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ABSTRACT

We compute the differential cross section for the process
+ p—*e +
€+ p—*e P

where pR is a nucleon resonance characterized by parity, spin J,
and mass MR' The two inelastié form faétors describing this cross
section are expressed in terms of three amplitudes characterizing the
(p,pR) electromagnetic vertex. The kinematic and analytic structure
of these three amplitudes as a function of q2 are discussed. The

case of the 33 resonance is discussed in some detail.
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I. INTRODUCTION

The study of inelastic electron-proton scattering is likely to in-
crease in importance as a probe of the structure of the nucleon as higher
energies and momentum transfers become available. Furthermore, from both
the experimental and theoretical standpoint, excitation of resonant states
(isobars) of the nucleon will be of particular interest. We here review
and extend (L,g,é) the phenocmenological description of such a process,
giving the general vertex and differential cross section for e + p —e + Pgs
where Pr is a nucleon resonance characterized by parity ﬂR, spin J, and
mass M. We find the analogue of the description of elastic e-p scattering
by'€£é Rosenbluth formula; our main result is the following expression
for the cross section, where only the final electron is detected, and

where the initial particles are unpolarized

2 6
a2 2 — .
do cos 3 q* 2 qZ M7 26 2 2
daQ - 6 2¢ 6 o to ot s |f+,- +|f-l
1ab k4e® sin* 5 [}+E— sin® 5] q** 2q%2 m
(1.1)
Here € and O are incident electron energy and scattering angle, and M and
2]
m are isobar and nucleon masses, respectively. q2,= hee' sin® 5 is the
invariant four-momentum transfer, while q*2 is the magnitude of the three-
momentum transfer from the electron in the isobar rest frame:
1 2
q""2 = q% + — [M2 -m® - qa] (1.2)
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this frame is especially convenient for the kinematical analysis of the
process. The form factors fc and fi are the analogues of GE and GM for
elastic scattering, and are functions of q2.

For q2 = 0 the transverse form factors fi are related to the phcto-

absorpticn cross section integrated over the resonance

Lo M2
/oy(w) dw = Mz-mz — [|f+|2 + If_le] .
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Detailed properties of the form factors fc’ f, are highly model

dependent. However, in the limit g*—0 (which implies qo—+M-m) the form

Lo

factors have simple threshold behaviors:
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Unfortunately, these threshold properties may not be of use, because

only spacelike momentum transfers are available experimentally, and it is

not clear whether the threshold behavior still persists there. For example,

if we use the nonrelativistic reduction to nuclear physics (m, M = ) then



ve know from the Bessel functions involved
L
£~ (q*R)™ for q*R < L (1.6)

where L = J % % depending on the parity and R is the radius of the target.

On the other hand, kinematics [Eq. (1.2)] tells us

q* ->_ %—M (M_m) (107)

Taking (M-m) ~ 2uL as is roughly the case experimentally (u is the pion

mass), we find

R < -gﬁ (1.8)
in order that threshold behavior still persist for spacelike q2. This
is'éa;ather small interaction radius.

For the normal parity trensitions, we find an additional relation
betw?en fC and fi valid near threshold, which is an additional test on
ghe épin-parity assignment and the assumption of dominance of the thres-
hold behavior. This relation
o noma (1.9)
AT |

is well-known in nuclear physics. In particular it is the relation which
allows one to get photon lifetimes for electric transitions from Coulomb
excitation.

The rest of this paper is devoted to the details of deriving the cross
section and to discussion, as best as we can on general grounds alone, of

what behavior might be expected of the form factors.



In Section II, we write down the general electromagnetic vertex
function between isobar and the nucleon; Two représentations are used.
The first is the Jacob-Wick (E) helicity representation, written down
in the isobar rest frame. 1In the second we explicitly describe the isobar
by & generalized spinor wave function (2)

CRRRI
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. J- (= Lyenophs 7= 1,.00) (1.10)

In each instance three form factors are involved.

In Section III, we square the matrix element and sum over spins to
obtain the cross section, using again both the helicity and spinor wave
function methods. The connection between the two approaches is then
established. |

In Section IV, the threshold behavior of the form factors is derived.
In Section V, we review the analytic properties of the form factors egyected
from Feynman diagram considerations. Unlike elastic scattering, complex
singularities appear and the form factors need not be real. Indeed in
certain circumstances the phase of the form factor is determined by the
Watson final-state theorem, and we discuss how this comes about. Finally,
in Section VI, we summarize briefly implications of some models for the

+

5 Tresonance, in particular that of Fubini, Nambu and Wataghin (é) and

of Gourdin and Salin (7).



II. STRUCTURE OF THE VERTEX

The general process of electron excitation of the nucleon is illus-

trated in Fig. 1. We are primarily interested in the case where the final

nucleon state is a nucleon isobar characterized by a spin J, parity TRs and

mass M. The problem then is to study the nucleon-iscbar electromagnetic

vertex

< P‘|JH(O)|P >

where ‘P > is the Heisenberg state vector of the initial nucleon and

IP' > that of the final nucleon system (they are both eigenstates of the

four momentum operator,EL). Ju(O) is the electromagnetic current operator

of ‘the strongly interacting system evaluated at the space-time point

x = 0.
"

"In analyzing the

convenient to work in
the final state is an

isobar. We shall use

nucleon-isobar electromagnetic vertex, it is most

the rest frame of the final isobar.

In this frame,

eigenstate of angular momentum J, the spin of the

two methods to analyze the vertex.

The first is the

helicity analysis of Jacob and Wick (L) and the second is an explicit con-

struction of the wave function of the isobar in the spirit of Rarita and

Schwinger (8). We present both methods since, although they lead to the

same result, they tend to emphasize different aspects of the problem and

hence give one some additional insight. We start with the helicity

analysis (9).



