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Preface

Let us imagine that the first results of the LHC will describe, at least for the bosons, the
spectrum shown at the end of the page.

Any postdoc in theoretical particle physics would be probably convinced that our
world is described by the Randall-Sundrum (RS) model [1]: the universe is a 5 dimen-
sional Anti-de Sitter (AdS) space, with a huge cosmological constant. The spin 2 reso-
nances are the first Kaluza-Klein (KK) modes of the graviton. The mass scale mW ∼ 5
TeV is the gravitationally red-shifted Planck mass. The spin 1 triplets are the KK modes
of the gauge fields which propagate in the AdS bulk: in this case, the SU(2)L vector
bosons of the Standard Model.

At the same time, a physicist who have never cared about extradimensions, looking
at the same spectrum, would give a different, purely 4 dimensional, description. What
comes to his eyes is nothing but QCD. The massive spin 1 and spin 2 states are the
resonances of a new, strongly coupled gauge interaction with a certain number N of
colors; the resonances are exactly the same as the ρ and f2 in cromodynamics. This
gauge interaction has a global SU(2) symmetry which is manifest in the degeneracy of the
spectrum: the spin 1 states are triplets and the spin 2 are singlets under this symmetry. In
the same way, we classify the QCD resonances in terms of isospin representations. And
the scale mW is dynamically generated by dimensional transmutation, like ΛQCD. These
two points of view appear very different, but they are both right. The two descriptions in
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fact are completely equivalent and the precise “dictionary” between the two is given by
the AdS/CFT correspondence [2, 3, 4].

This particular example, and the Randall-Sundrum model in general, could have noth-
ing to do with the real world, but, nevertheless, it has deeply influenced our viewpoint
on spacetime. Maybe the hope to answer, looking to the experiments, the question if
we live in a universe with 3 or 9 or any other number of spatial dimensions, could be
not well-founded. Maybe there is not a “true” number of dimension we should look for,
or a “true” spacetime that will be the background for the fundamental theory of nature.
Perhaps we could have many descriptions of the same physics, as in our example, in a
different number of spatial dimensions. One could be more useful, or simpler, than an-
other in describing a specific physical process, but they are all equivalent. The number
of spatial dimension should not be thought as “fundamental”. This is the lesson of the
AdS/CFT correspondence and this is the approach I will follow in my Thesis.

The results I present are an extended collection of two papers. In the first, with
Roberto Contino and Paolo Creminelli [5], I considered gauge couplings evolution in
the Randall-Sundrum model. Then with Thomas Gregoire, Riccardo Rattazzi, Claudio
Scrucca and Alessandro Strumia [6] we studied gravitational quantum corrections and
supersymmetry breaking in warped brane models. Besides these works, during my PhD,
I investigated also the relation between matrix models and supersymmetric gauge theories
[7, 8] and the stability of massive gravity [9].



Introduction

The Standard Model, or at least its main structure (symmetries, particle content, charges),
was set in the late 70’s. For the theoretical particle physics community, the history of the
last 25 years, in the absence of striking new data from colliders, has been the search
for the right organizing principle that guide it beyond the Standard Model. A generally
accepted principle has been the naturalness and the absence of fine-tuning in the fun-
damental physical scales. If we accept this principle1, we run into two huge problems
because we are not able to explain why the cosmological constant Λ and the Higgs mass
mH are incredibly smaller than the cutoff of the Standard Model, the Planck mass M4. In
fact we know from the experiments that Λ∼ 10−120 M4

4 and m2
H ∼ 10−32 M2

4 .

Up to now, we have almost no idea on how to solve the first problem. The (reasonable)
hope and assumption is that, because Λ is associated with gravity, which is not fully
understood, the cosmological constant problem will find a separate solution, not affecting
physics at the weak scale.

On the contrary, the second one, the gauge hierarchy problem, has been an exem-
plar source for inspiration. Many ingenious proposals were made in the last 25 years:
technicolor, supersymmetric Standard Model, extradimensions and low-scale quantum
gravity, little Higgs, all are possible solutions. Every approach to the hierarchy problem
introduces new physics at the TeV scale in order to make the electro-weak symmetry
breaking (EWSB) natural; but at same time this new physics need not to screw up the SM
success in explaining the absence of big flavor violation, CP violation, baryon number
violation...

The simplest and more realistic possibility still is low energy supersymmetry. It sat-
isfies almost effortless the constraints posed by electroweak precision data and, among
all the theories motivated by naturalness, it is the only one with a concrete, spectacular
success: gauge couplings unification. Despite this success, there are still several unsat-
isfactory aspects, mainly related to the problem of supersymmetry breaking. Insisting
on naturalness, one could try to improve these results along two different directions. If
we want to stick to supersymmetry, we can concentrate on searching for a simple and
realistic theory for the supersymmetry breaking soft terms. Alternatively, since super-

1For example, an alternative paradigm, based on the “anthropic” principle [10] and on the existence of
an enormous “landscape” of metastable vacua in string theory [11, 12, 13, 14], has led to the proposal of
split supersymmetry [15]
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symmetry is still considered the favorite approach to hierarchy mainly because of gauge
coupling unification (but we could be misreading this hint...), we can ask if there is an-
other proposal that realizes unification with a predictive power at least comparable to that
of 4d SUSY GUT.

In this Thesis we investigate both directions using field theory on AdS5 as a tool to
explore new aspects of physics in 4 dimensions. As we saw in the preface for a particular
example, 5 dimensional field theory in AdS has a 4d equivalent description along the
prescriptions of the AdS/CFT correspondence [2, 3, 4]. The correspondence, and the
holographic interpretation of the Randall-Sundrum model, are discussed in chapter 1.
This connection between 5 dimensional and 4d quasi-conformal theories could be very
useful for gaining new insights on some properties of the strongly-coupled regime, which
can be addressed by perturbative calculations in the dual AdS theory.

This approach is used first in chapter 2 to reconsider the problem of supersymmetry
breaking. Supersymmetry needs to be broken in order to give weak scale masses to the
superpartners. In order for all the superpartners to be heavier than the Standard Model
particles, supersymmetry is typically broken in a hidden sector and transmitted to the
Standard Model by gravitational [16, 17, 18] or gauge interactions [19]. At low energy,
the breaking of supersymmetry is encoded in soft supersymmetry breaking masses. A
crucial ingredient in designing a supersymmetry breaking scenario is to ensure that the
soft masses do not generate phenomenologically unacceptable flavor changing neutral
currents (FCNC). The safest way of doing this is to generate soft masses in the infrared,
where the only flavor spurions are the Yuakawa matrices. This insure that there will be a
super-GIM mechanism that will suppress FCNC. Gauge mediation is of this type while
gravity mediation is not, because the soft masses are generated by divergent gravity loops
dominated in the UV. Another supersymmetry breaking transmission mechanism that is
safe with respect to flavor is anomaly mediation [20, 21]. In this scenario, supersymme-
try breaking is transmitted via the super-Weyl anomaly, and is also dominated by the IR.
However, this contribution is parametrically smaller than the gravity mediated contribu-
tion. A way to suppress gravity mediated contributions is to invoke an extradimension,
and to spatially separate the hidden sector that breaks supersymmetry and the visible sec-
tor. By locality, contact interactions between the hidden and the visible sectors are absent
at tree level and are generated by finite gravity loops dominated by the IR. In general
those loops are subdominant, and the soft masses are entirely generated by anomaly me-
diation. This scenario is very predictive, but unfortunately predicts tachyonic sleptons.
However, in some region of parameter space, the finite gravity mediated contributions can
compete with anomaly mediated ones and one could hope that they cure the tachyonic
sleptons problem.

In flat space, gravity loops will induce corrections to the Khaler potential of the form:

a
Φ†

vΦv

M3
5 (T +T †)

3 +b
Φ†

hΦhΦ†
vΦv

M6
5 (T +T †)

4 (1)
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where Φv and Φh are respectively the visible and hidden sector superfields, T is the radion
superfield whose vev determines the radius, and M5 is the five dimensional Planck scale.
If the radion or Φh gets a non-zero F term, the visible fields get soft masses respectively
from the first and second terms in (1). The first term is the so-called radion mediated
contribution, calculated for the first time in [22] and the second term is the brane to brane
mediated contributions and was calculated in [23, 24]. They found that in most cases the
soft masses remain negative, but [23] found the possibility of having a positive radion-
mediated contribution if a substantial kinetic term for gravity is included on the hidden
brane.

The effect of the large kinetic term on the hidden brane is to suppress the wave func-
tion of the KK modes at the position of the brane. This is similar to what happen in a
warped space, such as in an RS setup [1]. In the second chapter, we compute the full
effective Kähler potential in a supersymmetric version of RS. From this result we can
compute the gravity mediated and radion mediated supersymmetry breaking in such a
space, in the presence of arbitrary kinetic terms on both branes.

The form of the corrections we should expect in warped space can deduced from the
AdS/CFT correspondence. In the limit where the Planck brane is sent to z0 = 0, the
theory becomes conformal, and the couplings of the radion are dictated by conformal
invariance. In this case there are no corrections to the Kähler potential. The presence
of the Planck brane explicitly breaks conformal invariance, and corrections to the Kähler
potential will be induced from graviton loops attached to the CFT. These loops are cutoff
at the compositness scale µ . To estimate the form of these corrections, we just take the
tree level kinetic terms, and compute the corrections due to a loop of 4d graviton.

The low energy, tree level kinetic term for a properly defined radion is given by [25]:

M3
5

k3

∫

d4xd4θ µ†µ (2)

The correction to this term coming from a graviton loop is down by a factor of µ †µ/M2
4 :

M3
5

k3

∫

d4xd4θ
1

M2
4

(

µ†µ
)2

=
1
k2

∫

d4xd4θ
(

µ†µ
)2

(3)

In the presence of matter fields Φ0 on the Planck brane, powers of Φ†
0Φ0 can be attached

to a graviton line, giving corrections to the Φ0 kinetic term of the form:

M3
5

k3

∫

d4xd4θΦ†
0Φ0

(

µ†µ
)2

M4
4

=
∫

d4θ
1
k2

1

M2
4

Φ†
0Φ0

(

µ†µ
)2

(4)

A field Φ1 on the TeV brane with tree level kinetic term

1
k2

∫

d4xd4θ µ†µΦ†
1Φ1 (5)
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corresponds to a bound state of the CFT. It’s kinetic terms, also receive corrections from
a loop of graviton:

∫

d4xd4θ
1
k2

1

M2
4

(

µ†µ
)2

Φ†
1Φ1 (6)

We will show that we indeed find corrections of this type in the limit of large warping.
When the warping gets smaller, higher powers of µ†µ/k2 become important. Those
higher powers can be understood as coming from cutoff effects due to the Planck brane.

From this holographic pictures, it is clear what happens when we add a kinetic term
for the graviton on the Planck brane. It just makes M4 bigger and the corrections only get
smaller.

The lessons from these holographic considerations is that, in absence of localized
kinetic terms, for large warping, the gravity and radion mediated soft masses go to zero,
while for zero warping they are negative. We could hope that, keeping z1 fixed, when
z0 ∼ 1/k one of the radion mediated contribution becomes positive, but we will find that
this is not the case. Adding a kinetic term on the Planck brane doesn’t help in the case of
large warping, but we could hope that it does for intermediate warping. We can also put a
kinetic term on the IR brane. However, such a kinetic term cannot be too large, otherwise
it leads to ghosts, either for the radion, or for the graviton.

There are two possible techniques that can be used to perform the calculation. One is
the use of the component formalism of Zucker [26, 27, 28] as was done for the flat case
in [23]. This approach is somewhat inconvenient in the warped case for two reasons. The
formalism is plagued with singular products of delta functions that are hard to deal with in
warped space. Also, the trick used by [23] of turning on a non-zero F term for the radion
and of calculating the potential instead of a Kähler potential, is also hard to generalize to
the warped case. Therefore, in this paper, we use the superfield techniques employed in
[24]. We review this technique in section 2.3 and generalize it to warped space. We then
present the supergraph calculation and show that the non-trivial information of the result
can be in fact computed in a simple theory of a scalar field in warped space with localized
kinetic terms. This is similar to the computation of the Coleman-Weinberg potential
which depends only on the spectrum of the theory in some background. The nature of
the fields (gauge field, fermion, scalar) that contribute to the potential is only reflected in
an overall constant counting the number of real propagating degrees of freedom.

In chapter 3 we consider GUT models where the gauge bosons propagate in the non
supersymmetric AdS bulk. The aim of the chapter is to study the evolution of gauge
couplings in this setup. We want to compare it with supersymmetric unification, in order
to better understand if this result can be reliably considered as a hint in favor of low
energy supersymmetry.

As we said, the RS model with gauge bosons in the bulk is dual to a 4d theory with
a conformal sector (see chapter 1). This duality allows us to infer that gauge couplings
run logarithmically until very high energy, even if new GUT physics, namely the Kaluza-
Klein resonances of the unified gauge bosons, appears at the TeV scale revealing the uni-
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fied character of the fundamental forces [29]. Changing the GUT group and its breaking
modifies the properties of the CFT, and consequently the evolution of gauge couplings
until unification, not only some minor threshold corrections like in the standard 4d pic-
ture.

In this chapter, we study scalar QED with the computation of the gauge field zero-
mode propagator in 5d, for different choices of boundary conditions and for a generic
scalar bulk mass. In doing that, we choose dimensional regularization that, we believe,
is the most economical and transparent regulator which preserves the symmetries of the
AdS background.

From the AdS/CFT correspondence we know that the leading CFT running is de-
scribed by the tree-level AdS propagator of the gauge bosons and it is common to any
gauge group. Since the CFT beta-function turns out to be positive, we obtain strong limits
on the number of colors N if we impose that the gauge couplings remain perturbative up
to a standard GUT scale (∼ 1016 GeV). Roughly speaking, the CFT has not to be domi-
nant with respect to the other contributions, so that large values of N are forbidden. This
in turn implies that subleading CFT contribution is typically negligible. We compute the
one-loop correction to the gauge propagator in AdS and we interpret it, in the 4d dual
theory, as the sum of two contributions: CFT insertion subleading in a 1/N expansion
and loops of the additional elementary particles coupled to the CFT. These calculations
allow us to study different GUT scenarios where the gauge symmetry is broken either
by a Higgs mechanism, or by the boundary conditions. We end the chapter with some
general conclusions that can be drawn for model building.





C H A P T E R 1

The Randall-Sundrum model

We start this chapter discussing some of the main features of a quantum field theory in
a slice of AdS5 and then we describe how the same physics is reproduced by a 4 dimen-
sional “holographic” theory. The first model of this kind was proposed by Randall and
Sundrum [1]; the motivation was to explain the big hierarchy between the Planck scale
and the electroweak scale as a consequence of the gravitational redshift in extradimen-
sions 1.

The RS model consists in a 5d gravity theory with a bulk cosmological constant
Λ5 and the fifth dimension compactified on a S1/Z2 orbifold of radius R. The action,
involving also fields and interactions localized at the two boundaries in y = 0, πR, is:
∫

d4x
∫ 2πR

0
dy

{√
g[

1
2

M3
5R(g)−Λ5]+δ (y)

√
g0[L0−Λ0]+δ (y−πR)

√
gπ [Lπ −Λπ ]

}

(1.1)
where g0,π are the induced metrics and Λ0, Λπ are the boundary tensions. By L0,π we
indicate any interaction involving fields localized at the boundaries. We can find a static
solution of the resulting Einstein equations with 4d Poincaré symmetry

ds2 = e−2k|y|ηµν dxµ dxν +dy2 (1.2)

provided the following relations hold:

Λ5 =−6M3
5 k2, Λ0 =−Λπ =−Λ5/k (1.3)

In order for our effective field theory to be a valid description, the AdS curvature k should
be smaller than the 5d Planck mass M5. Notice that the 4d geometry is flat at every point y
of the internal dimension, but the conformal scale of the metric varies exponentially with
it. The massless spin 2 fluctuations around the background (1.2) describe a 4d graviton
whose wave function is peaked on the y = 0 fixed point and whose interactions are set by
the 4d Planck mass

M2
4 = M3

5

∫ 2πR

0
dy e−2k|y| =

M3
5

k

(

1− e−2πkR
)

. (1.4)

1For a detailed review of the Randall-Sundrum model see [30]

9



10 The Randall-Sundrum model

The metric (1.2) can be used to redshift 4-dimensional mass parameters. If we place at 0
and πR two copies of a 4d QFT, any direct experimental comparison of the masses of the
equivalent states at each brane gives

mπ
m0

= e−kπR. (1.5)

If the Standard Model fields live on the π brane, one can explain the huge hierarchy
between the electroweak and the Planck scale with a radius R only about 10 times larger
than the curvature radius 1/k. Because of the relative shift of mass scales, the 0 and πR
fixed points are called respectively the Planck and the TeV brane. This is a solution to
the hierarchy problem if we can stabilize the radius R, which is the VEV of the massless
scalar excitation of the metric (1.2), the radion, to its expected value. The stabilization
mechanism can be obtained at the classical level [31] or from quantum corrections [32].
This stabilization gets rid of one of the two fine tunings in (1.3); the remaining one is
needed to cancel the 4d cosmological constant. This tuning is common to all the other
solutions to the gauge hierarchy problem, like supersymmetry or technicolor.

The KK spectrum of the model, consisting in massive spin 2 excitations, is quantized
in units of µ ≡ ke−πkR ∼ TeV.

1.1 Randall-Sundrum and holography

In order to discuss the 4 dimensional theory equivalent to the Randall-Sundrum model
it is useful to rewrite the AdS metric in “conformal” coordinates, making the change of
variable z = eky/k:

ds2 =
1
kz

(

ηµν dxµdxν +dz2
)

. (1.6)

In these coordinates there is no exponential factor, but the locations of the Planck and the
TeV brane, respectively z0 and z1, are very far apart

z0 =
1
k

<<
1
k

eπkR = z1. (1.7)

The holographic equivalence was initially stated between a theory of gravity in AdSd+1

and a field theory in d dimension living on the boundary of the Anti-de Sitter space
[2, 3, 4]. The gravity side can be a string theory or a field theory, in the latter case
the equivalence is valid up to energies comparable with the cutoff Λ. The boundary of
AdSd+1 is topologically equivalent to a d dimensional Minkowski space-time with the
point at infinity added. In particular, the symmetry group SO(d,2) of AdSd+1 acts as the
conformal group on the boundary, so that the holographic theory must be a conformal
field theory (CFT). This AdS/CFT correspondence states that for any field φ which prop-
agates in AdSd+1 with a certain boundary value φ0, the conformal sector is deformed by
a composite operator O whose source is φ0. The dimension of the operator O is fixed by
the value of the mass M of the field φ . Irrelevant, marginal and relevant perturbations of
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the CFT correspond to massive, massless and “tachyonic” modes in the gravity theory.
The “tachyonic” modes have negative mass squared but, as shown in [33], they do not
lead to any instability.

More explicitly: the generating functional W [φ0] of the connected CFT correlation
functions coincides with the full action of the AdSd+1 theory, Γ[φ0], computed as a func-
tion of the boundary field φ0 [3, 4]

〈e−
∫

ddxO(x)φ0(x)〉CFT = e−Γ[φ0]. (1.8)

When the gravity side is described by a perturbative effective field theory, the conformal
sector is in a strongly interacting regime, with a large number N of colors. Therefore we
can use this correspondence to compute non-perturbative quantities of the CFT in terms
of perturbative ones in the gravity theory.

To be precise, both sides of eq. (1.8) need to be regularized [4]: the gravity action
suffers an infrared divergence, even if computed at the classical level, due to the infinite
volume of AdS. On the other hand, though a pure conformal field theory has no diver-
gences, this is not true for its deformation by a composite operator O: correlator functions
contain UV divergences at coincident points. In order to make sense of the equation (1.8)
we introduce an IR regulator in the AdS theory. The standard procedure is to limit the
space-time integration to the region z > ε , this is equivalent to putting a brane at z = ε
(what we previously called the Planck brane), add a proper local counterterm action (di-
vergent for ε → 0), function of the boundary value of the fields, and then take the limit
ε→ 0. This procedure corresponds to some UV regularization of the CFT. At the end we
obtain an operative definition of (1.8):

〈e−
∫

d4x O(x)φ0(x)〉CFT = lim
ε→0

e−Γ(φ0,ε)e−Γcount(φ0,ε) . (1.9)

Suppose now not to perform the final limit, keeping an explicitly truncated AdS, and
integrate over the boundary values φ0: we obtain the RS model with one brane [34]. Inte-
grating over the boundary, the source φ0 becomes dynamical and describes an elementary
field φ coupled to the CFT through the interaction Oφ . This happens for any field with
Neumann boundary condition on the Planck brane, and in particular for the graviton.

