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It has been recently proposed that late time behavior of holographic complexity in a uncharged black
brane solution of Einstein-Hilbert theory with boundary cut off is consistent with Lloyd’s bound if we
have a cut off behind the horizon. Interestingly, the value of this new cut off is fixed by the boundary
cut off. In this paper, we extend this analysis to the charged black holes. Concretely, we find the value of
this new cut off for charged small black hole solutions of Einstein-Hilbert-Maxwell theory, in which the

proposed bound on the complexification is saturated. We also explore this new cut off in Gauss-Bonnet-

Maxwell theory.
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1. Introduction

In recent years, amazing and interesting connections have been
discovered between theoretical quantum information theory and
quantum gravity. These connections have been provided through
AdS/CFT duality by which certain quantities in dual quantum field
theory can be related to certain quantities in the bulk spacetime.
The leading example of such relation is the Ryu-Takayanagi pro-
posal which provides a geometrical realization of entanglement en-
tropy in a dual CFT [1]. The next example is the Susskind proposal
[2] by which quantum computational complexity of a boundary
state is dualized to a special portion of spacetime. Interestingly
enough, this proposal can be used to understand the rich geomet-
ric structures that exist behind the horizon and also to construct
the dual operators that describe the interior of a black hole. In this
way one can, hopefully, resolve the black hole information paradox
which has been a focus of attention over the past years [3-9]. This
essential property of complexity comes from this fact that even af-
ter the boundary theory reached thermal equilibrium it continues
to increase.

The complexity of a quantum target state (systems of qubits)
is essentially defined as the minimum number of gates one needs
to act on a certain reference state to produce approximately the
desired target state [10,11]. In this notion, the gates are unitary op-
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erators which can be taken from some universal set. For instance,
one may be asked how hard it is to prepare the ground state of
a local Hamiltonian, which generally is an entangled state, from
a reference state which is spatially factorisable. This suggests that
there might exist a deep relation between complexity of preparing
a quantum state and the entanglement between degrees of free-
dom in that quantum state.

To describe the quantum complexity of states in boundary QFT,
two holographic proposals have been developed, complexity = vol-
ume (CV) conjecture [2,12] and complexity=action (CA) conjecture
[13,14]. In the CA conjecture, which is the main focus of this
manuscript, the quantum complexity of a state, C4, is given by

Iwpw
Cap= s 1
A= (1)

where Iwpw is the on-shell gravitational action evaluated on a cer-
tain subregion of spacetime known as the Wheeler-DeWitt (WDW)
patch and we will set i =1 from now on. It is worth noting that
the intersection of WDW patch with the future interior determines
completely the late time behavior of complexity growth rate [15]
which is in agreement with Lloyd’s bound [16]. The Lloyd’s bound
says that the upper bound on rate of complexity growth (for un-
charged systems) is twice the energy of system and this energy in
the holographic set up is actually the mass of black hole. According
to the holographic calculations at late times

—— = 2Mpgp, 2
T BH (2)
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which is independent of the boundary curvature and the space-
time dimension.! Several aspects of this holographic proposal have
been explored. In particular, its time dependence [13,14,19,20], the
structure of divergences [21,22] and its reaction to shockwaves
[23-25]. However, these research programs are in the beginning
steps because we still do not have a precise definition of quantum
complexity in QFTs. Some initial steps towards developing such a
precise definition have been taken in the recent years [26-32].

Apart from those interesting developments, a new research pro-
gram has been started to answer this important question: What is
a general structure of an effective QFT for which the UV behavior is
not described by a CFT and can we holographically probe this field
theory? From the QFT side this question has been answered by
Smirnov and Zamolodchikov [33]. They discovered a general class
of exactly solvable irrelevant deformations of two dimensional CFTs
[34,35]. The holographic dual of Smirnov and Zamolodchikov un-
charged QFTs are proposed in [36]. The proposed dual is three
dimensional Einstein-Hilbert gravity at finite radial cut off. Soon
after that this holographic dual has been explored further (in the
same dimensions or higher dimensions, in absence or presence of
charges) [37-44].