Helicity Analysis

In the rest frame of the isobar the quantity we want to study is

< :TRJ'MlJH(O)

g A >

where A is the helicity of the initial nucleon and gf = g.=.§ is 1ts momen-
tum. We now want to use angular momentum conservation and the fact that
‘E(O) transforms as a vector under rotation while JO(O) transforms as a
scalar. Our final state is already an eigenstate of angular momentum. The
problem is therefore to expand the initial nucleon state in eigenstates of

angular momentum. From the work of Jacob and Wick, one knows immediately

how to do this. The basic theorem 1s that

1
23+1 2f J x
m\x > = d E) -¢ - >
2J < Lx > 2 & (080 ) jan

One gets the appropriate energy-angular momentum-helicity eigenstate by
integrating the momentum eigenstate over solid angles and using as a

weighting function the rotation matrices i) i;e. (We follow the angular
momentum notation of Edmonds (10).) The final P in the argument of the

J9 il functions is merely a definition of the overall phase of the states

(~ eleQ) as discussed in Jacob and Wick. The completeness properties of

the j)J allow us to invert this relation

mx
2 3 |
= J+1 J (im - .
Q > = > (—z;—,t > j (=P8 %) [admr >
Jm

(2.1)

(2.2)



and give us the needed result. That is

3. |

23+1 .

< thJ'M|Ju(O)|gl > =J§ <-ﬁ§-> K (~9,76,9,) < 7|7 (0)]asmh. > (2.3)
m

It is convenient at this point to introduce eigenstates of parity. From
the work of Jacob and Wick the parity operator ; acting on the nucleon

state gives
~ s
nlqjmx > = (-l)j 2|qjm -A> . (2.4)

We can therefore introcduce the parity eigenstates

L
axin > = = [lqjmx >+ (-1)72|agm - 2 >] (2.5)

The problem is therefore reduced to studying the matrix elements
< nRJMIJ“(O)lqnjm >

where only the appropriate value of & can contribute. We can now use the

Wigner-Eckart Theorem to extract the M dependence of the matrix eléments.2
. J-M[ J1] .
= (- < .6
< nRJMlgp(o) 'qm]m > = (-1) <_M > nRJ“_{(o)llan > (2.6)

Since in this case j = J, J*l1 there are three independent reduced matrix
elements which are each functions of |q| = q*. We also have for the
AAA

fourth component
. _ (_1\I-M [ JOJ .
< :rRJMlJO(O) ‘ grdm > = (-1) <—M0n> < :rrRJ ”JO(O)“ qnj > (2.7)

and only get a contribution here if J = j. There is, however, still one

relation between these four reduced matrix elements which comes from the



continuity equation for the nucleon electromagnetic current
<= JM[J o} A> =0 2.8)
a, < mpM[7 (0) g (2.8)

Using

10>

»3(0) = Z H Ao (-04-6.9) Ip(0) (2.9)
A

and the formulae of Edmonds for cambining two ,@ functions one finds after

a little algebra that the continuity equation says

1
. Z (%}}%)2 (s810[3278) < np|| 3(0) {|a"ns > = E;% <7 [|7,00)[[a"a > (2.20)

J
and therefore only three of the reduced matrix elements are independent and
the electroamasgnetic nucleon-isobar (spin J) vertex is characterized by

three independent form factors. This result is well-known in nuclear physics,

k)

Yo can take place by one Coulamb, one trans-

for electron excitation %
verse electric and one transverse magnetic multipole. The result was first
given in covariant form by Durend, de Celles, and Marr (1).

It is convenient for our later work to define the linear combinastion

1
2

o = (B%E)%Z (%%)% (J-%-lp[m%m) <;:RJHg(o)H qxj > (Eib'&oa) (2.11)
3

with p =+ 1, O and

= [m
fc - ( M

1
EE'92)2

< anllJo(o)[[q*ﬁJ > ( = (2.12)

N
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The continuity equation then simply eliminates fo

q
£ =—21f (2.13)
a

and the transformation has the further property that

Z“ |fpl2 =( ) 2‘< n JHJ(O)”q 13 >| ("E'g‘ﬁ") (2.14)

Spinor Wave Function Analysis N

As an alternative to the helilcity description given above, we may
write the vertex function in terms of a general spinor wave function

describing a particle of spin J. Thils wave function

. Lo

1
y 1 2(P,A) (r=1,..., 4 =1, 2, 3, 4)

Hoy

1
5 (where there are no

is. the generalization of the Dirac spinor for J
indices p) and the Rarita-Schwinger wave function for spin 3/2. It 1s”

1) Symmetric uhder any permutation of indices .

2) Zero upon contraction of any palr of indices Mo
3) A solution of the Dirac equation
H.oeooldr 1
1 J-5 _
(iy+P + m)rs ¥ =0 (2.15)
L) "Orthogonal"” to 7, eand P“;
p'"’p' _.l uo.o“ _l_
p oyt I, yaTU-m (2.16)
M B .
1 1 :
5) Normalized
Hoeeebo 1 Boeoobr 1
7 IZ(payvd IF(pa) =1 (2.17)

- 10 -



Our task is to reconstruct the electromagnetic vertex function in this
language in analogy +to the conventional (;l) relativistic treatment of,
say, the proton vertex. From the helicity description we know that there
will be three independent form factors; our choice of spinor covariants
will be motivated ex post facto. The choice we do make has the convenient
property that_cross terms between the different form factors vanish when
the amplitude is squared and spins are summed in constructing the cross
section. 8o without further ado, we write for the general form of the

vertex function for normal parity transitions l/é+-4‘3/?-, 5/2+, e

1
TR TR
2 _M J-5

1/ mM
< P'}\'lJu€“|P)\, > = '{-2 <§'_E.> Y(P',}\') q.u ..'qu_l

q, (e-qP-q-e-P %) g, (a®)
1
X i 2
- . * 2l€UlaB7PanS7 82((1 ) u(P,1)

* Mg, 757 <g2.(q2) + g3(q2)>

_ (2.18)
where the pseudovector Sp is defined by
su = i€,y P& . (2.19)
For abnormal parity transitions the only change that need be made is
the replacement
u(P,n) -7 u(P,n) (2.20)
- L



L *¥J+1\5
< P'A! lJueulPA > <S-Eﬂl9~——> "2; o 1(7\')§o‘ q

For spin 1/2 final states the spinor ¥ has no indices Ry and conse=-
quently the coefficient of 82 does not make sense. In this case there
sre only the two form factors gl and g3 . Indeed ngl and g3
correspond to the electric and magnetic form factors GE and GM used
in the proton elastic vertex function.