Summarizing, the RS theory with localized gravity in an infinite fifth dimension has
an equivalent description in terms of a theory in 4 dimensions with a strongly coupled,
conformal sector weakly gauged by gravity [35, 36, 37, 38]. If φ has Dirichlet boundary
condition on the Planck brane, the source is forced to vanish at z = ε and no elementary
field appears in the holographic theory. The Planck brane breaks the translational invari-
ance in AdS and this is translated into an explicit breaking of the conformal invariance
at high energies due to the UV cutoff. This breaking is peculiar because no relevant or
marginal deformation are introduced in the CFT. Indeed, the only source of conformal
breaking in the CFT sector is represented by M4-suppressed composite operators which
are irrelevant at low energy.
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On the other hand, adding a TeV brane in the 5d theory corresponds to a sponta-
neous breaking of conformality at low energy [39, 40]. The massless Goldstone field is
the radius of the extradimension, before the stabilization. In fact, when a stabilization
mechanism is introduced, the radion acquires a mass, indicating that a source of explicit
breaking of conformal invariance has been turned on. For instance, the Goldberger-Wise
[31] mechanism has been shown to be equivalent to the introduction of a quasi-marginal
deformation of the CFT [39, 40]. Because of the conformal breaking at low energy,
bound states are generated in the CFT sector, with difference in mass of order ∼ TeV.
One expects that, if Λ (ΛT = Λz0/z1) is the cutoff for an observer on the Planck (TeV)
brane, there will be ∼ z1ΛT bound state with masses lighter than ΛT . Their lifetime is
sufficiently long that they can be thought of as particles, they are narrow bound states.
The remaining modes with masses heavier than ΛT correspond to broad resonances of
the strongly interacting CFT: their lifetime is so short that they form a continuum and
they cannot be considered as particles anymore. In practice, the coupling Oφ implies that
the CFT bound states mix with the elementary modes already at tree-level [39, 32]. By
holographic equivalence, the physical spectrum of the resonances must coincide with the
Kaluza-Klein level of the 5d theory.

Also brane localized fields have a holographic counterpart [39, 40]. Fields on the
Planck brane correspond, in the 4d theory, to elementary degrees of freedom external to
the CFT, while fields on the TeV brane are interpreted as bound states of the conformal
sector, which enter a strong coupling regime at energies greater than the TeV.

In the original Randall-Sundrum model only gravity propagates in the bulk of the
warped dimension, while the Standard Model sector is confined on the TeV brane. The
holographic equivalent of this setup is a 4d theory of gravity where the Standard Model
is embedded in a strongly interacting conformal sector with a large number of colors.
In the next section we describe which is the theory dual to RS when also gauge bosons
propagate in the AdS bulk.

1.2 Holographic gauge bosons

A gauge invariance G in pure AdS is equivalent to a CFT with a global symmetry G [4].
In particular, the composite operator associated to a bulk gauge field Aµ is the conserved
Noether current Jµ . When the two branes are introduced, if the bulk gauge symmetry is
not reduced by boundary conditions, the 4d theory is a CFT with the global invariance
weakly gauged by an external vector. Suppose now that the bulk group G is reduced to
a subgroup H0 on the Planck brane: only the components of the gauge field Aµ which
do not vanish on the brane will be associated to elementary vectors in the holographic
theory. Only the subgroup H0 of the global CFT symmetry is gauged. On the other hand,
when the symmetry is reduced to a subgroup H1 on the TeV brane, in the dual theory
the strong dynamics of the CFT induces a spontaneous breaking G→ H1 of its global
invariance.
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Following [41], let us consider the most general case of a bulk gauge group G reduced
to the subgroups H0, H1 on the Planck and TeV branes respectively. Then the parity
assignment for the gauge fields will be:

Aa
µ (+,+) T a ∈ Alg{H},

A ā
µ (+,−) T ā∈ Alg{H0/H},

Aã
µ (−,+) T ã ∈ Alg{H1/H},

Aâ
µ (−,−)

(1.10)

where H = H0 ∩H1, by + (−) we denote the Neumann (Dirichlet) boundary condition.
The A5’s have the opposite boundary conditions to those of the corresponding Aµ ’s.

The 4d theory contains a CFT sector with a global invariance G spontaneously broken
down to H1 by the strong dynamics. The external gauge fields weakly gauge only the
subgroup H0 of G:

L = LCFT−
1

4g2 (Fα
µν)2 +Aα

µ Jµ α , α = a, ā. (1.11)

The gauging of only a subgroup of its global symmetry G is experienced by the CFT
as an explicit breaking. Let us count the Goldstone bosons: some are eaten by the Aâ

µ
gauge fields to form massive vectors, but n of them, n = dim(G/H1) - dim(H0/H), are
“holographic” pseudo-Goldstones. They are massive at tree level, because the explicit
breaking comes only from the interaction J ·A, but they are expected to acquire mass from
radiative corrections. This is very similar to the pion mass splitting in QCD with massless
quarks. The electromagnetic interaction breaks explicitly the global chiral symmetry and
the charged pion gets mass at 1-loop.

The 4d theory and the RS describe the same physics, so they must have the same spec-
trum. The n massless scalars, with the same quantum number of the pseudo-Goldstone,
are the zero modes of the Aâ

5(+,+) in the tree-level Kaluza-Klein spectrum. Their wave
function is exponentially localized toward the TeV brane, suggesting that their holo-
graphic counterparts are bound states of the CFT.

In general, any interaction with the elementary sector, for example with a fermion,
and not only the gauging (1.11), will communicate to the CFT the explicit breaking of G.
In fact an elementary field φ will come in a representation of the group that survives on
the Planck brane, H0, rather than G. The coupling φOφ with the CFT is not G-invariant
and a mass term for the pseudo-Goldstone boson is thus generated only in processes
where an elementary field is exchanged.

1.3 Supersymmetric Randall-Sundrum

In the second chapter, we show how brane world scenarios are a geometric realization
of the so-called hidden sector supergravity models and why they could help in finding
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a realistic theory for the supersymmetry breaking soft terms. For this reason we need a
supersymmetric version of the Randall-Sundrum model. Since we require an N = 1 su-
persymmetric four dimensional effective theory and because the Z2 projection eliminates
half of the supersymmetry, we have to start with an N = 2 supergravity theory in the bulk.
The bulk has to contain a cosmological constant, which is consistent with supersymmetry
only if the vacuum is an anti-de Sitter space. An AdS supergravity needs a gauging of
the R-symmetry. The minimal choice is to gauge a U(1) subgroup by the graviphoton,
since no additional fields are introduced.

There are at least three methods to construct the lagrangian. Two are on-shell, the
basic difference is in the parity of the gauge coupling constant. In the first it is taken to
be odd [42, 43] while in [44] it is even. The third approach is off-shell and was developed
by Zucker [28]. We follow the first method. Using the same notation of the previous
sections we have:

L = L5 +δ0(y)L0 +δ1(y−πR)L1 , (1.12)

where

L5 =
√

g5

[

−Λ5−
1
2

M3
5

(

R5 + iΨ̄M(ΓMRNDR− 3i
2 kε(y)ΓMN)ΨN + 1

2F2
MN

)

+ · · ·
]

,

Li =
√

g4

[

−Λi−
1
2

M2
i

(

R4 + iΨ̄µ γµρνDρ Ψν

)

+
(

|∂µφi|2 + iψ̄iγµ Dµψi

)

+ · · ·
]

.

The bulk and boundary cosmological constants are tuned as usual (1.3) while M0,1 are
two scales parameterizing possible localized kinetic terms for the bulk fields. The above
theory has a non-trivial supersymmetric warped solution defining a slice of an AdS5 space
that is delimited by the two branes at y = 0, πR. The background is given by

gMN = e−2k|y|ηµνδ µ
Mδ ν

N +δ y
Mδ y

N , ΨM = 0 , AM = 0 . (1.13)
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Supersymmetry breaking

Low energy supersymmetry is, up to now, the simplest and the more realistic possibility
for a solution to the hierarchy problem, with new physics at the electroweak scale. It
predicts gauge couplings unification, electroweak symmetry breaking is triggered radia-
tively by the top Yukawa interaction, the little hierarchy is satisfied and there is a natural
candidate for cold dark matter. However, superparticles have not been detected yet and
no deviations from the Standard Model have been seen in precision measurements. This
means that not only SUSY must be broken to give sparticles a mass, but also that the
mechanism for SUSY breaking should be clever enough if it has to describe the observed
features of the low energy world.

In the next paragraph we briefly enumerate the desired features of a theory of SUSY
breaking and then we focus on the supersymmetric flavor problem.

The first requirement of any successful SUSY breaking scenario is to give correct
masses to the superpartners. At the present days, after the completion of the LEP pro-
gram without discovering any superparticle, we know that sparticle masses are somewhat
heavier than expected. The present lower bound on sparticle masses requires a fine tuning
of at least 1/20 among the parameters of all popular models. Is this fine tuning accidental
or is there a model which naturally selects a heavier spectrum?

The second, strong, experimental constraint on the structure of the squark and slep-
ton mass matrices comes from the Flavor Changing Neutral Currents (FCNC). In the
Standard Model all flavor violation comes from the fermion mass matrices. FCNC are
naturally suppressed, in agreement with experimental data, by the GIM mechanism. In
the Minimal Supersymmetric Standard Model (MSSM) a generic sfermion mass matrix
represents a new source of flavor mixing. Why the ultraviolet squark mass matrix and
running effects should be such as to produce the extreme level of degeneracy demanded
phenomenologically is the supersymmetric flavor problem.

Third, the parameter multiplying HuHd in the superpotential, the µ parameter, should
be between about 100 GeV and 1 TeV. It does not itself break supersymmetry but one
needs to connect its magnitude to that of SUSY breaking soft terms in a simple way. This
can be an obstacle in the construction of a realistic theory.

Last, the phases of the A and B parameters are constrained to be small. That is, CP

15
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should be approximately conserved.

2.1 The susy flavor problem and extradimensions

In this chapter we will consider scenarios in which SUSY breaking is communicated to
the visible sector by (super)gravity. We are interested in deriving the consequences of
the presence of extradimensions on the sfermion mass matrix and on the supersymmetric
flavor problem. For this purpose it is enough to consider a visible sector, the toy MSSM,
consisting of just one chiral superfield Φ0, containing a sfermion φ0, a Weyl fermion χ0

and the auxiliary field Fφ0 . We don’t know the details of the presumably strongly coupled,
supersymmetry breaking sector but all we need is to assume that it can be effectively
described again by another single chiral superfield, Φ1. We also assume that all the
interactions in the hidden sector are characterized by just one scale ΛH . The superfield
Φ1, whose auxiliary component has a VEV ∼ ΛH , can be interpreted as the effective low
energy description of a dynamical SUSY breaking model.

Let’s start considering the standard 4 dimensional gravity mediated model [16, 17,
18]. We find very convenient using the superconformal formulation of SUGRA [45, 46,
47]. In this formulation, one first constructs an action invariant under a bigger gauge
group, the local superconformal transformations; then breaks local superconformal sym-
metry explicitly down to local super-Poincaré to define the lagrangian. Every field is
assigned a Weyl weight (scaling dimension) and the lagrangian is made conformal in-
variant introducing a compensator field. Conformal invariance is then broken fixing the
extra gauge symmetries. We choose a chiral compensator S with Weyl weight +1 and,
after the superconformal gauge fixing, we have

S≡ 1+FSΘ2 (2.1)

where FS is the scalar auxiliary field of the off-shell N = 1 supergravity multiplet. The
superfield S will enter in a way precisely determined by the conformal scaling of any
operator in the lagrangian. The general action for chiral matter in a supergravity theory
is then:

L =
[

Ω(Φ†
0,1,Φ0,1)S

†S
]

D
+

[

P(Φ0,1)S
3
]

F
+

[

P(Φ0,1)S
3
]†

F
. (2.2)

The functions Ω and P have an expansion of the type

Ω =−3M2
4 +Φ†

0Φ0 +Φ†
1Φ1 +

c

M2
4

Φ†
0Φ0Φ†

1Φ1 + ... (2.3)

P = Λ3 +Λ2
HΦ1 + ... (2.4)

The parameter Λ in the superpotential, as usual, is tuned to cancel the cosmological
constant; c is an order one dimensionless coupling. Ω can be written as a function of the
Kähler potential K

Ω≡−3M2
4 e−K/3M2

4 . (2.5)
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The supergravity lagrangian (2.2) is not in the canonical form where the Einstein action
has the field-independent coefficient M2

4/2. To obtain the canonical form one has to
redefine the metric by a Weyl transformation.

Now we will focus on the tree-level contribution to the scalar mass squared that comes
from the lagrangian (2.2). When supersymmetry is broken, two things carry this informa-
tion: the VEV of the auxiliary field in the hidden sector multiplet and in the compensator
multiplet. The second does not contribute to the tree-level φ0 mass because we can elim-
inate the S dependence by rescaling Φ0 according to

Φ0S→Φ0. (2.6)

So the only source of tree-level scalar mass squared is the direct coupling between the
hidden and the visible sector in (2.3)1. After putting in the hidden sector VEV, we find
the soft masses

m2
φ0

= c
Λ4

H

M2
4

. (2.7)

The flavor problem resides in the fact that there is no reason for the c couplings of the
sfermions to the hidden sector, and consequently the ultraviolet sfermion mass matri-
ces, to respect flavor. The source of this non-renormalizable coupling is that we have
integrated out the Planck-scale states, which may couple to both the visible and hidden
sectors. The unknown fundamental theory, that we have integrated out, has to explain
why the top quark is much heavier than the up quark and everything else: it should be
also the theory of flavor. Then there is absolutely no reason to believe that the couplings
are flavor-blind.

What does it change if we start from an initially five dimensional theory? Suppose
that the theory is compactified on S1/Z2 and that the visible sector is confined to a 3-
brane localized at the fixed point z = z0 (z is the coordinate of the fifth dimension) while
the hidden sector is at z = z1. This kind of scenario is called ”sequestered” [20].

The lagrangian (2.2) is completely general and can be also the effective 4d description
of a higher dimensional theory, below the compactification scale µ1. Since the radius is
also a massless field, we will have to include it in the effective 4d description and to de-
termine the vacuum dynamics; we call T the radion chiral superfield. As a consequence,
the functions Ω and P will depend not only on Φ0 and Φ1 but also on T . The essential
point, coming from the higher dimensional origin, is that there is no direct coupling, at
tree-level, between the visible and the hidden sector, because they are truly separated in
the fifth dimension [20]. It follows that Ω and P must take the special form:

Ωcl =−3M2
4(T +T †)+Ω0(Φ0,Φ†

0,T +T †)+Ω1(Φ1,Φ†
1,T +T †) (2.8)

Pcl = P0(Φ0,T )+P1(Φ1,T ) (2.9)

1This is not true at the quantum level because the rescaling (2.6) is anomalous as we will discuss in
section 2.2.1
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the function M2
4 = M2

4(T +T †) becomes the 4d Planck mass when we replace the radion
by its vacuum expectation value; Ω0 and Ω1 are the contributions to the gravitational
kinetic function coming respectively from the z0 and z1 fixed points. In the simplest
situation we have:

Ωi(Φi,Φ†
i ) = ΦiΦ†

i + . . . i = 0,1 (2.10)

the dots denote irrelevant operators involving higher powers of ΦiΦ†
i . The dependence

on T + T † is fixed by the geometry of the fifth dimension: for a flat extradimension we
have

Ωcl =−3
2
(T +T †)M3

5 +Ω0(Φ0,Φ†
0)+Ω1(Φ1,Φ†

1) (2.11)

Pcl = P0(Φ0)+P1(Φ1) (2.12)

while for a warped extradimension, with curvature radius 1/k,

Ωcl =−3
2

M3
5

k
(1− e−k(T+T † ))+Ω0(Φ0,Φ†

0)+Ω1(Φ1,Φ†
1) e−k(T+T † ) (2.13)

Pcl = P0(Φ0)+P1(Φ1) e−kT . (2.14)

The absence of the 1/M2
4 direct coupling between the two sectors has the potential to

eliminate dangerous flavor violation. Of course, in principle a four-dimensional theory
could have a Kähler potential of the special form (2.8); however, there is no symmetry
which would maintain it in the presence of radiative corrections. In a theory with ex-
tradimensions this separation is ”natural” in the sense that it is enforced by geometry.
On the other hand, it is consistent to assume that, even in 4 dimensions, there is no in-
teraction in the superpotential because the relation (2.9) is radiatively stable due to the
non-renormalization theorem.

Although the visible and hidden sectors are decoupled at tree-level, there will be
couplings generated radiatively between the two sectors. Nevertheless, because there is
no counterterm involving hidden and visible sector fields, these couplings arise from a
finite supergravity calculation. Moreover, the introduction of a new scale µ1, assumed
to be parametrically smaller than the 5d Planck scale M5, implies that higher loops are
further suppressed by powers of µ1/M5.

2.2 Soft scalar masses

In the ”sequestered” model there is another potential source for the soft masses, FT , be-
sides the two already present in the 4d theory. However, it is easy to see that scalar masses
are not generated classically. In fact S can be again redefined away by Φ0S→ Φ0, and
both FT and FΦ1 do not couple directly to the visible sector2, as we can see from (2.11)

2Even if we are not discussing gaugino masses, notice that S does not couple to the gauge field strength,
because W 2 is scale invariant, and then also the gaugino mass vanishes at tree-level.
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and (2.13). Soft masses will indeed be generated at the radiative level, and the leading
contribution to the sfermion mass matrix will be flavor symmetric. In the following two
subsections we will describe the two calculable quantum effects that give the leading
contributions to the sfermion masses: the so called anomaly mediated supersymmetry
breaking (AMSB) [20, 21] and the one-loop correction ∆Ω to Ωcl , which introduces di-
rect couplings between visible, hidden and radion sectors.

2.2.1 Anomaly mediated SUSY breaking

Although we have showed that there are no tree-level supersymmetry breaking masses,
this is not true at the quantum level. The rescaling Φ0S→Φ0 is anomalous and it gener-
ates a two loop scalar mass squared.

For the purpose of discussing the anomaly mediated contribution we introduce in
the visible sector also a vector multiplet V , which actually is present in the MSSM. We
integrate out the hidden sector and the only contribution of its dynamics is through the
field S (that is gravity) which couples to both sectors. The effective lagrangian is

Leff =
[

Φ†
0e−V Φ0S†S

]

D
+

[

S3(m0Φ2
0 + y0Φ3

0)+
1

g2
0

W
2

α

]

F
+h.c.+O(1/M5). (2.15)

The field < S >= 1 + FSΘ2 appears as a supersymmetry breaking background. We see
that in this effect gravity enters only at the classical level. We can eliminate the S depen-
dence rescaling Φ0 as before:

Φ0S→Φ0 (2.16)

The naive result is then

Leff =
[

Φ†
0e−V Φ0

]

D
+

[

m0SΦ2
0 + y0Φ3

0 +
1

g2
0

W
2

α

]

F
+h.c. (2.17)

As we expect, S appears only in front of the visible mass operator. Let’s assume that
there are no explicit mass parameters in the lagrangian, m0 = 0. Classically the S de-
pendence, and hence supersymmetry breaking, are again absent, however the quantum
functional integral measure is not invariant under the rescaling (2.6). Now we evaluate
the anomalous S dependence, and the scalar mass squared, simply by using two facts:

1. although there are no explicit mass terms, the ultraviolet cutoff always provides an
implicit mass scale for the theory, then S will multiply cutoff dependence;

2. the lagrangian (2.15) has an exact formal R-symmetry, under which, before the
rescaling, R[S]=2/3, R[Φ0]=0 . This symmetry is valid even in the presence of a
mass term, so it is exact even when we introduce an ultraviolet regulator field.

Let’s renormalize the theory (2.17) at an infrared scale µ . The effective lagrangian
must take the general form

Leff =
[

Z (
µ

ΛUV S
,

µ
ΛUV S† )Φ†

0e−V Φ0

]

D
+

[

y0Φ3
0 + τ(

µ
ΛUV S

)W 2
α

]

F
+h.c. (2.18)
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The dependence on µ/ΛUV follows from dimensional analysis and the presence of S
is a consequence of the point 1. The non-renormalization theorem for the superpotential
implies that the cutoff ΛUV appears only in the Kähler potential and in the gauge coupling
(which renormalizes only at one-loop). τ must be a holomorphic function and can depend
only on S, while the superfield Z must be a function of both S and S†.

Because of the second point, Z must depend only on the R-invariant combination

|S| ≡ (S†S)1/2; (2.19)

then from now on we will consider the superfield Z to be a function of µ/(ΛUV |S|).
At this point we can Taylor-expand the logS dependence in the Kähler potential,

recalling that S = 1+FSΘ2:

logZ (
µ

ΛUV |S|
) = logZ(

µ
ΛUV

)− 1
2

FSΘ2 d logZ
d log µ

(
µ

ΛUV
)+h.c.