Recently in [45], the holographic complexity in a finite cut off
uncharged black brane solutions of Einstein-Hilbert theory is calcu-
lated. It is found that the late time behavior of complexity growth
rate is consistent with the Llyd’s bound if in addition to the finite
boundary cut off, there exists another cut off behind the hori-
zon. The consequences of this new cut off were explored more
in [46,47] and by that the problem of holographic complexity for
Jackiw-Teitelboim (JT) gravity is resolved.> The aim of this paper
is to further explore this proposal. To be more precise, we find
the relation between this new cut off and boundary finite cut off
in charged black hole solutions of both Einstein-Hilbert-Maxwell
theory and Gauss-Bonnet-Maxwell theory. We should emphasize
again that the only concrete result, which is available in litera-
ture for quantum complexity in interacting QFTs comes from holo-
graphic calculations. A generalization of Lloyd’s bound for charged
black holes (U(1) charged systems) has been proposed in [14]. Ac-
cording to this proposal, the natural bound for states at a finite
chemical potential is given by

dCa 2

dat < p |:(M nQ)— WM MQ)gs]» (3)
where the subscript gs indicates the state of lowest (M — Q) for
a given chemical potential . The situation for intermediate size
(ry ~ L) and large charged black holes (ry > L) is complicated
and leads to an apparent violation of the complexification bound
(3) [20]. Fortunately, when we apply this formula to charged black
holes with spherical horizon, that are much smaller than the AdS
radius (r; <« L), the rate of change of complexity at late times sat-
urates the bound

dCsp 2

i —ﬂ(M naQ), (4)
where for a given u, the smallest value of (M — Q) is zero. This
observation is the spotlight in our study in the next sections. By
comparing the rate of change of complexity at late times in a finite
cut off geometry and comparing the result with the right hand side
of (4), but with M substituted with the quasi local energy at finite

! For non-relativistic models see [17,18].

2 Another resolution for this problem is provided in [48,49] which is based on
adding a new boundary term (involving the Maxwell field) to the gravitational ac-
tion and changing the variational principle.
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Fig. 1. Penrose diagram of the eternal charged AdS black hole. The theory is defined
at a radial finite cut off r. and the actual WDW patch is shown in green color.

cut off we can find the relation between behind the horizon cut
off and the boundary cut off.?

We would also like to remind the reader that the Lloyd’s bound
in context of holographic complexity may be violated at interme-
diate times [14,20] but the important fact is that the late time
behavior of complexity growth rate is governed by the physical
charges defined at the boundary, see (3) and (5). In the following
sections we investigate the relation between behind the horizon
cut off and the UV cut off using this late time behavior.

The remainder of this paper is organized as follows. In section 2
we calculate the holographic complexity for charged black holes in
Einstein-Hilbert-Maxwell theory in presence of boundary cut off
and behind the horizon cut off. In small black hole limit, we com-
pare this complexity with 2(E — Q) at finite cut off which it gives
the relation between those two cut offs. In section 3 we present
the relations between those two cut offs in presence of Gauss-
Bonnet term. The ingredients to find this relation will be provided
in two subsections 3.1 and 3.2. In subsection 3.1 we find quasi
local energy E for a finite cut off RN black hole of Gauss-Bonnet-
Maxwell theory. In subsection 3.2 we find holographic complexity
for this RN black hole in presence of boundary cut off and behind
the horizon cut off. The last section contains a summary and dis-
cussion of the main results.

2. Einstein-Hilbert-Maxwell theory at finite cut off

The holographic complexity of (d + 1) dimensional charged AdS
black holes in Einstein-Hilbert-Maxwell theory have been studied
in [14], however, in this section we study the same problem but
in presence of boundary cut off r =r. and also r =ry cut off be-
hind the outer horizon, which they are shown in Fig. 1. We should
emphasize that in [47] similar calculations are done but for (near
extremal) black branes and also r =rg cut off behind the inner
horizon and near to the curvature singularity.