To proceed toward obtaining a cross section in terms of these form
factors it is convenient to specialize to the rest frame of the isobar.
From property (5) the lower components (r = 3,4) as well as the time
components (pa = L4) of the isobar spinor vanish in this frame, and it
is easy to go to a two-component "Pauli spinor" formslism for both
isobar and proton. Upon carrying out this reduction we obta.in,4 for

normal parity transitions,

1)

l- J—? 2-.0-‘ -%
- R . -
- 2
- 8 M g (a%)
1
x |+ [(ex8) xdl, 28/(a®) X(A)
+ 8, [g - e x @] [sz(qe) + g}(qe)]
1
- -4 (2.21)

This will be the most useful form for calculating the spin sums,
which are most easily done in the isobar rest frame. We caution the
reader not to infer too hastily the "threshold behavior," i.e., the
behavior for low q*, from this formula; this is discussed in more detail
in Section IV.

For abnormal parity transitions we make the replacement in Eq. (2.21)

x(A) -9<E 3*m> 9:3 x(A) (2.22)

- 12 -



III. CROSS SECTIONS

The cross sections for the process illustrated in Fig. 1 can be

written in standard fashion as (12)

a3p' 1 1
do = 20F ~W_ N > (3.1)
2¢! gt BV TRV [(p'P)2 - mi m?|2
where
N_=-%Tr 7 (m - iyp) 7, (mp - 1y-p")
uv 2 vl 1 vl
(3.2)
- 1 t ot 2
=2 [pppV +p,pt -8 (pop' +mw )]

p and p' are the initial and final lerton four-momenta, m is the nucleon

mass and mp is the lepton mass. The covariant tensor W“v is given by

w . = (2n)3q Ei }: 5(‘)(p-pv-q) < PIJV(O)IP'> < P’,Ju(o),P > (E)

pv
initial final (3 3)
where Q is the normalization volume, E is the energy of the target,
Ej indicates an average over nuclear orientations. From general
initial

considerations of covariance, parity conservation, and current

conservation,

Q¥ =¥, =0, (3.4)

the tensor W“v is known to have the form (13)

- 2 L
W, o= Wl(q »2°P) (&

73

LY
- BV 2 ,.p) L _2q . Pg
n > + Wa(q »2°P) > P P q2 q

q m q

- 13 - T



The cross section in the lsboratory frame is given by

- [2 ce! - ,2”3" cos 6 - 2n Wl

%o 2c? (,lfi'lz) 1

an'ap! q4 etlpl L
(3.6)
+ ee' + Ip”p'l cos 0 + mz Wz]
If we neglect the lepton mass this formula simplifies
43¢ bR 12 2 6 - 2 5
= — cos” 3 [Wa(q ,2°P) + & (a®,q-P) tan® §:| (3.7)
dQ'dE' q m 1
e ¢ = be'e sin® g

Knowledge of Wuv also gives us the total photoabsorption cross section

1 ienzaa _ (2n)3
07 "2 Z keP ep. wp.v v = |K-P| Wl(O, keP) (3.8)
pol

where the kinematics are illustrated in Fig. 2.
We now proceed to calculate the covariant tensor Wuv and then

the cross sections. We must evaluate

d3Pl ) 192
- 4(pp'.q)
Wy = oM o 5%(P-P' -q) 5 }: z < nRJM|Ju(o)|q7\ > < q7\|Jv(o)|nRJM > — >
A M
(3.9)
dBP' 4 1 2 .
We see that we can take out A (P-P'-q)m“ as a factor if

the final state is an iscbar and we -define

d3P [

= 4(p_pI_ 2
uv - 5%(p-P q)mTw (3.10)

- 14 -



We can now use the general form of W“v or Tuv to simplify the
calculation. Since there are only two general form factors 'I‘l and
T2 we need only two relations to determine these .quantities. We can

therefore compute

T44 = (x%) {- é_fl < “RJ " Jo(o)” o >|2 (-m?zmT:Iﬂ)

= - ‘fc(q*)lg (%)2 (3.11)

and
F (@)l Tl ol ool (=)
= 1 (3.12)

2
® e 2 e ten|
q

£ (@) [° + [£_(a%)
. (0|

(&

From the general form of Tuv
_ 2 - lW_fq'V +T7 (a) L p _Eg p .29 1
T,="70( )(6“ . ) (%) = = % (% q, (3.13)

v v
M q M

it follows that in our special frame we can write

2 2 '
T = 3T _M_231T=[|f|2+f2-9-_ flz}-M-Z (3.14)
M 1 o @ 2 + - q*2 c m
and
2 (M *2 M2 o2 :
L p Tuvp;/ =-T = |f, (——-)4= S— ;- T, + -;3—2 T2§ (3.15)
M2 44 2 q@ m2 g

- 15 -



These equations give one the two necessary relations and we can

solve to get

S TR
r <3 (2 ol e (el - 1) (7

Inserting our expressions for Wl and W2 [c.f. Egs. (3.5), (3.10)

and (3.13)] in the formula for the cross section, Eq. (3.7), we find

(3.18)

« | fc|2 + (—9;—2- +M-§tan2 -Z—) (|f+|2 + lf_]"‘)
m
This formuls is our main result.® We see that one can only measure the
cambination (lf+l2 + lf_|2> in experiments where only the final electron
is detected. The Coulcomb and transverse form factors can be separated
experimentally by doing experiments at fixed qa and varying 6 or by
looking at 8 = 180° where only the transverse form factors contribute.
Taking the 1limit m — e, M/m —1 reduces the above formulae to that
usually used in snalyzing electron excitation of nuclei. From Eq. (3.8)

we have for the photosbsorption cross section integrated over the lsobar

. - 16 -



resonance

b2 W 2 2
fay(w)dw = Fi; m— ('f_'_' + !f_lﬁ )q2=0 (3.19)

-m
over resonance

This expression gives us the traasverse form factors evaluated at one
momentum treansfer, namely q2 = 0.