+
1
4
|FS|2Θ2Θ̄2 d2 logZ

d(logµ)2 (
µ

ΛUV
) (2.20)

≡ logZ(
µ

ΛUV
)− 1

2
γ(g,y)(FSΘ2 +h.c.)+

1
4

γ̇(g,y)|FS|2Θ2Θ̄2

where we have defined

γ(g,y)≡ d logZ
d logµ

γ̇(g,y)≡ dγ
d logµ

=
∂γ
∂g

βg +
∂γ
∂y

βy

βg(g,y)≡ dg
d logµ

(2.21)

βy(g,y)≡ dy
d logµ

.

and g(µ), y(µ) are the renormalized couplings. Now we can immediately obtain the
scalar mass squared renormalized at µ . In fact, as discussed in [48], the soft terms asso-
ciated to a chiral superfield Φ0 can be collected in the running superfield wave function
Z (µ) in such a way that:

logZ = logZ +(AΘ2 +h.c.)−m2
0Θ2Θ̄2. (2.22)

Comparing eq. (2.20) and (2.22) we find3

m2
0(µ) =−1

4
γ̇(g,y)|FS|2. (2.23)

As we have already pointed out, the scalar mass squared arises at two-loops. The masses
generated in this scenario are also flavor universal because they are functions only of the

3With a similar argument, starting from τ , we can also derive the one-loop contribution to the gaugino
mass [20, 21]
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Figure 2.1: One-loop supergravity diagrams inducing an effective interaction between
visible and hidden sector.

low-energy gauge and Yukawa couplings. From this result we can see the main problem
of AMSB: eq. (2.23) can be rewritten as

m2
0(µ) =

c0b0

8π2 α2(µ)|FS|2 +yukawa effects (2.24)

where c0 > 0 is the quadratic Casimir and b0 is the coefficient of the beta-function. This
contribution is therefore positive for asymptotically free gauge theories and negative for
infrared free theories. In the MSSM both SU(2)L and U(1)Y have b < 0. The sleptons
masses are determined essentially by the SU(2)L × U(1)Y gauge interactions because
Yukawa coupling effects are negligible for at least the first two families. They are there-
fore tachyonic.

We conclude emphasizing that this communication of supersymmetry breaking is
present in any hidden sector model. In most of them, for example in 4d gravity mediation
(2.3), there are larger contributions to the scalar masses at tree-level. However, as we have
discussed, this is not true for the sequestered models.

2.2.2 One-loop correction ∆Ω

In the previous section we have already emphasized that a direct coupling between the
visible and the hidden sector is generated at the quantum level through virtual graviton
exchange, see fig. 2.1. This loop effect is finite and calculable because locality in 5d
insures the absence of counterterms. The loops are saturated at virtuality of the order of
the compactification scale µ1 and, since gravity is flavor universal in the infrared, they
induce a universal scalar mass squared. The hope is that this contribution is positive,
overcoming the tachyon problem of AMSB. This effect was computed, for a flat extradi-
mension, in [23], together with the IR saturated part of the full 1-loop correction to the



22 Supersymmetry breaking

effective Kähler potential (2.11) at the compactification scale:

∆Ω =
ζ (3)

4π2(T +T †)2 +
ζ (3)

6π2

Φ0Φ†
0 +Φ1Φ†

1

(T +T †)3M3
5

+
ζ (3)

6π2

Φ0Φ†
0Φ1Φ†

1

(T +T †)4M6
5

+ ... (2.25)

Some comments on this result are in order. Let us start with the third term. It gives the
brane-to-brane mediation of SUSY breaking of fig. 2.1. By simple dimensional analysis,
we could have guessed the order of the universal scalar mass4:

m2
0 ∼

1
16π2

|F2
Φ1
|

M6
5(πR)4

. (2.26)

This effect becomes negligible in the limit RM5→∞ and, although AMSB scalar masses
squared (2.24) arise at two-loop, they dominate eq. (2.26) for (M5πR)3 > 16π2 ≡
(M5πRcr)

3 (naive dimensional analysis estimates that quantum gravity effects become
important around the energy Λ5 ∼ 4πM5). Then, in order to compensate the negative
contribution of AMSB, the first necessary condition which is required is to stabilize the
radius at the critical value Rcr. Notice that 1/Rcr is still parametrically smaller than the
cutoff. In ref. [49] a simple mechanism of radius stabilization which can plausibly give
R ∼ Rcr was pointed out. Unfortunately, even if the radius is stabilized at the critical
value, the brane-to-brane mediation of SUSY breaking in (2.25) has the wrong sign and
gives again a negative mass squared.

The one-loop correction ∆Ω contains another contribution to the scalar masses: the
second term in (2.25) induces radion-mediated SUSY breaking if the radion field T also
gets a non-zero F term. Again it is non-local, because it depends on (T + T †)−3, and
calculable. It was computed for the first time in [22]. However, also this contribution
turns out to be negative.

In conclusion, in the most minimal case, we have m2
0 < 0 for any R. However in

[23] a crucial observation was made. The authors of this paper computed the one-loop
correction in a more general situation, where the gravitational multiplet has constant
localized kinetic terms on the two branes. In this case the minimal quadratic Kähler
potentials Ωi in (2.10) are modified:

Ωi(Φi,Φ†
i ) =−3M2

i +ΦiΦ†
i (2.27)

The important result is that m2
0 is usually negative but the radion-mediated contribu-

tion can make it positive if the kinetic term on the hidden brane is large enough5. This is
the starting point for the rest of this chapter. A flat extradimension with large localized
kinetic terms on one brane is very similar to a warped extradimension, because the effect
of the kinetic term is to suppress the wave functions of the KK modes at the position

4Gaugino masses are not affected by the brane-to-brane loops
5The authors of [23] discuss in detail how anomaly mediation and brane-to-brane effects may cooperate

to give a realistic sparticle spectrum
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of the brane. In the following we compute the 1-loop correction to the Kähler effective
potential in the warped case (2.13).

A first part of these corrections represents an uninteresting divergent renormalization
of the local operators corresponding to the classical expression (2.13), and are not even
reliably computable within an effective theory approach. A second part of these cor-
rections leads instead to new non-local effects that have a radion dependence differing
from the one implied by locality in (2.13), and are therefore finite and calculable. These
corrections have the following form:

∆Ω(T +T †,Φi,Φ†
i ) =

∞

∑
n0,n1=1

Cn0,n1(T +T †)(Φ0Φ†
0)

n0(Φ1Φ†
1)

n1 . (2.28)

The functions Cn0,n1 control the leading effects allowing the transmission of supersym-
metry breaking from one sector to the other, and can be computed along the same lines
as for the flat case, which was studied in refs. [23] and [24].

Unfortunately the trick that was used in ref. [23], namely computing the effective
potential in the very peculiar situation where FT 6= 0 and deducing from it the general
form of the above functions before supersymmetry breaking, cannot be generalized in a
straightforward way to the warped case. In the flat case a consistent tree level solution
with FT 6= 0 and flat 4d (and 5d) geometry could be found by simply turning on constant
superpotentials W0 and W1 at the boundaries. Since the Kähler potential corresponds to
terms quadratic in FT and since FT ∝ W0 +W1 it was enough to work with infinitesi-
mal W0,1 and calculate the effective potential at quadratic order in W0,1. Notice, by the
way, that boundary superpotentials are just the only local, zero derivative deformation
available in 5d Poincare supergravity. The situation is drastically modified in 5d AdS
supergravity. In this case by turning on boundary superpotentials we have that [50]: 1)
the radius is stabilized, 2) the 4d metric of the 4d slices (and of the low energy effective
theory) becomes AdS4, 3) there is a (compact) degeneracy of vacua associated to the vac-
uum expectation value of the graviphoton A5. At all points the scale of supersymmetry
breaking is subdominant to the scale of AdS4 curvature and at a special point super-
symmetry is restored. The last property can be quantified by the deviation δm3/2 of the
gravitino mass from its supersymmetric value 1/L4 in AdS4. One obtains δm3/2L4 ≤ ω2

(where ω is the warp factor). In principle one could go ahead and calculate corrections
to the effective potential in this background and from it read back the effective Kähler
potential. However 4d curvature, as we said, cannot be treated as a subleading effect and
this complicates both the calculation and the indirect extraction of the Kähler potential.
Rather than trying to encompass this difficulty, we will generalize to the warped case the
linearized superfield approach that was used in [24] and in which the Kähler potential is
calculated directly. This generalization is interesting on its own, and we will present it
in detail in the next section. However, it turns out that the result that it produces for the
correction to the effective Kähler potential is a very intuitive and obvious generalization
of those derived in [23] and [24] for the flat case: one has just to replace all the Green-
functions of the flat Laplacian with those of the warped one. We shall prove this general
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result in a rigorous way with superfield techniques in the next section, and postpone to
yet a subsequent section the actual evaluation of the correction in the general case of a
warped space.

2.3 Superspace description

A convenient way of performing loop calculations in supersymmetric theories is to use
supergraph techniques. By calculating loop diagrams directly in terms of superfields, the
number of graphs is greatly reduced, and various cancellations between graphs that are
insured by supersymmetry are guaranteed to happen by the use of superfields. Unfortu-
nately, the use of this technique in theories with more than four space-time dimensions is
not straightforward, because the amount of supersymmetry is higher than in four dimen-
sions. From a four-dimensional perspective, there are in this case several supercharges,
and the simultaneous realization of the associated symmetries requires a superspace with
a more complex structure. However, it is still possible to manifestly realize one of the
four-dimensional supersymmetries on a standard superspace, at the expense of losing
manifest higher-dimensional Lorentz invariance [51, 52, 53, 54]. In this way, only a
minimal N = 1 subgroup of the extended higher-dimensional supersymmetry will be
manifest, but this turns out to be enough for our purposes.

In fact, writing higher-dimensional supersymmetric theories in term of N = 1 su-
perfields not only simplifies loop computations, but makes it also easier to write down
supersymmetric couplings between bulk and brane fields. As explained in ref. [55], the
way of doing this is to group the higher-dimensional supermultiplets into subsets that
transform under an N = 1 subgroup of the full higher-dimensional supersymmetry. Brane
couplings can then be written using the known 4d N = 1 supersymmetric couplings. Split-
ting higher-dimensional multiplets in different N = 1 superfields does just that, without
having to look explicitly at the higher-dimensional supersymmetry algebra. Also, the
couplings in component form often involve ambiguous products of δ functions that arise
when auxiliary fields are integrated out. Using superfields this problem is avoided, be-
cause auxiliary fields are never integrated out. The drawback of the superfield approach
is that, since higher-dimensional Lorentz invariance and supersymmetry are not mani-
fest, one has to more or less guess the right Lagrangian, and check that it reproduces the
correct higher-dimensional Lagrangian in component.

This program has been carried out for linearized 5d supergravity in flat space in
ref. [54], and the resulting formalism has been successfully applied in ref. [24] to
compute gravitational quantum corrections in orbifold models, with results that agree
with those derived in ref. [23] by studying a particular component of the corresponding
superspace effective operators. In this section, we will briefly review the approach of
refs. [54, 24] for the case of a flat extradimension, and then generalize it to the case of a
warped extradimension.
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2.3.1 Bulk lagrangian for a flat space

The propagating fields of 5d supergravity consist of the graviton hMN , the graviphoton BM

and the gravitino ΨM , which can be decomposed into two two-component Weyl spinors
ψ+

M and ψ−M . These fields can be embedded into a real superfield Vm, a complex general
superfield Ψα , and two chiral superfields T and Σ, according to the following schematic
structure:

Vm = θσnθ̄(hmn−ηmnh)+ θ̄ 2θψ+
m + · · · , (2.29)

Ψα = θ̄σ m (Bm + ihmy)+θσmθ̄ψ−m + θ̄ 2ψ+
y + · · · , (2.30)

T = hyy + iBy +θψ−y + · · · , (2.31)

Σ = s+ · · · . (2.32)

The dots denote higher-order terms involving additional fields, which are either gen-
uine auxiliary fields or fields that are a priori not, but eventually turn out to be, non-
propagating. We also need to introduce a real superfield PΣ acting as a prepotential for
the chiral conformal compensator Σ: Σ = −1/4D̄2PΣ. This introduces yet more non-
propagating fields.

Using the above fields, it is possible to construct in an unambiguous way a linearized
theory that is invariant under infinitesimal transformations of all the local symmetries
characterizing a 5d supergravity theory on an interval. These linearized gauge trans-
formations consist of the usual 4d superdiffeomorphisms, which are parametrized by a
general complex superfield Lα , and the additional transformations completing these to
5d superdiffeomorphims, which are parametrized by a chiral multiplet Ω. The corre-
sponding linearized gauge transformations of the superfields introduced above are given
by

δVm = −1
2

σ̄ αα̇
m (D̄α̇Lα −Dα L̄α̇)

δΨα = ∂yLα −
1
4

DαΩ

δPΣ = Dα Lα +h.c

δT = ∂yΩ . (2.33)

As usual, Lα also contains conformal transformations that extend the 4d super-Poincaré
group to the full 4d superconformal group, but these extra symmetries are fixed by gaug-
ing away the compensator multiplet Σ.

The Lagrangian for linearized 5d supergravity in flat space can be constructed by writ-
ing the most general Lagrangian that is invariant under the above linearized gauge trans-
formations. This fix the Lagrangian up to one unknown constant that can be determined
by imposing that its component form be invariant under 5d Lorentz transformations. The
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result is

L = M3
5

∫

d4θ
{

1
2

V mKmnV n− 1
3

Σ†Σ+
2i
3

(

Σ−Σ†
)

∂ mVm

−1
2

[

∂yVαα̇ −
(

D̄α̇Ψα −DαΨ̄α̇
)

]2
+

1
4

[

∂yPΣ−
(

Dα Ψα + D̄α̇ Ψ̄α̇)

]2

−1
2

[

T
†(Σ+2i∂mV m)

+h.c.
]

}

, (2.34)

where

Kmn =
1
4

ηnmDαD̄2Dα +
1

24
σ̄ α̇α

m σ̄ β̇β
n [Dα , D̄α̇ ]

[

Dβ , D̄β̇

]

+2∂m∂n . (2.35)

The first line of (2.34) is the usual linearized supergravity Lagrangian. To obtain the
component Lagrangian, one choose a suitable “Wess-Zumino” gauge, and eliminates all
the auxiliary fields. By doing so, one correctly reproduces the linearized Lagrangian of
5d supergravity, plus some extra fields that do not propagate but have the dimensionality
of propagating fields [54]. These superfluous fields will also appear in the warped La-
grangian. The above construction can be generalized to the orbifold S1/Z2 in a straight-
forward way, by assigning a definite Z2 parity to each multiplet: Vm, Σ and T are even,
whereas Ψα is odd.

The 5d Lagrangian (2.34) can be written in a physically more transparent form by
using the complete set of projectors that define the different orthogonal components with
superspin 0, 1/2, 1 and 3/2 of the real superfield Vm. These are defined as

Πmn
0 = Πmn

L PC , (2.36)

Πmn
1/2 =

1
48

1
�

σ m
αα̇ σ n

ββ̇ [Dα , D̄α̇ ]
[

Dβ , D̄β̇

]

+Πmn
L PT +

1
3

Πmn
0 , (2.37)

Πmn
1 = Πmn

T PC , (2.38)

Πmn
3/2 = − 1

48
1
�

σ m
αα̇ σ n

ββ̇ [Dα , D̄α̇ ]
[

Dβ , D̄β̇

]

+ηmnPT −Πmn
L +

2
3

Πmn
0 , (2.39)

in terms of the transverse and chiral projectors on vector superfields, which are given by

PT =−1
8

DαD̄2Dα
�

, PC =
1

16
D2D̄2 + D̄2D2

�
, (2.40)

and the transverse and longitudinal projectors acting on vector indices, given by

Πmn
T = ηmn−

∂m∂n

�
, Πmn

L =
∂m∂n

�
. (2.41)

The kinetic operator (2.35) can then be written as

Kmn =−2�
(

Πmn
3/2−

2
3

Πmn
0

)

, (2.42)

Using the above complete set of superspin projectors, we can split the field Vm into 4
orthogonal parts V0, V1/2, V1 and V3/2. The first three transform non-trivially under local
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super-diffeomorphism, but not the last one, which is invariant. The Lagrangian (2.34)
can then be equivalently rewritten as

L = M3
5

∫

d4θ
{

−V m
3/2

(

�+∂ 2
y

)

V3/2m−
2
3

[

∂mV m
0 −

i
2

(

Σ−Σ†)
]2

−1
2

[

∂y
(

V α̇α
0 +V α̇α

1/2 +V α̇α
1

)

−
(

D̄α̇Ψα −DαΨ̄α̇
)

]2
(2.43)

+
1
4

[

∂yPΣ−
(

DαΨα + D̄α̇ Ψ̄α̇)

]2
+ i

(

T −T
†)

[

∂mV m
0 −

i
2

(

Σ−Σ†)
]

}

.

We can see clearly in this language why the compensator is needed. The kinetic La-
grangian for the gauge-invariant component V m

3/2 is non local, due to the singular form
of Πmn

3/2. This non-local part is canceled by a similar non-local part coming from the
kinetic Lagrangian of the gauge-variant component V m

0 . The non-trivial variation under
gauge transformation of this term is compensated by that of Σ. Therefore the kinetic term
of linearized 4d supergravity, the first line of eq. (2.43), decomposes as the sum of two
invariant terms respectively of maximal (3/2) and minimal (0) superspin. This is fully
analogous to the situation in ordinary Einstein gravity where the linearized kinetic term
decomposes as the sum of spin 2 and 0. Notice also that like in Einstein gravity V m

3/2
being the only component of maximal superspin does not mix to any other combination.

We can verify that the correct 4d N = 1 effective Lagrangian is obtained for the zero
modes, by taking the even fields to depend only on the four dimensional coordinates
and integrating over the extradimension with radius R. To be precise, we use a hat to
distinguish the 4d zero mode of each field from the corresponding 5d field itself. The
result is:

Leff = 2πRM3
5

∫

d4θ
{

−V̂ m
3/2

(

�
)

V̂3/2m−
2
3

[

∂mV̂ m
0 −

i
2

(

Σ̂− Σ̂†)
]2

+ i
(

T̂ − T̂
†)

[

∂mV̂ m
0 −

i
2

(

Σ̂− Σ̂†)
]

}

. (2.44)

It can be verified (trivially for the Vm-independent terms) that this is indeed the quadratic
expansion of the 4d supergravity Lagrangian, which can be written in terms of the 4d
conformal compensator φ = exp(Σ̂/3) and the full 4d radion field T = πR(1+ T̂ ) as

Leff = M3
5

∫

d4θ
(

T +T †)φ †φ . (2.45)

where in this expression, the d4θ integration is in fact an abbreviated notation for taking
the D term of this expression in a covariant manner. In particular, factors of the metric
should be included. This result agrees with what was found in [49].

2.3.2 Bulk Lagrangian for warped space

We now turn our attention to the case of warped space. AdS5 is not a solution of the
ordinary, ungauged supergravity Lagrangian, which does not admit a cosmological con-
stant. To have a cosmological constant term, a U(1)R subgroup of the SU(2)R symmetry
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must be gauged by the graviphoton. Because we will restrict ourselves to the quadratic
Lagrangian of supergravity, the gauging of the U(1)R cannot be seen in our formalism.
We assume a fixed background defined in eq. (1.13). We then want to write the quadratic
Lagrangian for the fluctuations around that background in term of 4d superfields. To
show that this is indeed possible, we need to re-examine the logic.

