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Abstract. The Galilean covariant approach of field theory is based on a (4 + 1)-dimensional
manifold using light-cone coordinates followed by a reduction to (3+1) dimensions. We use this
approach to investigate Galilean covariant linear wave equations in a non-commutative phase
space. After a brief review of the Galilean covariance formalism, we construct the Galilean
Duffin-Kemmer-Petiau equation for the harmonic oscillator in a non-commutative phase space.
The exact wave functions and their energy levels are found, and we discuss the effects of non-
commutativity.

1. Introduction

In this presentation, we shall exploit a formulation of Galilean covariance in an extended manifold
in order to examine the non-relativistic Duffin-Kemmer-Petiau (DKP) oscillator for a spin-zero
field in a non-commutative phase space. The DKP equation is similar to the Dirac equation
but based on the so-called “DKP algebra” [1, 2]. The equivalence between the Klein-Gordon
equation and the DKP equation, and the more complex algebraic structure of the latter, might
explain why the DKP equation has not received much attention in the litterature [3, 4].

We will work on a space where coordinates do not commute, as first investigated in Ref. [5].
Our motivation is the connection between non-commutative coordinates and discrete space-time;
a Galilean version should help describe non-relativistic lattice models. The Galilean covariance
in an extended manifold can be seen as one more unifying tools (such as gauge invariance and
spontaneous symmetry breaking) between particle physics and condensed matter physics.

A “Galilean covariant” theory is defined by the addition of an extra coordinate which defines
a (4+ 1) Minkowski manifold [6]. This five-dimensional manifold is described by the coordinates

;L‘l'[/ = ($17x27x37x47‘x5) = (r7 t? 8)7

which transform under a Galilei boost as follows:

r = r—vt,
to= t
s = s—r-v+%v2t.
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This transformation leaves invariant the scalar product
(r,t,s) - ('t sy =r-v —ts —t's,

so that we shall refer to the corresponding metric,

100 0 O
010 0 0
¢“=1001 0 o0 |,
000 0 -1
000 -1 0

as Galilean metric.

In order to illustrate this approach, let us retrieve the Galilean “magnetic” and “electric”
limits of Maxwell’s electromagnetism, obtained in 1973 by Le Bellac and Lévy-Leblond [7]. In
the “magnetic limit”, the Maxwell equations take the form

V-B =0,
V-En = g pm,
VXB:,M()J,

V x Em = —8tB,

(with the magnetic induction term missing) whereas in the “electric limit”, we have

V-B=0,
V'Ee:%pe’

V x B = pod + pocdiEe,
V x E, =0,

where the electric displacement term is absent. In Ref. [8], we observed that if we substitute

0 cB3 —cBy FEni1 Ee
—cBj 0 cB; Eme  Eeo

F. =0,A, —0,A, = cBy —cBy 0 Ens Ees

—Em1 —FEm2 —Eps 0 a

—FEn —-FEeo —-Es —a 0
and

Ju = (J, —cpm, —cpe), Ay = (A, —m, =)
into
O F" = —LJ”,
CeQ

we obtain

1
cB=VxA, E,=-Vo¢,— EatA’ E. = —Va..
With ¢. = 0, p. = 0, we find

1
V- -En=—pm, V x B = puod. (magnetic limit)
€0

With ¢, =0, pp, = 0, we find

1
V- -E. = —pe, V x B = pod + po€g0:Ee. (electric limit)
€0
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The equation
aﬂFag + 8aF/3u + 35Fua =0

leads to
V-B=0, V x E,, = —0;B, (magnetic limit)

and
V-B=0, V xE,=0. (electric limit)

In this paper, we follow the same lines as what was done in Ref. [9] for the relativistic
situation. In order to describe the DKP equation on a non-commutative phase space, consider
the usual position and momentum operators, with the canonical commutations relations:

[risr] =0, [pi,pj] =0,  [ri,ps] = ihdy;.
Then a non-commutative space can be described by the operators:

(© x p);

. O;j

Ty = T 2hpj=7’i+77 (1)
. 0 (2 xr),
pi = pi+ 27;;7"3‘ =pi— Tl7 (2)
which satisfy the following commutation relations:
[7i, 7] =104, [Di, D] =15, [F4, D] = 1Ay,

with ®ij = 6ijk®k7 Qi]’ = éiijk, where ©® = (@1,@2,@3) and Q = (91,92,93) are real
parameters which describe the non-commutativity of the coordinates and momenta, respectively.

