
UNBOUNDED DERIVATIONS OF C* ALGEBRAS 

Derek W. Robinson 
Department of Physics 

University of California 
Berkeley~ California 94720 

I .  I n t r o d u c t i o n  

Symmetry groups p lay  an impor tan t  r o l e  in phys ica l  t h e o r i e s ,  In quantum- 

mechanical t heo r i es  o f  a f i n i t e  number o f  p a r t i c l e s  symmetry groups are t r a d i t i o n -  

a l l y  g iven by u n i t a r y  group rep resen ta t i ons  on H i ] b e r t  space. These r e p r e s e n t a t i o n s  

are u s u a l l y  cont inuous and the no t i on  of  i n f i n i t e s i m a l  gene ra to r  can be i n t roduced .  

The infinitesimal generators themselves have direct physical significance; the 

generator of space translations is the momentum operator, the generator of time 

translations is the Hamiltonlan or energy operator, and the angular momentum 

operator generates rotations. The question of when an operator is an infinitesimal 

generator of a unitary group often arises and in particular one often asks whether 

certain operators are suitable as Hamiltonians. The answer to this kind of question 

is well-known. An operator H on a Hilbert space ~ generates a strongly continuous 

one-parameter group of unitary operators on ~C if, and only if, the operator is self- 

adjoint. Various criteria for self-adjointness have been given in terms of 

deficiency spaces~ sets of analytic vectors~ positivity etc., and these criteria 

have played a useful role in such contexts as scattering theory and statistical 

mechanics. 

In theories of infinite systems it appears both useful and necessary to 

interpret symmetries in a more general fashion. The basic observables of the theory 

can be taken to form a C* algebra(~and the symmetries enter as groups of auto- 

morphlsm of 0].. If the automorphlsm group is continuous in a suitable sense one 

can again introduce the notion of an infinitesimal generator and such generators 

will be symmetric derivations of(~L, ire operators ~ defined on a dense *subalgebra 

D(6)C(~with the properties 
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I .  6(AB) : 6(A)B + A6(B) A,B ~ D(6). 

2. ~(A*) = - ~(A)* A c D(~). 

3. I f ( ~ c o n t a i n s  an i d e n t i t y  element ~ then ~ D ( 5 )  and 6(~) = O. 

In genera] ~ w i l l  be an unbounded opera to r  on i ~ w i t h  a p rec ise  phys ica l  i n t e r -  

p r e t a t i o n .  I t  is known tha t  $ is bounded, ] . e  

U~(A)ii < constant l iAn, AED(~), 

i f ,  and on ly  i f ,  D(~) =(~;  bounded d e r i v a t i o n s  have been ex tens i ve l y  s tud ied ( f o r  

a review see, f o r  examp]e, [7] Chapter 4) .  The ana lys is  of  unbounded d e r i v a t i o n s  

is at a much more embryonic stage and i t  is only in the las t  year tha t  a s i g n i f i -  

cant number of  resu l t s  concerning such d e r i v a t i o n s  have appeared (see B r a t t e l i  and 

Robinson [1 ] ,  Powers and Sakai [ 3 ] [ 4 ] ,  and Sakai [ 8 ] ;  e a r l i e r  resu l t s  were der ived 

in Robinson [5 ] ,  Sinai  and He lemsk i i [2 ] )  Na tu ra l l y  one of the important  quest ions 

concerning unbounded de r i va t i ons  is the analogue of  the H i l b e r t  space problem 

p rev ious l y  ment ioned; under what cond i t i ons  does a d e r i v a t i o n  generate a s t rong l y  

continuous one-parameter group o f  *automorphisms of l~. In th i s  t a l k  we announce 

and descr ibe  var ious  new resu l t s  which cha rac te r i ze  i n f i n i t e s i m a l  generators [6] 

and review some of the general results given in [I] [3] [4] [8]. Although these 

results have not as yet had any striking application to physical theories we are 

hopeful that this theory will eventually play the same useful role that the Hilbert 

space theory plays. 

