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PHOTOPION PRODUCTION FROM DEUTERIUM NEAR THRESHOLD 
William P. Swanson 

Lawrence Radiation Laboratory 
University of California 
Berkeley, California 

ABSTRACT 

The reac t ions (1) γ + d → π- + 2p and (2) γ + d → π+ + 2n have 
been observed near threshold by using the Lawrence Radiation 
Labora tory e lec t ron synchrotron and a 4-inch deu te r ium bubble 
chamber modified for operat ion in a h igh-energy photon beam. A 
194-Mev b remss t r ah lung beam, hardened by one radiat ion length of 
LiH, with an average intensity 0.8 • 106 Mev/pulse , was incident on 
the chamber . A total of 1309 analyzable π- and 447 π+ events was 
found in 200,000 photographs. The events were kinemat ical ly analyzed 
by an IBM 650 computer using a l e a s t - s q u a r e s method. Two-prong 
events were weighted for chamber geometry by an IBM 704 computer 
using a Monte Car lo technique. The ra t ios σ-/σ+ were de te rmined 
as a function of l a b o r a t o r y - s y s t e m photon energy k and meson c . m . 
angle θ (two-body k inemat ics ) : by connecting observed ra t ios of 
reac t ions (1) and (2) for f inal -s ta te Coulomb effects: 

k 
(Mev) 

θ 
(deg) 

σ - /σ + 

152-158 0 to 90 1.08 ± 0.14 
158-165 90 to 140 1.27 ± 0 . 1 8 
165-175 135 to 180 1.44 ±0 .20 

These ra t ios include negative Coulomb cor rec t ions of 13%, 7%, and 
7%, respec t ive ly . An at tempt was made to obtain the f ree-nucleon 
c r o s s sect ions (γ + n →π-+ p) by using the Chew-Low technique of 
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extrapolat ing data from Reaction (1) to a pole in the t rans i t ion amplitude located at a negative (nonphysical) value of the kinetic energy of the lower -energy proton in Reaction (1). St ra ight- l ine extrapolat ions at five effective l a b o r a t o r y - s y s t e m photon energies in the range k = 153 to 174 Mev gave an average value σ-/σ+ = 1.7±0.2 when compared with recent posit ive photomeson data. Total and differential c r o s s sections for Reaction (1) were obtained for the photon energy range k = 150 to 157.5 Mev. The data a r e lower than those of Adamovich et a l . by approx. 32%. They a r e consis tent with isot ropy in the ( γ + d) c. m . , b u t the re is a s t rong suggestion of a negative cos2 θ* t e r m in the angular dis tr ibut ion. 
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I. INTRODUCTION 

A. R, the Photopion σ- /σ+ Ratio 

Every reasonable meson theory that includes nucleon recoil 
has led to the conclusion that the processes γ + n → π- + p and 
γ+ p →π+ + n should occur at threshold in the ratio R = 1.3 to 1.4 
if final-state Coulomb interactions are excluded. This result comes 
about regardless of the details of the meson-nucleon interaction assumed. 
For this reason it would be of major theoretical importance if it were 
found experimentally to be otherwise. Since a firm experimental value 
of R has proven to be elusive,1-15,91 the research described here 
was undertaken to measure the apparent value of R near threshold 
by using deuterium as a target, and to obtain information on the 
γ+ d → π- + 2p final state, useful in relating the apparent (deuterium) 
ratio to R itself. In addition, an attempt was made to obtain the 
free-nucleon cross section σ (γ + n→ π- + p) in a way that eliminates 
deuteron binding effects and kinematical smearing, by means of a 
Chew-Low extrapolation.16 

Naively, one would expect the cross sections σ- ≡ σ (γ + n → π- + p) 
and σ+ ≡(γ + p→ π+- + n) to be about equal, on the basis of charge 
independence. That negative mesons in fact are photoproduced with 
higher probability near threshold may be crudely grasped by noting 
that a neutron, when viewed as a virtual proton-negative-meson 
system, has an electric dipole moment proportional to (1 + µ/M), 
whereas a proton viewed as a neutron—positive-meson system has a 
dipole moment proportional only to unity, as illustrated in Table I. 
The cross sections are proportional to the squares of the interactions 
of these virtual dipoles with the incident photon. Significantly, 
(1 + µ/M)2 = 1.32, in agreement with more sophisticated theories. 
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Table I 

Nuclear v i r tua l dipole moments 

Virtual 
p roces s 

Position of particles 
-1 0 +μ/M 

Dipole moment 

n → π- + p π-

Ce
nte

r-o
f-m

as
s 

p+ (1 + µ/M) 

p → π+ + n π+ 

Ce
nte

r-o
f-m

as
s 

n0 (1 + 0) 

The ea r l i e s t predic t ions concerning the ra t io R were obtained 
by consider ing the f inal-s ta te cu r r en t s only.17 The in terac t ion may 
be expres sed as ∫ d τ dt, where the in tegra l is taken over all 
space and t ime . Assuming the c r o s s section to be propor t ional to the 
square of the appropr ia te in teract ion, we have the resu l t 

σ-
=[1 -ω (1 - β cos θ ) ] - 2 = 1.38, for ω →1. 

σ+ 

=[1 -
M 

(1 - β cos θ ) ] - 2 = 1.38, for ω →1. (1) 

Here , µ is the meson total energy, M is the nucleon m a s s , and β is the meson velocity (h = c = µ = 1). This formula was also der ived from f i r s t - o r d e r per turbat ion theory.1 8 

On the other hand, an in terac t ion between the photon and the 
nucleon magnet ic moments leads to18 

σ-
=[1- gp + gn ω ( 1 - cos θ)]-2 = 1.06 

σ+ 
=[1-

gp - gn 
M 

( 1 - cos θ)]-2 = 1.06 for ω →1, 

(2) 

where gp and gn a r e the nucleon total magnet ic moment s , in nuclear 
magnetons . A phenomenological approach by Watson, based on 
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m e a s u r e m e n t s of the rat io at higher energ ies , 7 also led to a threshold 
value R = 1.24. These a rguments , whether s emic la s s i ca l or based 
on per turbat ion theory, lead to r e su l t s in qualitative agreement with 
exper iment . Actually, the r e c o i l - c u r r e n t interact ion gives values 
general ly too l a rge , and the magnet ic -moment in teract ion gives 
r e su l t s c lose r to unity than is the case exper imental ly , since 

(gp + g n ) / (g p - gn) ≈ 0.2. The i nc r ea se in σ- /σ+ with meson angle, 
which is exper imental ly t rue 1 9 up to around 1 Bev photon energy, 
is indicated by these semic la s s i ca l r e s u l t s . 

Dispers ion theory,2 0 much m o r e re l iab le than the older 
per turba t ion calcula t ions , gives the ra t io 

R = σ-
[ 1 + ( g p + g n ) / 2 M ]2 

= 1.30 for ω= 1, R = 
σ+ 

[ 

1 - ( g p + g n ) / 2 M 

]2 

= 1.30 for ω= 1, (3) 

consis tent with all e a r l i e r theor ies that include nuclear r eco i l . 
Actually, that the s emic l a s s i ca l and per turba t ion theor i e s a r e in 
such close ag reement with the d i spers ion re la t ions is perhaps 
fortui tous. The d isper ion re la t ions approach to photoproduction is 
considerably sounder than the other theore t ica l a t tempts desc r ibed 
above. 

The basis for confidence in this result is that, apart from recoil 
effects which are essential in determining R, the important terms 
in n e a r - t h r e s h o l d photoproduction a r e the, gauge- invar iance t e r m 
∙ and the direct-interaction term 

→ → → ∙q σ ∙ k - q) ∙q 
ωk0 -

→ → 
ωk0 - q ∙ k 

Here 

∙is the nucleon spin, the photon momen tum, k0 the photon e n e r g y , pion momentum, ω the pion total energy, and the photon polarization direction. These terms are classical in origin and are not as mys te r ious as t e r m s which become impor tant only at higher ene rg i e s . Thei r inclusion in any theory can hardly be avoided.21 

Moreover , genera l low-energy t heo rems add weight to the theore t i ca l 
r e s u l t s . The Kro l l -Ruderman t h e o r e m 2 2 , 2 3 gives 
where x is of o rde r (µ/M). 

R= 
( 

1 +x )2 
R= 

( 
1 - X )2 
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T h u s , t he p r e d i c t i o n R = 1.3 to 1.4 i s s e e m i n g l y b a s e d on 
v e r y s t r o n g t h e o r e t i c a l g r o u n d s . H o w e v e r , it m u s t be po in ted out 
that theoretical corrections to Eq. (3), which may alter our expectations 
concerning R, have recently been estimated by Ball.24 He 
o b t a i n e d t h e f o r m 

R = 1.28 (1 -0 .19 ) , (4) 

w h e r e i s t he p a r a m e t e r which a r i s e s in t h e p h o t o n — t h r e e - p i o n 

i n t e r a c t i o n . The m a g n i t u d e of m a y be d e r i v e d f r o m d a t a o r 

p o s i t i v e and n e u t r a l pho top ion p r o d u c t i o n , and f r o m m e a s u r e m e n t s 

of t h e n e u t r a l - p i o n l i f e t i m e . Such d a t a a s e x i s t a r e not i n c o n s i s t e n t 

wi th a v a l u e of a s l a r g e a s un i ty . 

B. The L o w - E n e r g y P a r a m e t e r s 

A p a r t f r o m spec i f i c a s s u m p t i o n s c o n c e r n i n g m e s o n t h e o r y , t h e r e i s a b a s i c c o n n e c t i o n b e t w e e n the e x p e r i m e n t a l p a r a m e t e r s of l o w - e n e r g y p ion p h y s i c s . 2 6 An a p p a r e n t i n c o n s i s t e n c y a m o n g t h e s e p a r a m e t e r s h a s b e e n t h e s o u r c e of m u c h d i s c u s s i o n in r e c e n t y e a r s . 2 7 - 3 9 

The f i r s t of t h e s e p a r a m e t e r s i s R = σ (γ + n → π- + p) R = 
σ (γ + p → π+ + n) 

, m e a s u r e d 

a t t h r e s h o l d and e x c l u d i n g t h e f i n a l - s t a t e i n t e r a c t i o n s , a s de f ined in 

the p r e c e d i n g s e c t i o n . The s e c o n d i s t h e P a n o f s k v r a t i o 

p = σ (π- + p → π0 + n) p = 
σ (π- + p → γ + n) 

, d e t e r m i n e d by a l l owing n e g a t i v e p ions to 
s t o p in h y d r o g e n . The r e a c t i o n t a k e s p l a c e f r o m an S s t a t e , and 
t h u s t h e p i o n s a r e at s l i g h t l y be low z e r o k i n e t i c e n e r g y . E x p e r i m e n t a l 
v a l u e s of P h a v e f luc tua ted wide ly f r o m one i n v e s t i g a t i o n to a n o t h e r , 
but s e v e r a l r e c e n t e x p e r i m e n t s h a v e g iven c o n s i s t e n t r e s u l t s . A. 
n o n c r i t i c a l w e i g h t e d a v e r a g e of s e v e n e x p e r i m e n t s 32,40-45 g i v e s 
P = 1.63±0.05 Us ing t h i s t o g e t h e r wi th t h e t h e o r e t i c a l v a l u e 
R = 1.30 g i v e s P R = 2 .12 . 

Now if we r e a r r a n g e t h e f a c t o r s in t h e p r o d u c t of t h e s e r a t i o s , 
we o b t a i n 
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PR = σ (γ + n →π- + p PR = 
σ (π- + p →γ + n 

σ (π- + p →π0+ n 
σ (γ + p →π+ + n) 

(5) 

By d e t a i l e d b a l a n c e , t he l e f t - h a n d b r a c k e t s s i m p l y con ta in q2 

2k2 

w h e r e t h e 2 c o m e s f r o m t h e two p o s s i b l e p o l a r i z a t i o n s in t h e c a s e 

of an ou tgo ing photon . H e r e , q and k a r e t h e c e n t e r - o f - m a s s p ion 

and photon m o m e n t a , r e s p e c t i v e l y (h = c = |µ = 1). The q u a n t i t i e s 

σ (π- + p →π0+ n) and σ (π- + p →π+ + n) a r e to be o b t a i n e d f r o m experiment and e x t r a p o l a t e d to z e r o p ion k i n e t i c e n e r g y . 

E x p e r i m e n t a l r e s u l t s on p o s i t i v e photop ion p r o d u c t i o n 8 , 16, 46-52 

n e a r t h r e s h o l d h a v e r e c e n t l y u n d e r g o n e r e v i s i o n due to n e w e x p e r i m e n t s 4 9 - 5 3 

and n e w t e c h n i q u e s 30 in e x t r a p o l a t i n g e x i s t i n g da t a which t a k e in to 
a c c o u n t the i m p o r t a n t d i r e c t - i n t e r a c t i o n t e r m . 5 4 The e x t r a p o l a t e d 
v a l u e 

l i m dσ = (20 ± 10%) × 10-30 q cm2 

ω→1 dΩ 
= (20 ± 10%) × 10-30 

( 1 + 1 / M ) 2 sr 

o r σ ≈0.19q mb, i s b a s e d on d a t a c o m p i l e d by B e r n a r d i n i . 3 8 H e r e 

ω is the meson total energy, and M is the nucleon mass (h = c = µ = 1). 

This result is not in disagreement with the dispersion relations of Chew, 

G o l d b e r g e r , Low, and Nambu , 2 0 for f2 = 0 .074 , and N ( - ) ' = 0 t o - 0 . 0 5 . 
E x t r a p o l a t i o n of the c h a r g e - e x c h a n g e d a t a i s done by m e a n s of t h e e x p r e s s i o n 55 

σ (π- + p →π0+ n) = 
8π 1 vo ( δ 3 - δ 1 ) 2 , σ (π- + p →π0+ n) = 
9 q2 V-

( δ 3 - δ 1 ) 2 , (6) 

and d e p e n d s c r i t i c a l l y on the S -wave s c a t t e r i n g p h a s e - s h i f t d i f f e r e n c e 
(δ3 - δ 1 . ) . P w a v e s a r e n e g l e c t e d . H e r e , v0/v- is the r a t i o of 
v e l o c i t i e s of outgoing n e u t r a l m e s o n and incoming n e g a t i v e m e s o n . 

O l d e r e x t r a p o l a t i o n s a s s u m e d δ3 - δ1 

q 
to be i n d e p e n d e n t of ω n e a r 

t h r e s h o l d . A fit m a d e by O r e a r 56 to e x i s t i n g d a t a , u s i n g t h i s 
a s s u m p t i o n , gave (δ3 - δ1) = (0.26 ±0 .04 ) q. H o w e v e r , Cini et a l . 3 6  

h a v e p o i n t e d out t h a t t h e c h a r g e - e x c h a n g e a m p l i t u d e m u s t v a n i s h for 



- 12 -

ze ro pion energy, and there fore a value lower by 10% is p re fe rab le . 
Near threshold , (δ3 - δ1) = 0.24 q is the value they obtained by means 
of an S-wave effective range approximation based on d i spers ion relations. 

Fitting these p a r a m e t e r s together , we get PR = 1.89 for the 
left side of Eq. (5). This is gratifyingly close to 2.12, rea l iz ing that 
a s t ra ightforward use of exper imenta l data gave PR = 3.27 only two 
y e a r s ago,30 in ser ious d i sagreement with accepted P and R values . 
Although the threshold d i sc repancy is not ser ious now, further study 
of the pion-nucleon S s tate is des i r ab le . 

C. Photoproduction from Deuter ium 

Exper imenta l ly , the s imples t way to get information on the 
reac t ion γ+ n → π- + p is by studying the reac t ion γ+ d → π- + 2p 
ei ther d i rec t ly or by observing the ra t io of negative to posit ive mesons 
produced. Ei ther method p resen t s difficulties due both to th ree -body 
kinematical smearing and to the final-state nuclear and Coulomb interactions. 

The f inal -s ta te nuclear in terac t ions should be identical 
for negative and posit ive m e s o n s , but the Coulomb forces a r e not 
identical, because three charged particles are present in negative-meson 
production and only one in the positive-meson case. The 
Coulomb cor rec t ion is impor tant for the low-re la t ive veloci t ies near 
threshold. 

In the energy region k ≤ 200 Mev, exper iments on the ra t io 
have been per formed by seve ra l groups. 1 - 8 , 10-12 In the region 
(k ≤ 175 Mev) where co r rec t ions due to f inal-s ta te Coulomb in terac t ions 
should be smal l , the observed ra t io is on the o rde r of 1.4 to 1.5, as 
shown in Fig. 1. At lower photon energ ies (k = 160 to 165 Mev), the 
apparent (uncorrected) r a t io r i s e s to around 2. Two-body kinemat ics 
a r e a s sumed in de termining the photon energy. 
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Fig. 1. Apparent values of σ- /σ+ obtained in deu te r ium 
as a function of photon energy k. Two-body 
kinemat ics a re a s sumed . Angles a r e in the 
l abora tory sys tem. No cor rec t ions for Coulomb 
effects have been made . 
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Theore t ica l approaches to de te r ium photoproduction have 
usually uti l ized the impulse approximation.5 7 - 5 9 This approximation 
a s s u m e s that the production ampli tudes from the two nucleons can be 
l inear ly superposed. This assumption is valid if the dis tance between 
the nuclei is l a rge compared with the production ampl i tudes , the t ime 
of in teract ion is short with r e spec t to a nuclear per iod, and the 
interaction distance in nuclear matter for incoming photon and outgoing 
meson are long compared with the nuclear size. All these 
criteria apply to deuteron photopion production. 

The most complete theore t ica l study of deuteron photomeson production via the impulse approximation has been made by Baldin.33,34  

He took into account f inal -s ta te nuclear in teract ion of the two recoi l ing 
nucleons, and the Coulomb in terac t ions of all recoi l ing p a r t i c l e s . His 
work makes definite predict ions concerning the reco i l -p ro ton distributions, 
which agree with the experimental work of Adamovich et al.6, 13-14 

When his corrections are applied to the total cross sections 
σ (γ + d → π- + 2p) as measured by Adamovich et al., and these re-suits 
are compared with the cross sections8 σ (γ + p → π+ + n), the 
resu l t R = 1.3 to 1.4 is obtained, in agreement with theory. 

