QCD pomeron in the small x physics
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Abstract

The theory of the BFKL pomeron is reviewed. It is shown, that the equations for compound states
of several reggeized gluons are exactly solvable in the multi-colour QCD. The gauge-invariant
effective action for high energy processes with quasi-multi-Regge kinematics for produced gluons
is constructed in terms of the Wilson contour integrals. After integrating over the physical degrees

of freedom the reggeon action is derived.

Résumé

La théorie du poméron BFKL est passé en revue.

1. Introduction

The theoretical description of the deep inelastic ep
scattering at small Bjorken variable z = Q2%/(2mv)
is based on the GLAP [1] and BFKL [2] evolution
equations governing correspondingly the Q% and =z
dependence of the parton distributions n;(z):
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The gluon inclusive probability g(z,k ) depends on

the longitudinal Sudakov component z of the gluon
momentum k and on its transverse projection k; in
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the infinite momentum frame of the proton I? A’ — 00
and can be expressed in terms of the imaginary part of
the gluon-gluon scattering amplitude A(s,t) at ¢ = 0
in the Regge regime of high energies /s = /2pspp
and fixed momentum transfers ¢ = +/—t. The most
probable process at large s is the gluon production in the
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multi-Regge kinematics for final state particle momenta
ko=pa,k1 =91 — g2, s kn = @n — qnt1, knt1 = PB ¢
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In the leading loganthmlc approximation (LLA) the
production amplitude in this kinematics has the multi-
Regge form [2]:
n+1
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Here s‘:(t‘) are the Regge-factors appearing from the
radiative corrections to the Born production amplitude
AY°% .. The gluon Regge trajectory in LLA is j =
1+ w(t), where

w(t) = 163/d2 e )2, t=—¢". (9

Infrared divergencies in the Regge factors cancel
with analogous divergencies in oo from the contribu-
tion of real gluons. The production amplitude in the




tree approximation has the following factorised form

(6)
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Here A, Band A',B',d, (r =1, 2n) are colour indices
for initial and final gluons correspondingly. 77, =
—ifapc are generators of the gauge group SU(N.) and ¢
is the Yang-Mills coupling constant. Futher,

1 .
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(7)
are the reggeon-particle-particle (RPP) and reggeon-
reggeon-particle (RRP) vertices correspondingly. The
quantities A, = =1 are the s -channel helicities of gluons
in the c.m.system. They are conserved for each of two
colliding particles: T'; = 8/ (note, that it is not vahd
in the one loop approximation [3]). The tensor I'” '+
can be written as a sum two terms:

1
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where we introduced the light cone vectors n~ =
B nt = B2 E = /s/2,n"n” = 2 and the light cone
projections ki = knE of the Lorentz vectors k. The
first term is the light cone component of the Yang-Mills
vertex:

) =20 (") (9)

Similarly, the effective RRP vertex I'(gs,¢1) can be
presented as [2]
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where
77T = 2g3 + 2¢] — 2(n” (11)

is the light-cone component of the Yang-Mills vertex.
Note, that I'” has the important property:

(k1)*T'u(g2,q1) = 0,

which gives us a possibility to chose an arbitrary gauge
for each of the produced gluons. In the left (!) light cone
gauge where pge!(k) = 0 the polarization vector €’(k) is
parametrised in terms of the two-dimensional vector elj_

)7ki +2(n ") kT

(12)
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and the reggeon-reggeon-particle vertex I' takes an
especially simple form
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if we introduce the complex components e = e, +
iey , €* = e; —iey and k = kg +iky, k* = k; — iky for
transverse vectors e;,k . The complex representation
was used in [4] to construct an effective scalar field
theory for the multi-Regge processes. This theory was
derived recently from the Yang-Mills one by integrating
over the fields describing the highly virtual particles [5].

The effective action describing multi-Regge pro-
cesses can be written in the form invariant under the
abelian gauge transformations 8§V} = i9,x“ for the
physical fields V,, provided that the fields A4 corre-
sponding to the reggeized gluons in the crossing channel
are gauge invariant ( 644 = 0):

1 1
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where F,, = 8,V, — 8,V, and Ny = Ny £ N3 are the
light-cone components of the vectors N,

The total cross-section calculated in LLA using the
above expressions for production amplitudes grows very
rapidly as s¥ for w = (g2N./7%)In2 and violates the
Froissart bound o;,; < cIln?s [2]. One of the possible
ways of the unitarization of the LLA results is to use
the above effective field theory [4,5].
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2. Multi-reggeon compound states

Another more simple (but not so general) method is
related to the solution of the BKP equations [6] for the
compound states of n reggeized gluons:

EY =) HyV¥,
i<k

(16)

where the energy FE is proportional to the position
w = 7 — 1 of the singularity of the ¢ channel partial
wave:

1672
E=——x
27N, w, (17)
and the pair Hamiltonian H;; has the remarkable
property of the holomorthic separability [7]:

2Ty
A (18)
where T are the gauge group generators acting on

colour indices of the gluon :. The holomorphic pair
hamiltonian is [8]