This last relation can be used to give an approximste formula for
the inelastic electron scattering cross section at small qg, the
Weizecker-Williams epproximation. Keeping terms of order q? in the

last bracket in Eq. (3.18) we find

(3.20)

—
€

do leb 212 sin® % 8m2ee! M - m

q2-> 0

over resonance

Wave Function Description

We may also compute W and W2 in terms of the form factors g , g2
b 1
and g and obtain a connection between them and the magnitudes of fc
3

and f, . We return to Egs. (3.9) and (3.10) for the expression for Tpv:

1
cre. T - FEE

A X X A > .21
o T = <P ’JV(O)IP >< P IJH(O)‘P (3.21)

AN?

We choose to evaluate Tuv in the isobar rest frame to facilitate doing
the spin sums. We first construct explicitly the state x, (A1)

s 00 1
1 J-3
for the case of the spin aligned along some axis s. Were the z-~axis

- 17 -



to lie along s, we would clearly have

= 0 N o1
Xo vova. 1 - % .%o X(N = 3) (3.22)
J=z J=-5
where
B = = vl'é‘(l’ * 1, 0) (3.23)
1
and Xx= (5). The sum over A' may be replaced by

Z - (2J+l)f ?;5
}\l

i.g:, an average over orlentations of g . Upon inserting Eqs. (3.22),
(3.23), and (2.21) into (3.21) and summing out the spins of initial proton,

we find, for normal parity transitions

e et o qu* 2J+1(E+m) (2J+l) f dQS T l-i—g-s [(A &*)<A.&)] J-3/2
Hpv v ki Ix T 2 42 \ee
A * -
F A A¥ E.g qo—eoq ~¥ ~ A AK A A
X |=(@@) | =g g, H& x @) - (@ x &) 2g+1 (& Qg e x Yg_+g,)
o J

- 18 -



The integrations and traces are now straightforward; cross terms between

different: 85 cancel out, and after some calculation we find®

AN * '.I\ - *
o e o PEm ()PP (8T - )l - c) o
g i 27°% (a7) 11 M2 &
+(exq) - (e'x Q) { 22‘}:':1 '32’2 + |g3|2; (3.25)

We insert the factor @2 to take into account abnormel parity transitionms,
in which case the expressions Egs. (3.24) and (3.25) contain an extra factor

due to the 75:

+ - o+
. 1
’ 1 E'—’%, %, cee
© - - (3.26)
IO A M
E#n 2 2?7 2 ¢

To liberate Eq. (3.25) fram the isobar rest frame, we compare it with

Eq. (3.13) and identify

%) *eJ+lpn2
_CW(Em) (g )P (2741)1t (2743 2 >
1 2 J+3)2 27! 27-1 lgal + ]83} ; (3.27)

T

T -n;a_q.z_T M(E+m) (g) 2L o4 p2 (2J+H'.! |

2
e B2t o e,| (3.28)

1l

= 19 - A



In terms of the f's, we thus find

3 " *\2J+1 2 +1)!!
el | - el 00 e e e

(3.29)

(2 _ M(Em) (¢9)2T3P2 (2542):1

lg ,2 (3.30)
- ~J+3/2 (2ot 1

|f

We again caution the reader not to read off the threshold (low a*)

behavior of the cross section from these formulae; detailed discussion

| of this point is in Section IV.

- 20 -




IV. THRESHOLD BEHAVIOR

From our general discussion of the nucleon-isobar electromagnetic
vertex we can extract the dependence on q* as g¥ -0 and q, - M-nm.
This dependence is very useful in nuclear physics as it allows one to
identify the multipolarity of the transitions involved. It also allows
one to predict which transitions will become important as the momentum
transfer to the nucleon is increased. In the case of the nucleon however,
the applicability to physical situations is not so straightforward, as

discussed in the introduction.

Spinor Wave Function Method

In the limit q* - 0, we search for those spinor covariants, -linear
combinations of the ones appearing in Eq. (2.18), which contain the few-

est possible powers of q¥. Considering first the case of normal parity,

we find that the amplitude

1
2 - YO TS, S N
< P'%’IJMGHIP% mM ) J

> = 1 (mM
threshold 0 |EE?

V|

+ -
x g MB(e q-P - €-P)u(P,N) 1,3 s ees
o L qul 2
. . . . J-3/2

is the only (gauge invariant) vertex which behaves as g* as
q* - 0. Thus, provided g #£0 for q* = 0, this amplitude dominates
all others for sufficiently small q*. Upon reducing this expression
to the isobar rest frame and then re-expressing the amplitude in terms

of fofm factors g, ga, g3 we find

LT (g—)z (+.2)

0" (4.3)

123
]

=N



and in terms of fc and ft we find the threshold behavior

If |2 ~ (q*)EJ-l ()4.,)4-)

C

as well as the important relation

¥*

q

‘f+‘2 + !f-|2 o <2J+1) <qo>2 (+-6)

lf|.2 23-1/ \ T«
C

which follows from Egs. (4.2), (4.3), (3.29), and (3.30).

a;f this threshold behavior persists in the physical region of space-

1like momentum transfers (i.e., this amplitude is still the dominant

one), we may relate forward and backward scattering at the same

-momentum transfer q?, and test the spin-parity assignment of the resonance

as well as the hypothesis that the threshold behavior dominates.

Returning to Eq. (1.1),

20 2 2
do ~ P cos 5 lfcl 7 <29>
o ] 2e .2 9_] *
a0 nt hreshold" Le< sin 5 [l + = sin 5 q
(4.7)
2 2 + - =t
@ (27-3) ¢ M f2041) o8 1" ,3 3 ..
2 *2 2 2 27 2
ag 2(2J-1) 2q m= \2J-1 2

The assumption going into this result is that the "threshold amplitude"
Eq. (4.1) is dominant for physically accessible q© . Notice that any

q® dependence in go(q?) cancels out in the ratio in Eq. (4.6).