When the Baldin co r rec t ions a re applied to the apparent ra t ios 
from deute r ium at low ene rg ie s , r e su l t s consis tent with theory a r e 
again obtained.15 However, the agreement at low energy should 
perhaps be r ega rded as tentat ive until d i sc repanc ies with d i spers ion 
re la t ions at higher photon energies a r e reso lved 1 0 and the connections 
between R and other pion phenomena through the p a r a m e t e r Λ a r e 
m o r e fully explored. 
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D. Polology 

A powerful technique suggested by Chew and Low 16 has made 
it possible to d e t e r m i n e free-nucleon c ro s s sections 
σ (γ + n → π- + p) by using the neutron bound in the deuteron as a t a rge t . 
This method depends upon an extrapolat ion of observed c ro s s sections 
to a negative (nonphysical) value of the reco i l -pro ton kinetic energy. 
The essen t ia l role played by a pole in the S ma t r i x has lent the name 
Polology to this method of ana lys is . 

The technique may be visual ized in the following way. Imagine 
an incident photon s tr iking the neutron at a t ime when the proton is 
far away. That par t of the complete photoproduction amplitude A 
a r i s ing from interact ion of the photon with the neutron alone to produce 
a negative pion is proport ional to the T m a t r i x for the p r o c e s s 
γ + n →π- + p multiplied by the Four i e r t r a n s f o r m (α2 + p2)-1 of 
the deuteron asymptot ic wave function. Here α =√ (B. E . ) × M is 
the i n v e r s e deuteron radius and p2 i s the square of the specta tor 
proton recoil momentum. Owing to this transform there is a first-order 
pole which determines the behavior of the complete amplitude 
A nea r p2 = - α2. The res idue of the pole, propor t ional to T, can 
he found by extrapolat ing m e a s u r e d values of A mult ipl ied by 
(p2 + α2) to p2 = - α 2 . At this point the specta tor proton has a 
negative kinetic energy in the final s ta te just equal to i ts sha re of the 
(negative) deuteron binding energy in the ini t ial s ta te . Thus, the 
r eco i l proton t ru ly becomes a specta tor at the extrapolated p o i n t . 

Small values of proton reco i l momentum mean l i t t le in terac t ion 
between the proton and the other reac t ing pa r t i c l e s . As pic tured 
h e r e , this si tuation cor responds to the case in which photoproduction 
occurs on the neutron when the proton is far away. Since low-momentum 
recoil events have most effect on the extrapolation, we 
were in r e t ro spec t justified in using the deuteron asymptot ic wave 
function to obtain the Fourier transform. 



- 16 -

Experimentally, what we observe is a complicated differential 

c ro s s section 
∂2σ 

α A2 

∂p2∂w2 
α A2 , r a the r than A itself. Here , p is again 

the recoi l momentum of the spectator ( lower-kinet ic-energy) proton, 
and w is the total in ternal energy of the π- + p sys tem. Clear ly 
p2 and w2 have physical l imi ts depending on the photon energy k, as 
i l lus t ra ted in Fig. 2. The differential c ro s s section is formed in the 
conventional way by counting events in var ious ∆p2, ∆w2 b ins , on a 
graph such as Fig. 2. 

F ree -nuc leon c r o s s sect ions a r e obtained as a function of w2 

by using the formula 

σ(γ + n → π- + p) = l i m 4πk2 M D (p2 +α2)2 ∂2σ 
, 

σ(γ + n → π- + p) = 
p2 → -α2 Γ2 Mp (w 2 -M n

2 ) ∂p2 ∂w2 , 
(7) 

where w2 cor responds to a definite value of effective l abora tory-sys tem 
sys tem photon energy. Here Γ2 = 4 a 

, 
Γ2 = 

Mp 1 -αr0 , 
where r0 

is the neut ron-pro ton t r ip le t effective range . As can be judged from 
Fig. 2, the dis tance over which the extrapolat ion must be made is not 
long compared with the physical range of p2 genera l ly observab le . 
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Fig. 2. Polology d iagram showing kinematical ly allowed 
regions of the var iab les p2 and w2 (pion units) . 
Exper imenta l c ro s s sect ions a re to be extrapolated to 
p 2 = - α2. 
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II. EXPERIMENTAL TECHNIQUE 
A. Introduction 

In o rder to observe the low-energy par t i c les from the reac t ions 
γ + d → π- + 2p and γ + d → π+ + 2n near threshold, the Alvarez 4-inch 
deuterium bubble chamber was placed in a bremsstrahlung beam 
from the Lawrence Radiation Laboratory electron synchrotron. A 
nominal peak energy Emax of 194 Mev was chosen for this experiment 

for two r e a s o n s . It e l iminated much of the e l ec t ron-pa i r 
background that would have been caused by the h ighe r -ene rgy photons. 
Secondly, it removed ambiguity in the analysis of some events whose 
m e a s u r e m e n t s allowed m o r e than one in te rpre ta t ion corresponding to 
different photon ene rg ie s . In p re l imina ry runs , it was found that 
chamber efficiency dropped rapidly above 180 Mev; this was unimportant 
since measurements close to threshold (kT=145.83 Mev 
for π- ; 148.62 Mev for π+) were of primary interest. 

To remove e lec t ron background caused by the Compton effect 
at low photon ene rg ie s , approximately one radiat ion length of LiH 
beam ha rdene r was used. Its attenuation of the b r e m s s t r a h l u n g beam 
was l a rges t at low photon ene rg ie s , as verif ied by the m e a s u r e m e n t s 
desc r ibed in Sec. III.C. 
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B. General Descript ion of Setup 

The exper imenta l a r rangement is shown in F igs . 3, 4, and 5. 
A 194±2-Mev b remss t rah lung beam from the synchrotron was 
coll imated to 1/8- in. d iameter 57-in. from the in ternal 20-mi l Pt 
t a rge t . A 1/2- in . col l imator immediate ly following the f irs t was 
used for additional shielding. The beam then t r a v e r s e d 74.5 in. of 
LiH beam hardener (about one radiation length) immersed in 6.43-and 7.63-kgauss 
sweeping fields, and passed through a tapered 
3/8- in . t e r t i a r y col l imator to remove " h a l o . " The beam passed 
through a 5-mil b r a s s window into a 6-ft vacuum extension. The 
t e r t i a r y col l imator and vacuum entrance were in a 10.1-kgauss 
field (Fig. 6). The beam entered the 4-in. bubble chamber through a 
7-mil Mylar window 7/8 in. in d iamete r . The approximate intensity 
used was 2.2×106 Mev per pulse before hardening, or 0 .8×10 6 Mev 
after hardening. The beam monitor was a thick-walled Cu ionization 
chamber of the Cornell design.60 

C. Synchrotron Operation 

The peak energy of the synchrotron was lowered from 324 Mev 
to 194 Mev by reducing the voltage on the magnet capaci tor bank from 
14.9 to 8.76 kv. The voltage was e lect ronical ly regulated to ±0.1%. 
The 20-µsec beam fallout durat ion was moni tored continuously 
throughout the run and kept within 100 µsec of synchrot ron peak field, 
corresponding to a var ia t ion in peak energy of at most ±0.03%. The 
synchrotron was pulsed in the no rma l manner at 6 beam pulses per 
second. 

A total of 472 rolls of film containing an average of 400 exposures 
was exposed under these conditions during a 6-week run. 
In addition, 24 rolls were taken with the beam fallout occurring 
3.875±0.010 msec before synchrot ron peak field. This produced 
beam at a peak energy Emax=138±1.5 Mev, slightly below pion 
threshold , in o rde r that a background subtract ion could be made for 
two- and t h r e e - p r o n g photoproton sca t te r ings s imulat ing nega t ive -meson 
events . 
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Fig. 4. General view of setup. Beam leaves the 
synchrotron at ex t r eme left, is col l imated, pa s se s 
through the LiH beam hardener (here seen 
d i sassembled on table at left), t e r t i a r y col l imator , 
and vacuum extension. The bubble chamber is at the 
right. 
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Fig. 5. Bubble chamber in posit ion. 
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Fig. 6. Detail showing beam ha rdene r , t e r t i a r y col l imator , 
and vacuum extension positioned in p a i r - s p e c t r o m e t e r -
sweep magnet. 
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D. Bubble Chamber 

The bubble chamber used was originally built by the Alvarez 
group as a prototype for larger chambers.61,62 Its nominal inside 
diameter is 4 inches and depth 2.154 inches. This chamber, shown in 
F igs . 5 and 7 through 10, has had extensive use for r e s e a r c h 5 3 , 63-67 

and perhaps has been pulsed m o r e t imes (around 2×106) than any 
bubble chamber now in exis tence . 

Modifications were made to adapt the chamber for use with a 
b r emss t r ah lung beam.6 6 Thin ent rance and exit windows, shown in 
F igs . 9 and 10, were used to avoid the background p resen t from 
e lec t romagnet ic and photonuclear effects in the wal ls . Seven-mil 
Mylar used to form the 7 /8- in . -d i amete r window was at tached by 
means of a flange and lead gasket. The exit window was of 10-mil 
stainless steel soldered into the chamber wall. A 6-ft vacuum extension 
was used before the chamber to eliminate the background from 
this path length of a i r . The 5-mil b r a s s vacuum window was placed in 
a 10 .1-kgauss sweeping field, as shown in F igs . 4 and 6. As a r e su l t 
of these precaut ions the ra t io of Compton and pair e lec t rons enter ing 
the chamber to those produced in the chamber was only 1/3, as determined 
in a previous experiment employing the same experimental 
a r rangement . 6 7 T racks of photonuclear react ion products from the 
exit wall were vir tual ly unseen, whereas they were a common source 
of background in e a r l i e r runs without the thin windows. 

Deuter ium taken from the bubble chamber following the run was 
analyzed with a m a s s spec t rograph . About 1.04% of the a toms in the 
sample were found to be H 1 . Other impur i t i e s were p resen t only in 
negligible amounts . 

No magnet ic field was used on the chamber , s ince i ts use 
would have slowed the pulsing r a t e by a factor of 3. Field s t rengths 
readi ly obtainable would have been of marg ina l value in the identification 
of short t r a cks because the dis t r ibut ion in apparent cu rva tu re due to 
mult iple Coulomb sca t te r ing would have been of the s ame o rde r of 
magnitude as cu rva tu re due to the field. 
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Fig. 7. Schematic of 4- inch bubble chamber . 
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Fig. 8. Bubble chamber removed from vacuum jacket , 
showing the l iqu id -n i t rogen- tempera tu re t h e r m a l 
shielding. 
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Fig. 9. Bubble chamber suspended from the liquid hydrogen 
flask. The chamber entrance and exit windows a r e 
visible to the left and r ight , respect ive ly . The coaxial 
cable at the left is connected to the Linlor pressure-sensing 
capacitor. The expansion line is visible at the 
right. 
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Fig. 10. Detail of bubble chamber, showing the 
arrangement of the windows. The stainless steel 
chamber is supported from the liquid hydrogen flask by 
an OFHC copper heat leak. The v a p o r - p r e s s u r e 
cell is the c re scen t - shaped cell at the inside top of 
the chamber . The smal l tube at the right i s an 
in tergasket window pumpout, while the one at the left 
is an emergency p r e s s u r e r e l e a s e . 
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E. Chamber Timing 

The chamber was expanded every 6 seconds. Because the 
sensi t ive t ime of each expansion was only a few mil l i seconds in 
duration, careful t iming with r e spec t to the synchrotron beam was 
requi red . Figure 11 shows the sequence of events for each chamber 
pulse. 

Since the chamber expansion cycle had to begin about 15 m s e c 
before the beam a r r ived in the chamber , the cycle was init iated by 
the preceding synchrotron magnet pulse . These control pulses were 
provided by the synchrotron at the machine pulsing ra t e of six per 
second. One such pulse was selected every 6 seconds by a Flex-O-Pulse, 
a clock-operated switch. An electronic master delay of 
about 152 msec produced a second t r igge r just preceding the subsequent 
(used) synchrotron beam pulse. This trigger caused a deuterium-operated 
sleeve value to open, allowing the chamber pressure to fall 
f rom 111 psig to 59±4 psig. Shortly thereaf te r another pulse caused 
the r e c o m p r e s s i o n s leeve valve to allow deute r ium gas at 111 psig 
to r e t u r n to the chamber . Mechanical ine r t i a caused the p r e s s u r e dip 
and r i s e to occur about 6 m s e c behind the i r initiating pu l ses . The 
p r e s s u r e dip was about 20 msec in length and was t imed so that the 
beam passed through the chamber at the p r e s s u r e min imum. About 1 
m s e c was allowed for the bubbles to grow to 70 µ d iamete r before the 
main strobe light was flashed. 

Roughly 1 second later, a light was fired to illuminate the data-readout 
panel. This panel contained the expansion counter and other 

data to be photographed with each chamber expansion. The film was 
advanced just following the data-light firing. 

These t iming pulses were continuously displayed on an 
osci l loscope during the run, along with the signal from a Linlor 
p r e s s u r e gauge.68 This gauge employs a p r e s s u r e - s e n s i n g capaci tor 
in connection with a fast pu ise r . A compar i son between the pulses 
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Fig. 11. Schematic of bubble chamber t iming. The top 
axis r e p r e s e n t s synchrot ron magnet pu l ses , the 
middle axis r e p r e s e n t s bubble chamber control 
pu l ses , and the lower one displays the chamber 
p r e s s u r e var ia t ion as m e a s u r e d by a Linlor condenser 
p r e s s u r e gauge. 
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reflected from the sensing capaci tor and those from a fixed capaci tor 
provided the signal schemat ica l ly indicated in Fig. 11. Figure 9 
shows the position of the sensing capaci tor in the chamber wall. 

F. Tempera tu re Biasing of Chamber 

Because of the large number of Compton and electron pair-production 
react ions produced within the chamber by such a beam, 

it was imperative to employ "temperature biasing" to reduce background 
caused by them. The temperature of the chamber was lowered 
to the point at which rapid, lightly ionizing par t i c les left very light 
t r a cks whereas slowly moving par t i c les left c lea r ly dist inguishable 
dark t r a c k s . (It can be seen in Fig. 22 that the meson and protons 
stand out c lear ly against the background of one or two hundred light 
e lec t ron t r a c k s . ) A t e m p e r a t u r e of 0.10K higher would cause e lec t ron 
t r a cks to become dense enough to obscure all detai l . A cooler chamber 
would make the heavy par t i c les ha rde r to see . T e m p e r a t u r e was 
control led during the run by a v a p o r - p r e s s u r e - o p e r a t e d switch which 
caused e i ther full or par t ia l power to be applied to a hea te r which 
warmed the chamber . The chamber contained a smal l v a p o r - p r e s s u r e 
(VP) cell charged with deuter ium(Fig . 10). The p r e s s u r e of this cell 
was t r ansmi t t ed to one side of a d iaphragm, the other side of which 
held a fixed backing p r e s s u r e for compar i son . Differences between 
the backing p r e s s u r e and the vapor p r e s s u r e opera ted the hea te r 
switch. 

The nominal vapor p r e s s u r e was 105 psia (corresponding to 
32.7° K) and our a r r angemen t regula ted VP to ±0.5 psi or ±0.025° K. 
The t e m p e r a t u r e r equ i red for good t r acks somet imes drifted 1 or 2 
psi over per iods of a day. This was caused in par t by ambient 
t e m p e r a t u r e fluctuations and probably by changes in chamber expansion 
t iming and other chamber p a r a m e t e r s . 

Visual checks of chamber conditions were made every hour by 
means of film t e s t s t r ips and Polaroid Land p ic tu res . Of the 472 
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rolls of film taken at Emax =194 Mev, 444 were taken with good 
chamber conditions and were used as sources of data. 

G. Chamber Optics and Photography 

Direct dark-f ie ld i l lumination was employed in this exper iment , 
as shown in Fig. 12. The G. E. FT-218 tube was fired at 5 watt-seconds by discharging a 10-µf capacitor charged to 1000 volts. 
The 1 /2- in . -d iamete r light source was focused by a 6-in. condenser 
lens to a spot equidistant between the c a m e r a s t e reo l ense s . The 
average radius of the i l luminated region in the chamber was 4.6 cm, 
as determined from measurements on tracks leaving the chamber. 

The da ta - readout panel was i l luminated by a Kemlite 
FA-100 tube fired at 7.0 wat t - seconds , and i ts image appeared on 
the film adjacent to the lower s t e r eo p ic ture . One-hundred-foot 
ro l l s of 35 m m Eas tman Kodak unperfora ted Pana tomic-X were 
used in a Recordak s te reoscopic c a m e r a . The lenses were spaced 
3.5 in. apa r t , 19 in. from the chamber center . The a p e r t u r e s were 
set at f / l6 to insu re adequate depth of field. 
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Fig. 12. Bubble chamber opt ics . The main light source 
at the right i l luminates the chamber , which is viewed 
by a s t e reo c a m e r a at the left. 
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III. BEAM ANALYSIS 

A. Beam Size and Distribution 

The beam diameter was determined by a 1/8- in . col l imator 
57 in. from the synchrotron in ternal t a rge t . A second col l imator , 
1/2 in. in d iamete r , immediate ly following the p r i m a r y col l imator , 
and a t ape red th i rd col l imator , 3/8 in. in d iameter , following the LiH 
beam hardener were used to clean up the edges of the beam. In the 
chamber , the beam d iameter was 0.50 ±.10 in. as verified by x - r a y 
p ic tures (see Fig. 14), taken during the run, and by an analysis of 
the event or ig ins . 

The alignment of the chamber was facilitated by a smal l lead 
fiducial point, Fig. 13, mark ing the center of the Mylar ent rance 
window. X- ray p ic tures exposed before the run showed the outline 
of the beam with the image of the fiducial m a r k e r superposed, 
Fig. 14. The fiducial m a r k e r could be withdrawn from the path of 
the beam from outside the vacuum sys tem without dis turbing the 
bubble chamber . 

Measurements of the or igins of 483 negat ive-meson events 
gave a more detailed pic ture of the beam profi le. The event or ig ins 
a r e projected in a plane no rma l to the beam direct ion in Fig. 15. This 
dis t r ibut ion also hints of the eccent r ic i ty seen in the x - r a y p ic tu re . 
The beam center was taken as the average of the x and y coordinates. 

