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SOME _STUDIES IN EMERGENT GRAVITY AND k-ESSENCE
ABSTRACT

The new findings are :

(1) An emergent gravity metric with k-essence scalar fields @ and Born-
Infeld type lagrangian is mapped into a metric similar to a blackhole of
mass M that has swallowed a global monopole. However, here the field
is not that of a monopole but of @ . If @,,ppen be solutions of the
emergent field equations under cosmological boundary conditions at
o ,then forr— 0, @,pegem/ (2GM— 1) has exact correspondence
with @(t) = @;(r) + @; (t). The Hawking temperature is
Temergem: = hc> (1 -K)?/167° GMk g . K = (d®; t)/dt)’ <1 is the
kinetic energy of @ , kzis Boltzmann constant. This is
phenomenologically interesting in the context of Belgiorno ef al's
gravitational analogue experiments.

(2)For emergent gravity metrics , presence of dark energy modifes the
Hawking temperature. For Reissner-Nordstrom background , the
emergent metric can be mapped into a Robinson- Trautman blackhole.
For some allowed value of the dark energy density this blackhole has
zero Hawking temperature. For a Kerr background along © = 0, the
emergent blackhole metric satisfies Einstein's equations for large » and
always radiates. Our analysis is with same fields and lagrangian as in (1).
In both cases the fields satisfy the emergent field equations for r—oo
and 6=0.

(3) Analogues of the Friedman equations are obtained for an emergent
metric in the presence of dark energy with Friedman-Lemaitre-
Robertson-Walker background. If (d®, (1)/dt)’ is the dark energy
density then
(a) for total energy density p greater than the pressure p (matter
domination) the deceleration parameter g(t) ~ (1/2) [1 + 27 (d®, (t)/dt)’
+.. = (12)

(b) for p = 3 p (radiation domination), g(?) ~ 1 +18 (d®; W/d)’ +..]> 1

(c) for p = - p (dark energy scenario), g(f) < -/. So many aspects of

standard cosmology can be accommodated with the presence of dark

energy right from the beginning of the universe with + = /¢y, and ¢,
the present epoch.
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Notation and Conventions

In this thesis, we use the metric signature (+, —, —, —) and follow mostly
the conventions of Vikman’s thesis [48]. We employ natural units where

speed of light ¢ = 1, Planck’s constant A = 1 and Boltzmann’s constant

_1
877M§l )

where M, = 1.72 x 10'%GeV is the reduced Planck mass. To bring in

clarity in finalresults all the factors are put in explicitly. This will be

kp = 1 and following Vikman take the gravitational constant G =

always indicated when necessary. The sign convention for the covariant
derivative associated to the metric g, is V,A” = 9,A” + I' A% and

Vywy, = Oyw, — T wa where A" is (1,0) tensor and w), is (0, 1) tensor.

Greek indices u, v, etc. used the four space-time coordiante labels

0,1,2,3 with 2" = ¢ the time coordinate.

Latin indices ¢, 7,k run over the three spatial coordiante labels i.e.,
1,2,3.

g"”: Gravitational metric;
G* or G* or G* : Emergent gravity metric;

M: mass of the black hole;
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Notation and Conventions

k: Curvature constant;

¢ = ¢(r,t): for k—essence scalar fields;

06 = 06 = ¢ and 9,6 = i = ¢
#* = K = constant: Kinetic energy of the k—essence scalar fields;

I, = %go‘ﬁ 10,980 + 0v9u8 — Osguw]: Christoffel Symbol with respect to

gravitational metric;

re, = 3G*10,Gg + 0,G 3 — 95G,w): Christoffel Symbol with respect

to emergent gravity metric;

Ry, = 9,T%, — 9.1, + T4, T, — To,T0,: Ricci tensor with respect to

emergent gravity metric;

R = @W}_%W: Ricci scalar;

B, = F_{W — %C_?W}_% = —8mGT),: The Einstein’s Field Equation where

T,,, energy-momentum tensor;
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1 Introduction

1.1 Motivation of this work

Current observations i.e., Type la supernova (SNIa) observations [1]-[5],
the observations of the Cosmic Microwave Background (CMB) [6], Baryon
Acoustic Oscillations (BAO) [7], Wilkinson Microwave Anisotropy Probe
(WMAP) [8]-[11] and Planck results [12, 13] have established that the
Universe consists of roughly 25% dark matter, 70% dark energy, about
4% free hydrogen and helium and remaining 1% consisting of stars, dust,
neutrions and heavy elements. These observations also show that the Uni-
verse is undergoing accelerated expansion which is different from Hubble
expansion. Hubble showed that the redshift of distant galaxies increased
as a linear function of their distance i.e., the expansion is linear. Dark
energy is one of the candidates being regarded as the origin of this accel-
erated expansion.

One class of theoretical model to investigate the effects of the pres-
ence of dark energy on cosmological scenarios are k—essence models. A
k—essence model is a scalar field model where the kinetic energy of the
field dominates over the potential energy of the field - hence the name
"k—esence”. In this theoretical model, the lagrangian is not canonical
ie., L # T —V where T is the kinetic energy and V is the potential

energy. The k—essence field theoretic lagrangian is non-canonical i.e., it
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can not be separated in kinetic energy term and potential energy term
and also it does not depend explicitly on the field itself.

In the k—essence model [14, 15], actions with non-canonical kinetic
terms are strong candidates for dark matter and dark energy. The ra-
diation energy density during the radiation-dominated era is tracked by
the k—essence energy density. But during the matter-dominated era the
k—essence energy density evolves towards a constant-density dark energy
component. In this class of models, the coincidence problem (i.e., why
we live in the particular era during which the dark matter and dark en-
ergy densities are roughly equal) is resolved by linking the onset of dark
energy domination to the epoch of equal matter and radiation. There
is another interesting characteristic of k—essence models. They can pro-
duce a dark energy component where the sound speed does not exceed the
speed of light. These models are observationally distinguished from stan-
dard scalar field quintessence models with a canonical kinetic term (for
which ¢; = 1), and may provide a mechanism to reduce cosmic microwave
background (CMB) fluctuations on large angular scales [16]-[18].

Historically, a theory with a non-canonical kinetic term was first pro-
posed by Born and Infeld [19] in order to get rid of the infinite self-energy
of the electron. Similar theories were also studied in the literature [20, 21].

Cosmology witnessed these models first in the context of k—essence
driven inflation and subsequently in k—essence models of dark matter
and dark energy [22]-[26]. An approach to understanding dark matter and
dark energy involves setting up of lagrangians for k—essence fields in a
background of the Friedman-Robertson-Walker metric with zero curvature
constant. It is also possible to unify the dark matter and dark energy

components into a single scalar field model [15] with the scalar field ¢
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having a non-canonical kinetic term.

The general form of the lagrangian for k—essence models is: L =
—V(¢)F(X) where ¢ is the scalar field and X = 1¢"'V,¢V,¢ and does
not depend explicitly on ¢ to start with [15, 27, 28]. Relevant literature
involving theories with non-canonical kinetic terms and their subsequent
use in cosmology, inflation, dark matter, dark energy and strings can be
found in Ref. [29]-[43].

With such a form for the lagrangian, what do we mean by kinetic en-
ergy of the fields dominating over the potential energy? For canonical
lagrangians, we write L = T — V and the hamiltonian as H = T + V
where the hamiltonian is a Legendre transform of the lagrangian. Here
T is quadratic in the time derivatives, V is the potential and domina-
tion means that 7" >> V. When T and V' are implicitly mixed up as
in the Born-Infeld lagrangian we will still follow the same principle, viz.,
identify the quadratic part in the time derivatives and the potential part
which is a function of the fields only and then impose the above condition.
This takes a simple form for the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric as the background as follows.

The FLRW metric is ( a(t) is the scale factor and k the curvature

constant):

dr?
1 — kr?
First note that throughout this thesis we asuume that the total energy

dsty gy = dt* — a*(t)] — 1r?(d6* + sin*0d¢®)]
density Q = Qparter + Qradgiation + Qdarkenergy = 1 so that the individual
densities cannot exceed unity. So in our case Qgarkenergy = gbz < 1. (Also
note that ¢? < 1 implies that (1/2)¢? is also less than unity etc.)

In an FLRW background, the Dirac-Born-Infeld lagrangian for a homo-
geneous k-essence field,i.e. ¢(r,t) = ¢(t), with constant potential V' and
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¢52 < 1 takes the form
L(X,¢) =1 - V($)VI—2X

1
~1-V+ V[§g0080¢@0¢]

=1V + 41
=S V-

Here we have the lagrangian written in a form reminiscent of canonical
lagrangians i.e. L =T'—V = kinetic energy — potential energy, where T'
is quadratic in the time derivatives and everything else is potential. This

has been possible because we have taken V' to be a constant. So
V.
S# > (v -1

ie.,

Simultaneously V' << K = %2 For example, if K = i, then the above
condition gives V < %. However, if V' has to be less than K then say

V = %. So both the conditions are consistently satisfied. Hence, in
this sense for this particular scenario whenever V' is chosen as above, the
kinetic energy of the fields dominate over the potential part. An exactly
similar analysis can be done for the Schwarzschild, Reissner-Nordstrom
and Kerr metrics as backgrounds.In chapters 2, 3, and 4 we will come
back to this issue as and when required.

An interesting consequence of the presence of dark energy is as follows.
There is a difference between relativistic field theories with canonical

kinetic terms and k—essence theories with non-canonical kinetic terms:
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Non-trivial dynamical solutions of the k—essence equation of motion not
only spontaneously break Lorentz invariance but also change the metric
for perturbations around these solutions. Thus the perturbations propa-
gate not only in a new medium determined by the background solution
but also in the so-called emergent or analogue curved spacetime [44] with
the metric G* different from the gravitational metric ¢"”. In the con-
text of cosmological perturbations, [45]-[48] showed that for purely kinetic
k—essence theories there exist lagrangians which are proportional to v/ X.

In this thesis we have reported the effects of the presence of dark en-
ergy on cosmological scenarios. Specifically, the thesis comprises of the
following investigations:

(1) Calculation of the Hawking temperature for an emergent gravity
metric in the presence of dark energy where the background metric is
taken to be (a) Schwarzschild, (b) Reissner-Nordstrom and (c¢) Kerr types.

(2) Establishment of the analogues of the Friedman equations in cos-
mology in an emergent gravity scenario in the presence of dark energy.
The deceleration parameter is then calculated for various scenarios. The
background metric is taken to be Friedman-Lemaitre-Robertson-Walker
(FLRW).

In section 1.2 we briefly review some facts regarding k—essence and
emergent gravity together with some technicalities obtained in paper 1
of List of Publications. In section 1.3 the usual Hawking temperature for
various backgrounds are introduced . In section 1.4 the usual Friedmann

equations and corresponding cosmology is discussed.
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1.2 k—essence and emergent gravity

We now give a brief introduction to an emergent gravity scenario when
k—essence fields are also present.
The k—essence scalar field ¢ minimallly coupled to the gravitational

field g,, has action [47]

Si[6, 9] = / oy "gL(X, ¢) (11)

where X = % g"’'V , 0V, ¢. The energy momentum tensor is

2 0S5k
T, = — =LxV, 0V, 0 — gL 1.2
Lx = %, Lxx = %, Ly = % and V, is the covariant derivative

defined with respect to the metric g,,. The equation of motion is

1 0S5y =
V=g 0¢ Vo T Y

where the effective metric G* is

é/w = LXg’“/ + LXXVM¢VU¢ (1.4)
and is physically meaningful only when 1 + % > 0.
We first carry out the conformal transformation G* = E—;@W, with
X
2 _ Lxx\ 1 _
ci(X,0)=(14+2X—/—=)"" = sound speed.
Lx
Then the inverse metric of G* is

Lx

Cs

L
G = T VoVl (1.5)

[g;w —C
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A further conformal transformation G, = =G [Paper 1 of List of

Publications] gives

= LXX
v — v y ;V L.

Note that one must always have Ly # 0 for the sound speed ¢? to be

positive definite and only then equations (1.1) — (1.4) will be physically
meaningful. This can be seen as follows. Lx = 0 implies that L does
not depend on X so that in equation (1.1), L(X,¢) = L(¢). So the
k—essence lagrangian L becomes pure potential and the very definition of
k—essence fields becomes meaningless because such fields correspond to
lagrangians where the kinetic energy dominates over the potential energy.
If there are no derivatives of the field in the lagrangian then there is no
question of identifying a kinetic energy part. Also, the very concept of
minimally coupling the k—essence field ¢ to the gravitational field g,,
becomes redundant and equation (1.1) meaningless and equations (1.4)-
(1.6) ambiguous.

For the non-trivial configurations of the k— essence field d,¢ # 0 (for a
scalar field,V,¢ = 0,¢ ) and C_?W is not conformally equivalent to g,,. So
this k—essence field has properties different from canonical scalar fields
defined with g, and the local causal structure is also different from those
defined with g,,. Further, if L is not an explicit function of ¢ then the

equation of motion (1.3) is replaced by ;

1 05y =~
——=G"V,V,0 =0 1.7
—5 ’ (1.7
We shall take the Lagrangian as L = L(X) = 1 — V1 —2X with
V' a constant. This is a particular case of the Dirac-Born-Infeld (DBI)

lagrangian

LX,¢) =1 V($)VT—2X (1.8)



1 Introduction

for V(¢) = V = constant and V << kinetic energy of ¢ ie., V << ()%
This is typical for the k—essence field where the kinetic energy dominates
over the potential energy. Then ?(X,¢) = 1 — 2X. For scalar fields
V¢ = 0,¢. Thus (1.6) becomes [Paper 1 of List of Publications]:

Guu = 9w — au¢au¢ (19)

The rationale of using two conformal transformations now becomes clear.
The first transformation is used to identify the inverse metric G,,,. The
second conformal transformation realises the mapping onto the metric
given in (1.9) for the lagrangian L(X) =1— V1 —2X.