The metric of charged AdS black hole solution of Einstein-
Hilbert-Maxwell theory takes the general form

dr?
ds? = — f(r)dt? + — +r2dx? , 5
fa 4 5+ 5)
where the blackening factor f(r) is given by
2 d—2 2
r w q
f=k+ a2 + 2@ (6)

3 We would like to mention here that another proposal also appeared in the
literature [50], which it claims that for all black hole sizes, the growth rate of com-
plexity in a geometry without boundary cut off is same as the one in geometry
with that cut off.
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Here L is the AdS curvature scale and « describes the curvature
of the (d — 1) dimensional line element d¥2 ed . Black holes with

={+1, 0, —1} respectively have spherical, planar and hyperbolic
horizon geometries. The thermodynamic quantities describing the
black hole (5) are

M= d -1 q-1 d-2, S— Qp.d—1 Tiﬁl,
167G 4G
1 af
7
471 or |, )

The charge and the Maxwell potential also respectively are [51]

0= 7§ oF — 1 5%a- w(d—l)(d—Z

Ac(r) = \/_ / ( 2>. (8)

The causal structure of the charged black holes (5) is illustrated by
Penrose diagram in Fig. 1. On the two asymptotic boundaries, the
constant time slices are denoted by t; and tg and the actual WDW
patch is shown in green color. According to the boost symmetry
the evaluation of the complexity will depend on t =t; +tg and not
on each of the boundary times separately. So in the following we
focus on symmetric times t; =tg =t/2, without loss of generality.
In order to consider the null sheets bounding the WDW patch the
tortoise coordinate is defined as

oo oodr
) =— m7 (9)

which by that Eddington-Finkelstein coordinates, u and v, where
describe out- and in-going null rays, become

v=t+r*r), u=t—-r ). (10)

It is also useful to fix the notation for null vectors respectively
associated with constant v and u surfaces

1 1
k= (8t+f()> k2= (a‘ f(r)> .

here « is constant parameter appearing due to ambiguity of the
normalization of null vectors.

The Einstein-Hilbert-Maxwell gravitational action can be writ-
ten as [19]

U e dd-1 1
xv/—2(R ——F
~ 167G tT 12 4g2
M
+ ! Ke dXy + ! /K d¥s + ! [K dSdx
snGJ) "' T 8w ) T ¢/ ™ (12)
»d =d =d
—_ ads,
8nG
]d—l

where the first line contains standard Einstein-Hilbert-Maxwell ac-
tion including the Ricci scalar R, the cosmological constant A =
—d(d — 1)/2L? plus the electromagnetic field strength tensor Fuv,
with a coupling constant g. The second line contains the Gibbons-
Hawking-York (GHY) terms which are needed to have a well-
defined variational principle respectively on timelike, spacelike and
null boundaries. The K;'s denote the extrinsic curvatures and A is

the null coordinate defined on the null segments. The user manual
for the sign of different terms in (12) can be found in [19]. At last,
the function a is defined at the intersection of two null boundaries
and it is given by

|k1 .k2 |
a=Ilog .

(13)
In what follows, we will consider the action calculation on the
WDW patch in the static black hole background (5) with the causal
structure shown in Fig. 1, which has three contributions: bulk inte-
gration, GHY contribution for the cut off surface ry and joint term
at rpy,

Itot = Ipuik + Icny + Ijoint- (14)

The reason for omitting another joint contributions is that they do
not contribute to the growth rate of complexity. Moreover, as we
use the affine parametrization to parametrize the null directions,
the boundary terms on null segments have zero contribution.