2. The DKP oscillator energy spectrum in a non-commutative space

We investigated the commutative Galilean covariant DKP wave equations in Refs. [10] and [11].
In these papers, we considered the following DKP Lagrangian density:

1— 1. _
L= TR0, — S0, U5 — KTV, n=1,....,5, (3)

with ¥ the adjoint of ¥, defined by ¥ = ¥y and n = (64 + 55)2 + 1, where k is a constant, and
[H are matrices that satisfy the DKP algebra [1, 2]

BB+ BBV = g B + g B
The Lagrangian in Eq. (3) leads to the Galilean DKP wave equation
(/Bluaﬂ + k) \II = 07
_ —
(8 9, —k) =0.
With appropriate representations of the S-matrices, these equations describe spinless and spin-

one fields. The S-matrices are given by representations of the Lie algebra so(5,1).
As in Refs. [11], we use the following 6-by-6 DKP matrices:

Bl =e16+e€61,
B2 = €26+ €62,
B3 = €36 1+ €6,3;
B =e46— €65,
B5=e56—ega.



7th International Conference on Quantum Theory and Symmetries (QTS7) IOP Publishing
Journal of Physics: Conference Series 343 (2012) 012028 doi:10.1088/1742-6596/343/1/012028

(The matrices ejj, are defined as (€jx)mn = 0jmkn-)

In order to describe the DKP wave equations in a non-commutative phase space, we express
the equations in terms of the non-commutative coordinates and momenta, #; and p;, and then
apply Egs. (1) and (2). The DKP equation with a non-minimal coupling C in a non-commutative
space is written as

(BHm, —ihk) ¥ =0, (4)

where 7, = (p + Cn, ps, ps) with C = C (). If we apply the operators P and P* to each term
in Eq. (4), we obtain

inkPiv = (§ —C7) P,

kP = —mPU,
ihkP’U = —EPU,
ihkPU = ((pi+Ci) P'+ EP* + mP®) ¥,

so that Eq. (4) becomes

e 2 o
EP\II—%(p - C*+ [y, Ci]) PU. (5)

This is the wave equation for the scalar field PV in a non-commutative space with a general
non-minimal coupling.

Now let us couple the scalar field to the three-dimensional harmonic oscillator in a non-
commutative space, by utilizing Eq. (5) with

C = imuwt.
Then Eq. (5) reduces to
1 2 2,2 2 1 2, 2
EPY = — [p"+m w’r —3mhw—7(ﬂ+mw®)-L+
2m h
1 2 2 2 2 mw 272
+W((PXQ) +mw (px@))—ﬁ(a‘ﬂ—khk PV,

If we denote the field as v = PV and choose the non-commutativity vectors to point in the
z-direction,

® =(0,0,0), Q= (0,0,9),
then Egs. (1) and (2) take the explicit forms

N @py N Opz A

r=x on Y=Y+ 2% z =2z,
R Qy R Qx R
pm:px‘i‘ﬁ, py:py_ﬁa Pz = Pz

If we substitute the previous expressions into the representation (4) and reduce these equations
into a single equation for ¢, we find, in cylindrical coordinates,

h72+%2@2 1a<a>+la2 + 1 2_|_ Q2 2 Q/)+
2m 81?2 pdp pap p2 0¢? 2" T mn? ) P

92 1 1 h?k?
9 + §mw2z2 — 27’14 P — ( (Q + m2w2@> L3+ i(9(2 — ) .

Ep =

_l’_

S 2m 922 omh 4 om
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Next we write

Y(p, ¢, 2) = x(p)2(P)E(2), D(¢) = exp (i|my|o),

and
L3y = myh,
and, after dividing each term by x(p)®(¢)=(z), the equation becomes
2 4 2 202\ m?
E = _hd<dx> + i+mw® 7_|_
2m pdp dp 2m 8 P>
N 1mw2+ 0?2 o w1 d < dx>1
2 8mh? P 8 pdp pd,o X
PAPEL 1,
omd2= 2" F
3 h?k?
e 0 2 2 0
e Qm( +mw@)+4h@ + 5 (6)
By separating the variables, the third line of Eq. (6) gives
h? d%= I
o 4ot + (Enz - prwe ) E(z) =0. (7)

The first two lines of Eq. (6) lead to

2 mw?e?\ 1d [/ dy 2 mw?e?\ m? 1 02
it E — il A 2 =0.
<2m + 8 pdp < dp)+ r 2m + 8 p? 2" * smn? )’ x(p) =0

