Dynamical approach to the
cosmological constant problem

Zur Erlangung des akademischen Grades eines
DOKTORS DER NATURWISSENSCHAFTEN
von der Fakultat fiir Physik des

Karlsruher Instituts fiir Technologie (KIT)
genehmigte
DISSERTATION

MS Viacheslav A. Emelyanov

aus Moskau (Russische Foderation)

Karlsruher Institut fiir Technologie — Campus Sid
Fakultdt fir Physik
Institut fiir Theoretische Physik

Tag der miindlichen Priifung: 2. November 2012
Referent: Prof. Dr. F. R. Klinkhamer (Institut fiir Theoretische Physik, KIT)
Korreferent: Prof. Dr. H. Nicolai (Max-Planck-Institut fiir Gravitationsphysik, AEI)



Contents

Conventions and Abbreviations

1

2

Introduction

Theoretical framework

2.1
2.2
2.3
24
2.5

Einstein-Hilbert action . . . . . . . . . ... .. ... ... ... ...
Robertson-Walker metric . . . . . . . . . . ... ... ... ..
Matter composition of the universe . . . . . . . ... ... ... ....
Cosmological evolution of the universe . . . . .. ... ... ... ...
Newton’s law of gravity . . . . . . . . . . ... ... oL

Cosmological constant problem

3.1
3.2
3.3

Zero-point energy of quantum fields . . . . . .. .. ... ... .. ...
Semi-classical Einstein equations . . . . . . .. .. ... ... ...
Cosmological constant problem . . . . . . . .. ... ... ... .. ..
3.3.1 Cosmological constant and zero-point energy . . . . . . . . . ..
3.3.2  Cosmological constant and spontaneous symmetry breaking

Particular approaches to CCP

4.1
4.2
4.3

Fine-tuning adjustment . . . . . . . . . ... ... oL
Dynamical adjustment . . . . . .. ..o
Q-theory . . . . . .

Vector-tensor model 1

0.1
5.2

2.3

Vector and Einstein field equations . . . . . .. ... .. ... .. ...
Flat, homogeneous and isotropic universe . . . . . . . . . ... .. ...
52.1 Case: A, =(A0,0) . .. ... L
522 Case: A, =(0,4;) . .. ...
523 Case: A, = (Ao, &) . . ..

General linear perturbations and Newton'’s law of gravity . . . . . . ..

© 00 3 o O

11
11
13
14
14

21
21
22
23



6 Vector-tensor model II 48
6.1 Vector and Einstein field equations . . . . . . . . ... ... ... ... 49
6.2 Flat, homogeneous and isotropic universe . . . . . . . . . . . .. .. .. 50
6.3 General linear perturbations and Newton’s law of gravity . . . . . . .. 55

7 Discussion 58

8 Concluding remarks 60

Appendices 62
Appendix A Backreaction of quantum scalar field on metric. . . . . . . .. 62
Appendix B One-loop vacuum energy . . . . . . . . . . . .. .. .. .. .. 65
Appendix C Vector energy-momentum tensor . . . . . .. ... ... ... 67
Appendix D General linear perturbation of vector field equation and energy-

momentum tensor . . . . . .. ... .o e 69
Appendix E  Energy-momentum tensor of vector fields . . . . . . .. .. .. 73
Appendix F Expansion coefficients . . . . . . ... ... ... ... .. .. 74
Appendix G General linear perturbation of vector field equations and energy-

momentum tensor of vector fields . . . . . .. ... ... ... 78

Acknowledgements 82

References 83



Conventions and Abbreviations

We work throughout in units implying h = ¢ = 1, where A is the reduced Planck
constant and c is the speed of light in vacuum.

In what follows, we consider that spacetime is a four-dimensional, globally hyperbolic
manifold M with a metric g. We specify every point on M as z = z# = (2%, 2!, 22, 23),
where 2 is time and 2%, where i = 1,2, 3 are spatial coordinates. Greek indices always
run over 0, 1, 2, 3, while roman ones denote only spatial components.

We designate the metric components by g,,,, i.e. g = g,, de*®@dz", with the signature
(+,—,—,—). At certain points in this work, we will use two special configurations of
Guv, namely 9, and 7,,. The former represents the metric of the four-dimensional
Euclidean space E*, and the latter is the metric of Minkowski spacetime M ;.

The affine connection V is assumed to be the Levi-Civita connection. Thus the
connection coefficients F)‘W are given by the Christoffel symbols:

1
F)\/,Ll/ = 5 gAp (a,ugup + aug,up - apf];w) )

where 0, is the partial derivative with respect to z*, i.e. 9/0x*. We will frequently use
shorthand notations (...),, and (...) , for denoting the covariant and partial derivatives,
respectively.

The components of the Riemannian curvature tensor R" | , are given by

R#u)\p = a)\Fuup - 691_‘#1/)\ + Fua)\raup - F'McrpFUz/A :

The Ricci tensor and scalar are defined as R, = R’\MV and R = ¢g""R,,, respectively.



Chapter 1

Introduction

Recent observations of type la supernovae have shown that the expansion of the universe
is accelerating [1]. This phase has started at redshift z ~ 1, that corresponds to the
epoch of galaxy formation. These facts were later confirmed by other experiments [2, 3].
This phenomenon goes under the name “dark energy”. The outstanding question is to
discover the physics of it.

The up-to-date experimental data show that its energy density pqe is approximately
equal to 72.8% of the critical mass density:

pae ~ 2.9 x 10717 (GeV)?,

the pressure Py, of it is negative, with the absolute value roughly equaling its energy
density, i.e. Pje & —pge-

Many proposals have been suggested in an attempt to uncover its nature, among
which is the cosmological constant associated with the lowest-energy state of quantum
fields. The fact is that quantum theory implies that the normal or ground state of
a certain field is endowed with the zero-point or vacuum energy density py, which
vanishes in the classical limit A — 0. Vacuum also possesses the pressure Py, that is
related to its energy density as Py = —py.

Naive theoretical estimates give an unacceptably large value of the zero-point energy
density py, that strongly contradicts the observations. In addition, the nonzero Higgs
condensate in the standard electroweak theory and the quark and gluon condensates in
quantum chromodynamics make enormous contributions to the total vacuum energy as
well. This is the essence of the cosmological constant problem (CCP).

In addition to this puzzle, there are two related cosmological problems. Specifically,
it is asked why pg. is not precisely zero, but of the order of the matter energy density
pm of the universe, taking into account that pqe and p,, depend differently on cosmic
time. The latter is the so-called cosmic coincidence problem.

In the present research, we address the question of how to dynamically get rid of the



large value of the total vacuum energy produced by quantum fields.

This thesis is arranged as follows: in Chapter 2, we will briefly describe our the-
oretical framework that will be used throughout this work. Then, in Chapter 3, we
will talk over the first cosmological constant problem in detail. In Chapter 4, particu-
lar approaches to the problem are briefly discussed. These are fine-tuning, dynamical
adjustment and g¢-theory [4]. Motivated by ¢-theory and its special realization [5, 6],
we will treat in Chapter 5 vector-tensor model giving a dynamical cancellation of the
total vacuum energy appearing in the Einstein equations. We will also discuss a serious
obstacle inherent in it. In Chapter 6, we will considerably modify this model in order
to overcome that flaw. And, finally, in Chapters 7 and 8, we will discuss our results
and conclude.



Chapter 2

Theoretical framework

According to contemporary physics, there exist four fundamental interactions in nature.
These are the electromagnetic, weak, strong and gravitational forces.

The first three interactions are well-described by gauge vector bosons according to
the standard model of particle physics based on quantum field theory with the local
symmetry group U(1)y x SU(2)y, x SU(3)c [7, §].

General relativity (GR) is a classical theory of gravity. This theory is invariant under
Diff(M) group and based on geometrical and dynamical (equivalence) principles [9].
The geometrical idea implies spacetime is a torsion-free manifold that locally looks as
M. Thus the metric g contains all information about the gravity. The equivalence
principle means that inertial mass coincides with the gravitational one.

The weak and strong interactions are short-range, while the electromagnetism and
gravity are long-range. However, matter is electrically neutral on average, so that
gravity governs the evolution of the universe on large scales.

2.1 Einstein-Hilbert action

The dynamics of the metric in general relativity is determined by

1 4
—167TG/dx\/—g R, (2.1)

where the integration is performed over the manifold M with M = 0. This action was

Senlg] =

proposed by Hilbert in 1915 and is known as the Einstein-Hilbert action functional,
where G is the gravitational constant [9].

The Einstein field equations are derived by setting the functional derivative of (2.1)
over g,, to zero. Thus one has

(2.2)

pv

1
G = RW—§R9W = rGT™



where we have also added a matter action S™[g, ] to (2.1) with an energy-momentum
tensor (EMT) defined in the usual manner:

2 05"[g, 9]
V=g g (z) ’

and G, in (2.2) is the Einstein tensor.

" (x) =

uv

(2.3)

2.2 Robertson-Walker metric

Observational data show that the universe is homogeneous and isotropic on scales larger
than 100 Mpc. The metric tensor g of such the universe is

dr ® dr
1 —kr?

and known as the Robertson-Walker metric, where a(t) is a scale factor and the curva-

dt @ dt — a*(t) ( + r? <d9 ® df +sin® f dp @ dgo)) (2.4)

ture constant k € {—1,0,4+1}. These values of k correspond to open, flat and closed
universes, respectively. Observations indicate that our universe is roughly flat, therefore
we set k£ = 0 in what follows.

Having used (2.4) with k& = 0, one finds the nonzero components of G,

GO() = 3H2 and Gz‘j = (2H+3H2)gl], (25)

where dot stands for a differentiation over ¢ and H = a/a is the Hubble parameter.
Note, the symmetries of M encoded in (2.4) imply 75} = 0 and T} o g;; as these
directly follow from (2.2) and (2.5).

2.3 Matter composition of the universe

Cosmic microwave background radiation The cosmic microwave background (CMB)
comprises primordial photons that decoupled from matter after the recombination epoch
Zree &= 1100. The CMB has the Planck spectrum with a temperature T' =~ 2.725 K and
anisotropies at the level of 107° [10].

The electromagnetic field is mathematically described by a one-form A = A,dz*,
the dynamics of which is governed by Lgy = —}l F,,F*, where F,, = 2V, A, [11].
Hence its energy-momentum tensor is in components

1 |BJ?
Trad — E 2 2.
00 BY) <| I+ 22 ) ; (2.6)
1
rad __
T = —(ExB),, (2.7)
BB, 1 B2
rad 1] 2
T;»j = — (EiEj + 22 + 2_612 (|E| + ?) gij) , (28)
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where by definition E; = Fj, and B; = €;;.F), are electric and magnetic fields, €;;;, is
the three-dimensional Levi-Civita symbol and |E|? = §YE,E;, |B|* = §Y B, B;.

Taking into account the isotropy of the CMB, we average T;?,d over the solid angle.
This implies ((E x B);) =0, (E;E;) = :|E[*6;; and (B;B;) = 5|B|?;;, where the angle
brackets denote the average over the angles. We have

2 2
m5h = o (P ) gy - - (e B g o

Since (T3ad) = p,aq and <7}rjad) = —Pradgij, we find Praq = prad/3-

Baryonic and dark matter Baryonic matter is a matter composed of the standard
model particles. This is seen in the sky in the form of planets, stars, galaxies and large
scale structures.

Dark matter is an unknown component of the universe, that was originally introduced
in order to explain a large value of the mass-to-light ratio in galaxies and clusters of
galaxies [12, 13]. Observations indicate that dark matter energy density is roughly
22.7% of the critical mass density and has negligible pressure. There are currently
several dark matter candidates, such those weakly interacting massive particles, sterile
neutrinos, axions and others [14].()

On sufficiently large scales, matter can be roughly regarded as a perfect fluid [9, 10]
characterized by its energy density p, pressure P and four-velocity u, with

T, = (p + P)u#u,, — Py, . (2.10)
For a non-relativistic, dust-like perfect fluid (ug =~ 1, |u| < 1, Paust < Pdust), one has
To™ ~ pawsts 15" ~ —Pauwst8ij- (2.11)

In what follows, the baryonic and dark matters are considered as such kind of the fluid
with the zero pressure.

Dark energy As mentioned above, observations indicate Py, &~ —pge.. From now on we
also assume that this is the exact equality. Substituting this in (2.10), we obtain

T = pae, T = pacti- (2.12)

2.4 Cosmological evolution of the universe

Taking (2.2) with (2.5) and (2.9), (2.11) as well as (2.12), we obtain one of the Fried-
mann equations describing the evolution of the universe:

) 8T
a2 = ? Ga2 (pde + Prad pdust> . (213)

(D As an alternative, Milgrom suggested to modify the Newtonian dynamics in order to resolve this missing mass

problem. See the original paper [15] for details.



It follows from the Bianchi identities that V#G,,,, = 0. On the other hand, VT, =0
holds along the matter field equations. These are

prad = _4Hprad7 pdust = _3deust7 pde = 0. (214)
Since H = a/a, we find

Qo 4 Qo 3
Prad = Prado (;) s Pdust =  Pdust0 <E> ) Pde = Pde0 (215)

where the subscript 0 near p and a denotes their values at the present day ¢, ~ H, .

After the possible epoch of inflation [16, 17], when the universe was small and hot,
matter was ultra-relativistic. This is the so-called radiation-dominated phase. Setting
pae and paus to zero, the Friedmann equation gives a(t) o< t¥/2 (@ > 0, @ < 0).

Then the universe cooled down due to its expansion and massive matter became
non-relativistic with an energy density larger than that of radiation — a dust-dominated
phase which took place after roughly 10! sec after big bang. Taking into account only
paust and neglecting others in (2.13), one deduces a(t) o t2/3 (¢ > 0, i < 0).

At redshift z ~ 1 corresponding to the epoch of galaxy formation, dark energy has
started to dominate at large scales. Neglecting pr.q and pguss in comparison with pge,
one obtains from (2.13) that a(t) oc exp(Ht) (@ > 0, & > 0), where H = (87G pqe/3)"/2.

2.5 Newton’s law of gravity

General relativity reduces to Newtonian gravity in the limit of a weak gravitational
field and small velocities corresponding to ¢ — oo.
The weak gravitational field means the metric tensor is close to Minkowski one:

Guw(x) = Nuw +hu(z), where |h, (v)] < 1. (2.16)

This can always be achieved by using the Riemannian normal coordinates z*, in which
9w (Z) Toughly becomes 7, + £ Ry, 222 [9).
Einstein’s equations linearized with respect to the metric perturbations h,, () are

1
Ry — 0,0™ i\ — 0,0 M\ + 10,0, hy, + 2K (5T;; — 5nwaTm) = 0,(2.17)

where by definition 67T™ = nApéTf; and k% = 87 is the Einstein gravitational constant
introduced here for the sake of convenience.

Since GR is Diff(M) invariant, (2.17) must be invariant under a coordinate trans-
formation x* — It = x* — £*, where £ is an infinitesimally small function of a given
spacetime point. It is straightforward to show that (2.17) is invariant under the re-
placement h,, — hu, + Len,,, where L¢ is the Lie derivative along & = £#0,. This
transformation enables to fix 4 functions.



In the harmonic gauge [9], (2.17) becomes
1
Phy = —2K? (5T;f; - 577#,,5Tm) , 0 = 1"a,0,. (2.18)

A general solution of this equation with the omitted source term (92h,, = 0) describes
a propagation of gravitational waves in empty space.

As noticed above, Newton’s law of gravity corresponds to the case of the weak
gravitational field with non-relativistic bodies. The energy-momentum tensor of such
a body with a mass M at a given point xq is 0T}5 = Md)0)0(x — Xo), so that we
immediately find from (2.18)

2GM
hu(r) = —%@W, where r = x—Xg. (2.19)

Let us consider a freely-falling body m influenced by the gravitational field of M.
According to general relativity, it moves along its geodesic V,u = 0, where u = u*0,
is its four-velocity. Taking into account u* ~ (1,u) and |u| < 1, one has

GmM r

O
r]? ]

(2.20)

This is Newton’s famous law of gravity. Hence, G can be identified with Newton’s
gravitational constant Gy & 6.67 x 107! m3kg='s72 [18] in general relativity.

The Newton gravitational law is experimentally verified from 10~ m [19] up to the
size of solar system 102 m.

10



Chapter 3

Cosmological constant problem

In 1917 Einstein introduced an extra constant term A into Lgy, i.e.
1

Sl = e / 4z =g (R+2A), (3.1)

which is known as the cosmological constant [20, 21]. His original goal was to have a

static universe, however it turned out that the cosmological constant A does not provide
a stable stationary solution. In addition, it was later discovered by Hubble that our
universe is actually expanding [22].
The Einstein equations with the cosmological term read
1

R,uu - §ng/ - Aguu = SWGNT,?;a (32)

where we have also added the matter field with the energy-momentum tensor T77.
One can associate an energy-momentum tensor 7, ;ﬁ/ with the cosmological constant:

Tlﬁ, = pAGuw, Where by definition py = A/87Gx and, hence, Py = —p,. Thus, A can

be regarded as one of the candidates for the explanation of the accelerated expansion

of our universe.) Henceforth, we assume that this is the case, and the phrases dark

energy and cosmological constant will be used interchangeably throughout our work.
We note that A can have any value from the point of view of general relativity.

3.1 Zero-point energy of quantum fields

In 1967 Zel’dovich pointed out that the energy density of a quantum field in its ground
state could be related with the cosmological constant [26].
Let us consider ¢ : M{{S — R with an action functional

Sle] = / d'x (én"” .00, — %m%) : (3.3)

(DThere have also been proposed alternative ideas of how to explain the late accelerated expansion of the universe in
the literature: quintessence [23], k-essence [24], f(R) theories [25] and others.

11



where m > 0 is a constant standing for the mass of the field.

The dynamical variables are ¢(x) and 7(z) = §L/5¢(x) = ¢(2) (L[¢] = [ d®x L is the
Lagrangian), which satisfy the well-known Hamilton equations. After quantization [§],
they become operators defined on the Hilbert space. For instance, gg(:v) is given by

- Pk 1 , .
QS('I) = / (27_‘_)3 \/m (dke_lk’x —+ dL€+Zk$) 3 (34)

where k* = (wy, k) with wy = /|k|? + m? and
[a,af,] = @n)6(k—K), |aeaw] = [al.al] = 0. (3.5)

A state |0) is defined as the vacuum state, such that ax|0) = 0 Vk. A state a) |0) rep-
resents a state with one excited k-mode and so on. The vacuum state |0) is interpreted
as a no-particle state, while \/MELL|O> represents a particle with a four-momentum £*.

The vacuum expectation value of the Hamiltonian operator H= [ d*x Too is known
as the zero-point energy Fy, i.e. Ey = (0|H|0). This energy is divergent, at the very
least, because of the infinite volume of the three-dimensional space. If we consider a
zero-point energy density, then this divergence is eliminated:

. (E\ 1 [ d%

The vacuum expectation value of the momentum operator —(0| [ d*x Ti;|0) is precisely
zero, but the vacuum expectation value of the pressure operator is given by(?