To calculate the contribution from the bulk action, we divide
the WDW patch into three regions: I, the region between ry and
the outer horizon r4; II, the region outside the outer horizon r;;
and finally III, the region behind the outer horizon (see Fig. 1). First
we write the integrand in the bulk action as [54]

Tpuik = / dlx/=g L= f dedr 1(r), (15)
WDW WDW
in which I(r) =dZ(r)/dr, and

Q-1 [ 2d—1)g?
12;01 [— (rd_z)q +(d—1)wd*2—rd*1f/(r)]. (16)

1(r) =

The bulk contributions are given by

I+
I{Mk:z/dr I(r) (% —r*(r)),
o

4 / dr I(r) (—=r*(1)), (17)

T+

nm
Ibulk -

I+

Touii =2 / dr 1(r) (—% - r*(r)) ,

m

where an extra factor of two was added in order to account for
the two sides of the Penrose diagram in Fig. 1. Adding the above
contributions and take a time derivative we arrive to

1
dlpuik "

ar (18)

:/I(r) dr=2Z(r)

To

o

Now, substituting (16) in the above equation yields

dlpuxk ~ d—1| of 1 1 1 ( d d)
— = _— rog—r . 19
dr gnG |7 rd=2 42 e (19)

The GHY action at the cut off surface r =rg is

dtd'x/—h K, (20)

IGHY———

r:ro

where the extrinsic curvature K is given by
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r 2(d -1
k=" (arfm " %)fm) , 1)

and n, is the normal vector to this cut off surface. Consequently,
we get

_ SQud-1 41 2d-DfO\(t
Iguy= Snc " <3rf(r)+7r )(2 r (r)>

r=ro

(22)

Taking the time derivative of Igyy leads to

dIghy Qrd-1 | 2¢> 2d-1k 2d 4 iy
== oy il g .
t |, 167G | rd-2 r2-d tpl—de

(23)

The time dependent joint term contribution can be calculated us-
ing (13) and it is given by

Qpd—1 g1 | f(rm)]
Ligint = ——2— 14 1]g , 24
joint 87G m g o2 (24)
here « is an arbitrary constant used for the normalization of the
null vectors. Using the identity dd%" = —@, the time derivative

of the joint action (24) becomes

dljoine _ Qia—1 | 21y 2¢°(d—2) -2
& e |2 gz T@de
m
+10g L £ - 1)r,‘1r2} . (25)
o

To remove the ambiguity associated with the normalization of null
vectors, another boundary term should be added to the action
1 ©
Limp = —— f drdix/o ©log u, (26)
87 G d
where the induced metric on the joint point is o, 1 is an undeter-
mined length scale and

1 8o
T Jo A
Since the late time behavior of growth rate of complexity is im-
portant for us and for these times the last term in (25) vanishes,
we do not need to add the ambiguity term (26) in the following.

Now by summing (19), (23), (25) and taking the late time limit
we find

, Al (d— 1) g1 r d—2 i2 ¢
C= = | —— w — KT - |-
dt 877G e 0 2

(~

(27)

(28)

Note that by substituting ro with r_ in last result, which is equal
to r. — oo, we recover the well-known result in [14,20]. At this
point one may ask whether we should add contribution of stan-
dard boundary counterterms given by

1 2(d—1 L
lp=—— ddx\/—h(( )+ R

167G L d—2)

r=ro
3
L 2

e — Py — 2
+ d—22d—4) (Rjj 4(d—l)R)+m> (29)

on the r =ry surface, to the complexity growth rate (28). In the
chargless limit g2 — 0, and also r. — co which describes the un-
deformed theory, the contributions of the above counterterms to
C at late times will diverge or become a constant. Actually these
divergent terms do not appear in the same limit in (28) and the
constant one apparently violates the Lloyd’s bound. Accordingly, in
the following we will not consider the counterterm action (29).