We are interested in the quadratic Lagrangian for supergravity in five dimensions. At
the local level there are two supersymmetries. However the boundary condition on S1/Z2

are such that globally there remains at most one supersymmetry, regardless of there being
5d curvature. As it has been discussed in several papers the locally supersymmetric RS
model preserves one global supersymmetry QG

α . Technically that means that there exists
one killing spinor ψK over the RS background. In bispinor notation we have

ψK =

(

e−σ/2η
0

)

(2.46)

where η is a constant Weyl spinor. Indicating by QL ≡ (QL
2

α
, Q̄L

1β̇ ) the bispinor generator

of the local 5d supersymmetries, we have that the global symmetry QG
α is just defined by

ψKQ̄L = e−σ/2ηα QL
1α ≡ ηα QG

α . (2.47)

We can realize QG and the rest of the global 4d superPoincarè group (Pµ = i∂µ plus
Lorentz boosts) over ordinary flat 4d superspace

QG
α =

∂
∂θ α − iσ a

αα̇ θ̄ α̇ δa
µ∂µ , (2.48)

QG
α̇ = − ∂

∂ θ̄ α̇ + iθ ασ a
αα̇ δa

µ∂µ . (2.49)

In this realization of our field space the fifth coordinate y is just a label upon which our
4d superfields S(θ , θ̄ ,xµ ,y) depend. Of course 5d covariance is never manifest in this
formulation of the theory and the correct action is obtained via the explicit dependence
of the superspace lagrangian on y and ∂y. By expanding S = ∑n Sn(x,y)θ n we identify
Sn(x,y) with the local 5d fields. However our global supersymmetry knows little about
the local 5d geometry, so that in general the Sn are not normalized in a way that makes 5d
covariance manifest. This is obviously not a problem: the correct normalization (as well
as the correct covariant derivative structure) can always be obtained by local redefinitions
of the Sn by powers of the warp factor [56, 57] We can figure out the right rescaling
reproducing the canonical fields by considering the normalization of the supercharge.
From Eq. (2.47) we have that the local supersymmetry is QL = eσ/2QG. Then by defining
a “local” superspace coordinate θ̃ = e−σ/2θ we can write

QL
α =

∂
∂ θ̃ α − iσ a

αα̇
¯̃θ α̇ ea

µ ∂µ (2.50)
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where the flat veilbein δ µ
a has been substituted by the curved one eµ

a = eσ δ µ
a . The pres-

ence of the vielbein, not surprisingly, shows that QL is covariant and realizes the local
supersymmetry algebra

{

Qα , Q̄α̇
}

=−2iσ a
αα̇ ea

m∂m. (2.51)

Therefore if we parametrize our superfields in terms of the “local” θ̃ as opposed to the
global θ the field coefficients should correspond to the local canonical fields. Using
S = ∑n Snθ n ≡ ∑n Snenσ/2θ̃ n we conclude that

Sn(x,y) = e−nσ/2Sn(x,y)
local. (2.52)

Notice that we have been a little sloppy here: the superfields coefficients Sn involve
in some cases 4d derivatives ∂µ . By eq. (2.50), the change of coordinates θ = eσ/2θ̃
corresponds to ∂µ → ∂a ≡ eµ

a ∂µ . For instance in the case of a chiral superfield we have

φ = e−iθ̄σaθ̄ δ µ
a ∂µ

(

ϕ + χθ +Fθ 2) = (2.53)

= e−ī̃θσa ¯̃θeµ
a ∂µ

(

ϕ + χeσ/2θ̃ + eσ F θ̃ 2). (2.54)

(2.55)

Our conclusions are not affected. One final question: why are then we not working right
away with the θ̃ coordinates? The reason is that QL does not commute with ∂5

6 so that
∂5S is not a superfield over θ̃ . We could define a supercovariant D5 derivative, but we
find it more convenient to work with global, flat, superspace.

Now that we know that it is possible to write the desired Lagrangian in term of stan-
dard N = 1 superfields, we need to examine the gauge symmetry that this Lagrangian
should possess. Parametrizing the fluctuations around the background as

ds2 = e−2σ (ηmn +hmn)dxmdxn +2e−σ hmydxmdy+(1+hyy)dy2 , (2.56)

it follows that the linearized transformations law under general coordinate transforma-
tions are given by

δhmn = ∂mξn +∂nξm−2σ ′ηmnξy , (2.57)

δhmy = e−σ ∂yξm + eσ ∂mξy , (2.58)

δhyy = ∂yξy . (2.59)

Comparing with the flat case, we see that the warping is responsible for a new term
proportional to σ ′ in the transformation law for hmn.

The embedding of component fields into superfields can be done as in the flat case,
except that we need to introduce in this case a real prepotential PT for T as well, in such

6Notice QL = eσ(y)/2QG is explicitly y dependent.
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a way that T = −1/4D̄2PT . The transformation laws can then be written in terms of
superfields, after introducing a prepotential PΩ also for Ω, as:

δVm = −1
2

σ̄ α̇α
m (D̄α̇ Lα −Dα L̄α̇) , (2.60)

δΨα = e−σ ∂yLα −
1
4

eσ Dα Ω , (2.61)

δPΣ = DαLα −3σ ′PΩ , (2.62)

δPT = ∂yPΩ . (2.63)

From the last two expressions, it follows that:

δΣ = −1
4

D̄2DαLα −3σ ′Ω , (2.64)

δT = ∂yΩ . (2.65)

Note that the new term proportional to σ ′ in the transformation law for hmn is encoded
in superfield language in a new term in the transformation law for Σ. This is possible
because, in addition to general coordinate invariance, the transformations parametrized
by Lα also include Weyl and axial transformations. These extra conformal transforma-
tions can be fixed by setting the lowest component s of the compensator Σ to 0. But the
subgroup of transformations that preserve this gauge choice involves scale transforma-
tions that are correlated with diffeomorphism and induce the appropriate extra term in
eq. (2.57). To show this more precisely, let us consider the transformation laws of hmn

and s under diffeomorphisms with real parameters ξM and complexified Weyl plus axial
transformations with complex parameter λ , as implied by eqs. (2.60) and (2.64):

δhmn = ∂mξn +∂nξm−
2
3

∂mξ m +
1
6

ηmn (λ +λ ∗) , (2.66)

δ s = 2∂mξ m−6σ ′ξy−λ . (2.67)

As anticipated we can now use the Weyl and axial symmetries associated to λ to set s to
0. To preserve that gauge choice, however, diffeomorphisms must then be accompanied
by a suitable Weyl transformations with parameter

λ +λ ∗ = 4∂mξ m−12σ ′ξy . (2.68)

Plugging this expression back into (2.66), we find the net transformation of the graviton
under a diffeomorphism after the conformal gauge-fixing reproduces indeed eq. (2.57).

It is now straightforward to construct a superfield Lagrangian that is invariant un-
der the transformations (2.60)–(2.65) and reduces to (2.34) in the flat limit. It has the
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following expression:

L = M3
5

∫

d4θ e−2σ
{

−V m
3/2

(

�+ e2σ ∂ye−4σ ∂y
)

V3/2m−
2
3

[

∂mV m
0 −

i
2

(

Σ−Σ†)
]2

−1
2

[

e−σ ∂y
(

V α̇α
0 +V α̇α

1/2 +V α̇α
1

)

−
(

D̄α̇Ψα −Dα Ψ̄α̇
)

]2

+
1
4

[

e−σ (

∂yPΣ +3σ ′PT

)

−
(

DαΨα + D̄α̇Ψ̄α̇)

]2

+ i
(

T −T
†)

[

∂mV m
0 −

i
2

(

Σ−Σ†)
]

}

. (2.69)

There is one important remark to make about this Lagrangian: it possesses an extra (ac-
cidental) local invariance in addition to those we employed to derive it

δΨα = 3σ ′e−σWα (2.70)

δPT = DαWα +Dα̇W α̇ (2.71)

where Wα is a chiral field. This new symmetry is associated to a redundancy in the
parametrization of T by a prepotential PT . Indeed PT shifts by a linear multiplet so that
using Wα we can gauge away the newly introduced components of PT . By this invariance
of the quadratic action some combinations of fields have no kinetic term. In order for our
expansion to make sense when going to non-linear order it is important to demand full
invariance under this new transformation.

The component form of the Lagrangian is reported in appendix A. It reproduces the
correct component Lagrangian for supergravity on a slice of AdS5 at the linearized level.
The well known derivation of the low energy effective theory and KK decomposition
then follows. It is however instructive to derive these results in terms of superfields.

Let us construct the zero mode superfield action first. First of all, Ψα is Z2 odd so
that it does not have zero modes. Second, notice that if we choose V m(x,y)≡ V̂ m(x) the
mass terms, involving ∂y cancel out. On the other hand, the mass term involving PΣ and
PT in the third line is non vanishing for y independent field configurations. One possible
parametrization of the zero modes for which this term vanishes altogether is7

PT (x,y) ≡ P̂T (x) (T (x,y)≡ T̂ (x))

PΣ(x,y) ≡ P̂Σ(x)−3σ(y)P̂T (x) (Σ(x,y)≡ Σ̂(x)−3σ(y)T̂ ). (2.72)

Notice that the conformal compensator Σ depends on y precisely like the conformal factor
of the metric does in the zero mode parametrization for the bosonic RS1 model [58]. In
order to write the effective action in compact form it is useful to notice that ∂mV m

0 =

χ + χ† and then form the two combinations

ΣA ≡ Σ+2iχ ΣB ≡ Σ−2iχ (2.73)

7One can check that, by using the gauge freedom associated to Lα and Wα , P̂T (x) and P̂Σ(x) can be
chosen to be purely chiral + antichiral (i.e no linear superfield component) while keeping ψα = 0.
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of which only ΣA is gauge invariant. The zero mode action, with the second and third
line in eq. (2.69) vanishing, depends only on ΣA. Defining zero modes in analogy with
the above

ΣA(x,y)≡ Σ̂(x)−3σ(y)T̂ (x)+2iχ̂(x)≡ Σ̂A(x)−3σ(y)T̂ (x) (2.74)

the superspin zero 5d action is simply

1
2σ ′

∂
∂y

[

e−2σ

3

(

Σ̂†
A−3σ T̂

†)(Σ̂A−3σ T̂
)

]

(2.75)

showing that the geometry of the boundaries is what matters in the low energy effective
action. The quadratic action for the zero modes is then

Leff =
M3

5

k

∫

d4θ
{

−
(

1− e−2πkR
)

V̂ m
3/2�V̂3/2m (2.76)

−1
3

[

− Σ̂†
AΣ̂A + e−2πkR(

Σ̂†
A−3πkRT̂

†)(Σ̂A−3πkRT̂
)

]

.(2.77)

By expliciting the dependence of Σ̂A on Vm we find, as it should, that this Lagrangian is
local. Notice that with the identification φ = exp(Σ̂/3) and T = πR(1 + T̂ ) the scalar
part agrees with the quadratic expansion of the full non linear result which was inferred
by general arguments in ref. [25]8

Leff =
M3

5

k

∫

d4θ
(

1− e−k(T+T † )
)

φ †φ . (2.78)

Similarly we can study the KK spectrum. For doing so it is convenient to work in
the gauge Ψα = 0. This makes it immediately evident that V1/2 and V1 do not propagate

8Working at the linearized level Re t ≡ T (θ = θ̄ = 0)+T (θ = θ̄ = 0)† in principle coincides with
h55 ≡

√
g55−1 only up to higher order terms. However one can argue that by a holomorphic field redefi-

nition T → T ′ = f (T ) it should always be possible to choose Re t ′ ≡√g55−1. The reason is that there
exist covariant F-terms, like the gauge kinetic term, for which the right geometric dependence on g55 could
only be obtained by holomorphic field redefinitions. Let us then choose T such that Re t =

√
g55−1. Now,

focusing on the constant mode of
√

g55, we know that the low energy Lagrangian can only depend on it
via the covariant combination R

√
g55 equaling the physical length of the 5th dimension. This is not yet

enough to fully fix the dependence on T . We need to use the constraints on the dependence on Im t ∝ A5

the graviphoton 5th component. The VEV of the low energy K ähler potential corresponds to the effective
4d Planck scale of the usual RS1 model, which does not depend on other bulk fields than the radion. In
particular it does not dependent on gauge fields like the graviphoton. This fixes completely the depen-
dence on T to be obtained by the simple substitution 2R→ R(2+ T̂ +T † ), compatibly with our results.
The dependence on A5 is actually constrained even at the quantum level by the presence of an accidental
(gauge) symmetry A5→ A5 + const. of minimal 5d supergravity on S1/Z2. The point is that the gravipho-
ton appears in covariant derivative via a Z2-odd charge ∂5→ ∂5 + iqε(y)A5: basically the graviphoton is a
Z2 odd gauge field used to gauge an even symmetry. It is then evident that a constant A5 = a configuration
can be gauged away by the a gauge rotation with parameter α = aσ(y)/(πkR).
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while V3/2 has the KK decomposition of the graviton in RS1. Furthermore by using PΩ
and Wα we can conveniently choose PT to have the form

PT (x,y) = e2σ P0
T (x). (2.79)

where, moreover, D2DαPT (x)0 = 0. In practice we have eliminated all the modes in
PT apart from a chiral radion mode. Next by using a residual freedom Lα ≡ Sα(x) with
Sα chiral, under which ψα and Vm are unaffected, we can eliminate the linear superfield
mode in PΣ which is constant over y. Therefore in the superspin 1/2 sector of PΣ, PT

only the non-trivial KK modes P(n)
Σ (n 6= 0) are left. Like for V1/2 and V1 their kinetic

lagrangian is a simple quadratic term ∝ m2
n(P

(n)
Σ )2 with trivial mass shell condition P(n)

Σ =

0. In what follows we can then concentrate on the superspin zero components and work
directly with the chiral fields Σ and T . By eq. (2.79) we have T (x,y) = e2σ T̂0(x). It is
also convenient to parametrize Σ as

Σ(x,y) =−3
2

e2σ
T̂0(x)+ Σ̃(x,y) (2.80)

so that for ΣA,B (cfr. eq. (2.73)) we have

ΣA(x,y) =−3
2

e2σ
T0(x)+ Σ̃A(x,y) ΣB(x,y) =−3

2
e2σ

T0(x)+ Σ̃B(x,y). (2.81)

With this parametrization the Lagrangian for the chiral fields becomes

∫

d4θdy

{

3
4
T0T

†
0 e2σ − 1

3
Σ̃AΣ̃†

Ae2σ +
e−4σ

4

(

∂yΣ̃B
1
�

∂yΣ̃†
A +h.c.

)

}

. (2.82)

This parametrization makes manifest that the non-zero KK modes of Σ̃B act as Lagrange
multipliers for the modes of Σ̃A. The only physical modes left are therefore T0 along with
the zero mode of Σ̃A: they represent an alternative parametrization of the zero modes, one
in which the radion does not mix kinetically with the 4d graviton. This is the superfield
analogue of the radion parametrization discussed in ref. [59].

2.3.3 Boundary Lagrangians

The only interactions that are needed for our calculation are those between brane and
bulk fields. At the fixed points, Ψα vanishes, Vm and Σ undergo the same transformations
of linearized 4d supergravity (remember that Ω is odd and vanishes at the boundaries)
and finally T is the only field transforming under Ω. By this last property T cannot
couple to the boundary, so that only Vm and Σ can couple and they must do so precisely
like they do in 4d supergravity (see [24]). What is left are the 4d superdiffeomorphisms
of the boundaries. The presence of warping shows up in the boundary Lagrangian via the
suitable powers of the warp factor. These are easy to evaluate according to our discussion
in the previous section. Using locally inertial coordinates x̃ andθ̃ no power of the warp
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factor should appear in the invariant volume element d4 x̃d4θ̃ for the Kähler potential and
d4 x̃d2θ̃ for the superpotential. From ordinary N = 0 RS we know that d4 x̃ = e−4σ d4x
where x are the global coordinates, while from the previous section we have learned that
θ̃ = e−σ/2θ . Indicating by σ(i) (i = 0,1) the warp function at the two boundaries we
conclude that for the localized action the right warp factors multiplying it are e−2σ(i) and
e−3σ(i) for respectively the Kähler and superpotential.

Let us consider a chiral superfields Φi localized at the i-th brane and with quadratic
Kähler potential Ωi = Φ†

i Φ. As we already argued the coupling of Φi to Vm and Σ is the
same as in ordinary 4d supergravity. For our purposes, since we are only interested in the
1-loop Kähler potential, it is sufficient to consider terms that are at most quadratic in Vm

and Σ, with derivatives acting on at most one of Φi and Φ†
i . The relevant part of the 4d

boundary Lagrangian at y = yi is then given by

Li =

∫

d4θe−2σ(i)
[

Φ†
i Φi

(

1+
Σ
3

+
Σ†

3
+

ΣΣ†

9

)

+
2
3

iΦ†
i

←→
∂m ΦiV

m− 1
6

Φ†
i ΦiV

mKmnVn

]

.

(2.83)
To compute the effective Kähler potential we split the matter field into classical back-
ground Φ̄i and quantum fluctuation: Φi = Φ̄i +πi. Since only the massive KK modes are
relevant to compute the non-local, radius dependent part of the potential, it is useful to
write the action in superspin components

Li =

∫

d4θ
√

g4i

[

Φ̄†
i Φ̄i +π†

i πi +
1
3

Φ̄†
i πiΣ†

A +
1
3

Φ̄iπ†
i ΣA

−1
3

Φ̄†
i Φ̄i

(

V m
3/2�V3/2m−

1
3

Σ†
AΣA

)]

. (2.84)

where the gauge invariant combination ΣA has been defined before, and where we have
neglected terms involving derivative of the background and interactions among the quan-
tum fluctuations, as they do not affect the Kähler potential at 1-loop. Similarly, for the
case of localized kinetic terms M2

i R(gi), as there is no propagating πi, we get only the
second line in eq. (2.84) with Φ†Φ→−3M2

i (where we use the same normalization as
ref.[23]).

Finally by using our parametrization of the radion and compensator zero modes we
can check that the boundary contribution to the low energy effective Lagrangian is just
the linearized version of the full non linear result

L0,1 = φ †φ
{

Ω0(Φ0,Φ†
0)+Ω1(Φ1,Φ†

1)e
−k(T+T † )

}

. (2.85)

2.3.4 Gauge fixing

We are now a in position to set-up more concretely the calculation of gravitational quan-
tum corrections to the 4d effective Kähler potential. We are only interested in the finite
terms that depend on the radion and the matter chiral multiplets. These finite terms are
those that cannot arise from local renormalization of the original tree level Lagrangian.
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These uninteresting local renormalizations correspond to terms of the same form as
eqs. (2.78,2.85), and as such do not lead to any brane to brane or radion to brane me-
diation of supersymmetry breaking. Therefore the calculable terms are those and only
those that affect the mediation of supersymmetry breaking: they correspond to non-local
effects from the 5d perspective. As we restrict our attention to the Kähler potential, we
neglect all derivatives on the external fields. The supergraph calculation that needs to be
done becomes then very similar to the calculation of the Coleman–Weinberg potential in
a non-supersymmetric theory [60]. Similar superfield computations have already been
done for the gauge corrections to the Kähler potential in 4d supersymmetric theories in
[61].

Normally for doing these computations the most convenient procedure is to add a
suitable gauge fixing and work in generalized Rξ gauges. In the case at hand it turns
out there is a much simpler approach The point is that the fields V3/2 and ΣA appearing
in the boundary Lagrangian are already gauge invariant combinations. Their propagator
is gauge independent so that in order to calculate it suffices to work with the simplest
possibility: unitary gauge. We have already presented the Lagrangian in this gauge. In
particular notice that for the non zero KK modes satisfying ∂yΣ̃A 6= 0 the structure of the
kinetic matrix is

(

Σ̃†
A,Σ†

B

)





− e−2σ

3
e−4σ

4
∂ 2

y
�

e−4σ

4
∂ 2

y
� 0





(

Σ̃A

Σ̃B

)

(2.86)

so that, inverting the matrix, we find that the KK propagators 〈Σ̃(n)†Σ̃(m)
A 〉 vanishes for

n,m 6= 0. By the definition of Σ̃A in eq. (2.81) it follows that the KK components of ΣA

drop out of our computation. On the other hand, at the zero mode level we have two
chiral modes, the radion T0 and Σ̃A(x,y) = Σ̃(0)

A (x), whose kinetic Lagrangian is obtained
by integrating eq. (2.82). It is straightforward to check that the resulting brane to brane
propagator 〈ΣA(x,y = 0)†ΣA(x,y = π)〉 vanishes because of a cancellation between the

radion and Σ̃(0)
A contributions. This is only possible thanks to the ghostly nature of the

second field: this superfield contains indeed the conformal mode of the 4d graviton.
The propagators on each individual brane like for instance 〈ΣA(x,y = 0)†ΣA(x,0)〉 do
not vanish, but have no non-trivial volume dependence: they contribute to the localized
UV divergences and to the IR singularities associated to these physical 4d fields. By
simple dimensional analysis the latter effects do not contribute to the Kähler potential.
Therefore ΣA is not relevant to our computation and we need to focus just on V3/2. The
relevant Lagrangian is then

L3/2 =

∫

d4θ
[

−VmΠmn
3/2

(

e−2σ�(1+δ (y)ρ0 +δ (y−π)ρ1)+∂ye−4σ ∂y
)

Vn (2.87)

where ρ0,1 are the boundary corrections to kinetic terms, including the effect of matter
field VEVs. The crucial remark is that, due to the ubiquitous presence of the projec-
tor,the spin structure factors out and the calculation reduces to that for a simple scalar
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field. This is in agreement with the results found in ref. [23] for the flat case. For phe-
nomenological application we will be interested in the case ρi = M2

i −Φ†
i Φi/3. Inverting

the above kinetic term the superspin structure factors out in an overall projector
〈

V 3/2
m (x1,y1,θ1)V 3/2

n (x2,y1,θ2)
〉

=−Πmn
3/2 δ 4 (θ1−θ2)∆(x1,y1;x2,y2) , (2.88)

where ∆ is the propagator of a real scalar field in a slice of AdS5, in presence of boundary
kinetic terms, defined by the equation

[

e−2σ �(1+ρ0δ (y)+ρπδ (y−π))+∂ye−4σ ∂y
]

∆(x1,y1;x2,y2) = δ 4(x1−x2)δ (y1−y2) .