By counting points in concentr ic r ings about the center , dividing 
by the a r e a , and normal iz ing to unity, the intensity profile shown in 
Fig. 16 was de termined. The d iameter at half intensi ty is 0.49 in. 
in agreement with the x - r a y m e a s u r e m e n t s . The observed eccent r ic i ty 
was ignored in obtaining this profile. 
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F i g . 13. D e t a i l showing t h e p o s i t i o n of t h e l e a d f iduc ia l 
m a r k e r u s e d d u r i n g x - r a y l i neup of c h a m b e r . 
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Fig. 14. Contact print of beam-l ineup x - r ay , showing the 
beam size with lead fiducial image super imposed. 
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Fig. 15. Distr ibution of γ + d → π-+2p event v e r t i c e s , 
used to de te rmine the beam profile of Fig. 16. 
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Fig. 16. Beam intensi ty as a function of rad ia l d is tance , 
obtained from event dis t r ibut ion of Fig. 15. The 
t rapezoidal shape was fitted by inspection. 
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B. Peak-Energy Measurements 

To de termine the exact peak energy of the synchrotron, E m a x , 
the 60-deg pair spec t romete r was used.6 9 It was moved forward, as 
shown in Fig. 17, and a fourth magnet introduced to take its place as 
a sweep magnet . The absolute p a i r - s p e c t r o m e t e r field had previously 
been cal ibra ted, in t e r m s of the voltage m e a s u r e d on a s tandard shunt, 
by means of a nuclear-magnetic-resonance technique. These measurements 
were verified at the time of the run by a 1%- of-full-scale rotating 
coil device. In o rde r that a given spec t romete r should cu r ren t always 
cor respond to the same magnetic field, the magnetic h is tory of the 
i ron was e r a sed by saturat ing the magnet and then turning off the cur ren t 
before sett ing the des i r ed cur ren t . The absolute-f ield m e a s u r e m e n t s 
were taken under the same conditions. Shunt voltages were r ead on a 
potent iometer whose accuracy was 0.1%. The e r r o r in the magnet ic 
field was assumed negligible in the reduction of the data. 

Independent peak-energy cutoffs were made with both coincidence 
c i r cu i t s , as i l lus t ra ted in Fig. 18. Runs were made with a 10-mil 
Ta conver te r , background was m e a s u r e d with no conver te r p resen t , 
and accidentals were counted by inser t ing a 2.0×10 -8 - s e c delay in one 
counter channel of each coincidence pa i r . This t ime roughly cor responds 
to one synchrot ron beam rotat ion (2.10×10 - 8 sec) . The combined 
cor rec t ions due to background and accidentals a r e also indicated on 
Fig. 18. The re su l t s of fitting the co r r ec t ed points to s t ra ight l ines 
a re p resen ted in Table II. 
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Fig. 17. Schematic of setup during p a i r - s p e c t r o m e t e r 
m e a s u r e m e n t s . The setup r e s e m b l e s that of Fig. 3 
except that the p a i r - s p e c t r o m e t e r magnet was moved 
forward, replacing the bubble chamber , and a fourth 
sweep magnet introduced. The LiH was removed 
for peak-energy m e a s u r e m e n t s . 
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Fig. 18. P a i r - s p e c t r o m e t e r peak-energy cutoff for Channel 
(2 + 5). Seven exper imenta l points, co r rec t ed for 
background and accidenta ls , were used in making 
the s t ra igh t - l ine fit. The 11.76±0.04-mv cutoff 
point cor responds to a peak synchrotron energy of 
193.7±0.1 Mev . 
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Table II 

L e a s t - s q u a r e s extrapolat ions of the peak-energy cutoffs 

Channel Number of 
points used 

χ2 Cutoff 
point 
shunt 
voltage 

(mv) 

Magnetic 
field 
(kgauss) 

Sum of 
orbi t 
rad i i 

(cm) 

Calculated 
peak energy 

(Mev) 

(2 + 5) 7 2.40 11.76±0.04 6.29±0.02 102.7±0.1 193.7±0.6 
(3 + 6) 3 5.30 8.71±0.08 4.69±0.04 140.0±0.1 196.9±2.0 

The weighted average of these extrapolat ions gives 
194.0±0.6 Mev. An e r r o r of 1% is allowed for reproducing the m e t e r 
reading on the synchrot ron magnet power supply, giving 194±2 Mev. 
The photon energy at each cutoff was calculated from the formula 

k = 0.2998 Hkgauss Σρcm (8) 

For our 60-deg s p e c t r o m e t e r , the sum of the radi i was taken to be 
s imply the sum of the d i rec t d i s tances from the center of the conver te r 
to the center of each counter , as shown in Fig. 19. The excellent fits 
of the points to s t ra ight l ines just i f ies the use of the cen te r s of the 
counters to de te rmine the effective r ad i i . 
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Fig. 19. Geometry of 60-deg p a i r - s p e c t r o m e t e r pole 
t ips , showing posit ions of the counters . E lec t ron 
pa i r s produced in the thin Ta t a r g e t s were detected in 
coincidence by counter pa i r s (2 + 5) and (3 + 6). 
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C. LiH Transmis s ion Measurements 

Low-Z ma te r i a l can be used as beam hardener because the 
Compton c ro s s section is la rge compared with the pa i r -product ion 
c r o s s section. At the photon energies used h e r e , the ra t io of these 
c r o s s sect ions is approximately 

øC: øP ≈ Z 
8 π r 0

2 : Z(Z+1) r 2
0 / l 3 7 ≈ 1000:(Z+1), øC: øP ≈ Z 

3 
π r 0

2 : Z(Z+1) r 2
0 / l 3 7 ≈ 1000:(Z+1), 

where r0 is the c lass ica l e lect ron rad ius . Since the Compton 
effect is l a rges t at ze ro photon energy (the Thomson c r o s s section) 
and decreases with energy, the lowest-energy photons will be predominantly 
absorbed. The logarithmic rise in the pair cross section 
with energy somewhat vi t ia tes th i s , but the ove r - a l l effect i s s t i l l 
in the desired direction. 

The 74.5-inch LiH beam hardener was made up of six 2-in. -diameter 
Lucite tubes filled with powdered LiH and sealed on the 
ends with 1 /8- in . Lucite d i sks . It was de te rmined that the m a t e r i a l 
in the tubes presented a surface density of 99.48 g/cm2 to the beam. 
The transmission by the tubes was measured as a function of photon 
energy but using the pair spec t rome te r and counter a r r a n g e m e n t jus t 
described, but with a peak bremsstrahlung energy Emax = 324 Mev∙ 

The exper imenta l a r r angemen t is shown in Fig. 17. 
Resul ts a r e p resen ted in Fig. 20. Runs were made with a 

10-mil or 2 -mi l Ta conver te r a l te rna te ly in and out of the beam, and 
with the LiH inse r t ed and-removed. Accidentals were again counted 
with a 2.0×10 -8 - s e c delay in one counter channel of each coincidence 
pa i r . Runs were kept to a length of 5 or 10 minutes to avoid e lec t ron ics 
drift and synchrot ron p a r a m e t e r changes. No run was longer than 15 
minu tes . The ent i re cycle was repea ted seve ra l t i m e s at each photon 
energy. 

The t r a n s m i s s i o n at a given p a i r - s p e c t r o m e t e r magnet set t ing 
was calculated by the formula 
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Fig. 20. T r a n s m i s s i o n m e a s u r e m e n t s for the LiH beam 
ha rdene r . The exper imenta l points shown were 
fitted to a combination of the t r a n s m i s s i o n s of e lements 
Li, H, C, and 0, to include the effect of the absorbed 
H2O and the Lucite ends. 
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T = [( 
R -

A 
) Ta in -( 

R - A 
) Ta out] LiH in 

, T = [( M - M ) Ta in -( M - M ) Ta out] LiH in 
, T = 

R - A ) Ta in 
-( 

R - A 
) Ta out] LiH out 

, T = 

M 
-

M ) Ta in 
-( M 

-
M ) Ta out] LiH out 

, (9) 

where R and A refer respec t ive ly to r ea l and accidental counts, 
and M to the accompanying beam monitor reading. The thin-walled 
ionization chamber was used as a beam monitor , since absolute 
monitoring was not r equ i red , and the machine intensity was kept low 
to avoid any possibi l i ty of j amming. The photon energies were again 
calculated by means of Eq. (8). 

The smooth curve through the data is der ived from a l inear combination of the theore t ica l attenuations of Lucite (H 8 C 5 O 2 ) , LiH, and H2O. The amount of Lucite in the beam hardener ends was easi ly m e a s u r e d and found to be 2.27 g / c m 2 , and i ts attenuation curve was obtained in a s t ra ight forward way. A l inear combination of the curves for LiH and H2O was combined with this by means of a l e a s t - s q u a r e s fit to the exper imenta l points . It was de te rmined in this way that LiH consti tuted 0.748±0.006 by weight of the m a t e r i a l in the tubes , the r ema inde r being H2O. The attenuations due to the e lements H, Li, C, and O used in this fit were obtained up to 100 Mev from G r o d s t e i n ' s t a b u l a t i o n s . 7 0 A b o v e 100 Mev, they were calculated d i rec t ly from the Klein=Nishina formula 71 and the Bethe-Hei t le r pa i r -p roduc t ion c r o s s sect ion, taking par t ia l sc reen ing and Coulomb co r rec t ions into account. The c r o s s section a s sumed for e lec t ron pai r production in the fields of orbi ta l e lec t rons was that es t imated by Joseph and Rohrl ich.7 3 

Corre la t ing the data by means of such a l e a s t - s q u a r e s fit has 
the effect of inc reas ing our knowledge of the t r a n s m i s s i o n at any given 
point. The adjusted e r r o r in the t r a n s m i s s i o n in the region 140 to 
200 Mev is 0.5%, whereas the e r r o r s on the exper imenta l points a r e 
around 1.5% each. 
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Measurements at 41.6 and 56.1 Mev were repeated with the 
first and second sweep magnets off. This had no effect within s t a t i s t i c s , 
on the observed attenuation. The implication is that mult iple Coulomb 
sca t te r ing is so effective in removing e lec t rons produced in the beam 
hardener before they can r e r ad i a t e in the beam direct ion that the 
sweeping fields make a negligible contribution to their r emoval . 

In addition to the m e a s u r e m e n t s made by using a 324-Mev 
b remss t r ah lung beam, t r a n s m i s s i o n m e a s u r e m e n t s at 40.3 and 
55.4 Mev were repeated with a lowered synchrotron energy E m a x o f 
194 Mev. This was done to de te rmine whether pair e lec t rons produced 
within the beam hardener by high-energy photons would r e r ad i a t e 
in the forward direct ion with sufficient probabili ty to noticeably a l ter 
the spec t rum at lower photon ene rg ies . No such effect was seen within 
s t a t i s t i c s . 

D. Spectrum 

It was decided that the b r emss t r ah lung spec t rum der ived by Schiff74 would be appropr ia te for our 20-mil Pt in terna l t a rge t . 

Spectrum tabulations for 200 Mev (screening constant = 111) published 
by Penfold and Leiss 7 5 were adapted for our use by multiplying the 
abscissa of each point by 0.96. This spectrum is shown in Fig. 21. 
The hardened spectrum on the same graph was obtained by multiplying 
by the t r a n s m i s s i o n s given on Fig. 20. 

E. Total Effective Flux 

A thick-walled Cu ionization chamber of the Cornel l design 
was used as beam moni tor . The charge was collected on a 134.7±1.3-µµf 
low-leakage (Fast Corp . ) condenser in connection with a 100% feedback 
dc e l e c t r o m e t e r and a Leeds and Northrup Speedomax r e c o r d e r set 
at 10 volts full sca le . The condenser was ca l ibra ted by compar ing i ts 
charging r a t e with that of a s tandard 0.001-µf capaci tor . 
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Fig. 21. Theore t ica l Schiff b r emss t r ah lung spec t rum for 
194 Mev, before and after the LiH beam hardener. 
The lower curve was obtained by multiplying the Schiff 
spec t rum by the t r a n s m i s s i o n s of Fig. 20. 
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In computing the effective beam flux per rol l of film, it was 
assumed that the average flux per synchrotron pulse (at 6 per second) 
was the same as the average per bubble chamber expansion (one per 
6 seconds). During the run, the Cornell in tegrated charge and the 
running t ime per rol l were recorded . The average running t ime 
was 40 minutes for a rol l of 400 exposures . The effective flux for 
each ro l l was calculated by the formula 

{ 

Effective 
hardened 
|µ Coul 
for ro l l } ={ 

n u m b e r of 
u s a b l e f r a m e s 
in r o l l 

} × { 

C o r n e l l µ cou l i n t e g r a t e d 

}. { 

Effective 
hardened 
|µ Coul 
for ro l l } ={ 

n u m b e r of 
u s a b l e f r a m e s 
in r o l l 

} × { T o t a l n u m b e r of 
s y n c h r o t r o n b e a m p u l s e s 
d u r i n g e x p o s u r e of r o l l 

}. 

(10) 

Of c o u r s e , t h i s r e f e r s to a h a r d e n e d b e a m , so t h a t t h i s n u m b e r cou ld 
not be d i r e c t l y a p p l i e d in c o m p u t i n g n u m b e r s of pho tons in t h e bubble 
c h a m b e r . 

F i v e t i m e s d u r i n g t h e r u n , t h e C o r n e l l c h a m b e r w a s c a l i b r a t e d 
a g a i n s t i t s e l f wi th an wi thout t h e b e a m h a r d e n e r . T h e t h i n - w a l l e d 
i o n i z a t i o n c h a m b e r w a s u s e d a s an i n t e r m e d i a t e m o n i t o r . It w a s found 
tha t one µcoul i n t e g r a t e d by t h e C o r n e l l c h a m b e r wi th t h e h a r d e n e r 
in place implied that 3.325 ± 0.046 µcoul of unhardened beam was incident 
on the LiH. The error was obtained from the standard deviation 
(±0.11) of the five d e t e r m i n a t i o n s , and p r o b a b l y a r o s e f r o m i n a c c u r a t e 
repositioning of the LiH. 

Thus, the numbers obtained from Eq. (10) had to be multiplied 
by 3.325±0.046 and then by (3.95±0.16) × 1012 Mev/µcoul, the 
ion iza t ion-chamber constant 76,77for 194 Mev co r r ec t ed for ambient 
t e m p e r a t u r e and p r e s s u r e . 

For the 444 usable r o l l s , a total of 0.03406±0.00034 effective µcoul was col lec ted with the beam ha rdene r in p lace . The 1% e r r o r a r i s e s from the cal ibra t ion of the in tegrat ing condenser . After multiplying by the factors just mentioned, we obtained (0 .373±0 .017)×10 1 2 Mev in tegra ted flux incident on the beam h a r d e n e r . 
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By taking ra t ios of the a r e a s of the smal l energy bins to the 
total a r ea under the p r i m a r y spec t rum of Fig. 21 and dividing by 
the central bin energy, we obtained the relative numbers of photons 
incident on the beam hardener. Multiplying by (0.373±0.017) × 1012 

Mev t imes the t r a n s m i s s i o n (Fig. 20) at each energy gave the absolute 
numbers of the photons pass ing through the bubble chamber . The 
numbers a r e tabulated in Table III. 

E r r o r s in these numbers a r i s e from the following s o u r c e s : 
Ionizat ion-chamber constant 4% 
Ionizat ion-chamber filling 0.8% 
Integrating condenser cal ibrat ion 1.0% 
Beam-ha rdene r positioning 1.4% 
Beam-ha rdene r attenuation 0.5% 

A 4% e r r o r is ass igned to the ioniza t ion-chamber constant to allow for the d iscrepancy between the compilat ions by Loeffler et a l . 7 6 a n d 
D e w i r e , 7 7 a s well as the i r s tated absolute e r r o r s . The combined 
moni tor ing e r r o r is a s sumed to be 4.5% up to 180 Mev. 
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Table III 

Effective numbers of photons incident on the bubble chamber 
Flux incident on beam hardener = (0.373±0.017)X1012 Mev 

Photon energy 
interval 
(Mev) 

ai 
from 

Beam-hardene r 
t r ansmi s s ion 

Number of 
photons 
(number×107) 

Photon energy 
interval 
(Mev) Ak 

from 
Beam-hardene r 
t r ansmi s s ion 

Number of 
photons 
(number×107) 

Schiff spec t rum 
(number × 10 - 5 ) 

145.83 to 147.5 5.223 0.351 0.6837 
147.5 to 150 7.710 0.351 1.009 
150 to 152.5 7.586 0.351 0.9932 
152.5 to 155 7.457 0.351 0.9761 
155 to 157.5 7.334 0.350 0.9575 
157.5 to 160 7.214 0.350 0.9418 
160 to 162.5 7.092 0.350 0.9258 
162.5 to 165 6.963 0.350 0.9090 
165 to 167.5 6.849 0.3495 0.8930 
167.5 to 170 6.731 0.3495 0.8773 
170 to 172.5 6.599 0.3495 0.8601 
172.5 to 175. 6.453 0.395 0.8411 
175 to 177.5 6.288 0.349 0.8187 
177.5 to 180 6.098 0.349 0.7937 
180 to 182.5 5.887 0.349 0.7665 
182.5 to 185 5.618 0.349 0.7315 
185 to 187.5 5.252 0.348 0.6818 
187.5 to 190 4.695 0.348 0.6095 
190 to 192.5 3.658 0.348 0.4748 
192.5 to 194 1.278 0.348 0.1660 
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IV. ANALYSIS OF FILM 

A. Introduction 

The main problem in the data analysis was the separa t ion of 
pion events from a background of photonuclear-product sca t te r ings 
which could s imulate the des i r ed meson events . Since no magnet ic 
field was used on the chamber , pa r t i c les could not be identified by 
r ange -momen tum re la t ionships . Ionization m e a s u r e m e n t s were only 
of qualitative value because of slight but continual fluctuations in 
bubble-formation conditions. Therefore , k inemat ica l considera t ions 
(for π- events) or decay modes (for π+ events) were used for identification 
and analysis of the events. 

The ca tegor ies of events involving par t i c les heavier than 
e lec t rons a r e 

γ + d → π- + 2 p , 
γ + d → π+ + 2n, 

μ+ + ν 
e+ + ν + , 

(1) 
(2) 

γ + d → π0 + d 
→π0 + n + p, 

γ + d → n + p, 
γ + d → γ + d. 