Now, as mentioned in the introduction, for small charged black
holes, r_ < rg <ry <« L, with spherical horizon one has

C= 2((5 — Egiobal) — MQ>, (30)

at late times. In presence of boundary cut off, E and Eggpa are
respectively proportional to the gravitational quasi-local energy of
black hole solution and global AdS solution and also p is chemical
potential at this boundary cut off. In the limit r. — oo, (30) exactly
matches with (4). The gravitational quasi-local energy is* [44]

d=DQqg (1 kL L3
Egr = . — -
87 G L 2r2 8rf
1 wi—2 q2 K
- s — t=+t= |, (31)
\/L2 N N
and its relation with E is given by
L
Eg=—E. (32)
e

Substituting back (31) in (30) and using (32) and (8) gives®
2 ((E — Eglobal) — MQ) =
2(d — 1)Qud1 [rg’ ( 1«

87G L\VL2 " 2

L
1 wi? N q? LK 2 1 1
27 0 T2t [z a2 ) |

(33)

To proceed further one can simplify (33) more by noting that for
small black holes g2 = r‘i’zr‘fz. Using this simplified version of

(33) and equating it with (28), at leading order in r., we arrive to

rg=r_ <1+

Before closing this section, it is worth emphasizing again that the
conjectured relation (4) is known to fail in the intermediate times
[14,20]. The obtained relations in (34) are reliable in the late times
and violation of generalized Lloyd’s bound just modifies these rela-
tions in the way that ro becomes a function of t. Finding this time
dependancy is not in the scope of this work.

L? rd=2
2a—22 r‘i_z)>‘ ey

3. Gauss-Bonnet-Maxwell theory at finite cut off

In this section we first find the energy-momentum tensor at
finite radial cut off for Gauss-Bonnet-Maxwell theory and by that
we calculate the quasi local energy. After that we calculate the

4 In comparison with Eq. (5.17) of [44], the third term in Eq. (31) is new. This
extra term actually appears just for d > 5 dimensions. The detail analysis for deriva-
tion of (31) is provided in subsection 3.1.

5 Note that p = Ac(r¢).
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complexity growth rate at finite cut off geometry. By having these
two ingredients we can find the relation between boundary cut off
r. and behind the outer horizon cut off rg.

3.1. Quasi local energy at finite cut off

To find the quasi local energy the standard method is the
Brown-York Hamilton-Jacobi prescription. In this approach one
uses derivative of the action with respect to the induced metric on
the timelike boundary. One of the prerequisites in this approach is
that the gravitational action should have a well-posed variational
principle. Another requirement is that we should add local coun-
terterms to the boundary action, so that the energy for a reference
spacetime vanishes. Accordingly, the total renormalized action is

Iren = ]bulk + IgHy — I¢t. (35)

The gravitational stress-tensor (which equivalently can be inter-
preted as expectation value of boundary field theory stress-tensor)
becomes

2 Slen ) )
V= — =279 —2PY, 36
/—h shy (36)
with
ij 1 8Upuik + IcHy) y 1 S8l
7-[1] — , Pl_] — haily 37
~—=h Shij /—h 8hij (37)

and hgy is induced metric on the timelike boundary. The bulk ac-
tion of Gauss-Bonnet-Maxwell theory is

1 [y Lda-1 1
I +1 o\ 7 _F2
bk = TexG W ( 2 ag2 W
M
+ac (R? = 4R2, + R, 0 ) ) (38)

where agg is the Gauss-Bonnet coefficient with dimension (length)?.

Moreover, the proper GHY term is [52]

1
Iy = ——=

o G d¥xy/—h <2K+aGB [8 iKY — 8K K™ Ky;

+ 4K KiK' — §K3D, (39)

and the proper counterterm, just for small value of «gg, becomes
[53]

L dixy/h (19 419 R 419 (R2
ct ,16 G ( + ( ij
oM

2

with
@ _2d-1) ([ aed-2)d-3)
ct — )
L 6L2

@ L 3agp(d —2)(d — 3))
la’ = d—2) <1 + 212 ’

1@ L3 ~ 15068(d —2)(d - 3)
d—2)2(d—-4) 212 '