-2 -



For abnormal parity transitions, it is not possible to find a
threshold amplitude such as Eq. (L.1) which behaves as (q#)J'B/z.
This comes about because the 75; coupling large and small components
of the spinors, gives a factor quog;. There are, however, two in-
dependent emplitudes which heve the threshold behavior (q*)J-l/Q. The

first is Eq. (%.1) with u(P,)\) —)75u(P,A). A second may be taken to be

— u Ctlu .
<Je >~¥E' A1) J-1/2 €  7yq-~ yee |y u(®P,\)
(23 ? %2"’%J_1/2 ul q“-l S ?

(k.8)
This means, in particular, that there will be no constraint relating
£, to f, near threshold such as Eq. (4.6). The threshold behaviors

we do obtain for this case are evidently

2J+1
£ f* ~ @) (19
- + + -
2 2J-1 1 .3 3
‘fi_i ~ (g*) (2 ~5,5 ) (k.10)
1t ot
For the case of 55 transitions, only two form factors occur

(g2 must vanish) and similar considerations as before lead to threshold

behaviors
2
fcl (a*) 4 lf _,lf o
2 2 .11)
2
fi' ~ (Q.*)z
£,]% ~ (a%)? .
1 1”
s z 72 (+.12)
. rf%~ 1




Helicity Representation:

The entire q* dependence of the reduced matrix elements is con-
tained in the nucleon state vectors |g*A > . One can give an explicit
construction of this state by using the fact that the state vectors form
a basis for an infinite dimensional unitary reprisentation of the Poincaré
group. That is, there is a unitary operator eQKz which "boosts" us from
the rest frame of the particle to a momentum g* in the z direction. We

write
)
| > = e KZ\07\ > (4.13)

where

q* g*
Q = tanh™ vy - — (4.1k)
(q*2 + m2)2 g -0 1

"~

The operator Kz which generates our Lorentz transformation in the
z direction (Ki = M34 where MLV is the covariant angular momentum
tensor), is a polar vector operator under spatial rotations and reflec-

tions. If we now go back to the fundamental theorem

1 ~
2j+1\2 J * 3 0K,
¥* > = - - on >
Iq JmA (—ﬁ-—n ) fdﬂq@ oY ( P eqcpq) R_q)q_eqq)q e |
(4.15)
where
~ iJ o inﬁ i3’ V4
= z z

Raay e e e (k.16)
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ig the finite rotation operator and think of letting q* = 0 we see

that we must let ﬁz act enough times in the expansion of the exponen-
tial so that we can get a basis for the Jth representation of the rota-
tion group. If it doesn't appear enough times, the integration overfé§i;
will give zero. Furthermore, since ﬁé is & polar vector it must act
enough times to give us a state of the correct parity, which is what we
eventuglly want. Since each time a ﬁi acts, it carries with it a
power of (%t) we can read off the q* dependence in the various

cases. We find (1)

a) Normal Parity Transitions: 1/2% —3/27, s/2t, 7/27 ... ete.

J=1/2

£, ~ (a¥) /
(4.17)

£, ~ (@)

b) Abnormal Parity Tramsitions: 1/2° —»1/27, 3/27, 5/27, 7/2%... ete.

£ ~ (q*)J+l/2
(4.18)

£, ~ (q*)J-l/a

-+
A little care is necessary in the case of 1/2 --91/2Tr transitions
for if J = 1/2, then

£ =0 J=1/2 (4.19)

and there are only two form factors. Furthermore in the case of

<+

+
1/2° -»1/2° +transitions, the q* - 0 limit of the electric monopole

operator which is Just 1, the total charge, cannot cause transitions;
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therefore the threshold behavior in this case

*2
fo~4 R
f ~q*

One might be tempted to conclude from these arguments that the
expansion parameter for the threshold behavior is %; . However, this
argument is invalid since, at least in nuclear physics, it is known
that the relevant quantity is the size of the target and not the re-
ciprocal of its mass.

In the case of normal parity transitions the relation (4.6) between

the transverse and coulomb form factors follows from the continuity

equation, for if we write

1 1

* - % -3 > =
< npd " J,(0) ” a*nd > =& q J>5 (k.21)

2
<t || 200) o - 1> = aa a* -0 (v.22)
then the continuity equation (2.10) gives
25+1)2 L
+
a, = qa (k.23)
6~ % °<2J‘1) (71 510 IJ-l 17 %)

and one finds from Egs. (2.11) and (2.12)

£ |2 2 [(gaz1s1|ga1a5:) [
s _ (% 2 2
g2\ (1510|5115 5) (8-24)
e | 1510|1175
or
|f+‘2 + |f |2 a4 2 [J+ % Normal parity transitions
= 7- e A l
Iz |? q*"o(*) J -4 -
c -2
- (k.25)
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In the sbnormal parity case < n.J ” &T-(O)It g* n J-1 > and

q*J-l/E

< mpd ”\"J;(O) “ gq* m J > both go as and the continuity

~ 2 2
equation therefore does not determine |f+| + If_' in terms of

,fclz'
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V. ANALYTIC PROPERTIES

The analytic properties of the form factors gi(qa) are more ccmplex
than the form factors Fl(qa) and Fa(qa) of eléstic electron-proton |
scattering. Not only is there the cut for timelike q® < - 4u3(p = mr)
but there are camplex singularities which appear for isobar masses large
enough to cause instability. The form factors then beccme camplex. The
camplete analytic properties of an arbitrary vertex graph with an unstable
particle on one leg are unknown; however, it is known that there are no
singularities in the upper half q2 plane. In addition the triangle
diagram has been extensively studied; we here review the situation for the
kinematics appropriate to this problem. We consider the diagram shown in
%ig. 3 as a function of g2 for real MZ2. The Landau singularities (14)
are the normsl thresholds g2 = - 4u2, M2 = (m+p)2, and the "anomalous"