Hijp =~ (hix + Ry
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Here ¥ = —%(1) is the Euler constant and we introduced
the complex coordinates pr = xx + iyx for impact
parameters p of n gluons and their momenta p; = ig(ap_kj
(note,that p;x = p; — pg). It is invariant [7] under the
Mobius transformations:

/ apr+b

= 20
Pk Cpk+d ( )

for any complex values of a,b,c,d. In the multi-colour
QCD (N, — o0) the total hamiltonian H can be written
as a sum of the mutually commuting holomorphic and

anti-holomorphic operators [8]:
H=h+h" [hh]= (21)

where h contains only the interaction of the neighbour-

ing gluons
n
h = Z hijit1,.
i=1

Therefore in this case the solution of the Schrodinger
equation has the property of the holomorphic factoriza-

tion:
v = ZCWH/)Z
k

(22)

(23)

where % and x are correspondingly analitic and
anti-analitic functions of their arguments and the
sum is performed over all degenerate solutions of the
Schrodinger equations in the holomorthic and anti-
holomorthic subspaces:

€ = b, e"y”

These equations have nontrivial integrals of motion
depending on the spectral parameter 6 [9]:

=h*y*,E = ¢+ €. (24)

t(6) = trT(8), [t(u),t(v)] = [t(6),R] =0,  (25)

The transfer matrix ¢(f) is expessed as a trace of the
monodromy matrix 7'(f) constructed from the product

T(0) = L1(6)L3(6)...L,(6) (26)
of the L—operators:
6 + 1px Ok 10k
Li(8) = . . 27
£(6) < —zpkak 0 — ipy Oy ) (27)

Thus, the solution of the Schrddinger equation is
reduced to a pure algebraic problem of the finding
the representation of the Yang-Baxter commutation
relations:

Tiyit (w) Tigiy (v) (v —w+Pra) = (28)

= (’U —u -+ iPlz) ﬂ,i; ('0) ﬂli; (u) ’
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where the operator Py, in the left and right hand
sides of the equation interchanges correspondingly the
right and left indices of the matrices T'(u) and T'(v).
Moreover [10], the holomorphic Hamiltonian for the
Schrodinger equation coincides with the Hamiltonian for
a completely integrable Heisenberg model with the spins
belonging to an infinite dimensional representation of
the noncompact M6bius group and its eigen values and
eigen functions can be expressed in terms of the Baxter
function Q(A) satisfying the equation:

AR =(A+9"QA +49) + (A -9 Q(A - 1), (29)

where t(A) is an eigen value of the transfer matrix. The
solution of this equation is known for n = 2. In a general
case n > 2 one can present it as a linear combination of
the solutions for n = 2, obtaining a reccurence relation
for the coefficients. In particular for n = 3 this relation
takes the form:
Ady(A) = (30)
_ k(k+1)
T 2(2k+1)
with the initial conditions dg = 0,d;y = 1. For integer
values of the conformal weight m the quantization
condition for eigen values A is dp,_1(A) = 0. Although
the orthogonality relation

dk(A A) _
Ed L (4)

k(k + 1)(k —m+ 1)(k 4+ m)
2(2k + 1) '
and the completeness condition

2(2k + 1) di(A)dr(A")
Z k(k+1)(k —m+1)(k+m)

= 64,4 dm-2(A)d;,_1(A)
for the polynomials di(A) are known, their theory is not
constructed yet, which does not allow us to calculate
analitically the Odderon intercept.

All these results are based on calculations of effective
Reggeon vertices and the gluon Regge trajectory in
the first nontrivial orders of perturbation theory. Up
to now we do not know the region of applicability of
LLA including the intervals of energies and momentum
transfers fixing the scale for the QCD coupling constant.

Therefore it is needed to generalise the effective field
theory of ref. [4] to processes for which the final state
particles are separated in several groups consisting of an
arbitrary number of gluons with a fixed invariant mass;
each group is produced with respect to others in the
multi-Regge kinematics. These conditions correspond
to the quasi-multi-Regge kinematics of Ref. [11] where
only one additional group consisting of two gluons was
considered.

(k= m + 1)(k + m)(dis1(4) + ds—1(4))

(31)

= 6k,k’

m—1

(32)



3. Quasi-elastic processes

Let us begin with the quasi-elastic process in which
the final state contains apart from the particle B’ with
momentum pg: =~ pp also several gluons with a fixed
invariant mass in the fragmentation region of the initial
gluon A. It is convenient to denote the colour indices of
the produced gluons by a;,as,...a, leaving the index
ao for the particle A. Further, the momenta of the
produced gluons and of the particle A are denoted by
n
ki, ka,...kn, and —ko correspondingly. ¢ = — ) k;
is the momentum transfer. Omitting the polariz;,t(i)on
vectors e, (k;) for the gluons ¢ = 0,1,...n we can write
the production amplitude related with the single gluon
exchange in the tensor representation

AV0V1~-~Vn

— _¢V0V1...un+
apadi...anB'B

@gA1...GnC % g pBTlci’B‘SI\BI,)\B .

