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CHAPTER 1

INTRODUCTION

“There is a theory which states that if ever anyone discovers exactly what the
Universe is for and why it is here, it will instantly disappear and be replaced
by something even more bizarre and inexplicable. There is another which states
that this has already happened.”

Douglas Adams, Hitchhiker’s Guide to the Galazy

Having started as an attempt to describe the physics of strong interactions before the intro-
duction of QCD, string theory has become one of the best candidates for a quantum theory
of gravity. In this theory, the oscillations of the strings that can be interpreted as particles.
In a low energy limit, the oscillations of these strings will look like localized excitations -
different oscillation modes correspond to the different kinds of particles, including gauge
fields. From this perspective, gauge fields appear as non-fundamental objects which are ex-
citations of the fundamental strings. Gravity itself is derived from the interaction of these
fundamental objects (through splitting and joining). But such a perspective is too narrow.
In fact, a better understanding of non-perturbative string theory and D-branes has shed
light into another interpretation of gauge fields: it has been seen that string theory in certain
space-time backgrounds has a dual description as a gauge field theory, thus putting gauge
fields and strings as fundamental objects in the respective theories. This gauge/string dual-
ity, also known as Anti-de-Sitter/Conformal Field Theory (AdS/CFT) correspondence, was
first proposed by Maldacena [1], and identified string theory on an AdS;.; x X background

with a conformal field theory living on the boundary of this AdS,space (d-dimensional).



String/Gauge Dualities

Gauge/string dualities relate two seemingly different quantum physical descriptions, one
being a gauge field theory in a number of space-time dimensions, and the other a string
theory on a two-dimensional conformal worldsheet. The most studied of these dualities is the
AdSs/CFTy correspondence [1], which relates type IIB superstring theory on the AdSs x §°
background and .#” =4 supersymmetric Yang-Mills (SYM) gauge theory in four dimensions.

Both theories in the duality have a coupling constant A and a genus-counting parameter
gs (string theory) and gyy (on the gauge side). The latter g; appears naturally on the string
side, and related to the coupling of an U (N,) gauge theory through g2,, = 47g;. At N, large,
there is a natural choice for the effective coupling A in each theory, given by the 't Hooft
coupling A = g7,,N. for the gauge theory [2], and is related to the string tension A = R*/a?
on the string side (R is the radius of the AdSs x §°> background, and « is the the inverse of
the string tension). In a path integral formulation of these theories, one can easily see that
only the combinations fg?,, and R?/ha appear in the gauge and string theories, respectively.
Then, obtaining an expansion in /i < 1 (quantum corrections) is equivalent to expanding in
g2y < 1 and o/R?> < 1. A direct comparison between these two theories is then non-trivial
because of the strong/weak property of this duality. In the perturbative regime of gauge
theory (’t Hooft coupling small), string theory is strongly coupled (o large), and vice versa.
Thus, this property makes checking this conjectured duality a very hard problem to solve,
as one cannot access both perturbative regimes at the same time. On the other hand, if we
choose to believe in this correspondence, then it gives us access to previously inaccessible
regimes in both sides of the duality.

Even though a direct comparison of most quantities in both sides of the duality can not
be done, there are a few cases where such a comparison can be performed [3,4]. One example
consists in calculating quantities which are protected from receiving quantum corrections
(by supersymmetry). Other examples include certain limits which can be taken, such as the
plane-wave limit [5], where the existence of some large charge allows us to define an effective
coupling, and thus reach both sides of the duality.

Recently, a new example of an AdS/CFT duality has been conjectured [6], which re-



lates the three dimensional .4 = 6 superconformal Chern-Simons theory (with a gauge
group SU (N) x SU (N)) and a theory of M2-branes in the background AdSy x S7/Z; (11-
dimensional). The parameter k in this AdSs/CFT; duality is the Chern-Simons level. If we
consider the limit k, N — oo keeping A = 27N /k fixed (scaling limit), then the eleven dimen-
sional M-theory becomes the type IIA superstring theory on the AdSs; x CP? background.
One of the main focuses of this dissertation is the study of the classical string and gauge
theories of these two examples of the AdS/CFT correspondence, and their semi-classical
behaviour. This will be done with using tools such as the symmetries underlying each of

these dualities, and their integrability properties.

Symmetries

The symmetries of a physical system are one of our best hopes of truly understanding it.
The algebra of symmetries psu(2,2[4) is central in AdSs/CFTy4 correspondence, as both the
gauge theory and its string theory dual have the same underlying supersymmetry algebra
psu(2,2[4). The two dimensional sigma-model which gives us the perturbative string theory
in AdSs x §° [7] has a manifest global symmetry under PSU (2,2|4) [8,9], the isometry group
of the target space. This is the same group of internal and space-time (superconformal) sym-
metries of the .#/" =4 SYM (see [10] and references therein). Through AdS/CFT correspon-
dence, the spectrum of energies of string states should coincide with the scaling dimensions
of conformal gauge operators. This can be seen at the algebra level as a correspondence
between the eigenvalues of the string light-cone Hamiltonian and the eigenvalues of the Di-
latation operator in gauge theory, and was checked in the so called thermodynamic [11,12]
and BMN [5] limits [13,14, 15,16, 17]. In the case of the AdSs;/CFTj3 correspondence the
same approach can be taken, but in this case the group of symmetries shared by string and
gauge theories is the OSp(2,2|6) [18].

The sigma-models for these dualities have been shown to be classically integrable [19,18],
thus having an infinite number of (non)local integrals of motion. It is of great interest to
study the algebra of symmetries of these dualities, which together with the integrability of
the theories can give a lot of information on several properties of the physical system, such

as scattering.



Integrability

Because of the integrable structures found to exist in planar (and perturbative) 4" =4
SYM and in classical IIB superstring theory on AdSs x §°, these theories are thought to
have a Yangian symmetry, that is, an infinite number of conserved charges. Together with
the symmetry algebra already known, these charges can provide a much more thorough map
between gauge and string theories. But we are far from having a full set of explicit solutions
with which to compare the two sides of the duality. Nevertheless, even if we don’t know
explicit form of the solutions, we can try to use the integrability properties of the theories to
construct and compare the respective Bethe ansatz equations, allowing us to explore the full
energy spectrum of classical strings and of eigenstates of the (planar) dilatation operator in
gauge theory.

The &/ =4 SYM theory was first seen to have integrable structures by Minahan and
Zarembo in [20], where they found that in the invariant so(6) sector (sector containing
scalars) and at one-loop order in the 't Hooft coupling A, the dilatation operator is isomor-
phic to the Hamiltonian of a so (6) integrable quantum spin chain. There it was shown that
determining the anomalous dimensions of operators (eigenvalues of the dilatation operator)
in the s0(6) sector of the gauge theory is equivalent to solving the corresponding Bethe
equations of this sector. This description of gauge theory operators as spin-chains can be
easily pictured in the large N, limit. In this limit one can restrict local operators to be single-
trace operators, and we interpret the traces as cyclic spin-chains, and the fields inside the
traces as spin sites. A specific example is the su(2) sector, where the operators are traces of
products of two scalar fields, and corresponds to the spin-1/2 Heisenberg model (only near-
est neighbour interactions). The so0(6) sector will correspond to a spin-chain where at each
site the spin can take six different values. This equivalence between conformal dimensions of
operators and integrable spin chains has been generalized to the full psu (2,2[4) algebra [21],
and the gauge theory was also seen to be integrable to higher loops [21,22,23,10, 24].

On the string side, the BMN limit allowed one to study the string action in a near plane-
wave geometry, and compare results to near BPS gauge operators. On the other hand, the

thermodynamic limit of string theory was seen to correspond to a semi-classical expansion



about solitonic string solutions in the AdSs x S° background [11]. This led to the study of
multi-spin string configurations rotating on AdSs x $° [12,25] which were then compared
to the s0(6) sector of the gauge theory. This work was later generalized to other classical
string solutions with very large angular momentum in some directions of §°, called giant
magnons [26,27], or of AdS> [28] in a limit which differs somewhat from the BMN limit,
allowing us to take the large spin and semi-classical limits separately.

One can also study the comparison of integrable structures of string and gauge theories
through the algebraic curve formalism. This was first studied in [29], where the su(2) con-
served currents of the classical string sigma-model were used to construct a Lax pair and
re-write the equations of motion as a Riemann-Hilbert problem in terms of hyperelliptic
curves. It was also shown that the same can be obtained from the gauge theory side up to
two loops. These results have been generalized to other sectors of the theory [30,31,32,33].
The full spectrum of AdSs x S° superstrings has been studied in [34] (at the classical level)
and in [35] (quantum generalization). A Bethe ansatz for quantum strings was first pro-
posed in [36], and further studied in [37, 38, 39, 40, 41, 42], including comparisons to the
Bethe ansatz equations from the gauge side.

The integrable structures of the new gauge/string duality, the AdSs/CFT3, have also
been studied: the sigma model has been seen to be classically integrable [18], and semi-
classical expansions of rotating string configurations have also been studied [43,44,45]. These

results were compared to the ones obtained through the algebraic curve formalism [46,47].

Solitons

As with any physical system, it is of great interest to determine any solitonic solutions of
the theory, and consider them as the fundamental excitations which one can then use to
build the other states of the theory. In the limit of long spinning strings in AdSs x §> such
solitonic solutions were seen to exist [26] and were called giant magnons. Related to these
by a generalized T-dual transformation another kind of solutions were also found [48], called
the giant single spikes. The solitonic properties of these solutions were discussed through a
reduction to the sine-Gordon field theory using the so called Pohlmeyer map [49]. Through

this, the giant magnons were mapped to the sine-Gordon kinks (and the single spikes to an



unstable kink) and some of their classical and semiclassical properties were determined, such
as the time delay of scattering of magnons and their phase shift. This phase shift was found
to be different for scattering of giant magnons and of sine-Gordon kinks, a consequence of a
different symplectic structure associated to each of the problems [50]. Some attempts have
been made to reconcile this issue [51], where the conjectured existence of a bi-Hamiltonian
structure on the relativistic N-body model related to both sine-Gordon solitons and giant

magnons was seen to lead to such a difference on the phase shifts.

Overview

The main text of this dissertation is divided into six parts. The first three chapters focus
of the AdSs/CFTy4 correspondence, introducing the algebra of symmetries and studying
dynamics of giant magnon soliton solutions and the related giant spikes at a semi-classical
level. The fourth chapter gives an introduction to the algebraic curve formalism from the
string sigma model in AdSs x §°. The last two chapters focus on the AdS4/CFT; correspon-
dence, determining the spectrum of magnon solutions in the R x CP? space in the algebraic

curve, and comparing it to several magnon solutions in this space.