_threshold given by

2 2
-u2 TC- I B
K 8 2 + 2
2 2 2 2
B = _,2.ac _,2 m® + p° - M -
det ki kJ H=3 9 5 0
2 2 2 2
Be nc + p< - M 2
+5 5 m
(5.1)

The solution of this equation is

q® = -2u% - f‘g (M2m3-p®) & £ (1 - E—) (M2 - (m-p)2][(m#)?® - M®]

om 2
<Ef << f)
Ma

(5.2)

W
]
n
x
N
" p—
'_J
+
E
1
B
I+
'_.l
]
=
Z]
N
N



On general grounds, from the Nembu representation (}_li),we know that for
M2 = m® there is no enomalous threshold, and the singularities consist

only of & cut in the q2 plane from - huz to - . As M is increased the

.anomalous singularity emerges into the physical sheet (we take the minus

sign in Eq. 5.2) and moves down to q? & - 2u2 as M »m + u. For
M>m+ u the singularity moves into the lower half q2 plane as shown
in Fig. 4, and agein this is dictated by the Nambu representation. If
we give the particle & width, M® - (M-iI')®, the singularity moves to
the right.

We conclude from thls behavior that the form factors will, for
kinemetical reasons, be complex and that they possess complex singularities.
It is, of course, an open question of how important these are. Fof the
33 resonance, this diagrem (the "pion current" term) is relatively unim-
portant. However, for higher resonances such effects may have to be

considered.

The Final State Theorem and Complex Singularities:

We have seen in the previous discussion that the triangle diagrams
develop complex singularities when the mass of the isobar is such that
it is unstable against pion decay. We know, however, from the general
properties of unitarity and invariance under time reversal that partial
wave transition amplitudes for a weak process (in this case electromagnetic)
leading to a strongly interacting pair of particles in the final state
has a phase equal to the scattering phase shiff of those two particles
at the appropriate energy. Since the complex singularities are intimately
related to the phase of the production amplitude in the physical region

it is interesting to see how this connection can come about. To see this

- .- L
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connection we make a very simple model of the scattering and production
process which is unitary, invariant under time reversal, and contains a
triangle diagram. We consider scalar photons, pions, and nucleons since

the spin complexitlies are not really relevant to the points under discussion.
We consider the pion production mechanism to be that of the photcz iater-
acting with the pion current and ejecting a pion as illustrated in Fig. 5.
This is often referred to as the "retardation term". The pion can then
rescatter off the nucleon and we take & point two-pion-~two-nucleon

coupling of strength A to describe this. We then consider s-wave

electropion production. Now the s-wave pion-nucleon scattering amplitude

.in this model 1s given by the sum of graphs illustrated in Fig. 6.

Let us define the basic bubble

B(WZ) = - 4 a*f 1 1 .3
L[ (20)* Pr a2 11 (5-al)%s ¥ 1n 5-3)

where (P—q)2 = - Wa, the square of the total energy in the center-of-
momentum system. Then we know from the analytic properties of Feynman

diagrams that B(W2) has a spectral representation

B(W3) = % p(o®) ao® (5.4)

(M'HJ-)a o2~ W3- in

We also know from unitarity that

Im B(W°) = p(c®) = + 7% 2 \jp-gié; 8(£3+ u2) 6({b)8((p-q-{)2+M2>6(po-qo—£b)

(2n)*
(5.5)
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which corresponds to putting the intermediate particles on the mass shell.

The scattering amplitude T(Wa) in this model is now given by

T(W2) = & + 2% B(W2) + A% BE(W2) + ... = S
1-2B(w2)
(5.6)
A
1 - A o°) de®
x
(Mu)? 0" -HE- i
and since
1 2
Im — = - o(W%) (5.7)
. (W
we can write
T(W2) = 12 e® sin 5 (5.8)
p(W=)
Let us now look at the electroproduction amplitude. If we first study
the Born term Fo(qz,wz) we have
ko 1
r(a2v®) = [ — (5.9)
Ly t5+

where t =P - Q = g + k and (P-q)® = (@+k)® = - W2. This function is
real for space-like q? (q2 > 0) and has the analytic properties in q2

indicated in Fig. 7 for W= M + p.

If the isobar is just unstable, W > M + u, there is a complex branch

cut running between # 2i\/§— H_:_éMiEl . As W goes below M+u, the branch

R - )
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cut moves onto the real axis as indicated. We shall also need the

properties of the triangle diagram which we define as

A2, We) = - 1 at L L (5.10
(&) f (2r)* (£+q)® + u® - in  (p-a-b)3+ M- in )

This diagram has already been studied and has the analytic properties
indicated in Fig. 4. 4(q®,Ww?) 1is complex for spacelike g. We can
calculate Im A(q?,Ww?) by again noting that for q > 0, the only possible
real intermediate state is where the final pion and nucleon are on the

mass shell

: 2 2 _ 2 a*t 1 2,2 12
el )q2>0_ e ‘jﬁ (2n)* (Lrq)3+u= e )e({b)s<(p'q~£)2+M2)e(po'qo'{b)'

(5.11)

Now since P-q = O in the center-of-momentum system we can write this as

2
t(a) | =R (o) L (120 (g2 8(2 )6 (p -q,L,)

q (2n)* (L+q)Z+®
(5.12)
= F (a%,W%) o(W)
We can now write the electroproduction amplitude in this model
F(a,0%) = F (W) +28(a%,W5)[1 + 2B(W) + N*B2(W%) + ...
(5.13)
- F (g3,u2) + 2%W)
© 1-2B(W?)
- Ly
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or

1>
)
O
Qm
[e7]
ql\)
+
&
o
o
St

Fo(q2’w2) 1l- p”

P(g2,W2) = (4130)" (5.14)

o

1
Al
Q\‘b
=
N

o
.:! N

We now note the important property that for q2 > 0, the imaginary part

of the numerator vanishes for we find

In (W) "2F(o® ) F (¢%,W%) p(¥®) - Im A(q®,W3) = O (5.15)
Therefore we conclude that for q2 >0

eiB(We)

R = [ReE) (5.16)

q=>0
which is just the final state theorem. We also see that as far as the
analytic properties in q2 are concerned, F(q?,wa) has the complex singu-

larities of both Fo(qz,wz) and A(q®,w3).



