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The mutually unbiased bases are widely used in many applications of quantum
information theory. Recently it was proved that there is a correspondence between
mutually unbiased bases and mutually orthogonal extraordinary supersquares. An ex-
traordinary supersquare is obtained starting from its generating extraordinary subgroup,
therefore knowing the general expression of these kinds of subgroups is extremely im-
portant. We are focus here on finding the extraordinary subgroups for Fg x Fg. Further
we construct the set of mutually orthogonal extraordinary supersquare of order 8 with
the help of nine extraordinary subgroups, whose unique intersection element is the ele-
ment zero. Then, we show how the complete set of mutually unbiased bases for d = 8
can be obtained. The case d = 8 corresponds to systems of three particles of spin-1/2.
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1. INTRODUCTION

The mutually unbiased bases (MUBs) are the fundamental tools in many pro-
cesses of quantum information theory such as: quantum tomography, quantum key
distribution, discrete Wigner function, quantum teleportation [1-3]. Two bases {|u; ) }
and {| vy )} of a Hilbert space of dimension d are called mutually unbiased if [1]

[{uj [or)? = 1/d.

There are many methods for constructing MUBs [4-9].

The connection between Latin squares and MUBs has been investigated in
many recent articles [10-15]. One approach of construction of the MUBs is based
on the case when the two striations with vertical and horizontal lines are always
present among the set of mutually orthogonal striations needed for generating the set
of MUBs [11]. This construction provides only a particular class of MUBs, the one
which contains the eigenvectors of tensor products of the Pauli operators X and the
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identity, Z and the identity, or their combinations, which leads to the fact that the
associated striations of MUBs are Latin squares. Also in Ref. [12] a set of Latin
operators was obtained, whose eigenvectors represent MUBs.

We want to emphasize that the connection between the MUBs described in the
previous references is done only with the Latin squares and not with a wider class.
We have proposed an algorithm for generating the most general MUBs, not only
those whose associated striations are Latin squares [16].

In this paper in Sec. 2 we present a proposition where the general expression
of the extraordinary subgroups for Fg x Fg is provided. Further in Sec. 3 we give
an example of such subgroup and illustrate how this can be employed in order to
generate an extraordinary supersquare. In Sec. 4 we show an example of nine ex-
traordinary subgroups, whose unique intersection element is zero, i.e. the associated
set of nine extraordinary supersquares are orthogonal. Finally we apply our algo-
rithm for generating the complete set of MUBs for the dimension d = 8. We make
the concluding remarks in Sec. 5. The proof of the Proposition given in Sec. 2 is
presented in Appendix A.

2. DEFINITION OF THE EXTRAORDINARY SUPERSQUARES. THE GENERAL
EXPRESSION OF THE EXTRAORDINARY SUBGROUPS OF Fg x Fg

Definition. [17] Consider a square of order d denoted by S = {41, Aa, ..., Ag}.
S is called a supersquare of order d if A; is a subgroup with d elements of F; x [Fy
and S =y x Fq/A; is the quotient set. The other d — 1 subsets A; are obtained as
follows:

Aq :6; Ay =as+ A =Qa9;... Ag=aq+ A =ag,

where a; € Fg x Fq, j=2, 3, ..., d. Aj is called the generating subgroup of the
supersquare.

Let us consider v; = (z1,y1) and va = (x2,y2) € Fg x F; with d = p", p being
a prime number. We denote by |v; v9| the following determinant:

Tl T2
yr Y2

1 el =

n—1

The trace of an element @ € [Fn is given by tr a = o+ of + o’ +..+aP
We denote by K the subgroup of [F\,», whose elements have the trace equal to zero:

K={aeFp: tra=0}. (D)

Definition. [17] The subgroup G' C Fy» x F}» is called extraordinary if for
any of its two elements g; and g2 € G, one has |g; ¢2| € K.

Definition. [17] A square of order d, S = {41, ..., A;} is called extraordinary
if there is j € {1,2,...,d} such that A; is an extraordinary subgroup of Fy x F.
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Further we investigate the case d = 23. We consider the irreducible polynomial:
P(x) = 23+ + 1, therefore the elements of Fg are: Fg ={0, 1, p, p?, p3, pt, p,
©8}, 1 being a primitive element. The subgroup K defined by Eq. (1) is K =
{0, g1, 1%, i}

Proposition. Suppose that G C Fg x Fg is a subgroup which contains eight
elements. Let v; be a nonzero element of G. Consider vy € Fg x Fg such that
lvi wo| =k with k € K and k # 0 (there is such v according to Corollary 4.5
in Ref. [17]).

Then G is an extraordinary subgroup if and only if:

)G =Fsv (v#0, veFgxFg) or ii) G =Zyv; + (Kk™1) vs. )

3. APPLICATION: THE CONSTRUCTION OF THE EXTRAORDINARY SUPERSQUARES
OF ORDER 8

In this section we present an example of how one can use the extraordinary
subgroups to generate extraordinary supersquares of order 8. Let us consider v; =
(8,1) and vo = (1%, 1). Therefore k = [v; wa| = . We apply the main result of
Sec. 3, i.e. Eq. (2) and obtain

G ={(0,0), (1, 1), (%, ), (%), (1%, 1), (11, 0), (0, %), (0° )} (3)

By using the definition of a supersquare given in Sec. 2, we obtain the super-

square of order 8 shown in Fig. 1, whose generating subgroup is the extraordinary
one given by Eq. (3).
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Fig. 1 — An example of an extraordinary supersquare of order 8. The elements which are used for
obtaining the extraordinary subgroup are v; = (1°,1) and vy = (u°,1). The generating extraordinary
subgroup is denoted by bold red 1 and is given by Eq. (3).