CHAPTER 2

THE ALGEBRA OF ADS5/CFTy

The gauge/string duality has been the object of study for more than a decade by means of
the AdS/CFT correspondence [1,52,53], between IIB superstrings on AdSs x $° and A" =4
U (N,) super Yang-Mills theory in four dimensions. But while the results calculated from
the gauge theory are perturbative in 't Hooft coupling A = g2,,N,, the calculations on the
string side are valid for strong coupling A.

This strong/weak property of the duality limited its study to operators/states in sectors
protected by supersymmetry, as these would receive no quantum corrections. But a heuristic
comparison of the algebraic structures in the weak/strong coupling limits was possible by
taking the plane-wave limit, or BMN limit [5]. On the gauge theory side, the BMN limit is
taken by considering single trace operators, i.e. N, very large, with large R-charge of s0 (6)
J ~ /N, and conformal dimension A , keeping A —J finite. These operators consist of a chiral
primary (trace of a large number of a complex field) with some impurities (other complex
fields, bosonic or fermionic). Even though the 't Hooft coupling A = g2,,N, is very large, one
can use perturbation theory provided some effective coupling A’ = g2,,N./J* ~ g2,, is kept
fixed and small.

On the string side we start from the Green-Schwarz action on the AdSs x > [7], with
J ~ /N: now being the angular momentum in one of the directions of §°>. We also take
the energy E (generator of time translations in AdSs) to be large, obeying E —J finite,
thus originating point-like closed strings with large angular momentum in S°. In light-cone

gauge, the quantity E —J is just the light-cone Hamiltonian, and the light-cone momentum



P, = E+1J is very large. In this case, there is an effective coupling just A = 41 /P2, which
is equivalent to A" in the limit J — oo (P, /2 — J).This limit allowed a direct comparison of
the dilatation operator in SYM (anomalous dimensions of operators in the conformal field
theory) to the energies (E —J) of point like semiclassical string oscillations in the plane-wave
geometry.

The algebra of symmetries psu(2,2(4) is central in AdSs/CFTy correspondence, as both
the gauge theory and its string theory dual have the same underlying supersymmetry al-
gebra. The two dimensional sigma-model, which gives us the perturbative string theory in
AdSs x §° [7], has a manifest global symmetry under PSU(2,2|4) [8,9], which is the same
group of internal and space-time symmetries of the ./ =4 SYM (see [10] and references
therein).

In particular, one can use the algebra to compare the scattering of particles in the
duality. For large 't Hooft coupling the scattering is best described by string theory, but
for small 't Hooft coupling the spin-chain description is more adequate. It was shown by
Beisert that in this limit the non-perturbative S-matrix is almost completely determined by
the centrally extended su(2|2) @ su(2]2) algebra [54,55,56], up to an overall dressing phase
(determined by a crossing symmetry restriction [57,58,59,60]). In fact, the invariance of the
S-matrix under this algebra (that is, its trivial commutation relations with every generator
of the algebra) led to discovery that it satisfies the Yang-Baxter equation, requirement
for a factorized scattering, which is a property of integrability [55]. The related Yangian
symmetry was also found in [61].

Each of these centrally extended algebras su(2]2) has the following structure: bosonic
(kinematical) generators R‘;,L%, corresponding to the rotation generators of the bosonic
subalgebra su(2) @ su(2); fermionic (dynamical) supersymmetry generators Q%, Q'’: and

three central charges H, C, C' (Hamiltonian, generator of space translations and of boosts).!

INote that (Q%)" = Q¢ and the same relation holds to the central elements C and C.



Their commutation relations are:

1 1
a 1Y _ Yyoo _ C soyy a Jcl _ Scya _ ~ sayc
LGd7| = S -85, RGI =55
1 a a 1 a
53] = st 8y, RGA] = 0t 50
{ «qQlyl = 65L%+6§‘R’;+%6;’6§‘H, (2.1)

)
{ Z,Qf} = ePeuC, {Q"ﬁ,Q%’}:e“beaﬁc"'.

In the above expressions, J¥ (where M € {a, &}, a being bosonic indices and o being the
fermionic ones), is any element of the Lie algebra. From the elements of the algebra, the
dilatation operator (or central charge Hamiltonian) has been studied in detail (see [10] and
references therein).

Much has been done on the study of sectors of this superconformal algebra on the string
side [62,63,64,65,66]. On the gauge side, Beisert has perturbatively studied and determined
the action of the generators of the superalgebra su (2|2) up to two loops, by first restricting to
the subalgebra su(2|3) whose fundamental representation consists of three complex scalars
and two complex fermions [67], and finally considering an infinite chain of one of the scalar
operators [55]. Using Bethe Ansatz techniques it was later conjectured an all loop result in
this sector for the action of the algebra generators [56].

In this chapter, we present the SUSY algebra in terms of a matrix model reduction of
Yang-Mills Theory in the large N limit. The matrix model has played a very useful role

in large N theories. In fact, the 5 BPS sector of N =4 SYM is completely described in

1
2
terms of a complex matrix model [68,69,70,71,72], and the % BPS generalization is also of
great interest (work in progress). Presently, the interest is in the detailed construction and
comparison of supercharges and their commutation relations both on the Yang-Mills and
on the string side. We will demonstrate that the algebra given by Beisert in [56] (at least
at one loop) is correctly reproduced from the reduced Matrix model point of view.

In [73] it was seen that the plane-wave matrix theory [5,74] arises when compactifying

A =4 SYM in R x 83 followed by a consistent truncation in order to keep only the lowest

Kaluza-Klein modes (see also [75,76]). These modes have masses proportional to a mass pa-
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rameter, given by (%)3 = 3;2—”2. This theory was shown (in some sectors) to still be integrable
- YmM

up to four-loops [77,78]. Study of this model is simpler than the full .4 =4 SYM, and can
be found in Section 2.4. In this section we present a detailed study of the supercharges Q
and S, following the approach of [73]. In Section 2.5 we restrict the action of the generators
of the algebra to a subsector su(2|2). The results presented in this paper are one-loop, and
we compare our results with the non-local generators presented in [56], evaluating some of
the parameters defining these generators.

Some methods have been employed in the gauge theory side that allowed a comparison
of the Hamiltonian to string theory equivalent algebra generator. Such methods include the
use of coherent states [13,17,79], collective field theory and string field theory [80,81]. In
this framework one can compare a discrete (first quantized) version of the supercharges on

the string side with the oscillator expansion of the charges in SYM, in the BMN limit.

2.1 The algebra of strings in a AdSs x > background

We start from the Green-Schwarz string theory on the AdSs x S° background, following
[66,64]. The string sigma-model has a global symmetry given by the supergroup PSU (2,2|4).
Because it is a string theory, it also has local worldsheet diffeomorphism symmetries and the
fermionic x-symmetry. So one is interested in fixing these symmetries and keeping only the
physical degrees of freedom. In order to do so, the uniform light-cone gauge will be used.?

Our main interest is in studying the generators of the superisometry algebra psu (2,2[4),
which can be divided into two groups, according to whether they (Poisson) commute with
the Hamiltonian or not. The first case corresponds to the subalgebra su (2|2) @ su (2|2) which
is the algebra we will be focusing on. We can also separate the generators into dynamical and

kinematical generators, depending on whether they depend or not on some unphysical field

20ne thing to remember is that the manifold space is given by the full group of isometries divided by the
little group (that is, the group of isometries, or rigid rotations, given one fixed point). In the case of S we

have §° = S5, and also for AdSs = 5573} The full group of isometries of AdSs x $% is PSU(2,2/4), and so

= 5005
the space manifold is equivalent to

PSU (2,2/4)
SO(1,4)xSO(5)"
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x_ (one of the light-cone co-ordinates). The zero mode of this unphysical field x_ will be seen
to be the conjugate variable to the total light-cone momentum P, , and consequently, the
dynamical variables change the light-cone momentum. The large J limit mentioned before
corresponds to the limit of infinite P, in light-cone variables, and in this limit one can see
that the zero mode x° can be dropped.

The derivative x'_ can also be seen to be a density of the world-sheet momentum (related
to rigid symmetries of the o —direction of the string action, after gauge fixing), and for closed
strings the periodicity of the fields requires the total worldsheet momentum to vanish. This
imposes a constraint in x_, called the level-matching condition. It can be shown in the
string theory frame that relaxing this level-matching condition and considering the limit of
infinite light-cone momentum Py leads to a central extended su (2]2) @su(2|2) algebra. This
extension consists of an extra common central element, proportional to the level-matching
condition, with the Hamiltonian remaining central (as in the on-shell algebra, where the
level-matching condition is obeyed).

The same thing should be obtainable from the gauge theory side. In 4" =4 gauge theory,
the level-matching condition corresponds to working with traces of products of fields (gauge-
invariant operators), and the relaxing of such constraint corresponds to consider infinitely
long operators. From [55] one has that the opening of the traces and considering infinitely
long operators will add two central charges (to the one already existing, the Hamiltonian)
to the algebra su(2|2) ®su(2|2), functions of the momentum carried by the one-particle

excitations.

2.2 Superstrings on AdSs x S°: action and symmetry algebra genera-

tors

The full superstring action is a sum of the non-linear o-model and a topological Wess-

Zumino term (uniquely fixed by requiring PSU (2,2|4) and x-symmetry invariance). Its
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target space is given by the coset manifold [7]

PSU (2,2/4)
SO(4,1)x SO(5)"

We want to study the algebra of isometries of this action, the psu(2,2|4) superalgebra. This

analysis follows closely [64]. To study this coset space, consider 8 x 8 matrices of the form

where the 4 x 4 matrices A and D are Grassmann even, while the matrices X and Y are
Grassmann odd. The superalgebra su(2,2|4) can be described by requiring that M has
vanishing supertrace, sttM = trA —trD = 0, and satisfies HM +M"H = 0. In this last condition,

the matrix H is a hermitian matrix, chosen to be

X 0 T2 0
H= ,with X =

This choice of H allows us to easily see that A €u(2,2) and D € u(4), and also that ¥ = —X'%
(conjugated to each other). There is a u(1) generator from each of the u(2,2) and u(4),
but only the supertraceless combination of the two belongs to su(2,2]|4). So, the bosonic
subalgebra of su(2,2/4) is

su(2,2)@su(4)du(l).

Finally the superalgebra psu(2,2]4) corresponds to the quotient algebra of su(2,2|4) over
this last u (1), and cannot be represented in 8 x 8 matrices. Nevertheless, this last result will
be enough for the present discussion, and we now turn to building the superstring action.