VI. APPLICATIONS

As an example of an application of the preceding formalism, we discuss
briefly electron excitation of the first excited state of the nucleon, the
T = 3/2, J = 3/2 resonance. We first consider the model of Fubini, Nambu,
and Wataghin,® in which the photon is absorbed on & nucleon via an iso-
vector magnetic dipole interaction. The term so obtained has the same struc-
ture T}g;g‘x gﬁﬁy)(qz) as the Borm amplitude for aebsorption of a neutral
pion of momentum ¢ X q. The full photoproduction amplitude of the 33 is
then proportional to the amplitude for 7% —*N*, the‘proportionality
factor being the ratio of Born terms. Because this ratio includes the
factor Géy)(qz), we find that the inelastic form factor becomes proportional
to Géy)(qa). This is a model-dependent result and may not necessariiy be
the case for higher resonances, where the production mechanism is more pe-
ripheral and mcmentum dependent.

To meke a more detailed comparison, we need the Rarita-Schwinger wave
function for a pion-nucleon system with J = 3/2. This is found to be (in

the static limit)

2= E {2- LoD} x | (6-1)

where j; is the momentum of the final pion, and x 1s the proton spinor.
In this notation, we find from Eq. (15) in the paper of Fubini, Nambu, and

Wataghin

i%
" >« 33 f. (v) 2
< p'A Jpeplp% e sin 633 ¥ (g x €)x Gy (a®) (6.2)
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To establish contact with the covariants multiplying our gi(qz), we use

the following identity (B = € X Q)

* A Pl A "N
¥ -BX = %j (g+B) ox = Wf(g'g-)-[q(c-q) - % (a+3) o (g'gélx
(6.3)
= - iw*- [(Bx q + 19 0+B] (0°q)x
Camparing with Eq. (2.21), we find that
- *x2 o g¥2 2 6.4
g, =0 a g,=q g, =Cl(a®) (6.1)

For the normalization of g, and g3 s Wwe may use the covariant
treatment given by Gourdin and Salin.” They treet the isobar as a discrete

state, but use & different set of invariants. They write

1
1a2\2 icC
(Egmn ) <P- q,k"Jp(o)|Pk > = ¥ (P-g,\")y, {—;3 (a7, - 2'78,,)
(6.5)
c, c
- — 1 - t - — - .
2 (Paay - (Pra)ey,) 2 (Boty - (Pa) 8vp)} u(®,2)

where P' =P - g, and p = m . (For real photon processes the last two
invariants are identical since qa —0 and epqp = Q0 where €H is the
photon polarization.) From an analysis of photoproduction they give the

form factors at q2 =0 s8s

0.37

c (0)
3
(6.6)

04(0) _cs(o) = -0,0043



The relation between these two sets of inveriants is merely a matter of
algebra and judicious use of the Dirac equation and the subsidliary

condition. The resulting relations are

(2M2q*2)g - Ef c o+ Ei [:(M?- 2y - qa] + i— (c +C ) [(M2+m2) + qa]
1 2 4 5

2
TR T

I
o e M+m q® 1 [ o 2]
(2M°q “)e, = - - 03-:2_044-;(044.05) (-u”) + q (6.7)
s c [MB-mP-g®\ 247 1 . .
@) (g8 = 2 |- e v () (o8- + 2]

Some kinemastic relations are useful in dealing with these quantities.

-They are:

Jo | Gem e @ || em e
2M 2M
(6.8)
2 2 _
E+m= (Mim)= + g q = -1 [M-n2-q3]
2M 2M

We should emphasgize at this point that the easiest way of going from
2 relativistic form of the vertex to a cross section 18 not to square and
introduce a projection operator for the spin J particle but to simply
use the expression above to get the helicity amplitudes ft’fc (or
equivelently 81 2 3) and the cross section has already been given in

> )
terms of these quantities. This saves & tremendous amount of labor.
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It is also useful to have an explicit relation between the helicity
amplitudes which characterize the vertex and the g's. To get this we
go to the rest frame of the isobar. To comparé with the helicity
representation we first construct nuclear wave functlons of definite

helicity. These are indicated in Teble I.

Table 1.

The Components of the
Dirac Heliclty Wave Functions

VZu(P,1) v2u(p, |)
a(r + s) b*(r + s)
b(r + s) a*(r + s)
a(r - s) v*(r - s)
b(r - 8) -a*(r - s)
- ip
a=cosle °
2
i
+
b = sin g e 2
r = cos X/2
s = sin Xx/2
ctn X/2 = ¢*/m

t

(They are still normalized to u u = l.) We can now extract the helicity
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amplitudes by looking at the coefficients of the appropriate ,& i}\

functions. The result is simply

fc =<%>% i\q&: [<2 Elfm >% Mq*B] gz.
2 [< v\ 2 M *3] (6
+ m> 4 & 9)

L % M % =
= (8) [fwm) =]

These amplitudes, when squared, give us the results we obtained previously

H
n

H
]

by comparing the cross sectiouns.
From the integrated photoabsorption cross section we can get a value

‘for the transverse form factors at ¢ = 0. The relation is Eq. (3.19)

fcy(_w)da) = 2.81 x 10‘25cm2MeV[|f+ |2 + |f_ |2] (6.10)

* Lab q®=0

if we use the following numbers for the 3-3 resonance

M = 1238 MeV = 8.86p
m= 938 MeV = 6.72u
w=m kB =139.6 eV .