1 [ &k |k|?
Py = - = 3.7
v 6/(%)3 Wi (37)

Both integrals (3.6) and (3.7) are ultraviolet divergent. To prove Py = —py, let us
regularize Py in the following way

400
1 [ K'exp(—ck)

3) Vi2ta?
0

where ¢ > 0, so that Py = liII(l) Py. Integrating F5; by parts, and then considering
e—

P dk , (3.8)

the limit ¢ — 0, one finds that py and Py are similarly related as the corresponding
quantities of the cosmological constant.(®)

In quantum field theories of particle physics, the zero-point energy does not play
a significant role, since only energy differences have a physical meaning in scattering
processes. Therefore, it is simply removed there by a normal ordering [8, 28]. It should
be mentioned, however, that the elimination of the zero-point energy by this prescription

(2)By this we mean a quantity Py7n;; = — Vlirn (V_1(0| [ d3x Ty \O))
—00
(3)The regularization procedure presented here differs from that that Zel’dovich used, namely he suggested a Pauli-
Villars regularization [27] of all divergences by introducing a spectrum of massive regulator fields [26].

12



does not imply that vacuum fields has no physical consequences and, moreover, it is
needed there for a formal mathematical consistency of the theory [29].

The QED effects such as the spontaneous emission [29], the Lamb shift [30, 31], the
anomalous moment [32, 33] and the Casimir force [34, 35, 36, 37] are experimentally
observed and, hence, serve as evidences for the reality of vacuum fluctuations. However,
there are no laboratory evidences that the zero-point energy is real [38].(4)

3.2 Semi-classical Einstein equations

Quantum field theories are formulated in Minkowski spacetime Mﬁg. Although the
universe can always be locally regarded as Mﬁg, this is not the case globally due to
the curvature of the universe and its possible nontrivial topology. As a consequence,
there is not, in general, a decomposition of the field ¢(z) into positive- and negative-
frequency modes as in (3.4) and the concept of physical vacuum, as defined above, loses
its unambiguous meaning as well as the concept of particle [40].

However, the energy-momentum tensor 7),,(z) of a quantum field appearing in the
Einstein equations are defined locally and can be found by using the path integral
method proposed by Feynman, while gravity is regarded as a classical field [40, 41].

Let us consider the free, real scalar field ¢ in a curved spacetime. Its action functional
is given in (3.3) up to the replacement of d*z and n* by d*x\/—g and g"”, respectively.
The vacuum expectation value of its energy-momentum tensor is

DT (@ esp(Slbg) 2 oTlg
) = DgexpliSiog) V=5 39" (3.9)

where I'[g] is the effective action defined as —i (Opu|0in) = —iln [ D exp (iS[4, g]).*)
This integral is taken over ¢ satisfying certain boundary or periodicity conditions.

After variation an effective action of the whole system, i.e. the metric plus scalar
fields, we obtain the semi-classical Einstein equations

1 N
R, — §R 9w = Noguw +87Go (1), (3.10)

which take into account the backreaction of quantum fluctuations of ¢ on the metric.

It is shown in Appendix A by following well-known methods, that (7},,) can be
written in the weak-field limit as

~

(Tw) = A, d) g — 2B(fi, d) G + O(g*) (3.11)

where A(fi,d) and B(fi,d) are given in (A8), d is the dimension of spacetime and /i is
the t’ Hooft scale.

(4)By saying zero-point or vacuum energy we mean vacuum bubbles which have no external legs (as in Figure 3.1 on

page 16) in contrast to vacuum fluctuations (see [39]).
(3)We note that (Oout|Oin) is related to both (0in|0in) and (Oout|Oout) [40]. See also discussion of this issue in [41].

13



Substituting (3.11) in (3.10), one sees that Ay and Gy become A and G according to

o ) _ 12
o+ 87TGO (:ua d) ) G 1+ 167TGOB</]7 d) , (3 )

and since, for instance, A(fi,d) — oo when d approaches 4, Ay must also be divergent
in the same manner as A(fi,d) in order for A appearing in the semi-classical Einstein
equations (3.10) to be finite.

Applying dimensional regularization to the integral (3.6) ((3.7)), one obtains py =
A, d) (Py = —A(ft,d)), i.e. A= Ag+ 87Gppy. Note, after renormalization, A and G
correspond to the observed values of the cosmological constant and Newton’s constant,
respectively [40, 41].

The conclusion is that the zero-point energy of quantum fields gravitates in general
relativity. Thus we cannot simply get rid of this as it is the case in quantum field
theories in Minkwoski spacetime.

3.3 Cosmological constant problem

As mentioned in the Introduction, the problem comes from a comparison of the observed
energy density of the cosmological constant with its theoretical estimates. These esti-
mates contradict observations.

3.3.1 Cosmological constant and zero-point energy

As already noted, py given by (3.6) diverges in the ultraviolet: py behaves as k* for
k — oo. However, there is the expectation that quantum field theory as well as general
relativity break down at certain high-energy scale, perhaps, of the order of the reduced
Planck energy Mpianac = 108 GeV, above which they must be replaced by a more
fundamental theory (MFT, for short) being still unknown.

This situation resembles classical electrodynamics that suffers from the ultraviolet
catastrophe (see, for instance, [29]). The resolution of this problem eventually resulted
in a development of quantum electrodynamics.

Analogously, it is usually presumed that quantum field theory arises as an effective
low-energy theory from MFT. This may legitimate the cutoff of the integration in (3.6)
at certain |k| = Myy, so that it becomes finite(®
My <1+ m ) o, (MUV+ v M‘%V+m2>](3.13)
1672 m

o = S -
2‘]\4[2JV MIQJV QMéV

()1t seems that Nernst (1916) and Pauli (1920s) were the first who estimated this integral by making this cutoff (see
[21, 48] and references therein). However, as it is argued in [49], a truncation of the high-energy modes at some finite
physical energy scale is actually illegitimate.

14



Assuming Myy > m, one immediately obtains py &~ M, /1672 If we take that
Myv = Mpianek, then we roughly have

,O\P/Iaan/,Ode ~ 10121 ’ (314)

i.e. an enormous discrepancy between this theoretical estimate and observations.
According to supersymmetric theory (SUSY) [50, 51], each boson has a fermionic su-
perpartner with the same physical parameters and vice versa. The sum of the zero-point
energies of such a pair turns out to be precisely zero. However, since the superpartners
of the standard model particles have not been detected, supersymmetry must be broken
to avoid conflict with observations. The energy scale Mgysy below which the symmetry
is definitely unobserved is of the order of 103 GeV — energy scale that is available in
modern accelerators. Taking Myy = Mgsysy, one still obtains unacceptable result:

o3 /pae =~ 105, (3.15)

The three-dimensional cutoff regularization, however, does not respect the local
Lorentz invariance [52, 53, 54].(" The violation of a symmetry by a regularization
can lead to unphysical consequences. For instance, in QED, the order-a vacuum po-
larization diagram is also ultraviolet divergent. A regularization by imposing a four-
dimensional Euclidean cutoff (see below) results in a nonzero photon mass proportional
to the cutoff. This obviously contradicts reality. The reason is that this regularization
violates the Ward identities and, hence, the gauge symmetry [8]. Another examples are
mentioned in [53, 54].

To preserve the local Lorentz invariance, one may make the four-dimensional cutoff.
This can be done by noting that py given in (3.6) can be rewritten as

m2

m?
_ = —/—D 1
/ 2m)4 k? — m2 +ic 4 #(0) (3.16)

(see Appendix B for details), where Dg(0) is the Feynman propagator [8] evaluated at

x = 0, explicitly telling us that this is a one-loop vacuum energy (see Figure 3.1 (a)).
Then performing a Wick rotation in (3.16) and imposing the four-momentum Fuclidean
cutoff (kg — ikgo and —k* — k3 = ki, + |k|* = MZy [8, 45]), we obtain

dkg 1 m? 2 ME, +m?
_ / ST~ 8 {MUV In (—m2 )} . (3.17)

i.e. the one-loop vacuum energy diverges as Mgy, [52, 53].
If we switch on non-gravitational interactions among the quantum fields, then mul-
tiple loops produce a more dramatic divergence when the cutoff Myy goes to infinity.

() For experimental tests of the local Lorentz invariance, see a review [55].
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(a) : (b) : :
(©) : : : (d) @
Figure 3.1: Vacuum diagrams up to the order-A? in A¢*-theory.

Indeed, applying the path integral formalism for obtaining vacuum Feynman diagrams
in the case of A\¢*-theory, we easily derive

Zm? 72
Ey, = TO /d4xDF(93—x) - Ao /d%D%(m—x) (3.18)
VAT
_4—80 /d4$d4y(3DF(ﬂf —)Dr(y — y)Di (2 — y) + Dy (a — y)) +0(Z°X) s

where the second and third terms are due to the self-interaction of the scalar field
and are diagrammatically presented in Figure 3.1 (b) and (c¢) with (d). The Feynman
propagator in (3.18) is given by

d4k Z'efik(xfy)
Dp(z —y) = 1
r(@ =) / 2m) Zk2 — Zm2 + ic (3.19)

where mg, A\g and Z are bare mass, coupling constant and field-strength renormalization:
Z = 14670+ 00,

Zmi = m? 400N+ 0N+ 0N, (3.20)
72X = A+0PX2 40N,

Here, m and X\ are the physical mass and coupling constant, respectively, fixed by the
renormalization conditions [8, 28, 56].

Expanding Ej as a series in A and dividing the result by the volume of the four-
dimensional manifold, we obtain its energy density in the following form

m? m2\ A2
pv = IJ1,4 + 3 Jiadaa + @(65§\2)ij4 -7
F12(6@) — m2037) (Jy4 — m®Jas) + 3m2J12’4J3,4> + 0N, (3.21)
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where J, 4 is given in (A6) and T is defined as®

(2m)* (2m)* (27)* kg +m? pg +m? g +m? (ke + pe + qe)* +m?

(3.22)

In deriving (3.21), we have used an equality 5 = —%JM calculated in [8].
Taking into account that Jy4 ~ Mgy, Jou ~ In(Myy/m), Js4 ~ M;e as well as
from dimensional considerations 5;2) ~ In(Myy/m), 52 ~ MEy In(Myy/m), 5&2) ~

In(Myy/m) [8, 58], and Z ~ M, In(Myy/m), one obtains
pv ~ )\2M€TV ln(MUV/m) . (323)
Note that the order-A vacuum energy diverges “merely” as AMg, In(Myy/m) [53].
Since Mgy is defined as kf = ki, + |k|*> = —n*”k,k,, we are not allowed to ascribe

physical meaning to Myy as a finite energy scale below which the theory is reliable.
Moreover, the first term in (3.18) up to the volume of the manifold comes from

L[ dhe (K4
- / o 1n< 5 ) (3.24)

(see Appendix B for details). Tt is quite obvious that if we regularize this integral by im-

posing the four-dimensional Euclidean cutoff, we find that it diverges as M, In(Myv/p).
This does not coincide with (3.17).

Dimensional regularization, as noted in the previous section, gives the same results
for both integrals and introduces the mass scale p after MS renormalization [8, 45] (see
also Appendix A).

To our knowledge, the latest naive estimate of the zero-point energy density con-
tributing to the cosmological constant we could find in the literature is made in [54]
and equals py ~ —10° GeV* in the one-loop approximation. This vacuum energy is
related to the heaviest standard model particles, where p is taken to be the geometric
mean of photon (A & 500 nm) and graviton (A &~ 10% m) energies. This value is still
physically unacceptable.

Before we proceed, we note that it is inconsistent not to take into account the bare
cosmological constant Ag in (3.12) which value is dictated by MFT. As mentioned above,
the vacuum energy density py appearing in (3.12) is not observable, but A is. Thus,
one may consider the large theoretical values of py as an evidence that we actually need
to develop MFT.

3.3.2 Cosmological constant and spontaneous symmetry breaking

There are other sources of vacuum energy contributing to the cosmological constant.
These are associated with spontaneous symmetry breaking (SSB) and results from
nonzero vacuum expectation values of certain fields.

(8)For an analytic expression of this integral, see an article [57].
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Specifically, in the SU(5) theory [59], being the most simple grand unified theory,
after the first phase transition associated with the spontaneous symmetry breaking
SU(5) — SU(3)c x SU(2), x U(1)y at energy scale Mgyt = 10'6 GeV, the second one
SU(3)c x SU(2)r, x U(1)y — SU(3)c x U(1)gym occurs at Mew = 10* GeV followed by
a spontaneous breaking of chiral symmetry at Mqcp = 0.3 GeV: U(Ny)g x U(Ny), —
SU(Ny)v, where Ny is the number of light quark flavors [60, 61, 62]. Let us consider
the last two SSBs in more detail.

Electroweak symmetry breaking According to the electroweak theory proposed by
Glashow, Weinberg and Salam that is based on a semisimple gauge group SU(2)p, X
U(1)y (each group has its own coupling constant, see below), there is a fundamental
scalar ¢ that is a doublet with respect to SU(2) and possesses a weak hypercharge

The part of the Lagrangian depending only on ¢ is
1
L, = (Dup)(D"0) = V(g'e), (3.25)

where D, = 0, — %gAZUa — %g’B/L is the gauge covariant derivative, 0® (a = 1,2,3) are
the three Pauli matrices that are the generators of SU(2), A% are the three gauge fields
corresponding to SU(2) and B,, is the gauge field associated with U(1).
The potential V (pTy) is given by
2
1 A
o (') + 7 (P1e)”, (3.26)

where 2 > 0 and A > 0. For this particular potential a state with ¢ = 0 is not stable

Viglp) = Vp—

(because it is a local maximum of V'), but pfe = p?/\ = v?/2 is.
Now let us choose Af, = 0, B, = 0 and (p) = (0,v)T/+/2 as a vacuum state and
consider (in the unitary gauge)

o' = (0,v+H)/V2, (3.27)

where H is a Hermitian field known as the Higgs boson. The Lagrangian rewritten via
H is still invariant under the whole gauge group SU(2);, x U(1)y, but the nontrivial
vacuum state chosen above is invariant under U(1)gy (2 exp(ia(z)(c® + 1)/2)). In
other words, SU(2)1, x U(1)y is spontaneously broken down to U(1)gm [7, 8, 63].

Let us discuss the vacuum energy density resulting from (p) # 0. It is straight-
forward to derive, that for this particular configuration of the scalar field, its energy-
momentum tensor takes the form

To(@) = V() = (%—SjggF)gW, (3.28)
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where m¥ = p? is the mass of the Higgs boson and Gy = 1/v/2v? is the Fermi constant
equaling 1.16637(1) x 107> GeV~2 [18].
According to preliminary results from CMS [64] and ATLAS [65], if the Higgs boson
exists, then myg ~ 125 GeV, so that we find
mi
8v2Gy

If one puts V5 = 0 in (3.26), then the Higgs condensate (p) contributes a negative

Mgy = 10% GeV*. (3.29)

vacuum energy of the order of Mgy, to the cosmological constant. However, one may
equally put V({p)) = 0, so that, after the electroweak SSB, there is no contribution of
the Higgs condensate to the total vacuum energy, but then we must admit enormous
fine-tuning [66, 67, 68].

We merely note that the cosmological constant problem is accompanied by a similar
puzzle in the standard model of particle physics, that is known as the hierarchy prob-
lem [69, 70]. Its essence consists in that any field, which is coupled to the Higgs boson,
makes a contribution to m# that diverges as Mgy,

Chiral symmetry breaking and QCD condensates The chiral symmetry breaking is
an example of SSB of a global symmetry U(Ny)r x U(Ny)1, where Ny is the number
of light flavors.

Let us consider the light fermionic part of the QCD Lagrangian(®

L = u(iy"D, —mu)u+d(in" Dy, — ma)d, (3.30)

where v# are the four Dirac gamma matrices. The covariant derivative is given by
D, =0, — %gSGZ)\“, where A\* (a = 1,...,8) are the Gell-Mann matrices being the
generators of SU(3), gs is a coupling constant associated with the local SU(3)¢ and
G, are its eight gauge fields known as gluons.

If we put m, = mgq = 0, then this Lagrangian is invariant under U(2)g x U(2)L.
However, m, and mq are small, but nonzero in reality. It was hypothesized that the
chiral symmetry is spontaneously broken by a quark condensate (Gq) down to the di-
agonal SU(2) part of the chiral group U(2)r x U(2)L, where pions 7% and 7° (as being
light) correspond to three pseudo-Goldstone bosons [8, 71, 72].

The quark condensate (Gq) = (@u-+dd) together with the gluon condensate (G, G**)
are constituents of the QCD vacuum that is non-perturbative, since g, becomes larger
at low energies, however smaller at high energies — a phenomenon known as asymptotic
freedom [73]. This makes a discussion of the QCD vacuum to be a complicated issue.

One usually identifies (7q) ~ —M3ep and (G%,G**) ~ Mgcp at energy scale cor-
responding to gs ~ 1 [72, 74]. These condensates are conventionally considered to be

(9 The s-quark is also light with respect to the QCD energy scale Mgcp, but we do not consider it here for the sake
of making our discussion as transparent as possible.
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properties of the QCD vacuum and to be constant throughout spacetime,(!®) thus they
contribute an energy density of roughly 10~2 GeV* to the cosmological constant, which
is approximately 10% orders of magnitude larger than pg. ~ 2.9 x 10747 GeV*.

(10)Note, there exists another viewpoint on it, namely that the QCD condensates are localized within hadrons only, so
that the contribution of the QCD vacuum is already taken into account in the hadrons masses. For more details, see
[75] and references therein as well as [62]. For criticism of this statement, see [76].
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Chapter 4

Particular approaches to CCP

Many approaches of how to solve the cosmological constant problem have been sug-
gested in the literature. A survey of these different proposals can be found in [14, 21,
62, 68, 77, 78] as well as [79], where they are classified into five classes: fine-tuning,
approaches based on a certain symmetry, backreaction mechanisms, violation of the
equivalence principle and statistical approaches. However, the problem remains un-
solved.

In the present chapter, we shall briefly discuss some of the ideas being relevant for
our further discussions and introduce so-called g-theory [4, 80, 81].

4.1 Fine-tuning adjustment

Let us consider a real scalar field ¢ governed by the following Lagrangian

Ly = ~VuoVFo+V(e). (4.1)
Setting the variation of L4 over ¢ to zero yields
V264 V(g) = 0, (4.2)
where V' = dV/d¢. The scalar energy-momentum tensor 7),,(¢) is
Tou(0) = 29,09.0 — 0,0 (VA0V0 — V(9)) (4.3)
A constant configuration ¢ = ¢y # 0, such that
V’]¢:¢O =0 (4.4)

reduces 7),,(¢) to V(¢o)gu. In other words, py = —FPy = V(¢o). Therefore, taking a
proper potential V(¢), one can always bring the total vacuum energy in the Einstein
equations into the physically acceptable level.

This approach implies an artificial choice of the potential V' (¢), such as the observed
value of dark energy pqe equals V(¢g) plus large negative number coming from quantum
fields. This makes it unattractive.
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4.2 Dynamical adjustment

Dolgov in 1983 [77] and Ford in 1987 [82] proposed a model that provides a dynamical
cancellation of a cosmological constant by a massless scalar field non-minimally coupled
with gravity.