To construct the superstring action, one uses a Z4 grading of the superalgebra su(2,2|4).
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This grading is defined by the automorphisms M — Q (M), where

01 0 0
KA'K —KY'K 10 0 0
QM) = , with K =
KX'K KD'K 0 0 0 1
0 0 —1 0

Given this automorphism, any matrix M € su(2,2|4) can be decomposed into 4 term
M=MY+ M+ pm® 4 3

where each term will obey Q (M (1’)) = iPMP). Note that M2 are Grassmann even, while
MU3) are Grassmann odd. It can be seen that the matrices M) span the so(4,1) x s0(5)
subalgebra, to be mod out in the coset space.

One now considers a group element g of PSU(2,2|4), and constructs a flat current (Z4
decomposition)

A=—gldg=A" + AW L AP L AB)]

from which the superstring action can be written as [7]:

S = —ﬁ _z dodt (y“ﬁ str <A£,2)A§32)) + ke®Pstr (AS)AES))) .

In the above expression, A is the string effective tension, and from x-symmetry we have

Kk ==+1. Also y*F = /=hh*F where h*P is the worldsheet metric.

Parametrization of coset group elements

Before we start, it is important to parametrize the bosonic part of the orthogonal comple-
ment of s0(4,1) x s0(5) (the latter spanned by the matrices M(?)), namely the even matrices
M®). The total bosonic algebra corresponds to su(2,2) @su(4), and we will be treating the
algebras s0(4,1) and so (5) and their orthogonal complements separately. The algebra su (4)
has 15 generators, out of which 10 span the algebra so (5), and the other 5 span its orthogonal

complement.
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From the eigenstates of the matrices M(?) under the map Q, one can easily check that if

102 _ App 0
0 D072
then we have the relations
KALK = Ag KALK = —A;
an .
KD{K = Dy KDLK = —Ds

In these, Dy, € su(4) =so0(6), while Aps € su(2,2) =s0(4,2). So we can conclude that the
Dy will span so(5) while D, spans its orthogonal complement (and the analogous relation
can be found between Ag € s0(4,1), and A; € s0(4,1)7).

In order to parametrize M), one introduces the 5 (hermitian) Dirac matrices for SO (5)

{Ys,s=1,...,4, %5 =X} , such that
KYK=—-y,, KXK=-x.

These 5 generators span the orthogonal complement to the algebra so(5), understood as
a subalgebra of su(4), while the other 10 generators of su(4) will obey the same relations
with a plus sign on the r.h.s..
To parametrize the orthogonal algebra to so (4,1), one can take {y,,a = 1,...,4,iX}, where
the 7, are the Dirac matrices pointed above.
We can finally write a matrix M® as
it¥ 0

M = XyZyp + ~+ imyll,
0 ipX
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where we have real parameters xy = {z4,ys}, ¢, ¢, mo, and the 8 x 8 generators:?

% 0 0 0 £y 0
Ty = , . T.= . (2.2)
00 0 iy 0 X

The real parameters are such that {t,z,} parametrize AdSs space, and {¢,y,} parametrize S°.

We are now ready to parametrize a general element of the coset group. For that choose
g(x,x,1,0)=A(t,0)g(x) g (x). Matrices A(z,¢), g(x) are even, and give us an embedding of
the target space into SU(2,2) x SU (4), and the matrix g () is odd, and includes all the 32

fermionic degrees of freedom. We have

= ,A<r,¢>:exp{2<x+z++x_z_>}, (2:3)

where xy are the light-cone co-ordinates, given in the next section, and

2@ =(4-2) 2 Q+zh) . &) = (4432) T @+ing).

Using this parametrization, the metric of the target space is:

16 16
ds* = —Gy (2)dt* + Gypd 9> + ————dzedzy + ————dysdyy, 2.4
4 (2) ood® a_ap'e I (2.4)

. 2\ 2 _2\2
with Gy = (ﬁ—;) and Gyp = <i+—§2) i

Finally we need to parametrize the fermionic degrees of freedom. They are given by

0 O
s)=x+V1+x*, x=

-0'x 0

The next step is to fix k-symmetry and use the uniform light-cone gauge.

3Tt includes T the identity 8 x 8 matrix, which is a U (1) generator, included in the algebra su(2,2|4), but
divided in the psu(2,2|4).
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The Uniform Light-Cone Gauge

To impose the light cone gauge on a string propagating on some target space, we will use
the time co-ordinate of the manifold, called ¢, and we assume there is an angle variable ¢
with respect to which the manifold has a U (1) isometry under shifts of ¢ [62]. Also the
string o-model action has to be invariant under shifts of both r and ¢, as well as all of
the bosonic and fermionic fields (the string action does not depend explicitly on ¢ or ¢
and depends only on the derivatives of the fields). In particular we will be interested in
studying the Green-Schwarz superstring in AdSs x S° [7]. For this case, ¢ is just the global
time co-ordinate of AdSs and ¢ is an angle of S°.

Invariance under shifts of ¢+ and ¢ result in two conserved currents E%*,J% and the

corresponding conserved charges

E:/M‘ZGEO ; J:/Zﬂdcf‘).
0 27 0 21

In the above expression E? = —p, and J° = Py are just the momenta conjugate to the co-
ordinates t,9, and E and J are the target space energy and the total U (1) charge of the
string (or angular momentum), respectively.

We now need to define the light-cone co-ordinates x4

Io= xy—x_ xp = 3(¢+1)
= )
0 = xix x = Lo-1)
and the respective momentum conjugates
p = 5(p++p-) P+ = Po+p
~
po = 3(p+—p-) p- = Pi—po

Note that p; (p—) is the momentum conjugate to x_ (x4).

The uniform light-cone gauge is obtained by fixing

Xy =T+ %G ,  p+ =P, =E+J=constant. (2.5)
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The integer m is just the winding number related to the angle variable ¢. To fix this gauge
we also need to fix the local fermionic k-symmetry, which will be done next.

In this gauge the worldsheet Hamiltonian corresponds to p_,

H_/erdG —E_J
o 0 27Tp__ ’

But the Hamiltonian can be also written as a function of P, and so we get an equation
for the energy E =J+ H (E +J), which will give the energy E as a function just of J - the
dispersion relation.

One now proceeds to fixing the light-cone gauge, and k-symmetry [64].* If one only
considered the bosonic degrees of freedom, then it would be enough to have introduced
the momenta canonically conjugate to the light-cone co-ordinates x4, But if we keep the
fermionic degrees of freedom as well, the expressions for the momenta will be obtained by

introducing a auxiliary field 7, in the algebra of the M(2):?

. . |
T= im&r + iﬂ_Z_ + EEMZM + moill. (2.6)

Then we write the superstring action as:

T @, VA _ap (1), 0) 1 ) B U NG
S—Zn/ﬂdeTStr (TCAO +K78 AOC AB W(ﬂ +)L(A1 ) )+W(n’Al ) .

(2.7)
We get the original action by solving the equations of motion for x:
r=VArPAY, (2.8)

and plugging them back into the action. Note that the momenta conjugate to the light-

cone co-ordinates will also be written as functions of the auxiliary field m. The last two

4 A simpler version of this gauge fixing, only considering the bosonic part of the theory, can be found
in [82].

5The field 7 is an even field that lives on the su(2,2|4) algebra. It lives on this algebra because it is
a momentum field (When the manifold is a group, the momenta, conjugate to the fields that live on the
manifold, live on the corresponding algebra). Consequently, we have a Z4 decomposition, T = 7 4+ 7 and

as we are dividing by the subspace of the MO we can consider 7= (2.
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terms in the action correspond to the Virasoro constraints, to be imposed after gauge and

K-symmetry fixing.

C = Str(nAgz)):o. (2.10)

K-Symmetry

Recalling that the fermionic part of the group element of the coset space, g (), depends
solely on a complex 4 x 4 odd matrix ®, we need only to restrict the entries of this matrix

to fix xK-symmetry. In fact, k-symmetry can be fixed by choosing

0 0
0, 0

where O are odd 2 x 2 complex matrices. Then the fixed ¥ obeys the relations:
Yoy =Fxrs.

These relations can be seen as defining the fixed x-symmetry. Using these relations, together

with g=' () = g(—%), we obtain the following properties for g (x):

g (N =Sig(x) and g '(NEZ_=Z g '(n).

Note that the bosonic g(x) has similar relations, namely X+g~ ! (x) = g(x)Z+ and g~ ! (x) =

g(—x).

One can write the current A = A,ye; + Aygq fully parametrized:

Awen = _gil (X) % {dX+Z+ (1 +2%2) —i—dx_Z_}g(x) -
~¢ W {VITH 2V T+ 27— xdx +dg ()87 (x) } g (¥)

Awa = —g'(x) {idx+2+x\/1 + 22+ V14 x2dy — xd/1 +x2}g(X)-
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Next, we want to separate the kinetic term as the product of the time derivative of
light cone co-ordinates x4 with the corresponding momentum operators p+ (the symplectic
term). The momentum p, does not have a contribution from A,zy, as only A,,., depends

on x_. Once we substitute A into the action, we easily get that®
Py = —éStr (nz,g(xf) — G,y —G 7, (2.11)
1 1
where G4 = % (Gf, :I:G;)q)).

Gauge Fizing

Now we have all the equations needed to write the gauge-fixed Lagrangian. As was done
in [64], we first solve equation (2.11) using (2.5), in order to get my (P4, m_). We then solve the
Virasoro constraint (2.10) to get the unphysical field x_ as a function of the physical fields.
In fact one gets the worldsheet momentum density x' . Finally, one solves the constraint
(2.9) in order to get m_. The kinematic term of the Lagrangian thus obtained is not in
the right form, as it will lead to a complicated Poisson structure. By performing a field

redefinition, such that the final fields satisfy the canonical commutation relations, we get:
1 T
S= —/ dodt (Lin— ) , (2.12)
27 J_p

where

Lin = puyr — ISt (X %) = pusn +in, Na + 6, 6,, (2.13)

and xy being the physical bosonic degrees of freedom (and pys their conjugate momenta),
and 1, 0, are the fermionic ones. Before writing down the expression for the Hamiltonian
density 47, a few comments are in order. We will be interested in the limit P, — oo, with

the effective coupling A= % fixed, called the near plane-wave limit. In this limit we can
+

6The only contribution to p; will come from the term Str (n‘A(()z)>, as it will be the only term with

X_ = dix_, apart from the Virasoro constraints.
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expand the Hamiltonian in powers of le,

H = ffﬂ %ﬂ +P - Ao + (2.14)
+

where the term 573, in the Hamiltonian contains a product of 2n fields. The first two terms,

the quadratic and quartic Hamiltonians, were deduced in [64], and are”

1 1 IL 1 - 1
My = Pt +KfStr(Z+xQx”Q)+2Sth27

2 2
H, = i (ylzzz Z/2y2 +Z/2Z2 y/2y2) _
2 N N
—Sur < xx'xx +xa+ (xx -x'2)Q (xx’—x’x)’9+x9x”9x9x”9)
2 1 -
+= 2 Str N x'x + xMxN Za. Zn] (XX’ — X' %) — 2xmxnEm X Enx

+1KT (XNPM) Str([ZN,ZM] (QX’QX %QXI.Q))

One last important quantity is the worldsheet momentum density x’ , which integrated

over ¢ will give the total worldsheet momentum:

T 1 T ]
DPws = / dGX,, = _P/ do (pr;VI - %Stl‘ (Z‘f‘%%/)) :
+J-x

—T

The level-matching condition mentioned before becomes p,,; = 0.