Consider the second conformal transformation G

= G
wy = Lx

[49] the new Christoffel symbols are related to the old ones by

G- Following

re, =19, + (1 —2X)2G"[G,,0,(1 — 2X)"/?
+G 0,1 — 2X)Y% — G,,0,(1 — 2X) 17

= ng + m[—dgaj}( — 53(9,/)( + GONGHV({?FYX]
a a a 1 a a
=T+ gy [ 0ROX — 0K 4 (050 + 857)0,X]
a 1 a a
= F/M/ — m[éuayX + 5M8VX]

(1.10)

Note that the second term on the right hand side is symmetric under
exchange of 1 and v so that the symmetry of I" is maintained. The second
term has its origin solely to the k—essence lagrangian and this additional
term signifies additional interactions (forces). The geodesic equation in

terms of the new Christoffel connections I' now becomes

2  —  datdax
B i — 1.11
dr? Modr dr U (1.11)
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1.3 Hawking temperatures

We now discuss some salient features regarding usual Hawking tempera-
tures associated with Hawking radiation.

Black holes are special regions of space-time where the curvature is so
strong that even light cannot escape. The edge of the black hole is known
as the event horizon. Schwarzschild showed that the event horizon of
a black hole has a radius ry, known as the Schwarzschild radius, with

rs = 2(6;5M where G is gravitational constant, M is the mass of the black

hole and the speed of light is c.

In 1975, [50]-[53] Stephen Hawking showed (using quantum theory) that
black holes will radiate energy and evaporate. He also showed that this
emitted radiation (called Hawking radiation) matches that of a perfect
black-body radiator temperature, given by

hc
8mtGMkpg

where h is the Planck’s constant and kg is the Boltzmann’s constant.

THawking =

For convenience the tunneling mechanism for calculating the Hawk-
ing temperature outlined in [54]-[57] is reviewed. Other literature re-
lated to Hawking temperature can be found in [58]-[64]. We have the

Schwarzschild metric as:

ds% = (1 — 2GM/r)dt* — (1 — 2GM /r)"tdr? — r*(d6? + sin*0d¢?).
(1.12)

Using Eddington-Finkelstein coordinates (v, r, 0, ¢)

v=t+r" ; u=t—r
dr

W= T ey

10
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r* =r+2GM In [r — 2GM].

we get

ds% = (1 —2GM/r)dt* — (1 — 2GM /r)(dr*)* — r*dQ?
= (1 —2GM/r)(dt* — (dr*)?) — r*dQ?

= (1 —2GM/r)(dv* — 2dv dr*) — r*dQ?

= (1 — 2GM/r)dv? — 2dvdr — r*dQ?

(1.13)

(1.14)

with dQ? = db? + sin?0d¢*. A massless particle in the Schwarzschild

background is described by the Klein-Gordon equation,
1*(—9)"?0,(9" (—9)'*0,¥) = 0.
Assume
U= exp(—%S +...)
Then (1.15) becomes,
(—9) 20,0 (—9) 2~ 1)(@,5)e 1) = 0
To leading order in h one has the equation
g"0,50,5 =0
Using separation of variables in the form
S = FEv+ Sy(r),
and using (1.14), the equation (1.15) become
—z%% — (1 - 2@*]\4/74)(%)2 =0

ie.,

2ES,(r) 4+ (1 — 2GM/r)(Sy(r))* = 0

11

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)
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with Sy(r) = %. One solution of Sy(r) is a constant C' and another is

" dr
Solr) = _QE/ (1= 2GM/r)

" dr
_ _2E/ T (1.22)

The singularity at the horizon r = 2GM = ry, has to be considered if one

tries to find a solution across it. Change r — r to r — ry — ie. This gives

SO(T):—2E/ rdr =—2E/ (14— )ar

(r—rs) r—r,

" 1
= 2E[r+rs.ir + 7“5/ dr P( )] (1.23)
r—Ts
where P() denotes the principal value.
Therefore the solution of equation (1.19) is
" 1
S=FEv+C—2E[r+r, .z'7r—|—7“8/ dr P( )]. (1.24)
r—Ts

The imaginary part yields a factor

ArGME

exp(%2Ers am) = exp(— - )

in the amplitude, leading to a factor exp(—&r(;%) in the probability.
This probability exp(—m#) is equivalent to e:z:p(—,j—TS).

So the Hawking temperature for Schwarzschild black hole is

hed

Tg—=_—-°
57 8rGMkg

(1.25)

where kp is the Boltzmann constant and c is speed of light.

In chapter 2 we show that if the gravitational metric is taken to be

Schwarzschild (1.12) then the emergent gravity metric (1.9) in presence of

12
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dark energy can be mapped into a Barriola-Vilenkin (BV) type metric [65]
where the kinetic energy of the k—essence scalar field ¢ replaces the global
monopole charge. We next calculate the modified Hawking temperature in
the presence of dark energy. We also show that how the phenomenological
parameters of the analogue gravity experiments of Belgiorno et. al. [66]

are modified in the presence of dark energy.

In the case of Reissner-Nordstrom (RN) black hole the metric is

dshy = (1= 2GM/r + Q*/r*)dt* — (1 = 2GM/r + Q*/r*) 'dr?
—r?(d6? + sin*0dp*) (1.26)

and the corresponding Hawking temperature [67, 68] for the two horizons

are:
3 202 — ()2
ooy e VEMT @ (1.27)
21kp [GM + /G2M? — Q?)?
and

pry e VM — & (1.28)
B 21kp [GM — \/G2M? — Q)2 '

where @) is the charge of the RN black hole.
Similarly, for the Kerr black hole the metric is

ds? = (1— 2(};2\4 Dyae + 4GM;§‘Si”2€d¢dt - %dﬁ — p2de?
—(rP+a®+ QGMT;QSWH)SWM& (1.29)
with
o= GLM - P =12+ a%cos’0 and A =1r?—2GMr + o,

13



1 Introduction

where J is angular momentum of the Kerr black hole and the Hawking

temperature [69]-[72] for the two horizons are:

3 2 _ A2
% _ he V(GM)? —a (1.30)
Amkp (GM)?2 + GM+/(GM)? — o2
and
3 2 _ A2
e VIGM)® — o (1.31)

Arkp (GM)? — GMA/(GM)? — o?

In chapter 8 we obtain the modified Hawking temperatures for the emer-
gent gravity metrics corresponding to Reissner-Nordstrom and Kerr back-
grounds in presence of dark energy. For the RN case we show that the
emergent metric becomes Robinson-Trautman (RT) type along 0 = 0. For
some allowed values of the dark energy density, this blackhole can have
zero Hawking temperature ,i.e., it does not radiate. For the Kerr case the
emergent metric remains Kerr type along 6 = 0 and the blackhole always
radiates. For both backgrounds the emergent gravity equations of motion

(1.7) are satisfied along @ = 0 and large r.

1.4 Friedmann equations

We now recall the standard Friedmann equations and corresponding cos-
mological parameters.

The Friedmann equations [75, 76] are a set of equations in cosmology
governing the expansion of space in homogeneous and isotropic models
of the universe. The metric used is the Friedmann-Lemaitre-Robertson-

Walker (FLRW) metric which assumes a perfect fluid model for the Uni-
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1 Introduction

verse with a given energy density p and pressure p. The FLRW metric
1s:

dr?
1 — kr?
where a(t) is scale factor and k is curvature constant with values 1, 0 and

—1.

ds%r pyr = dt* — a®(t)] — r(d6? + sin*0d¢?)) (1.32)

A fluid is perfect if there is no viscosity and no heat conduction terms
in the momentarily comoving reference frame. In general relativity, it is
the continuous matter distributions and fields with the energy-momentum

tensor T}, of the form

T/U/ - (:0 + p)uuul/ — P9uv- (133)

u,, is a velocity four vector with up =1 and u; =0, i =1,2,3.

The Friedmann equations [77]-[80] are:

3 a2 k

L . 1.34

P 871G a? + a2] ( )
and

1 .4 &  k
S | S 1.

p 87TG[ a + a? * az] (1.35)

le.,
a A7G
- —— 3 1.36
) (1.36)

where (G is gravitational constant.
The solutions of Friedmann equations are:
(a) non-relativistic scenario (p >> p) i.e, Matter dominated Universe.

The solution of Friedmann equation is

a(t) o t3 (1.37)
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with & = 0. In this case the energy density is

p = pola/ag)™ (1.38)

with pg and ay having the values of energy density and scale factor re-

spectively at present epoch. The deceleration parameter is
aa 1

(b) Relativistic scenario (p = %) i.e., Radiation dominated Universe.

q(t) =

The solution is
a(t) oc Vi (1.40)
with £ = 0. The energy density becomes
p = polajag)™ (1.41)
and the deceleration parameter is
q(t) = +1. (1.42)
(¢) Dark energy dominated Universe (p ~ —p) the solution is
a(t) < exp(Ht) (1.43)
where H = % is the Hubble parameter and the deceleration parameter is

q(t) = -1 (1.44)

87Gp

with £ = 0. Here the energy density p is constant and also H = 3

becomes constant.

In chapter 4 we show how the Friedmann equations, scale factor a(t),
energy density p and the deceleration parameter q(t) change for the above
three scenarios in the presence of dark energy whose origin is again as-

sumed to be k—essence scalar fields.
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CHAPTER 2



2 The Hawking temperature in the
context of dark energy for

Schwarzschild background

We show that the Hawking temperature [50]-[64] is modified in the pres-
ence of dark energy for Schwarzschild background.

The results reported in this chapter have been obtained in Paper 1 of
List of Publications.

If a global monopole falls into a Schwarzschild blackhole the resulting
metric is different from the Schwarzschild case and the blackhole carries
the global monopole charge. Barriola and Vilenkin obtained solutions for
Einstein equations outside the monopole core [65, 81, 82] and showed that

the metric takes the form:

2GM 1
ds® = (1-87Gn*———)dt*—
S ( T r ) (1—87TG7}2— 2GM>

r

dr?—r*(d0*+sin*0d¢?)

M is the mass of the BV blackhole and M is very large i.e.,M >> %
where 0 ~ )\_%77_1 is the monopole core size. Here the global monopole
lagrangian is

D@ — )
where ¢ is a triplet of scalar fields (¢ = 1,2,3) and the global O(3)

1
L= 5 O —
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

symmetry is spontaneously broken to U(1). n ~ 105GeV is the typical
grand unification scale.

We determine the k—essence scalar field configurations ¢ for which the
metric G* becomes conformally equivalent to the Barriola-Vilenkin (BV)
metric. However, in our case the global monopole charge is now replaced
by the kinetic energy of the k—essence scalar field ¢. Thus we show
that BV-type metrics can also result from k—essence theories and not
necessarily from global monopoles only. It should be mentioned that
monopoles are akin to topological defects and there exist substantial and
well-known literature on the subject. Recent interesting developments in
this area can be found in [83, 84].

So one can calculate the Hawking temperature Tgergent for such a met-
ric and this is obviously different from that of the Schwarzschild case.

Moreover, if @emergent be the solutions of the emergent gravity equations

¢emergent

2GM—1
dence with the k-essence scalar field ¢ configurations for which the BV

of motion for r — oo then the rescaled field has exact correspon-
metric is realised. This result is phenomenologically interesting in the
context of Belgiorno et al’s [66] demonstration of spontaneous emission of
photons in a gravitational analogue experiment for Hawking radiation.
Before proceeding further, we discuss the Dirac-Born-Infeld lagrangian
(1.8), in the context of the kinetic energy domination. We follow a similar
analysis as in the Introduction. However,for inhomogeneous fields the sit-
uation is more interesting. We take the k—essence fields to be spherically
symmetric and V' a constant, and assume that ¢(r,t) = ¢1(r) + ¢a(t).
Here, as before, we expand the square root for ¢§ < 1. Then (prime

denotes differentiation with respect to r)

L(X,0)=1— V(¢)VT—2X
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2 The Hawking temperature in the context of dark energy for Schwarzschild background
00 ;2 11/ 4/\2\11/2
= 1-V[1— (4" +¢" (¢)")]"

=1 V[1—(g"¢% + g" (1))

(1 — QéM/r) ¢§ - (1 — 2GM/7“)(¢/1)2)]1/2

—1-V[1—(

It is readily evident that it will be impossible to extricate a pure kinetic
part from the above expression. So we have to be satisfied with the
statement that V << ¢3.

In our scenario (as will be shown below) (2.6) also holds i.e., (¢])?(1 —
2GM/r)? =K = ¢3 and 0 < K < 1. Then L becomes L = 1 — V as the
expression (m% —(1-2GM/r)(¢,)?) now vanishes. So L becomes
independent of the kinetic energy of the fields K = ¢% I How do we tackle
this situation ?

We proceed as follows.As K is a constant and less than 1 , write L as
L=1-V=(a+K)-V=K-V-a)=K-V'

where o > 0 and also less than unity. If we further stipulate that o <V,
then V' is positve. Obviously if K >> V then K is also greater than V.
So the domination of kinetic part is still valid ,although the potential has
now changed !

All this means that for non canonical lagrangians it is difficult to isolate
the lagrangian into pure kinetic and pure potential parts. This is intu-
itively expected because a non canonical lagrangian is fully interacting to

start with and it is difficult to think of a “free” propagator.
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

2.1 Mapping on to the Barriola-Vilenkin type metric

Taking the gravitational metric g, to be Schwarzschild, dy¢ = b, 0.0 = ¢
and assuming that the k—essence field ¢(r,t) is spherically symmetric one

has [using (1.9)]

G()() = gJoo — (80¢)2 =1- QGM/T — ¢2
G =gu — (0:0)* = —(1 —2GM/r)"" — (¢)*

Gzz = g22 = —r?
633 = (g33 = —7“252'77,29
Gor = Gig = —¢¢/ (2.1)

For the Schwarzschild metric,
goo = (1 —=2GM/r); g = —(1 —2GM/r)~*;

g2 = —17%; g3z = —r’sin’0; gi;j(i £ j) =0

So the emergent gravity line element becomes

ds? = (1 — 2GM/r — ¢*)dt* — (1 — 2GM /r) L + (¢')?)dr?
—20¢ dtdr — r2dQ®  (2.2)

where dQ)? = d#? + sin*0d¢?.
Making a co-ordinate transformation from (¢, 7,0, ¢) to (w,r, 0, ¢) such

that ([85]):
el

dw = dt — ( .
1 —=2GM/r — ¢?