(2.89)
This is agreement with the results found in ref. [23] for the flat case. By applying the
methods of refs.9 the 1-loop effective action can be written in a factorized form as

Γ1 =−1
2

∫

d5Xd5X ′δ 5(X−X ′)d4θd4θ ′δ 4(θ −θ ′)ηmnΠmn
3/2δ 4(θ −θ ′)(ln∆−1)(X ,X ′)

(2.91)
where d5X ≡ d4xdy. By using

∫

d4θ
∫

d4θ ′ δ 4(θ −θ ′)ηmnΠmn
3/2 δ 4(θ −θ ′) =

∫

d4θ
−4
�

. (2.92)

and by expanding the scalar propagator ∆ in its KK modes, the 1-loop kinetic function
reads

∆Ω1−loop =−1
1
2

∫

d4 p
(2π)4 ∑

n

−4
p2 ln(p2 +m2

n). (2.93)

Apart from the −4/p2 factor, arising from the superspace trace, this formula is just the
Casimir energy of a scalar whose propagation is governed by eq. (2.89). From now on
we will just need to concentrate on this toy scalar Lagrangian.

Notice that the dependence of the boundary interactions on just gauge invariant su-
perspin 3/2 and 0 component is a general result valid in any codimension, and not limited
to 5d theories. What is specific of 5d is that the scalar component does not possess any
propagating KK mode, and therefore cannot contribute to the genuinely calculable ef-
fects like the Casimir energy or brane to brane mediation. In higher codimensions this
is no longer true, so that the scalar channel can in principle contribute. However it turns
that, for a simple but remarkable property of eq. (2.84) this happens only for the Casimir
energy but not for the terms that are quadratic in the matter fields like brane to brane or
radion to brane. The reason is that eq. (2.84) inherits from the original quadratic matter

9This relation can be obtained by first defining the trivial gaussian functional integral for a non propa-
gating field

∫

DVe
∫

d4xd4θVmV m
= 1. (2.90)

The interesting case is then obtained by changing the trivial kinetic function to ηmn→ηmn +Π3/2
mn (∆−1−1).

The resummation in perturbation theory of all the insertions of Π3/2 leads to eq. (2.91)
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lagrangian a rescaling symmetry under which the compensator dependence can be fully
absorbed by a redefinition of the matter field. In eq. (2.84) this rescaling amounts to the
shift πi→ πi−ΦiΣA/3. Using this property, we can, for diagrams involving matter, do
our computation by eliminating the compensator Σ (not ΣA) first. After that we can work
in a generalization of Landau gauge, where the 〈VV 〉 is proportional to the Π3/2 projector.
In this case the diagrams involving cubic vertices cancel individually. This is in analogy
with what happens for the calculation of the effective potential in N = 0 theories.

As we already know the gauge transformation δVαα̇ = Dα L̄α̇ − D̄α̇ Lα spans the sub-
space of components with superspin 0, 1/2 and 1. This means that Lα can be used to
adjust the components V m

0 , V m
1/2 and V m

1 , but not V m
3/2. As a consequence, the most gen-

eral acceptable gauge-fixing Lagrangian consists of a combination of quadratic terms for
V m

0 , V m
1/2 and V m

1 .
The class of gauge-fixing Lagrangian that needs to be added in order to reach the

gauge where only V m
3/2 propagates is given by the following expression:

Lgf =
∫

d4θe−2σ
[

− 1
ξ

Vm

(

ηmn−Πmn
3/2

)

Vn−
2
3

VmΠmn
0 Vn

]

. (2.94)

The part of the total Lagrangian that is quadratic in Vm then becomes:

Lquad =

∫

d4θ
[

−VmΠmn
3/2

(

e−2σ�+∂ye−4σ ∂y
)

Vn

− 1
ξ

Vm
(

ηmn−Πmn
3/2

)

e−2σ �Vn

]

. (2.95)

For ξ → 1, and for a 4d theory where the extra superfields would be absent, this gauge-
fixing would define the analog of the super-Lorentz gauge. Its form coincides with the
one that was used in ref. [24], except for terms involving Σ, T and Ψα . For ξ → 0,
instead, this gauge-fixing defines the analog of the super-Landau gauge that we need.
Indeed, it is clear that when ξ is sent to 0 only the V m

3/2 component can propagate. More-
over, since V m

3/2 does not couple to Ψα , Σ and T , it is clear that the full 〈VmVn〉 is now
exactly given by the left hand side of eq. (2.88).

2.4 One-loop effective potential

As demonstrated in the last section, the full 1-loop correction to the Kähler potential is
encoded in the spectrum of a single real 5d scalar ϕ with Lagrangian

L =
1
2

e−2σ(y)
[

− (∂µϕ)2− e−2σ(y)(∂yϕ)2 +
(

ρ0δ0(y)+ρ1δ1(y)
)

(∂µϕ)2
]

. (2.96)

More precisely, see eq. (2.93), the effective 1-loop Kahler potential is obtained by insert-
ing a factor −4/p2 in the virtual momentum representation of the scalar Casimir energy.
The superspace structure, at the end, in some way only counts the numbers of degrees
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Figure 2.2: loop with n factors of Φ†
0Φ0 attached to a Vm loop

of freedom via eq. (2.92). The factor 4 takes into account the multiplicity of bosonic
and fermionic dergrees of freedom and the factor 1/p2 the fact that the Kähler potential
determines the component effective action only after taking its D component. It is also
understood that the circumference 2πR should be promoted to the superfield T +T †, and
similarly the constants ρi should be promoted to the superfields (−3M2

i +ΦiΦ†
i )/(3M3

5).
Let us now come to the computation. Along the lines followed in ref. [23] we find

it convenient to start from ρ0,π = 0 and to construct the full result by resumming the
Feynman diagrams with all the insertions of ρ0,π . The building blocks of this computation
are the boundary-to-boundary propagators

∆i j(p) = ∑
n

e−
3
2 k|yi|e−

3
2 k|y j|Ψn(yi)Ψn(y j)

p2 +m2
n

= e−
3
2 k|yi|e−

3
2 k|y j|∆(p,yi,y j) (2.97)

with yi, j = 0,πR. Here, and in what follows, ∆, Ψn(y) and mn denote the propagator, KK
mode wave functions and masses for the scalar ϕ in the limit ρ0 = ρπ = 0. We work in
mixed momentum-position space: momentum space along the non-compact directions,
and configuration space along the 5th. The exponential factors have been introduced for
later convenience. A second quantity relevant to compute the matter-independent Casimir
energy is

Z(p) = ∏
n

(

p2 +m2
n

)

, (2.98)

When going from the scalar ϕ to supergravity, Z will be the relevant object to compute
the Kahler potential in the absence of both boundary matter and kinetic terms.

The explicit expressions for the above quantities are most conveniently written in
terms of the functions Î1,2 and K̂1,2, defined in terms of the standard Bessel functions I1,2
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and K1,2 as

Î1,2(x) =

√

π
2

√
x I1,2(x) , K̂1,2(x) =

√

2
π
√

xK1,2(x) . (2.99)

These functions are elliptic generalizations of the standard trigonometric functions, and
satisfy the relation

Î1(x)K̂2(x)+ K̂1(x)Î2(x) = 1 . (2.100)

Their asymptotic behaviour at large argument x� 1 is given by:

Î1(x) → ei π
4 cosh

(

x− i
π
4

)

, Î2(x)→ ei π
4 sinh

(

x− i
π
4

)

,

K̂1,2(x) → e−i π
4

[

cosh
(

x− i
π
4

)

− sinh
(

x− i
π
4

)]

. (2.101)

Similarly, their asymptotic behaviour at small argument x� 1 is given by:

Î1(x) →
√

π
2

[1
2

x
3
2 + . . .

]

, Î2(x)→
√

π
2

[1
8

x
5
2 + . . .

]

,

K̂1(x) →
√

2
π

[

x−
1
2 + . . .

]

, K̂2(x)→
√

2
π

[

2x−
3
2 + . . .

]

. (2.102)

Consider first the computation of the quantities (2.97). As we just mentioned, rather
than computing them directly as infinte sums over KK mode masses, we derive them
as particular cases of the propagator ∆(p,y,y′) for ϕ , which is given by the solution
with Neumann boundary conditions at y equal to 0 and πR of the following differential
equation:

(

e−2ky p2−∂ye−4ky∂y

)

∆(p,y,y′) = δ (y− y′) . (2.103)

The solution of this equation is most easily found by switching to the new variable z =

eky/k. In these conformal coordinates, the positions of the two branes are given by z0 =

1/k and z1 = ekπR/k and the metric is

ds2 =
L2

z2

(

ηµν dxµ dxν +dz2) . (2.104)

Notice that after going to conformal coordinates we can treat z0 as a free parameter
playing the role of the conformal compensator at the UV brane. Indeed the change of
coordinate z→ zλ is equivalent to a shift z0,1 → λ z0,1 of both boundaries plus a Weyl
rescaling gµν → gµν/λ 2 of the metric along the 4d slices. Therefore both 1/z0 and 1/z1

have the property of conformal compensator. By locality it is then natural to identify them
at the superfield level with the superconformal compensators at the respective boundaries:
1/z2

0→ φφ † and 1/z2
1 = φφ †e−(T+T † ).

Now, defining also u = min(z,z′) and v = max(z,z′), the propagator is [62, 63]:

∆(p,u,v) =

[

Î1(pz0)K̂2(pu)+K̂1(pz0)Î2(pu)
][

Î1(pz1)K̂2(pv)+K̂1(pz1)Î2(pv)
]

2p(ku)−
3
2 (kv)−

3
2

[

Î1(pz1)K̂1(pz0)− K̂1(pz1)Î1(pz0)
] (2.105)
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The brane restrictions of the general propagator (2.105) defining eqs. (2.97) are then
easily computed. The factors e−

3
2 kyi, j that have been introduced cancel the factors kz3/2

i, j
appearing in (2.105). Moreover, one of the factors in the numerator is always trivially
equal to 1 thanks to eq. (2.100). The results finally read

∆00(p) =
1

2p
Î1(pz1)K̂2(pz0)+ K̂1(pz1)Î2(pz0)

Î1(pz1)K̂1(pz0)− K̂1(pz1)Î1(pz0)
, (2.106)

∆11(p) =
1

2p
Î1(pz0)K̂2(pz1)+ K̂1(pz0)Î2(pz1)

Î1(pz1)K̂1(pz0)− K̂1(pz1)Î1(pz0)
, (2.107)

∆01,10(p) =
1

2p
1

Î1(pz1)K̂1(pz0)− K̂1(pz1)Î1(pz0)
. (2.108)

It is easy to check that in the limit k� 1/R the above propagators correctly reproduce
the flat space result. For instance

lim
kR→0

∆00 =
1

2p
coth(π pR). (2.109)

Since the quantity we want to calculate will contain UV divergent contributions we must
first classify these in order to be able to subtract them. The UV divergences are local so
they will correspond to renormalizations of the tree level effective action. By inspecting
eqs. (2.78,2.85) we the expect the UV divergences to have the general form

ΩUV =
F0(Φ0)

z2
0

+
F1(Φπ)

z2
1

. (2.110)

Basically these divergent terms can come from three different sources: the renormal-
ization of the 5d Planck mass and the renormalization of the kinetic funtions at each
boundary. Of course throughout this discussion 1/z2

0 and 1/z2
1 should be thought as the

corresponding superfield compensators as discussed above. Moreover, covariance under
the Weyl shift z0,1→ λ z0,1 we just discussed, constrains the Kahler function to have the
form

Ω1−loop =
1

z2
0

ω(z2
0/z2

1)≡ t0ω(t1/t0) (2.111)

where we have defined convenient variables t0,1 = 1/z2
0,1. We have also not displayed the

dependence on the boundary matter fields, as that is not constrained by Weyl symmetry.
By the structure of the UV divergences in eq. (2.110) it follwos that the derivative quantity

t0∂t0∂t1Ω1−loop =−t1
t0

ω ′′(t1/t0) =−x
d2ω(x)

dx2 (2.112)

must be finite. So one way to proceed is to first calculate ω ′′ and then reconstruct the full
ω by solving an ordinary second order differential equation. This solution is determined
up to two integration constants associated to the general solution of the omogeneous
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equation ω ′′ = 0: ω = F0 + F1x. These constants precisely parametrize, as they should,
the UV divergences in eq. (2.110).

In what follows, however, we will not directly apply the above derivative method.
We shall instead regulate the loop integral which defines Ω1−loop by adding a suitable
function which is manifestly annihilated by the operator ∂t0∂t1 . The finite result we find
then contains all the finite calculable pieces. To define our regulating funtion we study
the asymptotic behaviour of the propagators for p→ ∞. Up to exponentially suppressed
terms of order e−p(z1−z0) which are obviously irrelevant we find

lim
p→∞

∆00 =
1

2p
K̂2(pz0)

K̂1(pz0)
=

1
2p

(1+ . . .)≡ ∆̃00(p) (2.113)

lim
p→∞

∆11 =
1

2p
Î2(pz0)

Î1(pz0)
=

1
2p

(1+ . . .)≡ ∆̃11(p) (2.114)

lim
p→∞

∆̃01,10(p) = 0 . (2.115)

Next, consider the formal determinant (2.98). Although this is not precisely a propagator,
still, as it is a function of the spectrum, it can be functionally related to the propagator
in eq. (2.105). Indeed, the masses mn are defined by the positions of the poles p = imn

of (2.105). These are determined by the vanishing of the denominator, that is by the
equation

F(imn) = Î1(imnz1)K̂1(imnz0)− K̂1(imnz1)Î1(imnz0) = 0 . (2.116)

The infinite product in eq. (2.98) is divergent. More precisely, it has the form of a constant
divergent prefactor times a finite function of the momentum. In order to compute the
latter, we consider the quantity ∂p lnZ(p) = ∑n 2p/(p2 + m2

n). The infinite sum over the
eigenvalues, which are defined by the transcendental equation (2.116), is now convergent
and can be computed with standard techniques, exploiting the so-called Sommerfeld–
Watson transform. The result is simply given by ∂p lnF(p). This implies that Z(p) =

F(p), up to the already mentioned and irrelevant infinite overall constant. Omitting the
latter, we have therefore

Z(p) = Î1(pz1)K̂1(pz0)− K̂1(pz1)Î1(pz0) . (2.117)

For p→ ∞ the second term is of order e−p(z1−z0) with respect to the first. Therefore the
quantity that controls the UV divergences in the Casimir energy is

Z̃(p) = Î1(pz1)K̂1(pz0) . (2.118)

Notice that the effective action is proportional to an integral of lnZ. By the above equa-
tion we conclude that UV divergences depending on z0 and z1 add up, but that there are
no mixed terms. This is as expected according to eq. (2.110).

To compute the effective Kähler potential at 1-loop, we can now proceed exactly as
in ref. [23]. To summarize, we first calculate the diagram with n insertion of ρi, and
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the other localized kinetic term ρi′ turned off. This sum depends on the brane to brane
propagator ∆ii(p). We then replace this propagator with a propagator dressed with n
insertions of ρi′ and again sum over n. We also include a factor of logZ(p) which gives
the contribution to the effective action when all local kinetic terms are turned off.

Since we have already included a factor (kzi)
− 3

2 (kz j)
− 3

2 in the definition of ∆i j com-
pared to the standard propagator defined with a pure δ -function source and no induced
metric factor, and the interaction localized at zi in (2.96) involves a factor (kzi)

−2, each
factor ρi will come along with a factor kzi. The result is then

∆Ω1−loop =
1
2

∫

d4 p
(2π)4

(−4
p2

)

ln

{

Z(p)
[(

1− kz0ρ0 p2∆00(p)
)(

1− kz1ρ1 p2∆11(p)
)

−kz0ρ0kz1ρ1 p4∆01(p)∆10(p)
]

}

. (2.119)

This integral is divergent, the divergent contribution corresponding, as we anticipated,
to a renormalization of local operators. The way we proceed is to subtract the same
expression, but with Z and ∆i j replaced by Z̃ and ∆̃i j

Ωdiv =
∫ −2

p2

d4 p

(2π)4

[

log Z̃(p)+∑
i

log
(

1− kziρiρi p
2∆̃ii(p)

)

]

(2.120)

This formal expression, being the sum of terms that depend either on z0 or on z1 but not on
both, vanishes under the action of ∂t0∂t1 . So it is a fine regulator. It is also strightforward
to realize that the subtrated quantity

∆Ωeff =

∫

d4 p
(2π)4

−2
p2 ln

Z(p)

Z̃(p)

∏i

(

1− kziρi p2∆ii(p)
)

−∏i

(

kziρip2∆ii′(p)
)

∏i

(

1− kziρi p2∆̃ii(p)
) , (2.121)

is finite. This formula generalizes the flat case result (6.32) of ref. [23] to the warped
case.

It is worth spending a few words on the structure of the UV divergences we have
subtracted. As ∂t0∂t1Ωdiv = 0, it follows that, if properly (ie. covariantly) regulated, our
subraction have the same form as eq. (2.110). It is instructive how this dependence comes
about when working with a hard momentum cut-off. Let us first concentrate on the term
proportional to ln Z̃. Since Z̃(p) is the product of a function of pz0 times a function of
pz1, one can split the subtraction in two pieces depending only on z0 and z1, and change
integration variables respectively to v = pz0 and u = pz1 in the two distinct contributions

1

z2
0

∫ −2
v2

d4v

(2π)4 log K̂1(v)+
1

z2
1

∫ −2
u2

d4u

(2π)4 log Î1(u) (2.122)

These quantities are UV divergent. They have indeed the expected structure provided the
cut-off ΛvL and ΛuL of the v and u integrals do not depend on z0 and z1. This has an
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obvious interpretation. The above two distinct contributions must be associated (after an
integral over the 5th dimension) with divergences at the two distinct boundaries. Now,
the original momentum integration variable p is not the physical coordinate invariant
momentum. At each point in the bulk the physical momentum is pphys =

√

pµ pν gµν =

pz/L, so that it is truly the variables v and u that parametrize the physical virtual momen-
tum at each boundary. A covariant cut off procedure should bound the physical rather
than the comoving momentum. This explains why we get the right result by choosing a
fixed cut-off for v,u rather than for p. It is easy to check that this is indeed what hap-
pens when the above integrals are regulated through the introduction of 5-dimensional
Pauli-Villars fields of mass Λ. In that case it is indeed found Λu = Λv = Λ. By using the
asymptotic expansion of K1 and I1 at large argument we do find that the divergent part
has the form

(

1

z2
0

− 1

z2
1

)

{

(ΛL)3 +ΛL
}

+

(

1

z2
0

+
1

z2
1

)

lnΛ (2.123)

This expression is manifestly invariant, as it should, under the exchange of the two bound-
aries: z0→ z1, L→−L. The first term corresponds to a renormalization δM3

5 = Λ3 +Λk2

of the 5d Planck mass. The last term is associated to boudary kinetic terms proportional
to k2 lnΛ.

Consider next the two terms in the sum of the second term of eq. (2.120). Treting
ρi as small quantities we can expand the logarithm. This lead to infinitely many terms
of the type −

∫

d4 p/(2π)4(−2/p2)(kziρi p2∆̃ii(p))n/n, with arbitrary positive integer n.
Since ∆̃ii(p) is actually a function of pzi, one can rescale p by zi and factorize a divergent
integral, which as before does not anymore explicilty depend on z1 and z0. The same
arguments as before concerning covariance apply. We will not repeat them. The integral
can be evaluated by using the asymptotic expression for large argument of the functions
appearing in its integrand and the dimensionless cut-off ΛL. The result for the n-th term
then simplifies to 1/(2n+2n(n + 2)π2)(Λn+2L2)ρn

i z−2
i , and we see that it corresponds to

a correction to the 4d potentials Ωi that is proportional to Λn+2M−3n
5 (−3M2

i + ΦiΦ†
i )

n

and represents a renormalization of the quantities M2
i , the wave function multiplying the

kinetic term ΦiΦ†
i of the matter fields and the coeffficients of those higher-dimensional

local interactions involving up to n powers of ΦiΦ†
i .