2. Infinitesimal Generators 

Let0-Ldenote a C* algebra and 

T ; Ac01~-)Tt(A) E0"t., tc[~ 

a one-parameter group of * automorphisms of the C*-algebra satisfying the strong 

continuity condition 

lira il Tt(A ) - A ~ = 0, AEI~SI.. 
t+0 

Next define ~ by 

$(A) = l~m [Tt(A)-A]/It 
t÷0 

for the set D($) of A¢(~such that the limit exists. It is easily checked that 6 
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is a derivation of 0],, e.g. the automorphic property 

zt(AB ) = Tt(A) rt(B) 

leads to the first derivation property listed in the previous section, 

T t ( A ) *  : T t ( A * )  

the second, and 

~t (~) = 1]. 

the  t h i r d .  The d e n s i t y  o f  D(6) f o l l o w s  f rom c o n s i d e r a t i o n  o f  c e r t a i n  ' r e g u l a r i z e d  ~ 

e lements  o f  t~l, and {s a s tandard  p a r t  o f  semi -g roup  t h e o r y .  

A derivation arising in the above alanner will be called the infinitesimal 

generator of the group T. it is of primary interest to characterize those deri- 

vations which generate groups. This is a problem analogous to the characterization 

of the symmetric operators on Hilbert space which are actually self-adjoint. The 

following result gives a characterization simlar to the Stone-yon Neumann self- 

adjointness criterion. 

Theorem fill let 6 be a derivation of a C* algebra(~. The following conditions 

are equivalent 

I. ~ is the ~nfinitesimal generator of a strpn.~ly continuous one-parameter 

group of *-automorphisms of O'L 

2. 6 is closed~ R(6±i) ~O'~, and 

II6(A) + zAIl ~ IlmzIIIAII (1) 

In the foregoing statement R(6 ± i) is the range of 6 ± i, i.e. 

R(6±i) = {B; B = 6(A)±IA, AsD(6)}, 

and the assumption that 6 is closed means that if II Anll + 0 and II6(A n) - BII ÷ 0 

then B must be identically zero. 

Theorem l should be compared to the Stone-yon Neumann criterion; a symmetric 

operator H on a Hilbert space ~ is the infinitesimal generator of a strongly con- 

tinuous one-parameter group of unitary operators on E if, and only if, H is closed 

and R(H±i) = ~, where now we have 

R(H±i) = {~EE; ~ = ( H ± i ) ~ ,  ~ED(H)} 
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Thus the two results differ principally because of the extra lower, bound assumption. 

In the Hilbert space case the symmetry of H allows one to immediately conclude 

t ha t  

II(H ± i)¢112 ~ I1¢112 

This i n e q u a l i t y  t o g e t h e r  w i t h  the assumption t ha t  R(H±i) = ~ proves t ha t  the 

resolvent operators 

l 
R(±i)  = H±i 

are everywhere de f ined  and have norm sma l l e r  than one. E x p l o l t a t l o n  o f  t h i s  fac t  by 

the H i ] l e - Y o s i d a  theo ry  o f  semlgroups a l lows  the c o n s t r u c t i o n  o f  a group of  

u n i t a r i e s  w i th  H as i n f i n i t e s i m a l  gene ra to r .  In the a l g e b r a i c  case t h i s  es t ima te  is 

not  necessa r i ] y  t r ue  as the f o l l o w i n g  example shows. 

Example ( B r a t t e l i )  L e t ( ~ =  C ( [ O t l ]  ~ the  C 'a lgebra  of  cont inuous func t i ons  over  the 

i n t e r v a l  [0 ,1 ]  and de f i ne  the d e r i v a t i o n  6 by 

df  (x) ~ ( f ) ( x )  = i 7x  

where D(~) is the set of absolutely continuous functions over [0.1]. 

It follows that 6 is closed, R(6±i) =6"L but 

(6 + z) (e izx) = 0 

and consequently 6 is not an inflniteslmal generator. 

The similarity of Theorem l and the Stone-yon Neumann theorem suggests that 

other theorems concerning symmetric operators on Hilbert space might lift to 

theorems about derivations on C* algebras. A typical example would be NelsonJs 

theorem on analytic vectors. 