(3) 
(4) 

(5) 
Reaction (1) (Fig. 22), with Reaction (2), is of p r i m a r y 

in t e r e s t in this exper iment . There a r e t h r ee charged pa r t i c l e s in the 
final s ta te , but not al l of t hem may give vis ible t r a c k s if e i ther too 
short or too lightly ionizing. This reaction may appear as a three-,two-, 
or one-prong event. All such events with three prongs are 
fully analyzable (Sec. V. A), as a lso a r e those with two prongs if both 
prongs end in the chamber . No other t r ack configurations a r e analyzable . 
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Fig. 22. An example of the react ion γ + d → π- + 2p in the 
4-inch deuter ium bubble chamber . Beam enters at top 
of p ic ture . 
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Reaction (2) is also of major impor tance (Fig. 23). Since 
there is no way to identify a single track per se, the decay of the 
π+ into a µ+ with a well-defined range (1.004 ±0.053 cm in bubble 
chamber deuter ium, Sec. IV. F) is used as the identifying feature . 
Thus, only stopping posit ive pions which decayed into stopping 
muons were used. The difference in ionization between the stopping 
π+ and the outgoing µ+. also was a factor in identifying positive-meson 
events. In 26% of the cases, identification was made certain 
by a "visible" positron from the µ+ decay. 

Reaction (3) should occur l e s s frequently than Reaction (1) 
or (2), since neutral-photopion production near threshold on protons 
is much lower7 8 than posi t ive-pion production, and neutral-photopion 
production occurs on protons and neutrons with about equal probabil i ty, 
as exper imenta l ly verif ied at higher photon energ ies . 7 9 Only the 
outgoing p or d t r ack is visible in Reaction (3), and no su re 
identification of the event type is poss ib le . 

Photodis integrat ion of the deuteron (Fig. 23), React ion (4), 
occurs very frequently, s ince it has a compara t ive ly l a rge c r o s s 
sect ion in the low-energy half of the spec t rum, 8 0 where m o r e photons 
a r e p resen t . In teract ions caused by photons of energy 20 to 60 Mev 
generally produce protons with visible tracks which stop in the chamber. 
These data will subsequently be analyzed. Photodisintegrations contribute 
the most troublesome form of background when the outgoing 
proton s ca t t e r s on a deuteron and r e s e m b l e s a two- or t h r e e - p r o n g 
event of Type (1). 

Reaction (5), the deuteron Compton effect, r a r e l y o c c u r s , 
s ince i ts c r o s s sect ion is of the o rde r 

8 
π ( 

e2 
)2 ≈ 5 ∙ 10-32 c m 2 . 

3 
π ( 

M D C 2 
)2 ≈ 5 ∙ 10-32 c m 2 . 
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Fig. 23. An example of the react ion sequence 
γ + d → π+ = 2n, π+ → µ+ + ν, µ+ → e + + ν + , 
seen in the 4-inch deuter ium bubble chamber . Posi t ive 
pions a r e normal ly identified by their muon decay. 
In 26% of the cases, the positron track is also visible. 
A photoproton track is also visible here. Beam enters 
at top of p ic ture . 
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B. Scanning Procedure 

A s te reoscopic viewer (Fig. 24) was used to read the film. 
Two complete scannings of each rol l were made . Standard scanning 
sheets were used on which the rol l and frame.number, number of 
prongs , and number of leaving t r a cks were entered, along with a 
d i ag ram of each event. All two- and th ree -p rong t r ack configurations 
that could reasonably be negative or positive production events were 
l i s ted . Events with or igins obviously outside the beam or with t r a cks 
obviously going the wrong direct ion by ionization were omitted. As 
the scanners were ins t ruc ted to be conservat ive in omitting apparent 
nonmeson events, only 28% of the tabulated events were later determined 
to be analyzable meson events. 

Twelve percent of the analyzable negative mesons and 4% of 
the posit ive mesons were found on the r e scan , giving ove r - a l l human 
efficiencies of 98.4 and 99.8%, respec t ive ly . A typical full day of 
work for one scanner was eight ro l ls of film. 

After the rol ls had been scanned, measu red , and kinematical ly 
analyzed, each event was r e - examined by a t e a m of two phys ic i s t s . 
One perused the event in the viewer while the other looked in the 
kinematic analysis for an in te rpre ta t ion of the event agreeable to both. 
This could be done at the r a t e of five or six ro l l s an hour . 
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Fig. 24. Use of the s t e r eo viewer for film scanning. 
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C. Event Reconstruct ion 

By vir tue of the behavior of functions of smal l angles , a very 
s imple and sat isfactory solution was found for the geometr ica l problem 
of event recons t ruc t ion . The simplifying assumptions a r e : 

(a) The express ion 

n1 tan ø1 
≈ 1 

n2 tan ø2 

≈ 1 (11) 

is a sufficiently accura te approximation of Sne l l ' s Law. At the l a rges t 
angle encountered (11 deg) this ra t io is actually 1.0033. 

(b) The effects of 0.75-in. g lass (n ≈ 1.5) and 0.50-in. Lucite 
(n ≈ 1.5) windows can be absorbed in a scaling factor. 

The method used is i l lus t ra ted in Fig. 25. A r ight -hand 
coordinate sys tem was de termined by demanding that the z axis be in 
the beam direct ion, the y axis be perpendicular to the windows, and 
the c l ea r e s t re fe rence fiducial m a r k be the origin. The bubble chamber 
windows were a s sumed perpendicular to the c a m e r a ax i s . 

In Fig. 25, x, y, z a r e the bubble coordinates to be de te rmined . 
Consider Line I: we have 

t a n α1.= 
x - x'1 

• t a n α1.= 
y -t 

• (12) 

Similar ly , for Line I ' , we have 

t a n β1 = 
(B + D)- x'1 

• t a n β1 = 
(A + t) - t 

• (13) 

By Eq. (11) we can write 

n 
X - X'1 

= 
(B + D) - x' 

, n 
y - t 

= 
A 

, (14) 

where n ≈ 1.1 is , the index of ref ract ion of the deute r ium. Lines II 
and I I ' give 



- 58 -

Fig. 25. Four - inch bubble chamber recons t ruc t ion optics 
(not to sca le) , showing the paths of light r ays from a 
bubble at x, y, z to the film. The planes y = 0 and 
y = t a r e defined by the inside surfaces of the chamber 
windows. 
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n 
x - x ' 2 

= 
(B - D) - x ' 2 

n 
y - t 

= 
A 

(15) 

Combining Eqs . (14) and (15), we get 

y = t + 
nA(x'1 - x ' 2 ) 

y = t + 
(x'1 - x ' 2 ) - 2D 

(16) 

and 

X = X'1 + 
(B + D) - x'1 

(y - t ) . X = X'1 + 
n A 

(y - t ) . (17) 

By analogy we may immedia te ly write 

z = z'1 + 
(B' + D ' ) - z'1 (y - t ) . z = z'1 + 

n A 
(y - t ) . (18) 

Now the two photographs taken by the c a m e r a simply contain 
images of the y = t plane, scaled and inverted. In rea l i ty this plane, 
the inside of the bubble chamber window, has fiducial m a r k s at the 
c o r n e r s and center of a 2-in. square , which make m e a s u r e m e n t s on 
the film very s t ra ight forward. 

The e r r o r in using tangents r a the r than sines and Sne l l ' s Law 
(Eq. (11)) is 0.33% for the ex t reme case ( a n angle α1 of 11%). This 
e r r o r is to be applied only to the second, " p a r a l l a x - c o r r e c t i o n " t e r m 
in Eq. (17) or Eq. (18). These t e r m s a r e never l a r g e r than 1.0 cm. 
The e r r o r in y is l a rges t when y is smal l , and is at most 0.3%×5.5 cm 
= 0.016 cm. 

Now, in se r t a 0.75-in. g lass window in Fig. 25, with the.plane 
y = t as i ts left surface . It is obvious that the photographic image of 
a point on the plane appears far ther from the lens axis than it should, 
because the ray must t r a v e r s e the window at too smal l an angle β'. 
It appears to come from a point on the glass fa r ther away than it should 
by (0.75 in.)∙ (tan β - tan β') ≈ (0.75 in.)∙ tan β(1 - n-1

glass) ≈ (0.25 in)∙tanβ∙ 

To a very good approximation this is equivalent to an increase in image 
s ize of 0.25 in. tan β = 1.4%. 

18 in. tan β 
= 1.4%. The e r r o r in this inc rement is only 



- 60 

1.3% at 11 deg. The effect of the 0.5-in. Lucite vacuum window is 
s imi la r ly smal l . Both effects may be absorbed in a scaling factor. 

D∙ F i lm Measurements 

For measu remen t of the events , a Benson-Lehner Oscar 
(Fig. 26) was used in connection with an IBM 026 readout punch. 
This sys tem allows an opera tor to convert a set of coordinates on a 
24×24- in . s c r e e n to IBM card punches by mere ly aligning c ro s s 
ha i r s on a des i r ed point and actuating a foot switch. 

A s te reoscopic projector was mounted so as to project e i ther 
or both views onto the t rans lucent sc reen from behind. The ove r - a l l 
c h a m b e r - t o - s c r e e n magnification was 3.62. Each of the axes had 
10,000 divisions a c r o s s its ent i re range . This cor responds to 714 
divisions per cent imeter in the chamber or about 5 divisions per 
bubble d i ame te r . 

The ent i re sys tem was so a r r anged that the opera tor had only 
to find the c o r r e c t events, manually punch the frame number (three 
digits) and the number of prongs (one digit) once, move the c r o s s 
ha i r s , and opera te the foot switch. Pro jec to r view changes and all 
card-dupl icat ing and re leas ing functions were automatical ly 
p rog rammed . 

Every event had th ree Oscar c a r d s : a m a s t e r and two detai l 
c a r d s , each containing the rol l number , f rame number , and number 
of prongs as identifying punches. The m a s t e r contained the coordinates 
(to four significant figures) of the re fe rence fiducial m a r k s as seen in 
both s t e r eo views. The f i rs t detail ca rd was punched with the coordina tes , 
in View 1, of the event ve r tex and each t r a c k end point. The second 
detai l ca rd contained the same information but from View 2. Thus, 
the coordinates obtained from each view were : the r e fe rence fiducial 
mark, the event vertex, and the end point of each track. Positive-meson 
decays were handled in the same way as other two-prong events. 
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Fig ∙ 26. Benson-Lehner Oscar , showing opera tor ' s 
position before t rans lucent sc reen . Pro jec tor view 
changes and IBM card-dupl icat ing functions a r e 
controlled by the e lect ronics at r ight. Cards a re 
punched by unit at left. 
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No dist inction was made between stopping and leaving t r acks at this 
point. Forty-f ive minutes for a rol l of 400 exposures is a typical 
Oscar ing ra t e . 

Careful Oscar measu remen t s were made of the fiducial m a r k s 
on both the front and r e a r windows, and the p a r a m e t e r s in Eqs . (16), 
(17), and (18) were adjusted to give the co r rec t answers . These 
m e a s u r e m e n t s were checked on two different dates and it was found 
that the dis tances between fiducial m a r k s var ied as follows: 

δχ = -
0.022 cm = - 0 . 4 3 % , for 12 m e a s u r e m e n t s , 

χ 
= -

5.075 cm 
= - 0 . 4 3 % , for 12 m e a s u r e m e n t s , 

δy = + 0.011 cm = +0 .20 %, for 12 m e a s u r e m e n t s , 
y 

= + 
5.454 cm 

= +0 .20 %, for 12 m e a s u r e m e n t s , 

δz 
= -

0.014 cm 
= - 0 .28%. for 11 m e a s u r e m e n t s . 

z 
= -

5.075 cm 
= - 0 .28%. for 11 m e a s u r e m e n t s . 

These data may be used as an indication of the sys temat ic e r r o r s 
p resen t . The fiducial spacing had been m e a s u r e d with a t rave l ing 
mic roscope , and the chamber depth with a m i c r o m e t e r . Small 
co r rec t ions for t h e r m a l contract ion were made to these m e a s u r e m e n t s . 

To m e a s u r e the random e r r o r s , t r a cks were chosen that were 
closely pa ra l l e l to the x, y, or z axis (| cosine ≥|0.9). These t r a cks 
were m e a s u r e d twice at random in te rva ls and half the r m s value of 
the i r range differences obtained: 

δRx = 0.028 cm, for 53 tracks of random length, 
δRy = 0.053 cm, for 53 tracks of random length, 
δRz = 0.037 cm, for 55 tracks of random length. 

The average over all space di rec t ions is δRrms = 0.041. The r m s 
e r r o r s a sc r ibed to a coordinate x, y, or z a r e 0.707 of the above: 

δx = 0.010 cm, 
δy = 0.038 cm, 
δz = 0.026 cm. 
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E. Rango P r o g r a m 

As a f irs t s tep in the numer ica l analysis of the events , the Oscar 
cards were processed on an IBM 650 computer, using a specially-written 
program called Rango. This program first calculated space 
coordinates of the ve r t i ces and end points of all t r a c k s by using 
Eqs . (16), (17), and (18). F r o m this information, the range R and 
di rect ion cosines λ, µ, and ν were der ived. These data were 
punched out, one card for each track. Each track was tested to determine 
whether it ended within 0.2 cm of the chamber boundaries. 
If so, it was considered a leaving track, and its card was punched 
following the stopping-tracks cards, if any. 

A " t ag" - - 888, 889, 899, 999, 88, e t c . - - w a s at tached to each 
event indicating which t r a c k s stopped (by an 8 punch) and which t r a cks 
left the chamber (by a 9 punch). 

Besides R, λ, µ, and ν for each t r ack , the cosines of the 
angles between t r a cks and a coplanari ty index 

| λ1µ1ν1 
| | 

λ2μ1ν2 

| | 

λ3μ3ν3 

| 

w e r e p r i n t e d t o f a c i l i t a t e a n a l y z i n g t h e e v e n t s a s s c a t t e r i n g s . 
The f inal c a r d of t h e s e t c o n t a i n e d d a t a c o n c e r n i n g t h e v e r t e x : 

i t s s p a c e c o o r d i n a t e s x 0 , y 0 , and z 0 , and i t s d i s t a n c e r0 f r o m t h e 
c e n t e r of t h e b e a m . 
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F. Range of the Decay Muons; Range-Momentum Curves 

To determine the density of liquid deuterium under our expansion 
conditions, and to find range-momentum relationships, the 
average range of the decay muons (Tµ = 4.12 ± 0.02 Mev) t r ack was 
de termined. Only those π+ - μ+ - e+ decay chains in which the 
pos i t ron t r ack was vis ible were used, in o rde r to el iminate bias 
in choosing t r a c k s . The average of 130 such events was found to be 
1.0035 ± 0.0050 cm, with a s tandard deviation for a single m e a s u r e m e n t 
of 0.053 (Fig. 27). The e r r o r on the mean includes sys temat ic 
e r r o r s (± 0.0017 cm) as well as random e r r o r s (± 0.0047 cm). When 
the r m s measu remen t e r r o r δR = 0.041 cm is taken into account, 
the observed s t raggl ing is ± 0.034 cm. 

Now, the mean excitation potentials of hydrogen and deu te r ium 
a re closely the same . Since Z = 1 for both, only a sma l l difference 
could a r i s e from the difference in the reduced m a s s e s of the two a toms . 
Therefore ranges a r e the same in both media , if expres sed in t e r m s 
of e lec t ron dens i t i e s . The densi ty of bubble chamber deu te r ium may 
thus be de te rmined : 

ρd
 = Md ■ (Range in hydrogen, g c m - 2 ) = ρd
 = 

MP 

■ 

(Range in deute r ium, cm) 
= 

2.01471 • (0.0656 g c m - 2 ) = 0.1307 ± 0.0013 g c m - 3 , 
1.00813 

• 
(1.0035) 

= 0.1307 ± 0.0013 g c m - 3 , 

where M d / M p is the ra t io of the m a s s of a deu te r ium atom to the m a s s 
of a hydrogen atom. 

Clark and Diehl81 ,82 de te rmined the range of the µ+ f rom 
the pion decay to be 1.103± 0.003 cm in bubble chamber liquid hydrogen, 
and published r ange -ene rgy curves based on this range and the proton 
r ange -ene rgy relat ion. 8 3 , 8 4 We have simply scaled these curves in 
the ra t io of the r anges to obtain those in F igs . 28 and 29. 
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Fig. 27. Distribution of muon ranges from 130 
π+ → µ+ + v decays seen in the 4-inch deuterium 
bubble chamber. The Gaussian curve (standard deviation 
= 0.053 cm) is normalized to the same area as the 
histogram. The average range is (1.0035±0.0050)cm. 
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Fig. 28. Range-kinet ic energy re la t ionship for proton 
and π meson , based on the muon- range m e a s u r e m e n t s 
of Fig. 27. The deu te r ium density i s (0.131±0.0013) 
g m / c m 3 . 
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Fig. 29. Range-momentum re la t ionships for proton and 
π -meson , based on the muon range m e a s u r e m e n t s shown 
in Fig. 27. The deuter ium density is 
(0.031±0.0013) g m / c m 3 . 
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In the region of in te res t , R < 10 cm, the curves of Fig. 29 
very closely follow the forms 

P = 144 R 0 . 2 7 7 ( p r o t o n s ) , (19) 
P = 36.3 R 0 . 2 7 0 ( p i o n s ) , (20) 

where P is in Mev/c and R is in cm. These re la t ionships were used 
in all p rog rams that converted range to momentum. 
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V. KINEMATICAL ANALYSIS 

A. General Considerations 

In negative-meson production, the initial problem was to 
determine which of the three outgoing particles was the meson, and 
which were protons. To do this, each event was solved completely 
three times, each time with a different mass selection. An un
ambiguous choice was usually given by these results. Five IBM 650 
programs, PEASOUP, PEAPOD, PEAGREEN, PINBALL, and 
PEAGARDEN, * were written to solve the five analyzable track con
figurations. 