)dr (2.3)
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

Then (2.2) becomes
(9¢)* o
(1 — 2GM/T — Q52)2
(6¢') I .
1200y — g7~ Gmar + 070
(6¢))
(1 —2GM/r — ¢?)
(9¢))?
(1—-2GM/r — (;52)
1

N2T 2 2 002
+(1—2GM/7")+(¢) |dr® — redS2

ds? = (1 —2GM/r — ¢?)[dw® +

—20¢ dr[dw + dr] — r2dQ?

= (1 —2GM/r — ¢?*)dw?* — |

(2.4) will be a blackhole metric if Gog = G1j' , i.e.

(¢¢')° N 1
(1—-2GM/r —¢?) (1—-2GM/r)

(1—2GM/r —¢*) = | + ()]

o' = (¢)*(1 —2GM/r)? (2.5)

Let us assume a solution to (2.5) of the form ¢(r,t) = ¢1(r) + ¢2(t). Then
(2.5) reduces to

0 = (¢ (1 —2GM/r)* = K (2.6)

K(# 0) is a constant (K # 0 means k—essence field will have non-zero

kinetic energy). The solution to (2.6)
o(r,t) = ¢1(r) + do(t)
= VK[r 4+ 2GM In(r — 2GM)] + VKt (2.7)
with

v VEr
¢1(7')—m
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

o1(r) = VK[r +2GMIn(r — 2GM)]; ¢9(t) = VKL,

and we have taken an arbitrary integration constant to be zero. So the
line element (2.4) reduces to

2GM 1
— K)dw* —
r I gy

r

ds* = (1 — dr® — r2dQ?

(2.8)

and this is the Barriola-Vilenkin blackhole which represents the situation
where a global monopole carrying charge K = ¢§ = constant has fallen
into a Schwarzschild blackhole. [t should be noted that K has to be always
less than unity because if K is greater than unity the signature of the
metric (2.8) becomes ill defined. This is easily seen : for K > 1, G
is negative while Gy, is positive. However, it should also be noted that
K >> V. This is a requirement for k—essence fields where the kinetic
energy dominates over the potential energy. Therefore, we have K < 1
and V << K.

So the metric components are

Goo = goo — (80¢)2 = (1 — QGM/T — K),
G =gu— (0:9)* = —(1 —2GM/r — K)™"
Goy = g22 = —r? ; Gls3 = 33 = —r2sin?

(2.9)

In the context of global monopoles [65, 81, 82|, the above metric has
been shown to satisfy the Einstein field equations. Thus we have shown
that this metric can also arise from an emergent gravity scenario with
k—essence scalar fields and the global monopole charge is now replaced

by the constant kinetic energy of the k—essence field.
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

Now it is also known that the solutions to the emergent gravity equa-
tions of motion (1.7) for the scalar field under cosmological boundary

conditions are given by [44]-[47]

r

Gemergent(t,7) = const.[t +r 4+ 2GM In ‘2GM

— 1] —I—QGM/ F(r")dr']

where the function

Ar —2GM

P == 2GM[\/A4r4(r G+ (A-Dr

where A is a constant. Substituting this solution in (2.5) and taking

the limit » — oo and ignoring terms of O(T%) and higher gives

i, o0 (0] 21— 2GM/r)* = K(2GM — 1)* (2.10)

emergent

Therefore for r — o0, the rescaled field %’lﬁ)ﬂ has exact correspon-
dence with the k—essence scalar field ¢ which satisfies the blackhole metric

condition (2.5).

2.2 Hawking Temperature

Let us calculate the Hawking temperature for this metric (2.8) using the
tunnelling formalism as outlined in [54, 55, 56, 57| which corrects for the
factor of two in the Hawking temperature as often mentioned, (e.g. in

(63, 64]). Going over to the Eddington-Finkelstein coordinates (v, r, 8, ¢)

v=w+rt ;o u=w—r"
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

gt dr _
" T UK —2GM/ry
g QGM2 In [(1— K)r — 2GM]. (2.11)

T1-K ' (1-K)

we get

ds®* = (1 — K — 2GM/r)(dw* — (dr*)?) — r*dQ?
= (1 - K —2GM/r)(dv* — 2dv dr*) — r*dQ?
= (1— K —2GM/r)dv* — 2dvdr — r*dQ* (2.12)

By analogy with the Schwarzschild case a massless particle in the back-

ground of C_?W is described by the Klein-Gordon equation,
RA(—G)~120,(GM (-G)Y?0,T) = 0. (2.13)
One expands
v = exp(—%s+ ) (2.14)

Then (2.13) becomes,

R(-C) 0, [CM(~C) 2 D)(0,9) F =0 (215)
and obtains to leading order in & the equation
G"9,808,S8 =0 (2.16)
Using separation of variables in the form
S = Ev+ Sy(r), (2.17)

and using (2.12), the equation (2.16) become

95 85 05,
~252 " (1 K — 2GM/r)(52) = 0 (2.18)
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2 The Hawking temperature in the context of dark energy for Schwarzschild background
ie.,

2ES,(r) + (1 — K —2GM/r)(S(r))?> =0 (2.19)

where Sy(r) = 950r) * One of the solution of So(r) is a constant C' and

or
another is
" dr " dr
So(r) !/(1—K—2GMWQ / (B — 2GM/r)
2F [T dr
= — (2.20)
5 ) -

with 8 = (1 — K) is constant. Furthermore, there is a singularity at the
horizon r = QGTM = T3, which has to handled if one tries to find a solution
across it.

One way to avoid this singularity is the pole is to change r — 7y, to

r — Ty, — t€. This gives

2F (" rdr 28 [7 Ty
So(r) = — =—— 1+ dr
O( ) B (T - Tbv) B ( r— Tbv)
2K " 1
= —F[r + Thy . AT+ Tbv/ drP(T — (2.21)
where P() denotes the principal value.
Therefore the solution of equation (2.16) is
2K " 1
S=Fv+C——[r+ry . .it+ Tbv/ drP( )]. (2.22)
6 T = Th
The imaginary part gives a factor
(i 2F ) ( 47TGME)
exp(——rp, 4m) = exp(—————
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

in the amplitude, so the probability is a factor exp(—3SME)  This prob-

hB2
ability exp(—%) is equivalent to exp(——kBTefMem)-
So the Hawking temperature for BV type metric is obtained as (¢% =
constant = K)

hc3(1 — K)?

Temer ent — =T5(1 — K 2 2.23
9t T TR G Mkp 5( ) (2:23)

he? :
SGiT 18 the usual Hawk-

ing temperature. So Tiyergent 15 less than the usual Hawking temperature
for Schwarzschild black hole as K < 1.

Let us recollect what we have done so far. We have considered a

where kp is the Boltzmann constant and Ty =

k—essence scalar field ¢ (with a non-canonical Born-Infeld type lagrangian
with potential V(¢) = const. = V ie. L = 1—V(¢)y1—-2X =
1 — V4/1—=2X) minimally coupled to the gravitational metric g,, in
Schwarzschild spacetime. We then obtain the equation of motion for ¢,

equation (1.7), in the “effective” metric

Guu = Gu — 8u¢81/¢

We then impose the conditions for a blackhole metric to obtain the
configurations of the k—essence field ¢ that will give a blackhole. It turns
out that one possible scenario is a Barriola-Vilenkin type blackhole where
the global monopole charge is now replaced by a constant kinetic energy
of the scalar field ¢. This kinetic energy K < 1 in order to preserve the
consistency of the signature of the metric. By construction the potential
energy V' is a constant and V << K because this is a basic requirement
for k—essence fields. Therefore, the total energy is always a constant and
although the obtained field configurations are linear in time there should
not be any instability. Moreover, the lagrangian does not depend on the

fields ¢ explicitly. The dependence is only through derivatives of the field.
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

2.3 Phenomenological consequences in analogue gravity

experiments

We now discuss how our results can be made to correspond to scenarios
in analogue gravity experiments similar to Belgiorno et. al. [66]. Such an
experiment may help in distinguishing between a Schwarzschild blackhole
analogue and the blackhole analogue described by the metric (2.8) and
(2.9).

First let us briefly discuss Belgiorno et. al’s experiment. They used
ultrashort laser pulse filaments to create a travelling refractive index per-
turbation (RIP) in fused silica glass and reported experimental evidence of
photon emission that bears the characteristics of Hawking radiation and
is distinguishable and thus separate from other known photon emission
mechanisms. They interpreted this emission as an indication of Hawking
radiation induced by the analogue event horizon.

They also have a complete description of the event horizon associated
to the RIP and can calculate a blackbody temperature of the emitted
photons in the laboratory reference frame [86, 87]. However, Belgiorno
et. al. also pointed out that the dielectric medium in which the RIP is
created will always be dominated by optical dispersion and therefore the
spectrum will not be that of a perfect blackbody and that in any case
only a limited spectral portion of the full spectrum will be observable.
To show this last point they described the RIP as a perturbation induced
by the laser pulse on top of a uniform, dispersive background refractive
index ny, i.e.

n(z,t,w) = no(w) + onf(z — vt),

where w is the optical frequency, f(z — vt) is a function bounded by 0
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

and 1, that describes the shape of the laser pulse. In the reference frame
co-moving at velocity v with the RIP, the event horizon in a 2D geometry
is defined by ¢/v = m which admits solutions only for RIP velocities
satisfying the inequality [87]:

1 v 1

no(w) + dn P no(w)’

This predicts an emission spectrum with well-defined boundaries and it
is precisely this feature of the spectral emission that is peculiar to ana-
logue Hawking radiation. In the experiment a clear photon emission was
registered in the wavelength window predicted by the last inequality, the
emitted radiation was unpolarized, and the emission bandwidth increased
with the input energy. The Bessel pulse intensity evolution along the
propagation direction z was estimated analytically from the input energy.
By fitting the measured spectra with Gaussian functions the bandwidth
was estimated as a function of input energy and Bessel intensity. Using
the fused silica dispersion relation the authors obtained the bandwidth
and the on as a function of input energy and Bessel pulse peak intensity
(at z = 1 cm where measurements were performed). There was a clear
linear dependence which was in qualitative agreement with the fact that
the emission bandwidth was predicted to depend on dn which in turn is a
linear function 0n = nyl of the pulse intensity I. The slope of the linear fit
was in good agreement with the tabulated value [88, 89]. Therefore there
is also an agreement at the quantitative level between the measurements
and the model based on Hawking-like radiation emission.

In this context, we propose that a different Hawking temperature should
give a different set of values for the above mentioned phenomenological

parameters i.e. the slope no and also the inequality
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

1 v 1
@) +on ¢ nglw)

etc. because the intensity of photon emission should depend on the rel-
evant blackbody temperature. Therefore, Belgiorno et. al’s gravitational
analogue experiment has scope of being further enhanced into testing the
existence of other cosmological entities like dark energy. In order to in-
clude the effects of dark energy, the RIP method must be accordingly
modified. At a basic level this means that the effect of the presence of the
constant K in the metric must be included. For example, if we consider
the Schwarzschild metric, the Belgiorno et. al. experiment currently has
K = 0. So the experimental situation has to move over to a scenario
which can mimic K #01ie. 0< K < 1.

Here some aspects need to be clarified. First, note that in (2.8) if we

take M ~ Myonopoiecore 1-€. M is very small and negligible we have

1
d52 = (1 — K)dw2 — WdTQ — T2dQ2

and rescaling r and w one has

ds* = dw* — dr* — (1 — K)r*dQ?

and this is the metric of the global BV monopole and describes a space
with a deficit solid angle i.e. the area of a sphere of radius r is not 4mr?
but (1 — K)4nr? , K < 1. Such spaces are not asymptotically flat, but
asymptotically bound.

Secondly, we are dealing with the BV blackhole i.e. M >> M, onopolecore
i.e.

2M
QGM/T': —

G
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2 The Hawking temperature in the context of dark energy for Schwarzschild background

is not negligible i.e. for r ~ § where ¢ is the monopole core size. Here
also for r — oo the metric (2.8) is not strictly asymptotically flat owing
to the presence of K.

If the Schwarzschild metric is the reference then one has to move over
from an asymptotically flat metric to one which is not exactly asymp-
totically flat but rather asymptotically bound. This aspect can be in-
corporated into the Belgiorno et al analogue gravity experiment in the
following way in order for the results to be compatible to the existence
of an analogue event horizon corresponding to a Hawking temperatute
Temergent- Here we draw heavily from Reference [87]. Consider the wave
equation for a perturbation of a full nonlinear electric field propagating in
a nonlinear Kerr medium where for simplicity the electric field has been

replaced by a scalar field ¢, (equation (1) of Reference [87)):

n?(x; — vt))

2 2 2 2
V92 — 2D — 920 — 97D = 0

c
where all coordinates are in the lab frame. The suffix [ is omitted from

y, 2 because they are not involved in the boost relating the lab frame
with the pulse frame. n(x; — vt;) is the refractive index that accounts
for the propagating RIP in the dielectric. The RIP is propagating with a
constant velocity v. The analogue Hawking temperature (equation (13)

of Reference [87]) for the blackhole horizon (z) is

B 72v2h|dn|
T onkpe'dx'™t

where 7 is the boost (7 = ——), v is the constant velocity of the RIP,
-z

kp is the Boltzmann constant and x, denotes the blackhole horizon. Note

b
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that in order to have
2
Temergent — (1 - K) TH

one can have either of the following scenarios:
Case 1:

Realise an experimental situation where
7 == (1= K)

This would imply

vi_ 1-%
2 (1-K)?

or,
? (1— K)?

le.,

, VP —CK(2-K)
T T oRp

As v? must be positive, one should ensure that

2_2K(2-K
v°— K ( )>O
(1 - K)?

ie.,
2

v
K2-K)< =
All this should also be made consistent with

c
— =Ny, = N0+ ki
U1
where the parameter 177 << 1 and ky is the normalised intensity of the
pulse at the blackhole horizon taking values in the interval (0, 1).