This model is determined by the following Lagrangian density

Ly = —V,dV'6+ (rR&*. (4.5)
The scalar field equation is given by
<V2 + CRR>¢ = 0, (4.6)
while its energy-momentum tensor is found to be
Tw(9) = 2V,udVid — g VrdV 9
+Cr (RO G — 2R ¢’ + 2V, V0% — 29,, V%) . (4.7)

It is straightforward to show that there exist at least two cosmological solutions
of the scalar and Einstein field equations. The first solution corresponds to de Sitter

spacetime
o(t) = 0, H(t) = VA3, pu(t) = 0, (4.8)
where py,(t) is the energy density of the matter field. The second solution is
8CrPa i 1 1
t) = + t, H(it) = — (14— 4.9
o(t) <3+28<R+60<§) <t HE) = o\ 1+ o0 (4.9)
with
o= 3 (1LY (4.10)
Pult) = ZonGe 2%n) :

Considering small homogeneous perturbations around these solutions and linearizing
the scalar, Einstein and matter field equations with respect to them, one easily finds
that (4.8) is asymptotically stable only if (g < 0 and P, /pm = wy > —1, while ¢(t)
and H(t) given in (4.9) are asymptotically stable only if

(r € D, where D = (—o00,-1/2)U(0,400), (4.11)

but 2 p,, (t) approaches a constant for large time, which depends on the initial conditions
imposed. Thus the cosmological constant A for (g € D is dynamically compensated by
the scalar field subject to the condition that

CrA(3 4 28¢r 4+ 60CE) > 0 (4.12)

is satisfied for ¢ to be real.
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However, this model is unrealistic [77, 82]. Indeed, considering the weak-field limit,
one finds that the effective gravitational constant is

G
1 + 167TGCR¢2

at large time. As a consequence, Geg/Geg ~ —2Hy ~ —10710 yr~
observations [83, 84] (see also [55]).

Goft 1/t (4.13)

1 This contradicts

4.3 (@-theory

As already mentioned, there is the expectation that general relativity and quantum
field theory are low-energy effective theories. This means that they must be replaced
by a more fundamental theory that works even at high-energy scales and simplifies to
general relativity and quantum field theory in the limits A — 0 and G — 0, respectively.
Quantum gravity is, however, not yet established. @-theory is a phenomenological
approach to the quantum vacuum [4].

According to ¢-theory, the vacuum is a Lorentz invariant self-sustained medium,
that is characterized by a conserved relativistic scalar q. This parameter describes
microscopic, high-energy degrees of freedom. On the other hand, the g-variable allows
to discuss macroscopic, low-energy physics, because it obeys the conservation law (see
below). Condensed-matter analog of the g-variable is the particle density n in liquids.

The microscopic vacuum energy €pyicro(q) could be of the order of M{‘j\,. The macro-
scopic vacuum energy €macro(q), that appears in the equations of the low-energy effective
theories, can be of the order of the observed cosmological constant. However, since vac-
uum is self-sustained, €yacro(qo) = 0, where gy # 0 is a value of ¢ in the equilibrium
state. Thus, the small value of pg is due to the fact that gioday =~ qo.

Let us consider several examples of the g-variable which will clarify what was just
said.

First example The g-variable can be realized by a tensor of the third rank A, , namely
q X euu)\pvuAukp ) (414)

where e, is the absolutely antisymmetric tensor: e,,x, = /=g €y, Where €,,5, is
the Levi-Civita symbol [4, 85, 86, 87, 88].
Let us suppose the dynamics of the g-variable is governed by

S[gaA] = —/d4$ _gemicro(Q); (415)

where €nicr0(q) 1S a generic function of its variable. The g-variable depends on both
A,x and g,,,. The variation of (4.15) with respect to A, gives

Vi) = 0 = € = u = const, (4.16)

micro micro
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where prime stands for derivation with respect to the g-variable. This equation rep-
resents the conservation law of ¢. The variation of S[g, A] with respect to the metric
gives us its energy-momentum tensor

T,u,u(Q) - 6macro(Q)g/wa where 6macro(Q) = Emicro(Q)_qeinicro(Q)' (417)

Thus, the vacuum energy density that enters the Einstein field equations is given by
€macro(q), rather than €pico(q)-
As just mentioned, gioday = qo and, hence,

< My, (4.18)

Gtoday

Pde = 6macr0(‘]>|qmday - <€micro(Q) - qeinicro(q)>

while both €micro(g0) and qo €, (o) could be of the order of M,.(")

Note that a fundamental scalar field cannot be regarded as the g¢-variable. The
fact is that for the scalar field p is identically zero as it follows from (4.4), while p is
determined by the equilibrium state of the vacuum and, generally speaking, nonzero
[6]. Consequently, ¢ is not a fundamental scalar, i.e. it must be built out of some

fundamental tensor fields and their covariant derivatives for having dynamics.

Second example The second example of such kind of the variable can be realized by
the following pseudoscalar

q o< F,Fm (4.19)
where F,, = V,A, —V,A, is the field strength tensor, ﬁw is a dual tensor. Indeed,
one has a sequence of equalities

~ 1
F, F" = 56““’\me,F>\p = e"MELVIA, = eMVy(FuA,). (4.20)

Since F),, A, does not depend on the metric field, it can be associated with A,,, from
the previous example. It is also worth mentioning that a vector dual to F,, A, is
proportional to the topological or Chern-Simons current [89].

For a gauge SU(N) vector field, one can define the g-variable in a completely anal-
0gous manner:

q tr(FWﬁ“”), where F,, « [D,,D,]. (4.21)

Here D, is the covariant derivative associated with the local SU(N). We note that the
g-variable related with the gluonic vacuum was discussed in [90].

(DA particular model with the g-variable was proposed in [85]. Two extra equations, so-called equilibrium conditions,
were used there for getting Minkowski spacetime (H = a/a = 0) in the equilibrium state of vacuum (see Eq. (3.4) in
[85]). However, at it is argued in [81], this corresponds to a fine-tuning of the integration constant y in (4.16). So instead
of the fine-tuning of the action, there must be done the fine-tuning of initial conditions. We will see below, that, in
principle, this particular problem can be overcome.
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Third example Another comparatively simple example of the g-variable is given by
qg < V"A,, (4.22)

with the Lagrangian density as in (4.15).

If one adds extra terms depending on the vector field A, to this Lagrangian, then
the simple form of both the conservation law (4.16) and the energy-momentum tensor
(4.17) are spoiled. Nevertheless, it can be that the g-variable appears asymptotically,
i.e. in the limit ¢ — oo.

Long ago Dolgov proposed a vector model with the dynamical compensation of a
cosmological constant [5]. This model is governed by the following Lagrangian density

Ly = G(V,.A)(VFAY). (4.23)
Taking A, = Ao(t)d;, he found a solution behaving as
Ao(t) = E£/pa/a4Gu xt, H(t) = 1/t. (4.24)

This solution is asymptotically stable, i.e. does not depend on initial conditions im-
posed on dynamical variables and provides with the exact dynamical cancellation of
the vacuum energy in the Einstein equations. The g-variable appears here as [6]

Au(t) = (600, —=T°,)A(t) — qguw, when ¢t — oo, (4.25)

where ¢ = £+/pp/4¢.

However, Dolgov’s model has at least two obstacles making it unrealistic. First, the
Hubble parameter H = 1/t implies a(t) ~ t. This formally corresponds to the string-
dominated universe and is in an obvious contradiction with the observational data.
Second, Newton’s law of gravity is violated as well as the properties of gravitational
waves in comparison with them in general relativity [91].

Inspired by g¢-theory approach and Dolgov’s model, we will generalize (4.23) in the
next chapter by adding extra terms quadratically depending on the vector field. We
will, however, refrain from the reference to g-theory in the next two chapters. The
reason for that is that our further analysis is independent of it and may be regarded as
a search of a realistic model with a dynamical cancellation of the total vacuum energy.
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Chapter 5

Vector-tensor model 1

Let us consider a hypothetical universe governed by the following effective action

Slg, v, A] = _/ d'zy/=g (%Mgmk(z% +28) + Lo+ cm> , (5.1)

where Mpianck is the reduced Planck mass defined in terms of the gravitational constant
G, L,, is the Lagrangian of matter field ¢ and L is the Lagrangian of a vector field
A, non-minimally coupled with gravity

La = G(Vudo)(VFA") + (Vo) (VHA) + G(VIAL)" + GRAAY. - (5.2)

This vector Lagrangian (5.2) was proposed long ago as one of the alternative metric
theories of gravity [92, 93, 94]. In general, vector-tensor theories may be divided into
two subclasses [55]: Einstein-aether theories in which A, is the unit timelike four-vector
[95] and unconstrained vector-tensor theories corresponding to (5.2). The purpose of
the former models is to introduce a dynamical violation of the local Lorentz invariance
by means of the appearance of a preferred rest frame. This is motivated by purely
theoretical evidences that this symmetry might be broken at high-energy scales [96].
As concerns the latter, a model with (5.1) and (5.2), where A is precisely zero, has
been recently considered in [97]. The vector field is invoked there to describe both dark
matter and dark energy in our universe.

However, the nonzero cosmological constant influences a behavior of the vector
field A,, such that A is compensated by A, at late times for certain choices of the
(-coefficients in (5.2) [5, 98]. It will be proven that independent of how large A is, the
vector field does the job for a large domain of initial conditions imposed on dynamical
variables. In addition, it will be shown that short-wavelength perturbation of the vec-
tor and metric fields gives an unacceptable modification of the Newton gravity law in a
linear approximation. Thus, this hypothetical universe has nothing to do with our own
universe. In the next chapter, we will consider much more sophisticated vector-tensor
model in order to avoid this difficulty. The analysis made below will be helpful there.
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For the sake of convenience, we rewrite (5.2) via symmetric and skew-symmetric
tensors built out of the first covariant derivative of the vector field V,A,, namely

Sw = V,A+V, A, F, = V,A -V,A,. (5.3)
The half sum of S, and F),, gives us the first term in (5.2) and the half difference of
them gives the second term of the Lagrangian £, so that we can rewrite (5.2) as

1 1 1
Ly = 4 Cs SpuS™ + 4 Cr By 1M + 4 CQ (Sﬁ)g + (rRA A", (5.4)

where we have used the equality S = 2V#A, resulting from (5.3) and defined new
coefficients as

s = G+G, (r = -G, ¢ = &, (g = & (5.5)

which will be used in the following.

In principle, we could also add to the vector Lagrangian a quadratic term in the
vector field A,
tensor R,,. However, this term does not give a new contribution to the model, because

constructed from the contraction of the vector field with the Ricei

of the following correspondence

174 1 174 1 174 1
R, AFAY s _ZSWSM +ZFMVF“ +Z(Sg)2, (5.6)

which can be straightforwardly verified. Note, this correspondence (5.6) enables us to
eliminate S, S* from the Lagrangian, i.e. we can also write

Lo = 3G+ R + 1G5+ Q) (SL) — GsRuwAA” + (aRAAY,  (57)

so that in the case of Minkowski spacetime g,,, = 7,,,, the last two terms vanish and we
arrive to the well-known vector model with a term fixing a gauge.

5.1 Vector and Einstein field equations

The vector field equation can be derived by calculating the functional derivative of the
action (5.1) with respect to the field A, and setting it equal to zero. This yields

(s S+ CrFn+Co Sy, = 20rRA,. (5.8)

Varying the action (5.1) with respect to the metric field g,,,, we obtain the Einstein
field equations

1 — m
Ry, — §ng, = MPIchk <PA9W + ij + T/LV) 3 (5.9)
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where T, is the energy-momentum tensor of the matter field ¢» which is assumed to
have the form (2.10), Tlf; is the energy-momentum tensor of the vector field which we
split into four terms

A _ mS F Q R
TS = T5+ThH +T9 + T

g J 28]

(5.10)
where each of TY | f € {S, F,Q, R} are presented in Appendix C.

B

5.2 Flat, homogeneous and isotropic universe

The flat, homogeneous and isotropic universe is described by the Friedmann-Robertson-
Walker metric (2.4) with the zero curvature constant (k = 0), namely

ds® = gudatds” = dt* —a®(t)dr®. (5.11)
The vector field must be homogeneous as well, i.e.
Ae) = (Aolt), At)). (5.12)

Generally speaking, (5.12) does not imply that the vector EMT is compatible with the
isotropic universe. For that to be, ij must take the following form: T = 0 and
T} o gij (see Section 2.2). However, it turns out that T always vanish, but non-
diagonal elements of TZ/; definitely disappear only if A;(¢) = 0. This does not mean that
there is no nontrivial A;(t), such that TZ‘; o gi; as we will show below.

In the present section, we will proceed as follows: firstly, we consider the case A, =
(Ao, 0), then we will move on A, = (0, A;), where A;(t) is a particular function of
cosmic time ¢, such that non-diagonal elements of the energy-momentum tensor Tlﬁ,

vanish and, finally, we will treat A, = (Ay, 4;).

5.2.1 Case: A, =(A,0)

Taking into account (5.11) and (5.12) with A;(¢) = 0, one derives from (5.8) and (5.9)
together with (5.10) that

i)+3h@+3(h+§‘1[(2CR—Cs)h+(4§R—§5)h2Dv = 0, (5.13a)
3h2 = AX—ry—7m = 0, (5.13b)

2h + 3h% — X+ py 4+ Wnrm = 0, (5.13¢)

i + 3h(1+ W) = 0, (5.13d)

where by definition
¢ = o+l # 0 (5.14)
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and, for the sake of clarity, dimensionless variables have been introduced by rescaling
the original ones with appropriate powers of the reduced Planck mass, namely

v = MFTlelmckAOJ h = MlezlinckH7 T = MPlanckty (5 15)
A= MlglinckA7 m = Mlglinckpm’ Pm = Ml;énckpm‘

Thus, dot stands for a differentiation with respect to rescaled cosmic time 7 throughout
this section, rather than . The rescaled energy density r, = MgénckpAO and pressure
Dy = MljlinckPAo of the vector field are

ro(7) = —(C ((v + 3hv)2 — 20(0 + 3hvy + 3hv)>

+6(2¢k — Cs) (hv2 _ hm';) +18Cah%0?, (5.16a)
po(T) = +c<(@ +3hv)* + 20(0 + 3ho + 3hv)>

+2(Cr — Cs) ((2h+ 3h2)0? + 4hvi ) +2(2Cr = Cs) (6% + vi) . (5.16b)

Equation (5.13d) represents an evolution of the matter energy density with time, where
we have taken p,, = wyrm.

As mentioned in Section 2.4, V#G,,, = 0 due to the Bianchi identities. In the flat,
homogeneous and isotropic universe it is equivalent to

Go() + 3hG00 - hgijGij = 0, (517)

where G;; « g¢;; (see (2.5)). Hence, (5.13¢c) can be obtained by use of (5.13a) and
(5.13b) as well as (5.13d) with an assumption h # 0. However, we do not leave it out
from the equations (5.13), since it will be useful at certain places of our analysis below.

There are three separate subcases depending on a choice of the coefficients (5.5),
namely: 1) (s = (g = 0; 2) |(r| + |Cs| # 0 and 2¢g — (s = 0; 3) the rest of possibilities:
ICr| + |Cs| # 0 and 2¢g — (s # 0. Let us consider each of them in order.

First subcase: (s =(r =0

Setting (s = 0 and (g = 0 in (5.13), these equations reduce to

o+ 3ht+3hw = 0, (5.18a)
3h% = A+ ¢ (0 +3m0)* =1 = 0, (5.18b)
Fn + 30 (1 + W), = 0, (5.18¢)

where we have substituted r,(7) and omitted (5.13c) as needless.
The left-hand side of (5.18a) is a total derivative of v+ 3hv. Consequently, this must
be a constant. Taking (5.18b) and (5.18c¢) into account, one concludes that either both
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v(7) and h(T) are constant or v(7) ~ 7 and h(7) ~ 1/7. Specifically, we find two exact
solutions:

A
3(143¢u3)
where 7y is a constant depending on initial conditions, and

2 d (7) 4
——— a (7)) = —mm————,
3(1 + wm)T " 3(1 + wy)?72

and rp(1) = 0, (5.19)

() = wvor, h(r) = (5.20)

where vy have been defined as

v = it Wm s (5.21)

3+ wy
for wy, # —3, otherwise there is no such solution.

Stability analysis In order to specify a solution of (5.18), one has to impose three
initial conditions. For example, we can set the values of v(7), ©(7) and r,(7) at some
initial moment of time 7,. However, (5.19) has only one arbitrary constant, but (5.20)
is determined merely by the model parameters. It means that we have actually found
particular exact solutions. It can be that a full solution of (5.18) behaves itself differ-
ently from the found ones at large time, so that the rest of independent solutions of
(5.18) can manifest themselves in a way that (5.19) and (5.20) are spoilt at such time.

To make a stability analysis of both (5.19) and (5.20), we have to consider homoge-
neous perturbations around them, namely

v — v+ovu(r), h — h+dh(r), rm — Tm+0orm(T), (5.22)

where 0v(7), 0h(7) and 07y, (7) are unknown functions. Then one needs to substitute
(5.22) in (5.18) and linearize equations (5.18) with respect to the perturbations and look
for their full solution. Depending on how dv(7), dh(7) and dry(7) behave themselves
at large time 7, one can conclude whether the particular exact solutions found above
are asymptotically stable or not.

First critical point Having linearized (5.18) with respect to dv(7), dh(7) and §ry(7)
around (5.19), one has

09 + 3ho0 4 3T,0h = 0, (5.23a)
6hoh — 0rm + 6¢ ht (60 + 3hév + 36o6h) = 0, (5.23b)
0fm + 3h(1 4 w)drm = 0. (5.23¢)

It is not hard to see that a solution of the last equation (5.23c) is
Srm(T) = 6h21_j“;’m Cyexp (= 3(1 + ww)h7) | (5.24)
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where Cj is a constant of integration, while (5.23a) and (5.23b) give

dv(t) = Ci+ Coexp (—3ht) + Csexp (— 3(1 4 wy)h7), (5.25)
. 3C h@o hwm
Sh(t) = e Cy + o Cyexp (— 3(1 + ww)h7) | (5.26)

(2 are arbitrary constants. Since the number of integration constants coincides with
the number of initial conditions which must be imposed, we arrive at the conclusion
that (5.24), (5.25) and (5.26) give a complete solution of (5.23).

For sufficiently large time 3(1 4 wy,)h7 > 1 subject to w,, > —1, one has

3¢ hig

0

(5.27)
i.e. dv(r) and dh(7) are comparable with the background solutions v(7) and h(7),
but 07y, (7) tends to zero. Moreover, it is straightforward to show that changing v, into
Uo+0v(7) in h(7) of (5.19), and then linearizing h(7) with respect to dv(7), we find that
dh(T) is exactly given by (5.27). It means, as already mentioned, the actual value of vy
as well as the value of h(7) as a function of vy are determined by the initial conditions.
In other words, there exists a nonempty set of initial conditions, such that the solution
of (5.18) approaches a curve in the three-dimensional phase space (v, h, ), with an
equation that is given by (5.19).