Conserved Charges

Because of the invariance of the action under the PSU(2,2|4), one can determine the fol-

lowing conserved currents (in terms of Ag):

= Vig(nz) (rPAf = e (A —AF) )se) ™",

"Note that Q, Q are the following matrices

K 0 = K 0
Q—(O K) and Q—(O —K)'
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and the corresponding conserved charges

1 T
= doJ’.
Q 2z /n

By using the equations of motion for 7, and also using Fy, = \/1 + ¥20aX — X0a /1 + x* (the

odd component of g7 () dug(x)), we obtain the charges in the form®

T do
0= —AUA!, (2.15)
_n 2T

where A was given above (2.3), and

U=g()g() (x+i5VAg(x) QR ) g (x) g ().

Combining the components of Q will give the conserved charges corresponding to ro-
tations, dilatations, supersymmetries, etc. To obtain any particular one, we need only to

multiply Q by a particular matrix .# € su(2,2|4) and take the supertrace:

Q. =Su(QA). (2.16)

The charges Q live on the algebra psu(2,2]|4), and we know from the generators of this
algebra that the trace of the product of two generators will be either zero (if the generators
are different) or proportional to the identity (if it is the same generator). This happens
because the generators are either Dirac matrices or 1. So taking the product of Q with
a particular matrix .# of the algebra followed by the trace acts as a projection on the

direction of that matrix.

8The definition of Fs allows us to write

AY AT = —ig(x) QFLQg (v) .
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2.3 Superstring on AdSs x S°: Superalgebra generators

This section will be devoted to determining the action of the supercharges from the string
action in AdSs x $° on a lattice string, starting from the definition obtained above for the
generators Q y .

An important property of the generators Q 4 is that if the generator of a symmetry Q »
is independent of x, it Poisson commutes with the Hamiltonian. That happens because for
a symmetry generator in the light-cone gauge x; = 7 we have:

dQ.p _9Q.u«
art ot

+{H,0.4}=0.

This means that the generators independent of x; form an algebra that contains the Hamil-
tonian H as a central element.

The dependence of the charge QO on x+ comes from the matrix A = e%)‘*E**%x*Z*, and
consequently we can check the dependence of a charge Q 4 on the light-cone variables x4
b y checking whether .# commutes with Xy. Also, using the definitions of kinematical vs
dynamical charges (according to their dependence on x_, [E_, . #};,] =0), and the property
of odd/even .#, we can separate the matrices .# into four categories:

AN = e g0,
Al ///kol_gd A = oI+ ///IZZ",
NG = N

A—lﬂ}fi\;len[\ = e (2.17)

This information tells us that only .#%%¢ and Gt will give rise to charges Q » independent

dyn
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of x;.? The matrices of these categories are of the form

0 0 4 O kk 0 0 O

%fﬁld _ 0 0 0 d | e — 0 k& 0 O | (2.18)
d 0 0 0 0 0 k& O
0 d¢ 0 O 0 0 0 Kk

where the d;, k; are 2 x 2 matrices. The space generated by these matrices is the subalgebra
J €psu(2,2[4) that leaves the Hamiltonian invariant, i.e., the charge Q 4, produced by a
matrix .# € ¢ will commute with the Hamiltonian.

Note that we can write both the Hamiltonian and the constant P, as some of these
conserved charges:

H= —éStr(QZJr) CP— éStr(QZ,). (2.19)

From the commutation relations of the subalgebra ¢, one can determine the Poisson

bracket of the corresponding Noether charges Q ,:
{Qu.Quy = (=)™ O™ NS (Q Lt N) +C (M N). (2.20)

In the above expression .#, A" € #, & is the parity of the supermatrices, and [.#, 4] is the
graded commutator (the anti-commutator if both matrices are odd, and the commutator if
one or both of them is even). The first term of (2.20) states that the Poisson bracket of two
charges Q_ and Q_y gives a charge corresponding to the commutator [.#,.#]. The element
C (A ,./) Poisson-commutes with all Noether charges Q 4, # € #, and will correspond

to the central extension.

9That is because J d
_ [ a0 -1 _ [ 40 -1
0y = / SStr <AUA ///) = / SStr <UA ///A) ,

and if A=1.#A does not depend on x, then the charge will not depend on it. One should keep in mind that
the dependence on x4 is only in Al and A.
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The Central Extension

The relation of this central extension with the level-matching constraint will be discussed
at a later time. We will now focus on the properties of the algebra ¢, in order to get an
expression for C (.4, N).

We have seen before that the bosonic sector of psu(2,2[4) is given by su(2,2) & su(4).
So the bosonic algebra generated by the matrices given in (2.18) will be generated only by

A", and will correspond to
Foven = 5u(2) @5u(2) Dsu(2) @su(2) OR? (2.21)

. The su(2)* comes directly from separating the su(2,2) into two su(2) and the same to
su(4). The R? corresponds to the fact that we can have a nonzero trace on each of the su(2),
but require an overall traceless su(2,2) and su(4). This is accomplished by the use of the
generators X, .

Including the fermionic sector we have the decomposition:
F =psu(22) ®psu(2)2) X, HX_. (2.22)

In the limit Py infinite, this means that we have one less conserved quantity (the Py ), which
implies that the corresponding generator £_ won’t belong to the invariant subalgebra, and
we will have ¢ = psu(2|2) @ psu(2]2) x R. This R direction corresponds to the central
element ¥, and the corresponding charge, the light-cone Hamiltonian.'® The central charge
C (A, /) will be part of a centrally extended algebra where we include two extra central
directions to _#, Feu = psu(2]2) @ psu(2[2) x R3.

Finally we can separate the generators of each of the two psu(2|2) subalgebras in (2.22).
They correspond to keeping ki,k3,dy,d3 (psu(2]2),) or keeping ki, ks, da,ds (psu(2]2)g) from
(2.18).

Our goal is to find the expression for the central charge. To do so, some properties have

10Note that this subalgebra # can also be written as _# = su(2|2) @su(2[2), where the Hamiltonian is a
central element to both subalgebras.
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to be taken into consideration. An important property of C(.#,.#) is that it vanishes if
A or N are bosonic (even). Also it is a bilinear (graded), anti-symmetric form on the
algebra ¢ that Poisson commutes with all other charges Q », # € . Together with the
Jacobi identity for the Lie brackets, we conclude it is a 2-cocycle.!! One final property is
the invariance under the adjoint action of the group Geye, corresponding to the algebra Joye,.
The charge Q , is invariant under the transformation (note that the action of the group

preserves the Z-grading of #)
Q—gQg ', Mgy,

where g € Geyen. So the Poisson brackets of two charges also remains unchanged, and con-
sequently
C(gtg ' grg™") =C (M, M).

The most general expression for this central element, with such properties, can be found

in [66] to be

C(ctth, ) = Stx ((pottip sy + (—1)" %) p g0 7))

where
a0 0 0 c 0 0 0
1 0 chxy O 0 0 o 00
A= _E ’ P = 3
0 0 C4H2><2 0 0 0 o O
0 0 0 C2]I2><2 0 0 0 o
with 0 = . The coefficients ¢;,i =1,...,4 can depend on the physical fields and
-1 0

they commute with any charge Q 4, # € #. Remember that the algebra ¢ has two

identical subalgebras psu(2|2), with the generators given above. Then looking at A € _#,

Simple Lie algebras possess no nontrivial central extension. This is not the case of super Lie algebras. In
fact, for finite super Lie algebras, the cocycle vanishes if one of the elements is bosonic. See [83], page 101 fI.
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we see that the matrix blocks proportional to c¢3,c4 correspond to one of these algebras,
while the matrix blocks with c;, ¢y correspond to the other. As they are identical, we can set
c1 =c3=c and ¢ = ca4. Also because we are dealing with the algebra psu (2|2), the following

conjugation property holds:
ci+c;=0 = c=—c".

Commutation Relations

The easiest way to determine the commutation relations of the Noether charges is to choose
an explicit basis for the space of the charges Q 4, .# € #. As was mentioned ¢ has two
identical psu(2|2) subalgebras (Left and Right), whose extended (off-shell) algebra shares
the same central elements corresponding to the worldsheet light-cone Hamiltonian (already
in the original algebra), plus two other central charges. We will be focusing on just the
psu (2]2)g, and a possible basis can be found in section 3 of [66].

So for the centrally extended su(2|2) algebra, we have the bosonic (kinematical) gen-
erators R, L%, corresponding to the rotation generators of the bosonic subalgebra su(2) @
su(2), the fermionic (dynamical) supersymmetry generators QY, QTé’ and 3 central charges
H, C, C".!2 Their commutation relations can be found by writing the bracket (2.20) in this
basis, and are given by (2.1).

The next step is determining the value of the central charges.

The Level-Matching Condition € the Central Charges

The central charges C, CT have zero eigenvalues on physical states, and so the algebra
on physical states is effectively su(2|2). But how is this related with the level-matching
condition?

The level matching constraint comes from requiring that the unphysical field x_ is peri-
odic in 0, or equivalently having the worldsheet momentum vanish, p,,; = 0. But this cannot

be solved in the classical level, in fact it is the worldsheet momentum operator P, that van-

T

12Note that (Q%)" = Q¢ and the same relation holds to the central elements C and C'.
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ishes on physical states. So we will treat the variable p,; as a non-trivial (non-vanishing)
variable, in the off-shell theory. Note that such an operator commutes with the Hamilto-
nian, as p,s depends on the non-physical field x_ and the Hamiltonian H depends only on
physical fields. In the same way, the central charges C,C" exist as quantum operators which
vanish when acting on physical states.