Let ~ be a derivation. It is natural to define an analytic (entire) element 

of 6 as an element AED(6n), n=l, 2, 3, "''. Such that the function 

n z ~n 
z~l; ~-~ ez(A) = ~ (A) c 0% 

n 0 
w 

e x i s t s  and is a n a l y t i c  in some neighbourhood o f  the o r i g i n  ( i s  e n t i r e ) .  An 

analogue o f  Nelson 's  theorem would s t a t e  t ha t  ~ is an i n f i n i t e s i m a l  gene ra to r  i f ,  
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and only if 6 is closed ~ possesses a dense set of analytic (entire) elements, 

and estimate (1) is valid. It is unclear whether this theorem is true but a 

weakened form of it may be established in terms of geometric elements of ~. A 

geometric element of 6 is defined to be an element AcD(6n), n=l, 2, .... , such that 

II ~n (A)I[ I/n 
C A 

where C A is independent of n. This is equivalent to demanding that 

-xltl e ~ . ll~n(A)ll ~ 0 
n>O It l=~ 

for k sufficiently large, i.e. A is required to be an entire element of ~ with 

a certain restriction on the growth properties of e (A). The following is now true. 
z 

Theorem 2[6.] Let. 6 be a derivation of a.C~.#Igebra .~).. The following condi- 

tions are equivalent 

1. ~ is the infinitesimaI generator of a strong] Y continugus one-parameter 

group of * automorphisms of~. 

2. ~ is closed, ~ possesse s a dense set of geometric elements. 

II 6 (A) + zAII >_..I Imz I[I All 

Although this result is weaker than the analytic element conjecture it does 

have at least one interesting consequence. 

Theorem 3[6] Let 6 be a derivation of a C* #Igebra(~l- and suppose that ~ is 

the infinitesimal ~enerator of a strongly continuous one parameter group of 

*-automorphisms T of(~L. 

If DCD(~) is a dense *-subalgebra of(~I, with the property that 

T (D) C D, tcR, 
t 

then i t  follows that b is a core .for..~, i .e .  the closure ~D of the res t r ic t ion  

of 6 to D sat is f ies 

 0=6 
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3 Closed Der iva t ions  

One of the bas ic  p rope r t i es  tha t  a d e r i v a t i o n  must have to q u a l i f y  as an 

i n f i n i t e s i m a l  generator  is the p roper ty  of  being c losed.  A symmetric opera to r  H 

on a H i l b e r t  space ~ always has the p roper ty  o f  being c loseab le  (He and H ~  are 

closed extensions o f  N); the analogy between symmetric opera tors  on ~ and d e r i v a t -  

ions 6 on a C* a l g e b r a 0 ~ a u t o m a t i c a l l y  leads to  the con jec ture  tha t  a l l  d e r i v a t i o n s  

are c loseab le .  This con jec ture  i s ,  however, f a l se  by the f o l l o w i n g  r esu l t  o f  

B r a t t e l l  and Robinson [1 ] .  

Theorem 4 Let l~,be the CAR algebra and B n an increas in9 sequence of 2nx2 n, f u l l  

ma t r i x  a lgebras ~eneratln~(~-. 

There e x i s t s  a non-zero d e r i v a t i o n  6 o fO~such tha t  

1. Every. 8 n i s  in the domaln D(~) of  

2. 6 r e s t r i c t e d  to each B is z e r o .  
n - -  

Hence ~ is not c loseab le .  

The ex is tence of abe l ian  a lgebras w i t h  non-c loseab le  d e r i v a t i o n s  is e s t a b l i s h -  

ed as a by-product  of  the cons t ruc t i on  used to prove Theorem 5. 

The fo rego ing  r e s u l t  proves tha t  the p roper ty  o f  c l o s e a b i l l t y  o f  d e r i v a t i o n s  

is a real r e s t r i c t i o n  in con t ras t  to  the s i t u a t i o n  w i th  symmetric opera to rs .  We 

next consider the problem of c h a r a c t e r l z l n g  c loseab le  d e r i v a t i o n s .  This is an 

a l geb ra i c  problem and the f i r s t  c r i t e r i o n  f o r  c l o s e a b i l i t y  is given by a func t iona ]  

a n a l y t i c  p roper ty  of  the domain of  the d e r i v a t i o n  

Theorem,5 Let 6 be a d e r i v a t i o n  of  a C* a lgebra 

I f  $ is such tha t  A1/2ED($) whenever OSAcD(6) then ~ is c loseab ie .  
,, ,, ~ , , ,  

Copy e r se l y  i f  ~ is c losed and AFD(~) is p o s i t i v e  and l n v e r t i b l e  than AI /2¢D(~) .  