Comparing eq. (2.121) with the general expression (2.28), it is possible to extract
all the coefficients Cn0,n1 . We will consider in more details the first coefficients with
n0,1 = 0,1, which control the vacuum energy and the scalar soft masses that are induced
by supersymmetry breaking, as functions of the quantities αi = M2

i /M3
5 defining the lo-

calized kinetic terms for the bulk fields. Taking suitable derivatives of (2.121) with re-
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spect to ρi and setting these to −αi, we find:

C0,0 = −2
∫

d4 p
(2π)4 p−2

[

lnZ(p)− ln Z̃(p)
]

, (2.124)

C1,0 =
2

3M3
5

(kz0)

∫

d4 p
(2π)4

[

�00(p)− �̃00(p)
]

, (2.125)

C0,1 =
2

3M3
5

(kz1)

∫

d4 p
(2π)4

[

�11(p)− �̃11(p)
]

, (2.126)

C1,1 =
2

9M6
5

(kz0)(kz1)

∫

d4 p
(2π)4 p2

[

�01(p)�10(p)
]

, (2.127)

in terms of the following, αi-dressed, versions of the quantities Z and ∆i j (the correspond-
ing large volume quantities being similarly defined out of Z̃ and ∆̃i j):

Z = Z
[(

1+ kz0α0 p2∆00

)(

1+ kz1α1 p2∆11

)

− kz0α0kz1α1 p4∆01∆10

]

, (2.128)

�00 =
∆00

(

1+ kz1α1 p2∆11

)

− kz1α1 p2∆01∆10
(

1+ kz0α0 p2∆00

)(

1+ kz1α1 p2∆11

)

− kz0α0kz1α1 p4∆01∆10

, (2.129)

�11 =
∆11

(

1+ kz0α0 p2∆00

)

− kz0α0 p2∆01∆10
(

1+ kz0α0 p2∆00

)(

1+ kz1α1 p2∆11

)

− kz0α0kz1α1 p4∆01∆10

, (2.130)

�01,10 =
∆01,10

(

1+ kz0α0 p2∆00

)(

1+ kz1α1 p2∆11

)

− kz0α0kz1α1 p4∆01∆10

. (2.131)

2.4.1 Results in the absense of localized kinetic terms

Let us consider first the case of vanishing localized kinetic terms, that is αi = 0. The
first four relevant terms in the correction to the effective Kähler potential are then given
by eqs. (2.124)–(2.127) with Z→ Z and �i j→ ∆i j, and similarly for the tilded quantities
defining the subtractions. In this simplest situation, it turns out that the three matter-
dependent corrections (2.125)–(2.127) can be understood in a very simple way from the
matter-independent correction (2.124). The point is that matter on branes influences the
result in the same way as localized kinetic terms given by ρi = ΦiΦ†

i /(3M3
5), and that

these can be treated as infinitesimal since we are interested only in the leading terms, that
are at most linear in each of these ρi. The spectrum of bulk modes that are responsible for
this Casimir effect is then modified by the presence of the localized kinetic terms in a very
simple way: the presence of ρ0 and ρ1 at the position of the two branes,z0 and z1, have the
same effect as shifting the positions of these branes from z0 to z0e+kρ0/2 ' z0 + kρ0z0/2
and from z1 to z1e−kρ1/2 ' z1− kρ1z1/2. This can be understood as follows. Working
with the y coordinate and in 4d Fourier space, and defining for convenience η0 = 1 and
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η1 =−1, the boundary condition for the scalar field ϕ at the position of the brane y = yi

and in the presence of a localized kinetic term with coefficients ρi is given by:

ϕ ′(yi) =−ηiρi

2
e2kyi p2ϕ(yi) . (2.132)

At leading order in the parameter ρi, this can be rewritten in terms of the shifted position
y′i = yi +ηiρi/2 as

ϕ ′(y′i) =−ηiρi

2

(

e2ky′i p2ϕ(y′i)−ϕ ′′(y′i)
)

. (2.133)

Using the equation of motion in the bulk, which reads

ϕ ′′(y)−4kϕ ′(y)− e2ky p2ϕ(y) = 0 , (2.134)

the righ hand side can then be simplified to 2kηiρiϕ(y′i), and one is therefore finally left
with the boundary conditions

ϕ ′(y′i) = 0 . (2.135)

that is, the boundary condition for a theory without localized kinetic term, but shifted
brane positions. More technically, the actual realization of the above relation in the re-
sults (2.125)–(2.127) can be easily verified with the help of the following relations10,
which relate the derivatives with respect to the brane positions z0 and z1 of the function Z
defining the matter-indepenent effect to the brane-to-brane propagators ∆i j entering into
the matter-dependent effects:

∂
∂ z0

ln
[

(kz0)
−3/2(kz1)

−3/2Z(p)
]

= −p2∆00(p) , (2.136)

∂
∂ z1

ln
[

(kz0)
−3/2(kz1)

−3/2Z(p)
]

= +p2∆11(p) , (2.137)

∂
∂ z0

∂
∂ z1

ln
[

(kz0)
−3/2(kz1)

−3/2Z(p)
]

= −p4∆01(p)∆10(p) . (2.138)

Using these relations and their analogs for tilded quantities to expand (2.124) around the
original positions z0 and z1, its is trivial to verify that eqs. (2.125)–(2.127) are indeed
correctly reproduced.

In the limit of flat geometry, one recovers the kown results for the coefficients of the
four leading operators:

C0,0 =
c

4π2

1
(T +T †)2 , (2.139)

C1,0 =
c

6π2M3
5

1
(T +T †)3 , (2.140)

C0,1 =
c

6π2M3
5

1
(T +T †)3 , (2.141)

C1,1 =
c

6π2M6
5

1
(T +T †)4 , (2.142)

10These relations can be proven by using the fact that Î′1(x) = 3/(2x)Î1(x)+ Î2(x) and similarly K̂′1(x) =

3/(2x)K̂1(x)− K̂2(x).
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with c = ζ (3) = 1.202. According to the general discussion above, it should be possible
to obtain the leading part of the effective Kähler potential corresponding to these first four
coefficients from the sole matter-independent term with a suitable shift in the distance
between the branes. Since in the flat limit T + T † is given by 2(z1− z0), and the shifted
positions are z0 +ρ0/2 and z1−ρ1/2, the shifted distance to be used is T +T †−ρ0−ρ1.
Indeed, one can easily verify11 that eqs. (2.139)–(2.142) are correctly reproduced by
expanding at leading order the following expression:

∆Ωeff '
c

4π2

[

T +T †− 1
3

Φ0Φ†
0

M3
5

− 1
3

Φ1Φ†
1

M3
5

]−2

. (2.143)

In the limit of very warped geometry, instead, the coefficients of the first four opera-
tors are found to be:

C0,0 =
ck2

4π2 e−2k(T+T † ) , (2.144)

C1,0 =
ck3

12π2M3
5

e−2k(T +T † ) , (2.145)

C0,1 =
ck3

6π2M3
5

e−2k(T+T † ) , (2.146)

C1,1 =
ck4

18π2M6
5

e−2k(T +T † ) , (2.147)

where12

c =
1
2

∫ ∞

0
dxx3 K1(x)

I1(x)
=

1
8

∫ ∞

0
dxx3 1

I1(x)2 = 1.165 . (2.148)

Again, according to our general discussion above, it should be possible to obtain the
corresponding leading part of the correction to the Kähler potential by expanding the
matter-independent term evaluated with a shifted brane separation. Since in this case
k2e−2k(T +T † ) is given by z2

0z−4
1 , and the shifted positions are z0e+kρ0/2 and z1e−kρ1/2,

the shifted distance to be used is T + T †−ρ0/2−ρ1. Indeed, one can easily verify that
eqs. (2.144)–(2.147) are correctly reproduced by expanding at leading order the following
expression:

∆Ωeff '
ck2

4π2 exp

{

−2k

[

T +T †− 1
6

Φ0Φ†
0

M3
5

− 1
3

Φ1Φ†
1

M3
5

]}

. (2.149)

11We thank A. Falkowski for first pointing out this to us as an apparent coincidence.
12We were not able to prove that the two integrals coincide, but they numerically agree to a very high

accuracy.
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2.4.2 Results in the presence of localized kinetic terms

In the presence of localized kinetic terms, that is αi 6= 0, it is convenient to consider
directly the full Kähler potential. In the flat case, the result is found to be:

∆Ωeff =
1

4π2

1
(T +T †)2 f (

ρ0

T +T † ,
ρ1

T +T † ) (2.150)

where now ρi =−αi +ΦiΦ†
i /(3M3

5) and

f (a0,a1) =−
∫ ∞

0
dxx ln

[

1− 1+a0 x/2
1−a0 x/2

1+a1 x/2
1−a1 x/2

e−x

]

. (2.151)

Expanding this expression at leading order in the matter fields, one finds13

Cn0,n1 =
1

4 ·3n0+n1π2M3n0+3n1
5

1
(T +T †)2+n0+n1

f (n0,n1)
( −α0

T +T † ,
−α1

T +T †

)

. (2.152)

It is easy to verify that C0,0 and C0,1 become negative for large α0 and small α1, and
similarly that C0,0 and C1,0 become negative for large α1 and small α0.

In limit of large warping, one finds instead:

∆Ωeff =
k2

4π2 e−2k(T+T † ) f (kρ0,kρ1) (2.153)

where ρi =−αi +ΦiΦ†
i /(3M3

5) and now

f (a0,a1) =
1
2

∫ ∞

0
dxx3 K1(x)

I1(x)
1

1−a0

1+a1 x/2K2(x)/K1(x)
1−a1 x/2 I2(x)/I1(x)

. (2.154)

Expanding this expression at leading order in the matter fields, one deduces

Cn0,n1 =
k2+n0+n1

4 ·3n0+n1π2M3n0+3n1
5

e−2k(T+T † ) f (n0,n1)(−α0k,−α1k) . (2.155)

It is easy to verify that none of the coefficients becomes negative for large α0 and small
α1, whereas C0,0 and C1,0 become negative for large α1 and small α0.

2.5 Conclusions

We computed the 1-loop correction to the Kähler effective potential. The result is en-
coded in the functions Cn0,n1 , they control the leading effects allowing the trasmission of
supersymmetry breaking from one sector to the other. Let us examine the consequences
of our results. We will consider a generic situation where supersymmetry breaking oc-
curs through some unknown dynamics and is effectively described through a Goldstone

13We use the standard notation f (n0,n1)(a0,a1) = (∂/∂a0)
n0(∂/∂a1)

n1 f (a0,a1).
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supermultiplet X with a linear superpotential. Similarly, the radion is stabilized by some
unspecified dynamics that we shall parametrize through an effective superpotential de-
pending on the radion multiplet. Finally, in order to cancel the cosmological constant,
we also need to add a constant superpotential and tune its coefficient. All these superpo-
tentials admit microscopic realizations, for instance in terms of gaugino condensations,
but we will not discuss them here in any detail. What is instead important for us is that
in such a general situation, there are three important sources of supersymmetry break-
ing effects for the visible sector matter and gauge fields, coming respectively from the
F terms of the compensator, the radion and the Goldstone chiral multiplets S, T and X .
These will induce contributions to the soft masses corresponding to anomaly, radion, and
brane-to-brane mediation effects.

2.5.1 Flat case

Let us first briefly recall the situation in flat space. We put the visible sector at z0 and
the hidden sector at z1, but the opposite choice is clearly equivalent. The gaugino masses
receive a one-loop contribution from anomaly mediation, but no one-loop contribution
from radion and brane-to-brane mediation, whereas the scalar squared masses receive a
two-loop contributions from anomaly mediation and a one-loop contribution from radion
and brane-to-brane mediation. Their expressions read

m1/2 = a
( g2

16π2

)

|FS| , (2.156)

m2
0 = b

( g2

16π2

)2
|FS|2−C′′1,0(T +T ∗)|FT |2−C1,1(T +T ∗)|FX |2 . (2.157)

The numerical coefficients a and b depend on the quantum numbers of the particular
gaugino and scalar partner. The value of the former is qualitatively irrelevant, whereas
the latter is positive for squarks but negative for sleptons, leading to a potential problem.
The functions C1,0 and C1,1 have instead been derived in section 2.4.1 and behave respec-
tively like M−3

5 (T + T ∗)−3 and M−6
5 (T + T ∗)−4 times coefficients that are functions of

the dimensionless variables εi = M2
i M−3

5 (T +T ∗)−1. In the basic situation where ε0 = 0
and ε1 = 0, these two coefficients are both positive and of comparable magnitude, lead-
ing to negative contributions in eq. (2.157), which worsen the tachyon problem already
occurring in the anomaly mediation contribution. For ε0 = 0 and ε1 � 1, on the other
hand, the former becomes negative and remains sizable whereas the latter stays positive
but becomes small. Actually, this interesting situation is achieved already for ε0 = 0 and
ε1 ∼ 1, and we shall therefore have in mind these values.

The values for the radion field and the F terms are difficult to derive for general values
of the localized kinetic terms. However, in the mostly interesting case where these are
sizable but not huge, they will affect the results only in a mild quantitative way, and to
understand the qualitative behavior of the result we can therefore neglect them. Assuming
that Λ1�Λ2, there is a large T solution and, since FS ∼ FT /T ∼ FX/M, the contributions
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from radion and brane-to-brane mediation have the same magnitude and can compete
with the contribution from anomaly mediation if mKK/M ∼ g2/16π2, where mKK = 1/R.
In this situation, we then get rid of any flavor or tachyon problem and obtain:

m0 ∼ m1/2 ∼
( g2

16π2

)

m3/2 , (2.158)

mscalar ∼ mpseudoscalar ∼ m3/2. (2.159)

2.5.2 Warped case

In the warped case, the situation is similar, but the two possible choices for the locations
of the visible and hidden sectors are no longer equivalent and must be studied separately.
It will be convenient to use the variables S and ω = Se−kT instead of S and T . These are
indeed the fields that effectively act as conformal compensators at the UV and IR branes
respectively.

Let us consider first the scenario where the visible sector is on the UV brane at z0 and
the hidden sector on the IR brane at z1. Since the matter and gauge fields live on the UV
brane, they have a canonically normalized kinetic term and they couple to the ordinary
conformal compensator S. The soft masses are then given by

m1/2 = a
( g2

16π2

)

|FS| , (2.160)

m2
0 = b

( g2

16π2

)2
|FS|2−C′′1,0(|ω|)|Fω |2−C1,1(|ω|)|FX |2 . (2.161)

The numerical coefficients a and b are the same as before, but the functions C1,0 and
C1,1 are now different. They have been derived in section 2.4.2 and in the limit of large
warping they behave respectively like k3M−3

5 |ω|4 and k4M−6
5 |ω|4, times coefficients that

are functions of the new dimensionless variables εi = kM2
i M−3

5 . As in the flat case, these
coefficients are both positive for ε0 = 0 and ε1 = 0, but for ε0 = 0 and ε1 � 1 the first
becomes negative and remains sizable, whereas the second remains positive but becomes
small. We therefore have the same potentially interesting case as in a flat extradimension
for ε0 and ε1 ∼ 1.

Let us consider next the scenario where the visible sector is on the IR brane at z1

and the hidden sector on the UV brane at z0. Since the matter fields live now on the
IR brane, they have a non-canonical kinetic term involving an |ω|2 factor. The gauge
fields, instead, still have a canonical kinetic term, because their action is conformal and
insensitive to the induced metric. Moreover, both the matter and the gauge fields couple
to the red-shifted conformal compensator ω . The physical soft masses are then given by

m1/2 = a
( g2

16π2

)

|Fω | , (2.162)

m2
0 =

[

b
( g2

16π2

)2
|Fω |2−C′′0,1(|ω|)|Fω |2−C1,1(|ω|)|FX |2

]

|ω|−2 . (2.163)
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The function C0,1 has the same behavior as the function C1,0 that was relevant for the
previous case, namely k3M−3

5 |ω|4, but its coefficient can never change sign, even for ε0�
1 and ε1 = 0. In fact, the two coefficients of the functions C0,1 and C1,1 stay both positive
for any value of ε0 and ε1, whose effect is only to decrease their size. No interesting
situation can therefore emerge from this case and we will not study it further.

In the warped case, there are in principle two inequivalent ways of realizing the gen-
eral situation described at the beginning of the section for supersymmetry breaking and
radion stabilization. Indeed, the constant superpotential that has to be added, in order to
tune the cosmological constant to zero, can be located at any of the two branes, but the
two choices are not equivalent, because of the different conformal compensators that are
active at the two different branes. We focus on the interesting scenario where the visible
sector is at the UV brane and the hidden at the IR brane. As before, the values for the ra-
dion field and the F terms are difficult to derive for general values of the localized kinetic
terms, but in order to get insight on the qualitative behavior we can neglect the latter.

If the constant superpotential entirely comes from the visible sector we then get
FS ∼ Fω/ω ∼ ωFX/M. This implies that the contribution from radion mediation is para-
metrically smaller than the others, and cannot help to change the sign of the scalar squared
masses.

In the case in which the constant superpotential instead comes from the hidden sector
we have FS ∼ Fω ∼ ωFX/M. This implies that the contributions to m2

0 in eq. (2.161) from
radion and brane-to-brane mediations have the same magnitude and can compete with
the contribution from anomaly mediation if mKK/M ∼ g2/16π2, where mKK = k|ω|. In
this situation, we get again rid of the flavour and tachyon problems, and obtain:

m0 ∼ m1/2 ∼
( g2

16π2

)

m3/2 , (2.164)

mscalar ∼ ω−1m3/2 , mpseudoscalar ∼ ω−1/2m3/2 . (2.165)

The situation is therefore very similar to the one emerging in the flat case, the main
difference being an enhancement of the moduli masses with respect to the soft masses.
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Gauge couplings unification

3.1 Holographic interpretation of the running

In this chapter, we consider GUT models where the gauge bosons of the unified group
propagate in the AdS bulk and study how this reflects on the low energy gauge couplings.
For a description of this scenario and its holographic interpretation see chapter 1.

At energies much greater than the TeV scale, the KK states become strongly cou-
pled. Nevertheless, if we restrict to the study of inclusive quantities, given by Green
functions on the Planck brane, we can reach energies as high as the Planck scale without
entering a strong coupling regime [39, 40] (see also [64]). This is possible because of

the exponential die-off of the propagators in the bulk, G∼ e−
√

p2z at distances z & p−1,
which makes the high energy processes on the Planck brane insensible of what is going
on deep inside AdS: the local cut-off for an observer living on the Planck brane is given
by the AdS curvature k. The importance of these inclusive quantities is clear also from
the holographic point of view, having the brane-brane correlators a simple 4-dimensional
meaning. In our case, the gauge propagator between two points on the Planck brane tells
us the strength of the gauge interaction in the 4-dimensional dual theory and it remains
perturbative despite the fact that the KK gauge bosons become strongly coupled above
the TeV. This dual picture allows us to understand why the gauge coupling running is
still logarithmic above the TeV scale: the CFT composites become broader and broader
and the true degrees of freedom emerge, but their contribution to the running still remain
perturbative and 4-dimensional, i.e. logarithmic. In a unified model, brane-brane gauge
correlators for different groups are the same much above the unification scale and this
may happen in a regime (E� TeV) in which only boundary correlators make sense.

At energies much greater than the TeV scale, but smaller than the AdS curvature k,
the tree level Planck brane-brane gauge propagator is given by [29]

G(q) =
g2

5/L

q2(log(2k/q)− γ)
, (3.1)

where γ is the Euler-Mascheroni constant. The holographic interpretation of this for-
mula is quite simple [39]. It just describes the corrections to a 4d vector propagator

51
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⇐⇒ + LO

Figure 3.1: The brane-brane correlator in AdS corresponds holographically to the free gauge
propagator corrected by the LO contribution in 1/N of the CFT (of order ∼ O[N 2(α/4π)] with
respect to the tree level). The grey circle represents the 〈JJ〉 insertion.

given by 〈JJ〉CFT insertions, where J is the CFT current coupled to the gauge boson
(see figure 3.1). Conformal invariance tells us that 〈J(p)J(−p)〉 ∝ p2 log p2, so that the
logarithmic running (3.1) follows. It is worthwhile noting that this CFT running is sim-
ply described by the tree level AdS propagator and it is common to any gauge group.
It follows that, whatever GUT symmetry breaking mechanism we choose, the leading
CFT contribution to the running is always GUT invariant. From eq. (3.1) we see that
the CFT gives a positive contribution to the beta-function bCFT = 8π2L/g2

5 ∼ N2, where
N is the number of colors of the conformal theory [65]. This should be large to ensure
that the non-renormalizable 5d gauge theory makes sense: the AdS curvature k must be
much smaller than the cut-off scale Λ = 24π3/g2

5 or, equivalently, the number N of colors
should be large.

3.1.1 Radiative corrections to brane correlators

Additional contributions to the running of the gauge couplings come from loop correc-
tions to the brane-brane propagator. It is therefore natural to ask what is the holographic
interpretation of these loops. For example, what is the 4-dimensional counterpart of the
vacuum polarization due to a bulk scalar? In the limit in which we remove the Planck
brane, obtaining a complete AdS space, we know that the dual picture is simply a CFT.
In this case, bulk loops are interpreted as corrections to the CFT correlators, subleading
in a 1/N expansion [66]. Concerning the scalar loop correction to the gauge two-point
function, we would find a modification of the 〈JJ〉 CFT correlator. As the dependence of
this correlator on the 4d momentum is fixed by conformal invariance, only the coefficient
in front receives 1/N corrections.