Second critical point Now let us take (5.20) as a background solution. The lin-
earized equations (5.18) around (5.20) read

2 2 .

W+ ——— 00— ———=9 Oh+6h) = 2

U+(1+wm)7 0 T v+3v0(r + ) 0, (5.284a)
4

— 6h—0ry —0ry = 0, .28b
(1 + wy)T " " 0 (5.28b)
or +25r +L§h = 0 (5.28¢)

T (T4 wy)T? - '

where 0r,(7) is the rescaled energy density of the vector field linearized with respect to
the homogeneous perturbations,

3+ wy

5TU(T> = _2CU01+U}

. 2
((51} + m (SU + 3U07(5h) . (529)

Although the equations (5.28) look, perhaps, complicated, they can be easily solved.
Indeed, the first equation (5.28a) is a total time derivative of

. 2
00 + m ov + 3vgToh , (530)
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therefore this must be a constant, so that one obtains dh(7) as a function of 7, Jv(7)
and 00(7). Using this result, one gets from (5.28b) that dry,(7) is also a function of
7, dv(7) and dv(7). Thus, if we substitute dh(7) and dry(7) in (5.28¢), we derive a
homogeneous linear differential equation of the second order in dv(7) with time-variable
coefficients. Having solved this equation, one has the following complete solution of the
linearized system (5.28):

_ Wi 5+ 3wy
2 m) T3
Sh(r) 201 + C5(5 4 3wm)T ’ (5:31h)
3vo(1 + W )72
401 — 03<5 —+ 3wm)7'3

0Tm = — , 5.31

Tm(7) 3vo(1 + wy %73 (5.31c)

where () 2 3 are constants of integration. Hence, for sufficiently large time

Su(T)/v(t) ~ Oh(T)/M(T) ~ Orm(T)/rm(T) ~ Cs77, (5.32)

i.e., generally speaking, the perturbations grow with time in comparison with (5.20).
This means that (5.20) is an unstable solution of (5.18).

Note that '} can be interpreted as a shift of time. Indeed, it is straightforward to
show that (5.20) with 7 replaced by 7 + C} /g is also a solution of (5.18). So for large
time 7 > |C}/vy|, one approximately has

20
31)0(1 + U}m)T2 ’

8Ch

dv(r) = Cy, Oh(r) =~ _3v0(1+wm)27'3'

0rm(7T) =~

(5.33)

This observation will be useful in the following.

Second subcase: |(r|+ [{s] # 0 and 2{r — (s =0

Let us now treat the case where (s = 2(g # 0. Substituting this in (5.13), we have

i+ 300+ 3(h + 2(Ca/OR%)0 = 0, (5.34a)
3R =X —ry—1m = 0, (5.34b)
2h + 3h% — X+ py 4+ Wmrm = 0, (5.34¢)
P+ 3h(1+ W1 = 0, (5.34d)

where the rescaled energy density (5.16a) and pressure (5.16b) of the vector field are
ro(1) = —C(0+ 3hv)” + 6Cr(hv)?, (5.35a)
po(7) = +¢(0+3h0) = 2n ((Qh +9h%)v* + 4hm’;> : (5.35b)

32



Here we do not omit (5.13c) from a reason to be made clear shortly.
One can easily see that (5.34) has two particular exact solutions corresponding to
de Sitter spacetime

o(r) = 0, h(r) = VA3 and r(r) = 0, (5.36)
and Minkowski spacetime

o(r) = wr, h(r) = 0 and ru(r) = 0, (5.37)
where by definition vy = j:\/A_/( .

Stability analysis As in the previous subcase, we consider homogeneous perturbations
around both (5.36) and (5.37) in order to analyze their stability.

de Sitter spacetime Considering the homogeneous perturbations of the variables
around (5.36) and linearizing (5.34) with respect to them, we obtain

56 + 3ho0 + 6(Cr/O)R*6v = 0, (5.38a)
6hoh — ory, = 0, (5.38b)
Ofm + 3h(1 4+ wy)dr, = 0. (5.38¢)

The complete solution of these equations is almost obvious, so we easily find
Su(r) = Chaexp <—3hTT (1 V1™ 8(43/3@)) , (5.392)
Oh(r) = Csexp(=3(1+ wy)hT), (5.39b)
0rm(T) = 6hCsexp (—3(1 + wy)hT), (5.39c¢)

where (23 are arbitrary constants. We see that all of them approaches zero with
growing time only if w,, > —1 and

Cr > 0 (5.40)

is satisfied. If otherwise, the de Sitter spacetime solution is unstable.

Minkowski spacetime Analogously, linearizing (5.34) about the Minkowski space-
time solution (5.37) yields

5 + 3vg (nsh + 5h) ~ 0, (5.41a)

2¢vg (00 + 3ugTdh) — dry, = 0, (5.41b)

25h + 2y (50 + Buyrh) — Aciir® (5 + %5]1) b wmbre = 0, (5.41¢)
Sim = 0. (5.41)
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Firstly, it directly follows from (5.41d) that 07y, (7) = const. Secondly, (5.41a) is
encoded in (5.41b) and (5.41d), therefore we can omit this. Then using (5.41b) and
(5.41c), we obtain an equation in dh(7) only. Specifically, one has

: 4CpvaT B Cy Ci+ Cor
oh 1 — 2¢gpvaT? oh = 1 — 2¢gvaT? = () 1 —2¢pvaT?’ (542)
where we have taken
2C,
= — ) A4
07w (7) T (5.43)
Substituting dh(7) and dry,(7) in (5.41b), we find
1 _
dv(T) 3C(L+ W) = 2r Cor (5.44)

2¢¢Rrvo(1 + W)

3
+—3/2 <Cﬂ]0<‘11%/2 In ’03(1 — QCR’UgTZ)} — 21/202Arctanh (1)07'\/ 2<R>) .
403 CH
Hence, Minkowski spacetime solution is unstable unless we remove the matter field from
the model (¢p =0 = ry, = pyu = 0). If so, then Cy = 0 identically and, consequently,

dv(r)/v(T) ~1In(7)/7 and dh(T) ~ 1/72 for large time |Cgr|vaT? > 1.

Third subcase: |(s|+ [(r| # 0 and 2{g — (s # 0

One can directly show that the equations (5.13) have the following classes of particular
exact solutions

v(r) = 0, h(r) = /A3 and ryu(r) = 0 (5.45)
corresponding to de Sitter spacetime, and
2 4

v(T) voT, h(T) 30T wn)r and 7, (7) 30w (5.46)

where vy have been defined as(?)
1/2
A(4¢r = Gs)®
Vo + B (547)
2(5Cr — 2¢s) (3(2¢r — Cs)? + 2¢(5¢k — 2(s))
and the constant parameter of the equation of state is given by
1 2
Wy = Gs (5.48)

3" 3(2¢r —¢s)
i.e. wy, is fixed by the ratio (s/(g.
Note that Dolgov’s model [5] corresponds to (s = (r # 0, (¢ = (g = 0 and, hence,
Wy, = —1/3 as in a universe filled with a string gas. The model considered in [98]
corresponds to (s = (r =0, (g # 0 and (g # 0, such as w,, = 1/3 as for radiation.

(D'We tacitly exclude values of the ¢-coefficients throughout our work which imply infinite or imaginary values of the
dynamical variables. In particular, the dominator in (5.47) is nonzero and vg is assumed to be real.
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Stability analysis

First critical point The differential equations (5.13) linearized with respect to the
homogeneous perturbations dv(7), dh(7) and éry,(7) around (5.45) are

56 + 3hé0 — 9(B3/a)h?*Sv = 0, (5.49a)
6héh — 6ry = 0, (5.49b)
6t + 3(1 + wp)hdr, = 0, (5.49¢)

where we have omitted (5.13c) as needless here and defined new parameters as follows

2Cr — (s
4Cr — (s

in order to make the further analysis more transparent.(® It is straightforward to find

a = -3

7é 07 ﬁ = Cil(ZCR_CS) %07 (550)

a complete solution of (5.49). Indeed, equation (5.49a) is satisfied by

Su(r) = Cisexp <—% (1 + 1+ 4(ﬁ/a)>) , (5.51)
while the other two (5.49b) and (5.49¢) are solved by

Oh(t) = Csexp(—3(1 + wy)ht), (5.52)

Irm(7) = 6hC5exp (—3(1 4 wy)hT). (5.53)

We see that only if w,, > —1 and 3/« < 0 or, equivalently,

C(4¢r—(s) > 0, (5.54)

then the perturbations dv(7), dh(7) and dry,(7) tend to zero when time approaches

infinity and this does not depend on the constants C' 23, so that we conclude that de

Sitter spacetime solution is asymptotically stable only if (5.54) holds and wy, > —1.
Now let us assume 5/a > 0 and |3/a| < 1. Since

V1—4|8/al = 14+2|6/al, (5.55)
we have for sufficiently large time

dv(r) =~ Chyexp(3|6/alhT). (5.56)
In other words, there exists a phase of de Sitter spacetime which lasts till 745 that is
approximately equal to
| ‘ 3¢
h |4¢r — (s

(2)Note, both a and 3 are nonzero, since 2(g # (s in the present subcase.

ras ~ = la/pl = . (557)
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After this moment of time, dv(7) changes considerably as well as 0h(7) and dry(7),
so that the linearized equations (5.49) are not reliable anymore. The actual moment
of time, at which the homogeneous perturbations of the dynamical variables change
dramatically, however, strongly depends on the initial conditions, so that an actual
duration of this phase can be different from 745, but if one keeps the initial conditions
unchanged and increases, for example, ¢, de Sitter phase becomes longer in accordance

with (5.57) [99].

Second critical point The differential equations (5.13) linearized with respect to the
perturbations 0v(7), dh(7) and dry, (1) around (5.46) read

65 — = 60 + = 6v+3vy (8 + )roh + (28 4+ 1)h) = 0, (5.58)
6hoh — ory — 0y, = 0, (5.58Db)

260 4 6hSh + 6py + Wb = 0, (5.58¢)

S + §5rm - 27—2‘ Sh = 0, (5.584)

where the rescaled and linearized energy density and pressure of the vector field are

(Coo) 'ory(r) = 2760+ 2(af — 1)50 — 27“(@/3 +a—2)d0
+6u0 ((5 +1)720h + (0 + a + 25)7’5}1) , (5.59)

(Cvg) Hopu(T) = 2(B+1)0D — 2(2a8 + 2a0 — 1)60 + Q?Q(aﬁ + a+ [)dv

+% (@B +a+pP) <72(5h —(a— 2)7(5h) : (5.60)
From the system of equations (5.58), one can extract a differential equation in dv(7)
only, such that the rest of unknown functions, i.e. dh(7) and dr,(7), are determined by
dv(7) and its first and second derivatives. Specifically, from (5.58b) we obtain dry, (7) as
a function of 7, 6h(7), 6h(7) and dv(7), 69(7), 69(7). Now substituting this in (5.58¢),
one gets 6h(r) as a function of 7, 6h(r), dv(r) and its first and second derivatives.
Thus, we find 0h(7) as a function of 7 and dv(7), 60(7), d¢ and §0(7) from (5.58d).
And, finally, with the help of (5.58a), we get

00U 4+ a1(T) 00+ ax(t) 60 = 0, (5.61)
where a;(7) and ay(7) have been defined as
 Bla=2) +2(a +38) (vonT)? — (o = 4)(2 + B) (vonT)*
(8 + 2(von7)? — (2 + B)(vonT)*) ’

ax(t) = 2a — 1)(”0077)2(2 R s ﬁ)(UOUT)2) ) (5.62b)

(1 — (UOUT)Q) (5 +(2+ ﬁ)(vonr)2)

(5.62a)

aq (7')

36



where
n = (3a7'B¢(a+apf - 1))1/2 : (5.63)
One can directly verify that both C} and Cy7® satisfy the equation (5.61). The third
independent solution can be found by using the well-known Liouville-Ostrogradsky
formula. Having applied that, we obtain the following exact solution of the linearized
system (5.58):

vu(t) = Ci+ Cor® + Cs Arctanh (vonT)

2an*C 1-— 3 —
—%(Uonﬂ 2 F (17 Ta; 5 a; (1)0777)2> ) (5.64)

where 5 F1(a, b; ¢; ) is the hypergeometric series of variable z with parameters a, b and
¢ [100], where o # 3, and

o 1+ vont 2ugnT
hir) = 5 (01 e ( n ( = vw) — (UW>2)> , (5.65)
2052 1 + VonT
57“111(7’) = _3’(]07‘3 (Cl + 03 (hl <m) — 21)0777')) . (566)

We are interested in the behavior of the perturbations when time is large |vont| > 1.
Therefore, expanding them in a series, one obtains

A Aa, af+2) F 1
ou(r) = Cr+Cor™+ (ot D) Cs+0 <73> : (5.67a)
« ~ 253 1
Oh(r) = 3upT? (Cl * 3ugT? o (§>) ’ 0T
 2(am)? | A C 1
orm(T) = 3.2 C3 — woPT +0 ) ) (5.67c)

where we have made redefinitions of the integration constants in such a way to have a
real solution for real integration constants.

Firstly, we see that C, can be interpreted as a shift of time (see above). Secondly,
for du(7)/v(T) to go to zero with growing time, the term Cor® in dv(7) must be small
in comparison with Cy. In other words, o must be negative.(®) This condition in terms
of (s and (g reads

(s/Ck € D, where D = (—o00,2)U(4, +o0). (5.68)

() 1In principle, if 0 < a < 1, then ov(7)/v(T) still approaches zero, when time tends to infinity. However, the
perturbation of the vector energy density 7, (7) decreases merely as 72(e=1) ‘je. it becomes dominant at large time in
comparison with A2 ~ 772 and ry, ~ 72 in the “time-time” Einstein equation and eventually destroys the background
solution under consideration.
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Thirdly, the ratio 6h(7)/h(7) approaches zero as 1/73. Fourthly, 67y, (7)/rw(7) — const.
Since the equations are linear with respect to 7, (7), such behavior for dr,,(7) does not
invalidate the solution. It just tells us that the final value of r,,(7) depends on the
initial conditions, while final values of v(7) and h(7) are entirely determined by the
parameters of the model.

It means there exists a domain of initial conditions in the phase space of the variables,
such that asymptotic behavior of both v(7) and h(7) are independent of which point
from this domain we take.

The physically relevant values of the constant parameter of state w,, belongs to the
half-interval (—1, 1]. In terms of the ratio (s/(r according to (5.48), this becomes

(s/Cr € D, where D = (— 00, 1} U (4, —|—oo). (5.69)

Clearly, D e D, so that for any physically relevant matter field, the cosmological
constant is compensated by the time component of the vector field.

5.2.2 Case: A, =(0,4;)
Let us look for a particular exact solution of A;(7) = Mpjanek @;(7) in the following form

ai(r) = a(r)x(7)&, (5.70)

where, we recall, a(7) is the scale factor, &; is a unit constant three-dimensional vector,
and x(7) is a dimensionless function describing an evolution of the spatial component
of the vector field.

The vector field equation of A;(7) rewritten via the dimensionaless function x(7)
reads

%+ 3hy + (h 42K 420! [(6@ — Cs)h+3(4Ck — Cs)hQDX ~ 0, (5.71)
where by definition

= (r+0s. (5.72)

Note, we do not assume that ¢ cannot be zero.
The Einstein equations in components and the equation of the evolution of the
matter energy density are

3W2 —A—r =1y = 0, (5.73a)
2h +3h* = A+ py + Wt = 0, (5.73b)
f’m + 3h(1 + wm)rm =0 y (573(3)
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where r,(7) and p,(7) are parts of the rescaled energy density and pressure of A,
associated with its spatial components A;(7) expressed via x(7):

DO [y

re = 2+ hx) +2(6Ck — Cs)hxx + 6Crh?X?, (5.742)

Px =

DO [y

(X + hx)2 —2(4¢r + Cs)hxx — g ((Qh +30%) x4 2% + 2><>'<'> (5.74b)

As mentioned, when A; # 0, the non-diagonal elements of ij do not vanish iden-
tically. This constrains the allowed time-dependence of A;, namely we have an extra
equation resulting from TZ? = 0 for i # j, which in terms of x(7) is given by

0 = Cs(X+hx)x
+ <CS - %) (x + hX)2 + <(6CR — (o) h+4(3¢k — CS)h2) X’ (5.75)

(see Appendix C for more details).
If x(7) =0, then (5.71) is clearly satisfied. In addition, r,(7) and p,(7) as well as
(5.75) are exactly zero. Hence, we arrive at a simple conclusion that

x(r) = 0, h(r) = VA3 and ru(r) = 0 (5.76)

satisfy simultaneously all equations we have. This particular exact solution corresponds
to de Sitter universe.

In order to cancel the cosmological constant A in (5.73a) by the vector field only,
X(7) must linearly increase with time. Indeed, de Sitter spacetime is excluded, so that
assuming h(7) ~ 1/7,® one can see that r,(7) is a constant only if x(7) ~ 7. It is
straightforward to verify that if

: 4Cr — (s
¢ = CSm (5.77)
holds, then
2 4
x(1) = xor, h(r) = 30+ an)r and ry(7) = 30w (5.78)

is one more exact particular solution of (5.71), (5.73a)—(5.73c) as well as (5.75), where
we have defined yq as

9 1/2
Xo = % ( MAr = Gs) >) (5.79)

8¢Cr(Cs — 3Cr) (5¢r — 2(s

and wy, is determined by (s and (g in the same manner as in (5.48).

(1) This comes from a dimensional consideration of H(t).
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Stability analysis

First critical point The small perturbations dx(7), dh(7) and 07y, (7) around (5.76)
evolve according to

5% + 3hdY + 2(1 + 301 (4¢h — CS))h25X _ 0, (5.80a)
6hoh — 61y = 0, (5.80D)
S + 3(1 + wa)hdrm = 0. (5.80¢)

We have omitted here the linearized versions of (5.73b) and (5.75), since they are
automatically satisfied.
It is easy to show that

6x(1) = Cigexp (—%TT (1 + %\/1 — 241 (4¢r — gs))) , (5.81a)
6h(r) = Csyexp (—=3(1+ wp)h7), (5.81b)
0rm(T) = 6hCsexp (—3(1+ wy,)h7) (5.81c)

give a complete solution of (5.80). Consequently, de Sitter spacetime solution (5.76) is
asymptotically stable only if w, > —1 and

C(C+12¢r—3¢s) > 0 (5.82)

are satisfied.

Second critical point Considering dx(7), dh(7) and éry,(7) around (5.78), we find
that they are governed by

Loa
OX — =0x+ = dx+ xo
T T

M +3a—a [ . 27—12a —2a
u(ah a 0‘5) — 0, (5.83a)

3(2a + 3) 27 + 3a — a?

2
2 Sh+6ry +0ry = 0, (5.83b)
.