Ten fundamental quantities must be obtained or inferred from 
measurements on each event. These are the three momentum com
ponents for the three outgoing particles, and the photon energy, k. 
At most, nine of these can be obtained directly from measurements, 
using the range-momentum relationships of Fig. 29. Four con
servation equations, one for each component of four-momentum, must 
be used in obtaining the photon energy and the other missing data: 

F1 = √p1
2+M1+

2 + √p3
2+M3

2-k-Md= 0, 

(21) 
F 2 = λ 1 Ρ 1 + λ 2 p 2

 + λ
3 p 3 = 0, ( 2 2 ) 

F 3 = μ 1Ρ 1 + μ 2 p 2 + μ 3 Ρ 3 = 0' ( 2 3 ) 

F 4 = V1P1 + V2P2 + V3P3 - k = 0 (24) 

w h e r e = c = 1 , 

*The leguminous names of these programs are due to Richard I. 
Mitchell, who wrote all of them except Pimiki, and noticed that the 
phrase "Photoproduction: Pi Plus Proton Plus Proton" contains 
seven P ' s . 
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k = photon energy or momentum, 
ΜD = deuteron m a s s = 1875.49 Mev, 
M i = Mj = 938.213 Mev, Mk = 139.63 Mev, with i, j , k = 1, 2, 3 

permuted. 
If the event has t h r ee t r a cks and all leave the chamber , t he re 

a re exactly four unknown data: th ree momentum magnitudes and the 
photon energy. However, if at l eas t one t r ack s tops, conservat ion 
equations a r e left over that in genera l will not be satisfied by the 
der ived data. It is important for two reasons that such an event be 
adjusted to conform to all the conservat ion equations: (a) Quantities 
der ived from a nonconserving event (such as w2 used in the extrapolat ion 
of Sec. I. D) a r e also nonconserving and somet imes fall outside physical 
l imi ts . (b) Maximum use is made of the data since e r r o r s in in
dependent m e a s u r e m e n t s a r e reduced if they a r e co r r e l a t ed through 
the conservat ion laws. 

B. Lagrange Mult ipl iers 
To make a l e a s t - s q u a r e s adjustment to the conservat ion laws , 

the method of Lagrange mul t ip l i e r s , 85, 86 successfully used by the 
Alvarez group, 87 was adapted for our use. The problem is to 
minimize 

s = 
n 

wi. (xi
A - xi

M )2 (25) s = Σ 
i = l 

wi. (xi
A - xi

M )2 (25) 

subject to m cons t ra in ts of the form 

F j(x i
A) = 0, for j = 1,..., m. (26) 

The quanti t ies x 1 , . . . , x i , . . . , xn a r e s ta t i s t ica l ly independent 
observables with which a r e assoc ia ted weights wi = σi

-2, where 
σi is the s tandard deviation in xi. The supe r sc r i p t s A and M 
indicate adjusted and m e a s u r e d quant i t ies , respec t ive ly . 
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The function 

G = 
n 

Σ 
i 

wi V i
2 + 2 

m 
Σ 
j 

λj F j.(x i
M + V i) 

is formed, where Vi. = xi
A - xi

M, the residual for xi. The λ' s are 
the Lagrange multipliers. To simplify the procedure, we expand 

Fj(xi
M+ Vi)≈ Fj(xi

M) + Σ 
i 

∂Fj (xi
M) Vi + . . . (28) Fj(xi

M+ Vi)≈ Fj(xi
M) + Σ 

i ∂xi 

(xi
M) Vi + . . . (28) 

Now if we demand that 

1/2 ( ∂G ) ≈ wi.Vi + Σj λj. 
∂ fj 

(xi
M) = 0; for i = 1, 2,... n , 

(29) 

1/2 ( 
∂vi 
) ≈ wi.Vi + Σj λj. 

∂xi 

(xi
M) = 0; for i = 1, 2,... n , 

(29) 
and 

1/2 
∂G ≈ Fj(xi

M) + Σi 

∂FJ 
(x i

M) Vi. = 0, for j = 1 , 2 , . . . , m , 
(30) 

1/2 

∂λj 

≈ Fj(xi
M) + Σi 

∂xi 

(x i
M) Vi. = 0, for j = 1 , 2 , . . . , m , 

(30) 

we get (n + m) l inear equations which may be solved for Vi. and λj.  
Because of the approximation used, the Vi ' s will not be exact unless 
the cons t ra in t s F a r e l inear in xi However, an i t e ra t ive p rocedure 
based on this technique can be used to give as good a solution to 
Eqs . (25) and (26) as des i r ed . Moreover , after the re s idua l s Vi. have 
been calculated, and the adjustment made , it is easy to find the 
minimum value of S, i. e. χ 2, and to calculate errors on all derived 
quantities. 

For an overde te rmined nega t ive-meson event, E q s . (21)-(24) 
which a r e left over a r e used as the F ' s in Eqs . (26)-(30). As a 
compromise between comple teness and speed, the four space va r iab les 
x 0 , y 1 , y 2 , and y3-- - i . e . , the ve r tex x coordinate and the t r ack end-
point y c o o r d i n a t e s - - w e r e chosen as adjustable va r i ab l e s . The y 
coordinates were chosen because they a r e the leas t accura te ly m e a s u r e d 
of the coord ina tes , being in the d i rec t ion of the c a m e r a ax is . Some 
adjustment in the x di rect ion was needed to "line u p " the event in the 
beam di rec t ion , the re fo re x0 was also chosen. 
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The weights assigned to these var iab les a re based on the 
m e a s u r e m e n t s descr ibed in Sec. III. D: δx0 = 0.01, and δy1 = δy2 

= δy3 = 0.04 cm. These var iab les a re quite independent, since 
separa te positionings of the c ro s s ha i r s a r e requ i red for each. 
However, the important effects of multiple Coulomb sca t te r ing and 
range straggling were ignored. This was done to keep the p rog rams 
from becoming excessively complicated. A rough calculation of 
multiple sca t te r ing indicates that protons have a projected r m s 
deviation from the line of the i r original d i rect ion of 1.2% of the i r 
range . For pions, the deviation is 2.9%. In addition, range s t raggl ing 
is on the o rde r of a few per cent. For 1-cent imeter proton t r a c k s 
it is calculated to be 1.5% and for 1-cent imeter pion t r a c k s it is 3.5%. 

For t r a cks seve ra l cen t imete r s long, these effects a re l a r g e r 
than the m e a s u r e m e n t e r r o r s . However, for t r a cks up to a few 
m i l l i m e t e r s in length, the measu remen t e r r o r s great ly exceed those 
due to s t raggl ing and sca t te r ing . The p rac t i ca l resu l t of these effects 
is that our dis t r ibut ion in the min imum value of S is not a good 
x 2 distribution but has a long tail due mainly to events with long 
tracks. 

After the adjustment p r o g r a m s had been wri t ten, it became 
apparent that a z adjustment was n e c e s s a r y to solve some events . An 
ad hoc z0 adjustment was then incorpora ted in the p r o g r a m s which 
could be called in only when n e c e s s a r y . This adjustment was apar t 
from the l e a s t - s q u a r e s adjustment and could therefore int roduce 
systematic errors. The z0 steps were kept as small as practicable 
(-0.01 cm) to keep such errors to a minimum. 
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C. Outline of P r o g r a m s 

The init ial step in the p r o g r a m s was to ass ign m a s s e s for 
each prong. One t r ack was chosen as the pion and the other two 
were a s sumed to be p ro tons . After p re l imina ry ca lcula t ions , a 
combined nonconservat ion cons t ra in t function 

F = √ Σj=1
m Fj

2. was tes ted . If it was g r e a t e r than an 

a r b i t r a r y value (100 Mev, c = 1), that m a s s choice was d i s ca rded 
immedia te ly and no i t e ra t ions were made . Otherwise , i t e ra t ions 
were continued until either (a) F was below a set limit (1 Mev), 
and the step in "residual space" 

V = √ Σi
m Vi

2. between successive iterations was below a chosen 

l imi t (0.001 cm), guarantee ing that S was nea r i t s m i n i m u m value , 
or (b) a max imum number of i t e r a t ions (usually 10) had been made . 
The ave rage of the number of i t e ra t ions r e q u i r e d for the c o r r e c t 
mass choice was between 3 and 4. 

When the adjustment was concluded, the p r o g r a m s t e s t ed 
that the r e s u l t s were as follows: 

145.83 < k < 200 Mev, (31a) 
r0 ≤ l.0 cm, (31b) 

-1.0 ≤ z0 ≤ 6.0 cm, (31c) 
F < 1.0 Mev, (31d) 

x 2 < 1 0 . (31e) 

These t e s t s ver i f ied that the photon energy was r ea sonab l e , the event 
or ig inated in the beam cylinder and within the chosen z0 l i m i t s , the 
cons t ra in t s were sufficiently sat isf ied, and x 2 was sma l l . If t hese 
conditions were met, further data were derived from the event analysis, 
such as the Baldin parameters34 p and q, the quantities p2 and w2 
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used in the polology extrapolation (see Sec. I. D), and the pion 
momentum and direct ion in two re fe rence f r ames : the γ-n cen te r -
o f -mass and the γ=d cen te r -o f -mas s f r ames . 

The ent i re set of calculations was repeated for each of the 
th ree possible m a s s permuta t ions . 
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D. PEASOUP, the "888" Case 

The p r o g r a m handling the case (19% of all π- events) in which 
the re a r e th ree prongs , all stopping in the chamber , was named 
PEASOUP. Since we have p α R1/4, where p is the particle 
momentum for range R, momenta are relatively well determined 
compared with direct ion cos ines , for t r a cks whose ranges a r e known. 
Therefore Eq. (21) was chosen to calculate the best ini t ial value for k, 
and Eqs . (22), (23), and (24) were used as cons t ra in t s . 

The ad hoc z0 adjustment was called in only if F4 (Eq. (24) ), 
the nonconservat ion in pz, was above a cer ta in l imit (2 Mev/c) . If so , 
z0 was a l te red by an increment of -0.01 cm and the calculat ions r e 
peated. Only 17% of the "888 ' s " requ i red such an adjustment. 
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E. PEAPOD, the "889" Case 

To give the best initial solution for the case in which one 
t r ack leaves the chamber , (50% of all π- events) Eqs . (21) and (24) 
were solved for k and p 3 , the unknown momentum. When solved 
these equations give 

P3 = - Ρ' v3 ± √ P'2 v2
3 v 2

3 - (1 - v2
3) (M2

3 - P' 2) 
(32) 

(1-v2
3) 

(32) 

where 
P'·= (Ε1 - v l P l + Ε 2 - ν 2 P 2 - MD) 

and 
k = ν1Ρ1 + ν 2 P 2 + ν 3 P 3 . (33) 

The sign of the rad ica l cannot be de te rmined general ly , and both 
choices may give a reasonable photon energy for v3 > 0. Events of 
this type were run with both signs and the solution with the sma l l e r 
X2 was chosen. Approximately 5% of all "889" cases gave ambiguous 
results, but these were generally resolved by qualitative ionization 
considerations. 

Good events , if not well m e a s u r e d , or if d i s tor ted sufficiently 
by mult iple sca t t e r ing , could give imaginary solutions for P3. The 
radicand was t e s t ed on each i te ra t ion . If negat ive, z0 was moved 
by -0.01 cm. Since this was again apar t from the l e a s t - s q u a r e s 
adjustment, a smal l sys temat ic e r r o r may have been introduced. 
About 27% of the "889" events r equ i r ed a z0 adjustment. 

Besides the genera l r equ i r emen t s demanded of al l events 
(Eq. (31) ), Peapod also r equ i red R (p3 CALS)≥ R3 (observed). That 
i s , the range der ived from the adjusted p3 had to be g rea t e r than the 
range of Track 3 observed in the chamber . 
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F. PEAGREEN, the "899" Case 

In the "899" case in which two tracks leave the chamber, 

(10% of all π- cases), there are three unknowns: k, p2 , and p3· 

Equations (22) and (24), linear in these variables, were solved 

explicitly for p2 and p3 in terms of k: 

P2 = 

γ3k + p1 (γ1 ν 3 - λ3 ν 1) 
(34) P2 = 

λ2 v3 - λ3 ν 2 

(34) 

P3 = 

γk + P l (λ 1 v2 - λ 2 Vl) 
(35) P3 = 

γ2v3 - γ 3 V 2 

(35) 

These forms were substituted into Eq. (21), giving 

√P2
1 + M2

1 +√p2
2(k) + M2

2 + √p2
3(k) + M2

3 

+ k - MD = 0, (36) 

which was solved for k by Newton' s method. 

Solving this set of three equations is equivalent to finding the 
points of intersection of a line with half of a hyperboloid of two sheets 
in p2 - Po - k space. Obviously, two solutions (perhaps imaginary) 
are possible. Where necessary, the line was forced to intersect the 
hyperboloid by the ad hoc z0 adjustment. Whenever the number of 
iterations in the Newton' s-method solution for k exceeded 9, z0 

was altered by an increment of -0.01 cm and the calculations were 
repeated. Normally only 1 or 2 Newton iterations were needed to 
find a solution for k if a real one existed. In case both solutions 
for k fell within the range of interest (k = 145.83 to 200 Mev), both 
solutions could be found by running all events twice, first with the 
initial value k = 150 Mev for Newton's method, and the second time 
with k = 250 Mev as the initial value. No events were found which 
had both values of k in the acceptable region. 
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In addition to the genera l r equ i remen t s on the r e s u l t s 
(Eq. (31) ), we also demanded 

R(p2 calc) ≥ R2 observed' 

R(p3 calc) ≥ R3 observed' 



-79-

G. PIMIKI , t he " 9 9 9 " C a s e 

If a l l t h r e e t r a c k s l e a v e t h e c h a m b e r , t h e r e a r e four u n k n o w n s , 

P1, P2, P3, and k, to be found by u s i n g t h e four c o n s e r v a t i o n 

e q u a t i o n s . T h i s c a s e ( l % of a l l π- even t s ) w a s so lved a s f o l l ows : 

pi. = a i k , for i , j , k , = 1 , 2 , 3 , p e r m u t e d , and (37) 

√a1
 2k2 + M1

2 + √a2
 2k2 + M2

2 + a 3
 2k2 + M 3

2 - M 3
2 

- k + M D = 0, (38) 
w h e r e 

ai = 

|λjλk| 

(39) ai = 
|μjμk| (39) ai = |λ1λ2λ3| 

(39) ai = 

μ ιμ 2μ 3 

(39) ai = 

V1V2V3 

(39) 

Again , N e w t o n ' s m e t h o d w a s u s e d . B e s i d e s t h e r e q u i r e m e n t s 

(Eq. (31) ), t he r a n g e of e a c h t r a c k a s c a l c u l a t e d f r o m i t s m o m e n t u m 

had to be g r e a t e r o r equa l to i t s o b s e r v e d r a n g e : 

R ( p 3 c a l c ) ≥ R3 observed' 

R ( p 2 calc) ≥ R2 observed' 

R(p 1 calc) ≥ R1 observed. 

No a d j u s t m e n t i s p o s s i b l e , s i n c e t h e r e a r e no c o n s t r a i n t e q u a t i o n s . 
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Η. ΡΕAGARDEN, the "88" Case 

A two-prong event with both tracks stopping could be a 
negative meson event with one track too short or too lightly ionizing 
to be seen. It could also be a π+ - μ+ decay. Both possibilities are 
considered by PEAGARDEN. 

(a) The negative-meson case (22% of all π- events). This 
has four unknowns: k and the three momentum components of the 
unseen track. It is solved by the series of steps: 

p 3 x = - (p1λ1
 + Ρ2λ2), (40) 

P3 y = - (P1μ1 + Ρ 2 μ 2 ) . ( 4 1 ) 

k = 
M3

2 + P 3 x
2 + p 3 y

2 - (MD - E l - E2)2 + ( P 1 Z + P2Z )2 

k = 
2(MD - Ε1 - E2 + p1Z + p2Z ) 

where (42) 

E l = √ Pl
2 + Ml

2, E2
 =√P2

2 + M2
2, and p 3 z

= k - p P l -V2P2. 

In addition to the tests (Eq. (31) ), the calculations on the unseen track 
are examined. If this track is computed to be longer than 0.2 cm and 
yet stop within the chamber boundaries, it should have been seen with 
no difficulty. This is sufficient reason to discard the mass choice that 
gave such a third track. 

(b) The positive-meson case. Since the identifying feature of 
a positive-meson event is its decay, both tracks of an "88" event are 
tested to determine whether either is within three standard deviations 
(± 0.16 cm) of the muon range (1.00 ± 0.053 cm). If so, the event is 
handled as a possible π + - μ+ event. The origin of the assumed 
π+ is examined to see whether it begins in the allowed beam region 
(Eqs. (31b) and (31c) ). If the event satisfies these criteria, the 
momentum of the π+ is calculated from the range-momentum re
lationships of Fig. 29, and this information is punched on a separate 
card. 
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I. Chamber Boundaries 

In making cor rec t ions to the data for chamber geometry , the 
planes defined by the inner faces of the windows, y = 0, and 
y = 5.454 cm, formed two of the chamber boundar ies . To de termine 
the effective l imits of visibil i ty around the per iphery of the chamber , 
the end points of 45 t r a cks that left the chamber through the walls 
were plotted, as shown in Fig. 30. The Oscar ope ra to r s had been 
ins t ruc ted to m e a s u r e what they considered to be the las t vis ible 
bubble of leaving t r a c k s . Except in the region of the VP cell , the 
points lay close to a c i rc le of radius 4.60 cm. The VP cel l , which 
obscures par t of the chamber , was fitted to an a r c of a c i rc le 6.80 cm 
in rad ius , whose center was displaced from the center of the chamber . 
Choice of the chamber boundary in the region of the VP cell was 
facili tated by m e a s u r e m e n t s of the VP cell on a project ion table . 
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Fig. 30. Effective boundaries of 4-inch deuter ium bubble 
chamber , de te rmined by the end points of 45 leaving 
t r a c k s . The choice of the boundary in the region of 
the VP cell was guided by m e a s u r e m e n t s on a 
project ion tab le . 



-83 -

J. JMC and POPINJAY: Weighting of Two-Prong Events 

It is c lear that an analyzable "88" negat ive-meson event or a 
π+ - μ+ decay might have been unanalyzable had it occu r red s o m e 
where in the chamber where ei ther or both visible t r acks could have 
left the chamber . To weight each event accordingly, two Monte 
Carlo p r o g r a m s , JMC and POPINJAY, were wri t ten for the IBM 704 
to randomly displace and reor ien t each event repeatedly , each t ime 
tes t ing to see whether it r emained ent i rely within the chamber . In 
JMC (Junior Monte Carlo) , which handled negat ive-pion "88" events , the 
l a b o r a t o r y - s y s t e m coordinates of each event that were randomly var ied 
were r 0 , θ 0 , z 0 and Φ0. The quantit ies r0 θ 0 , and z0 a r e the 
cyl indr ical coordinates of the event ver tex with r e spec t to the beam 
center l ine , and Φ0 is the angular or ientat ion of the event about a 
line para l le l to the beam di rec t ion through the event ve r tex . Choices 
of r0 were weighted so that they occur red with the probabil i ty 
actually observed for known events (Sec. III. A). 