What changes if we add the Planck brane? The rough picture is the following. Cutting
off the part of AdS space near its boundary corresponds to a UV modification of the
CFT, which is now smeared over a distance of order k−1: degrees of freedom of shorter
wavelength have been integrated out. Moreover the 4d role of fields living in AdS space
changes. In the full AdS case they are not dynamical from the 4d point of view: their
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⇐⇒
+ NLO

(a) (b)

+

(c)

Figure 3.2: The one-loop (rainbow) scalar correction to the brane-brane correlator in AdS corre-
sponds holographically to three different diagrams: a 4d scalar loop graph (a), the same diagram
with the scalar propagator corrected by the CFT (c), and the NLO contribution in 1/N of the CFT
(b). Diagrams (a), (b) are both O(α/4π) with respect to the tree level; diagram (c) is negligible
because the scalar coupling to the CFT is MPl-suppressed. The grey circle (square) represents the
〈JJ〉 (〈OO〉) insertion. A similar holographic interpretation holds for the seagull diagram.

boundary behaviour at infinity just acts as a source for the corresponding operator of the
CFT. With the addition of the Planck brane, bulk fields become dynamical also from the
4d viewpoint, as we must integrate over their boundary value on the brane.

We thus expect that radiative corrections to brane correlators in presence of the Planck
brane describe not only 1/N subleading CFT terms, but the additional contribution of the
4d fields made dynamical by the introduction of the brane. If we have a scalar field in
AdS cut by the Planck brane, the 4d theory contains a dynamical scalar, coupled to the
CFT through an operator O(x), which has dimension 4 if the scalar is massless. Loops of
this 4d scalar will enter the running of the gauge couplings.

As depicted in figure 3.2, the one-loop AdS correction corresponds to the sum of
different terms: the contribution from the 4d scalar (a), whose propagator gets itself a
CFT correction (c), and the NLO CFT insertion (b). It is worth noting that the various
terms can be arranged in a double expansion: the first is the standard series in powers of
(α/4π), the second is the expansion of the CFT correlators in powers of 1/N. The two
expansions are related, as the holographic prescription tells us that 1/N2 ∼ g2

5/16π2L.
Diagrams (a) and (b) are of order O(α/4π) with respect to the tree level; diagram (c) is
completely negligible in this case, being the CFT coupled to the 4d scalar only through
MPl-suppressed operators. The corresponding diagram in the case of vector boson loops
is O[N2(α/4π)2], but still subleading with respect to the other two contributions, as 4d
perturbativity requires N2(α/4π)� 1.

We can look at the contribution (b) and (a) in fig. 3.2 as coming respectively from the
limiting case of a 5d loop deep inside AdS or close to the Planck brane. This is quite
intuitive, as the 4d scalar field comes from the integration over the boundary conditions
on the Planck brane. In the complete AdS case, the boundary values φ0,A0

µ ,g0
µν for the

various fields at infinity act as sources for the corresponding operators in the CFT [4]:
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〈e−
∫

d4x O(x)φ0(x)+Jµ (x)A0
µ (x)+T µν (x)g0

µν (x)〉CFT = e−SAdS(φ0,A0
µ ,g0

µν ) . (3.2)

The right hand side of this equation must be regularized [4], and this procedure leads
us closer to the truncated AdS case we are interested in. The standard procedure is to
limit the z integration to z > ε (which corresponds to introducing an explicit UV cut-off
on the CFT), add a proper local counterterm action (divergent for ε → 0) function of
φ 0,A0

µ ,g0
µν and their derivatives, and then take the limit ε → 0. In the case with only a

scalar field, eq. (3.2) becomes

〈e−
∫

d4x O(x)φ0(x)〉CFT = lim
ε→0

e−SAdS(φ0,ε)e−Scount(φ0,ε) . (3.3)

Suppose now not to perform the final limit, keeping an explicitly truncated AdS space.
As we have integrated out a portion of space which corresponds to the UV of the CFT,
we expect this to correspond to a smearing procedure in which fast modes are integrated
out 1 [37, 38, 67, 68]. At this stage, the scalar loop correction in AdS of figure 3.2 gives
a subleading contribution to the 〈JJ〉φ0 CFT correlator in the external background φ0.

The last step to get the Randall-Sundrum scenario is to integrate over the boundary
values φ 0,A0

µ ,g0
µν , which become dynamical fields, introducing a generic brane action

Sbound(φ0). Consider for instance a brane action with only a kinetic term proportional to
an arbitrary parameter ξ :

Sbound(φ0) =
ξ
k

∫

brane
d4x
√

g∂µ φ∂νφ †gµν . (3.4)

By varying ξ one changes the kinetic term of the 4d scalar and therefore the relative
importance between its loop contribution (fig. 3.2a) and the CFT correction (fig. 3.2b) 2.
In the limit ξ →+∞, the 4d scalar is frozen out and we are left with the CFT correction;
the same result holds by choosing Dirichlet boundary conditions on the Planck brane.
From these considerations, it should be clear the strict connection between boundary
terms in AdS and the 4d scalar mode. Moreover, all the features of the AdS bulk reflect
on the CFT. In particular, if the GUT symmetry is unbroken in the bulk, the CFT is
GUT-preserving at all orders.

1The counterterm action contains an infinite series of increasing dimension, properly suppressed by
powers of k: at energies of order of the AdS curvature the theory becomes non-local. In the following we
concentrate on the lower dimension operator (∂φ0)

2.
2Note however that, if the integration over the boundary conditions were done after the addition of the

counterterm Scount(φ0) (eq. (3.3)), the theory would be ill-defined. This is expected because, in this case,
the dependence of the 4d action on φ0 is given by the two point function 〈OO〉CFT of the corresponding
operator [4]: S(φ 0) ∝

∫

d4xd4x′φ 0(x)φ 0(x′)/|x−x′|8. This implies that, if the field φ0 is seen as dynamical,
it has a non-local kinetic term of the form q4 logq. This property can be used to find Scount(φ0) at leading
order. To fix it we require that the 5d brane-brane propagator goes as 1/(q4 logq). It is easy to obtain that
this happens for ξ = −1. For ξ > −1 the integration over the boundary conditions is well defined as the
4d scalar has a conventional kinetic term, with the correct sign.
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3.1.2 The CFT contributions

We now concentrate on the pure CFT corrections, as if we had pushed the Planck brane
to infinity, recovering the complete AdS space. We have shown that at leading order the
〈JJ〉 correlator does not distinguish among the unbroken subgroups of a unified theory,
while at NLO the CFT correction is GUT invariant or not depending on the mechanism
we choose to break the GUT symmetry. If the symmetry is broken by the boundary
conditions, the AdS bulk remains GUT invariant as well as the dual CFT 3. In this case,
at subleading order the CFT still gives a common running to all the unbroken subgroups.

Another possibility is that the unified theory is broken in the bulk, through a vev
of a charged scalar Σ. If the expectation value of the scalar is constant along the fifth
dimension, the conformal symmetry is still unbroken (all AdS isometries are preserved)
but the GUT symmetry is not 4. In the holographic theory, we have turned on an operator
OΣ coupled to the 4d Σ scalar, transforming under the GUT symmetry, which therefore
results spontaneously broken 5. In this scenario, GUT-breaking corrections to Planck
brane propagators correspond to analytic or non-analytic operators, involving Σ, in the
5d effective action. The contribution due to analytic operators is not calculable, and can
be only estimated through a naive dimensional analysis. For instance, in the case of the
ΣFF operator, naive dimensional analysis gives a ratio between the O(1) and O(N2)

corrections to the CFT beta-function:

bNLO
CFT

bLO
CFT

∼ g5〈Σ〉
Λ

=
MGUT

Λ
, (3.5)

where Λ = 24π3/g2
5 is the 5d cut-off. The second equality relates this ratio to the mass of

the 4d GUT gauge bosons: MGUT = g5〈Σ〉. If we want unification to occur in the regime
in which the holographic dual makes sense, we have to require MGUT � k, so that the
ratio (3.5) must be quite small.

From the 4d point of view these corrections to the 〈JJ〉CFT correlator are due to the
multiple Green functions involving the additional operator OΣ:

〈OΣOΣ . . .JJ〉CFT . (3.6)

For example the ΣFF AdS vertex gives at tree level a CFT correlator 〈OΣJJ〉CFT [65];
turning on the OΣ operator thus modifies the current-current correlators in a non GUT-
invariant way. All these corrections are suppressed by powers of 1/N and λ ≡ 〈Σ〉/k3/2,
where λ is the coupling constant of the operator OΣ in the 4d picture.

3If the boundary conditions on the TeV brane break the GUT symmetry, in the dual picture we have a
spontaneous breaking of the symmetry at the TeV scale, together with the conformal breakdown. Still, the
running above the TeV scale remains GUT invariant, as we will explicitly check in the following sections.

4We may also consider operators which break the conformal symmetry, corresponding to massive
scalars. In this case the scalar profile will not be constant in AdS.

5In presence of the Planck brane, the GUT symmetry breaking is spontaneous, due to the vacuum
expectation value of the Σ field. In the complete AdS case one just turns on the corresponding operator OΣ,
causing an explicit breaking.
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Notice that the non-calculability due to higher-dimension operators in AdS is here
reflected into an incalculable CFT beta-function. Nevertheless predictability is retained
if we assume that the AdS picture is weakly coupled so that the perturbative expansion
makes sense, with higher dimension operators properly suppressed by powers of the 5d
cut-off Λ. In this case, CFT contributions which distinguish among the unbroken sub-
groups are suppressed with respect to the GUT invariant leading CFT running. In turn,
this leading contribution cannot be too large if we want to build a phenomenologically
viable model.

The reason for this is quite simple and it is a general problem of unification in this kind
of models: the GUT-invariant CFT running would imply, for N � 1, that at low energy
we should see nearly SU(5)-invariant couplings: ∆α/α � 1. Alternatively: if N is too
large, we meet the strong coupling regime before reaching the unification scale. It is easy
to deduce a limit on N from the requirement of perturbativity at the GUT scale (which
we take to be of the order of the standard one MGUT ∼ 1016GeV): N2(αGUT/4π)� 1,
where the N2 factor comes from the number of CFT states. From this we obtain:

bCFT�
2πα−1

i (TeV)−b0
i logMGUT/TeV

1+ logMGUT/TeV
∼ 8 , (3.7)

where the numerical bound is obtained for b0
i given by the SM matter content. An oppo-

site bound on bCFT, or equivalently on N, comes from the requirement of perturbativity
in 5d, namely Λ/kπ � 1, where Λ is the 5d cutoff: the inequality

bCFT =
8π2L

g2
5

� 1
3

(3.8)

follows.
The general conclusion is that the leading CFT running cannot be much greater than

other contributions which separate the unbroken subgroups, coming from additional par-
ticles coupled to the CFT. The limit on N is not so strong to spoil the perturbativity of
the AdS picture, as we see comparing eqs. (3.7) and (3.8), even if the allowed window is
not too wide. This limit on the CFT leading contribution implies, in turn, that subleading
corrections, coming from bulk loops and higher dimension operators are negligible with
respect to the non-CFT running.

In principle we could discuss the gauge coupling running even in absence of a unified
group in the bulk and check if the gauge couplings cross at a certain energy. In this
case the CFT contribution to the running of each group is different at leading order, so
that the running may be much faster with a consequent lowering of the unification scale
[63]. However, the CFT beta-function for the three groups, given at leading order by the
three independent gauge kinetic terms, is incalculable, so that no firm prediction seems
possible.

Before moving to the explicit calculations, we want to stress an important conceptual
difference between the standard models of unification and the ones built in AdS space. In
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the standard case, Weinberg’s approach of effective gauge theory is very useful and it tells
us that the details of GUT-symmetry breaking, resulting only in threshold corrections, are
not crucial to test unification. Here the situation is different. Modifying the unified gauge
group we are at the same time changing the CFT excitations, hopefully around the corner,
at the TeV scale. The pattern of symmetry breaking does not influence only the physics
at far-away energies, but also the subleading CFT corrections to the running down to the
TeV scale. All this follows from the fact that AdS space describes at the same time the
CFT properties and the behaviour of the additional particles coupled to it.

3.2 The low energy gauge coupling

In this section we present our result for the one-loop scalar correction to the low energy
coupling of a U(1) gauge group in the bulk. In [63] the one-loop correction to the low
energy coupling was computed in RSI for a non-abelian gauge theory, employing a mo-
mentum cutoff which depends on the fifth dimension. In [64], the case of massless scalar
QED was considered, while in [69] also the massive case has been studied, adopting a
Pauli-Villars regulator.

In order to regulate the loop divergence we choose the dimensional regularization,
which proved to be a powerful scheme also in theories with flat extra-dimensions [70].
In the specific case of the one-loop correction to the zero-mode gauge correlator, it is
enough to extend the brane dimension to a generic (complex) value d keeping just one
extra dimension. Analogously to the Minkowski case, the isometries of AdS space are
clearly preserved. We leave to the appendix B all the computational details, focusing our
attention on the holographic interpretation. Once given the main formulae for different
boundary conditions of the scalar field, we will able in the next section to discuss various
scenarios of GUT symmetry breaking.

The zero-mode gauge self-energy reads, for external 4d momentum p:

1
g2(p2)

=
log(z1/z0)

k g2
5

+∆0(µ)+∆1(µ)−Π(p2,µ) , (3.9)

where µ is the subtraction point and ∆0,1(µ) are the coefficients of the gauge kinetic
terms localized on the branes. Π(p2,µ) is the one-loop scalar correction

Π(p2,µ) =−µ4−d ∑
{xn}

∫ 1

0
dx (2x−1)2

∫

ddq
(2π)d

1
[q2 + x2

n + c2(x)]2
. (3.10)

Here c2(x) = x(1− x)(−p2) and xn is the mass of the n-th Kaluza-Klein mode of the
scalar field (see appendix B). Using the technique described in this appendix, it is easy
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to perform the integration first and then the sum, getting

Π(p2,µ) =
(b0/2)

8π2

[

− α
ε

+ log
(

√

−p2√z0z1

)

+α log

√

−p2

µ

+3
∫ 1

0
dy y

√

1− y2 log f
(

iy
√

−p2/2
)

+α
γ
2

+ logπ− 4
3
(1+α)

]

.

(3.11)

With b0 = 1/3 we mean the beta-function of a charged 4d scalar, and d = 4− ε . The
previous formula is a completely general result, valid for a scalar with arbitrary boundary
conditions and mass; in the case of (±±), (±∓) boundary conditions, one should read
α =±1, α = 0 respectively and choose a function f = f±±, f = f±∓, whose expression
is given in appendix B. In the particular case of a (++) massless scalar, eq. (3.11)
coincides with the result of [64].

The zero-mode gauge propagator is an exclusive observable and does not make sense
above the TeV where the 0 mode becomes strongly coupled. This means that eq. (3.11)
can be really trusted only for external momenta |p| . TeV [64]; at these energies it
matches the Planck brane-brane correlator, therefore admitting a simple holographic in-
terpretation. Once the function f in eq. (3.11) is expanded for z1|p| � 1, the logarithmic
dependence on the momentum p must be the correct one for an infrared log. The loga-
rithmic divergence, represented by the 1/ε pole, is the same as in the flat limit (for the
latter, see [71]). This was expected, because in the very high energy regime the curvature
can be neglected and AdS appears locally flat [64, 69].

In the following we collect the low energy limit z1|p|� 1 expression of Π(p2,µ2) for
all possible choices of boundary conditions in the massless case and for a (++) scalar with
AdS bulk mass m. Using the asymptotic expansions of eqs. (B.12), we obtain (subtracting
the 1/ε divergence and omitting irrelevant constants):

MASSLESS SCALAR (1/z1� |p|> z0/z2
1)

Π++(p2,µ)' b0

8π2

[

log
z1

z0
+ logz0

√

−p2− 1
4

log µz0−
1
4

log µz1

]

(3.12)

Π−−(p2,µ)' b0

8π2

[

log
z1

z0
+

1
4

logµz0 +
1
4

logµz1

]

(3.13)

Π−+(p2,µ)' b0

8π2

3
4

log
z1

z0
(3.14)

Π+−(p2,µ)' b0

8π2

[

5
4

log
z1

z0
+ logz0

√

−p2

]

. (3.15)
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MASSIVE (++) SCALAR (k� m� |p|, |p| � 1/z1)

Π(p2,µ)' b0

8π2

[

log
z1

z0
+ logmz0−

1
4

log µz0−
1
4

logµz1 +
m2z2

0

8

(

log
z1

z0
− 1

2

)]

.

(3.16)

MASSIVE (++) SCALAR (m� k� 1/z1� |p|)

Π(p2,µ)' b0

8π2

[

3
4

log
z1

z0
+

1
2

log
m
µ

+
1
2

z0

√
m2 log

z1

z0

]

. (3.17)

For the (++) scalar these equations agree with the results of [69] if µ = k.
The log p terms in the previous formulae are the expected infrared logarithms. Holo-

graphically they correspond, in the (++) massless case, to the 4d massless mode which
runs logarithmically from high scale down to low energy. It can be interpreted as the
Goldstone boson of the symmetry φ → φ +const., which shifts the 5d scalar field by a
constant. This symmetry is broken in the (+−) case by the boundary condition on the
TeV brane and the Goldstone boson acquires a tiny mass M ∼ z0/z2

1 ∼ 10−4 eV. That M
should be so small can be understood by the following argument: the 4d scalar couples
to the CFT with a MPl suppressed operator and the analog of the pion decay constant is
fπ ∼ k. A Dirichlet boundary condition on the TeV brane implies the breaking of the
φ → φ +const. symmetry with a typical breaking scale ∼ TeV. Then a mass follows for
the pseudo-Goldstone boson M2 ∼ TeV4/ f 2

π ∼ TeV4/k2 (the exact value of the mass can
be derived as the lightest eigenvalue of the spectrum equation (B.2) given in appendix
B 6). We conclude that, for scalar boundary conditions (+−), the holographic theory
contains an almost massless 4d scalar contributing to the running of the gauge coupling
down to very low energy 7. This explains the log p term in Π+−.

Non-local operators in the bulk corresponds in Π(p2,µ) to calculable terms. These
effects are interpreted holographically as a calculable correction to the CFT beta-function.
There is also an additional incalculable correction coming from the linear divergence of
the bulk gauge kinetic term, but of course this does not appear in dimensional regulariza-
tion. Assuming an holographic point of view, one can extract this NLO CFT contribution
from any of the equations (3.12)-(3.15). Consider for example eq. (3.12): the log pz0

term is the running of the 4d scalar from the Planck scale down to p; the latter two terms,
coming from the log divergence on the AdS boundary, are threshold corrections in the

6Also ref. [72] has recently pointed out the appearance of such a small eigenvalue in the similar case of
a boundary mass term on the TeV brane for the scalar field.

7In the case of a vector field, Dirichlet boundary conditions on the TeV brane implies a mass ∼ TeV.
This is expected, because its coupling with the CFT is dimensionless so that the mass is only logarithmi-
cally suppressed by 1/ log(k/TeV). For a fermion field we obtain m2 ∼ TeV2 ·TeV/k.
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4d theory at the scales 1/z0, 1/z1. The remaining contribution, namely the first term in
eq. (3.12), is the calculable part of the NLO CFT correction. On the other hand, any
of the equations (3.12)-(3.15) does not constitutes by itself an unambiguous test of the
holographic interpretation. Such an ambiguity can be resolved only by comparing the
different results for the various parities as we will do in the next section when we con-
sider the GUT breaking scenarios. In the massive case, eqs. (3.16),(3.17), there are also
contributions of the form z2

0m2 logz1/z0, z0

√
m2 logz1/z0; both are calculable, as they

correspond to AdS bulk operators which depend non-analytically on the scalar curvature
R (the former) or on the Lagrangian parameter m2 (the latter). The z0

√
m2 logz1/z0

terms appear uniquely for a very large value of the mass, m� k (see eq. (3.17)). In this
limit they represent the contribution of CFT operators of very high dimension ∝ m/k,
while logm terms can be interpreted only from a 5d point of view: their coefficient b0/2
comes from the running of boundary operators.

It is well known [73] that, in the 5d flat case, gauge kinetic terms on the boundary
evolve logarithmically with energy, and their beta-function gets a one-loop contribution
from particles living in the bulk. This evolution is intimately connected with a logarith-
mic divergence. The whole tower of massive KK states contributes to the running on a
given boundary with 1/4 of the beta-function b0 of the zero-mode, the sign of the effect
depending on the parity of the loop fields [71]: including also the zero-mode contribu-
tion, one finds ±1/4b0 if the loop field is ± on that specific boundary. The logarithmic
divergences, together with the associated log p/µ terms, cancel in the one-loop correc-
tion from a (±,∓) scalar to the zero-mode gauge propagator, summing the contributions
at the two boundaries. All these considerations must remain valid in the warped case as
well, being the divergences the same as in the flat limit. This can be verified looking at
eqs. (3.12)-(3.17). In the warped case, the contribution from massive KK states to the
running of operators on the boundaries z = z0,z1 will freeze out at the typical local scale
1/z0, 1/z1. This gives the log µz0, logµz1 terms in Π(p2,µ) which are the counterpart
of the log µR terms of the flat case. A further source of logz0,1 terms might be finite
non-local operators which will be in general present in the 5d effective action. Indeed,
the dependence on z0,1 of the function f in eq. (3.11), is quite complicated before taking
the limit z0� z1. Only when the is a large separation of scales z0� z1, we recover the
simple expression of eqs. (3.12)-(3.15) required by the holographic interpretation.