Case 2:
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Realise an experimental situation with
n—ny=(1-K)n

Obviously the RIP propagation velocity v must be changed to some new

value vy together with a new consistency condition

c
= Nale, = Moo + kame
2

Therefore , a realisation of photon emission (similar to Belgiorno et al’s
original experiments) corresponding to a blackbody temperature Temergent
in any of the above described two scenarios will be compatible with a theory
of k—essence fields in an emergent gravity metric in the same way as the
original Belgiorno experiment, though not proving the existence of black-
hole horizons , however , proves the relation between blackhole horizons

and the Hawking radiation.
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3 Hawking Temperature in context of
dark energy for Reissner-Nordstrom

and Kerr backgrounds

Now we determine the Hawking temperature for an emergent gravity met-
ric in the presence of dark energy for two other background metrics. These
are (a) Reissner-Nordstrom (RN) blackhole metric and (b) Kerr blackhole
metric.

The results reported in this chapter have been obtained in Paper 2 of
List of Publications.

As explained in detail in chapter 1, G 4 contains the dark energy field ¢
and this should satisfy the emergent gravity equations of motion. Again,
for éuv to be a blackhole metric, it has to satisfy the Einstein field equa-
tions. In chapter 2, this was shown by mapping the emergent gravity met-
ric (having Schwarzschild background) into a Barriola-Vilenkin blackhole
metric which satisfied the Einstein equations.

Here we find that for the RN background case the emergent gravity
metric can be exactly mapped onto a Robinson-Trautman blackhole so
that the Einstein equations are automatically satisfied. However, the k-

essence matter fields satisfy the emergent gravity equations of motion only
for 8 = 0.
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For the Kerr case, the emergent metric satisfies Einstein equations for
large r while the dark energy field ¢ satisfies the emergent gravity equa-
tions of motion again only for 6 = 0.

In this context we clarify that the Hawking temperature is spherically
symmetric from very general conditions and taking 6 = 0 does not there-
fore affect this property of the Hawking temperature.

As before, for the DBI lagrangian (1.8), the question of kinetic energy
dominating over the potential energy is tackled as follows.

(a) Reissner-Nordstrom metric along @ = 0 : The DBI lagrangian

L=1-V[1—(4"¢+¢"(¢))")]"
1 o 1 / )
1—2GM/7“+Q2/7~2)¢% 4 —2GM/7“+Q2/T2)(¢1)2)]1 2

=1—-V[1—((

Here also it is impossible to extract a pure kinetic part. Also (3.6) (below)
is true so that again L =1 — V. A similar discussion as given before for
the Schwarzschild case is true here also with a marginal difference i.e.
here a = 0 as K is forced to take the value K = 1 (from other conditions,
page 41,paragraph 3) so that K is still larger than V' ji.e. the kinetic
energy dominates.

(b) Kerr metric along 6 =0 :

The DBI lagrangian

D=1V (3 + 9" (6]

P e AL a1
=1-V[l-— ((Z)% - (?)(%) ) /

with p> =1 +a? and A =1r? —2GMr + o?.
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Now using (3.34) (below) where

L becomes L =1 — V. Exactly same arguments as in the Schwarzschild

case for kinetic part domination is valid here as K < 1.

3.1 The Reissner-Nordstrom case and mapping on to

the Robinson-Trautman type metric

First consider the gravitational metric g, to be Reissner-Nordstrom. As-
suming that the k—essence field ¢(r,t) is spherically symmetric one has
[using (1.9)]

Goo = goo — (0pp)? =1 —2GM/r + Q*/r* — §*
Gu =g — (0:¢)? = —=(1 =2GM/r + Q*/r*) ™" — (¢/)?
G = 922 = —r?
Ga3 = g33 = —1r2sin’0
Gor = Gio = —¢/
(3.1)
For the RN metric,

goo = (1 =2GM/r + Q*/r%); g1 = —(1 —2GM/r + Q*/r*)~;

920 = —1%; g3z = —r’sin0; g;;(i # j) = 0.
Note that the RN metric is spherically symmetric. The emergent gravity

metric (3.1) contains additional terms but all these are independent of 6.

So the emergent metric is also spherically symmetric. So we might as well
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consider # = 0. Then the emergent gravity line element becomes

ds%{Nﬁ:O =(1-2GM/r + Q2/7“2 — (;BQ)dtz
—((1=2GM/r+ Q*/r*)"! + (¢)*)dr?
—20¢' dtdr (3.2)

Now make a co-ordinate transformation from (¢,7) to (w,r) along 6 = 0

such that ([85]) :

dw = dt — ( a4 —)dr (3.3)
1 —2GM/r + Q%/r? — ¢?
Then (3.2) becomes
2 _ (1 _ 22 i\ 2 (¢¢))? 2
ds* = (1 —=2GM/r + Q" /r* — ¢*)[dw” + (1—2GM/T+Q2/T2—¢52)2dT
2(¢¢') B 1 2y 72
1 —sanifr+ @i — g T W aae v e T
o (¢¢,)
20¢'dr[dw + 1200+ 022 Q.Sz)dr]
(1 _ 2,2 12y 2 (6¢')?
= (1= 2GM/r+QY/r" = ¢")d [(1 —2GM/r + Q)12 — ¢?)
1 N21,7,.2
A eanr s gy @)l
(3.4)
(3.4) will be a blackhole metric if Goo = Gy} | i.e.,
(1-2GM/r + Q*/r* — &)
L A1N\2
— [ (Qbe ) 1 T (¢/)2]—1

(1—=2GM/r+ Q%/r? — ¢?) - (1—=2GM/r+Q?*/r?)
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3 Hawking Temperature in context of dark energy for Reissner-Nordstrom and Kerr backgrounds
ie.,
0" = (¢)*(1 = 2GM/r + Q*/r*)* (3.5)

Let us assume a solution to (3.5) of the form ¢(r,t) = ¢1(r) + ¢2(t). Then
(3.5) reduces to

05 = (¢1)°(1 = 2GM/r + Q*/1*)* = K (3.6)

K(# 0) is a constant (K # 0 means k—essence field will have non-zero

kinetic energy). The solution to (3.6) is
¢(r,t) = ¢1(r) + da(t)

(2G*M? — QQ)tan_l%
VO | GMin (Q* — 2GMr +12)] + VKt
/Q2 _ G2M2

= VEK[r+

(3.7)

+GMin (Q*—2G Mr+41r2)];

do(t) = VKL,

and we have taken an arbitrary integration constant to be zero. Therefore

the line element (3.4) becomes

2GM  Q? 5 1
* K)dw? —
r +r2 ) (1—26M 4 & )

r r2

ds* = (1 — dr?
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1.e.
2GM Q2 1
ds® = (8 — dw? — dr?
s =8 r 7“2)w (B 2GTM+%2)T

(3.9)

with § = (1 — K). Now going over to the Eddington-Finkelstein coordi-
nates (v,r) or (u,r) along 0 = 0 i.e., introducing advanced and retarded
null coordinates

v=w+rt ; u=w-—r"

gt — r2dr B r2dr '
B =2GMr/B+Q%/B)  Blr—ry)(r—r_)
= %[r + r+7%r_ln lr—ry| — T+T_zr_ln | —r_|]
(3.10)
with oy
Ty 7 —\/(GM 6@2
and ov 1
o= _ 2
=5 T3 (GM)? — BQ

Then the line element (3.9) becomes, for advanced null coordinates

is* = 57— 2GMr /5 + @2/ B)(d? ~ (dr'))
_ %(r —2GMr/B + Q/B)(dv? — 2dvdr*)
= ( 2GM C;?;)dy — 2dvdr (3.11)
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or, similarly for retarded null coordinates

0GM

ds* = (8 — + —2)alu2 + 2dudr
r

' (3.12)

which is analogous to the Robinson-Trautman (RT) metric [73, 74] along
0 = 0 where § can take the values +1,0,—1. The original Robinson-
Trautman metric [73] (page 430) along 6 = 0 is

2m N koQQ

ds® = 2dudr + (o — du®
5 u (c 2 )du
with _

2 27 Y Y

where ) (complex), m (real) are arbitrary constants and ®,, @5 are elec-
tromagnetic fields. This is known in the literature as type D solutions
of Einstein-Maxwell field equations. For o = 1, these are the Reissner-
Nordstrom solutions.

In our case 8 # +1 because then K = gb% = 0 and dark energy is
absent. 0 # —1, i.e. K # 2 as the total energy density cannot exceed
unity (Qmatter + Qradiation + Qdarkenergy = 1).

Therefore, the only allowed value of § = 0 i.e., K =1 and this is a per-
fectly valid solution because the RT metric allows § = 0. Physically this
means that r is pushed to infinity while r_ is pushed to zero. This implies
the radial coordinate r is a time-like coordinate on the whole space-time
manifold and the outer horizon a sort of cosmological horizon. Thus ,
as argued in reference [90], the case K=1 of (3.8) does not seem have a
Newtonian limit, which makes it unsuitable for describing astrophysical

objects. However, although this may not be suitable as an astrophysical
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object but still is a consistent solution of Einstein’s equation. In this con-
text, it should be noted that even the Schwarzschild blackhole solution
is strictly not astrophysically ever possible because we cannot have static
blackholes. But still the Schwarzschild solution has been a milestone in
understanding various nuances of general relativity. Similar situation pre-
vails also for the Reissner-Nordstrom blackhole as charged blackholes are
highly unlikely in nature for obvious reasons. So any confusion regarding
K taking the value +1 should not arise. We shall show below that K =1
gives zero Hawking temperature.

Also note that the solution ¢(r,t) (3.7) obtained from the blackhole con-
ditions Gog = G also satisfies the emergent gravity equation of motion

(1.7) at  — oo along the symmetry axis, 6 = 0:
GY05¢2 + [GM (971 — THdd)] + GV Vig + G1V1 Vb = 0.

The first term vanish since ¢o(t) linear in ¢ and second term within
third bracket becomes inconsequential at r — oo because this term goes
like ~ —% 4+ % and for our case 8 = 0. It can be shown below [using

Tl — Q*-GMr ]
11 ™ r(r2—2GMr+Q?)1-

B 2GM  Q* r(2Q* — 2GMr) r?(Q* — GMr)
2nd term = —( —T—i-ﬁ)[\/g(?n? — oG Mr + Q2)2_\/E,r,(,r2 —9GMr + Q2)2]

B o (Br? = 2GMr + Q%) (Br? —2GMr + Q%)
= -VKQ r(r? — 2GMr + Q?)2 + VKGM (r2 — 2GMr + Q?%)2

2
2(5_2€M_+_%

.
ro(1 — —QCiM + Q—;)

2
(5 -2+ )

.
-
ri(1— 261 4 &2

= (VK@)

)2+(\/EGM)
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f Q2 2GM Q2 2GM Q2

= —( )( + )= — r2)2
+(\/FG Y 2GM QQ)(l_QGM QQ)

T r r r

VEQ? 2G M Q2 AGM 2Q?

—_( r3 )(6_ r rg)(l—i_ r r2 )
(VKO (5 20M Oy, 2OM 2,

VEQ? N 4pGM 2BQ* 2GM  8G*M? N
7“3

= ()8 e

KGM 4BGM  2BQ* 2GM  8G*M?
H(VKOM, g A5CM 200" _26M _SGME,

(Please note that the second term has been inadvertently missed in

r r2 r r2

Paper 2 of List of publications ,3rd page,paragraph 2)

The last expression becomes negligible for large r.

r 0 —O() +0(5)
and the last two terms vanish because G"! = G0 = 0.

So the scalar field that one needs to produce an emergent RN black
hole satisfies the equation of motion of emergent gravity (1.7) only for
infinite coordinate radius along the polar axis. One may question what
the geometry discussed has to do with emergent gravity in the first place.
The answer is that as the emergent geometry has a scalar field intricately
linked with it a priori, having a solution at r — oo is non-trivial from
various aspects. Let us discuss these.

First note that the solution for the scalar field ¢, (3.7), does not vanish

for r — oo as is usually expected of well behaved fields. Here
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2G2M? —Q*
Q2 —G2M22

¢1(r—>oo):\/E[r—l—2GMlm“+ ].

Moreover, if Q—GM = a where a — 0, so that In r is negligible compared

to the other terms then

d1(r — 00) ~ VK [r + @z]

V2a 2

All these are solutions of the theory and so deserve mention.

3.2 The Hawking Temperature for Robinson-Trautman

type metric

We use the tunnelling method to calculate the Hawking temperature for
(3.11) [54]-[57], [63, 64, 67, 68]: As discussed in section 1.3, a massless
particle in a black hole background is described by the Klein-Gordon

equation
RA(—G) V%0, (G (-G)?0,¥) = 0. (3.13)
One expands
¥ = exp(%s L) (3.14)
to obtain the leading order in A the Hamilton-Jacobi equation is
G"9,898,8 =0 (3.15)
Assume S is independent of § and ¢. Then

0S50S 2GM  Q* 0S .,
Yavor T TG
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0S. 0S8 2GM  Q? 0S
87“[ 81} + (8- r +ﬁ)5]

The symmetries of the metric permit the action to be written as

=0 (3.16)

S=—Ev+W(r)+ J(z) (3.17)
Then
0,S=—E;: 8S=W " 98 =J (3.18)

J; are constants chosen to be zero. Combining equations (3.16) and (3.18):

—2BW(r) + (5~ 2+ )W ()2 = 0 (3.19)
Thus
/ (Er? + ET’ )dr
B(r — 7“+ r—r_)
= 27”(5)74 — + 2m(5)r_ —_7’+
=Wi(ry)+W(r-) (3.20)

The two values of W(r) correspond to the processes that the particle

tunnels through the outer and inner horizons respectively.

Therefore
S =—Ev+ 27”’(%)7473_ + zm(g)hﬁ + J(z)
(3.21)
The tunneling rates of the outer and inner horizons are
FfeTmergent ~ o 2ImS+ |, —2ImW(ry)
_ e (3.22)
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FRT

—emergent

~ e—QImS— ~ e—2ImW(7°_)
By_"2 E
_47T(F) —

T = ¢ KBl (3.23)

=€

From these two equations the corresponding Hawking temperatures of the

two horizons are respectively

RT he3B ry —r_
T—i—emergent = 47TkB( ,’,.2 )
_l’_

B he? 3
N 47‘(’]63

(G + 5/(GM)? = BQ?) — (G — 4/ (GM)? - BQ2)]
(5 +3V(GM)” = BQ2)?

_ he’p? V(GM)? — pQ?
27k (GM + /(GM)? — BQ?)?

