicit expressions for the transformation rules
under C and P in order to determine its symmetry properties.)

For (Majorana) spinor fields we have instead,

Pψ(x)P∗ = α∗pβψ(xp)

Cψ(x)C∗ = α∗cCψ̄
T (x) (B.7)

in which

β =

(
0 I
I 0

)
= iγ0 (B.8)

and C is the charge conjugation matrix [24]. The factor β exchanges left- and right-handed
components and is necessary because parity flips handedness. Finally, for spin-one gauge potentials,
V µa , that correspond to the gauge generator, ta, we have (up to gauge transformations)

P[taV
µ
a (x)]P∗ = Pµν [taV

µ
a (xp)]

C[taV µa (x)]C∗ = −[taV
µ
a (x)]

∗
(B.9)

The phase in the transformation rule for the gauge potentials is fixed by the requirement that
the covariant derivative, D = ∂− iTaVa, transforms properly. Using these transformation rules, we
can test the standard model interactions of Appendix C for invariance under the three independent
symmetries of C, P, and CP.
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The typical interaction Lagrangian density is the sum of several local operators, On(x), with
some constant coefficients, cn : Lint =

∑
n cnOn(x). The resulting transformation rule for the

interaction Lagrangian is

PLintP∗ =
∑
n

(αn)pcnOn(xp)

CLintC∗ =
∑
n

(αn)ccnO
∗
n(x)

(CP)Lint(CP)
∗

=
∑
n

(αn)p(αn)ccnO
∗
n(xp) (B.10)

where the phases (αn)p and (αn)c are products of the phases associated with the transformation
of each field. Since the action is given by the integral of L(x) over space-time, the condition
PL(x)P∗ = L(xp) suffices to ensure that the action is invariant. The condition for parity invariance
is therefore that there exist a choice of phases for each of the fields for which

(αn)p = 1 for alln (B.11)

The Lagrangian is also required by unitarity to be Hermitian, so the following relation among
the operators is also true ∑

n

c∗nO∗n =
∑
n

cnOn (B.12)

The action is therefore charge-conjugation invariant provided that there exists a choice of
charge-conjugation phases, for each of the fields for which the coefficient of O∗n is unchanged:

(αn)ccn = c∗n for alln (B.13)

CP-invariance is similarly ensured if phases can be chosen such that

(αn)c(αn)pcn = c∗n for alln (B.14)

If we apply this formalism to the standard model Lagrangian then we find[6] that 7he Higgs
interactions, gluon interactions, and electromagnetic interactions all respect each of the three
discrete symmetries, C, P, and CP. The neutral current couplings of the fermions to the neutral Z
boson break both C and P but in such a way that the combination CP is unbroken. Finally, the
charged-current coupling of the fermions to the W boson not only violates C and P, but can also
violate CP, provided that there is not sufficient freedom to make the Kobayashi-Maskawa matrix
real.

As an illustration we show the manipulations for the charged-current quark interactions, Eq.
(C.9). In this case the transformation rules for the spin-one fields become CW±µ C∗ = −W∓µ and
PW±µ P∗ = P νµW

±
ν . Then, under charge conjugation, we have

CLccC∗ =
ig2

2
√

2

{
(αum)c(αdn)

∗
cVmnW

−
µ

[
d̄nγ

µ
(
1− γ5

)
um
]∗

+(αun)
∗
c(αdm)c

(
V †
)
mn
W+
µ

[
ūnγ

µ
(
1− γ5

)
dm
]∗} (B.15)

and under parity transformations we get

PLccP∗ =
ig2

2
√

2

[
(αum)p(αdn)

∗
pVmnW

+
µ ūmγ

µ
(
1− γ5

)
dn

+(αdm)
∗
p(αun)p

(
V †
)
mn
W−µ d̄mγ

µ
(
1− γ5

)
un

] (B.16)

It is clear that there is no choice of phases for which the Lagrangian is parity or charge-
conjugation invariant, because any choice that would make the term involving γµ invariant would
make the γ5γµ term not invariant (and vice versa). The point is that each operation replaces the
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projector PL =
(
1 + γ5

)
/2 with the projector PR =

(
1− γ5

)
/2. Combining both transformations,

however, gives the following result:

CPLccCP∗ =
ig2

2
√

2

×
{

(αum)c(αdn)
∗
c(αum)p(αdn)

∗
pVmnW

−
µ

[
d̄nγ

µ
(
1 + γ5

)
um
]∗

+(αun)
∗
c(αdm)c(αun)

∗
p(αdm)p

(
V †
)
mn
W+
µ

[
ūnγ

µ
(
1 + γ5

)
dm
]∗} (B.17)

If the phases can be chosen to satisfy (αum)c(αdn)
∗
c(αum)p(αdn)