In order to determine the central charges, we will need to simplify the problem by using
a perturbative expansion. For the time being we will consider the light-cone momentum P,
to be finite, and set A to be large. This allows us to have a perturbative expansion in powers
of { = 2mA~1/2.13 But the central charges are expected to have a non-trivial expansion on
£, so the results obtained are not exact, and to bypass this problem another expansion is
used, in which we only determine the part of the central charges that are independent of
the fermionic fields.

Starting with a dynamical generator, one can conclude from (2.16) and (2.17) that it

will have the following structure

Qu=| doe™ Q(x,p,x:0). (2.23)

-r

In the expression above Q is a local function of the transverse bosonic fields and of fermionic
fields, and o can take two values :i:% (one for Q and the other for its conjugate O = Q). See

the appendix of [66] for explicit formulas. We then expand the function Q in powers of {:

Q(x,p,x;g):Qz(x,p,x)+CQ4(x,p,x)+--~ :

As with the Hamiltonian, the subscript in the above expansion denotes the number of fields
in the product. The field x_ present in the expression for the generator won’t be expanded.
The form of the central charges is completely fixed by their bosonic part, which is the

one that has a dependence on the level matching constraint. So to determine the bosonic

13Such an expansion is equivalent to the expansion done to the Hamiltonian in (2.14), because in the
former case we had considered both P, and A going to infinity, but with A = % finite. This means that we
+

can change the expansion from powers of P;l to powers of A~1/2. Also with a redefinition of o — G% we

get a Hamiltonian that only depends on the variable Py on the limits of the integral in o, r= %.
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charges, we only need to keep the terms linear in fermions in Q , (and keep the bosonic
terms up to the desired order in {). We then determine the anti-commutators (or Poisson

brackets) and keep only the terms independent of fermions. We write the charge as

Q%/ = /daeiax% (Bl (X,p) + CB3 (X,p) +ee ) +0 (%3) ) (224)

where we only kept the term linear in fermion fields, and kept all the bosonic terms of the
expansion (B, (x, p) is the term with a product of n bosonic fields).
The Poisson brackets of two charges with o = @ can now be determined. For example

{QZ‘,QQ} ~ 8aﬁ8ab/

—r

r

. d
d —IX_ /
oe <x + dof(x,p)) ,

where f(x,p) is a local function of the transverse fields (see appendix of [66] for details).
The result for { _%C,Qbﬁ} can be obtained by conjugation. Integrating this expression, we

get
{ 37le} ~e%e, /r dG%e_ix_ —g®Bg e (1) (e—i[x_(r)—x_(—r)] _ 1) ‘

—r
We know that p,s =x_(r) —x_ (—r). We also impose the boundary condition x_ (—r) =%,

which is the zero mode of x_, conjugate to Py. Then:

(20t} ~ Leeu om)

_ _ 1 . .
{005} ~ pemene (@),

and consequently, the central charges are c,c* with:

c= ée_ixo (e_"pws — 1) . (2.25)

Some Comments

In the case of P, infinite, the zero mode x° vanishes, but the same is not true for finite
light-cone momentum. This brings some problems, as for P, finite, the transverse fields

don’t have to vanish at the string points, and the symmetry algebra is thus changed. It can
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be seen that the Poisson bracket of the Hamiltonian H with a dynamical charge is then
non-zero, which means that the extension to Py finite (which is effectively the length of the
string) does not allow us to keep the psu(2,2]|4) symmetry algebra.

At the quantum level, both p,,s and x° are promoted to operators P,X" , and the central

charges are

C= ée"XO (e®—1), (2.26)

and its conjugate C'. X% is the conjugate quantum operator of P_. If we consider a state

P, |p.) = pi|ps), then a state X" [p, ) obeys
: 0 : 0
P o | ) = (at o)™ [p,). (2.27)

Because P, acts as the length of the string, the operator ¢i*X” will be the length changing
operator. The Hilbert space of the theory will be a direct sum, 7 =, 7, , of spaces of

each of the eigenvalues of P...

su(2[2) subsector and mode expansion

The explicit form of the charges Q , was determined in [66] . The algebra ¢ includes two
psu (2|2) subalgebras. We will be focusing on the psut(2[2).
The leading quadratic order of (2.24) can be read from the results in [66]. The fermionic

charges are, at leading order:

0% = —;/doeé'x [ie‘x (2P" +iY) + (2P% —iz)“n} — 07%Y, —iZ' "N+
+e%Pey, (i6g (2P +iv)" + (2P7 —iZ)  n™ — Oy —izpn") |, (2.28)
0y = % / does™ [ieg (2P —iv)* — (2P* +iZ) , 0"+ 6aY"" —iZyn "+
teape® (167 (2P i), — (2P* +i2)" my+ 0Py — iz )| (2.29)
= (29"

We want to restrict ourselves to the su (2|2) subsector of [55]. This corresponds to keeping

only the 2 complex co-ordinates Y* and the respective conjugate momenta P”. These will be
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seen to correspond, in the SYM side, to some bosonic excitations ¢¢, with a =1,2. In terms
of the fermions we will be interested in only keeping 6%, 6,, which will correspond to two
fermionic fields Wy, y'* from SYM. On the Super Yang-Mills side, the vacuum of this sector
of the theory corresponds to a long string of Z bosonic fields, in direct correspondence to

the vacuum of the string defined by [5]

AT [0"),

With these restrictions, the fermionic supercharges (2.28) and (2.29) become:

1 _iy . Yy - tyr1b
A —Z/dce 2 (19“ (2P +zY)a—£“ﬁeab95Y' ),

1 i
% = 3 / doer™ (ieg, (2P" —iY)a—i—Sa,geabOﬁYb’).
Before continuing, let us notice that the co-ordinate x_ (o) obeys:

x_ (o) = /6 do'x_ (0') +x_(-r)= /6 do' Ty (o) +42,

—r —r

where X' = 7, (0) is the worldsheet momentum density. The total worldsheet momentum
is given by pys = [’ dom,, (o).
We now want to perform a mode expansion. To do so we will follow the notation of [64].

For the bosonic fields we have:

1
Y, = ﬁ(Aa—i—Bl) ; Pa_f(AT“—B“),
Y'=Y, = \/IE(AT“JrB“) ; Pa:P":i*/f (A.—BY), (2.30)

where @ = 4/1+ %1862,, and A is the effective coupling constant (light-cone gauge) in the

4

pp-wave limit A= 7 kept finite when P, ,A — . For the fermionic fields we have:
+

1 1 1 1
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With these expansions, we get the following results:

. , o-+1 Vo 1

0% (2P" +iy) = - 50 c“{ 5 (AaB§)+\/5(Aa+BZ)}7
-’- b o (1)+1 Tﬁac b b
0" =\ 5 o s (A +B).

We will be keeping Y ~ B', dropping the oscillators A,A". Then up to order & <ﬁ> 4

1 i 3
04 = 1 /d6e2x‘ (cJ&B" + \@é‘aﬁ&‘“bcﬁ \/anBZ) . (2.32)

The same can be done for the supercharge S, which then becomes:

1 i /3
§% = i /a’creZ’C (C(XBJ; + \fZEaﬁSabe \/IacBb) : (2.33)

For a comparison with the Super Yang-Mills supercharges, we need to discretize the
above results. To do so recall that r = P, /2, and fjrdc = P,. Then the lattice version of Q
is:

S G y = s
0y = LT ) {ck (0B () +Vaeape e () V2 (B} ()~ B} (t~1)) |
k=0

(=1
1 &

= 4;&%51’“){c;(e)B“(eH\fzeaﬁsab\/i (Bj0-Bje-n)PF©}, (239

=1
where p(¢) =Yi_, m (k).

To continue, we need to write what p(¢) does to an excitation:

x(€k+1) b >0

M Considering ® = v/1+x, with x = 192, then we have the following:

s ]
Lot
R !
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By performing the following change of variables, ¢}y (0) — e 5 e‘ép(z)cjx (¢), the charge be-

comes:

=

{c (¢)B ()—i-\fealge"b\feﬂ 2P B (0) 2P0 g1 (BT(K) BZ(B—l))}

5=
o~

Il

X

B (0) + V2e0p"V Ae™ (B; () B} ((— 1)) PO (ﬁ)} . (235)

~
I
—_

I
=
D=
—
o
—~

The other supercharge S% can also be determined to be:

S¢ = 1 Z e~ gmap(0) (ca (ﬁ)e%p(f)e%ngZ ()

+ ﬁeaﬁea,,e—%ﬁe—%ﬂ“)cg OV (Bb (6)— B (¢ — 1)))

1 &

_ ,Z(B* (0)+ V26 eV 20 PO (1) (Bb(e)—Bb(e—n)). (2.36)

Recall that in the above expressions x° plays the part of the length changing operator, as it
is the conjugate variable to P;, the total light-cone momentum, which is in its turn related
to the width of the worldsheet cylinder. For closed strings the level matching condition
states that the total worldsheet momentum p,, has to vanish (on-shell). As was mentioned
before, if we relax this condition (off-shell) and take Py — oo, then we obtain the centrally
extended algebra with extra central charges C,C* added to the Hamiltonian H (the same as
the generators of translations P and boosts K).

One other way of comparing results with the SYM side is by writing the supercharges

in first quantized framework. Choosing again a state such that:

P+
X1 xk Py =Y, PP gy () g (mk) |03 Py )
{m;}=0

where x; (m;) = bl x;ib.™, with b, being the oscillators equivalent to the field Z. Then

1 K
Ol axPy) = 42(H(—l)”"”){6(xk,BZ,)Sgyxl--~c;<k>~~-xK;P+>+
k=1

+V216 (xk,c )e Eap < IT ¢” He””) ‘xl xK,P++1>}. (2.37)

I=k+1
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Doing the same calculation for the S generator, one gets:

k—1

SElp P = l];(rl(—l)”m) {8 (o) 3521 (m) - (BL(K)) -+ () 105 ) +

m=1

~ K . K .
V218 (%B;) S“ﬁeab< I1 e’pl—lI:]ke’p’> ‘xlmcg (k)~--xK;P+—1>}. (2.38)

I=k+1

The structure of these supercharges will be compared to the results obtained on the SYM
side of the correspondence, present in Section 2.5, in particular expressions (2.49) and
(2.50). We will be able to see that the actions of the supercharges Q and S, have a similar
structure at one-loop, on both sides of the correspondence. But while the results presented
in this section are perturbative in 4 (BMN limit), the results presented in Section 2.5 are
perturbative in the 't Hooft coupling A, so one cannot perform a direct comparison.