.2
26h — - §h + 6py + wndrm = 0, (5.83¢)
T

2 2
S + = 01 — —=6h = 0, (5.83d)
T T
where the linearized quantities r,(7) and p,(7) are given by
4
7l (r) = 5 (a=3) (5>'< . §5>< n 3X075h> , (5.84)

4 402 .
Y py (1) = 476X — 3 (4oz — 3)5)’( + Biéx + 4dxoT (T(Sh — (a— 2)5h> . (5.85)
T

40



Here by definition

v = —xoCr- (5.86)

By using (5.83b), we can find 07y, (7) as a function of 7, dh(7), dx(7) and dx(7).
Then if we substitute this in (5.83¢), we get dh(7) as a function of 7, 6h(7), dx(7) and
its first and second derivatives. After that, we can find 0h(7) from (5.83a) as a function
of 0x(7) and its derivatives only, so that dh(7) and 07, (7) can be entirely expressed
via 0x(7), dx(7) and dx(7). Thus, if we now substitute dh(7) and drp,(7) in (5.83d),
we obtain

SX +b1(7) 0% + ba(T)dx = 0. (5.87)

Here by (7) and by(7) are known functions of time 7. They are given by huge expressions,
therefore we do not write them down. Since we are interested in the asymptotic behavior
of the perturbations, we expand by(7) and be(7) in a series, where 7 is large. So we
approximately obtain(®)

hir) = “=%10 (i) , (5.882)

T T3
2(1 - a) 1
Now substituting (5.88a) and (5.88b) in (5.87), one eventually finds
1
Sx(r) = GG+ 240 (—3) : (5-89%)
T T
« (a+1)(a+9)(2a+ 3) (1)
oh = —— |1 +2C O—= 5.89b
(7) 3x07? ( et (54 + 240 + 042)7' * T3 ' ( )
(a+1)(a+6)(a—3) 2a%C; 1
OTm = —4dyal — — . 5.89
m(7) Tt (54 + 24a + a?) 72 3x073 T4 (5.8%)

This is a complete solution of the system (5.83) in the limit of large time. However, we
have not taken into account (5.75). This is incorrect, because this additional equation
makes a constraint on the perturbations dx(7), dh(7) and dry(7), so that it could be
that there does not exist a solution of all equations at all. However, this is not the case,
since linearizing (5.75) yields

6+ o
3+ 2«

. 3.4
(75h+3 O‘5h> = 0, (5.90)

a a
o0X——0x+ —=0
XT7 X+7'2 X+ Xo 6+«

(5)One could obtain an exact expression for §x from (5.87) by taking into account that C7 and Ca7r® are two of
three independent exact solutions and then applying the Liouville-Ostrogradsky formula. Direct calculations show dx
is expressed in terms of the hypergeometric function of two variables. This causes unnecessary difficulties, therefore we
consider the limit of large time before solving (5.87) for simplicity.
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which is satisfied by (5.89a), (5.89b) and (5.89¢) if merely only one of the integration
constants is zero, namely C3. Therefore, omitting C3 in (5.89), we obtain now a full
exact® solution of (5.83) with (5.90).

As in Subsection 5.2.1, (5.78) is asymptotically stable only if (5.68) holds.

5.2.3 Case: A, = (Ao, 4)
De Sitter spacetime

Stability analysis made in Subsections 5.2.1 and 5.2.2 show that de Sitter spacetime
solution

o(r) = x(r) = 0, h(r) = A3, rm(r) = 0 (5.91)

is asymptotically stable only if both conditions (5.54) and (5.82) are satisfied, and
Wy > —1.

Spacetime with compensated cosmological constant by vector field

We have seen that one is able to dynamically cancel the rescaled cosmological constant
A by the vector field in both previous cases under certain conditions uncovered above.
It turned out that v(7) or x(7) must linearly grow with time, while h(r) ~ 1/7 and
Tm(T) ~ 1/7% We have ignored the spatial components of the vector field in the first
case and its time component in the second case. This is inconsistent, therefore, let us
consider them simultaneously when |(s| + |Cr| # 0 and 2¢z — (g # 0.(7)

At first, let us treat (5.46) with x(7) = 0. It follows from (5.71), that dx(7) evolves
according to

. a_.  ala+3) 24(R
ox ——20 1+ = ox = 0 5.92
T X+ 972 ( +C(oz—i—S)) X (5.92)
in the linear approximation. Looking for a solution in a form dx(7) ~ 7%, we obtain
1/2
" a+1l a+3 alr 2a+3
= + 1-96————= 5.93
: 2 6 ¢ (a+3)3 (5.93)

If Re(2%) < 0, then v(7) ~ 7, x(7) =0, (1) ~ 1/7 and (1) ~ 1/72 is an asymptot-
ically stable solution. As an example, let us put (¢ = (¢ = 1 and (¢ = (g = 0. This
set of the coefficients corresponds to Dolgov’s model. Substituting them in (5.93), one
calculates z* = —1 + /2. Consequently, the Dolgov vector model is unstable. This
is actually the third flaw of the model discussed by Dolgov himself in [5]. If we set

(6)See previous footnote.

(M Note, if (s = Cg = 0, then (5.20) with x(7) o< 772/3(+wm) ig a particular exact solution. If (g = 2¢r and (g # 0,
then (5.37) with x(7) = const is a particular solution as well. We exclude both these cases in what follows, because
these solutions are not asymptotically stable.
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Figure 5.1: Numerical solutions of vector and Einstein field equations. The first column shows
—A"Y(ry(7) + ry(7)) as a function of rescaled time 7 for three different sets of initial conditions.
The second and third columns show 37h(7) and 27%ry,(7), respectively. The top and bottom lines
differ from each other by the initial conditions and the values of the model parameters, namely
the top line corresponds to (A, ¢, (, Cs, Cr) = (—1, —1, —12/5, —2, +1), while the bottom line —
N ¢ ¢ Cs, Cr) = (+1, —1, +12/5, 42, —1). For both lines wy, equals 0. Our numerical calculations
are in complete agreement with (5.98) and (5.97), i.e. the value of 727, (7) at 7 — oo does not depend
on the initial conditions.

(s = —2(g (this corresponds to wy, = 0) and (r/(r € (—00, —22) U (2, +00), then
Re(z%) < 0.

As concerns (5.78) with v(7) = 0, it is quite clear that its homogeneous perturbation
dv(7) is a solution of the following equation

5@—%5@+%5U = 0 = ou(r) = Cit+Cor®, (5.94)

where C} 5 are constants of integration. Since dv(7) ~ 7 for large time, (5.78) with
v(1) = 0 is unstable solution.

Now let us suppose v(7) = vo7, x(7) = xo7 and h(7) ~ 1/7, i.e. we assume that
(5.77) is satisfied. Before we start, let us figure out how many initial conditions we
have to impose in order to specify a solution. From the vector field equations (5.13a)
and (5.71), we have i = f,(v, v, h, h) and X = f(x, X, h, h) subject to ¢ # 0. Whence
we can obtain h = fi(x, X, h) from (5.75). So r = fr, (v,%, X, X, h) can be found
from the “time-time” Einstein equation and, consequently, h = fj (v,i), X5 X) from the
“space-space” Einstein equation. Thus, we must impose 4 initial conditions, say, initial
values of v(7), ©(7), x(7) and x(7) at certain initial moment of time 7.
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Figure 5.2: Numerical solutions of vector and Einstein field equations. The first column shows
—A"Y(ry(7) + ry(7)) as a function of rescaled time 7 for three different sets of initial conditions.
The second and third columns show 27h(7) and 727, (7), respectively. The top and bottom lines
differ from each other only by the values of the model parameters, namely the top line corresponds to
(N ¢, ¢, Cs, Cr) = (=1, —1, 0, 0, +1), while the bottom line — (), ¢, ¢, (s, Cr) = (+1, —1, 0, 0, —1).
For both lines wy, equals 1/3. Our numerical calculations are in complete agreement with (5.98) and
(5.101), i.e. the value of 72r,(7) at 7 — oo depends on the initial conditions.

Subtracting (5.83a) from (5.90), one obtains

Sh+ % Sh = 0 = 0oh(r) = C;TC; . (5.95)
Substituting this in (5.58a) and (5.83a), one has

ou(r) = veCy + Cor® + CyB(a® = 9)xoT, (5.96a)

ox(1) = xoCi+ C37" = 3Csa(af + o — 1o, (5.96b)
and the “time-time” linearized Einstein equation gives

Oru(7) = —Q?i? : (5.97)

This solution is complete, since the number of integration constants is four. The fourth
integration constant C implies dv(7)/v(7) and dx(7)/x(7) approach to nonzero con-
stants in the limit of large time. However, dh(7)/h(7) and ry(7)/rm(7) tend to zero
as 1/7, so that, in particular, the final value of 7%r,(7) is determined by the model
parameters, rather than initial conditions in contrast to the case when 7x(7) — 0 for
7 — oo. This all means that values of vy and y, are dependent of initial conditions,
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while
A= —1y(1) =1y (1) = Avo)+ Ax0), (5.98)

where A(vg) and A(xo) are given by (5.47) and (5.79), respectively, remains unchanged
if (5.68) is valid (see Figure 5.1).

If ( = 0, then (g = 0 and (r = 0 as these follow from (5.77), (5.72) and (5.69).
These values of the coefficients correspond to wy, = 1/3.()

In this case (5.71) and (5.75) become

(h+2hn%x = 0. (5.99)

In order to specify a solution, we must impose 5 initial conditions. This occurs, because
(5.75) follows from (5.71), so that the constraint that the non-diagonal elements of the
EMT of the vector field vanish is automatically valid. The equation (5.96b) as well as
(5.96a) are still correct, where we should put o« = —3/2 and § = 2(z/(, but (5.96b)
and (5.97) become

Cs G5 9Cy

ox(r) = xoC1+ ey 3CaxoT i

(5¢ 4 6Cr)voT (5.100)

and

C; 3C
Sro(r) = 22 _22L 101
) = 2223 (5.101)
Thus, in this case h(7) — 1/27 when 7 approaches infinity, the final value of 721, (7)
depends on the initial conditions, and (5.98) holds (see Figure 5.2).

5.3 General linear perturbations and Newton’s law of gravity

As it was pointed out by Rubakov and Tinyakov in [91], the Dolgov model violates,
in particular, the Newton gravitational law. The model under consideration, being a
generalization of Dologv’s one, suffers from the same malady.

To show this, let us consider general perturbations of both the vector and the metric

fields:
Al) = A) = A+ 34 ),
Iut) — gu(x) = gu(t) +guw(r),

where A4, and dg, are small inhomogeneous perturbations under the background so-

(5.102)

lution we have found above.
Our goal is to derive Newton’s law of gravity in the hypothetical universe governed
by (5.1). Therefore, we assume that timescales and wavelengths of the perturbations

(8)This vector model was considered in [98]. There was made Ansatz A; = 0. However, it seems artificial, so that, in
what follows, we allow the differential equations to determine an evolution of x(7) themselves.
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are extremely small in comparison with the universe age Hy ' ~ 10'* yr and the universe
size ¢/Hy ~ 10%% m, respectively. In this case, as mentioned in Section 2.5, one can
always consider a background that is roughly Minkowski, so that we take 7, instead
of g, (t) in (5.102).

Perturbation of vector field equation Linearizing the vector field equation (5.8) with
respect to both 64, and dg,,, one has

COP0A, + (2¢ — 0)9,0° Ay = 2(pA R — 2Cs AN R,p + 2CA,n 0TS

Ap,p

(5.103)

where we have neglected terms Sddg, dg0S and F0dg, dgOF, since they are much
smaller at late time than A9?dg in the right-hand side (RHS) of (5.103).

Regarding the RHS of (5.103) as 6.J,(z), a solution of this equation can be repre-
sented as

5A, (1) = / 04/ G, (2, ')6J,(2"), (5.104)
where G (z,2') is the Green function,

(Cnund” + (2¢ = €)9,0,) G (z,2") = Oy 0(x —a'). (5.105)

A method of solving this equation is standard. Firstly, it is clear from (5.105) that

G" (z,2") = G*(x — 2'). Secondly, one has to make the Fourier transformation of the
Green function

G"(x—a') = / dk =) Gy () (5.106)
2m)] : :
Substituting this in (5.105), one obtains
— (G + (2 = Ouka) G¥ (k) = &7, (5.107)
from which immediately follows
~ 1 ¢ —2C k*EY
k) = —=— (7" 1
G" (k) W(n+ 2% kz), (5.108)

assuming ¢ # 0.0 We have omitted a general solution of the homogeneous equation,
i.e. (5.103) with the RHS set to zero, since we are mainly interested in how the RHS
influences the evolution of §A4,. We finally have

L[ A% g 1 (o (=2 kRN 5

where 0.J, (k) is the Fourier transform of

0Ju(x) = 2rA.R — 20sA S Ryx + 20 A1 0T

Apsp

(5.110)

91f ¢ = 0, then ¢z and Cg must be zero as well. In this case, Lo = CQ(V“AM)2 + ¢CrRA? and looks quite similar to
the scalar model considered in Section 4.2. Therefore, the effective gravitational constant Geg in this vector model has

an analogous form to (4.13), where we must replace ¢? by A2. Consequently, we can rule out this vector-tensor theory
(5.2) with (7 = {s = 0 by applying the same argument as in Section 4.2.
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Perturbation of vector energy-momentum tensor The linear perturbation of the vector
energy-momentum tensor is

STA(z) = Cs <AM (0204, + 0,0°6 4 = 24,0°T%, | + A, |24, + 0,0 A

—24,00017, | - 4, [9°0,04, + 69,04, - 2A08A5FZVD
+2Cq (A0, + ALO, — 0w A”0,) (076 AN — Agn0T%) (5.111)
+Cr ( A%, = 24,4, |6R — 2A4%0 Ry, + 20, | 24645 + AAApég’\p]) ,

where L,, = 0,0, — 1,,0* (see Appendix D for details). We have taken into account
only terms which depend on the highest (second) derivative of the perturbations as the
most relevant for Newton’s gravity.

Making the Fourier transformation of §7),, (), we obtain

0T (k) = (k" [g‘sMﬁ,ﬁ’g +CoNab, + <RK350} +2(r [k:ZnW -~ k:#k:,,} AAAP) 59xp

ok (csM:a, N, + CRKQL’U) 5 (5.112)

where M 2‘50, N /i‘,ﬁ’g and K ;1\50 can be found in Appendix D.

We see that there appear terms in the perturbed Einstein equations which depend
on the second derivative of the metric perturbation multiplied by t2. For example,
in a symbolic notation M ~ A?k? and the same for N and K, what results in 7 ~
A20%0g ~ t20%5g. Clearly, these terms modify the Newton gravity law and the behavior
of gravitational waves in an unacceptable way.

Let us suppose one can choose the Lagrangian parameters (r, f € {5, F,Q, R} in
such a way, that these bad terms are canceled out. Excluding the trivial choice ¢y = 0,
one can easily see that if we put (oM, + CQN;‘VP(, + (rK ;1\50 = 0, then there still

remains a bad term in 5ﬁw, namely 2¢g(k*n,, — k,k,)A*A?§gy,. Therefore, one has to
set (g = 0. Hence, one needs the following equation to be satisfied

CsMpby + CoNty = 0. (5.113)

uvo

Comparing terms in M /1\,5’0 and IV, ;1\55 with each other, one arrives at a conclusion that
this is possible only if both (s and (g are zero. However, we have excluded this case.

Consequently, this vector model is in a contradiction with Newton’s gravity.
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Chapter 6

Vector-tensor model 11

Let us consider a vector-tensor model with two vector fields, A, and B,,, the dynamics
of which are determined by the following action functional [101, 102, 103]

S[gaA7 B] = _/ d41’ -9 €(£A>£B)7 (61)
where €(La, L) is given by
La Ly
_ LA L 2
€(La, Lp) CLEB + bﬁA (6.2)

Here a and b are real numbers (|a| + || # 0), which values we do not specify in order
to obtain a general result, £ is completely identical to (5.4) and Lg is Lo with A,
replaced by B,,. Thus the coefficients (5.5) are assumed to be the same for both vector
fields.

The e-function is taken to be (6.2), because then it possesses the following properties

Oe Oe
£Aa£A + EBﬁ_,CB = 0, (63&)
0%¢ 0% 0%¢
2 2 7 -
Chgpm = 2aLegy o + Lig ol 0 (6.3b)

and so on, which turn out to be crucial for the preservation of the Newton gravity law
as we will see shortly. In principle, there are infinitely many such functions.()’ However,
it seems (6.2) is the most simple one and this motivates our choice.

(D1n general, any function f(x,y) = f(z/y) satisfies (6.3). Indeed, firstly, if f(z,y) satisfies (6.3a), then (6.3b) is also
satisfied. Therefore, it is sufficient to find all functions which are solutions of the equation: x0.f + y0yf = 0, where
0z = 0/0x and 9y = 0/0y. Secondly, this equation can be rewritten as follows: (9q — p) f(g,p) = 0, where ¢ and p have
been defined as ¢ = In(z) and p = —In(y), respectively. A solution of this equation can be straightforwardly found and
is f(q,p) = f(¢+ p), from which immediately follows f(z,y) = f(z/y) which was to be proved.
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6.1 Vector and Einstein field equations

The vector field equations for both A, and B, can be obtained from the model with
one vector field, which we have considered in the previous chapter, by simply making
a change

Cr
where V, € {4, B,}. This procedure gives
CaFa+Casy, = 20rRA, —2(sR A

for f € {S,F,Q, R}, (6.4)

_(CS AS;\ + CF AF)\M + CQ ASS(Sﬁ)a,\ In ‘ G/EA} y (65&)
(BFn+C(BS%, = 2(rRB, —2(sRnB"
—(CsBS) + CraF’, + CoBShoy)oaIn | e, | (6.5b)

where by definition €., and € are partial derivatives of €(Ls, L) with respect to
L and Lp, respectively. As one can see there appear extra terms in the vector field
equations (6.5) in comparison with (5.8). It occurs due to a non-quadratic dependence
of (6.2) on its variables.