[

_ h(1-K)? VGEM? — Q%(1 — K)
= orkp  [GM + \/G2M2 — Q21 - K)J?

(3.24)

and

he3B r_ —r
TRT — +
—emergent 477]{:B ( ,’,.2 )

g (55— 5v/(GM) = Q) — (55 + 5V (GM)? — 5Q%)

- Arhs (G~ 1/(GM) = BQP)?

_ hepr (GM)? - BQ?
- 2mhs (GM — /(GM)? — 5Q2)?

WPl - K) VGEM? — Q%(1 — K)
a 2tk [GM — \/G2M? — Q>(1 — K)J?

(3.25)
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Hence, as stated before, the Hawking temperature for this case will vanish
as the dark energy density has to be K = ¢% = 1. So this RT blackhole
in presence of dark energy cannot radiate as the dark energy density is

constrained to be unity.

3.3 Emergent gravity and Kerr metric

Now take the gravitational metric g,, to be Kerr. The line element is [91]

2GMr 4G Mrasin®0 0>
2 2 2
dstcer = (1 — 7 )dt” + e dodt — Zdr
2GMra*sin®0
—p*df* — (r* +o* + TO; - )sin*0d¢? (3.26)
P
where
J
o= i 0 =124+ a’cos’d and A =r?—2GMr + o’

In this context an important point should be stressed. Note that the
above metric (3.26) can be recast (for zero total charge) into the form

given in reference [69] where the identifications are provided below.

dr?
ds* = f(r,0)dt* — 70 0) + 2H (r, 0)dtdo
—K(r,0)d¢* — X(r, 0)db* (3.27)
where NG 2 2
r)—a sin
f(r,0) = S0
_ A
g(ra 9) - Z(’I", 9)7

asin®0(r* + o — A(r))
Y (r,0) ’

H(r, 0) =
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(r? 4+ a?)? — A(r)a’sin®0 |

K(r,0) = S(r.0) sin’0);

Y(r, 0) = r* + a’*cos*0;

A(r) =r* 4+ o — 2GMr.

In [69] it has been elaborately shown how the Hawking temperature is
independent of 6 although the metric functions depend on . In our case
the emergent metric C_?W contains additional terms but these additional
terms are still independent of 6. Therefore, the modified Hawking tem-
perature will still be independent of 6. Therefore we might as well do our
evaluation for some fized 6, i.e. § = 0. We consider the Kerr metric along
¢ = 0. Then (3.26) becomes [91]

A% oprg—g = %dtQ — %dﬁ (3.28)
where

P’ =r’4+a* and A=1r*—2GMr + o’

It is to be noted that the same metric (3.28) was rediscovered in [92]-[94]
using a different route.

As before, we take the k—essence field ¢(r,t) to be spherically symmet-
ric in keeping with the usual spherically symmetric Born-Infeld type of
lagrangian for the k—essence scalar field. This does imply any necessary

conflict with the non-spherically symmetric background.
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Then one has from (1.9)

Gn = g11 — (ar¢)2 = L (¢/)2
Go =G = —¢¢'. (3.29)

The emergent gravity line element (3.29) along 6 = 0 is now

2 A 2N 42 P N2\ 7.2 ol
ds® = (— — ¢°)dt” — (- + (¢')7)dr” — 2¢¢ dtdr (3.30)
p A

Now make a coordinate transformation from (¢,7) to (w,r) such that

dw = dt — (é¢¢,.2)dr (3.31)
P
Then (3.30) becomes
A (09)° 2(6¢)
d82 = (? — ¢2)[dw2 — WChJ + Wdtdﬂ
—(%2 + (¢)?)dr? — 2¢¢/dtdr
A G
= (G- - [a g+ x O

(3.32)

This equation (3.32) will a black hole metric if Gog = G17, i.e.

LN ) s
M=l m s

+(¢) !

ie.,
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2
APGV +A—Fp + <¢’>2% AP = A
le.,
A2
5 =50y (3.33)

We take a solution of (3.33) as ¢(r,t) = ¢1(r) + ¢a(t).
So (3.33) reduces to

A2
o

where K (# 0) is a constant (K # 0 means k—essence field will have non-

¢ =—() =K (3.34)

zero kinetic energy). (Please note that in Paper 2 ,List of Publications

the equations (42), (43) are erroneous). Now from (3.34) we get
¢ = VK

and
(r? + a?) |
—2GMr + a?”

¢/1 - \/E[T,Q
The solution of (3.34) is
¢(r,t) = ¢1(r) + da(t)
2(GM)*tan™ (—~=C2L_)

= \/E[TJF \/ > (G]\O;)_;GM)Q |+ GMin [7“2—2GM7“+042] + VK¢t
a2 —

(3.35)

where

2(GM)*tan™! (—T;Cgé/[M)Q)

va? —(GM)”

|+ GMlin [r* — 2GMr + o]
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and

do(t) = VKL

and choosing an arbitrary integration constant to be zero. Therefore the

line elements (3.32) becomes

A 1

2 2 2
2
r? —2GMr + o? 1
= ( 2 1 o2 ~ K)dw* — (gt — K)dr2
r24a?
(1 - K)(r* —2G2r + o?) ) (r? + a?) )
= 5 5 dw” — 5 i 5 dr
(r2 + a?) (1= K)(r*—2G=%r +a?)
1.e.
A/ 2
ds? = 5p2 du? — ﬁdﬁ (3.36)
where

M
f=1-K, M/:ﬁ, A/:(7“2—2GM/7“+042) andp2:r2+a2.

Here note that K # 1 since B cannot be zero, as then the metric becomes
singular. K cannot be greater than 1 because then the signature of the
metric (3.36) will be wrong. K # 0 because that would imply dark energy
i1s absent. Therefore, the only allowed values are 0 < K < 1. So there s
no question of K approaching 1 and confusions reqarding this limit should
not arise. It can be shown that for » — oo this metric is an approximate
solution of Einstein’s equations as the relevant terms fall of as %3 The
detail calculations of the relevant terms (wviz. Ricci tensors, Ricci scalar) of

the Einstein’s equations for the emergent gravity metric (3.36) are given

in Appendix A.
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We now show that there is a further restriction on the dark energy
density K = ¢3 if we want the fields ¢(r,t) given by (3.35) to satisfy the
equation of motion (1.7) along the symmetry axis § = 0 at r — oco. For

the axi-symmetric case, the equation of motion (1.7) takes the form
GU95¢py + G102p) — GMT1,0101 + GV V10 + GV Vi = 0.

The first term vanishes exactly because ¢(t) is linear in ¢, and the last
two terms vanish because G = G0 = 0

Using the expression for
GM(a® —1?)

I, =
1 (r2 4+ a?)(r?2 — 2GMr + o?)

| _ |3/2

the third term for r — oo goes as It is shown below:

—BA’ —GM(r* — a?)

GUT) 011 = | ][(7“2 +a?)(r? — 2GMr + 042)]

(Vr2+a?)({/r2(K — 1) + a2(K — 1) + 2GMr + 1)

(r2 = 2GMr + o?) |

[

B(Tz—QGM'TJrozz)H GM(r* — a?) |
(r2 + a?) (r2 4+ a?)(r? — 2GMr + o?)

=

[(\/r2+042 )V (K — 1)+ a2(K — 1) + 2GMr + 1)
(r2 —2GMr + o?)

]

2GM' a2 a2
+ +

= 10— )0 -2 O+ )
S-S+ )= 2 )
(4 T2 — 1)+ i 1)+ 29 Ly 2O Oy
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= [1- )1 -2 o
R [ [ L)
1+ %) (K —-1){1+ 20;2 i 2r(2fc(”\—4 0 27’2([; — 1)>(1 * QiM a %)]

(1—-K)\/(K—1) 11— K32
T — 3 r~ R

3
. . — 2 .
The remaining second term for r — oo goes as L f' . As before this

can be shown below:

—B(r? = 2GM'r + o?)
(r2 + a?)

G1o{or = | ]

—r(r* + 2GMr + o®)(\/r*(K — 1) + o*(K — 1) + 2GMr + 1)
(V72 + a?)(r2 — 2GMr + a?)?

[ ]

—r(2GMr —r*(1 — K))(2GMr — r*(1 — K))Y2(r* + 2G M)
= r3(r2 — 2GMr)?

¢ og (VD = KPP
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As per the Planck collaboration results [12, 13], the value of dark energy
density (in unit of critical density) K is about 0.696. Therefore, the second
and third terms is negligible as the denominator goes to infinity. Therefore
in this limit these terms also may be ignored and hence the equations of

motion satisfied. Therefore, K # 0,1 and 0 < K < 1. However K should

be very close to unity for equations of motion to be satisfied at large r.

3.4 The Hawking temperature for Kerr type metric

Now we go over to the Eddington-Finkelstein coordinates (v, r) or (u,r)

along the symmetry axis 6 = 0.

v=w+rrandu=w-—r", f=1—-K

and
2 2 2 2
. 1 i+« r +«
= [ — — [ —r_
=8+ (i =] = (S =
(3.37)
with
GM GM
= GM' M2 — a2 = 2 _ A2
ry =GM' ++\/(GM')? —a Tt (1—K) «
and
GM GM
_ r_ N2 _ 2 — _ 2 _ 2
r_=GM —\/(GM"? —q e (1—K) a?.
Therefore the line element (3.36)
A/ — —r_
d82:( 26 2)d’l}2_2d’0d7":/8(7n §+)(T2 r )dU2—2d’Ud7n.
r*+ « T+«
(3.38)
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Now proceeding exactly as before we calculate the Hawking tempera-
tures [70]-[72] for the two horizons as follows.
As discussed in section 3.2, using (3.38), a massless particle in a black

hole background is described by the Klein-Gordon equation
h2(—@)_1/28M(G'“V(—@)1/2@V\I’) = 0.

One expands ‘
U= exp(%s +...)

to obtain the leading order in A the Hamilton-Jacobi equation is
G"9,88,8 =0
Assume S is independent of § and ¢. Then

9S9S B2 —2GM'r+a?). 08

g0 0o 009
281} 8r+( r2 4+ o? )(87“)
_ 0808 6(7’2—2GM/T'+042) S,
B 8T[28v+( r? + a? )3?“]_0

The symmetries of the metric permit the action to be written as
S =—Ev+W(r)+ J(z"

Then
0,S=—F:9S=W:85=J

J; are constants chosen to be zero. Then

B(r? — 2GM'r + a?)
r2 4+ o?

—2EW (1) + ( J(W'(r))? =0

Thus
[E(r* + o?) + E(r? + o?)]dr

plr—ro)(r—ro)
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E 2 2 E 2 2
_ QM(E)(E i )+ 272'(5)(;: - Z

= W(r) + W(r)

)

The two values of W (r) correspond to the processes that the particle
tunnels through the outer and inner horizons respectively.

Therefore

E 2 +a? E_ 42
S=—Fv+2r (E)(T:Lr — T_) + 2Wz(g)(r_ 0

The tunneling rates of the outer and inner horizons are

)+ J(@")

2,.2
— _ — 4 E\ T}t _ E
F{I—(emergent ~ e MMt e 2ImW(ry) — e (5)(%*7&) — ¢ KpTy
T e I
K —2ImS— —2ImW(r_) _ —4m(3)—3) _ —mar
F—emergent ~ € =e v/ —¢ K

From these two above equations the corresponding Hawking tempera-

tures of the two horizons are respectively

K he3B ry —r_
T—i—emergent = 471']{33 (7”2 + @2)
+

_ hel 2/ (GM')? — 2 |
Ak (GM' + /(GM')? = a?)? + o2

_ W8, (1= K)(GM)? = a’(1 = K)?
Arkp (GM)2 + GM+/(GM)? — o2(1 — K )2

]

_ hc3(1 - K)2[ \/(GM)2 _ a2(1 — K)Q
Atk (GM)?2+ GM\/(GM)? — o%(1 — K)

|

and

K kB o=y
T—emergent o 47’(’]{33 T’% +&2)
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- hc3 3 | 2/ (GM')? — 2 |
Ak (GM — \/(GM)? = a2)? + o?

__hg (1= K)\/(GM)? — a?(1 - K)?
Arkp (GM)2 — GM\/(GM)? — a2(1 — K )2

]

_ _ﬁc?’(l _ K)2 \/(GM)2 _ 042(1 —_ K)2
dkp  (GM)? — GMA\/(GM)? —o*(1 - K)

Thus the Hawking temperatures are :

5|

TK _ hc(1 — K)? \/(GM)2 “ 21— K)?
+emergent 47‘(‘]63 (GM)2 —+ GM\/(GM)2 _ 042(1 — K)2
(3.39)
and
TK _ _ﬁc?’(l — K)? \/(GM)2 — 21— K)? |
—emergent 47TkB (GM)2 — GM\/(GM)2 _ @2(1 — K)2
(3.40)

where kp is the Boltzmann constant.
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CHAPTER 4



4 Cosmology in presence of dark
energy in an emergent gravity

scenario

A natural question is whether the standard cosmology is modified if we
take into account the presence of dark energy while building up the Fried-
man equations. The motivation of the work in this chapter is to seek
plausible answers to the above question.

The results reported in this chapter have been obtained in arXiv:gr-
qc/1502.06255 of List of Publications.

Taking the background metric to be Friedman-Lemaitre-Robertson-Walker
(FLRW), we obtain the modifications of the standard cosmological pa-
rameters in the radiation dominated, matter dominated and dark energy
dominated phases of the universe. The dark energy density is identified
with the kinetic energy éQ of the k—essence field. The standard cosmolog-
ical parameters are retrieved when ¢2 — 0, i.e., the dark energy vanishes.

The domination of the kinetic term in the DBI lagrangian for homo-
geneous dark energy fields [¢(r, t) = ¢(¢)] and background FLRW metric

has already been discussed in the Introduction.
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4 Cosmology in presence of dark energy in an emergent gravity scenario

4.1 Emergent equations of motion for FLRW

gravitational metric

Take the gravitational metric g,, to be FLRW and assume that the
k—essence scalar field ¢(r,t) is spherically symmetric (9, = 9y = ¢
and 0,¢ = 1¢ = ¢'). Then (1.9) becomes

Goo = goo — (0p9)* = 1 — ¢
5 2 a2(t) "2
G =g —(0:¢)" = 12 (¢')
Gag = goa = —a*(t)r?