In POPINJAY (the name comes from the words "positive pion"), 
the s ame event p a r a m e t e r s were randomly var ied , except that the 
t rue production point of the pion, r a the r than the event ver tex , was 
cons idered the origin. In addition to these p a r a m e t e r s , the two 
coord ina tes , cos θμ and Φμ, defining the muon decay di rec t ion 
were randomly var ied so that the muon could go in any d i rec t ion with 
equal probabil i ty. 

The p r o g r a m s gave each event success ive random posit ions until 
100 analyzable posit ions had been counted, or until a tota l of 500 
posit ions had been counted. The weight of the event was given by 

wt = (Total number of posit ions tested) wt = 
(Number of analyzable posit ions found) 

The average weight of the negative pion events whose th i rd t r ack 
was invisibly shor t was 1.33 and that of the posit ive pions 1.14. 
Normal ly the counting ended when the number of analyzable posit ions 
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counted reached 100. The s ta t i s t ica l e r r o r due to the Monte Carlo 
procedure was negligibly smal l . In the test ing of the events , the 
chamber boundaries es t imated in the preceding section (V. I) were 
used. 

K. Resul ts of the Event Analysis 

Events were selected from the genera l background of photo-
proton sca t te r ings by a combination of IBM 650 ana lys is , as desc r ibed 
previously, and judgment on the par t of the physic is ts who examined 
each event visual ly. This judgment was based on qualitative t r a c k -
density cons idera t ions , p resence or absence of coplanari ty, and rough 
momentum-ba lance r e q u i r e m e n t s . With some exper ience , one can 
usually dist inguish a meson from nea r -by protons because i ts average 
t r ack density is sma l l e r . 

Table IV s u m m a r i z e s the r e su l t s of the analysis and select ion 
p rocedure . The numbers of events of different types a r e p resen ted , 
along with thei r average l a b o r a t o r y - s y s t e m photon energies and 
e r r o r s . The average chamber -geome t ry weighting factors (Sec. V. J) 
a r e a lso included for two-prong events . The numbers of photoproton 
sca t te r ings which, according to the s c a n n e r s , s imulated meson-
production events a r e also included in the lower l ines of the table . 

To es t imate the number of photoproton sca t t e r ings that were 
accepted as meson events by the ove r - a l l select ion p rocedure , the 20 
rolls of film exposed at a peak brems Strahlung energy Emax=138 Mev 
(below the meson-production threshold) were analyzed in exactly the 
same manner as the main data. These ro l l s were scanned, m e a s u r e d 
and visual ly examined at random t imes by individuals unaware of 
the i r na tu re . 

To compare beam flux incident on the bubble chamber during 
the 138-Mev run with the beam incident during the 194-Mev run, the 
in tensi t ies were in tegrated over the l imited photon energy in terval 
k = 0 to 100 Mev. The background from photoprotons is mainly 
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caused by photons of energy considerably below 100 Mev, so that this 
is a reasonable method of comparing beam flux for an es t imat ion of 
background. When compared in this way, the total beam at E m a x = 1 3 8 
Mev was 0.080 of that at Emax=194 Mev 

As shown in Table IV, 35 of the photoproton sca t te r ings found 
in the 138-Mev data satisfied the p rog rammed c r i t e r i a (Eqs. (31), e t c . ) 
for analyzable meson events . Of these , only one was considered a 
meson event by the o v e r - a l l select ion and analysis p rocedure . This is 
evidence that our over-all procedure gave good background rejection. 

On the other hand, the possibi l i ty existed that good events , 
poorly m e a s u r e d or difficult to m e a s u r e owing to short t r a c k s , may 
have been re jec ted as photoproton sca t t e r ings . Those events that 
were judged as good events by visual examination but did not satisfy 
the p rog rammed c r i t e r i a were r e m e a s u r e d twice. The resu l t was 
that after a maximum of t h r e e m e a s u r e m e n t s , 8.6% of the "888", 
22% of the "889,", 20% of the "899. " and 7.2% of the "88" events did 
not satisfy the p rog rammed c r i t e r i a . The assumpt ion was made that 
half of those events were photoproton sca t te r ings that r e sembled 
meson-produc t ion events on visual inspection. A cor rec t ion of half 
the above percen tages was then applied to the r e s u l t s based on the 
acceptable events . As it happened, the r e su l t s of Sec. VI were based 
mainly on the "888" and "88" events , so that the net co r rec t ion was 
about 4%. 
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T a b l e IV 

S u m m a r y of t h e e v e n t a n a l y s i s S u m m a r y of t h e e v e n t a n a l y s i s 

Even t 
type 

N u m b e r 
found 
in d a t a at 
194-Mev 
peak energy 

A v e r a g e weigh t , 
based on 
chamber 
g e o m e t r y 

A v e r a g e 
photon 
e n e r g y 
(Mev) 

R m s e r r o r 
in photon 
e n e r g y due 
to m e a s u r 
e m e n t e r r o r s 

(Mev) 

N u m b e r in 
d a t a at 
1 3 8 - M e v 
p e a k e n e r g y 
t h a t s a t i s f i e d 
p r o g r a m m e d 
c r i t e r i a for 
m e s o n e v e n t s 

N u m b e r in 
d a t a at 
1 3 8 - M e v 
p e a k e n e r g y 
s e l e c t e d a s 
m e s o n even t s 

π-888 

π-889 

π-899 

π"999 

π"88 High* 
π - 8 8 Low** 

226 

650 

136 

6 

22 

269 1.73 

161 

174 

182 

184 

192 

160 

0.5 

3.3 

4.8 

2.6 

1.0 

0 

0 

1 

4 

9 

0 
0 
0 
0 
0 
1 

Π-89 

Π-99 

706 

55 
Not analyzable 3 

0 

π + 8 8 447 1.30 21 0 

Photo- 3-pr-ong 419 
proton 2-prong 496 
scatterings 

126 
180 

* * * M e s o n too l igh t ly ion iz ing to be v i s i b l e 
One p r o t o n i n v i s i b l y s h o r t 
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VI. RESULTS 

A. The σ - / σ + R a t i o fr om Deuter ium 

1. Pion energies and angles included 

Because of the requ i rement that all positive pions stop in the 
bubble chamber , the pion energies were neces sa r i l y l imited to smal l 
va lues . Pions included in the deuter ium σ-/σ+ ra t io were of energy 
3 Mev to 9 Mev, corresponding to ranges of 0.44 cm to 3.3 cm. Thus, 
all pions were of sufficiently long range for re l iable identification, and 
s t i l l shor t enough so that posi t ive-pion t r acks normal ly ended in the 
chamber . Three energy bins between these l imi ts were used, as shown 
in Table V. The dis tr ibut ion of pions of 3 to 9 Mev kinetic energy 
was roughly i so t ropic in the labora tory sys tem before chamber 
geometry cor rec t ions were made . The data were divided into six 
lab-angular bins each containing roughly equal solid angles , so that 
Coulomb cor rec t ions could be made as a function of pion energy and 
angle. 

2. Posi t ive pions 

All together , 299 posi t ive-pion events were found acceptable 
as data for the σ-/σ+ r a t io . When co r r ec t ed for chamber geometry 
by means of the POPINJAY p r o g r a m (Sec. V. J) , this number became 
342±33. Fur the r co r rec t ions to the pos i t ive -meson data were es t imated 
as follows : 

Scanning efficiency +0.2% 
H1 impur i ty in D2 -1.0% 
Muon range not acceptable+0.01% 
Pion decay in flight +1.2% 

The net cor rec t ion was judged to be negligible. E r r o r s , apar t from 
those of a pure ly s ta t i s t ica l na tu re , were also a s sumed negligible. 

The average l a b o r a t o r y - s y s t e m energy and angle of the mesons 
accepted were 5.95 Mev and 91 deg. Final data a r e p resen ted in 
Table V. 
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T a b l e V 

P o s i t i v e p ions 

M e s o n 
k i n e t i c 
e n e r g y 
(lab) 
(Mev) 

M e s o n ang le (lab) (deg) 
M e s o n 
k i n e t i c 
e n e r g y 
(lab) 
(Mev) 

A 
0 - 45 

Β 
45 - 72 

C 
: 72 -90 

D 
90 - 108 

Ε 
108-135 

F 
135-180 

(1) 
3 -5 

Ν0* 

Νw 

17 

17.26 
19 
19.02 

21 

21.05 

15 

15.05 

23 

23.08 

17 

17.30 

(2) 
5-7 

N0 

Ν w 

17 
18.82 

26 

26.35 
18 

18.78 
19 
19.76 

25 

26.88 

11 
12.18 

(3) 

7-9 

N o 
Ν w 

6 

7.76 
16 

23.62 ] 
10 
15.72 

10 
17.66 

19 

28.59 

10 
13.47 

*N0 = o b s e r v e d n u m b e r of p i o n s 
Νw = n u m b e r w e i g h t e d for c h a m b e r g e o m e t r y 
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3. T h r e e - P r o n g Negative Mesons 

Since the identification of negative mesons depended on the 
configuration of the recoi l protons , and since mesons belonging to a 
given bin were produced by a dis tr ibut ion of photon ene rg ie s , it was 
n e c e s s a r y to study.the dynamics for each meson bin at var ious photon 
energies to insu re that no events could be mi s sed because of p a r t i c l e s ' 
leaving the chamber without being seen. 

It was found possible to choose z0 l imi ts for each meson bin 
such that t h r ee -p rong events of up to 194 Mev photon energy were 
easi ly visible if they originated between these boundar ies . The method 
used in assigning z0 l imi t s was the one that gave the l a rge r usuable 
region: 
(a) If the negative pion itself was of such low energy (3 to 
5 Mev) that it always stopped in the chamber, the z0 limits were 
chosen so that at leas t one- th i rd of the range of the longer proton t r a c k 
lay within the chamber , if the s h o r t e r proton jus t stopped at the chamber 
boundary. This guaranteed that both protons were st i l l eas i ly vis ible 
even if nei ther remained ent i re ly within the chamber . The r equ i remen t 
that one- th i rd of a t r ack lie within the chamber was es tabl ished 
empir ica l ly , by examining the calculated ranges of all leaving t r a c k s 
in the negat ive-pion data. 

(b) If the negative pion i tself was of high enough energy to leave 
the chamber , the z0 l imi t s chosen were such that one- th i rd of the 
total range of the h ighes t -energy proton possible be within the chamber . 
To account for those events produced in other pa r t s of the chamber , the 
events were weighted in the ra t io of the chamber length used for the 
posit ive pions (7.0 cm) to the path length used for the t h r e e - p r o n g events . 
A total of 204 t h r ee -p rong negat ive-pion events , mos t ly of the "888"  
type, with an average weight of 1.06, was included. 
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4. Two-Prong Negative Mesons 

Two-prong events with negative mesons in the allowed energy-
range were individually co r rec t ed for chamber geometry by the JMC 
p r o g r a m descr ibed in Sec. V. J. Only those originating between the 
identical z0 l imi ts used for positive mesons were accepted. 

Above a cer ta in photon energy (k = 175 to 180 Mev) it is 
k inemat ical ly possible in some meson bins for one proton to be 
sufficiently energet ic to leave the chamber with high probabil i ty, while 
the shor te r proton t r a c k is st i l l too short to be vis ible . A smal l 
cor rec t ion was made such that the fraction of the two-prong events in 
this h igh-energy range was made to be the same as the fraction of 
t h r ee -p rong events . This amounted to a cor rec t ion of 4.4% of the net 
number of all nega t ive-me son events included. 

A total of 166 two-prong events was used, with an average 
weight, based on chamber geometry , of 1.28. 

5. Ins t rumenta l Correc t ions to the Negat ive-Pion Data 

If the energy of the photon producing a negative meson at a 
forward l a b o r a t o r y - s y s t e m angle is too low (k = 145.83 to 155 Mev), 
too l i t t le energy may r ema in to guarantee that at leas t one of the protons 
has a vis ible range (R > 0.1 cm). The number of events m i s s e d for this 
r ea son was es t imated in the following manner , 

A h i s tog ram of the meson momentum dis t r ibut ion in the (γ+d) 
center of m a s s was obtained for all observed events of photon energy 
k = 150 to 155 Mev, as shown in Fig. 31. The momentum was plotted 
in units p/pmax, where pmax is the maximum possible cm. momentum 
of the pion at the photon energy of the observed event. Only those events 
with c. m. momentum and angle for which at leas t one proton is 
guaranteed a vis ible range (R > 0.1 cm) in the l abora tory sy s t em were 
included in this dis t r ibut ion. 
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Fig. 31. Distr ibution of pion momentum in γ + d c. m . , 
for events of photon energy k = 150 to 155 Mev. 
Units a re p /pmax, where pmax is the highest 
momentum possible at the photon energy of each event. 
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At each photon energy in the range 150 to 155 Mev, cer ta in 
pion c. m. momenta and angles cor respond to the lab meson bins of 
Table VI. Utilizing the observed c. m. momentum dis t r ibut ion and 
assuming isotropy, one obtains as a function of photon energy the 
fraction of all events at a given photon energy expected to occur with 
pion c. m. momentum and angle corresponding to one of the lab bins 
of Table VI. The number of actual events expected in each of these bins 
in the photon energy range 150 to 155 Mev was obtained by multiplying 
the calculated fractions by the total numbers of events seen in 1-Mev 
energy in te rva ls within this range . For meson -ene rgy bins 1, 2, and 3 
(Table VI) the numbers expected were 2.3 ± 0 . 7 , 4.6 ±1.4, and 
6.0 ±1.8 , respec t ive ly , d is t r ibuted mainly in the region 0 to 45 deg 
(lab). The e r r o r s on these numbers a r e due to uncer ta in t ies in the 
c. m. momentum dis t r ibut ion. 

An isotropic distribution, assumed above, was found by Adamovich et al.,13 and is consistent with the data from this work 

(Sec. VI. C). 
All the expected events might have been unobservable , had the 

two protons in each event divided the available energy equally. In that 
case , the cor rec t ion for those m i s s e d would have been 12.9 events , or 
about 4% of the ent i re data. However, when the expected numbers were 
compared with the numbers co r r ec t ed for chamber geomet ry actually 
o b s e r v e d - - 3 . 4 , 4 .3 , and 9.7 in bins 1,2, and 3 , r e spec t ive ly - - i t was 
decided that no such cor rec t ion was n e c e s s a r y . 

A grand total of 369 acceptable events was co r r ec t ed to 
428±22 by the chamber geometry weighting. Fur the r co r rec t ions a r e 
summar i zed as follows: 

Scanning efficiency (Sec. IV. B) + 1.6% 
Meson charge exchange in deu te r ium + 0.05% 
Events difficult to measure (Sec. V. K) + 4.0% 
Net correction + 5.65% 
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T a b l e VI 

M e s o n 
k ine t i c 
e n e r g y 
(lab) 
(Mev) 

Meson ang le (lab) (deg) 
M e s o n 
k ine t i c 
e n e r g y 
(lab) 
(Mev) 

Α 
0-45 

Β 

45=72 
C 

7 2 - 9 0 9 0 - 1 0 8 

Ε 
108-135 

F 

135=180 

(1) 

3-5 

Νw* 
N 
Ν P P 

Ν π ρ 

13.12 (13) 
13.86 

14.69 
11.94 

22.15 (22) 

23.40 

24.81 

20.50 

22.22 (21) 

24.56 
25.27 
21.42 

15.09 (14) 
20.92 
22.21 

18.98 

19.36 (18) 
22.88 
24.15 
20.82 

20.76 (18) 
25.10 
25.97 

22.58 

(2) 
5-7 

Ν w 

ΝI 
Ν Ρ Ρ 

Νπp 

19.83 (19) 

20.95 
21.44 
18.32 

28.44 (27) 

30.05 

31.28 

26.97 

20.44 (19) 

21.59 

23.46 

20.40 

18.22 (14) 

19.25 

20.26 

17.77 

34.72 (30) 
41.27 

42.62 

37.72 

19.59 (15) 
20.70 
23.17 

20.61 

(3) 

7-9 

Ν w 

Ν Ι 

Ν Ρ Ρ 

Νπp 

20.66 (17) 
21.83 

22.61 

19.66 

36.11 (31) 

38.15 
40.33 

35.53 

33.30 (26) 

35.18 
38.05 

33.67 

26.46 (22) 

28.12 

30.58 

27.30 

38.73 (30) 

40.92 

42.45 

37.90 

18.92 (13) 

22.21 

23.46 

21.40 

*Νw = N u m b e r of e v e n t s we igh t ed for c h a m b e r g e o m e t r y . ( O b s e r v e d n u m b e r i s g iven in 

parentheses.) 

Ni = Number including all instrumental corrections. 
Νpp = NI corrected for proton-proton Coulomb interactions only. 

Νπp= Νpp corrected for pion-proton Coulomb interaction. 
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After these cor rec t ions were added, the net total became 
471 ±31. The numbers NI tabulated for each meson bin in Table VI 
include the chamber geometry weighting and the cor rec t ions d i scussed 
in this and the preceding subsection. E r r o r s a s sumed for the co r r ec t ed 
numbers include the s ta t i s t ica l e r r o r and a 50% e r r o r in the co r rec t ions . 
The e r r o r introduced by the chamber geometry calculation is believed to 
be negligible in compar ison with the ordinary s ta t i s t ica l e r r o r . 

The average l a b o r a t o r y - s y s t e m energy and angle of the negative 
pions accpeted were 6.27 Mev and 90 deg. 