After variation of the action of the whole system with respect to the metric field g,,,
we obtain the Einstein equations which read

1
Ry = 5Rgu = 87G (pAgW + T + T;;,;) , (6.6)

where T/ is the energy-momentum tensor of the matter field ¢ regarded as a perfect
fluid and, consequently, T}, takes the form (2.10), T - 18 the energy-momentum tensor
of the vector fields coming from the variation of (6.1) over the metric

De De
TV = (e—EA ~ Ly )g,w

0L 0Ly
+ Z T (TS +TEWV) + TRV + TEWV) + TA(V)), (67)
where T, f € {S, F,Q, R} as in (5.10), but the last term T2, comes from the non-
quadratic dependence of the e-function on its variables
To(V) = (Cs[ V3V = vSu V] + CovSh 2V} — gu,,V’\DaA In|e,, |
+2r (ezvrl (Luw (€2 V) = €y Lun(VD)) (6.8)

(see Appendix E). Note, the EMT of the vector fields (6.7) is general, i.e. it has this
form for any e-function. For example, if we take ¢(La, L) = La, we obtain (5.10). In
our special case of the e-function, in particular, the second and third terms in the first
round brackets on the right-hand side of (6.7) cancel each other.
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6.2 Flat, homogeneous and isotropic universe

Vector and Einstein field equations

For the flat Friedmann-Robertson-Walker metric tensor (5.11) and homogeneous vector
fields, A,(z) = A,(t) and B,(x) = B,(t), the vector field equations (6.5a) and (6.5b)

become in components
iia + 3hia + 3 (h e [(QCR — Cs)h+ (4Ck — CS)hQD VA

+ (@A + 3(CQ/¢)hUA)aO m|e,| = 0, (6.92)
ip + 3hig + 3 (h e [(2¢R — Cs)h+ (4¢q — CS)hQD Vg

+ (45 + 3(Co/Ohus ) In | &, | = 0, (6.9b)

where we have introduced the dimensional variables as in (5.15), and
S+ 3 + (A + 202+ 207 (6a = Gs)h + 3(4Ck — Co)h2] ) xa
+ (a + (1= 26s/Q) hxa ) In [, | = 0, (6.100)

o + 3h¢n + (b + 287 + 207 (66r — Gs)h + (46 — Gs)h?] ) x

+ (XB + (1 —2¢s/¢) hXB>aO In|e, | = 0.(6.10b)
Here we have assumed that A;(t) and B;(t) have the following structure
Ai (7—) = MPlanck a(T) XA (7—) ng ) BZ(T) = MPlanck CL(T) XB(T) 5}3 s (611)

where a(7) is the scale factor expressed via rescaled cosmic time 7, £* and P are unit
constant three-dimensional vectors.
Equations (6.9) and (6.10) are supplemented by the Einstein equations

3R = A+ Tyee +Tm, (6.12a)
2h+3h% = X\ — Prec — Wl (6.12b)

as well as the equation describing the evolution of the perfect fluid (5.13d), namely
Tm + 3h(1 + wy)rm = 0, (6.13)

and the condition that the non-diagonal elements of 777 vanish. The explicit form for
the rescaled energy density 7ye.(7) and pressure py.(7) and the non-diagonal elements
of T;;¢ can be found with the aid of Appendix C and Appendix E.
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A particular class of exact solutions

The vector and Einstein field equations are nonlinear, therefore it is hardly possible
to find their full exact solution. However, there exist the following particular exact

solution:
va(r) = Ci(t—m)", xalr) = 0, (6.14a)
vs(r) = Ca(r—m)", xs(r) = 0, (6.14b)
hr) = T_yT, (6.14c)
_ 3
Tm(T) - (7__7_0)27 (614(1)

where C, Cy and 7y are some constants, x and y satisfy an equation
04(3: — 1) (:1: + 3y) + 35(2(204 + 3):6 + 3(3/ —a— 2)>y =0 (6.15)

depending on the parameters of the Lagrangian via o and ( defined in (5.50). Moreover,
we must have

2
mtl—— = 0, 6.16
Wy + 3 ( a)
C? C?2
A —L4p=2 = 0. 6.16b
+a022+ 012 ( )

We see that a ratio C;/C is fixed by the value of the rescaled cosmological constant
A. In other words, (6.14) depends on two arbitrary constants: 75 and C;C5, while,
generally speaking, there must be seven integration constants.?) Actually, we have
to impose 7 + 2 + 2 initial conditions if we take into account xa(7) and xgp(7). For
the moment, we do not consider the spatial components of the vector fields as being
dynamical, so that we talk only about seven initial conditions.

Note that y is fixed by the matter equation of state parameter w,,. This situation is
contrary to that we had in Chapter 5. Here the evolution of the universe is determined
by the matter field, rather than by the (-coefficients. However, x still depends on them
and on wy, as this follows from (6.15).

Stability analysis In order to analyze whether the found class of the exact solutions is
asymptotically stable or not, we consider homogeneous perturbations of the variables
around (6.14). In what follows, we omit 7y in (6.14) for the sake of simplicity. It does

(2)For two specific choices of the (-coefficients, there are particular exact solutions with four arbitrary constants: 1)
Cs = 0: va(T) = C1(T — 70) + (C3/C2) (T — 70) 7Y, wp(7T) = Ca2(T — 70) + (C4/C1)(T — 70)~3¥ and xa(7) = xB(T) =0
with C4 = +C3 as well as (6.14c), (6.14d), (6.16), where y = 1/2; 2) (g = Cr = 0: va(7) = C1(7 — 10) + C3(T — 70) ~3Y,
va(7) = Ca(T — 70) + Ca(T — 70) ~3Y, xa(7) = xB(7) = 0 with (6.14c), (6.14d) and (6.16).
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not make further treatment less general, since 7y reveals itself in the perturbations as
we will see this shortly.

Since LA depends on ya(7) quadratically, i.e. it is a function of x4, yaxa and
X4, and we have taken ya(7) = 0, there are no terms in the linearized (6.9) and
(6.12) depending on dx (7). Similarly, these equations do not have terms with dxg(7).
Therefore, we are able to consider dx(7) and dxp(7) separately.

Linearized (6.9), (6.12a) and (6.13) and their solution Keeping only terms linear with
respect to the homogeneous perturbations dva(7), dvg(7) and dh(7), we find

1 a a 1 C C
— (7 ia + T2 60p + 2B Sua ) + = (7S + 2 Sip + -3 S
C, T T2 Cy T T2

vt (nsi TS TS
+7 7r15h+?5h—|—§(5h = 0(6.17a)

L O Vo oo 5o T
@(715UB+750B+§50B o T 0l + — 60a + —5 dva

. 7rh . 7Th
T T

The coefficients 7%, 7, 7¢ and 7/ (i = 1,2, 3) depend only on the constant parameters
of the Lagrangian density, namely (¢, f € {S, F,Q, R} as well as wy, and can be found
in Appendix F.

The “time-time” Einstein equation (6.12a) and the equation describing the evolution
of the perfect fluid (6.13) linearized with respect to dva(7), dvg(7), dh(7) and §ry(T)

are

6
Y §h = Greee — 6rm = 0, (6.182)
-
2 6
Sl + = O+ 2 0h = 0, (6.18b)
T T
where the linearized energy density of the vector fields is given by
7_2—z e 7 . 7 7_2—£E e nr ] a’
Myee = o (wlévA + ?25UA + T—§5UA> — Tg (71'1(5’03 + 7251}3 + 7_—351;]3) (6.19)

with coefficients 7} (i = 1,2,3) depending only on (¢, f € {S, F,Q, R} and wy,. They
can be found in Appendix F as well.

It is straightforward to show that dry..(7) can be expressed only in terms of the
following combination of dva(7) and dvg(7):

dva(T) = Cil dva(T) — Cig dvg(T) . (6.20)
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Moreover, it turns out one can obtain a differential equation only on dvc(7) from (6.17a)
and (6.17b).®® This is achieved by subtracting (6.17b) from (6.17a) and taking into
account that equalities 7 + 7% + 27§ = 0 for i = 1,2, 3 hold. So we have

5+ 75 7r3+7r3

(7r1+7rl)(5vc+ dvc + Sve = 0. (6.21)

Assuming 7{ 4+ 7§ # 0 (otherwise (6.21) becomes a trivial identity: 0 = 0), it is easy
to show that

va(r) = C17% + Cyr™ 31 (6.22)

is an exact full solution of (6.21). CN’LQ are integration constants. Now substituting dvc
in dryec(7), we obtain

~ ([ (3
57’\,9(3(7') = 201 ( 02 b@) s (623)
i.e. 0ryec(T) is a constant specified by imposing initial conditions. Consequently, in order
to satisfy the linearized “time-time” Einstein equation (6.18a), h(7)dh(7) and 07y (7)
must be constant as well. In other words, 0h(7T) ~ Tryee(T) and 6ry,(7) ~ dryec(7), i.€.

Sh(r)/h(1) ~ Ci7%, ru(7)/rm(r) ~ Ci7? (6.24)

for large time. This situation is quite similar to that we encountered in Subsection
5.2.1. It means the background solution (6.14) is unstable, unless one imposes initial
conditions in a suitable manner, namely such that 51 = 0. In other words, one has to
remove a solution which makes instability. If so, then we are left with the second inde-
pendent solution of dJvs(7) that has no contribution to the homogeneous perturbation
of the energy density d7y..(7). Solving (6.18a) and (6.18b), we obtain

?/03
72’
Adding (6.17b) to (6.17a) and using explicit expressions of dvc(7) and dh(7), one finds

-
Sra(r) = -0 G (6.25)

xT3

Oh(r) =

a b 4 ~
(7§ — 70) 6iip + (5UD + I ”3 Sup = #30‘1(67# —2my + 7)), (6.26)
where by definition
1
dop(T) = aévA( T)+ 52(5113( 7). (6.27)

The equation (6.26) has two independent solutions or, in other words, two arbitrary
constants of integration. As mentioned above, 7y must reveal itself in the homogeneous

(3)Shortly we will see that it occurs due to the special properties of the e-function (6.3) as well as absence of the time
derivatives of dh in (6.19).
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perturbations. In order to see how this occurs, consider (6.14) at 7 > 79. Then we
are allowed to expand (6.14) in terms of 75/7 in this limit: va(7) = Ci(7 — 10)* ~
Ci 7% — 219C1 771 and the same for vg(7) with Cy instead of C). Besides, since h(7) =
y/(T — 70) & y/T + y10/7%, we find 75 = —6’3/:16. Hence, there must be a solution of
(6.26) such as dvp(r) = 20571, Direct calculation shows that is indeed so. This is
simply a particular solution of inhomogeneous differential equation (6.26). We are left
to find two independent solutions of the homogeneous (6.26), i.e. (6.26) with omitted
right-hand side. Having solved this, we obtain

Crlouoa(r) = Gy + G+ (Gs 5 Go)r (6.28a)

~ ~ ~ 1~
02_1(51)]3(7') = Cng_l + 047'3: + <O5 — 502)7_90—?)?;—1 . (628b)

77777

the number of integration constants of the linearized vector and Einstein equations,®
i.e. (6.25) and (6.28) give a full solution of (6.17a), (6.17b), (6.18a) and (6.18Db).

If # — 3y — 1 is less than = — 1 or if y is positive, then (6.14) is asymptotically stable
subject to the exclusion of the solution with nonzero Ci by imposing initial conditions
in the proper way. The question is now how dx(7) and dxg(7) evolve with time around

xa(T) = xs(7) = 0.

Linearized (6.10a), (6.10b) and their solution Since both dxa(7) and dxp(7) satisfy
the same differential equation, it is sufficient to consider one of them only, say, dxa (7).
Linearizing (6.10a) with respect to dxa(7), one obtains

LT Ty
oXA + — oxa + - oxa = 0, (6.29)

where 77, do not depend on rescaled cosmic time 7 and can be found in Appendix F.
Looking for a solution in a form dya(7) ~ 7%, we find

& = %(1—w§i\/(1—wf)2—4w§). (6.30)

If both 2 and 2~ are negative, then dxa(7) and dxp(7) decrease sufficiently fast with

growing time, i.e. they do not spoil the background solution.®

(DIndeed, if we set dva (1), 604 (T), dvg(r) and §og(T) at certain initial moment of time, say, 7i,(7), then we know
dvc(T), dvc(r) and 66c(7) at that time as it follows from (6.21), provided C1,2 are known. Now if we also set drm(7) at
Tin, then we are able to find 6h(7), 6h(7) and 8h(r) at this time by use of (6.18a) and (6.18b). So that we need only to
fix 5 integration constants. Note, this occurs due to the fact that (6.3) and va/C1 —vg/C2 = 0. If, in general, we could
find another class of exact solutions, such that vy /C1 —vg/C2 # 0, then there would be terms in (6.19) with §h(7) and
its first and second derivatives. As a consequence, we would have to impose initial values of §h(7) and §h(T) at Ty, as
well.

(5)See discussion in Subsection 5.2.3.
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6.3 General linear perturbations and Newton’s law of gravity

Let us consider general perturbations of the fields under consideration:
Aut) — Aulz) = Aut) + 0Au(z),
Bt) — Bux) = But) + 0B(w). (6:31)
g () = gw(r) = gu) + dgu(z),

where A,(t), B,(t) and g,,(t) on the right-hand side of (6.31) are the background
solution found above. In what follows, we assume |[§A(z)| < |A(t)], |[0B(z)| < |B(t)]
and |0g(z)| < [g(t)], so that we will take into account in the vector and Einstein field
equations only terms depending linearly on the perturbations.

Perturbation of the vector field equations

Linearizing vector field equations (6.5a) and (6.5b) around the background solution, we
obtain

CS(AF0) + C6(aSh,) + 2¢s(RundA* + AN R, — 2Cr(ROA, + ALSR)

+ <CS(S(AS;\) + CF5( AFAM) + CQ(S(AS;)))(S;\) Oy In ‘ G/EA} (6.32&)

" 1
#(Coast o GraP+ Consiat)on (L aca+ Enagn) = o

EEA EEA
(6 (BF) + C6(BSK,) + 2¢s(RundB* + BYR,) — 2(r(R6B,, + B.OR)

+ (CsO(5S)) + Cro (B, + G (554)8) ) OrIn | | (6.:32D)

1 7
+ (ComS+ CrnF, + ConSton) Oy (6‘—" 5Ly + Lote 5cB) ~ 0.
€re €re
We will see shortly that general linear perturbation of prg,, +7;° around the particular
exact solution (6.14) contains only a specific combination of 0A4,(z) and §B,(x) like
(6.20), namely
5Cule) = g SA(a) —

To derive an equation on 6C,, and show that 0C,, does not depend on dg,, as dvc(T),
given in (6.20), does not depend on dh(7) (see (6.21)), one needs to divide (6.32a) and
(6.32b) by C} and Cy, respectively, and then subtract them. Using (6.3) and (6.14), we

5B, (x). (6.33)

55



obtain

a)\,]_2(x—1)

0 = CTFA'LL;)\ + C‘S‘))\\ZH + 2CSR2(SC/\ — 2CRR50M — W (CSS;\ + CF]:)\# + €Q8552>

(s + CosAg" ) Suw + Cr " Fruw
— (o5 + G + Caston ) o ( ( 2%372)(;1) : (6.34)

(derivation of this equation is presented in Appendix G), where
SAP = V)\(SCP—FVp(SC)\, f,\p = V,\écp—vp50,\,

(6.35)
[— AS/.LV/OI = BS;LV/CQ) f}tl/ = AF;LV/OI = BF;LV/OQ-

S

and

Cs = ((z+43y)> —6¢s(x +y)y + 6Cr(1 — 2y)y . (6.36)

We see that (6.34) does not contain terms depending on g, so that 6C, does not
depend on the metric perturbation. We stress that this result is a consequence of (6.3)
and the particular background solution (6.14).(%)

Perturbation of vector energy-momentum tensor

The general linear perturbation of the energy-momentum tensor of the vector fields is
given by

A

STV = (e — Laéy, — Luel,) 3G + Lac, Moo | e, i (6.37)

uv - ACLA BCcgy Guv AeﬁA /CA BE,CB EB :

oL oL

— (( iGZALA + LAEBEZAEB)E_JS + (‘CQBEZBEB + ‘CA'CBEZAﬁB)E_;) gW

oL oL
+ (ﬁAEZAﬁATlﬁ’ + ‘CAEIEIAEBTA]?V) E_AA + (‘CBEZBﬁBTl]?V + LBEZAﬁBTHAV) E_]f )

where
vV S F R A

Ty, = To,(V)+ThL(V)+TE(V)+Ti(V)+Th(V). (6.38)

In the case when the background solution is given by (6.14), one has EBij = EAT,E/-
Then using (6.3), (6.37) becomes

vec ! 5T‘LA;/ 5TE/
0T = €(La,L)0gu + Laer, -

La Ly

— " " oL oL
L (LAl oy + LaLel o) (Th — Laguw) (c_ﬁ - c_BB> . (6.39)

(6)Note, for (g = (g =0, (g =1and (g = —1/2 with =1 and y = 1/2, (6.34) reduces to VMV’\6C>\ = 0, and this
coincides with the equation (5.12) in [103].
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We show in Appendix G that 5Tlf;/£A — 0T, /Lp and 0Lx /L — 0L/ Ly are functions
of C), only. Thus we conclude that prdg,, + 0T,;° does not depend on dg,,. In other
words, in the right-hand side of the linearized Einstein equations

6Gr = 871G (prdgu + OT) + T2 ) (6.40)

there are no terms depending on dg,,. Hence, in particular, the Newton gravity law
is valid at small spacetime scales, so that we can identify the gravitational constant G
with the Newton constant Gy as in [103].
In deriving this result, we have used (6.3) and (6.14) resulting in
1 1
C,(t) = —A,(t)——
N( ) Cl M( ) CQ

However, we have found by considering the homogeneous perturbations around (6.14)

B,(t) = 0. (6.41)

that, generally speaking, C,,(t) # 0, namely
CM (t) ~ 6’2 MPlanck (t/tlf’lanck)x_gy_1 (642)

subject to C; = 0. If we take this into account, then we find 67777° depends on dg,, .
Specifically, if (r 7# 0, one can show that at small spacetime scales, 0T7¢ acquires an
additional term like

Cr Cs (t/tpianc)®*0"3g (6.43)

in a symbolic notation.(” Assuming ¢ Rég ~ 1, the Newtonian gravity law is not violated
at scales L only if

3(1-y)
L > LPlanck (t/tPlanck> . (644)

Taking t =ty = 1/Hy ~ 10'® sec, one calculates L(ty) > 1075 m for the dust-dominated
universe (y = 2/3). Recently a planetary system around the metal-poor star HIP
11952 has been observed [104]. This star has two planets with semi major axes roughly
equaling 10 and 10! meters. The star age tya, is approximately 12.8 Gyr or 101 sec,
so we have L(tga) > 107% m.

However, if we set (g = 0, then at small spacetime scales, this additional term
approximately equals

(5Co Myana (t/tprane) ~*49%3g (6.45)

and, consequently, since 1 > (fspar/tplanck)’ Y &~ 1079 for y = 2/3, we are allowed
to neglect a dependence of §7};7° on the metric perturbation dg,, in comparison with
terms in the left-hand side of (6.40).

The conclusion is that we can still have, in particular, the Newton gravity law, even
though taking into account the homogeneous corrections to the background solution
(6.14) subject to C; = 0.

(M Note that we have omitted Mp1anck (t/tPlanck)Q_SyaS(;g: Mlg’lanck (t/tPlanck)1_3y82697 Mglanck (t/tPlanck)_3y86g
and Mglanck (t/tpranck) ~173Y8g there as less significant with respect to (6.43).
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Chapter 7

Discussion

In Chapter 5, we have dealt with the four-parameter vector model as a generalization
of the one-parameter Dolgov model. We have found that it is possible to dynamically
cancel the cosmological constant for a broad range of the constant model parameters,
even if its value is large. Afterwards the universe expansion is caused only by ordi-
nary matter with the equation of state given in (5.48). The expansion then becomes
decelerated.