633 = (g33 = —a2(t)r25m29
Gor = G = —¢¢/ (4.1)
where the FLRW metric components are
a’(t) 2 (12
goo =1 gu = —7—1 55 g2 = —a ({)r7
g3z = —a’(t)r’sin®0; g;;(i # j) = 0.

The line element becomes
2

a
1 — kr?

with dQ? = d6? + sin®0d¢? and k is curvature constant.

ds? = (1 — ¢?)dt® — ( + (¢)H)dr® — 20¢ dtdr — a*r?dQ?  (4.2)

Consider a co-ordinate transformation from (¢, 7,0, ¢) to (w,r,0,®) so
that [85]:

\dr (4.3)

with
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4 Cosmology in presence of dark energy in an emergent gravity scenario

Then (4.2) becomes
ds® = (1 — ¢*)[dw’® + 200 gusdr + (L’s.fdr?]

(1-) -
s gﬁgb/ a’ ,
—2¢¢ dr|dw + 1 ¢2)] — [1 7 + (¢)Hdr?* — a*r?dQ?
D 17\2 2
= (1 — ¢ dw? — 7§¢¢;2 dr? — [1 —akr2 + (¢)dr? — a*r2dQ?
. 2 L A1\2
= (1 ) = [ + (00 + 20— 2
(4.4)
i.e.
(1—-¢*) 0 0 0
~ 0 —7Z 0 0
G,uu = (45)
0 0 —(a®?) 0
0 0 0 —(a®r?sin?0)
while its inverse is
(G- o 0 0
G _ 0 -z 0 0
a 0 0 —(a?r?)~1 0
\ 0 0 0 —(a?r*sin®6)~!
(4.6)

. _( d® ne o (6¢)?
Wlth Z = (1—k7’2 + (¢) + m)

The equation (1.7) means
G"VoVop + G"'V V16 + GV Vo + GV V¢

= G0y + GV 10,0
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4 Cosmology in presence of dark energy in an emergent gravity scenario

= G™(O0dhs — Lo — Ligh6) + G (01016 = T1006 — T},019)

_ _ : L
= GM056 + G (376 — T — T——019)
1 —1 aa kr
= — 050+ [— — (0} — ———00p — ———019)
(1—¢2) " #_,_(&)2_,_% ! 1—kr2 "0 1T —kr2
— ¢ _ (1_Q.52) T2y e o
" F AP @) [0 (1 —kr?) —aap — kro ] =0
(4.7)
Le.
ola*(1 = *) + (¢)*(1 — kr?)]
= (1= ¢")[¢"(1 — kr?) — aap — kr¢] (4.8)

We shall, henceforth, consider the FLRW universe for homogeneous dark

energy fields only. So

¢(r,t) = (1) (4.9)

Here ¢52 = ( since the k—essence field must have non-zero kinetic energy.
Also ¢* # 1 because Qnatter + Lradiation + Qdarkenergy = 1 and ¢? measured
in units of the critical density is nothing but Qs kenerqy. Further, ¢2 <1

always in order that the signature of the metric (4.5) does not become

ill-defined. Therefore 0 < ¢* < 1. Therefore (4.8) becomes

da*(1 — ¢%) = (1 — ¢*)*(—aad)

le.,

L H(t) = -

B (4.10)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

where H(t) = ¢ is Hubble parameter (always a # 0). So the equations of

a

motion of emergent gravity relate the Hubble parameter to time deriva-

tives of the k—essence scalar field.

4.2 The analogue of Friedmann equations in presence of

dark energy

Using metrics (4.5) and (4.6) for homogeneous fields ¢(t) we get the non-

vanishing connection coefficients as:

W48
00 1_¢27
_ 1 aa
I, =
.2
_ aa r
Fg2_ oL
1—¢
_o  ada r?sin®0
33 1_¢2 )

o, =1, =2
01 10 Cl,
_ kr
1 _ .

f%z =—r(l- krz);

I, = —rsin® (1 — kr?);
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4 Cosmology in presence of dark energy in an emergent gravity scenario
2, =T% =
02 20 — a
2 _ 172
Fl? - I\21 —
2, = —sinf cosb);

- - a
3 _ 73 _
F03—F30—57

_ _ 1
3, =13, ==
13 31 7"7

These calculations of connection coefficients are shown in Appendix

B.
Now we calculate the diagonal components of Ricci tensor for homoge-

neous scalar field since off-diagonal components of Ricci tensor are zero.

@ ¢¢
Roo—3 —|—3—(1_¢2> (4.11)
Ry=-— 01 @1 gk d 00
VTR e e e
RQQZ—CL2T2[E;+26L_2;_+2£+9 PP ]

a(l—¢?) a*(1—¢?) @ a(l—¢?)?
(4.13)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

1 a2 1 Ea ¢
= @a-e @ - ep
(4.14)

2

_ ] a
Rs3 = —a’r*sin0[—
a

The elaborate calculations of Ricci tensors are established in Appendix

C.

To calculate Ricci scalar for homogeneous scalar field using (4.6):

PO _ A00p a a o0
RY =GRy = (1_¢2)[3a+3a(1_q§2>] (4.15)
v Ans . (L—kr?) a> a1 a? 1
e KA R AT
ko a9
R
— [CL ! a_2 ! + 2& + gﬂ] (4.16)

- e a-e) @ aa gy

52 A2p . TLo99a 1 a® 1 k a 0
R2—G RQQ—@2T2[ ar [a(1_¢2)+2a2(1_¢2)+2a2+a(1—$2)2]]
IS S SENPY AN
Taiee Enee e gy
p3 __ 33 p —1 2.2 a2 g 1 a_2 1
R; =G R33_a2r2sin29[ a“resin 9[@(1_&)4— (1 37
ko 4 o0
et ep
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4 Cosmology in presence of dark energy in an emergent gravity scenario

.e 1 .2 1 ]{: . VR
2t 42—y a_90 (4.18)
a(l—¢?) a*(1—-¢?) a@ a(l—¢?)?
Therefore the Ricci Scalar:
R R R L @ L ka4 60
PR R BT e e -y
(4.19)

We have the Einstein’s Field Equation: EW = RW — %C_? W}T{ = —81GT),
l.e.

v v 1 VD v
B = R~ J0,R = —8nGT, (4.20)

where G is gravitational constant and 7}, is energy-momentum tensor.

Components of Einstein tensor are:

B)= Ry~ R= 0 _1(;52) [3% + 3%(1 c'ﬁéi_bz)]
B e e A T
= —3[3—2(1 _1q.52) - g]; (4.21)
Bl B2 = B3 = [;i(l _1&2) *22_2(1 _1&) n %%%]
W e
- _[2%'(1_1&2) +Z_z(1_1¢&2) +£+2g$] (4.22)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

The energy-momentum tensor of an ideal fluid is
T, = (p+ p)uyu” — 6,p (4.23)

where p is pressure and p is the energy density of the cosmic fluid. In the
co-moving frame we have v’ =1 and v’ =0; i = 1,2, 3.

Now the general k—essence field theoretic lagrangian L(X,¢), which
explicitly depends on ¢, is not equivalent to isentropic hydrodynamics
because ¢ and X are independent and hence the pressure cannot be a
function of the energy density p only. So a pertinent question is whether
we are at all justified in assuming a perfect fluid model when dark energy is
present. The answer is yes because our lagrangian L(X) = 1-V+/1 — 2X,
where V' is a constant, does not depend explicitly on ¢. This class of
models is equivalent to perfect fluid models with zero vorticity and the
pressure (lagrangian) can be expressed through the energy density only
[48].

Then (4.23) becomes

To=p; T} =T; =T = —p (4.24)
Using equations (4.20)-(4.23) we get
E) = —87GT)

or,

ie.,

g] (4.25)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

and
E! = —8nGT}

with ¢ = 1,2, 3 or,

. 1 .2 1 ]{: . i

—[29 — + a—2 — +— + 29¢—¢.] = 87Gpy

a(l—¢?) a*(1-¢?) a a(l-g?)?

le.,
1 .4 1 a2 1 ko a ¢
Pd = — +2 ]

Tsetaio gy e o Te Pl g

(4.26)
where we now replace p by pg as the total energy density in presence of
dark energy and p by p; as the pressure when dark energy is present.
Note that both pg4, ps reduce to the usual quantities p,p [77]-[80] when
dark energy is absent, i.e., (¢)2 = 0. The usual Friedman equations
are now modified into the above two equations (4.25) and (4.26) in the
presence of k—essence scalar field ¢.

Combining above two equations (4.25) and (4.26) we get,

ArG a 1 a  op
T(Pd + 3pa) = —[am + am] (4.27)

Now differentiating equation (4.25) with respect to cosmic time t we get
204 2apd 8
S = =
g - gy

dividing both sides by aa in above equation

G . .
3 [paa® + 2paad),

i 1 a,  ¢¢  4nG paa
e Waer T s e
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4 Cosmology in presence of dark energy in an emergent gravity scenario

and substituting the above result in equation (4.27) we get,

AtG A7 G  paa
L (pa+3ps) = ———[FL + 2
3 (pa + 3pa) 3 + 2pa]
le.,
) a
pd = —35(2%1 + pa) = —3H (pq + pa) (4.28)

which is the required energy conservation equation in presence of dark
energy. Again it may be noted that one recovers the usual energy conser-
vation equation [77]-[80] when dark energy is absent.

Now assume that the criterion for non-relativistic scenario remains the
same, viz., pq > pg- We restrict now to k = 0 as observationally this is

most likely. Then the above condition become [using (4.25) and (4.26)]

3 a* 1 1 a1 a2 1 a o
WG E1—) G ai-9)  @-9)  al-@p
or,
1 a® 1 1 a 1 a ¢
27TG[¥(1 — (;52)] e [25(1 — ¢?) + 25(1 _ g'bz)z]
le.,
a? 7 g

27 2 (-4
So the second term on right hand side must be always positive i.e., (;Sgb
must be always negative. This means that ddif < 0. This criterion is
consistent with the fact that the dark energy density cannot increase in
a matter dominated era.

Then, neglecting py in (4.28) gives

. a
pa—+3ps =0
a
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4 Cosmology in presence of dark energy in an emergent gravity scenario

which has the solution

mat —

Pd

A
- (4.29)

where A = constant. Assuming that the total energy ie. pga® is a
constant, we equate this to the present epoch energy i.e. pga® = pgoag,
where pgo and ay are the matter density and scale radius at the present
epoch (t = ty). This fixes the constant A = pgaj in terms of present
epoch values.

For the relativistic situation we assume again that the criterion is same

as in standard cosmology, i.e. p; = %'. Here this gives the condition

[using (4.25) and (4.26)]

1 i 1 21 Y 1 a1

——pl 42 4o 0 _ —
7G a(1- ) @(1-) a(l-¢P  81G @ (1 g

ie.,

]

a2 i ago

@ 0 al-)
For same reasons as given in the previous case, here also the conditions
are consistent.

We get from (4.28) the solution

B

rad _
al

o (4.30)

where the constant B is fixed to be B = pgag following same arguments
as before.

Finally we consider the dark energy dominated scenario p; = —py, i.e.,

[using (4.25) and (4.26)]
1 at 1 N b 3 a2 1

1 _a
THGal- ) @0-)  a-@p | GG @E(1-3)

]
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4 Cosmology in presence of dark energy in an emergent gravity scenario

ie.,
A a g
@0 al-@)
d¢?
dt
This is also consistent. Equation (4.28) then leads to

This means that here > 0 i.e. the dark energy density must increase.

pi=W (4.31)

where we may choose the constant W to be $2|t:t/ with ¢ denoting some
specific epoch.

Therefore, the difference from the standard cosmology lies only in the
fact that in our case the dark energy density (which is being identified with
the kinetic energy of the k—essence field) has the following behaviour: in
the matter and radiation dominated eras the time rate of change of dark
enerqy density decreases, while in the dark energy dominated epoch this

rate increases.

4.3 Solutions of the modified equations

4.3.1 Non-relativistic case (Matter dominated Universe)

The non-relativistic case means pg > pg and (4.25) and (4.26) can be

written as follows,

H? ]€_87TG£

- @ 3 a .
and
i 1 H? k op
I R R R T o
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4 Cosmology in presence of dark energy in an emergent gravity scenario

Eliminating A using (4.29), and remembering that for ¢ = ¢, (present
epoch) pg = pao,a = ag, H = Hy (4.32) becomes

k G
—_ = — — 05 4.34
2 me P4l (4.34)
where
) 3Hj;
Pa = -
8rG(1 — ¢?)

(4.35)
i1s the critical value of matter density when dark energy is present. For
¢? < 1 (4.35) becomes

P = pe+ ped’ (4.36)
keeping terms upto O(¢?) only. Here

_3H3
881G’
the critical value of matter density and p§ > p..

Pe

Now consider the FLRW universe with £ = 0. We get from (4.34)

3H?
pdo = Py = :

8rG(1 — gbz)
and the critical matter density becomes same as that of pg.

(4.37)
Now from (4.32) with k& = 0, we have

a C -

(g)Q = 5(1 —¢%)

where C' = 8”:?/1. We now take the negative square root of this equation
so as to be consistent with observations.
Therefore,

This will be borne out later.

2

a

(1— %)z,

[SJ[9)

a

(4.38)

72



4 Cosmology in presence of dark energy in an emergent gravity scenario

Using equations (4.10) and (4.38) we get

b O3 .-
- N ;(1_¢2)2
o(1—¢?) az
ie.,
o ~L ¢ 2 12
a(t) = C3(;)3(1 —¢°) (4.39)
Therefore the deceleration parameter for non-relativistic case with £ = 0
()N = ~aa _ Numerator (4.40)

a2 Denominator
where,

Numerator = (1 — ¢2)[(1 + 209%)($)* + 6o ($)*(1 — 4¢°)
+5¢2(¢3) 2 (—1 + ¢2) — 30260 (—1 + ¢?)]
(4.41)

and
Denominator = 2[(1 — 4¢%)(¢)? + g3 (=1 + ¢?))?
(4.42)

We shall take ¢®), ¢ to be zero also neglecting higher order of (;52, where
#® is 3rd order and ¢ 4th order derivative with respect to time. Then

the deceleration parameter for non-relativistic case becomes,

q(t)N = %(1 +274% +...) (4.43)

Note that the choice of the sign of the square root (that leads to (4.38))
ensures that the value of the deceleration parameter for the matter dom-
inated era is as in standard cosmology i.e. when dark energy is absent.