6. Coulomb Correc t ions 
a. The P ro ton -P ro ton Coulomb Correc t ion (Positive) 
Using the impulse approximation (Sec. I. C) Baldin34 has 

calculated the c ro s s sect ions for deu te r ium photopion production, 

∂2σ± = A(p,q) |K±| 2 + B(p,q) | L ± | 2, (43) 
∂p∂q 

= A(p,q) |K±| 2 + B(p,q) | L ± | 2, (43) 

where | Κ± 2 | and | L±2 | are respectively the spin-flip and non-spin-
flip matrix elements squared for free-nucleon photoproduction. The 
coefficients A(p, q) and B(p, q) include the effects of the deuteron in
t e rna l momentum distr ibut ion and of the f inal-s ta te nucleon-nucleon 
in terac t ion , excluding the Coulomb in terac t ion . Here , 

P ≡ | 1 - 2 | a n d q ≡ |+a re the p a r a m e t e r s 
2 2 

chosen by Baldin to cha rac t e r i ze the state of the recoi l ing nucleons . 
The vec to rs 1 and 2 a r e the nucleon (lab) momenta . By charge 
symmet ry , Eq. (43) holds for both pos i t ive- and nega t ive-me s on 
production, if the appropr ia te m a t r i x e lements a r e inse r t ed , and the 
final-state Coulomb interaction in negative-photopion production is 
ignored. 

P≡ | 1-2 | and q = | 1
 +

2 | P≡ | 
2 

| and q = | 
2 | a re the p a r a m e t e r s 

chosen by Baldin to cha rac t e r i ze the state of the recoi l ing nucleons . 
The vec to rs 1. and 2 a r e the nucleon (lab) momenta . By charge 
symmet ry , Eq. (43) holds for both pos i t ive- and nega t ive -meson 
production, if the appropr ia te m a t r i x e lements a r e inse r t ed , and the 
f inal-s ta te Coulomb in terac t ion in negative-photopion production is 
ignored. 
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To take into account the additional proton-proton Coulomb 
in terac t ion in negative-pion productions Baldin employed exact Coulomb 
f inal-s ta te wave functions to calculate coefficients Ac (p, q) and 
Βc (p, q) to rep lace those in Eq. (43). Since we have A(p, q) >> B(p, q) 
in the ranges of p and q which concern us , it is the difference 
between A(p, q) and A c(p, q) that chiefly de te rmines the cor rec t ion to 
be made to the data. Values of A c(p, q) a r e lower than those of 
A(p, q) because of the Coulomb repuls ion of the pro tons . 

To facili tate making the proton-proton Coulomb cor rec t ion , 
values of p and q had been der ived for each observed event and 
were included in the IBM 650 printout. Values of A(p, q) and 

Ac(p, q) were interpolated from Tables I and II from Baldin, and each 
event was individually weighted in the ratio A/Acc. The corrected 

numbers Νpp due to this p rocedure a r e shown for each bin in 
Table VI, and the size of the cor rec t ion is plotted in F igs . 32 through 
35, as a function of lab photon energy for the combined bins of 

Table VII. The average correction was +5.49%. 
b. The Pion-Proton Coulomb Correction (Negative) 

The pion-proton cor rec t ion depends strongly on the momentum 
and angle of the meson but va r i e s l i t t le with photon energy. A convenient 
way to obtain a cor rec t ion for each meson bin is by use of the formula 
derived by Baldin;34 the number of negative pions in each bin is 
divided by the quantity 

1 + | 
2πe2 

|,(44) 1 + | 

π - / Μ 

|,(44) 

where π is the pion momentum (lab), is the vec tor mean of the 
proton momenta defined above, e2 = l / l 3 7 , and M is the proton m a s s = c = μ = 1). This co r rec t ion is the same as the co r rec t ion one 
would get from the interaction of the pion with a doubly charged particle 
moving with the same relative velocity as the protons' center of mass. 
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Fig. 32. Kinematics for the process γ + p → π+ + n. 
Curves for various photon energies (lab) and pion 
angles (c. m . ) a re shown. In obtaining the σ-/σ+  

ra t io , pions of kinetic energy Τπ = 3 to 9 Mev were 
included. The data presen ted in πTable VII and 
Figs . 33-35 are from events within the three bins I, 
II, and III. 



- 9 7 -

Fig. 33. Observed photon energy dis t r ibut ion for the mesons 
of bin I, Fig. 32 and Table VII. 
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Fig. 34. Observed photon energy dis tr ibut ion for the mesons 
of bin II, Fig. 32 and Table VII. 
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Fig. 35. Observed photon energy dis tr ibut ion for the mesons 
of bin III, Fig. 32 and Table VII. 
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The d e n o m i n a t o r in Eq . (44) was d e t e r m i n e d for t h e l a b e n e r g y and 

ang le of e a c h m e s o n by a s i m p l e g r a p h i c a l m o d e l . The c o r r e c t e d 

number ΝπP for each bin is indicated in Table VI. The average 

correction amounted to -14.6%. 
After both the proton-proton and pion-proton Coulomb 

cor rec t ions had been applied, the net number of negative pions became 
433 ±29; the average net Coulomb cor rec t ion amounted to -8.6%. 

7. The Exper imenta l σ - / σ + Ratios 
Before Coulomb cor rec t ions were applied, the observed ove r 

all ra t io was 

σ-
= 

471 ±31 = 1 .38±0.12. 
σ+ 

= 
342±33 

= 1 .38±0.12. 

After Coulomb cor rec t ions were applied, the ove r - a l l ra t io was 

σ-
= 433 ± 29 = 1.27±0.11. 

σ+ 
= 

342±33 
= 1.27±0.11. 

The average l a b o r a t o r y - s y s t e m kinetic energy and angle of the observed m e s o n s - - 6 . 1 5 Mev and 90 d e g - - c o r r e s p o n d to the l a b o r a t o r y - s y s t e m photon e n e r g y - - l 6 2 Mev--and pion angle- -120 d e g - -in the two-body (γ + ρ) center of m a s s . Spectator photon energ ies (those given by two-body kinemat ics) range from 152 Mev at forward pion angles to 177 Mev in the backward di rec t ion, as may be seen on Fig. 32. (If the deuteron binding energy and the neut ron-pro ton m a s s difference a r e taken into account, Fig. 32 fairly accura te ly d e s c r i b e s the kinematics for the process γ + d → π- + p + (p at rest), as well as for γ + ρ -»· π + n. ) 

In o r d e r to get information on the dependence of σ-/σ+ on 
photon energy, the bins of Tables V and VI have been combined into 
t h r ee l a r g e r bins, roughly dividing the data according to specta tor 
photon energy, as shown by the heavy lines in Fig. 32. The results for 
these larger bins are presented in Table VII. 
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Table VII 

σ-/σ+ as a function of photon energy and meson angle 

Bins 
included † 

Spectator 
photon 
energy  

(Mev) † 

θ*, pion 
angle†  

(c. m . ) 
(deg) 

σ-/σ+ Bins 
included † 

Spectator 
photon 
energy  

(Mev) † 

θ*, pion 
angle†  

(c. m . ) 
(deg) 

Before 
Coulomb cor rec t ion 

After 
Coulomb cor rec t ion 

1. A, B, C 
2. A, B, 
3. A 

152-158 0-90 1.22±0.16 1.08±0.14 

1. D, E, 
2. C, D 
3. B, C 

158-165 90-140 1.36 ±0.19 1.27±0.18 

1. F 
2. E , F 
3. D, E, F 

165-175 135-180 1.54±0.21 1.44±0.20 

† Bins a r e defined in Tables V, VI. 

† The Spectator 'photon energy (lab)and angleθ*(c.m.)are from the γ + p → π + + n two-body 
kinemat ics of Fig. 32. 
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8. Distr ibution of Contributing Photon Energ ies 
To roughly check on the validity of the use of two-body 

kinemat ics in determining the average photon energy, the dis tr ibut ion 
in photon energy of the negative mesons accepted for the σ-/σ+  

ra t io was plotted for the th ree bins of Table VII. 
As seen in Figs . 32, 33, and 34, the dis t r ibut ions a r e in fact 

peaked around the spectator energy in each case , but with a high-
energy ta i l which makes an important contribution. 

The (positive) proton-proton Coulomb cor rec t ion has been made 
to these data, and the size of the co r rec t ion is indicated by the sma l l e r 
h i s tog ram beneath the peak. As expected, it is most important at low 
photon ene rg ies . The pion-proton Coulomb cor rec t ion has not been 
applied to the data in F igs . 32, 33, and 34. It would have l i t t le effect 
on the re la t ive shapes of the d is t r ibut ions . 
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B. Extrapolat ions to Free-Nucleon Cross Sections 
σ(γ + n →π- + p) 

1. The P resc r ip t ion 

To obtain points suitable for extrapolat ion, the form taken 
from Eq. (7) was used: 

σ(k, p2, w2) = 4πk2 M D (p2 + a2)2 ∂2σ . (45) σ(k, p2, w2) = 
2 MΡ (w2 - M N

2 ) ∂p2∂w2 
. (45) 

The essen t ia l constants a r e 

Γ2 = 3.11, 
a2 = 0.107, 

MD/Mp =1.999, 

M N
2 = 45.27, 

where = c = μ = 1. Values for Γ2 and a2 (sec. I. D) are based on the deuteron constants, B. E. = (2.226 ±0.002 Mev) and rot = 

(1 .702±0 .029)10 - 1 3 cm. 
The differential c r o s s section is obtained from the data, 

∂2∂ 
= 

A Ne (46) 
∂p2 9w2 = 

N0ρt N(k)∆k∆p 2∆w 2 
(46) 

where A = 2.015 AMU, deuteron mass, 
N0= 6.025 10-23,Avogadro's number, 
ρ = 0.1307 gm cm-3, deuterium density (Sec. IV. F), 
t = 7.0 cm, t a rge t length, 
Νe = Number of events in th ree -d imens iona l bin ∆k∆p2 ∆w2, 

N(k)∆k =Number of photons in interval ∆k (Table III) 
Δ p2 ∆w2 = Size of two-dimensional bin in p2 and w2 (Figs. 2,36). 

When the constants a r e inse r ted , Eq. (45) becomes 
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σ ( p 2 , w 2 , k ) = 3.029 1 0 - 2 6 (p2 + 0.07)2 (kMev)2 Ne c m 2 , σ ( p 2 , w 2 , k ) = 3.029 1 0 - 2 6 

(w2 - 45.27) N ( k ) ∆ k ∆ p 2 ∆ w 2 
c m 2 , 

(47) 

where p2 and w2 a r e in pion uni ts , and k is in Mev. 

2. Averaging over Photon Energies 

Since the data for a given Δp2 Δw2 bin is produced by a 
spec t rum of photon energ ies , some way of averaging over the spec t rum 
is requi red . The averaging is complicated by the fact that some photon 
energies a r e capable of contributing events to only par t of an ent i re 

bin Δp2 ∆w2. The procedure used was to effectively assign a weight 
wt = N(k) ∆k δp2 δw2 (48) 

to the contribution to a given Δp2 ∆w2 bin from photons in the energy 
in terva l Δk. Here , δp2 δw2 is the subarea of Δp2 Δw2 within which 
the events may occur. These subareas are found by examining graphs 
such as Figs. 2 and 36. 

This choice of weight can be made plausible in the following 
way: Assume the c ro s s section ∂2σ 

∂p2 ∂w2 
to be constant over the region 

Δp2 Δw2. (This assumption has a l ready been made when data a r e 
averaged) . In a great ly extended exper iment , the number of counts 
observed in the subregion δp2 δw2 is expected to be propor t ional to 
the area δp2 δw2 times the number of available photons N(k) ∆k. 
Thus, the weight would be proportional to this product. That 

∂2σ 
∂p2 σw2 may vary with k is not impor tant if the same photon energ ies 
a r e included for all p2 bins at a given w2. When the weights a r e 
normal ized to unity and the contributions to G averaged over k, we 
obtain 
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Fig. 36. Polology d iag ram in p2 and w 2 (see Fig. 2). 
Here p2 is the square of the momentum of the 
spectator proton, (lower lab kinetic energy) and 
w2 is the total in te rna l energy of the remaining 
π- + p sys tem ( = c = μ = 1). The curves a r e 
k inemat ica l boundaries in p2 and w2 within which 
events of the corresponding photon energy must fall. 
The rec tangular bins a r e those used in obtaining the 
points in Figs . 37 - 41 . Event of photon energy (lab) 
h = 160 to 165 Mev one plotted h e r e . 
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σ - ( p 2 , w 2 ) = 3.029 10-26 (p2 + 0.107)2 { ∑(kMev)2 Ν e 
} c m 2 . 

(49) 

σ - ( p 2 , w 2 ) = 3.029 10-26 

(w2 - 45.27) { ∑N(k)∆kδp2δw2 
} c m 2 . 

(49) 
Evaluation of the numera to r was facilitated by f irst plotting the events in photon energy bins 5 Mev wide, extending from k = 150 to k = 180 Mev, as i l lus t ra ted in Fig. 36. The data in each photon in terval were r e s t r i c t e d to those events occur r ing in the chamber between definite z0 boundar ies , depending on the photon energies included. Events in each photon energy in terva l were weighted to account for events occur r ing e lsewhere in the 7 .0-cm chamber path length used. Weights var ied from 1.0 to 1.4. The method of assigning z0 l imi ts was d i scussed in Sec. VI. A. 

The weighted number of events per Δ p2∆w2 bin in each 
photon energy in te rva l ∆k was mult ipl ied by the square of the cen t ra l 
photon energy. The numerator in Eq. (49) was formed from the sum of 
these products. 

In the photon energy in te rva ls in which the a r e a Δ p2 Δw2 lay ent i re ly within the allowed region for al l photon energ ies (e. g . , the bins at w2 = 60.05, Fig. 36), contributions to the denominator for a given Δ p2 ∆w2 bin were obtained in a s t ra ight forward way by multiplying the number of photons by the bin a r e a . However, for photon energ ies whose p2 - w2 boundary curves c r o s s e d the Δp2 ∆w2 bin ( e . g . , w = 61.05, Fig. 36), a numer ica l in tegrat ion had to be per formed by dividing the bin into subareas δp2 δw2 which fitted between the success ive boundary curves in such a way that an average Δk for the subarea could be de te rmined eas i ly . N(k) was considered constant over the 5-Mev photon energy intervals. 

As mentioned above, the use of photon energies for a given 
Δ p2 Δw2 bin for which such an in tegrat ion is r equ i red may lead to 
systematic errors, since the photon energy ranges averaged are not 
identical for all p2 values at a constant w2. For example, in Fig. 36 
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it is c lear that photon of energy k = l60 to 180 Mev contribute to the 
bin centered at w2 = 61.05, p2 = 0.3, whereas only photons of energy 
k = 161 to 180 Mev contribute to the bin centered at w2 = 61.05, 
p2 =0.9. However, the error introduced should be small, if σ 
varies slowly with k. 

3. Exper imenta l Points and Extrapolat ions 
Exper imenta l values of or a r e presen ted as a functions of 

p2 and w2 in F igs . 37 - 41 . The e r r o r s on each point a r e s ta t i s t i ca l 
only. Only data in the region p2 ≥ 0.3 a re used. Events at the higher 
photon energies with reco i l protons of energy p2 < 0.3 (R < 0 . 1 cm) 
are generally unanalyzable because the spectator proton is invisibly 
short, and another track leaves the chamber. 

The fact that the form of the extrapolating curve is not known 
puts us at a disadvantage. However, since the p2 region that con
ce rns us is far from any s ingular i ty in σ , we expect a s imple behavior 
in the extrapolat ing curve . Three different polynomials were fitted 
to the data: a weighted average (ze ro -o rde r ) a s t ra ight line (f i rs t -
o r d e r ) , and a parabola ( second-order ) . These r e su l t s a r e s u m m a r i z e d 
in Table VIII. 

Although the data a r e a bit ambiguous, a line s eems pre fe rab le to the mean or the parabola . At the t h r ee lower photon energ ies (153.4, 158.6, and 163.7 Mev, F igs . 37-39) the s t ra igh t - l ine fit gives a lower value of x2/Μ than the other fits, as may be seen in Table IX. The Fisher F test89,90' gives the weighted average only a small 

probabil i ty of being a c o r r e c t fit to the data (≈ 5% for k=l63.7 Mev, 
Fig. 39, and sma l l e r for the lower photon energ ies ) . In addition the 
F i she r t es t indicates that the probabil i ty i s 65% or g r e a t e r that the 
h ighes t -o rde r coefficient for the parabol ic fit can be ze ro for these 
three extrapolations. Thus a straight-line fit is indicated by both 
these criteria. 
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Fig. 37. Polology extrapolat ion for w2 = 60.05 (k eff(lab) 
= 153.4 Mev). The data in the in terval 
0.3 ≤ p2 ≤ 0.9 a re extrapolated by means of a 
s t ra ight line to the nonphysical value p2 = - 0.107. 
At the extrapolated point, we obtain (w2) = 
σ (γ + n → π- + p). 