The solution corresponding to the compensation of the cosmological constant turns
out to be attractor. In other words, the late-time evolution of the universe is insensi-
tive to the initial conditions taken from a large phase space domain of the dynamical
variables. This proves the cosmological stability of the evolution of such the universe
at the classical level. However, this model has no physical relevance, because it does
not respect Newton’s law of gravity which is well-established at scales from 10™* m [19]
up to the size of solar system, i.e. 102 m.

In order to solve the main cosmological constant problem in our own universe, rather
than in some hypothetical world, we have to develop a model which does not contradict
known experimental facts, such as Newton’s law. With this goal in mind, a pair of the
vector fields has been considered in Chapter 6 by following the ideas presented in [101].

Strictly speaking, we have found that the particular exact solution (6.14) is unstable
with respect to small homogeneous perturbations, unless we choose the initial values of
the dynamical variables in a proper way, i.e. C; = 0. This means that for the vector
fields to cancel the cosmological constant A, one has to find a basin of attraction B,
such that the vector fields asymptotically behave as (6.14) for any initial values of the
dynamical variables taken from B.

At the present stage, we can only say that B must be a hypersurface in the eleven-
dimensional phase space spanned by

(VA.B, UA.B, XABs XA.B, s By T )
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with points corresponding to Ci=0. Any other initial conditions definitely lead to the
classical instability of (6.14).

This situation principally differs from that of the case of a scalar model considered
by Dolgov and Kawasaki in [107, 108], which is classically unstable as well and, actually,
requires fine-tuning. Indeed, they found an asymptotic solution corresponding to ¢ =
¢o = const and H = 1/2¢t, where the scalar field plays the role of the A-compensator.
However, it is clear from equations (2) and (4) in [108] that ¢ is a solution of U'(¢g) =
U(¢po) + pa = 0. This, generally speaking, implies a particular choice of the potential.
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Chapter 8

Concluding remarks

The main goal of this work is to study the dynamical cancellation of the large cosmo-
logical constant. This approach implies an introduction of a field ¥ or a set of fields
W,, such that A-term in the Einstein equations is dynamically compensated by ¥ or
W, at late times of the evolution of the universe.

Violation of Newton’s gravity is a very general feature of these kinds of models.
Indeed, to dynamically compensate a cosmological constant with an arbitrary value,
we have to introduce a massless field W with a field equation depending linearly on
the field and with no derivatives of the field higher than the second order, otherwise
there may be the Ostrogradsky instability [105, 106]. Then, to obtain an asymptotically
stable solution, we have to non-minimally couple ¥ to gravity. Its energy density has
then terms like U2, H202 HU2 and HUV in the homogeneous case. Note that if ¥ is a
vector or higher-spin field, then its energy density automatically has terms H2¥? due to
the covariant derivative. Hence, the compensation of A by W implies that H ~ 1/t and
U ~ t. In the weak-field limit, these give terms on the right-hand side of the Einstein
equations like t20%5g and t0dg which do not respect Newton’s gravity. It seems that
there is only one way out of this difficulty, if one wants the dynamical compensation of
the A-term, specifically to construct a field model with a rather nonstandard form like
that considered in Chapter 6.

A model with a pair of scalar fields with the e-function satisfying (6.3), where the
vector Lagrangian (5.2) replaced by (4.5) can be expected to have the same qualitative
behavior. Therefore, henceforth, we will talk about ¥, (a = 1,2) without specifying
their spin.

The two crucial features of the model with ¥, considered in Chapter 6 are that the
e-function satisfies (6.3) and that £(V,) depends only quadratically on ¥,. Indeed,
since this function is symmetric with respect to the replacement ¥; by Wy and vice
versa, their cosmological solutions V,, if these exist, differ from each other up to the
constant which is actually fixed by A as in (6.16b). In the homogeneous case, one has

60



in 7,,,(¥,), for instance, a term like

Oe Oe
2 2 2
H (\Ijlag(q;l)Jr\p?ag(\pQ)) : (8.1)

which vanishes when ¥, = V¥, as a consequence of (6.3), because W, is proportional
to £(¥,) and a coefficient of the proportionality is independent of ¥,. Hence, one has
T (Vo) = €(V,) g, (cf. (6.2) for (6.14) with (6.16b)).

This result is general, since it does not rely on a specific form of the e-function.
Therefore, there is little hope that one may find an e-function (see footnote on page 48)
such that ¥ and U, are asymptotically stable with respect to the small homogeneous
perturbations.

If so, then the Einstein equations linearized with respect to the general field pertur-
bations take the standard form as that in general relativity. If we take, however, into
account small homogeneous deviations ¥, from W,, then, most probably, it will be
not the case. Since 6¥, decrease with time in comparison with ¥, (otherwise W, would
be unstable), then for sufficiently large time tg that must be much less than t,, we can,
nevertheless, have Newton’s law of gravity.

A possible experimental indication that there might be such a cosmic pair ¥, would
be if the gravitational Newton law was violated at early times in the evolution of the
universe. The primordial gravitational waves would also behave themselves differently
from those predicted by general relativity. These issues require, however, further inves-
tigations.

In conclusion, it should be emphasized that the analysis made in this work concerns
only the classical stability of the cosmological solution uncovered above and the consis-
tency of the model with the Newton gravitational law. Another important issues, for
instance, quantum stability of the vacuum in the model against spontaneous particle
creation [109, 110, 111, 112], must be further investigated as well.
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Appendices

Appendix A Backreaction of quantum scalar field on metric

The effective action of the scalar field I'[g] can be written as

exp (iTg]) = /m exp (-%/ dry/=g ¢(D+m2)¢> , (A1)

where we have omitted the surface term assuming that ¢ goes to zero sufficiently rapidly
as ¢ — 0, and [J is the d’Alembert operator with respect to g,,. Following the effective
action recipe outlined in [41], we make the Wick rotation: ¢t — —i7. Then the metric
becomes Euclidean: §,,(7,2) = —g¢,,(t,%)|i=—ir, i.e. real and positive definite, and
the differential operator [0 4+ m? turns to —g + m? which is real, elliptic and self-
adjoint, and, as a consequence, has a complete spectrum of eigenfunctions ¢, (x) with
eigenvalues \, [42]. The eigenfunctions ¢, are normalized in the usual sense with the
covariant measure dz*g'/2.

Expanding ¢(x) as a linear combination of ¢, (z) with coefficients ¢, and taking the
measure on the field space as a product of (u/v/27)dc, with u being a normalization

constant with mass dimension, one obtains
1
Cplg) = 5det (= p~2(0p —m?), (A2)

where the Euclidean effective action T'g[g] = —il'[g]|i=—ir-

Then, let us introduce a Hermitian operator M defined on some Hilbert space
spanned by vectors [¢), such that its determinant coincides with that of —Og + m?.
This is the case, when the matrix elements of M in the coordinate basis |x) are

(@ M2y = ()" (<O +m?) (5(x))"6(x — o) (A3)
(see [41] for more details). Then (A2) can be rewritten as
Deld] = 3 lim () + Gp() () . where Gyls) = Te(i)  (Ad)

is the so-called zeta function of the operator M [42, 43].
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Considering g, () = 6,, +h,(x), where |h,,(z)| < 1, and applying the heat kernel
approach [42], after calculations which are quite analogous to those in [41], but without
the assumption that m is small, one obtains

Cls) = /d4x\/§ (J(s.4)+ 2T (s + LR +O(?)) . (A5)
where g2 =1 — 6,k (2), R(z) = 6,,0*°h" (z) — 9,0, (x) and
d'ks 1
= ) A
s = | ot (A9

Here, the number 4 indicates the dimension of spacetime.

If we substitute (A5) in (A4) without evaluating the integral in (A6), we find that
J(s,4), J(s+1,4) and their first derivatives with respect to s are ultraviolet divergent
for s = 0. In order to regularize these divergences, one can consider a spacetime of the
dimension d instead of 4 for which they are finite — this corresponds to dimensional
regularization by 't Hooft and Veltman. After we have done this, we go back to the
real time and then vary the Lorentzian effective action I'[g] over the metric g,,, where
we eventually obtain

(To) = A, d) g (x) = 2B(fi d) Gy () + O(g°). (A7)
By definition

A(ii,d) = _%M?:W T(—d/2) (%) o (ASa)
B(i,d) = +%JW D(1—d/2) (%) - (A8b)

cf. [40]. There i is the 't Hooft scale which gives the correct dimensions for A(f, d)
and B(fi,d).(V)

Direct calculations show that O(g?) term appearing in the effective action I'[g] is
composed of R? and R, R", and factors in front of them are ultraviolet divergent as
well. Therefore, after regularization they must be renormalized (the following terms
O(g™), n > 3 are finite). We note that these terms are a source of the trace anomaly
and their explicit expressions can be found in [40, 41].

As mentioned above, in particular, J(s,4) and J'(s,4) tend to infinity when s —
0 if we do not evaluate integrals corresponding to them before we take the limit in
accordance with the zeta regularization. If we do that, as should be done, then we

(1>Note, that A(fi, d) does depend on p appearing in (A5) as a consequence of a property of dimensional regularization
giving zero for integrals of the type [ kg kgzo‘. But B(f1,d) is also independent of it on account of sJ(s + 1,4) = 0
for s = 0.
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obtain

A(p, 4)

B(p,4)

m* 2 3

are (m (W) * 5) ’ (A9%)
m2 12

—r (ln <ﬁ> + 1) . (A9b)

Obviously, one does not need to renormalize both A(u,4) and B(p,4), since they are

already finite.

It is straightforward to show that in the renormalization scheme known as MS [45]
both A(f,4) and B(ji,4) given in (A8) are equal to A(u,4) and B(u,4), respectively,
if we set ji/u = exp(v/2)/v/4w, where v ~ 0.577216 is the Euler-Mascheroni constant.

In conclusion, note that the one-loop effective action I'[g] contains terms proportional
to the Einstein-Hilbert and the curvature-squared.(®

(D1n principle, if one puts Einstein’s cosmological constant to zero as well as the Einstein-Hilbert action, then, after a
consideration of the one-loop quantum theory on a manifold with a metric g, (x), one arrives at the Einstein-Hilbert
action with the cosmological and curvature-squared terms. This observation resulted in the idea of Sakharov’s induced

gravity [46, 47].
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Appendix B One-loop vacuum energy

We have found in Section 3.2 that the term in the effective action I'[g] corresponding
to the vacuum energy density of the scalar field is given by

_§/d4x\/—g/ 2m) ln( e ) ) (B1)

Varying this with respect to the metric field g,,, we find a part of (7},,) related to the

contribution of the scalar field to the cosmological constant, namely pvg,,, where by
definition

1 d4k5E kQ + m2
= = ] B 0, B2
Py 2 / (2m)4 n( 2 > (B2)

Let us show that this integral can be expressed as (3.6) and (3.16).
Firstly, since In x = hII(l)(dIS /ds), one has

“+o00

Y K O L
VT T 0s ) ot md)s T 2s00s ) @) ) 21 (K, + i)
1 " (s —1/2) 1 [ &k
- li i 2s, 1-2s — _/ B3
172 325 B3 / 2mE! % () > | @r)p (B3)

where wx = \/k? + mZ. Thus, we have shown that (B2) and (3.6) are equal.
Secondly, since

—+00
L /dko5(k;2—m§)9(ko), (B4)
Zwk

one derives from (B3) that

d'k 5y 2 d'k s 2
Py = (27’(’)3 Wk 6(k - mO) e(k’o) = (27T)3 kO 6(1{: - m()) 0(1{30) : (B5)
Taking into account
1
[t = G [ 0202 % (B6)
where k? = k,k*, one obtains
2 4
mg d*k 9 9
= — o(k* — B7
- 8/(27r)3 (k"= mo). (BT)
and then using the Sokhotsky formula, we find
_ ﬁ%/ d*k i _ Zm3 / d*k 7 (B3)
v 4 ) @2m)* k2 —md+ie 4 (2m)4 Zk? — Zm3 + e’
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where we have taken into account that the principal value integral

T dk
P/ 2 02
k§ — wi

vanishes. Thus, we have that (B2) and (3.16) equal each other.
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Appendix C Vector energy-momentum tensor
Let us consider the following action
Sa / d*a\/— ( Cs S S™ + CF F,,F* 4 CQ (S“) +Cr RAMA“) . (C1)

Variation of this action with respect to the metric field g, gives the energy-momentum
of the vector field TA which turns out to be a sum of the following terms

Ty, = T +Th+To+Th, (C2)
where
G'TS, = 1505 — S) Fux — 1538 + 240,52 5 — A S
CFIT;E/ = _411 (49APF/L>\Fup - g;wF)\pF)\p) )
(C3)
CQITQ = —1 ((S2)? +44°V,8) g + 244, V) SR,

(z'TE = RA%,, — 2R, A?—2RA,A, +2L,, A%,

uv

where L, has been defined as V,V, — g,, V2. In the case of FRW metric (5.11) and
homogeneous configuration of the vector field (5.12), we find

+555 (A — 2HA) (A, — 2HA,) 5™
C;lT(SS; - +2(A0 +3HAO - 3H2A0)Ai,

| | o C4
G5'TS = — (A3 +3H2A% + 2(H A} + 2H AgAg — A2) ) g o
gz (Am = 2HAy,) (A — 2H A, )67 g3

il 28, (b0 30
g;lT(% - +#Amf4n5mn ’
Ty = 0, )
T = ~Addy = daAndu™s,
G'TR = —(Ao+3HA0)" +240(do +3H Ao + 3 Ao)
(Q'Ts, = +2(Ao+3HA, +3HAy) A, (C6)
GT? = - <(AO +3HA) + 240 (Ag + 3H Ay + 3HA0)> 9ij
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and
('TH = 12(H +2H?)A2 — 6H?A? — 6HA?,

(R'TE = 12(H+2H?) A A, (C7)
CR'TE = —2g;;(2H +3H? + % + 2H0,) A? + 12(H + 2H?) A A; .
According to the definitions of the energy density and pressure, we have
pA = pagtpa, Pa = Pay+ Pa, (C8)
where
pa,(t) = —¢ ((Ao + SHAO)2 —240(Ap + 3HA, + 3HA0)>
+6(2¢r — Cs) (HAZ — HAoAp) + 18CrH? A3, (C9)
pa,t) = + % (A, —2HA,) (A, — 2HA,)0™ + 5—; Ay Ay emm
+6aif H2 A, Ay™ + 6CrH, (éAmAn> g (C10)
Pag(t) = +¢ ((Ao+3HA)" + 244 (Ao + 3H Ao + 311 4,)) (C11)

+2(Cr — Cs) (2 + 3H?) A3 + 4H Ag Ao ) +2(2Cr — Cs) (A3 + Aoy ) |

Cr

2a2

Py(t) = + (s (A — 2HA,) (A, — 2HA,) 6™ + 2= A, A 6™

242
—2(n <2H F3H2 LR+ 2H80> (%AWAQ gmn (C12)

The non-diagonal elements of the vector energy-momentum tensor are given by

TS = 2 <g%(AO +3HA) +3 ((2CR — (o) H + (4¢r — CS)H2> AO) A, (C13)

and

T3 = 20sAu (A — HAj)
+(Cs = Cr) AiA; + 43¢k — Co) (H + 2H) Ay, i # 5. (C14)
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Appendix D General linear perturbation of vector field equa-

tion and energy-momentum tensor

Let us consider small inhomogeneous perturbations of the vector and metric fields
around a given background solution

Au(t) — Aulz) = Au(t) +04u(x),

(D1)
Gu(t) — guw(®) = guw(t) +0gu(z).

Perturbation of the metric tensor
The general form of the metric perturbation dg,, can be written down as follows

ds* = (1+2¢)dt* + 2aS;dtds’ — a*((1 — 24)8;; — hyj)da’da’ (D2)
where S% = 0 and h} = 0, I, = 0, so that

Sgoo = 20, dgoi = aS;, Og;; = a*(208; + hij) (D3)

(see [10] for more details). The general linear perturbation of the Levi-Civita connection
is
1 ag
61”;\“, = 59’\” (59;%1, + 090 — 5gm,,p) + gng‘ul,(Sg’\p, (D4)
where we have used an equality

59" = —g"g" g (D5)

resulting from the variation of g, = §*. We will need the general linear perturbation
of the Ricci tensor R, and scalar R:

1
6R,, = 3 (VAVL6g0 + VAV u0000 — V29 — ¥V, V060,) (D6)

R = R,09" +g"0R,, , (D7)

where the covariant derivative V, is defined with respect to the background metric.