The Gjj, Kij and R, R;; are respectively Einstein tensor, extrinsic

curvature tensor and intrinsic curvature tensors of induced met-

ric h;j. It is worth noting that in (40) the standard logarithmic

counterterm action is absent. The reason is that for static spher-
ical black hole solutions of the model (38),

1
=—f(Ndt> + ——dr* + r*dS, 4_1, (41)
f ’
with
r2 . wid—2 1 q2
fn= 2acn 1- 1+40lGB<r—d—L—2—r2(d—_l)> ,
acg =acp(d —2)(d —3) (42)

the contribution of this counterterm to P% is zero. From the
stress-energy tensor (36), the energy surface density ¢ is defined
by the normal projection of T” on a co-dimension two surface
(r,t =cte),

& = T%u = 2 %uru; — 2P%usuy, (43)
and the total quasi local energy is given by

%:fﬁqmﬁa (44)

where o is the metric on that co-dimension two surface. Using
(37) and (38)-(40), one can see that

f(T ZOlGB 1

27 upu; = (d—l) —“1-——k-5fM)],
r 3

2 kL I3 a1 3kl

2ptt =—d-D|Z4+=—-—= - ZF(=——-
tette == )<L+ 274 23 2
1513
— g ) (45)

and the quasi local energy (44) at finite cut off r =r, becomes

@d=DQg ' [2 kL 2 2
gr = TT 3 T a4 f(re)
167G L re 4 r1c
aGB( 1 3kl 15L3) dica ./f( )(K f(r ))}
2 3L 272 8ré re ¢

(46)

To translate this energy to the energy in boundary field theory, one
should note that

gr:/dd71X\/O' Tt utut

2 d
/¥1u J3QZJMF£%——, (47)

where the field theory energy is
E=/dd_1x«/gfn gt (48)

Consequently, we have

d—DQ%g114 T2 kL 13 2
Ez()#[__,__z__zl——\/f(rc)

167 GL L rg 4rg 1c
acg 1 3«L 1513 L Jf@ro 1
—— (== — —5) -4« Kk —=f(re) |
Gl 27 gl B3 (K — 5 f(re)
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3.2. Complexity in Gauss-Bonnet-Maxwell theory at finite cut off

In this subsection we find the holographic complexity for
charged AdS black hole solution (41) at finite cut off. The steps
are the same as section 2. It should be noted that for general val-
ues of Gauss-Bonnet coupling, the causal structure of the charged
black hole (41) differs from Fig. 1. In order to avoid a singular-
ity before the inner horizon a sufficient condition is to demand
0<agpg < %

First, we consider the contribution from the bulk action. Instead
of Z(r) in Einstein-Hilbert theory (16), for Gauss-Bonnet-Maxwell

theory one has [54]

Qa1 [ 2(d—1)q? d—2
() =— — d—1
= T6xc [ o T@-be

—1 ¢/ 0 f(r) 1
_ 1f(r)(1—2acs( 2 )d—3)]’ >

which leads to

dlpuie  Qup,d—1 1
= i —_— ] S —
dt 167G q ( )(rd_2 rd_z )

m

1 - (fm)—Kk\d—1
— 137 £ (rm) (1—20!GB< ) )d 3>
1. - f@ro) —« 1
+ 18 f(rg) (l—ZOlGB( Or% )d 3)} (51)

Let us now consider the GHY term (39) on spacelike r = ry surface.
After a short computation one can see that

digny| _ d—DQa-1[ _ 42 _ d=1 g1
it |, 167G [ 2rg " (r0) = G310 S (T0)
1
— 4dcp (Tg_4f(fo)(/< - if(ro))
T o f(ro)(/c—f(ro))>] (52)