This value is . Moreover, it can be checked that choice of a positive

2
square root (leading to (4.38)) will give an imaginary scale factor which

is unacceptable.
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4 Cosmology in presence of dark energy in an emergent gravity scenario
4.3.2 Relativistic case (Radiation dominated Universe)

For this case pg = 2 from (4.30) ps = £ then modified Friedmann equa-
tions (4.25) and (4.26) becomes
H? k. 8rG B

u—¢a+a?_ 3 at (4.44)
and
a1 H? k ¢6  81GB
TR TR IR Ter i AT

Considering the £ = 0 model of the Universe , the modified Friedmann

equation (4.44) becomes
a D
(-) =

a a4 (1 - ¢2)
where D = @. Again we take the negative square root of this equations
from physical considerations to get
- = _?(1 _ (;52)5. (4.46)
Again combining equations (4.10) and (4.46) we obtain
) D3 -
e BTt
o(1 —¢?) a

ie.,
ﬂ — ¢, (4.47)

Therefore the deceleration parameter for relativistic case with k£ = 0 is:

aa Numerator

¢ = —=

— 4.48
a2  Denominator ( )

where,

Numerator = [(1 + 1092 — 8&)((;75)4 - 3¢52(¢(3>)2(_1 + ¢52)2
+202(—1+ ¢2)°6¢M]  (4.49)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

and

Denominator = [(1 — 4¢%)(9)* + ¢¢®) (—1 + ¢*)]?
(4.50)

Finaly the deceleration parameter (neglecting as above higer order of ¢?

and higher order derivatives) for relativistic case is
g(t)f =14 18¢* + ... (4.51)

Again, the choice of the sign of the square root (leading to (4.46)) en-
sures that the standard cosmology result is obtained for the deceleration
parameter. This value is 1. Also choice of a positive square root is ruled

out to ensure reality of the scale factor.

4.3.3 Dark energy dominated Universe

For this case py ~ —pg and from (4.31) pg = constant = W, then the
modified Friedmann equations (4.25) and (4.26) becomes

-2
1k _Snhy (4.52)
@(1-¢) a3
and
. .2 . '
- 1. +a—2 1. +%+29¢7¢.=87TGW (4.53)
a(l—¢?) a(1-¢?) o a(l—¢*)?

Again we consider £ = 0 model of the Universe, The modified Friedmann

equation (4.52) becomes

- = az(1— ¢?)? (4.54)
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4 Cosmology in presence of dark energy in an emergent gravity scenario

where a = 88V = constant. Now combining equations (4.10) and (4.54)
we obtain ;
¢ 1 72N 4
—= == az(l—¢)2
o(1 —¢?)
ie.,
g — —ar(1— ¢?)e. (4.55)

Now from equation (4.54) we get the scale factor

a(t) = eV 1-¢*dt (4.56)

Using above equation (4.56) we have the deceleration parameter for this

case

q(t)dh = —1 + \/a(1qi¢¢2)3 E (4.57)

Further, using (4.55) the deceleration parameter becomes

()" = -1 - ¢ (4.58)

As gﬁz is positive the deceleration parameter is always negative.
Consider now an interesting situation. The dark energy density ¢52 <1
for reasons mentioned before. Then expanding the binomial in (4.55) and

keeping terms upto O(¢?),

3 9
-2—\/5(1—§¢)

©- |-

or,

b 2Vad +Vad =0
and an approximate solution of above equation for the dark energy density
1s
2

3y/a + 2e2vot’

¢ (4.59)
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4 Cosmology in presence of dark energy in an emergent gravity scenario
Now ¢? < 1 applied to (4.59) means
Va + 22Vt > (4.60)

Note that if \/a is positive then (4.60) is always satisfied for all values of
t. However, figure 4.1 shows that there is absolutely no agreement of the
predicted values of dark energy density with the observed data [12, 13] at
present epoch. So we reject this choice.

On the other hand, taking the negative square root for o gives encour-
aging agreement of predicted values for the dark energy density ¢2 with
the observed value at present epoch viz., 0.6817 [12, 13]. This is evident
in figure 4.2. So we choose the negative square root. The best agreements

are obtained for —10 < o < —2.1.
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: , . , , , , | , |

064 for Va=0.1

o for Va=0.5
054 e fOr o =1

o e fOr Ja=1.5
044 % for o =2
R N for Ja=3

034 ————————————— for Va=5

0.2 -

0.1+

0.0 - T

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Variation of dark energy density with time for positive \/a where values of

Va are shown down — up.
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Figure 4.2: Variation of dark energy density with time for negative y/a where values of

Va are shown up — down.
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5 Conclusions

The conclusions of the thesis are:

5.1 Chapter 2

For the background gravitatinal metric as Schwarzschild, the resulting
emergent gravity metric is similar to a Barriola-Vilenkin metric where the
monopole charge is replaced by the kinetic energy of the k—essence scalar
field. Thus the Einstein’s field equations are automatically satisfied. We
then show that if @epergent be solutions of the emergent gravity equations
of motion under cosmological boundary conditions at oo, then for » — oo
the rescaled field % has exact correspondence with ¢ with ¢(r,t) =
o1(r) + ¢2(t). The Hawking temperature of the resulting BV-type metric
is found to be
Temergent = (1 — K)*Tg.

Here K = ¢% is the kinetic energy of the k—essence field ¢ and K is always
less than unity and T is the usual Hawking temperature for Schwarzschild
black hole. We have then indicated why certain phenemenological param-
eters in Belgiorno’s analogue gravity experiment will be modified because
of the difference of the Schwarzschild metric from that of a BV-type met-
ric. In [66, 87] the authors interpreted photon emission (different from

usual photon emission) as an indication of Hawking radiation induced by
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the analogue event horizon for the Schwarzschild metric using ultrashort
laser pulse filaments to create a travelling refractive index perturbation
(RIP) in fused silica glass. In this work we have proposed that a differ-
ent Hawking temperature in the presence of dark energy should give a
different set of phenomenological parameters since the intensity of pho-
ton emission should depend on the relevant blackbody temperature. So
one has a further scope to enhance this analogue gravity experiment for
testing the existance of dark energy. If we include the effects of dark
energy, the RIP method must be accordingly modified. This means that
the effect of the presence of the constant K (dark enegy density) in the
metric must be included. The Belgiorno et al original analogue gravity
experiment currently has K = 0 for the Schwarzschild black hole. So the
experimental situation has to move over to a scenario which can mimic
K # 0ie., 0 < K < 1. So in the presence of dark energy certain phen-
emenological parameters viz. the boost (v), the constant velocity of the
RIP (v), refractive index (n = c¢/v) etc. in Belgiorno’s analogue gravity

experiment can be modified.

5.2 Chapter 3

For the spherically symmetric Reissner-Nordstrom background metric
along 6 = 0 the resulting emergent gravity metric is Robinson-Trautman
type so that Einstein’s field equations are automatically satisfied. For
6 = 0 the k-essence scalar field satisfies the emergent gravity equations of
motion. The Hawking temperatures for the two horizons of the Robinson-
Trautman black hole are different from that of the Reissner-Nordstrom

black hole. In this case, the dark energy density is constrained to be unity.
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With this constraint of the dark energy density this blackhole has zero
Hawking temperature i.e. it does not radiate.

We next work with a Kerr background along 8 = 0 again so that the
emergent gravity equations of motion are again satisfied by the dark en-
ergy field. In this case the resulting emergent gravity metric is also Kerr
type in the presence of dark energy. The emergent blackhole metric sat-
isfies Einstein’s equations for large r. This type of the emergent black
hole always radiates since there is no constraint on the dark energy den-
sity to be unity. In this case the values of the dark energy density is
(3 = K = constant) 0 < K < 1.

It should be mentioned that if dark energy density K = 0 then the
usual Hawking temperatures for both cases are retrieved. There are two
event horizons and hence two Hawking temperatures in both the cases.
But out of these two temperatures, only one wviz., that corresponding to

the outer horizon is observationally relevant.

5.3 Chapter 4

In this work we have investigated the cosmological consequences of incor-
porating dark energy in an emergent gravity scenario. First we obtained
the analogues of the Friedman equations where the background metric
is taken to be FLRW. We consider the FLRW universe for homogeneous
dark energy fields only. Assuming the usual perfect fluid model for the
universe, we next determined the total energy density. Finally, the cos-
mological implications were determined corresponding to various values
of this energy. Our findings are as follows :

(a) For total energy density greater than the pressure (matter dominated
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Universe) the deceleration parameter

N | —

q(t) = %[1 +27¢% + .. >

(b) For total energy density equal to 3 times the pressure (radiation dom-
inated Universe),

qt) ~1+18¢* +...> 1

and
(c) For total energy density equal to the negative of the pressure (dark

energy dominated Universe), the deceleration parameter
q(t) = —1—¢* < —1.

The values of the dark energy density are 0 < éz < 1.
Note that for dark energy density éz = (, the conventional results are
retrieved. Our results indicate that many aspects of standard cosmology

can be accommodated with the presence of dark energy right from the

—

beginning of the universe where the time parameter ¢ = o

with ¢, being
the present epoch.
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6 Appendix

Appendix A

Evaluation of relevant terms of the Einstein’s equations for the

emergent gravity metric (3.36) along 6 = 0.

From (3.36) the emergent gravity metric for Kerr background along
0 =0is

BA’ 0
Go=1 * A
nwy — O /72 ( 1)
N
and
p? 0
GH — ﬁé’ A (A.2)
—5
with

M
p=1-K, M/:ﬁ, A/:(7“2—2GM/7“+042) andp2=7“2+oz2.

We calculate the non-vanishing connection coefficients using (A.1), (A.2)
and the relation T'Y, = 3G*°[0,G s, + 8,Gup — 95G ).

_ 1. _ _ _
Iy = §G0a [00G a1 + 01Goa — 0aGon]

1~ - ~ L ~005 A
= 5G" (0G0 + G = 5G 01 G
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B 1 p2 BA/
= 5

B 1[ r? + o |
2 B8(r2 — 2GM'r + a?)
B(r? +a®)(2r —2GM') — B(r? = 2GM'r + o?)2r

(2 + a?)?

B 1 r? 4+ o? ]
2 B(r?2 —2GM'r + o?)

]

B(2r® — 2GM'r? 4 2ra® — 2GM'a? — 2r® + 4G M r? — 2a°r)

(121 a?)2

GMI(T'2 — @2) _
T (P2 +a?)(r2=2GM'r +a?) I (A.3)

_ 1. _ _ _
Fh = EGla[ﬁlGal + 81Gloz - 8OLG11]

1~ _ _ _ 1_ _
= §G11[31G11 + 01G11 — 01G1| = EGHalGll

r2 —2GM'r + o?
(

r2 4+ o? |
(r2 = 2GM'r + o®)2r — (r* + o?)(2r — 2GM")
| (r2 —2GM'r + o?)? |

1
:5[

(r? — 2GM'r + o?)
r2 4+ o2

1
— |
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6 Appendix

[27"3 —AGM'r? + 20%r — 2r3 + 2GM'r? — 2a2r + 2GM/042]
(r2 = 2GM'r + a?)?

B —GM/(TZ —a?)
N (r2 4+ a?)(r?2 — 2GM'r + o?)

=T}, (44)
_ 1 _ _ _ _
Ty = §G10‘[80Ga0 + 00Goa — 9aGlool

1~ _ _ _ 1 - _
= EGH[@OGlO + 0yGo1 — 01Go| = —(§)G1181G00

1
2

—BA’
02

BA
02

= -5 )0 (—5)

B 2[7“2 —2GM'r + o?
2 r2 + o?

]

[(r2 +a?)(2r —2GM') — (r? = 2GM'r + 042)27"]
(r?2 + a?)?

B 2[7“2 —2GM'r + o?
2 r2 + o?

]

3 — O9GM'r? + 2ra? — 2GM'a? — 2r3 + AGM 1r? — 2027
[ (r2 4+ a?)? ]

B B2GM/(7“2 —a?)(r? = 2GM'r + o?)
- (r2 + a?)3

B B2GM (r* — 2GM'r® 4+ 2GM or — o)
- (2 + o2)?
Now we calculate the diagonal components of Ricci tensor using (A.3)-

(A.5) and the relation R, = 8,I%, — 0,1, + T 5, — 9,00

By av o

(A.5)

Rop = 8oT%) — 0T + T5,T0 — T2,T0,
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= 80f80 + @Qf‘%o — 80f80 — 81f‘(1)0

+f8ﬁf€o + ftl)ﬁffo - fgﬂfgo - fiﬁfgo

= 0oy — 01lgo + Toolgo + Ty T + Tl Yy

+0 T — Tool00 — T0:Lg0 — Fioloo — T'1i TG0
= —0iLgy + Dgo(LYy — I'yy)

= —O gy + 200,00, (A.6) [using (A.4)]
We calculate first term of equation (A.6):

BGM (r* —2GM'r? 4+ 2GM o’r — o)

=1
01Tgo = 01 (r2 + a2)3

]

2 M/ / / | |
B %WWW’—“M P 42GM o) —6r(r'—2GM 1P 4+2GM a*r—a)

—2r° + 6GM r* + 4023 — 16G M o?r? + 6a*r + 2GM o
(r2 4+ o?)*

— BPGM | | (A7)

and second term of equation (A.6):

BGM (r* — 2GM 13 4+ 2GM o’r — at)
(r2 + a2)? )
GM (r? — o?)
[(7“2 +a?)(r? —2GM'r + 042)]

2f60f?0 - 2[

B 26%(GM')?
N [(r2 + a?)4(r?2 = 2GM'r + 042)]
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[rS —2GM'r® — &®rt + AGM &r® — a'r? — 2GM a'r +af]  (A.8)
Substituting (A.7) and (A.8) in (A.6) we get

Roo = =0T + 21;(1)01;?0

/82GMI 5 / 4 2 3 / 2 9 4 ’ 4
:m[(% —6GM r* —4a’r° + 16GM o“r* — 6a’r —2GM o)
+(2GMI(T6_2GM/T5— rt + AGM o213 — o*r? — 2G M o r+oz))]

(r2 —=2GM'r + o?)

iy B*GM’ |
o (r2 4+ a?)4(r2 = 2GM'r + a?)
[2r7 — 8GM 1° — 20°r° + 8(GM )*r® + 16GM o*r* — 10ar®

—24(GM 2P + 24GM o*r® — 608r]  (A.9)

Therefore,
_ 1
R()() r— (& ﬁ (A 10)

Rll = 811_“31 — 8af‘f‘1 -+ f%lf FQBF

- 31f81 + 311_1%1 - aOﬁﬁ - (911_1%1

+T9,0g, + T1,0), — To,0, — T
= 01, + TYI0, + TG, + Tyl + T Ty
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—TolY) — T 01y — Tl — Ty
= 01, + T30, — To Ty

= O1I0, +2(I)* (A.11) [using (A.4)]
Let us calculate the first term of (A.11):

GM/(T2 — a?) |
(r2 4+ a?)(r? —2GM'r + o?)

