
REVIEWS ON AXIOMATIC STUDY OF SYMMETRY BREAKING 

H e l m u t  R e e h  

I n s t i t u t  fNr  T h e o r e f i s c h e  P h y s i k  d e r  U n i v e r s i t ~ t  G 6 t t i n g e n  

T h e  w o r k  o n  b r o k e n  s y m m e t r y  w i t h i n  t h e  a x i o m a t i c  f r a m e  i s  b y  n o w  r a t h e r  e x -  

t e n d e d  a n d  i t  i s  i m p o s s i b l e  t o  g i v e  a c o m p l e t e  r e v i e w  h e r e .  T o  r e s t o r e  s o m e  b a l a n c e  

I g i v e  a f e w  r e f e r e n c e s  [1] c o n c e r n i n g  p o i n t s  n o t  t o u c h e d  u p o n  in  t h e  following. I 

s h a l l  l i m i t  m y s e l f  on  t h e  n o t i o n  of  s p o n t a n e o u s l y  b r o k e n  s y m m e t r y .  M o s t  of  t h e  r e -  

s u l t s  a r e  n o t  v e r y  n e w .  E a r l i e r  a n d  m o r e  c o m p l e t e  r e v i e w s  a r e  g i v e n  in  [2]. 

We use the Wightman framework of relativistic quantum field theory, at the end 

the framework has to be enlarged slightly to accommodate for supergauge transfor- 

mations. ~, ~ , i-i • ]~ (/~ • o~) denote the algebra of unbounded strictly local fields, 
• / 

the I-Iilbert space, unique vacuum vector and unitary representation of the Pomcare 

group respectively. 

A symmetry transformation is given by a group ~ g and a representation by 

automorphisrns ~ of ~ . Here automorphism denotes a 1 - 1 map of ~% onto g 
preserving the algebraic structure, with ( ~ (A))" = ~((A *~) and being unitarily imple- 

mented on every fixed local subring of ~ (replacing the norm preservation in case 

of an algebra of bounded operators). Furthermore, it is assumed that CX commutes g 
with the 4 translations, 

0~g(A(x)) = o~g(A)(x) , A a ~ (I) 

where A(x) = U(l,x) AU-I(I,x). A field theory is specified by its vacuum functional 

A-~ To(A): = (Ill An). Due to (I), ~g(A) = (i'/1%(A)/~ ) is again a translationally 

invariant functional on ~ and one has the two possibilities 

(i) ~g(A) = ~o (A) for all A £ ~'~ : 0tg is a conserved symmetry. 

(ii) 9g(A) ~& ~o(A) for some A£~ : ~6g is a spontaneously broken symmetry. 

The symmetry transformation in both eases can be presented on ~ by a linear 

invertable operator Vg representing 0} , commuting with U(l,x), and with 

~g(A) = VAV -I. \~ is defined by 

~g (A) VgA..(~. = ~/[ . AQ-~ _Q := d o m a i n  ~Vg 
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L e m m a  1: In c a s e  (i) V is  u n i t a r y ,  in c a s e  (ii) V i s  not  c l o s a b l e  (i. e. the  ad-  
d g 

jo in t  i s  not  d e n s e l y  def ined) ,  hence  not u n i t a r y .  

C a s e  (it) s e e m s  to a l low for  the  p o s s i b i l i t y  that  two f i e ld s  a r e  l i n k e d  by an au to-  

m o r p h i s m  such tha t ,  e . g . ,  the  4 point  func t ions  a r e  d i f f e r e n t ,  h e n c e  p o s s i b l y  the  

s c a t t e r i n g  a m p l i t u d e s  f o r  the c o r r e s p o n d i n g  two k inds  of p a r t i c l e s .  Up to now t h e r e  

i s  no c o n c r e t e  r i g o r o u s  m o d e l  t h e o r y  exh ib i t i ng  such  f e a t u r e s .  H e u r i s t i c  m o d e l s  

l i ke  the  d - m o d e l  show c e r t a i n  d r a w  b a c k s :  One of the  two k inds  of p a r t i c l e s  i s  

u n s t a b l e  [ 3 ] .  

II 

For most conclusions one needs more specific structure: Guided by heuristic 

q.f. th. one assumes that ~ is composed of one parameter subgroups continuous- 

ly connected to the identity, the infinitesimal transformations defined by integrals 

over densities 

A-~ lim i [Qr' A] , A g 
r-~¢o 

Qr = I Jo (x) ~gr(~) ~ ( x ° )  d 4 x .  