∗
p = 1, and the CKM matrix,

Eq. (C.10), can be simultaneously chosen to be real, then this last equation would be precisely
the complex conjugate of the original Lagrangian. Inspection of the other terms in the Lagrangian
confirms that the phase choice can be made provided that the CKM matrix may be chosen to be
real. Therefore, the standard model fails to conserve CP invariance only in that the CKM matrix
cannot be made purely real.
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C The Standard Model

The Standard Model of particle physics is a theory concerning the electromagnetic, weak, and
strong nuclear interactions, as well as classifying all the subatomic particles known. The strong,
weak, and electromagnetic interactions are understood as arising due to the exchange of various
spin-one bosons amongst the spin-half particles that make up matter [6]. The gauged symmetry
group of the standard model is SUc(3)× SUL(2)× UY (1). We have:

1. Eight spin-one particles called gluons, Gαµ(x), associated with the factor SUc(3). The associ-
ated subscript “c” is meant to denote “color”. Any particle that transforms with respect to
this factor of the gauge group, and so which couples to the gluons, is said to be colored or to
carry color. This interaction is also called the “strong interaction”, and any particle which
couples to the gluons is said to be “strongly interacting”.

2. Three spin-one particles, Wα
µ (x), associated with the factor SUL(2). The subscript “L” is

meant to indicate that only the left-handed fermions turn out to carry this quantum number.

3. One particle Bµ(x), associated with the factor UY (1). The subscript “Y” is meant to distin-
guish the group associated with the quantum number of weak hypercharge, denoted Y, from
the group associated with ordinary electric charge, denoted Q.

The four spin-one bosons associated with the factors SUL(2)×UY (1) are related to the physical
bosons that mediate the weak interactions, W± and Z0, and the familiar photon from Quantum
Electrodynamics (QED).

Apart from spin-one particles we are aware of a number of fundamental spin-half particles.
Our knowledge to date about the character of the interactions of these fermions may be compactly
summarized by giving their transformation properties with respect to the gauge group SUc(3)×
SUL(2)× UY (1).

C.1 The SM Lagrangian

The SM Lagrangian takes the form

LSM = Lfg + LHiggs (C.1)

Lfg = −1

4
GαµνG

αµν − 1

4
W a
µνW

aµν − 1

4
BµνB

µν − g2
3θ

64π2
εµνλρG

αµνGαλρ

−g
2
2Θ2

64π2
εµνλρW

aµνW aλρ − g2
1Θ1

64π2
εµνλρB

µνBλρ − 1

2
L̄m /DLm

−1

2
Ēm /DEm −

1

2
Q̄m /DQm −

1

2
Ūm /DUm −

1

2
D̄m /DDm (C.2)

LHiggs = −(Dµφ)
†
(Dµφ)− V

(
φ†φ

)
−
(
fmnL̄mPREnφ+ hmnQ̄mPRDnφ+ gmnQ̄mPRUnφ̃+ h.c.

)
(C.3)

V
(
φ†φ

)
= λ

[
φ†φ− µ2

2λ

]2

= λ
(
φ†φ

)2 − µ2φ†φ+
µ4

4λ
(C.4)

in which the gauge field-strengths are given by

Gαµν = ∂µG
α
ν − ∂νGαµ + g3f

α
βγG

β
µG

γ
ν (C.5)

W a
µν = ∂µW

a
ν − ∂νW a

µ + g2εabcG
b
µG

c
ν (C.6)

Bµν = ∂µBν − ∂νBµ (C.7)
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C.2 Charged current fermion interactions

The electroweak interactions come from the couplings that involve the electroweak gauge bosons,
those spin-one particles that correspond to the UL(2)× UY (1) factor of the gauge group. These
come in two basic types. There are self-couplings that arise due to the non-linear terms in the
gauge potentials within the UL(2) × UY (1) field strenghts, and there are couplings with other
particles that arise due to the use of gauge covariant derivatives in the kinetic-energy terms of the
Lagrangian. In particular, consider the couplings between the electroweak bosons and spin-half
and spin-zero particles.

The W a
µ and Bµ-fermion couplings arise from the following kinetic terms of the Lagrangian

(C.2),

L = −1

2
L̄m /DLm −

1

2
Ēm /DEm −

1

2
Q̄m /DQm −

1

2
Ūm /DUm −

1

2
D̄m /DDm (C.8)

The couplings between fermions and the charged spin-one particle, W+
µ , are called the charged-

current interactions

Lcc =
ig2

2
√

2

[
VmnW

+
µ ūmγ

µ
(
1 + γ5

)
dn +

(
V †
)
mn
W−µ d̄mγ

µ
(
1 + γ5

)
un
]

(C.9)

Where we have defined the 3× 3 unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix.

Vmn =
(
U (u)†U (d)

)
mn

(C.10)

which arises due to the necessity to perform different field redefinitions for up- and down-type
quarks when diagonalizing masses.
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