Concerning the holographic interpretation of the brane kinetic terms in AdS, they
correspond to adding a constant term to the 4d inverse coupling 1/g2(p2), shifting its
Landau pole [39]. In other words, it is a modification of the 4d theory at a scale corre-
sponding to the position of the brane in AdS. There is therefore no connection between
boundary terms in AdS and log evolution in the holographic theory. It is remarkable that
in the flat case all the logarithmic running comes from boundary operators, while the
main logarithmic running in the 4d theory dual to RSI comes from the AdS bulk.
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3.3 GUT breaking: the holographic point of view

Armed with the previous results, we discuss now different mechanisms of breaking the
GUT symmetry in AdS, either through suitable boundary conditions for the gauge fields,
or turning on the vev of a scalar field in the bulk. We consider for simplicity the partic-
ular case of an SU(5) group in the bulk broken down to SU(3)× SU(2)×U(1) and we
study the loop correction to the low energy couplings given by a scalar multiplet in the
fundamental representation. It is understood that the results have a general validity.

3.3.1 GUT breaking through boundary conditions

Let us consider first the case in which the GUT symmetry is reduced at low energy by
the boundary conditions. We assume that the SU(3)× SU(2)×U(1) gauge bosons Aa

µ
have always parity (++), while the X ,Y bosons Aâ

µ can be (±,∓) or (−−): SU(5) is
broken on the TeV or Planck brane, or both. The relative parities of the doublet and triplet
components of the scalar 5-plet ϕ in the bulk are fixed by gauge invariance. We choose
ϕ2 = (++) for the doublet component and this forces ϕ3 = (±,∓), (−−) for the triplet
when Aâ

µ are (±,∓), (−−) respectively.

GUT BREAKING ON THE TEV BRANE

ϕ =

[

ϕ2(++)

ϕ3(+−)

]

for Aâ
µ(+−) Aâ

5(−+)

A theory with a gauge group SU(5) in pure AdS is dual to a 4d CFT with a global
SU(5) invariance. Putting the Planck brane and imposing + conditions for the gauge
bosons corresponds, in the holographic theory, to gauge the global symmetry. Let us now
insert the TeV brane demanding − parity for the X ,Y (and + for the Aa

µ ) gauge fields.
This deformation in AdS implies in the 4d picture a spontaneous breaking of SU(5)

down to the SU(3)× SU(2)×U(1) subgroup at the TeV: the X ,Y bosons acquire TeV
masses through the Higgs mechanism and the CFT resonances are not SU(5) invariant.
At energies higher than the TeV, however, the Planck brane-brane correlator does not
probe the GUT breaking on the TeV brane and the holographic theory must appear fully
SU(5) invariant. As a consequence, we expect a GUT-invariant running of the SU(3)×
SU(2)×U(1) gauge couplings gi, i = 1,2,3, from the TeV up to higher energies. This
is indeed what we found computing the contribution of the massless 5-plet scalar (for
1/z1� |p| � z0/z2

1):

1

g2
i (p2)

=
1

8π2 log
z1

z0

[

8π2

kg2
5

−b5

]

+∆0(1/z0)+∆i
1(1/z1)−

b5

8π2 logz0

√

−p2

− 1
8π2

[

bi
2

2

(

−1
ε

+
γ
2
− 8

3

)

− bi
3

2

(

2log2+
8
3

)]

.

(3.18)
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We denote with bi
2,3 the beta-functions of a 4d scalar doublet, triplet respectively and with

b5 the SU(5)-invariant beta-function. We recognize in the previous formula (fourth term)
the contribution of the holographic 5-plet (a massless doublet and a triplet with a tiny
mass ∼ TeV2/k), and the CFT contribution at NLO in 1/N (first term). Both are SU(5)

invariant as expected 8. Notice that for this to happen, we had to evaluate the boundary
couplings ∆0,1(µ) on the Planck and TeV branes at µ = k,TeV respectively. This is quite
natural as these boundary terms ∆0,1 correspond holographically to threshold corrections
at the scales 1/z0, 1/z1. Had we evaluated, for instance, the TeV boundary term at µ = k,
a fake SU(5)-breaking effect would have been introduced, coming from the SU(5) non-
invariant evolution of ∆i

1(µ). The logarithmic divergence is canceled with an SU(5) non-
invariant counterterm on the TeV brane: the only source of differentiation among the
three couplings gi comes from ∆i

1(1/z1) and from some finite scheme-dependent terms
absorbable in ∆i

1. Changing the value of the latter, corresponds holographically to modify
the Higgs mechanism responsible for the SU(5) breaking. How much the gi depart from
a common value below the TeV depends therefore on the unknown value of ∆i

1(1/z1). It
is clearly an important phenomenological question to estimate this contribution in some
way. One can advocate a plausible strong coupling hypothesis [71] assuming that the
∆i

1(µ) are sufficiently small when the gauge dynamics becomes strongly coupled. On
the TeV brane this happens at energies µ & TeV, confirming that the choice of the scale
µ = 1/z1 for ∆1 is the correct one.

GUT BREAKING ON BOTH THE TEV AND PLANCK BRANE

ϕ =

[

ϕ2(++)

ϕ3(−−)

]

for Aâ
µ(−−) Aâ

5(++)

If SU(5) is broken by the Planck brane boundary conditions, the holographic theory
does not have X ,Y bosons. Even if the CFT has a global SU(5) invariance (see sec-
tion 3.1), only the SU(3)×SU(2)×U(1) symmetry is gauged. In the holographic theory
we thus find, in addition to the CFT sector, the SU(3)× SU(2)×U(1) gauge fields and
an elementary doublet scalar. Inserting the TeV brane in AdS and demanding a − parity
for the Aâ

µ , the global SU(5) invariance of the CFT is spontaneously broken at the TeV to
the SU(3)×SU(2)×U(1) subgroup. The corresponding Goldstone bosons can be iden-
tified with the zero modes of Aâ

5, which appear in the dual theory as scalar excitations of
the CFT with the same quantum numbers of the XY bosons. From the holographic point
of view, we thus expect an SU(5)-breaking running up to the Planck scale given by the
scalar doublet, while the CFT does not contribute to the differential running. Indeed the

8At very low energies, |p|< z0/z2
1, the triplet contribution stops and the running becomes different for

the three SU(3)×SU(2)×U(1) couplings gi.
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explicit calculation gives:

1

g2
i (p2)

=
1

8π2 log
z1

z0

[

8π2

kg2
5

−b5

]

+∆i
0(1/z0)+∆i

1(1/z1)−
bi

2

8π2 logz0

√

−p2

− 1
8π2

[

(bi
2−bi

3)

2

(

−1
ε

+
γ
2

)

− bi
3

2
log2−bi

2
4
3

]

.

(3.19)

This equation gives a non-ambiguous test of the holographic interpretation: the 4d
scalar doublet gives a differential running up to the scale k. This effect cannot be falsified
by the SU(5)-invariant running of the CFT.

An important observation is in order at this point. From the holographic point of view,
there is no reason at all why the different gi couplings should unify at the Planck scale.
Indeed, in the holographic theory SU(5) is just a global symmetry of the pure CFT sector,
only the SU(3)× SU(2)×U(1) group is gauged. This is in sharp contrast with the case
of SU(5) broken only by the TeV brane: in that case, there is a Higgs mechanism in 4d
reducing the GUT group at the TeV. No analogous mechanism arises here at the Planck
scale. Moreover, from the 5d point of view, the situation at energies around k is similar to
the flat case: there is really no exact unification of the gauge couplings just because there
is no unified symmetry on the boundaries. As in the flat limit, however, one can estimate
the threshold corrections, represented in AdS by the boundary term ∆i

0(µ), to be small
if evaluated at a scale µ ∼ 1/z0 close to the strong dynamics regime. In this sense, we
recover an approximate unification of the couplings gi at the Planck scale.

GUT BREAKING ON THE PLANCK BRANE

ϕ =

[

ϕ2(++)

ϕ3(−+)

]

for Aâ
µ(−+) Aâ

5(+−)

The GUT symmetry is still broken on the Planck brane but no more on the TeV, so
that the holographic picture is much similar to the previous case. Inserting a TeV brane
and demanding a + parity for the Aâ

µ , it means that SU(5) remains a global symmetry
of the CFT: the CFT resonances can be arranged in exact SU(5) multiplets. As in the
previous case we expect that the only source of SU(5) breaking comes from the scalar
doublet. Indeed we obtain

1

g2
i (p2)

=
1

8π2 log
z1

z0

[

8π2

kg2
5

−b5

]

+∆i
0(1/z0)+∆1(1/z1)−

bi
2

8π2 logz0

√

−p2

− 1
8π2

[

bi
2

2

(

−1
ε

+
γ
2
− 8

3

)

+
bi

3

2
log2

]

.

(3.20)

3.3.2 GUT breaking with a bulk vev

A different mechanism to break the GUT symmetry is the standard Higgs mechanism.
Let us suppose that a massless scalar field Σ, propagating in the bulk, acquires a vacuum
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expectation value 〈Σ〉 constant along the fifth dimension. In the following we assume that
Σ and all the other bulk fields have (++) boundary conditions. This vev splits the masses
of the GUT multiplets, giving, for example, a (bulk) mass m∼ g5〈Σ〉 to the triplet of our
scalar ϕ , leaving the doublet massless. An interesting possibility is that k� m� TeV
so that the one-loop correction to the low energy couplings reads:

1

g2
i (p2)

=
1

8π2 log
z1

z0

[

8π2

k g2
5

−b5−bi
3

m2z2
0

8

]

+∆0(1/z0)+∆1(1/z1)−
bi

2

8π2 log

√

−p2

m
− b5

8π2 logmz0

− 1
8π2

[

b5

2

(

−1
ε

+
γ
2

)

− 4
3

bi
2−

bi
3

2
log2−bi

3
m2z2

0

16

]

.

(3.21)

In the 4d dual picture the gauge symmetry is spontaneously broken. The 4d doublet
and triplet scalars take different masses (the triplet has a mass ∼ m/

√
2, corresponding

to the lowest eigenvalue of the 5d KK tower): their contribution can be recognized in
eq. (3.21). The vev of the Σ field implies, as discussed in section 3.1, that the CFT is
not SU(5) invariant. Therefore, we expect GUT symmetry breaking terms in the CFT
beta-function proportional to m2/k2; in fact they appear in the first term of eq. (3.21).
While the logm can be traced back to a calculable and non-analytic operator (logΣ)FF
in the AdS effective action, the m2/k2 terms come from Σ2FF operators on the AdS side.
As a last remark, we notice that there are no terms in eq. (3.21) linear in m. They would
be the counterpart either of an analytic 5d operator ΣFF or of the non-analytic operator√

Σ2FF . The first one is absent if we impose a Σ→−Σ symmetry and the second one
shows up only in the flat limit m∼ g5〈Σ〉 � k, as already said in section 3.2.

Some conclusions on different GUT scenarios can be drawn. First we try to answer
the question posed in the introduction, if we can use the Randall-Sundrum model to both
solve the hierarchy problem and address gauge couplings unification without supersym-
metry. In order to satisfy the first request, we need to put at least the Higgs on the TeV
brane. Then we must break the GUT gauge symmetry. We know that in the 4d non-
supersymmetric SU(5) model, the gauge couplings come close at high energy, but they
do not unify. An exact unification would require an extra contribution to the differential
running, which is∼ 20% of that coming from the Standard Model fields. We can imagine
that in our model the CFT will help, but the leading CFT contribution is common to all
gauge groups and the subleading correction will contribute to the differential running only
if the SU(5) symmetry is broken in the bulk by the Higgs mechanism. In the 4d standard
scenario, Planck suppressed thershold corrections, coming from non-renormalizable op-
erators involving the Higgs field like ΣFF/M4, cannot account for such an effect. In the
5d AdS theory, on the other hand, these threshold receive a volume factor enhancement
log(z1/z0). In the holographic theory, the contribution of the bulk operator ΣFF/

√
Λ

is the correction to the CFT beta-function, so that the log enhancement is explained as
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the effect of the running up to high energies. In [74] it was observed that, considering
these thresholds, gauge couplings unification can be achived with sufficient precision in
the case of a Randall-Sundrum SU(5) GUT model, even wihout supersymmetry. We see
from our NDA estimate (3.5) that for MGUT /Λ ∼ 0.2, the CFT correction is of the cor-
rect order of magnitude. We stress that this unification relies on the uncalculable effect
of non-renormalizable local operators.

Other scenarios could be interesting for model building. The GUT group can be bro-
ken on the boundaries and not in the bulk; in this case the uncalculable CFT contribution
is exactly GUT-invariant at energies greater than the TeV, and the whole differential run-
ning comes from the elementary modes. If the Standard Model particles are confined
on the Planck brane, supersymmetry is required to stabilize the hierarchy; one then re-
obtains a standard supersymmetric unification, if a spontaneous breaking occurs on the
Planck brane [29]. From the 4d point of view, we have just added to the MSSM a GUT-
invariant CFT, which gives a common positive contribution to all the three beta-functions.
However the phenomenology of this scenario drastically differs from that of the MSSM,
because the CFT bound states are produced at TeV in multiplets of the GUT group.

If the breaking on the Planck brane proceeds through boundary conditions, there is
no unification in the usual sense, as only the SM gauge bosons exist in the holographic
dual . Nevertheless, as in the flat case, an approximate unification at high energies can be
justified from a 5d point of view, relying on a strong coupling assumption for the bound-
ary couplings on the Planck brane. From the holographic point of view, the CFT has a
global invariance under the GUT symmetry, but only the SM subgroup is gauged. The
unification is driven by the strong dynamics of the CFT: the positive and GUT-symmetric
contribution to the CFT beta function, makes the couplings to grow with energy until
they become strong and are forced to be equal. A realistic model of this kind has been
constructed in [75].

Another possibility is that the GUT symmetry is broken through TeV brane bound-
ary conditions. This breaking is negligible for energies above the TeV scale; to address
unification, additional sources of GUT breaking are therefore required, such as a Higgs
mechanism in the bulk or on the Planck brane. If the only source of symmetry break-
ing is the choice of boundary conditions on the TeV brane, the unification scale should
be at the TeV scale. This could fit well in the framework of SU(3)W unification [76],
recently readdressed in extra-dimensional inspired models [77], in which the SU(2) and
U(1) groups of the Standard Model are embedded into a weak SU(3) around the TeV
scale. However, it is likely that this kind of model requires a scale of conformal sym-
metry breaking too low to be compatible with the strong limits coming from electroweak
precision observables [78].





Appendix A

Component Lagrangian

In this appendix, we describe the component form of the superfield Lagrangian (2.69).
Apart from the terms involving the prepotential PT for the radion, the calculation is very
similar to the one done in ref. [54], and we therefore refer the reader to that paper for
more details. The first step is to chose a convenient Wess–Zumino gauge as in [54], in
which the bosonic components of the superfields are given by the following expressions:

Vn = −θσ mθ̄ h̃mn +θ 2θ̄ 2dn ,

Ψα = θ β uβα +
i
2

θ̄α̇vα
α̇ + θ̄ 2θ β

(

wβα +
1
4

σ n
ββ̇ ∂nvα

β̇
)

+θ 2θ̄α̇

(

yα
α̇ +
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2

σ̄ nα̇β ∂nuβα

)

,

PΣ = −θσ mθ̄ τΣ
m +θ 2θ̄ 2DΣ ,

Σ = θ 2
(

DΣ−
i
2

∂mτΣ
m

)

,
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1
4
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,

T = t +θ 2
(
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m

)

+ iθσ mθ̄ ∂mt +
1
4

θ 2θ̄ 2�t .

In components this give:
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m−
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D2
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1
12

(∂mτΣ
m)2

}

. (A.1)

There are two independent sectors: one containing h, t,v,w and d, and one containing
DΣ,DT ,τΣ

m,τT
m ,yn,uαβ . In the former, h, t and v are physical fields, whereas w and d are

auxiliary that must be integrated out. In the latter, all of the fields are non-propagating
fields. After eliminating all the auxiliary and non-propagating fields, one finally finds the
following Lagrangian:

L = M3
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where we have defined:
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1
2
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3
ηmnh̃ , hmy =

1
2

Revm , hyy = Re t ; (A.3)
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√

3
2

Im t . (A.4)

This Lagrangian match by expanding the full RS1 Lagrangian to quadratic order in fluc-
tuations parameterized in the following way:

ds2 = e−2σ (ηmn +hmn)dxmdxn +2e−σ hmydxmdy+(1+h55)dy2 (A.5)

In fact, a better parametrization of the fluctuation, that makes the zero mode manifest is:

ds2 = e−2σ(1+T ) (ηmn +hmn)dxmdxn +2e−σ hmydxmdy+(1+T )2dy2 (A.6)

It can be checked that T = T̄ (x) and hmn = h̄mn(x) are zero modes. This fact can be seen
in our quadratic Lagrangian by replacing hmn by h̄mn(x)−σ h̄yy(x), hyy by h̄yy(x), By by
B̄y(x) ,setting the odd field hmy and Bm to zero, and integrating over y. We get:
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(A.7)
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Sums in AdS

We present here the method used to sum the series of eq. (3.10) on the AdS Kaluza-Klein
masses. Performing first the integral in eq. (3.10), one find the series

S(d) = ∑
{xn}

(

x2
n + c2(x)

)d/2−2
, (B.1)

where the summation runs over the entire KK spectrum of the scalar field. Depending
on its boundary conditions, the KK masses xn of a massive scalar field in AdS satisfy the
following eigenvalue equations:

(++) :
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=
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;
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;
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(B.2)

Here Jν , Yν are Bessel functions, ν =
√

4+m2z2
0, with m the 5d mass, and

yν(z) = Yν−1(z)+
(2−ν)

z
Yν(z) ; jν(z) = Jν−1(z)+

(2−ν)

z
Jν(z) . (B.3)

Choosing the functions:

f++(z) = yν(zz1) jν(zz0)− yν(zz0) jν(zz1)

f−−(z) = Yν(zz1)Jν(zz0)−Yν(zz0)Jν(zz1)

f+−(z) = i [yν(zz0)Jν(zz1)−Yν(zz1) jν(zz0)]

f−+(z) = i [yν(zz1)Jν(zz0)−Yν(zz0) jν(zz1)] ,

(B.4)

whose zeros are the xns, one can rewrite the sum in eq. (B.1) as a complex integral over
the contour Γ with R→ ∞ (see fig. B.1):

S(d) =
1

2πi

∫

Γ
dz

(

z2 + c2)d/2−2 f ′(z)
f (z)

(B.5)
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ε

Imz

Rez
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−ic Γ

R

× × × × × ×

Figure B.1: Contour Γ in the complex plane. The crosses along the real axis correspond to the
real positive zeros xn of the function f .

with f one of the functions in eq. (B.4) 1. What follows applies for a generic parity, and
therefore we will specify the function f only when necessary. The asymptotic expansion
of f (z) when Imz→±∞, the same for all the parities,

f ′(z)
f (z)

=−
(

±i(z1− z0)+
1
z

)

+O(1/z2) (B.6)

tells us that the integral, like the original series, converges at infinity (R→ ∞) if d < 3.
In order to find the expression of S(d) for d→ 4, we first take d < 3 and extract the limit
R→ ∞. The contribution of the integration around the semi-circle of radius R goes to
zero and we are left with the vertical contour. Let us call for convenience Γ+, Γ− the
part of this vertical contour respectively above, below the real axis. We now subtract the
asymptotic behaviour of f ′/ f and evaluate it separately deforming Γ+ and Γ− to coincide
with the real axis. Defining

F(z) =
f ′(z)
f (z)

+
1
z

+ i(z1− z0) (B.7)

and using the parity properties f±±(−z) = f±±(z), f±∓(−z) =− f±∓(z), we obtain:
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(B.8)

In the remaining integrals, we can now extract the limit d → 4, being F(z) ∼ 1/z2 at
infinity. We expand the integrand up to orders O[(d−4)2]. The first term in the expansion

1Even if the domain of definition of the Bessel functions Jν(z), Yν(z) is the z-plane cut along the negative
real axis, the functions f±,±(z), f±∓(z) are single-valued on the entire complex plane.



71

gives a non-vanishing result because of a residue contribution in the origin (here we
deform the contours Γ+, Γ− to coincide with the imaginary axis, ε → 0 in fig. B.1):

1
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]
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α
2

; α =
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. (B.9)

The second term in the expansion must be evaluated taking into account the cut along the
imaginary axis between ±ic. We find:
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Summing all the contributions we get our final result
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which leads to eq. (3.11). Finally, we write the z→ 0 expansion of the various functions
f , used in the text to obtain the low energy limit of Π(p2,µ). Taking only the relevant
terms, one has (z→ 0, z1� z0):
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