Next, we consider the contribution from the joint term at r = rp,.
Another joint contributions are not time dependent. The joint term
for intersections of null boundaries is given by [56]

|k k |
Lioint = di- 1X\/— log 12
1 |/<1.1<2|
+ dd-1 lo
47rG/ X‘/—[R[‘T] %,
4
e ) 2
where
@gg_ ~83,0ab (54)

and R[o] is Ricci-scalar curvature of the joint metric. This bound-
ary action for black hole solution (41) becomes

Qrd-1 [ 4-1 | f(rm)] agp (d—1
Lioint = — 87 C [rm log o2 142K E -3

+ 4dcp (d 3) f(gm)} (55)

m

and it’s time derivative is given by

c”joint Qk,d—l |f( m)|

_ pd-1
dt _167TG< f'(rm) + log
Ogg [d—1
(”2 E<—d—3>)
o Qua (A1) gy (1)
KABIIG (d 3) lo ( )f(’”)

- Qg1 (d=T1\ [ f(rm)
+ae—, - (d—3>< 2 )f(rm)-

m

frm)(d—1ré” 2)

(56)

At late times, r,; — r4, the ambiguity terms and also the last term
in second line vanish. Therefore, just for the late times we have

dl ogg (d—1
f(rm)<1+2 2 (d_3)>. (57)

Finally, let us show that the time derivative of the null boundary
terms vanish. For given a null segment parametrized by A and with
a transverse space metric ogp, the boundary contribution will have
the form [55,56]

dljoint _ Qr d—1
dt 16t G

1
Iyt = —— | drd®'xJ/o K
null 87G \/_ n

—12‘GBG /dkdd’lx\/g[ 8EY £,0}, + 8K, O B),

—-80), O) €}, —8K,© E+8E ;0 +8E0O, O,
—4K,R[0]+16(D*O© — D' O)HW,,

+8(@c MY — ®‘“’)WMWV], (58)

with ®,,, =V, ky, 8,y =Vyn, and

v - Vo
O =P} Ouv.  Eap=PL By, Wy =n"Vuky,
0 =070, E=0"Eg, D* =l D°,
kin, = -1, (59)

where be‘) is projection to the oy surface. Moreover, LyAy... de-
notes the Lie derivative of tensor A, . tensor along the vector k*.
For affine parameterization of null surface and static black hole
(41), the boundary term (58) can be simplified as

d-1d-2)
—
G

Inull =

cB f dad®'x(1 —af(n)ri=,  (60)

where again o denotes the ambiguity in defining the null genera-
tor of a null surface. From (60), for null boundaries of WDW patch
in black hole solution (41), at late times one can see that

dlnull _
dt

Adding bulk integration (51), boundary contribution (52), and joint
term (57) we will have

(61)

d
C= a(’tot + Iy + Ijoint + Iamb)

2(d — DQa—1 | 4 q* d—2
= | = — —— — f(ro)r
167G rd=2  pd-2 Jors

- 1
— 20GB f(ro)f8_4 (K - §f(r0)>:| . (62)
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It is worth noting that in the limit ro — r—, which is equal to
re — oo, the above result at late times exactly matches with the
known result [54]. Furthermore, because of the same reasons for
Einstein-Hilbert theory we do not consider the contribution of
counterterm action (40) on r =rq surface.

Now, same as section 2, in order to obtain the relation between
the boundary cut off r. and finite cut off ro, we set

C.=2<(E_Eglobal)_/vLQ>v (63)

where C and E are given by (62) and (49), respectively, and also
from [54] we have

~ i (2 )
q Sud— n/(d—l)(d 2
gv38

Moreover, Egopay can be obtained from (49) by substituting
(w972,q% = 0) in (42). To this aim what we need is the small
black hole limit in this theory and its relation with g2. For obtain-
ing this, we note that the blackening factor f(r) in (41) satisfies
the following constraint

Q= (64)