In Section A.1 one can find a summary of the results of [65] on an oscillator formalism

for the superalgebra psu(2[2).

24 N =4SYM onRxS3: A review

In this first section, we summarize the method of finding the supercharges of su(2,2|4) up
to 1-loop, as can be found in [75,73].15

The action for 4" =4 SYM in four dimensions can be obtained from dimensional reduc-
tion of the .4 =1 10 dimensional SYM on a 6—torus. Using the notation where the D =10

Dirac matrices split into SO(1,3) x SO (6), the action becomes:

2 1 1 Z 5 1 )
S = o [d% |g|Tr{—4F“VFW—2D“¢iDu¢i—12¢,.2+4[¢i,¢j]2—2lxjo“DuAA+
8ym

+ () Mio? [0 25) - (o) (A%)"ic? [¢'.A%] }.

We have a vector field Ay, six real scalars ¢; and four Weyl spinors Aq4 (all in the adjoint
representation of the gauge group). The six scalars transform in a 6 of the R—symmetry

group SO (6) = SU (4)g, while the spinors transform in a 4. Co-ordinate indices are x* = (¢,x%),

I5We will be following the notation of [73], in which a different basis for the y—matrices is used. The same
procedure could be done by following [75] choice of basis.



34

u=0,...,3, with the spacial co-ordinates having (curved) indices a = 1,2,3. The metric is
given by
ds* = —di* + R* (d6” + sin® 0dy?* + sin® O sin® ydx?) ,

where R is the radius of §3, and Z = 1% is the Ricci scalar.

Some Notation

From this point on we will be considering o* = (1,6%) and 6" = (—1,0%), where the ¢*
are the usual Pauli matrices pulled back to 3. Also, pAB = 68 are the Clebsch-Gordan
coefficients of SU (4) that relate two 4 irreducible representations (irreps) with one 6. These
coefficients have several properties, in particular piAB = %SABCD (plT)CD, and allow us to write

R VYN N AB
=3Pl w5 (p1),, "

Finally, one comment about the Weyl spinors. We know that in D = 10 we start from
a 32-component complex spinor, and by imposing a Majorana-Weyl condition, obtain a 16-
component (after fixing the x-symmetry) spinor L. This spinor can be written in terms of

Weyl spinors as
A aA
i(0?) “ Aga

L=

with @ =1,2 and A =1,2,3,4. The A% are four 2-component Weyl spinors.'6

SUSY transformations and corresponding charges

The SUSY transformations are given by:

SnAu = 2i (ljaunA—nZGu)LA>,
8,90 = 2i(-2fic?e i — () ioPn® — (1) icn*)

1
RIVEES EFWG“VnA+2D”<I>A36“i62n§+<I>A36“i62V#n§—2i[CI)AC,CDCB] n®.

16 In the basis used in [75], the separation of L into L= (L; L_)" becomes a separation into SU (2), xSU (2)g,
for which one uses dotted/undotted indices ¢, a. In the basis used in [73] this separation is not obvious.
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Our objective is to build the Noether charge On . To do so we need to take into con-
sideration the pairs of canonical variables. From the action, we have the following (anti-

Jcommutation relations:

[Fou,AY] = &),
1
(Do, 9;] = & = [DoPas, @] = 5 (8085 —8567),

{—i(AZG())a,?LBﬁ} = obsp.

Also one has to take into consideration that % are Killing spinors, which in R x §3
obey the equation V,n = j:#cun, and so will give us two solutions 1. We will then obtain
two charges Q = Q; and Q = Qg, corresponding to 1, and 1_ respectively.

The fermionic Noether charges are thus!”

on- 2 [ { et ) o)

8vym
For the purposes of this paper, we will simplify the calculations by setting the vector

field to zero (we will be looking only at the sector of scalars and spinors). This truncation

is consistent with the one-loop calculation we will be performing.

The non-vector sector of the charges On is given by:

on = ,ZL dQTr{Zi/I/I (2v,@*%6ic?ng; + @*Potic? Vg — 2i [@C, @] n®) +
8ym /3
+2ik] (2 6ic™n) +2i (A1) (~2Mus (6°)" io®n") +

+2i ()" (fzvaopAB (@) ic?n® — ®ap (6")" i62V, P — 2i [Dyc, O] n;;) } , (2.39)

where ITyp is the momentum conjugate to the bosonic field ®42.
We now have the an expression for the supercharges. The next step is to evaluate it on
R x $3: we expand the four-dimensional fields in terms of the spherical harmonics of §3, and

then perform the integration of the sphere.

TFor comparison purposes, one could also write this charge, in the SU (2);, x SU (2)p formalism, as

2 . _ ad
0= - %Tr{ilzﬁga&gl'm + ik (o°) nglaA}-
YM VS
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Harmonic Expansion on S° and the Plane- Wave Limit

Each field, defined by its spin, will have a decomposition in spherical harmonics on S3. These
spherical harmonics can be labeled by the irreducible representations (irreps) (mg,mg) of

the isometry group SO (4) =SU (2); ® SU (2). As such, we have:

e Spin 0: We have scalar spherical harmonics Y(Ig), in the irrep (k4 1,k+ 1). Their mass

will be (k+1) /R.

e Spin 4 5: In this case we’ll use spinor spherical harmonics: Y(l/z) in the irrep (k+2,k+ 1);

YkI

(1/2), in the irrep (k+1,k+2). Both have mass (k+3/2) /R.

As usual, k labels different irreducible representations, and I enumerates the elements of a
particular irrep (I =1---d), where d is the dimension of the irreducible representation.

The expansions of the fields in the corresponding harmonics are:

¢ (x") =

Mg HMS

lg(x“) — Z Akli Ykli (xa)

(1/2)e

£ oo
3:

+

T
(=]

Note that spinor spherical harmonics are 2—dimensional commuting Weyl spinors. The
Killing spinor N (parameter of the superconformal transformations) will have the same

expansion as A4, with coefficients n4*/= (¢).

Plane-Wave Limit [74, 73]

We want to truncate the infinite tower of Kaluza-Klein modes to the lowest supermultiplet.
One can then climb up the various states (with increasing masses) by acting with the two
supercharges O = (2,1,1) and Qg = (1,2,4), where the numbers correspond to representa-
tions of SU (2), ®SU (2), @ SU (4). Focusing on the zero modes of the Kaluza-Klein tower we
find 6 scalar spherical harmonics, constant on $3, and 4 lowest spinor spherical harmonics
S%* in irrep (2,1)@ (1,2) of SU (2), ® SU (2), (the hatted index refers to the degeneracy of

the solution), solutions to the killing spinor equation for a Weyl spinor.



37

The fields with only these zero modes become:

¢i(x) = Xi(1),

A/ U _ z o+ A— o— (.a
M) = X (8 OSET )+ oy (0SE ().

—~

If we restrict ourselves to half of the supercharges Q;, then these together with the
bosonic symmetry generators will generate the subalgebra su(2|4). The restriction to the
Oy charges leads us to consider only the zero modes that are SU (2), singlets. Then we keep
all the lowest scalar harmonics, and only two spinor harmonics Sg+ (instead of the 4 if we
included S%~). The conjugate momenta 7; will have the same expansion as its conjugate
field ¢;, that is m; (x*) =TT, (7).

Now we can proceed to the actual integration on the supercharges. Going back to (2.39),

we find that:!8

1 -
0, = ont= Tr{ <RXAB +2iHAB> 0, Tic®ng " — V2 [Xac,XB] 0P 77;5

1
* (RXAB _ZiHAB) (9+A)Ti02n+3 — V2 [X*C Xcp) 6,7 € "‘ﬁnﬁ }

= Q0in+Sn"

The final expression for the supercharges is '°

e . .
Qg‘ = Tr{—GBa (RXBA —2lHBA) - ﬁeﬁo‘egﬁ [XBC,XCA] },

SA& _ {Gvﬁ ( 1XBA + ZIHBA) \/E [XBC7XCA] gg} Sﬁ&. (240)

1811 order to obtain the supercharges integrated over S°, we used the properties of the spherical harmonics,
as well as other properties of the Pauli matrices. These properties can be found in [75,74,73], and include
E”icrzcr‘{ (G“) ic? oy = —2i6?. In the same references one can find the expansion of spin 1 vector fields.
We also used an identification between the radius of the sphere R and the Yang-Mills coupling constant gyu
such that 4”22R3 — 1. This prefactor shows up when obtaining the action of the plane-wave matrix theory

Ym
action from .4/ =4 SYM action, and would also appear in the charges.

9Note that in our choice of basis the relation § = Q' is not manifest.
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2.5 The su(2|3) subsector and its restriction to the su(2|2)

We'll continue by studying the sector su(2|3), as in [67]. For that we reduce our fields as
follows:

0% = 0% 9 =X" a=1,2;a=1,2,3.

By construction we have ¢9 = ¢,, and 7, = Iy, as well as XBC = %EBCADXAD. The super-

charges restricted to this sector can then be written as:

el P
0% = Tr{—94°‘ (RX““ —2iH4a> — 26/ P¢ [X4C,XCa]}

p
1 '
_ Tr{@“ <R¢a+2ma)—\/iegeaﬁeabc [¢‘,¢””; (2.41)
1 .
ao T [ L yda ayda | Ca] g4 pé
§9% = Tr{% <RX +24I1 ) V2 [Xac, X ]Gﬁ}e
1 a —a abc Y
= Tr{eg (R¢ —217:)—[2817 (0.0, eysyﬁ}eﬁ“. (2.42)

In order to continue, we will need to rewrite the fields in terms of creation/annihilation

operators. First identify % = %, i.e. exchange the parameter R by a mass parameter m. [73]

Then consider the expansion of the six scalars/momenta X;, IT;:

a; = \/%(lnl—i-%X,) , N X = \/%<ai+a§> R

LllT = \/g (—iH,- + %X,) s Hl' = % % <Cll’ ) .

The bosons X5 are a combination of two real scalar fields such that X,4 = % Xy +iX413),a=

1,2,3. If we now define the creation/annihilation operators as a* = a + ia®"? and b*" =

a“" +ia“*t3 | with a = 1,2,3, we then have the following expansions for our (complex) fields:

3 4 1
Pt =X%= \/;(a“ +0™) 5wy =Ty, == = % (al —ba), (2.43)

with equivalent expressions for fields ¢, and 7. Introducing also fermionic creation opera-
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tors, the fermions become
07 =c*=¢%cq; 0% =" (2.44)

We will be interested in action of the charges on the subspace of states that will only have

excitations of ¢’ and b', so we will drop the oscillators a,a’ in the bosonic fields. We find:

2 .
0% — Tr{, /%c*“ba _ ieo‘ﬁeabc [b“,b'b} cﬁ} :
m
; 342 .
§4 = Tr{—,/’;’b'“ca—mfeaﬁs“b"c‘ﬁ[bc,bb]}. (2.45)

As expected, these results are similar with the ones in [74], up to a change of basis for the

gamma matrices.