(33)
Here the form-factor ¢ depends on the invariants
constructed from the momenta kg, ..k, .

For the simplest case of the production of one
additional gluon ¢ was calculated in the Born
approximation in [11]. We present this result in the
form:

$avaiane = g {raaat - (34)
_qe e 7V1Voa(k1, —ko)I‘V’a+(k2, ko + q) B
aiap =~ aza (kO +k1)2
_qe e ,Yv:vov(kz, —ko)I‘an'i' (kh k1 + q) _
azap~—aza (kO +‘k2)2
_qe e ,.Yvww(kz’ _kl)IwocH- (ko’ ko + q)}
aza;~—apa (kl + k2)2 .

The last three terms in the brackets correspond to
the Feynman diagram contributions constructed from
the gluon propagator combining the usual Yang-Mills
vertex 4 and the effective RPP vertex I'. The first term
can be written as

I\Vol/1l/:+

apajiazc

ov1va+ + AV0V1V2+

oV
- 7aualagc agajaszc

(35)

where v is the light-cone projection of the usual quadri-
linear Yang-Mills vertex

Yasarere = ToraoTaza(827260F — 617 6%"2) 4 (36)
+T15, 00 Ta,a (672" §vot — gratvorr)y
+T¢ o Ta o (67270871 — gratgrave)
and A is a new induced vertex
Agiat (kg ki k) = (37)

T T T2 .. TS
= — TL+ vo n+ vy n+ Va aza0"aza aza1 " dod .
(WY () (P e + )
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In the general case of the production of n additional
gluons in the fragmentation region of the initial particle
A for the gauge invariance of the production amplitude
one should introduce an infinite number of the effective
vertices A for the gluon-reggeon interactions.

4. Effective action for high energy processes in

QCD

It turns out [12], that one can construct the effective
action, reproducing the vertices for the diffractive
processes:

+3-(V)A+ + 5+ (V)A-],

(38)
where G, = %[D“,D,,] and D, = 9, + gV, is the
covariant derivative for the Yang-Mills field V = ¢,V¢,
([ta)ts]) = fabctc) which describes the real gluons. The
reggeons are described by the fields A4 = {,4%. The
currents j+ are given below:

3£ (V) = iP¥YM(v) 4 504(V)

where the modified Yang-Mills current ;™Y and the

induced current j°"¢ equal correspondingly:

JTYM = U~V (V) 5EM U (V)

1
Saiffr = —/d4w tr[EGzV

(39)

Jird = 02 0, U(Va).

(40)
Here
]':}t,M = —[Dy, Guz] (41)
and
g = 1
U(Vy)=P exp(—g/ioo dm'iVi) = m
" )

is the path-ordered Wilson exponent. According to
equations of motion for the field V we have ¥ ™ = 0 and
therefore j1+ = ji*¢. It means, that one can express the
effective action for double quasi-elastic processes after
integrating over A4 in terms of the action for a two-

dimensional o-model:

2
Stoute = STH(V) = 5 [ o tr (01,7)(01T),
(43)
where
g o0
T+=P exp(—g/ dztvy). (44)

This o -model was derived earlier by E.Verlinde and
H.Verlinde [13] using other arguments.

For the general case of the reggeon-gluon interaction
local in the rapidity interval (y — n,y + 1) where y =

%ln :—f the effective action has the form [12]:

Seps = S¥M(y) - /d4m tr L, (45)



L= (A79(v) - A1)0%, A + (AT(v) = A_)82, A,
where

A9 (v) = _% (ve) = vy —gvs Elzvi +... (46)
is the composite reggeon operator and AL is the
reggeon operator, satisfying the kinematical restriction:
0+ Az = 0 which is important for the gauge invariance of
Sets. After calculating the functional integral over v one
can obtain the pure reggeon effective action ,describing
all possible processes of production and annihilation of
reggeons in the t-channel. Because A7°Y contains the
terms linear in v4 there is a non-trivial solution of the
Euler-Lagrange equations for S.;¢. This solution can
be constructed as a series in A4. By calculating the
quantum fluctuations around it one can find the gluon
Regge trajectory and multi-reggeon vertices in upper
orders of the perturbation theory. The subsequent
integration over Ay corresponds to the solution of
the reggeon field theory acting in the two-dimensional
impact parameter subspace with the time coinciding
with the rapidity. It is important, that the ¢-channel
dynamics of the reggeon theory is in the agreement with
the s-channel unitarity for the initial Yang-Mills model.
In the Hamiltonian formulation of this reggeon calculus
the wave function will contain the components with an
arbitrary number of reggeized gluons. Nevertheless, one
can hope that at least some of the remarkable properties
of the BFKL equation would remain in the general case
of the non-conserving number of reggeized gluons.
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