H e r e  j~(x) i s  a r e a l  l o c a l  f i e ld ,  ~- = 0, 1 ,2 ,  B , ~ ]~ (x) = 0, F o r  the  follo~vmg j¢~ 
+) C" 

is  a s s u m e d  to be i n v a r i a n t  u n d e r  t r a n s l a t i o n s .  The two c a s e s  then r e a d  

(i} l i r a  (l'~( [Qr '  A-I l '~)  = 0 fo r  a l l  A e ]~ , :  c o n s e r v e d  s y m m e t r y .  
r . - i . ~  

(it) l i r a  (1"~1 [Qr '  A] IQ)  ~ 0 fo r  s o m e  A ~ :  s p o n t a n e o u s l y  b r o k e n  s y m m e t r y .  
r - - > ~  

One m a y  now def ine  a l i n e a r  o p e r a t o r  Q on ~ by  AI'~ --+ l i r a  [Qr ,  A]l '~ = Q A I ' ~ ,  
r - - ->~  

d o m a i n  q~Q = ~ 

L e m m a  I : In c a s e  (i} Q is  h e r m i t e a n ,  in c a s e  (ii) Q i s  not c l o s a b l e .  :~} 

F o r  f u r t h e r  p r o p e r t i e s  of Q in p a r t i c u l a r  c o n c e r n i n g  s e l f a d j o i n t n e s s  s ee  [41. F a -  

mous  r e s u l t  ks the  Go lds tone  t h e o r e m ,  

Thin 2 : Denote  by  E ° the  p r o j e c t i o n  on the m a s s  z e r o  v e c t o r s  in ~ . Then 

l i r a  ( ~ I [ Q r ,  A ] . ~ )  = l i r a  ( _ ( ~ Q r E o A . ( ~ )  - ( i ' ~ l A E o Q r , t ' ~ )  (2) 
r - - ~  r - - ~  

= 2 l i r a  (-QI Q r E o  Al '~ ) "  (3) 
r.--2, eo 

A c l e a n  p r o o f  of (2) was  f i r s t  p r e s e n t e d  in [5 ] ,  of (3) in [6]. 

Useful  fo r  the p r o o f  of th is  and o t h e r  a s s e r t i o n s  i s  
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L e m m a  3: If t l Q r ~ l l ~ c < ~  o r  IIEoQrflll gc  ~o~ fo r  r - , ~ ,  t h e n  l i m  (fhl[Q r ,  A]f~) = 0. 

To  o u r  k n o w l e d g e ,  t h i s  c o n c l u s i o n  i s  no t  i n v e r t a b l e ,  no t  e v e n  if  ~ (x °) i s  c h o s e n  

d e p e n d e n t  on  r [8] . 

V e c t o r s  f r o m  E ~ c o n t r i b u t i n g  i n  (2) a r e  c a l l e d  G o l d s t o n e  s t a t e s .  T h e i r  quar t -  
o 

t u rn  n u m b e r s  d e p e n d  on Qr" In  c a s e  j ~  i s  a c o v a r i a n t  v e c t o r  f ie ld  t h e y  have  h e t i c i t y  

0. In  c a s e  of s p a c e  t i m e  d i m e n s i o n  4 and  3 one knows  tha t  t h i s  s i t u a t i o n  i n d e e d  m a y  

o c c u r  [2] . tn  c a s e  of d i m e n s i o n  2 i t  was  f i r s t  p o i n t e d  out  in  [9 ]  t ha t  the  s i t u a t i o n  

i s  d i f f e r e n t .  

T h i n  4 : In  c a s e  of s p a c e  t i m e  d i m e n s i o n  2 and  j¢~ a c o v a r i a n t  v e c t o r  f i e ld ,  II Qrf ] l l  

i s  b o u n d e d ,  h e n c e  r-*~,lim ( f ~ l [ Q r ,  A]  ~ )  = 0 by  l e m m a  3. 

The  on ly  z e r o  m a s s  p a r t i c l e s  o b s e r v e d  in  n a t u r e  a r e  the  photon and  the  n e u t r i n o s  

w i th  h e l i c i t y  1 and  1 /2 .  T h e r e f o r e  one h a s  to i n v e s t i g a t e  c u r r e n t s  of m o r e  c o m p l i -  

c a t e  t r a n s f o r m a t i o n  p r o p e r t i e s .  L e t  j~_(x) = t~m(X) w h e r e  m s t a n d s  fo r  a c o l l e c -  

t i o n  of v e c t o r  and  s p i n o r  i n d i c e s  and 

wi th  a f i n i t e  r e p r e s e n t a t i o n  of the  h o m o g e n e o u s  L o r e n t z  g r o u p  (h. L.  g. ). 