The su(2|2) subsector: vacuum and excitations

We shall now focus on states that transform in the su(2|3) sector and are single trace (gauge
invariant) operators of the fields (3 bosons and 2 fermions). This spin-chain arises from the
large N—limit of the gauge theory. In this sector the action of the algebra generators can
be found in [67]. Consider now the vacuum as a long string of Z = ¢3 fields. In oscillator

notation, we have Z = 53", and the vacuum state can be written as:

10,J) = }ZJ> = Tr (5°™) (0) .

\ﬁNJ/Z

A generalization of this vacuum consists in an infinitely long string of Z fields (the asymptotic
regime, J — o), as in [55]. The excitations are now the other fields of the su (2|3) algebra, x €
{v', y?¢!, 9%}, which corresponds to the su(2|2) subsector of the algebra. The excitations
can move through the chain on Z’s with some momentum p. Thus, in momentum space we

can write

N J
x=Y eMx(m) =Y " n=x(p),

=1 n=1

where n denotes the position of the impurity /excitation ¥ on the vacuum string.
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A general state with K impurities can then be written as:

AR T N D L VARV VAN SRy v A

nyy...ng=1

For an asymptotic state ( J — o) we consider the dilute gas approximation, where the
positions ny,--- ,n; of the impurities obey n; < np < -+ <K ng.

We should note that on-shell the physical states are cyclic (property of the trace), and
so we must have Zszl pi = 0.

Now that we defined the states that the supercharges will be acting on, we can determine
their action. The first step will be to check what the charges do to just one excitation on
the vacuum. Then one can generalize to multi-excitation states of the su(2|2) subsector of
su(2]3). Once we have the action of the charges on a multi-excitation state, we can determine
the commutator of two supercharges, as a check of our results.

In this subsector the charges (2.45) become

3
« _ mp)ed \/? ap [ ob] 9
Qa - \/;TI' v a(Pg ( m) \/igahe |:Z7¢ :| aW’B )
3
« _ [m a9 3 abg Bl 9
Sa = \/3Tr{—¢ 81//0‘_<\/;) V2e®e gy [82’8¢” , (2.46)

where we chose a coherent state basis, such that

4 0
" = y% cq W’
0
Ta N a .
b (P 1) ba a(Pa

For a = 3, we have the identification ¢3 = Z. The factor \/? will appear as an overall factor
in every charge calculated, and will be dropped, as we know that the quadratic terms come
from the free theory gyy = 0.

We now proceed to determine the action of the supercharge Q (and equivalently ) on

a single excitation state |x;J) = ¥, " ‘Z"*leJ*”H) If the excitation is bosonic, y; = ¢*,
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then

Qc({x |X;J> — Zeian(f ’Zn—lwa (n) ZJ_n+1;J>,

while if the excitation is fermionic, ¥# = y#, we have

Qf‘x;ﬂ — ([) V2e,,£%P [ : N1/2
3 3
= _(\/;> V2 [T ; Nl/z\z" n+1)zf*"+1;J+1>+
3 3

3
/3 o
—( m) \@sabeo‘ﬁfn‘,e”’” (e*‘!’—1)N1/2}z”*lgbb(n)z’*"“;n1>.

Q

It can be seen from the expression above that the insertion of a Z field before the exci-
tation changes its phase by e 7, while the insertion after the excitation leaves that phase
untouched. This is a property of the asymptotic state, for which an infinite number of Z
fields exist after the (last) excitation. This was seen in [55] as being equivalent to “opening”
the trace. In the above expression we also kept only the first order in }

From the results shown above, we can easily determine the generalization to a multi-

excitation state. First, rewrite the state as

2:0) = |21 ) = Y PPkt g fa x103T) (2.47)
{l;}

The action of one charge on such state is (zeroth order in })

)

x
C ) {8 (xl.0") Sbaiad -+ v )+ 2 105)
1

k

eip| h+...+ipklk

R
(

Il
ngks

Q¢ 11 2x:J) e (08) -k 10:)

k

Il
R
E
Lo
—

(—I)F(m)
-1) (m)

eP1h+Fipklg

I
ngks

k

m

L{i}

V2N LS i
— S(XE,W) [T e | (e —1)eawe™ g - 0" (l) - 2 10:T+1) ¢ .
m=k+1

(2.48)
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and similarly for the S charge (noticing that the action of S on a bosonic excitation returns
an extra factor of N). In here & ()(,j, (Pb) means that the excitation y (I;) is bosonic ¢, while
in 6 (XZ,I//B> the excitation x (I;) is fermionic y#. The factor (—1)F(m) is equal to 1 if x
is bosonic and —1 if ), is fermionic. Finally we defined M = \/? . When %y is a fermionic
excitation, one gets the expected factor of (e*ipk — 1), which already showed up in the single
excitation case, but one also gets an extra factor of HZZ,{ 41 e~iPm_ This last factor can also
be explained by the insertion of the Z field. In fact, we saw that in the single excitation case
Z changed the momentum when inserted before the excitation on the chain of fields. But
now the field Z gets inserted before all of the excitations y,, with m > k, hence the change
of momenta of all these excitations.

The results of the action of Q and S on a multi-excitation state will be summarized next

using a non local notation (see also [56]).

Twisted vs. non-local notations

The supercharges Q and S acting on a general state |x;J) can be written in a non-local

notation:

M=

0ty = Yol (2,0") laa-+ v i)+

~
Il
_

+hiepe®P s (x,j wﬁ) 0w + 1>} (2.49)
S4lxsd) = ]ﬁ‘,l{cke“beaﬁ (xZwb”) ‘Xl""l"B"'XK§J—1>+

+di 558 (x;f,w") le--'¢”---xK;J>}, (2.50)

where the coefficients are given by

V2N A m —i 5 V2N _ip i ' m) i

by = T g(,l)f’() (1— i) ml;IHe pm | — e P &Pk —1) m:l(fl)F( )gim |
V2N % m | (i S V2N ; —i = m) —i

o = m:](,l)F() (e —1) mgrlepm =7 P (1—e7iPr) m:l(fl)F( Ve~im|
k-1

di = — ] (=DFm . (2.51)



43

There is one other notation, introduced by Beisert in [56], called the twisted notation.

In this local notation we have

sz‘...¢,f...> = G|y,

g,k""l’]f"'> = b;s“ﬁsab|---f+@—¢,?--->, (2.52)
ng,k""¢/f"'> _ C'kgabgaﬁ'-'ffgﬂlff“»

3k’W£> = dSb| - er ).

We notice the presence of the markers 2%, %/ *. These markers have a simple explanation,
up to one loop. The marker '+ marks the position on the string of fields (the state) where a
fermion field was inserted (%) or removed (% ™). In the twisted notation we are only given
the action of the supercharge on the field k of the string. But in order for a supercharge to
act on such field it will have to pass by the previous ones. If these are bosonic fields nothing
happens, but if they are fermionic, a minus sign will appear (for each fermionic fields it
passes). Thus, it is important to know where the supercharge acted, which is done by the

marker. The marker is shifted around as follows:

""Xk@i'”>:(§k)il ‘@ixk>7
where

1 if xx bosonic
& = (=DfW= A . (2.53)
—1 if x fermionic

The marker 2% marks a position where an extra Z field was inserted in the string.
This changes the length of the vacuum spin chain, reflecting a change in the momenta of
the excitation fields. But this change in momenta only affects the excitation fields after the
position of the marker. The marker has the property

+ +
’...xkgi...> — ;C/]::F ’...in%k...>’ where o e Pk, (2.54)

:F
Xk
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with p; being the momenta of the excitation i, as before.

In summary, the twisted notation is a local notation, since it only provides the action of
the supercharge on the excitation field i, plus a set of markers that allow us to rewrite it
in a non-local notation, as found in (2.49, 2.50). We can go from the twisted notation to the
non-local one by removing the markers from the first, i.e., shifting them so that they will
be at the right (or left) of all the excitation fields.

In the local twisted notation we have?®

VN

M3

a = —d=1, b= (I—e ™), cf=— (1—e'™r).

Comparison with Beisert at 1-loop

One can find the all-loop version of these coefficients in [56], for both the non-local and the
twisted notation. In fact, we can expand the (non-local) coefficients given in that reference

to order 0'(g), and compare them to our results. These coefficients are:

k=1 '
a = w[[D",
j=1
be = &% (1 H( i1 F(j))
k= gﬁ( e )j:1 e (—1) )
% ; F(j)
o = i—— e P(=1)"V))
k ch,jjl:[]< )
dy = g)i (1 _ e—ipk) T (_1)F(J').
i’}/k j=1

We used the identifications (2.53) and (2.54) into the transcribed coefficients, and also made

a rescaling of the parameter % — /g¥%. The expansion in g is hidden in the dependence of

20The coupling constant M® = (%)3 is related to the Yang-Mills coupling constant gy in the following

way
L 577)
M6 3272
This relation comes from matching the prefactor of the reduced SYM action with the prefactor of the matrix
model action. In fact we had m = %, where R was the radius of §3. Taking the radius small corresponds to
m>>1 and consequently gyy < 1.
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+

Xx",x~ on the coupling constant:

1 1 i
+ - _

This last equation, together with (2.54), allows us to solve for x* (g):

2 ¢in2
+:.l—f-\/1+16g sin (p/2)'

* 2g(1—e )

Then by expanding this expression up to order &'(g), we obtain exact agreement with
(2.51), as long as we identify y = (—I)F(k) and a = e~"P. Note that the relation between the
normalized 't Hooft coupling g and the Yang-Mills coupling constant gy is g = %@4 N,
from the gauge group SU (N,).

The other charges that we are interested in determining are the Hamiltonian H and the

central charges of the extended algebra P, K. These charges arise from commutation relations

between the supercharges, which will be determined next.

Commutation Relations

At this moment we have calculated only the supercharges of the full extended algebra
su(2|2), up to 0 (g). We are interested in having the complete set of charges at this order,
which comprises also the rotations generators L, R, the dilatation operator H, and also the
central charges of the extended algebra P,K (bosonic generators of momentum and boosts,
which have zero eigenvalues when applied to physical states). All of these generators can be
obtained to &' (g) from the commutation relations of the supercharges.