General linear perturbation of vector field equation
The vector field equation of the general vector perturbation A4, is
(V20A, + (2 = OV, VAL = 20rA0R — 2(sAM R, + 2¢V, (97 As0T5,)
+C (9 [FoudT5, + Fro0T%,] — Fiupdg™)
+C (97 [Sop0T5,, + Sxo0T%,] = Srpudg™) (D8)
—20sRunAp09™ + (¢ — 2¢s)R) AL + 2CrRIA,..
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General linear perturbation of vector energy-momentum tensor
The perturbation of Tﬁy is given by
A S F Q R
0TS = §TS, +6T" + 672 + 6T (DY)

s

where

1 1
Cgvl(STiV = Z—lS)\pS’\p(SgW + §SAP(55)\pg/W
1 o 1 Ap
+ §S>\ SpoGuw — N Fuyp — §SWS>\0 + 2445 0)xp — AxSpuyp |09
1
- (5S>\(u F,,)p + SA(M 5FV)0 + 9 [5Slwsf\p + SMV(SSAP}

—2 [5A(M Su)A;p + A(u 5(51,),\;,,)} + 5A>\S;w;p + AAé(Suu;p) > g)\p ) (DlO)

| | 1
GrOTE, = P Fadgu + <§FMF"p . FMF,,,,> 09 + SEVS 0
—(6F\Fop + Fun0F,,) 9™, (D11)

(oHoTS = —i ((Sﬁ)2 + 4A”S§;p) g + 204,V )3

1
+ <2A(#VV)SA,) — 39 (575, + 24,57, + 2A“SW)) 5g™ (D12)

1
v <2A(M 5(V ) Shp) = 39 (S76Shs + 204185, + 2A7655) )gAp :

Cp 0Ty, = RA%6g., + (A% — 2A4,A))0R — 2A%0R,, — 2R(A,06A, + A,0A,)

+(Rgy — 2Ry + 2L,,) (246 A + AyA,59™)

—2(A%) | (6T7, — guwg™oLs,) — 2(4%) , 0(9,w9™) - (D13)
Newtonian limit
The equation (D8) becomes
COP6A, + (2¢ — 0)9,0%6A\ = §J, (D14)

in the Newtonian limit, where by definition

§J, = 2(rAR —2(sAM R\ + 2C AT

Ap,u

(D15)
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Its Fourier transform is
0J, = 20rA0R — 2(s AN R, + 2iCA k0TS, (D16)
where
5F;AW = %77/\[) (ku(sgw + kVégﬂp - kpéi‘jw) )
0R. = iknoD), — k00, (D17)
SR = kol — iktoTY,.
Substituting these in (5:7;, one has

5T, = 2iCrA, [kgn’\pdffip — KATY] — 2i¢e A" [kaaffm - kﬁ(sfgg} + 2iC A ki oT,

_ 9 (gRAM [k:on”’ - mg] — (ARG {kgag - k:ﬁag} + (Aakun“’> 0TS, (D18)

In a case when ¢ # 0 and ¢ # 0, we have

~ 1 L C—2Ck k"N ~ ) <o
5A, = 7 (% +°5 z 22 > 0J,(k) = 26T, (D19)
where E;}g has been defined as
1 ¢ —2¢ k, k¥
o= £
Ho Ck? ( H + QC k'2 )

x <gRA,, [k;on“’ _ /&55} (AR [kg(Sfj . kn(sg} + (A,,k;yn”’) . (D20)
The Fourier transform of the energy-momentum tensor is given by
T _ i 2¢ A AsA . AsTo | 2¢A AsA
0T, (k) = gs( Ay K204, + k0 Ay + 2iA KT, | = A, K204, + kb5 A)
LA, | + Ak k0, + k0, + 2z’A05fgyD
—2Co (Auky + Ak, — 1w A%k (1&5% n iAgnAp6f§p> (D21)
+Cr ( (A%, = 24,4, |6R — 24%0 R,y + 2, |24%5 A, + AAAP@A[,D ,

where by definition [, = k*n,, — k,k,. Substituting 511“ expressed via 5f’)f , 1n (5TVW,

one finds

57:7“”(]{) = (CSM/?IfO' + CQN;?lea + CRK:,\IeO') 77M (kﬂagAP - k')\éfgvﬂﬁ - "ip(sﬂgv)\ﬁ)
+2Ck (K21 — kuky) AMAPSG), . (D22)
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where

MY, = AR (kS0 + kS0 — A,8050) = A, (S0 + kS0 + Ak 50

_A, (kZZW) + kR 1 A, k%ﬂ) (D23a)
Ny, = —(Auky + Avky — nw Adk®) (2k°S00 + An) (D23b)
K, = %(A%w —24,A,) (ki — kX62) — A% (k0060 — K, 00 62)

+4 (K0 — kuk, ) AZSOP (D23c)

It can also be rewritten as
6T (k) = (k (M + CoN,y + Gy | 4 26k | K0 — Kk | Aw) G
_2/4’/07]01{ (CSM;?II/OO' + CQNli\IfU + CRK;\ﬁa) 5§Aﬁ ) (D24)

Ap Ap Ap : :
where we have taken into account that M/, N;f and K,/ are symmetric with respect

to A and p.
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Appendix E Energy-momentum tensor of vector fields

The variation of the action (6.1) with respect to the metric g, is found to be

1 Oe
d¢50g, A, Bl = —/ d'z/~g <—§69W59“”+Z@5gﬁv> (E1)
\

1 Oe oL
_ 4 ol 2 e E : cad v
= / d*x —9g (2 (6 e 8£ ‘CV) Guv + < Vg;w (59””)) 59“ )

Consequently, the energy-momentum tensor of the vector fields is

e = (e - Z Ly 6/Lv>9/w
v

+ Z e, (TS (V)+TH(V)+ T (V) + TE(V) + T5(V)) (E2)
where
TA(V) = (gs (252, Vi) = S V) + €S (2Viu6)) — g V) )aA e, |
+2CR (ei’iv)_l (Ll“’ (ei’ivv2) - GICVLW’(VQ)) . <E3)

All terms in the energy-momentum tensor (E2) in the case of the flat Friedmann-
Robertson-Walker metric and the homogeneous configuration of the vector field are
known from Appendix C, except Tfy:

TH(v) = 2(C(Vo+3HVo)Vo — 3CHVE = 3CrHV?) G| ¢, | (Eda)
() = 2(C(Vo+3HV) — 3GsHVo) VidyIn | ez, | (Edb)
THV) = 2%sVi(Vy) — 2HV;) | | — 205 (Co(Vo + 3HVD) Vo (Edc)

+ CHVE + V2 (8 + o In | € | ) + 2Crd0V? + 26rHV?) o In | e, |
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Appendix F Expansion coefficients

In Section 6.2, we have defined m-coefficients which are given here:

m%-coefficients

a
™

aa(l + Sy) (ma + 3y [a + 308+ QQﬁDCf + 3b <a2 [1 + Sy} [x + 3y]
+ af[21 4 10« + y(51 + 42a)) |y + 123*[3 + 2a] 2y2) Cy, (Fla)

% (4aa[1 + 3y] [a(l — 2+ 3y) (v +3y) +38(a+6[2+ a]y)y] Ct

+ b[a(m +3y) (2a — 8ax® — 9+ 3[3 + 2a[1 — 2y]z + 6[3 + 2a(4 + 9y)]y)

+36(272z +y — 2|[1 — 2y] + 3a[3 + 4y (23 + 66y)]

+ 20°[7 4+ 18y (5 + 14y)])y + 1444% (3 + 2) (a + 6[2 + a]y)gf] O;*) , (F1b)

1—16 <a[1 + 3] [a(x +3y) (3[1 — =][1 — 2y] + 2afdz® — 3z — 1 — 12(1 + z)y))

— 9B(6x[1 — 2y] + [2+ @ — y][6(1 + 4a)y + 20 — 3])y] ct 4 b[16a2x4 +4a
x (6[1+ aly — 3 —4a)z® — a(8a — 9 + 9[4 + 14a + (30a — 13

+ 63 + 4ay)yly)z + 548(1 + [5 — 14yly)zy + 2° (a[3 + 8ar — 3(5 + 6

— 61 — 8ay)y] — 216431 — 2yly) — 3y(a+3B(2—y+a))(8a — 9

+ 3[15 + 50 + 1608 + 6(20a — 3 + 83(7 + 4a))y]y)] C§) : (Flc)

rb-coefficients

wi -+ 2(aCt — 0C3) (F2a)

x (a2[1+ 3y] [ + 3y] + 308[0 + da + 3(T + 6a)yly + 185°[3 + 2a]"y?) .
a 1 4 4

e — Z(acl - bCQ>

X (a [z + 3y] [9(1 —z)(1-2y) +20(1 — (5 —4z)z — 12[1 + Sy]y)}

_ 33 [27(293 +y—2)(1—2y) +3a(3 + 419 + 54y]y)
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+ 20%(5+ 72[1 + 3y}y)] y — 14457 [3 + 2a] [a + 6(2 + a)y] y2) ,  (F2b)

o= ai+ %(aCf - bCé) (604[23/ —1-2a]2’ + 8a?zt — 3a[a — 1+ (5+ 13«
T 123y — 2+ a]y)y}x +54B[1 + (3 — 10y)y] 2y + 2 [a(3 Y Ta—6
X [1+ 12ay]y) — 1085(1 — 29)y| — 9[a + 382 — y+ )] [a—1

+4(2+ 5a + 206 + 3[4 — 1+ 148 + Saﬁ]y)y] y) . (F2c)
n¢-coefficients

T = —2<ax + 3la+ 36+ 200] y>2 (aCi1 + bC§> ) (F3a)

5 = é(a[z +3y] [9(1 = 2) (1 - 29) + 20 (4% — 2 — 3 - 123 — aly - 729°)]
— 278[3(20 +y = 2) (1 = 2y) + @ (1 + 409+ 26y]y) + 20*(1 + 4y)
x (1+ sy)} y — 14462 [3 + 20] [a +6(2+ a)y} y2> (acf n bC§) . (F3b)

ne = _1_16(a[x+3y} [3(1—2) (1 - 20) (2 + 20 — 39) + (80" — 4o + 2 — 5
— 6[15 + aly — 7203 + 2Jy?) | +98[3(2+ 20 — 3y) (2 — 20— y) (1 - 2)
— da (14 [49 + 3(41 — 18y)yly) — a*(1 + dy) (5+ T8y) |y
— 21682[2 — y + o [a +3(T+ 4a)y} y2) <aC’f‘ v bcg) . (F3c)

7h-coefficients

™ = —=33(3+a) (cm + 3la+ 36+ 204] y) <aCf‘ - bC§> , (F4a)
= —g(a[x+3y] [7(1—x)+2a(5—:v+12y)] —I—ﬁ[8a(9+3x
+3a 4 20z)z — 9(7 — 10a[7 + 4a])y® + 3(42 — 422 + a[177 + 620[])4

+ 240°[3+ 2] [4(3 + a) + 3(7 + 3a)y] y) (act —bc3). (F4b)
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o 136 ( [+ 3y) | (1 = 2) (19 + 18y) + 2a(11 + [1 — deo + 24y)]

+ 3 [9(2 — 2z — y) (19 + 18y)y + 3r(322” + 3[95 + 4(43 + 12y)yly)

+ 20° (3227 + 3[49 + 120y]y)} + 486%[3 + 20/ [2(3 + ) +3(8+ 3y
+ 304)3/} y) (aC’i1 — bC’g) . (F4c)

n"-coefficients
= 1I, (a [+ 3y] [2a(z — 12y — 5) — 3(1 — 2)] — 3B[18 — 18z + (93 + 38a)
— 3(3 — 78a — 560%)y]y — 726°[3 + 2a] [9 + 5a ] y2> : (F5a)

= %(a[x+3y} [3(1 = 2) (6.4 20— 13y) + a(19 - 3[5 — 4a]a + 48y) |

. 36[9 (6 + 22 — 13y) (22 + y — 2) — 6a(12 — y(13 + 168y))

— 0%(25 - 4325) | + 1445% |9 + (3 — ) — 3(27 + 260 + 6a2)y]> (F5b)

o= %(6@[1 ~ 202" + 6|a(1+20)(1 - y) +188y|+* ~ |a(13a ~ 3
+3[12 4 250 + 3(11 + da)yly) — 548(2 — 7y)y} 2 — [3a(5 29
— 9(5 + 3y)yly) — a®(13 + 3[80 + 3(71 + 60y)yly) — 543(1 — [16 + 6
(13— 126)y]y)y} r—3 [%(10 57+ 126 — (8 + 9y — 63[219 + 86y])
x yly) — (13 4 396 + 3[93 + 233(13 + 473) + 288(1 + 20)%y* + 12(27
+ B[109 + 1008])yly) — 3 (118 — 5+ [26 + 365°(37 + 843)y”

+ B(581 + 18603) + 3(3 + 8B[89 + 1776])y}y)] y> . (F5c¢)

where by definition
aCt — bCy
II, = 5 L 2 . (Fo6)
4(1+ 3y) " (az + 3la + 38 + 2a8)y) " C3C3
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nX-coefficients

2 -2z + 3y,
O%(a([l — 2 + 2y] — 2[28¢(2a + 3)z + 9y — 5o — 15]) .

7

(F7a)
(F7b)



Appendix G General linear perturbation of vector field equa-

tions and energy-momentum tensor of vector fields

General linear perturbation of vector field equations

The linearized vector field equations (6.5a) and (6.5b) are given in (6.32). Let us show
that if we divide (6.32a) and (6.32b) by C; and Cy, respectively, and then subtract
them, we obtain (6.34) by using (6.3) and (6.14).

Indeed, if we do that, we obtain a quite complicated equation which we call here
as the big-equation. This equation is rather huge, therefore we do not write it down
explicitly. Let us consider all of its terms separately. Begin with

1

1 g
aé(ASQW) — 525(135?;;) = V. ([VAdC, + V,0C\ —2C,0T%,] g™ + cSrp09™) |
where by definition
1 1
t) = —A,(t)— = B,(t 1
Cult) = & 40 =5 B, (G1)
cf. (6.20). It immediately follows from (6.14) that C,(¢) = 0. Thus we obtain
1 1
515(AS§?“) - 525(35;#) = V#(S,\pg’\p) ,  where (G2)
8)\p = V)\(;Cp—f-vp(;C)\, (G3)
Analogously, one finds
1 1
a5( AF" ) - aa(BFﬂw) = V*F\., where (G4)
fAM = V)\(SCM - VM(SC)\. (G5)

We have omitted ¢F),,6¢* and —g)‘p(chéFip—i- CF,\U5FZP) there, since (G1) is zero.
Obviously, terms C*dR,,, and C,0R in the big-equation vanish as well. The next term
we are moving on is

é—sé(ASﬁ)&\lnh’ﬁA}—é—Sd( Sy oaIn| €, | - (G6)
1 2

Let us treat one of the derivative of the logarithms in detail, namely

1 1
Lacrycn HOLr | Ler,cy O Ls

OIn|¢€, = G7
A n‘ EﬂA’ EIEA LA EILA Lx ( )
Substituting the background solution (6.14) in £, and Lg, one has
oL Oyr2@=1)
_ 2 2(z—1 AM~AB py
£A7B - 03 0172 T ( ) EA,B - 7_2(2371) ) (G8)
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where C3 has been defined as

Cs = ((v+43y)> —6Cs(x +y)y + 6Cr(1 —2y)y, (G9)

so that it depends only on the (-coefficients and w,,. Thus one has

L A€, Lpée aATZ(Ifl)
8,\11]‘ EILA‘ = ( EEACA + GIKAEB) T (GlO)
La La
and, consequently,
és 5(aS))oaIn| e, | - és §(8S))0nIn| €, | (G11)
[C N O (L€l py + Lrelpry [ s
= — (A Ag)d(aS S b S
Cl 7—2(2: 1) ( A+ B) (A )+€S 7_21, 1) EIL:B (g H)

where for making formulas more transparent, we have defined A, and Ag as

Lactocn  Lacl Loy Lrel
_ LaLa ACLaLy _ BELaLs BCLgLy
Ay = AaLa  TALALy AL = ZPLals  ZBLals (G12)

Gl:A €£B EﬁA €£B

We have omitted ¢S,,d9"* —2¢*C,0I"”,, in the last round brackets, because Cy,(t) = 0
in a case of our particular solution. The same sequence of steps gives similar results
of the rest of terms, i.e. 5(VF’\H) and 6;)(5(\155), multiplied by 0, In ((—:’E ) but in-
stead of (5(\/52‘) and g*S,,, there must be 6(VF>\M)’ g™ F,, and (5;)5(\/5") (5’\9 PSup,
respectively. Now we are left with one of the terms like

55 520, <€‘;*#5£A+E‘,ﬂ5£3> 55 52, (ﬁAEB(sz | Ents gy )(G13)
Ol ELA EEA C ﬁB ELB

in the big-equation. Since C),(t) = 0, one has Cj AS,); = (] BS;}, therefore one can
rewrite the above expression as follows

[ OLA 0Lp
S0 | A + A G14
Cl A A SN »CA Bre ,CB ( )
Note, that Ay and Ap are constants. Indeed, for the background solution (6.14), one

4(1—x)

has €, ~ 7207 and €}, ~ T , so that Lyey , /er, ~ 1, consequently, Axp

are constants. Hence, one can write
) )
on (Ax2EA) Z aga, (25n (G15)
EA EA

and taking into account

2(1—x)
U 0T T (PS4 P Fu + 2nROMC,) (G16)
EA EB C3
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where P5” and Pp” have been defined as

P = C_SSW+CQ S\, PR o= C_Ff/w? (G17)
2 2 2
where
S/W = AS,uV/Cl = BSHV/CQ, f#y = AFuu/Cl = BF,LW/027 (G18)
we obtain
5, 520, (—6‘;*“* 5La+ Late 5£B> 55 520 ( Lata s, 4 Loto e )
Cl ECA EﬁA C l:B EL:B
(s AS) (5£A) CsaS) (ﬁBﬁQ/; e LB )
= Ap+Ag) 0 — . AR — =
Cl ( A B) A £A Cl EILA GILB
PE'S,, + PE'F,, + 2(rRC*0C,,
X Oy ( Iz 0372“(7” 5 (G19)

Making replacement (g ASL\ by (g AFAM and (g ASﬁ(S{), we find the last two terms in
the big-equation. Now let us calculate a sum A + Ag. From the definitions of the

summands (G12) and the properties of the e-function (6.3), we have
L€} o+ LALser, oo LaLpel, po + LE€q o

Ap+Ap = — — 0. (G20
AT B Laé,, Lre, (G20)

Thus, using (G20), the big-equation becomes

(%\7':”1(

CFX o + €8, + 205 RA6Cy — 20 ROC,, — (s8) + (o, + 4@3053) (G21)

PY'S,, + P F,,
—(gssjﬁ(pfkﬁrg@sgéj)@( S £ “> =0

OgTQ(x—l)

what was to be proved.

General linear perturbation of energy-momentum tensor

We have found in Chapter 6 that

vec / 6T;¢V 5T/,]?1/
0T = €(La,LB)0gu + Lacr, —

La Lp

. ) SCa 0L
L (LR o+ LaLpeh ) (TS — Lagu) ( gf EBB) (G22)

where LA /LA — 0Lp/Lp is given in (G16), so it does not depend on the metric per-
turbation, and
STh T8 1
we_ —w ol —5 0T — o6T! (B) ) . G23
o > (o 0T ~ G5 0TLB) (@23)
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Here now f runs over S, F, ), R, A, where by definition (o = 1. Terms in (G23) can be
found by use Appendices B and C:
S S
o1}, (A) B oT},,(B) 1 1

2 2 = 55@8)\/)9#1/ - (Sx\(u foyp + $xuFuvyp + B [’Sﬁwsx\p + Swsz\p]

—2 [50(# Svinp + a(uSV)/\;P] + 0CNS s + aASMV;p) 9’ (G24a)

STE(A)  6TF(B |
- § ) - - g ) = _fAP:F)\pg;w - fyA:F;M - qufV)\a (G24b)

& 3 >
(5T$/(A) (5T£(B)

o e (5cuvysk,) 60,V 539 + uSip + QSapis
Ch C3
1
_ig“” [SgS)\p + 25C>‘Sg;p + 2@080')\;;2})9)\'0 ; (G24C)

OTE(A)  OTE(B)

= —4Ra(,0C,) 4 2(Rgu — 2Ry + 2L,,) (a*6Cy) ,  (G24d)

Ct C3

STA(A)  6TA(B 7
h § ) T} 5 ) _ oz — 1)—(4’5 (285 0y + 2534 0C') — axSpr — 5,0Ch]
Cs Cs T

+ CQSg [2a(ugu)/\ - guuak] + CQSZ [25C(ugu)>\ - QWCSCAD

oL oL
+ (CS [2‘9&@”) - SlWa)\} + Cos) [Qa(u 55‘/) - g,wa)‘})@)\ <AA 2+ Ap B)

‘CA ‘CB
_ 4<RLMV(CL>\(SC>\) +4C372(x_1)LW(TQ(l_m)aAC;CA) _QCRTz(x—nLW(Tg) (G24e)
oL oL oL oL
X (AAT: —+ ABT};) + QCRTQ(QC—I)LMV (7_2(1—38)@2 (AAE_ﬁ + ABE—;)) ‘

Using the fact that Ay + Ag is zero and (G16), one has

SLa . OLp SLa  OLp
ANZA fARSE = A (5228
A£A+ BEB A(EA ﬁB)
7_2(1—x)
- Mg (P Sy + P Fous + 200 RCHC, ), (G25)
3

i.e. (G23) does not depend on the metric perturbation dg,, .
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