-108-

Fig. 38. Polology extrapolat ion for w 2 = 60.55 (k eff(lab) 
= 158.6 Mev). The data in the in terval 
0.3 ≤ p 2 ≤ 0 . 9 a r e extrapolated by means of a 
s t ra ight line to the nonphysical value p 2 = _ 0.107. 
At the extrapolated point, we obtain (w2) = 
σ(γ + n → π- + p). 
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Fig. 39. Polology extrapolat ion for w2 = 61.05 (k eff(lab) 
= 163.7 Mev). The data in the in terval 
0.3 ≤ p2 ≤ 0.9 a re extrapolated by means of a 
s t ra ight line to the nonphysical value p2 = - 0.107. 
At the extrapolated point, we obtain (w2) = 
σ (γ + n → π- + p). 
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Fig. 40. Polology extrapolat ion for w2 = 61.55 (ke f f(lab) 
= l68.9 Mev). The data in the in terval 
0.3 ≤p2≤ 0.9 a re extrapolated by means of a 
s t ra ight line to the nonphysical value p 2 = - 0.107. 
At the extrapolated point , we obtain (w2) = 
σ(γ + n →·π- + p). 
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Fig. 41 . Polology extrapolat ion for w2 = 62.05(k e f f(lab) 
= 174.1 Mev). The data in the in terval 
0.3 ≤ p2 ≤. 0.9 a re extrapolated by means of a 
s t ra ight line to the nonphysical value p2 = - 0.107. 
At the extrapolated point, we obtain (w2) = 
σ(γ + n → π- + p). 
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Table VIII 

σ(γ + n → π- + 2p) extrapolat ions 

Extrapolation 
polynomial 

Photon energy (lab) (Mev) 

Extrapolation 
polynomial 153.4 

(w2 = 60.05) 
158.6 
(w2 = 60.55) 

163.7 
(w2 =61.05) 

168.9 
(w2 = 61.55) 

174.1 
(w2 = 62.05) 

One-
Ν* 
M 

7 
6 

7 
6 

7 
6 

6 
5 

7 
6 

pa r ame te r x 2 / Μ 0.73 2.46 1.45 0.70 1.19 
S m - - - - -

(Weighted 
average) 

σ : 1 0 2 9 , cm2 4.05±0.45 5.53±1.04 8.34±1.16 7.80±1.00 11.83±2.07 

Ν 7 7 7 6 7 

Two- M 5 5 5 4 5 

p a r a m e t e r x2 / m 0.16 0.86 0.72 0.86 1.26 

s 
22.64 12.21 7.17 0.04 0.66 

(Line) σ : 1 0 2 9 , c m 2 7.33±0.72 12.38±2.06 15.23±2.70 8.67±4.45 6.73±6.66 
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Table VIII (continued) 

Extrapolat ion 
polynomial 

Photon energy (lab) (Mev) 
Extrapolat ion 
polynomial 

153.4 
(w2 = 60.05) 

158.6 
(w2 = 60.55) 

163.7 
(w2 = 61.05) 

168.9 
(w2 = 61.55) 

174.1 
(w2 = 62.05) 

Ν 7 7 7 6 7 

T h r e e - M 4 4 4 3 4 

pa rame te r x 2 / Μ 0.19 1.07 0.87 1.13 0.86 
S m 0.31 0 0.11 0.04 3.33 

(Parabola) σ : 1 0 2 9 , c m 2 8.91±2.93 12.18±8.58 11.74±10.85 12.42±18.55 35.84±23.96 

*Ν = number of points to be fitted 
M = i iumber of degrees of freedom 

S = p a r a m e t e r for F i sher F t e s t (Ref. 89) 
σ = extrapolated c r o s s section σ(γ + n→π- + p) 

*Ν = number of points to be fitted 
M = i iumber of degrees of freedom 

S = p a r a m e t e r for F i sher F t e s t (Ref. 89) 
σ = extrapolated c r o s s section σ(γ + n→π- + p) 

*Ν = number of points to be fitted 
M = i iumber of degrees of freedom 

S = p a r a m e t e r for F i sher F t e s t (Ref. 89) 
σ = extrapolated c r o s s section σ(γ + n→π- + p) 

*Ν = number of points to be fitted 
M = i iumber of degrees of freedom 

S = p a r a m e t e r for F i sher F t e s t (Ref. 89) 
σ = extrapolated c r o s s section σ(γ + n→π- + p) 
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The two h igher -energy extrapolat ions (168.9 Mev and 
174.1 Mev, F igs . 40 and 41) a re l e s s c lea r , one (168.9 Mev) being 
bet ter fitted by a weighted average , and the other (174.1 Mev) by a 
parabola . 

Somewhat a rb i t r a r i l y , the s traight line was chosen to co r r e l a t e 
the data at all five photon energ ies . As Table VIII shows, the e r r o r s 
on the extrapolated points depend strongly on the extrapolation form, 
and those associa ted with the s t ra ight - l ine extrapolat ion perhaps should 
not be taken at face value. Since the actual e r r o r s cannot be easi ly 
es t imated , those based on the s t ra igh t - l ine extrapolat ion a r e used for 
purposes of compar ison with other data. 

4. The Cross Sections σ-(γ + n → π- + p) 

The c r o s s sections σ- (γ + n → π- + n) based on s t ra igh t - l ine 
extrapolations are plotted as a function of photon energy in Fig. 42. 
This cross section may be expressed in terms of the expansion8 

∂σ-
= [a-

0 + a1 " cos θ* + a -
2 c o s 2 θ*] W , (50) 

∂Ω 
= [a-

0 + a1 " cos θ* + a -
2 c o s 2 θ*] W , (50) 

where 
w = qω 

(51) w = 
( 1 + v/M)2 

(51) 

and θ* is the pion angle q is the pion momentum, ω is the pion 
total energy, ν is the photon energy, all in the c e n t e r - o f - m a s s sys t em, 
and M is the nucleon mass ( = c = μ = 1). If S-wave production 
predominates, a-

1 and a-
2 are small, and 

a-
0≈ σ(γ + n → π- + p) (52) a-
0≈ 

4πW 
(52) 

Values of a-
0 de te rmined in this way a r e p resen ted in 

Fig. 43. The lower curve in this figure is taken from a preprint of 
Hamilton and Woolcock,39 and represents the dispersion relations of 
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Fig. 42. Free-nuc leon c ro s s sections σ (γ = n → π- + p) 
obtained by the s t ra ight - l ine extrapolat ions of 
Figs . 37 - 41 . 
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Fig. 43. Values of a-
0 obtained by dividing the ex t r a 

polated c r o s s sect ions of Fig. 42 or Table IX by 
the phase - space factor, 4πW. The lower curve 
is based on the d i spers ion re la t ions of Chew et a l . , 
and is taken from the paper of Hamilton and Woolcock. 
The upper curve differs from the lower one by an 
additive constant. 
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et al., 20 assuming the term N (-) in the electric dipole amplitude to 
be zero, and f2 = 0.08. The upper curve was obtained by a least-
squares fit to the form 

a-
0 = [CGLN (f2 = 0.08, N ( - ) = 0] + C, (53) 

where CGLN refers to the dispersion relations prediction. The constant C was analyzed to be (0.54±0.24) 10-29 cm2. 

When the extrapolated data, as co r re l a t ed by Eq. (53), were 
compared with data3 8 for the reac t ion (γ + p →·π+ + n), the average 
ratio σ-/σ+ - l.7±0.2 was obtained in the lab photon-energy region 
from threshold to 175 Mev. 

C. Absolute Cross Sections (γ + d →π- + 2p), 

1. Total Cross Sections 

Absolute c r o s s sect ions were obtained for the p roces s 
(γ + d → π- + 2p) in a l imited photon energy range k = 150 to 157.5 Mev. 
This range was chosen because , for k < 150 Mev, too few events 
were found to make such a c ro s s sect ion s ta t i s t ica l ly meaningful. 
Above k = 157.5 Mev, the reac t ions had sufficient tota l energy that 
events with one invisibly short proton were frequently unanalyzable 
because the pion had a range long enough to leave the chamber . Since 
the c ro s s section is expected to va ry rapidly near th reshold 
(kT = 145.83 Mev), t h ree bins , each 2.5 Mev wide, were chosen within 
this energy range . 

Events were l imited to those occur r ing within a definite 7 -cm 
region in the bubble chamber defined by z0 l im i t s . A total of 70 
two-prong "88" events was co r r ec t ed to 78.7 by the Monte Car lo 
chamber geometry weighting p rocedure (Sec. V. J) . An additional 63 
th ree -p rong events (mostly of the "888" type) were added, to give a 
total of 141.7 events . The 5.65% cor rec t ion for scanning efficiency, 
difficulty in m e a s u r e m e n t , and charge exchange d i scussed in Subsection 
VI. A. 5 brought the total to 149.7 events . 
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The total c ro s s sections were obtained by means of the formula 

σt(γ + d → π- + 2p) = 
Ν e 

(54) σt(γ + d → π- + 2p) = 
N0ρt/A 

N(k) ∆k 

(54) 

The notation is that of Sec. VI. B. 1, and N(k) Ak values a r e given in 
Table III. The total c r o s s sections thus obtained a r e presen ted in 
Table IX and Fig. 44. As may be seen in Fig. 44, the data from this 

13 
work a r e about 32% below the interpolated r e su l t s of Adamovich et a l . 

Table IX 

Total c r o s s section, ι t7t(v+d—ττ"+2ρ) I 

Photon energy 
(lab) (Mev) 150-152.5 152.5-155 155-157.5 

σ · 1 0 2 9 c m 2 1.06±0.20 1.91±0.27 2.72±0.35 

2. Angular Distr ibution in the (v + d) Center of Mass 

For sufficient s ta t i s t i cs in making an angular d is t r ibut ion,a l l 
data used for the total c r o s s sect ions in Subsection 1 were combined. 
Differential c r o s s sections were obtained from the formula 

∂σ 
= 

Ne (55) 
∂Ω 

= 
N 0 ρ t 

N(k) ∆k Ω 

(55) 
∂Ω 

= 

A 
N(k) ∆k Ω 

(55) 

where the notation is the same as in Eq. (54) and Ω is the solid angle 
in s t e r ad i ans , in the γ + d c . m . f rame. Resul ts a r e plotted in Fig. 45 
and tabulated in Table X. 
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Fig. 44. Total cross section for the process 
γ + d → π + 2p as a function of lab photon energy. 
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Fig. 45. Pion angular dis t r ibut ion in the γ + d c. m. frame 
for the p rocess γ + d → π- + 2p at lab photon energy 
k = 150 to 157.5 Mev. The curve is a l e a s t - s q u a r e s 
fit to a second-order polynomial in cos θ*. 
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Table X 

Differential c ros s sect ions for the p rocess γ + d → π- + 2p at 
l abora tory photon energy k = 150 to 157.5 Mev 

†cos θ* 0.83 0.50 0.17 -0.17 -0.50 -0.83 

∂σ . 1030 cm2 
1.31 

±0.31 

1.63 

±0.34 

1.92 

±0.36 

1.87 

±0.35 

1.07 

±0.26 

1.14 

±0.27 
∂σ 

. 1030 

s r 
1.31 

±0.31 

1.63 

±0.34 

1.92 

±0.36 

1.87 

±0.35 

1.07 

±0.26 

1.14 

±0.27 

†cos θ* is m e a s u r e d in the γ + d c . m . frame 

As shown in Fig. 45, the data w e r e fitted to an assumed 
isot ropic distrubiton and also to a second-order curve of the form 

∂σ = Α0 + Α1 cos θ* + Α 2 c o s 2 θ * . (56) 
∂Ω 

= Α0 + Α1 cos θ* + Α 2 c o s 2 θ * . (56) 

These r e su l t s a r e summar ized in Table X I . 

Table XI 

Coefficients in the angular dis t r ibut ion of Fig. 45 

Type of fit M x2 A1 A2 A 2 

Isotropic 
dis tr ibut ion 5 6.94 1.41±0.15 - - - -

Second o rde r 
in cos θ* 

3 2.65 1.71±0.20 0.23±0.20 -0.76±0.42 

M = number of degrees of freedom. 
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As can be judged from the x2 test, the second-order form is preferable 
(40% probability that a random sample gives no better fit), but the 
isotropic distr ibution is not ruled out (30%-probability that a random 
sample gives no bet ter fit). This may be compared with the work of 
Adamovich, 14 who obtained a very good fit to an isot ropic dis tr ibut ion. 

P red ic ted angular dis t r ibut ions for var ious combinations of 
nucleon final s ta tes with meson S and Ρ final s ta tes a r e tabulated by 
Adamovich. 14 According to these predicted angular d is t r ibut ions , a 
negative cos2 θ* t e r m implies a 3P1 nucleon final s tate and a P 
meson final s ta te with e lec t r ic dipole absorpt ion of the photon. 
Although the d i rec t in terac t ion t e r m 5 4 mixes in higher meson angular 
momentum s ta tes and the deuteron s t ruc tu re may introduce anisotropy, 
S-wave photopion production is expected to predominate this close to 
threshold. 
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VII. CONCLUSIONS 
A. The O b s e r v e d Ra t io σ - / σ + 

T h e d e p e n d e n c e of t h e r a t i o σ- /σ+ on photon e n e r g y and pion ang le can be s e e n m o s t r e a d i l y in F i g . 46 , on which t h e f inal d a t a of T a b l e VII a r e p lo t t ed wi th t h o s e of o t h e r w o r k e r s . C o u l o m b c o r r e c t i o n s b a s e d on B a l d i n ' s w o r k 3 4 h ave been app l i ed to a l l po in t s by t h i s a u t h o r , excep t w h e r e s t a t e d o t h e r w i s e , t w o - b o d y k i n e m a t i c s (F ig . 32) i s a s s u m e d . The c u r v e s in F i g . 46 a r e t h e p r e d i c t i o n s of the dispersion relations of Chew et al.20 as calculated in the paper by Beneventano et al.*10 

The d a t a in t h i s w o r k show an u p w a r d t r e n d wi th i n c r e a s i n g photon 
e n e r g y and c . m . a n g l e . T h i s undoub ted ly i s due in p a r t t o the a n g u l a r 
d e p e n d e n c e of σ-/σ+, which i s p r e d i c t e d by t h e d i s p e r s i o n r e l a t i o n s . 
(See Sec . I. A. ). 

Of t h e d a t a p r e s e n t e d h e r e , t h e two po in t s at h i g h e r e n e r g y 
a r e in a g r e e m e n t both with t h e o r y and with p r e v i o u s w o r k . T h e 
s i n g l e point at photon e n e r g y k = 155 Mev i s l o w e r t h a n e x p e c t e d . 
T h i s m a y r e f l e c t t h e in f luence of t h e p h o t o n — t h r e e - p i o n i n t e r a c t i o n 
m e n t i o n e d in Sec . I. A. If s o , t h i s poin t would c o r r e s p o n d to a v a l u e on σ- /σ+ i s not s t r o n g l y e n e r g y - d e p e n d e n t . 

G e n e r a l l y , t h e d a t a p r e s e n t e d h e r e a r e in a g r e e m e n t wi th p r e v i o u s r e s u l t s , and excep t for t h e low poin t j u s t d i s c u s s e d , t e n d to confirm the consistency which seems at this time to exist among the low-energy pion parameters (Sec. I. B).90 

The p e a k i n g of the t r u e even t e n e r g y a r o u n d t h e photon e n e r g y 
g iven by t w o - b o d y k i n e m a t i c s ( F i g s . 33-35) i s in q u a l i t a t i v e a g r e e m e n t 
with the c a l c u l a t i o n s of B e n e v e n t a n o et a l . 10 B e c a u s e of t h i s p e a k i n g , 
the use of two-body kinematics to determine the photon energy and pion 
c.m. angle can be considered a satisfactory method. 

*Tha t t h e c u r v e s of F i g . 46 e x t r a p o l a t e to a t h r e s h o l d v a l u e R = 1.36 
r a t h e r t h a n 1.30 o r l o w e r m a y be due to the n e g l e c t of a (l + ω/Μ) - 1 t e r m 
in the e x p r e s s i o n f o r ( 0 ) t a k e n f r o m R e f e r e n c e 20. 
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Fig. 46. The observed ra t ios σ-/σ+ co r rec t ed for 
f inal-s ta te Coulomb effects compared with the 
predic t ions of the d i spers ion re la t ions of Chew et al . 
for var ious c . m . angles . The curves a r e from the 
paper of Beneventano et al . Two-body kinemat ics is 
used to de te rmine the photon energy (lab) and 
angle ( c . m . ) except where noted, the Coulomb 
cor rec t ions were made by this author. 
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B. Extrapolat ions to Cross Sections (γ + n → π - + p) 

Cross sections for the react ion γ + n → π- + p were obtained 
by using s t ra igh t - l ine extrapolat ions of data from the reac t ion 
γ + d →·π- + 2p to a negative (nonphysical) value of the kinetic energy 
of the lower -energy proton. These r e s u l t s , when compared with 
other w o r k e r s ' c r o s s sections for the react ion γ + p → π+ + n, gave 
a ra t io σ - / σ + = 1.7±0.2 near threshold . The data obtained by this 
method a r e not definitive in themse lves . However, as a f irs t at tempt 
at the Chew-Low polology extrapolat ion p rocedure , they se rve as a 
valuable i l lus t ra t ion of the technique. The difficulty of this method is 
as apparent he re as is the inherent feasibil i ty. More data will improve 
the situation. Even more valuable than an extension of this expe r i 
ment would be a s imi la r exper iment with a l a rge r bubble chamber . In 
a l a r g e r chamber , events at higher photon energy with specta tor protons 
of very low energy would general ly be analyzable, since the pion has a 
g r ea t e r chance of stopping within the chamber volume. The e x t r a 
polations would then be improved by data c loser to the point to which the 
extrapolat ions a r e made . 
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C. Absolute Cross Sections 

The absolute c ro s s sections obtained in Sec. VI. C a r e surpr i s ingly different from those interpolated from the data of Adamovich et al.13,14 The total c ro s s sections a r e about 32% lower than the Russian data, and the differential c ro s s sec t ions , although consistent with isotropy, contain a strong suggestion of a negative cos2 θ* term in the γ + d c.m. reference frame. 

The discrepancy in the total cross section could conceivably 
be due to a number of causes: 

(a) a s ta t i s t ica l fluctuation, 
(b) a b remss t r ah lung monitoring e r r o r , 
(c) poor es t imat ion of scanning efficiency, or 
(d) an e r r o r in event energy determinat ion. 
The monitor ing a r r angemen t at the Lebedev Physica l 

Insti tute has never been d i rec t ly in te rca l ib ra ted with those of other 
l abo ra to r i e s , so that a sys temat ic e r r o r could be found h e r e . How
ever , the ra t io σ- /σ+ based on the negative photopion exper iments 
of Adamovich et al. and on the positive photopion work at other 

laboratories,39 is in agreement with the average ratio obtained 
in the present work. A monitoring error in this experiment could 
have occu r r ed if we incor rec t ly a s sumed (Sec. III. E) that the average 
beam flux per bubble chamber pulse was the same as that per 
synchrot ron pulse . It is difficult to imagine how this could have 
occur red . That the Chew-Low polology extrapolat ions were higher 
than expected is not consistent with this speculat ion. 

An overes t imat ion of scanning efficiency may affect this expe r i 
ment . However, the double scanning procedure used throughout should 
have given a ve ry high ove r - a l l efficiency. Events could have been 
m i s s e d because both protons had invisibly short t r a c k s , but this can 
happen only at forward pion angles . If we a s sume that events m i s s e d 
for this r eason a r e the cause of anisotropy as well as a low total c r o s s 
sect ion, we should expect m o r e events lost at forward pion angles than 
at backward pion angles . This is not the case , judging from Fig. 45. 
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The event energy determinat ion depends on the r ange -ene rgy 
rela t ionship and on the e l emen ta ry -pa r t i c l e m a s s values . That this 
could be the source of the d iscrepancy seems ve ry unlikely, so we a re 
left with (a), (b), and (c) as causes about which to speculate . 

Concerning the angular distr ibut ion, the suggested p resence 
of a negative cos2 θ* t e r m is an in teres t ing new development. However, 
since the data a r e also consistent with isotropy, and in light of 
Adamovich's results, we should regard this development with some 
skepticism until further data are available. 
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