@11:‘81 - 81 [

!/

| - |
(r2 4+ a?)%(r2 — 2GM'r + a2)?
27 (r*=2G M r*+2022—2G M o*r+at)—(r?—a?) (4r*—6G M r*+4a*r—2GM o?)]

!/

[ GM ]
(r2 4+ a?)?(r2 — 2GM'r + o?)?
(=2 + 2GM'r* + 40’ — 8GM o*r? + 6a'r — 2GM o] (A.12)

Substituting the values (A.3) and (A.12) in equation (A.11) we get,

Ry = 01T, + 2(1Y)?

!/

| A |

(r2 + a?)2(r?2 — 2GM'r + o?)?

[—21° + 2G M 1* + 40%1® — 8GM o*r? + 6a’*r — 2GM o]
GM (r? — a?) E

(r2 4+ a?)(r2 = 2GM'r + o?)

+2]

/

| oM |
(r2 + a?)2(r?2 — 2GM'r + a?)?
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[—27“5+2GM/7“4+40427“3 —8GM *r*+6a*r—2GM o*+2GM (r*—=2rfa’+a*)]

/

| oM |
(r2 + a?)2(r?2 — 2GM'r + a?)?
[—2r° + 4G M r* 4 40%® — 12GM o®r* + 6a*r]  (A.13)

Therefore,
_ 1
Ry r—= o9 3 (A.14)
Now calculate Ricci scalar using (A.2), (A.9) and (A.13):

R=G"Ry + G"'Ry;
BGM

=TT —2cirr v )
[2r7 —8GM 1° — 20°r° + 8(GM )*r® + 16GM o*r* — 10ar®

—24(GM ) 2al® + 24GM o*r? — 6a°r]
. BGM |

(r2 4+ a?)3(r2 —2GM'r + o?)

[—2r° + AGM r* + 40%1° — 12G M o*r? + 6a*r]

iy BGM' |
C(r2 4+ a?)3(r2 — 2GM'r 4 a?)?
[2r7 — 8GM 1° — 20°r° + 8(GM )*r® + 16GM o*r* — 10ar®

—24(GM)?a*r® + 24GM or? — 6a°r
—(r? = 2GM'r + &®)(=2r° + AGM r* + 4a*r® — 12GM *r? + 6a*r)]

B BGM
- [(7“2 + a?)3(r2 — 2GM'r + 042)2]
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[4r7 — 16GM 5 — 4a*r® + 16(GM )*r® + 32GM o*r?

—20at® — 48(GM )2 + 48GM or? — 12a°7]  (A.15)

Again at r — oo,
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Appendix B

Calculation of the connection coefficients for the emergent

gravity metric (4.5)

For homogeneous fields the emergent gravity metrics (4.5) and (4.6) be-
comes

(1-¢% 0 0

0
_ 0 (1% 0 0
G = (=) (B.1)
0 0 —(a*r?) 0
0 0 0 —(a*r?sin*0)
and
(1—¢»)! 0 0 0
G/U/ — 0 _(1—alir2)_1 0 0 (B 2)
0 0 (a*r?)~! 0
0 0 0 —(a?r*sin®6) ™!

Now we derive the non-vanishing connection coefficients using the met-

rics (B.1) and (B.2) and the relation '}, = 3G°7[8,G 3,4 0,G s — 5G]

_ 1. _ _ _
o = EGOQ 100G a0 + 00Goa — 0aGloo)

1 _ _ _ _
= §GOO [00G oo + 9oGoo — AoGloo

= S = 20 (B3)

1— @2 1 — ¢?
0 __ 1 ~0o a ~ . A
I, = 2G [01G a1 + 01G1a — 0aGhi]
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1 _ _ _ _
= §G00[81G01 + 0:G1o — 8OGll]
1 1 —2aa

L T |
= =506 = =5 (— ¢2)(1 — 2
1 aa
= - A4
(l—gb?)l—kr? (B.4)
_ 1. _ _ _
9, = §G0a [02Ga2 + 2Gaq — 00 G2

1 _ _ _ _
= 5G00[82G02 + 09Gog — OpGa2]

1 _ _
= —5 G 0G = . (B.5)

I R _ _

1 _ _ _ _
= §G00[83G03 + 03G30 — OoGiss)

. 2 . 2
_ —100080@33 _ aar sz'n 7, (B.6)
2 (1—¢?)
_ 1. _ _ _
F(l)l = EGla[ﬁoGal + 81G004 - 8ozG'()l]

1~ _ _ _ 1_ _
= §G11[50G11 + 01Go1 — 01Go1| = §G1180G11

1 1—Fkr?2  —2aa a
S i) =, B

_ 1. _ _ _

I = §G1a[31Ga1 + 01G1a — 0,G11]

1y - _ _ 1

= §G11[51G11 +0,G11 — 1G] = §G1181G11
_1(1—/%2)( —2kra® - kr

2" a? (1—kr2)2” 1 — kr?

(B.8)
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_ 1. _ _ _
F%z = §G1Q[82Ga2 + 82G2o¢ - 8(3¢G122]

1~ _ _ _ 1_ _
= §G11[82G12 + 02Ga1 — 01Gag| = —§G1181G22

11— kr?
=5

2% a2

)(=2ra®) = —r(1 —kr?)  (B.9)

_ 1. _ _ _
iy = §G1a[33Ga3 + 03G'3q — 0,G33]

1 _ B _ _
= §G11[83G13 + 03G31 — O1Gis3)]

1.
= —§G1181G33 = —r sin®0(1 — kr?)  (B.10)

_ 1 _ _ _ _
1—%2 = §G2a [aOGoQ + 82G0a - aosz()2]
1~ _ _ _ 1 _ _
= §G22[30G22 + b Gog — 0oG2] = §G22(90G22
1 1

_ Ly = 8
= 2a2r2( 2aar*) - (B.11)

_ 1. _ _ _
I3, = §G2a 101Ga2 + 2G4 — 0aGh2)]

1_ _ _ _ 1_ _
= §G22[31G22 + 02G1a — 32G12] = §G22(91G22

11 5 1
= —§—a2r2(—2ra ) = . (B.12)

_ 1_ _ _ _

T2, = §G2O‘ [05Gla3 + 03G3 — 0aGiss

1 - — _ — 1 - —
= §G22[33G23 + 035Gy — 02G33] = —§G2232G33

1 1
- 5?(‘2T2a28in80059) = —sinfcosd  (B.13)
a?r
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1 _ _ .
F83 = §G3a [8()Ga3 + 83G()o¢ - 8OLGO3:|

1~ _ _ _ 1_ _
= §G33 [00G 33 + 05Go3 — 3G = §G3380G33

1 —1

— 5( )(—2aar?sin®0) = g (B.14)

a’r?sin?0

_ 1. _ _ _
[y = §G3a [01Ga3 + 3G 1o — 0aGhs]

1~ _ _ _ 1_ _
= §G33[31G33 + 05G13 — 05G13] = §G3381G33

1 —1

— 2,20\ —
) a2rzsin29)(_2m sin6) =

(B.15)

-
_ 1. _ _ _
5 = §G3a [02Go3 + 03Gaq — 0nGlag)
1_ _ _ _ 1 _ _
= §G33 [02G33 + 03Gag — 03Ga3] = §G3382G33

1 —1

=3 m)(—2T2a2Sin86089) =cot)  (B.16)
a’risin
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Appendix C

Evaluation of the Ricci tensors for FLRW background in the

presence of dark energy

We calculate the diagonal components of Ricci tensor using non vanish-
ing connection coefficients (B.3)-(B.16) and the relation R, = 9,I'%, —
Oa FO‘ —|—FO‘ o —FO‘BF

Bu™ av

Roo = 0% — 9aTGy + T4, 000 — T2, T
= (LG + oL} + AoL'50 + AL5)
— (DTS + ATy + T2y + T3
(9T + Tholho + T30 + T30T50)
—(T9sTg0 + T1sTh0 + T340 + T35T50)
= QL1 + Aol'3) + Aol5, + (T1p)* + (%)
+(I50)* — Too(T'lg + T30 + T5)
69

o
- () + 307 + 20
. .2 . )
_ 3(% = %) + 3(@) + 3(2)1 ?(;;2
i oo
_3a+3(a)1_¢2 (C.1)

- (alfgl + 811_1%1 + 81f§1 + 81f§1)

—(80f(1)1 + 81f%1 + 821;%1 + a3f§)1)

97



6 Appendix
+(f%1fgl + f}ﬂfﬁ + I_%lfgl + f%lfgl)
_(fgﬂffl + f%ﬁffl + f%ﬁféﬁl + fgﬂffl)

= 81f§1 + 81f§1 — aOﬁﬁ + f?1f61 + f(l)lf{l)l + F%lfil
+T5, 15, + 5,05, — Ty — Tyl — Ty
—T50) = T30 — T3l — T30
= il 4+ i3y — T, + 10y + (05)° + (F3,)°

0 10 2 10 m2 71l 3 10 3 11
_FOOFH - 1—‘201—‘11 - 1—‘21F11 T F301—‘11 T 1—‘311—‘11

1 1 ad ad a
=01(=) +0i(=) — : j a
o) [(1_¢2)(1—/w2)]+[(1—¢2)(1—kr2>]@
1.1 =g ad _a ad
AR e ey b e )
L R N N
r(1=Fkr?) a(1-¢2)(1—kr2) r(1—Fkr?)

7 i) Uk TR @R
aa ¢¢ 2k a*
TETTSRI gy TR (1= (1 k)

@ i1 g L 2%k d 60 g

TRt N aee e Ty

Rop = 051%, — 0,1, + 9,10, — 2,15,
= (0aLy + Dal'1y + Dol '35 + oT'3,)
— (8T, + 01039 + 0o, + 0515,

+ (fnggz + 1;}321_“?2 + f%2f§2 + f%zfgz)

_(fgﬁfgz + 1_“%61_“52 + fgﬁf% + 1_“331_“52)
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= 0oy — 0oy — O1Dgy + T9,T5, + Tyl Ty + T5ol9,
+T 5 + D505 — ool — Tiel%y — T1il'ay
—D5005 — T51 T — Tl — T Ty
= D%y — ALYy — ATk + TT2 + T3 + (1)’

0 10 1l 10 rl 7l 3 10 3 11
_FOOF22 - 1—‘101—‘22 - 1—‘11F22 - F301—‘2 —I 1F22
2 2

aar ar a
= Oy(coth) — 80[(1 — ¢2)] + O [r(1 — kr?®)] + [(1 - ¢2)]
B 9 1 9 qbgb aar?
r(1 — kr )(r)+(00t0) + (1_¢2)[(1_¢2)]
a. aar? kr a,. aar? 1
__[(1 _ ¢2)] (1 _ ]437'2) (1 - ]{T’ ) [(1 _ ¢2)] + (;)T’(l - krz)
B 2 a2r? adir? aar22$$
(1 + cot®0) [(1_¢2)+(1_¢2) (1_(132)2]
aaripd a’r?
+1 — kr? — 2kr? —l—cot2€—|—w—l—kr2— (1—@2)
_ 2&27“.2 B adr% B aar%é 92
(1-¢?) (1-¢?) (1-¢?)72
) i 26 2k 4

] (C.3)

= —a T2[a(1 —5) + 21— ta T m
Ry = 05T — 0,1 + T9,T05 — T9,T%
= (05T03 + T3 + D555 + 0sT'5)
— (0035 + 01Ty + 0aT'55 + O5153)
(T30 + ThyTy + T%,00 + T3,T5,)
—(T0sT%5 + T} T + T3,05, + T35T53)

= —0olgy — 01Ty — Ool'5 + Ts s + TaaTs + Tl
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+15aT95 + T35035 4+ [a5l55 — TS5 — TS5 — I
—T50y — T35, Dyy — T30y — T3, Tgy — T5,15,
= —0pl'g3 — T35 — 0oT55 + T93005 + 33075 + T35T5

0 10 1l 10 1l 7l 72 170 2 11
_F00F33 o F10F33 T F11F33 o F20F33 o F21F33

— —80[(.1_7&)] + O [rsin*0(1 — kr?)] 4 Oa(sind cosh)
aar’sin®f. a 1 .
—|—[m]— —r sin®0(1 — kr? )(r) (sind cosf)cott

N b [adr2sm29] B g[aar sm29]
(1-¢2) (1-¢?) (1—¢?)

kr a aar?sin?6 1

T sin?0(1 — kr?) — —[ |+ (;)T’ sin®0(1 — kr?)

(1 — kr?) (1— ¢2)

a’r?sin®0  adr’sin®0  aar’sin®0 2gbgb

=1 o+ T 122 ]
(1—=¢%) (1—-9¢%) (1—¢?)

+5in%0(1 — kr?) — 2kr®sin®0 + cos*6 — sin*0

2 02ei020 4 2,2 ;002
eos?f + 20T sm.ﬁ 030 + er2ein20 — a‘r°sin®f
(1—¢%)? (1—¢?)
. 2.2 2 <7y
= —a’r?sin*0| ° c 2k %]
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