T+

From the numbers for C C ¢ given by Gourdin and Salin in their fit
s 4, 5

to photoproduction and using the formulae above one finds

[|f+ |2 + |f_|2}q2=o = 0.55 (Gourdin and Salin) (6.11)



This gives

f o, (w)dw = 1.55 X 107%5cm® MeV - (6.12)
Lab

This seems a little larger than the value obtained from the experimental

data (15)°

fc:7 (w)dw = 0.96 x 10"25cm® MeV - - (6.13)
Lab

In the case of the 33 resonance, which SU(6) (and its generalizations)
classify in the same representation as the nucleon, there exist symmetry
arguments relating theoretically the inelastic form factors to elastic

form factors. For example, the static SU(6) theory predicts

<N luzlp>— 3 Hp (6.14)

where B, is the z-component of the magnetic moment operator and
up = 2.78 is the magnetic moment of the proton in nuclear magnetons.
We note also the prediction of Salam, Delbourgo and Strathdee (EZ) on

the basis of U(6,6) that

g =0 8, =8, (6.15)

and

oMg *? 2 v
<-———E > m> g, ey N C (6.16)
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which reduces to (6.1% in the static limit % =0 and gives

2 2 M \4
[+ I zo.u8<;m—>) (6.17)
This agrees with experiment for a reasonable choice of < m >, the mean
mass of the 56-plet of SU(6). That 8 is small and that
‘f+i2 + ‘f_la ~ lG(V)'z is already known from electroproduction experi-
ments, so that the U(6,6) prediction is in qualitative agreement with
the facts.
As a final application of our genersl discussion let us consider

the transition to the J" = 3/2- state at 1512 MeV. Cone et al, (_3_)
have seen this transition. They attempt to analyze it as an E1 and

.on the basis of purely transverse excitation. They find a contradiétion

in that the transverse EL form factors go as (q*)%-% = const whereas
their experimental data increases with qﬁa. One possibility is that

-the threshold behavior is not valid in the physical region for this
process. Another possibility, however, is seen from our general "threshold
formula® for normal parity transitions which for J = 3/? takes the very

simple form

2
dc(/_ /+ fcwzg FJ, Q2
— (3/2 «1/2 ) " " =
threshold 2 4 0 %2
an he= gin 5 (1435 oin® Q) q
m 2
L] (6.18)
v q? .
- q*z 2

We note that Coulomb excitation is actually the dominant process until

2
one gets to the very backward angles and lfc‘ ~ (q*)2 for this

- Lo -



transition. The enalysis of 1/2+ —*5/2"' (1688 MeV) can also be carried
out using our threshold formulae. One would conclude the cross section
should go like Ifclz ~ (q*)4 for this transition. Cone et al. have
attempted to interpret their data in terms of either a transverse E2,
'filz ~ (¢*)2 or a transverse M2, lfila ~ (g*)*. The data is consis-
tent with either interpretation in this case, and hence also with our

threshold formula for normal parity transitions.
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LIST OF FOOTNOTES

ot A
For the special case 5 -5, f, ~ *2 and f_ ~ q* ;
1
=0 for J= 5 -
The spherical components of J are J, =+ = (. +iJ3.), d =J_.
- e V2 Tx T Y o z

One of us uses & metric such that v = (v, iv_), a:b =ab -a b .
i o W~ " %00
The 9 matrices are hermitian and satisfy {7u,7v} = Qbuv. The
Dirac equation is (iy-P + m) u(P,A) = 0 and we take our spinors
i u ! = =
to be normalized to u(P,A') u(P,A) By - Also 7, 77577,

Notice that in this frame 8§ =0 ; 8 = M{e X q). Also
4 -

x (A) x(A) =
We can immediately generalize this result to include the contribu-
tion of states of other spins and parities. For fixed final electron
energy €' the mass of the final nuclear state M? = -(q - P)2 1is

fixed. Thus if we include all states for fixed M? in the sum

Eq. (3.3), we can always write

CEAE Z W

and the cross section is simply

do oF T T
w (®,M2) + oW 2 M2) tan2 &
dQ'det> Leb —s_i:_?i ;T 2 (d5Mp) + 20 (a5,Mp) tan® 5

2¢ 2

-1
The kinematical factor [1 + . sin g ] which comes from



integrating the 5-function assoclated with a discrete intermediate

state

5 [(P-q)® + Ma] = JF g%?l a(*) (P'-P+q)

over final electron energles ¢' no longer appears.

Note the identity 28 a &b = &b - a3 bes + i(a xb)-s -
The helicity amplitudes a.ré defined with an extra phase ein in
the wave functions as mentioned in the text. |

If we use the revised values of the coupling constant given by

Mathews (16)

c, (0) = 0.298
04 (0) + C_ (0) = 0.0336
ve get
l2,]2 + |£.|2 = 0.322

\/ﬂoy(w)dw = 0.91 X 10"%5cm® MeV
Lab

in satisfactory agreement with the experimental wvalue quoted in

(6.13). Mathews' numbers came from using an experimental value

fay(w)dw = 0.92 X 10°%5cn® MeV [Experiment - Mathews]
TLab

which thus provides an excellent check on our calculations.



FIGURE CAPTIONS

Kinematics for 1nelastic scattering

Electromagnetic vertex for photoproduction of an isobar
Triangle diagram

Singularities of the triangle diagrem

Model of electroproduction amplitude

Model of S-wave meson-nucleon scattering amplitude

Singularities of the Borm term
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FIG.1- KINEMATICS FOR INELASTIC SCATTERING



FIG. 2 - ELECTROMAGNETIC VERTEX FOR
PHOTOPRODUCTION OF AN ISOBAR
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FIG. 3 - TRIANGLE DIAGRAM
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FIG. 4 - SINGULARITIES OF THE TRIANGLE DIAGRAM



FIG. 5- MODEL OF ELECTROPRODUCTION AMPLITUDE

Kk
_____ —
I\ / I\
t S-WAVE + N+ LN\ o~
Q | \_/ | /
—_— o~ ———— ——0—¢—
P A

399-85-a



p-q-/
Basic Bubble

399-8-a

FIG.6-MODEL OF S-WAVE MESON-NUCLEON SCATTERING AMPLITUDE
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FIG. 7- SINGULARITIES OF THE BORN TERM