LZ —k d—2L2 2L2
h( (f(rz) ))zwd _;1 , (65)
r r r2@-1
where the polynomial function h(x) is
GB 2
hx)=1—-x+ — L2 (66)
By defining
LZ
hy=h|-k—=|, (67)
S

it is easy to see that

d-2.d-2
2o rdhy —rdh_ it . (68)
2 2

Now, the small black hole limit r_, ry <« L, implies that

pd—4 _ -4 o
q' = K+“03ﬁ e, (69)
Furthermore, the outer horizon is located at the zero of (42), that
is f(ry) =0, which up to first order in Gauss-Bonnet coupling
yields
d
d—2 _

rd
) +’”+

2
=5 24 TGt (70)

+
Now we substitute E and w, Q respectively from (49) and (64) in
the right hand side of (63) and simplify the result by using (69)
and (70). By equating obtained simplified expression with C given
by (62), for near extremal small black holes, r_ ~r, « L, and with
spherical horizons we find

L2 rd=2
o=r—(1+-—"—— (1+-)). 71
° 2@z ' =

It is worth noting that for this case the form of behind the outer
horizon cut off for Gauss-Bonnet-Maxwell theory (71) is the same

as one for Einstein-Hilbert-Maxwell theory (34) but now r_ is
the location of inner horizon for the black hole solution (41) in
Gauss-Bonnet-Maxwell theory. The general answer away from near
extremality can also be obtained but it needs to simplify more the
clutter of equations.

4. Conclusions

In this paper we have studied holographic complexity for
charged AdS black holes at finite cut off in Einstein-Hilbert-
Maxwell theory and Gauss-Bonnet-Maxwell theory. Our main mo-
tivation was to extend the analysis of [45], which was done for
neutral black branes at finite cut off, to the U(1) charged black
holes.

The key point in [45] is that the authors demanded that the
growth rate of complexity at finite cut off and at late times is
equal to two times of quasi local gravitational energy. This pro-
vision implies that a behind the horizon cut off exists in addition
to the boundary cut off. For a U(1) charged system, two differ-
ent bounds are proposed for the late time behavior of complexity
growth rate. In [14] this bound is expressed as a special combina-
tion of physical charges, mass M and the U(1) charge Q. For small
black holes with spherical horizon this bound is saturated and its
value is 2(M — Q). In [50] another bound on the growth rate of
complexity at late times is proposed, which for any size of black
hole it is given by subtraction of chemical potentials evaluated on
outer and inner horizon, times the U(1) charge. Interestingly, this
second proposal implicitly implies that the growth rate of com-
plexity in a CFT is equal to the “TT” deformation of that CFT. The
reason is that the “TT” deformation of a CFT can be described by a
geometry at boundary finite cut off but for any black hole size, no
boundary cut off dependency appears in the second proposal. On
the contrary, the first proposal at least for small black holes with
spherical horizon implies that the complexity can be changed with
the “TT” deformation.

In this work we study the consequences of assuming the first
proposal. We see that in order to have a late time behavior con-
sistent with generalized Lloyd’s bound [14] one is forced to have
a cut off behind the outer horizon and in front of inner horizon
whose value is fixed by the inner horizon and boundary cut off.
If one presumes that the second proposal is correct this cut off
moves to behind the inner horizon in vicinity of curvature sin-
gularity [47]. All these mean that the location of this new cut off
crucially depends on whether the complexity of U(1) charged CFTs
changes by “TT” deformations, or not. It might be a cancellation
that happens between change of energy and change of chemical
potential times the total U(1) charge, which causes that the com-
plexity does not alter. This might be the case but it needs further
exploration. One interesting way might be using the machinery
which is developed in [26].

It is worth mentioning that the result (71) is reliable for small
value of agp coupling. This is because in subsection 3.1 the proper
counterterms (40) are acceptable just for small values of this cou-
pling. It would be interesting to check the validity of (71) for ar-
bitrary values of agg coupling. Moreover, the results (34) and (71)
are derived by the late time behavior of complexity growth rate
and it would be interesting to find a time dependent behind the
horizon cut off by using the full time dependency of holographic
complexity.
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