C o n s i d e r  f i r s t  t he  c a s e  t ha t  D i s  a one  v a l u e d  r e p r e s e n t a t i o n .  T h e n  we have  [10] 

T h i n  5 : D e c o m p o s e  t to get  i r r e d u c i b l e  r e p r e s e n t a t i o n s  ( d e c o m p o s i t i o n  of A~  D ) em 
If  no  c o v a r i a n t  v e c t o r  c u r r e n t  o c c u r s ,  t h e n  l i m  (rLI [ Q r m  ,A]  1"~) -- 0 f o r  

a l l  A e ' ~ .  

H e n c e  t h e r e  a r e  no  G o l d s t o n e  s t a t e s  wi th  he l i c i~y  @ 0, H o w e v e r ,  it  h a s  to be  n o t e d  

t ha t  the  W i g h t m a n  f r a m e w o r k  i s  a s s u m e d  fo r  the  p roof .  In c a s e  of an  i n d e f i n i t e  m e -  

t r i c  the  s i t u a t i o n  m a y  be  d i f f e r e n t :  In  the  G u p t a  B l e u l e r  f r a m e  the  photon s t a t e s  m a y  

be  i n t e r p r e t e d  as  G o l d s t o n e  s t a t e s  of c e r t a i n  gauge  t r a n s f o r m a t i o n  [10, 11] . 

In  c a s e  D i s  a two v a l u e d  r e p r e s e n t a t i o n  s l i g h t l y  l e s s  c a n  be  p r o v e d  [10]. 

in to  i r r e d u c i b l e  p a r t s  { d e c o m p o s i t i o n  of A @ D) .  If one  T h i n  6 : D e c o m p o s e  t~t m 

g e t s  on ly  r e p r e s e n t a t i o n s  of type  (b+h ,b)  w i th  2 b + h  ~ 2, t h e n  

l i r a  ( f l l [ Q r ,  A] f] ) -- 0 fo r  a l l A ,  
r-~ 

The remaining cases 01, Ol occur for a conserved c u r r e n t  t r a n s f o r m i n g  a c -  

c o r d i n g  to ]~ @ ( s p i n  1 / 2 - r e p r e s e n t a t i o n )  as  e x p e c t e d  fo r  s p i n  1 /2  G o l d s t o n e  s t a t e s .  

T h e r e  a r e ,  of c o u r s e ,  p r o b l e m s  a r i s i n g  if  one d e a l s  wi th  s p i n  1/2  c u r r e n t s  

w h i c h  s h o u l d  be  l o c a l  r e l a t i v e  to ~ w h e n  ~ c o n t a i n s  the c u r r e n t s  t h e m s e l v e s .  



252 

In the f r a m e w o r k  of s u p e r  gauge t r a n s f o r m a t i o n s  [12] t he se  d i f f i cu l t i e s  can be avo i -  

ded and within  th i s  s c h e m e  indeed  Golds tone  s t a t e s  with spin  1/2 m a y  o c c u r ,  How- 

e v e r ,  the f r a m e  of l o c a l  quan tum f i e ld  t h e o r y  has  to be  e n l a r g e d  by adding a c e r t a i n  

u n d e r w o r l d  invo lv ing  e l e m e n t s  of a GraBmann  a l g e b r a  and in c o n s e q u e n c e  an i n d e f i -  

n i te  m e t r i c .  I would l i ke  to d e m o n s t r a t e  th is  by p r e s e n t i n g  a s i m p l e  e x a m p l e .  

I11 

C o n s i d e r  a f r e e  D i r a c  s p i n o r  f ie ld  U/ (x) of m a s s  z e r o  on a F o c k  space  ~ and 

a Graf~mann a l g e b r a  A (E 4) with e l e m e n t s  e B o v e r  a 4 d i m e n s i o n a l  v e c t o r  space  

E 4. B deno tes  a subse t  of { 1 , 2 , 3 , 4 ~ .  The e l e m e n t s  of /~ (E 4) a re  u sed  b e s i d e s  of 

the c o m p l e x  n u m b e r s  to m u l t i p l y  o p e r a t o r s  and s t a t e s .  Th i s  we do by a d i r e c t  p r o -  

duct.  On ~ t h e r e  i s  an o p e r a t o r  I be ing  1 on i n t e g e r  spin  s t a t e s ,  , i  on ha l f  i n t e -  

g e r  spin  s t a t e s .  C o n s i d e r  the c o n s e r v e d  c u r r e n t s  