The f i r s t  statement of  the theorem is given by Powers and Sakai [4] the 

second statement occurs in B r a t t e l i  and Robinson [1 ] .  In fac t  the l a t t e r  au thors  

develop a more d e t a i l e d  f u n c t i o n a l - a n a l y t i c  d e s c r i p t i o n  of the domains of  closed 

d e r i v a t i o n s .  The essen t ia ]  po in t  is tha t  i f  6 is c losed and A = A*cD($) then 

the reso lvent  (X -A) -1 is a lso  in D($) whenever X is not in the spectrum o ( A ) o f  A. 

Note tha t  the fo rego ing r e s u l t  is not a good c h a r a c t e r i z a t i o n  o f  c losed der -  

i va t ions  because the converse statement places the ex t r a  requirement of  i n v e r t l b i l i t y .  
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In general the domain of a derivation is not closed under the square root operation. 

If(~l.= Co(~) and 5 is the infinlteslmaI generator of translations then 

f(x) - fxl 3/2 e-X 2 

is such that feD(S) but f | /2  ~D(~). 

It  remains an open question whether a derivation ~ whose domain D(~) is 

[nvariant under the formation of resolvents, i .e. A~D(~) implies (X -A)-I~D(~) 

for ~Eq(A), is automatically cIoseab]e. 

A second cr i ter ion for c]oseabil ity can be given in terms of an invariance 

condition. Assume for the moment that 6 is the infinitesimal generator of an 

automorphism group T and that m is a state over(~Lwh[ch is invariant under T, i .e. 

~(~t(A)) : ~(A) 

for a l l  A¢O'land t ~ .  This invariance condition is equivalent to the following 

condition expressed in terms of 

~(~(A)) : o 

for a l l  AcD(~). The following result considers derivations with fai thful  invariant 

s ta tes .  

Theorem ~ Let 6 be a de r i v a t i o n  of  a C* algeb[a.~.. 

Assume that  G'Lpossesse ~ a s ta te .~  which generates a f a i t h f u |  c y c I i c  represent a t i0n  

( ~ , ~  ~9 ) and also s a t i s f i e s  the invar iance cond i t ion  

~(~(A)) = 0 

I. ~ is closeable 

2. There exists a. symmetric operator H~ on ~ such that 

D(H6) : {~; ~=~ (A)~ , A~D(6)} 

~ (~(A))~ = [H~, ~ (A ) ]~  

for al! A~D(~) and ~ED(H )6~ 

The theorem as stated occurs in Bratteli and Robinson [ I ] ;  Powers and Sakai [4] 

for a| l  AED(~). 

It  follows that 
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give a special version of the theorem for UHF algebras. 

I~ remains unclear whether Theorem 6 has a converse. Is it true that for 

each closed derivation of a C*-algebra~((~lJJ) there exists a state m such that 

~(6 (A)) = 0 

for a l l  AED(~)? This result has been established in I l l  for special algebras, 

C* algebras acting on a Hilbert space ~ and containing the C* aIgebra~C(~0 of 

compact operators on ~ as subaIgebra. I t  is also true i f (~)~and ~ is an i n f i n i -  

tesimal generator by a simple compactness and fixed point argument. 
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D i s c u s s i o n  

D o p l i c h e r  (Comment):  I t  seems t h a t  the d i f f e r e n c e  between the H i l b e r t  

space s i t u a t i o n  and the  d e r i v a t i o n  s i t u a t i o n  i s  r e l a t e d  to  the 

d i f f e r e n t  d e f i n i t i o n  o f  a d j o i n t s :  the a d j o i n t  o f  a H i l b e r t  space 

l i n e a r  o p e r a t o r  can be a l so  made to  co r respond  to  the  t r a n s p o s e  o f  a 

l i n e a r  o p e r a t o r  between Banach spaces;  i f  the  t r a n s p o s e  i s  d e n s e l y  

d e f i n e d  the i n i t i a l  o p e r a t o r  i s  c l o s a b l e .  For the  sake o f  * a u t o -  

morphism groups you use r a t h e r  the "skew a d j o i n t n e s s "  

6 ( A * ) *  = - ~ ( A ) ,  wh ich  as you say does not  f o r c e  6 to  be c l o s a b l e .  