(8)
The constants E,, and E, are related to the fourth line of Eq. (6) as follows:
3 W2k

B, +E,=FE— 777, — Q2 20 “on- 9

5 ot g (24 mh0) — 7 2m ©)

Clearly, Eq. (7) admits the simple harmonic oscillator solution:

1/4
=) =20 (52) e (<5 o (5 2)
YIS

where H,,_ is the Hermite polynomial of degree n,, with the corresponding energy eigenvalue
given by

Now let us rewrite Eq. (8) as

2 (d? 1d m? 1.
2 (d g ) B b o =0
with
__Amn®
4h? + m2w202’

Won = 4Trth2 \/(4m2h2w2 + QZ) (4h2 + m2w2@2> (11)
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By changing the variable from p to

2h p 9
the previous expression can be cast into the form
d? d le
where
_ B
- hw@’g.

Define the function ¢(y):
X(y) = ey P o(y),

that we substitute into equation (12), to obtain

2

d d
— 2 - — —
Yoz + (v y)dy +B8—7|¢ly) =0,

where v = |my| 4+ 1. By taking w = 2y and —2a =  — v, we finally obtain

d2s0 d

This is Kummer’s differential equation, with solution given by the confluent hypergeometric
function (see Section 13.1.1 in Ref. [12]), so that

p(w) =N 1Fi(;y;w),
where NN is a normalization constant, and

,wn

3

= ()
1Fi (o vw Z P

with the Pocchammer symbol defined as (a), =T (a + n) /T'(a).
From the boundary condition, w — oo (which follows from p — oo), which implies p(w) — 0
(so that ¥ — 0), we obtain

1 E
“T3 (‘mlHl_ hw(iﬂ) = " n,=0,1,2,...
so that
E,= (2np + |my| + 1 ) hide - (13)

To summarize, the energy eigenvalue, FEj mn., of the DKP oscillator is obtained by
substituting Egs. (10) and (13) into Eq. (9) and solving for E. If we absorb k within the
energy, we find that

2
Enymin. = (nz + 2) hw + (2n, + |my| + 1) hive o — 2— (Q+m w @) T 4h@Q

where Wg ( is given in Eq. (11). The resulting energy spectrum is non-degenerate.
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3. Normalized wave functions

In this section, we state some results, the details of which will appear in a separate paper. The
total wave function ¥ (p, ¢, z) is written as

N i mw ]\lweﬂ Mw —
W(p, b, 2) = N plmilelmloe=52 =" == 20" | |y (“p s Imy| + 1;%@)% (\/7'2) )

where N is given by

1 1 M\ Il (w)l/Q
/77-(‘ 2nz/2+1nz h A

N = , (14)
oo Sito i
which was obtained by using the normalization condition:
[ (Pw)! (PO) pipds = [ 6lvpdpds = 1. (15)
The complete spinor ¥, given in Eq. (4), is rewritten in terms of the P* algebra in the form
1
v = PP+ P") 7w, U,
Tk (“P+ PF)m,
with P* and #P given by P*U = ——BHP\II and UHP = hlk(?“\I/P Thus, if we use the 6 x 6
representation mentioned earlier, we can express the spinor ¥ as follows:
Gn G12
G21 G22
. G- Mw 0 Mw
1hkW = 3 1F1(—np;]ml\+1;ﬂp2)+ 1F1(1—np;\ml]—|—2; ﬂpQ)
E h 0 h
m 0
1 0

The functions G111, G12, G21, Goo and G3 are given by

— Mw,
Giin = N {—ih <cos¢) + im;;_L@ sin qb) (|ml| + “;L@vQ/ﬂ) p!

h ih Q
+<—|mlsin¢3—|—1ml|cosgb+psingb—imwpcosqbﬂ AH,, ( mwz) ,
) 0 2h h

S singb) pAH, <\/Tz) ,
N {ih <sin¢> — imw@ cos g{)) (|ml| + J\M@’Qp2> p—l
2h h
Q
+< m | ¢+ ] sing + ——psin¢g — 1mwpcosgzb)]Aan( mwz>7
P P 2h i
Gy = —2iNMw@7Q (singb — im;?;@ cos gi)) AH,, <\/TZ> ;

mw — mw
= i/ NAH, 1 (2],
G ﬁ Z 1<\/7 )

where the symbol A is a short-hand for

G12 = —21NME@’Q <COS¢ + lm2w

&
I

mw 2 wa@,ﬂ 2

A= p\ml\ iImul¢ =55 2% ——== P
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