0 A 

"m~×) = t  ~ e~#~ ® I ~'~,,~ ~'~ ~,~ "- T,~ ~' ~,~ l®e m, 

with s u m m a t i o n  o v e r  r e p e a t e d  ind ices  u n l e s s  in b r a c k e t s  ( ~ = 1 ,2 ,  3, 4). The I is  

to get r e l a t i v e  l o c a l i t y  with r e s p e c t  to u~ , the e ~ a c c o m p l i s h  J F '  J ;  to obey l o -  

ca l  c o m m u t a t i v i t y ,  the l a t t e r  be ing  needed  for  i t e r a t e d  c o m m u t a t o r s  and f ini te  t r a n s -  
o 

one easily computes 

- e~r~ , I ~c~ 

for sufficiently large r. Since all iterated commutators vanish for large r one gets 

immediately the finite transformations 
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% 

(~,4 ~ ~' ) defining automorphisms on J@ = A (E4)(~ ( ~'~, I ), which replaces 

in the enlarged framework. It can be shown that these transformations cannot be 

unltarily implemented. Therefore one has the situation of a spont~neous!y broken 

(super gauge) symmetry, This is also true in case of two dimensional space time, 

More details of the example can be found in [14]. In particular it turns out that 

the enlarged state space has to carry an indefinite metric if one wants an involution 

to be defined on A (E 4) which coincides with the adjoint operation with respect to 

the scalar product. (In theorem 6 only one simple commutator is considered. For 

that one could also replace the er~ ~ by c numbers thus avoiding additional substruc- 

ture and indefinite metric). 
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Footnotes: 

+) %9 , ~ are real test functions, ~gr(~) = ~(I~l) , %9 (s) = 1 for s < I, 0 for 

s ~ 2. q has compact support and I (x°)dx° = 1" 

~) Case (ii) does not correspond to a not closable derivation as considered in the 

talk by D. Robinson, 

Discussion 

Swieca: Do you know the appropriate axiomatic setting to cover the case of gauge 

invariance of the second kind? 

Reeh: I should say no. There are papers in which parts of the results are genera- 
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lized (Y. Dothan, E. Gal-Ezer, Nuovo Cim. 12A, 465 (1972); R. Ferrari, Nuovo Cim. 

14A,  386 ( 1 9 7 3 ) ) .  

S w i e c a ;  In t h e  c a s e  of  s u p e r s y m m e t r i e s ,  do y o u  h a v e  a u t o m o r p h i s r n s  o r  g e n e r a l i -  

z a t i o n s  of t h e m ?  

R e e h "  Y e s ,  t h e  t r a n s f o r m a t i o n s  a r e  l o c a l l y  u n i t a r i l y  i m p l e m e n t e d .  D e t a i l s  c a n  b e  

f o u n d  in  [14]  . 

S e h r o e r :  T h e r e  a r e  c a s e s  w h i c h  w e r e  n o t  d i s c u s s e d  in y o u r  s p o n t a n e o u s  s y m m e t r y  

f r a m e  w o r k :  T e n s o r  c u r r e n t s  a n d  s p i n o r  c u r r e n t s  w h i c h  h a v e  a n  e x p l i c i t  x - d e p e n -  

d e n c e ,  i . e .  f o r m a l l y  [ P ~ ,  Q ]  ~ 0 .  C a n  y o u  c o m m e n t  on  t h e  p o s s i b i l i t y  of  h a v i n g  

s p o n t a n e o u s l y  b r o k e n  s y m m e t r i e s  of  s u c h  c u r r e n t s .  

R e e h :  I do no t  h a v e  a n  a n s w e r  r e a d y  f o r  t h e  c a s e  of  s p i n o r  c u r r e n t s .  I w o u l d  c o n -  

j e c t u r e  t h a t  t h e  g e n e r a l  s i t u a t i o n  s h o u l d  b e  e s s e n t i a l l y  t h e  s a m e ,  i . e .  t h e r e  s h o u l d  

b e  a G o l d s t o n e - t h e o r e m  t o o  a n d  e x a m p l e s  of  a s p o n t a n e o u s  b r e a k  down,  j u s t  a s  o n e  

k n o w s ,  e . g . ,  i n  t h e  c a s e  of  d i l a t a t i o n  a n d  c o n f o r m a l  c u r r e n t s  ( c o m p a r e ,  e . g .  m y  

Haifa lecture, ref. [2] ). 