4. THE GENERATION OF THE COMPLETE SET OF MUTUALLY UNBIASED BASES

In order to construct a complete set of mutually unbiased bases, one needs to
generate the complete set of d + 1 mutually orthogonal supersquares. For the gener-
ation of a set of mutually orthogonal supersquares it is sufficient to obtain the d 4 1
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extraordinary subgroups such that the intersection of any two of these subgroups is
the element zero according to Proposition 3.3 and Corollary 3.6 from Ref. [17].
Once we get the expressions of the d + 1 extraordinary subgroups, we can construct
the associated supersquares according to Sec. 3.

For the case d = 8, let us denote by a the generating extraordinary subgroup of
the first supersquare, by b the second one,..., by ¢ the ninth one. Further we use Eq.
(2) for writing the nine extraordinary subgroups. We present in Fig. 2 an example of
nine extraordinary subgroups whose unique intersection element is zero, this leading
to the fact that the nine associated supersquares are mutually orthogonal. The element
zero is denoted by a star, since belongs to all the subgroups.
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,u4 c|b|g| d a c f g
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O |*|1i]e i h c g i
Ot [p|w|w | w|u

Fig. 2 — An example of nine extraordinary subgroups whose unique intersection element is zero. The
extraordinary subgroup of Eq. (3) shown in Fig. 1 as bold 1 is denoted here by e. The MUBs ob-
tained from this complete set of mutually orthogonal supersquares correspond to the structure with
nine biseparable bases, i.e. the optimal one for quantum tomography.

After we have obtained the complete set of mutually orthogonal extraordinary
supersquares, we follow the algorithm proposed by us for the construction of the
complete set of MUBs [16]. This means that from each extraordinary supersquare,
one generates a set of seven commuting operators. In the case of our example given
in Sec. 4, the seven commuting operators associated to the extraordinary supersquare
of Fig. 1 are:

(Z0YQZI®ZRY;Z0 XX, Z0ZY; 10 X0 X; 20l ;1Y ® Z},

where X, Y, and Z are the Pauli matrices.

The extraordinary subgroup of Eq. (3) shown in Fig. 1 as bold 1 is denoted by
e in Fig. 2. For each set of commuting operators from each supersquare, we derive
its set of common eigenvectors. The nine families of common eigenvectors represent
the complete set of MUBs.

5. CONCLUSIONS

In this paper we have found the general expression of the extraordinary sub-
groups of Fg x F's. These subgroups are of great importance for the construction of
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the most general set of MUBs for three-qubit systems. Namely, one has to obtain the
complete set of mutually orthogonal supersqures, then the mutually unbiased opera-
tors are generated, and finally the set of their common eigenvectors that represent the
MUBs.

The analysis of the three-qubits systems is difficult since there are four kinds
of structures, i.e. possibilities of express the set of MUBs regarding the number
of factorized bases, biseparable bases and nonseparable bases. Among these, one
has to focus on the family that contain nine biseparable bases, since these are the
optimal MUBs for quantum tomography. In Fig. 2, we have presented a complete
set of mutually orthogonal supersquares, whose associated MUBs correspond to the
structure with nine biseparable bases.

A. THE PROOF OF THE PROPOSITION PRESENTED IN SECTION 2

”="" There are two possible cases:

(i) du € Fg x Fg such that G C Fgu or

(ii) V u € Fg x Fg one has G € Fgu.

Case (i): Since G and Fgu have eight elements, it means that G = Fgu. Since
v € G CFgu, we obtain v € Fgu; Fgv C Fgu = . This leads to G = Fgv.

Case (ii): We have now that Vu € Fg x Fg = G SZ Fgu. This means that
G ¢ Fgvy or equivalent there exists € G\ Fgv;. From the condition [v; ve| = &,
we obtain that {v1,ve} is a basis in Fg x Fg. Let us write 0 as o = Avj + pva, where
A, p € Fs. Since G is an extraordinary subgroup, one has |v; ©| € K and since
0 ¢ Fgo this leads to the fact that {v1,7} is a basis in Fg x Fg, therefore [v; 9| # 0.
Let us denote by k the following expression |v; o] = k, where k € K and k #0.
We compute |v; 0| = Ay v1|+plvr va| = pk. This means p = kk™ ", i.e. =
Avi + kk—t V9.

Further we apply Lemma 4.6 (b) from Ref. [17], where we replace vo by v
and obtain G C Kk~ v; + Kk~'9 = Kk~' (14 \)v; + Kk~ vy. The number of
elements of the set in the right hand side is 16. One has Kk = {0, 1,]2:,12:3}. In
order to get an equality it is sufficient to choose A = 0 and to keep only two elements
from the set K k', namely {0,1}. This is equivalent to G = Zyv; + (Kk ™) vs.

<" (i) If G = Fgv, then from Lemma 4.6 (a) from Ref. [17] we obtain that GG is an
extraordinary subgroup.

(ii) Suppose G = Zo vy + (Kk~') vo. One can easily check that G is a sub-
group. Let gy and go € Zo vy + (Kk™1) vo; this means that there are A1 and Ay € Zo
and k1, ko € K such that

g1 =Mvi+kik vy go = davr +kok s,
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We evaluate now
\gl gg‘ = ‘)\11)1 k2k71’02| + ’klkilvg )\21)1|
= Mkok k4 kik7 kdg = Mko+ Mokt € K,

i.e., G is an extraordinary subgroup.
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