The central charges of the extended algebra receive no loop corrections , and as such,
can be obtained exactly by the anti-commutation relations {Q,0} ~ P and {S,S} ~ K, by
knowing the zeroth order of the supercharges. The other generators will be obtained from
the last anti-commutator {Q,S} < R+ L+ H, but while the zeroth order supercharges will be
enough to determine rotation generators L and R, the central charge H will only be known
correctly up to &' (g), as we’ll see below.

In the anti-commutator of any two supercharges the only terms that will not vanish
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are the ones where the two supercharges are applied to the same excitation. The anti-

commutator of two Q charges is:

K

{Qf,Q;”}\xl...xK;A — kg, Xl"'({Qfan}Xk)"‘XK;J>
(1—e P ﬁ e i

[=k+1

2N
X1 Xk + 1)

RE

3
k=1

3 l—eii):’i{:‘pk> |X1XK,J—|-1>

I

This is just the action of the central charge {Q,Q} o P of the extended algebra on a multi-
excitation state. The action of the other central charge of the extended algebra is obtained

from {S,S} «< K:

{850} ok d) = ﬁ? (1= =) s = 1),

We know from [56] that there is an outer automorphism relating H and the central
charges of the extended algebra P, K, which corresponds to an s[(2) algebra. Closure of this

algebra on the original commutation relations of the supercharges requires that

H?>—PK = T (2.56)

This relation should only hold when we consider the all loop H, and not only when we

consider the first two orders. Using non-local notation, we find that the product PK is given

2N [ : s
PK = ~ /6 <e*’zllf=1pk - 1) (e*’zf:lp" - 1) — sm <; p2> Sln2 (g) )

and so H?> = { +PK =1 + % sin’ (%), which implies

by

1 32N . ,(p 1 SuN (P
H:ii 1+ a sin <2>—i2\/1+ o sin <§>

This is the result expected at one loop. The identification of the matrix model mass param-
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eter with the Yang-Mills coupling coupling holds at one loop but some mismatches were
seen to appear at higher loop calculations, implying some kind of BMN scaling breakdown,

and a substitution of the factor 3/51—16\’ for a function f (£%) [78].

We now calculate the anti-commutator of Q and S, which will be proportional to to

LO!

B R¢ and the Hamiltonian H:

{Qf,y&} xi--xx3J) = é{ckbksaa’&b/555 ()CkTa(Pa/) ‘%1 SR ')CK;J> +
teibiePP eqo 888 (xk : w"') ‘Xl SR VERE -xK;J> +
B8 (.09 i)

+ardi 6 (xZ,w“) ‘XI"'Wﬁ"'XK;J>} :
From equations (2.51) we have that:

ardy = —1 ; bkck:%(l—ef"pk) (et —1) :—%sinz (%)

Also, we know from the algebra (2.1) that

1
ZEh) = Si|P) 38l v,

1
5 19%) — 38419°).

b10€)

For multi-particle states this generalizes to

K
Ly =Y 2 L (XZ) b
k=1

0;J),

with a similar result for the charge Rg.m

2IThe charges .# and R are the generators of the algebra that correspond to rotations of the y¥ su (2)
algebra and of the ¢“ su(2) algebras, respectively. As such, ,Sfol? [¢¢) =0, and R} |w?) =0.
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One can now easily see that

{0 sufbnad) = SERYnwzid) + 528 1))

/1
+508¢ Y <2akdk+bkck) 21 xk37)
k=1

B v ;
—84 ) bicid (Xk"q)b) X1 0 xx3J)
k=1

—Sglﬁ:lbkckS (x,j,w"‘) ’x1~--wﬁ-~-xK;J>. (2.57)

If we compare (2.57) with the expected results from commutation relations given in (2.1),
the last two terms seem to be extra. But in fact this is the exact result! We (anti-)commuted
only the order g° and order g' of the supercharges. That is, we calculated the nonzero anti-
commutators {Qo,So} o< R+ L+ Hy and {Q;,S;}. This last anti-commutator contributes to
order g? of the Hamiltonian, H,, but there will be another contribution to Hy: the two-loop
terms of the supercharges, 0, and S, will have nonzero commutation relations with Sy and
Qo, respectively, and contribute to & (gz). So Hj(the energy central charge of order g2) will

be fully determined by:

Hy o< {S1,01} +1{52,0Q0} +{S0,02} . (2.58)

Only considering all the above anti-commutators we will get the correct result for the H,.

For calculations see Appendix A.2, and also [67].

Supercharges as operators in momentum space

We now present a description of the supercharges in terms of operators in momentum
space. Consider as before an infinite chain of fields Z. The vacuum state, written before as
|0;J) = Tr (Z7) |0), can be rewritten, in the “Hamiltonian formalism” introduced in [5] as

|0;J) = (bZ)J |0), where b} creates an extra Z field in the string.?? Then we can write a state

22The subscript z is used in this section, to distinguish the creation operator b;r for the boson Z from the
creation operator b4 for the two bosonic impurities.
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with K impurities as:

|¥) = Z e'Pitipt (nl)---bJr (nk) ’0;-]>:bT (Pl)"'bT(PK) 10;J).

ny,...,NK

We are imposing dilute gas approximation, in which we consider n; < n, < --- < ng. We
will now assume p; < py < --- < pg.

In the last expression for |¥) we used the creation operators b’ (n) = (b:)nb* (b;)", which
create a boson b at position 7 in the string of Z’s. One can also introduce ¢’ (n) = (b;)n ct(b,)"
as a creation operator for a fermion at position n. The action of the Hamiltonian in this
framework can be found in [5], and a further comparison with lattice strings can be found
in [81].

To write the action of the supercharges in terms of these operators, we also need to

introduce a partial momentum operator

A

2= | Tap o 6 ()b (7)) 4t (7)) e ()]

or the discrete momentum version

p—1
P (p) = Y k[b (K)b(K)+¢" (B)c (k)]

k=0

The total momentum operator is just P=P (Pmax), where ppgy is either oo in the continuum
case, or finite (but large) in the lattice. Also, define an operator ® conjugate to the “R-
charge operator” j . In the spin-chain formalism, j effectively measures the length of the

chain of Z fields, and © changes that length:

T 10,0y = (T £1)et®0,J)
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We can now proceed to the action of the supercharges. In momentum space, they become:

ﬁ V 2N Bﬁ/

0, = o EwE e"@e_ipz:bb“r (p) (eip - 1) Cﬁ’ +ZCﬁT
V2N e 10, —i —iP a
§4 = o Caa€ ad ,~i® PZc‘” p)(1—e?)e ' P)p, () =Y. b (p)ca(p). (2.59)
P

It is not hard to check that these definition give us the results obtained in the previous
section. In the above expression the sum over momenta has increments of 27”.23 If we wrote
the charges obtained from the string formalism (2.37) and (2.38) in momentum space, we
would obtain the exact structure for the supercharges as was seen in (2.59), as long as we
make the correspondence for the conjugate pair (xQ,PJr) — ((:), ] )

Commuting two central charges Q will give us the central charge &7:

{0,0} = e"@e—"ﬁZ’bJr (p) (eip — 1) eigz(p)b +e e_’PZc ) ’@(”)c(p) =P,
’ (2.60)

One can show that the central charge takes the much more common form:?*

P = O iF (e”S - 1) = ¢® (1 - e_ip) . (2.61)

To summarize, we found expressions for the supercharges as operators in momentum space,
as well as for their commutation relations, in the large J limit. These expressions once
applied to states with K impurities will result in the expressions obtained in the previous
section.

Looking at the value of the central charge here (from the spin-chain formalism) and the
one obtained from the string side (2.25), we can conclude that the results are correct up to
an overall phase et as long as we match {Q,0} < {S,0} and {C,C"} < {K,P}. This

overall phase found on the string side is natural, as different boundary conditions for x_ will

23 The operator ¢*® does not commute with the sum over the momenta, as it changes the increments in
the sum. But in the limit J very large, this change will be negligible.

24This can be proven by using the property (valid for any power n, proven by induction, and for y fermionic
or bosonic)

. A

P (P =2 () [0 (=) '+ 2 ()]
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differ from each other by such a phase. Also the algebra (2.1) allows a U (1) automorphism,
which means we can always multiply all supercharges by some phase that can depend on

all central charges.

2.6  Summary of the superalgebra results

In this chapter we studied in detail the Q, S generators of the extended algebra su(2|2) in
the plane-wave matrix theory formalism. By using a coherent basis we determined the su-
percharges in the non-local notation of Beisert [56] (as well as in the local twisted notation),
and determined some of the coefficients in this notation up to order & (gyum).

We also determined the anti-commutation relations of these supercharges, and obtained
the expected results for the central charges P,K and H. We saw that we needed to know the
Hamiltonian up to two-loops in order to have a closed (anti-)commutation relation between
QO and S.

Finally, we wrote a first quantized formulation of the supercharges obtained directly
from the sigma model action for the string. Having the supercharges written in that way
allowed us to compare their structure with the what we had previously calculated from
gauge side.

The evidence seems to point to .4/ =4 SYM and IIB superstring theory being integrable
models in the 't Hooft limit. It has been seen that the scattering matrix is completely defined
by the underlying symmetry algebra psu(2,2|4). In this limit, the S-matrix can be found to
actually retain a symmetry algebra that is two copies of a central extension of the psu(2]2)
algebra, in particular: psu(2|2) x R? = su(2[2) x R%. From the properties of this S-matrix,
one finds that it naturally satisfies the Yang-Baxter equation [55,56], which is more evidence
towards having factorized scattering and integrability. Thus, this symmetry of the S-matrix
is expected to be a Yangian symmetry, [61,84,85] and have an underlying Hopf algebra [86]
(see also [87,88]). Having these new developments in minds, it would be interesting to apply
the methods used in this paper to the study of the Hopf algebra related to the central

extension, and get some results on the corresponding Yangian generators.
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The sector of near 1/2 BPS operators in .4 =4 super Yang-Mills has been well studied
by the use of collective methods [80,81], and the same methods can be used to study the

elements of the algebra in 1/4 BPS sector.



CHAPTER 3

SOLITONS IN R x S°: GIANT MAGNONS

& SINGLE SPIKES

Much has been learned about the AdSs-CFT4 correspondence [1] by looking at limits in
which an SO(6) charge J also becomes large. At large A the theory is a theory of classical
strings moving in AdSs x §7, with J an angular momentum on the sphere, while at small A it
is perturbative Yang—Mills theory in 4 dimensions, with J an R~charge of this theory [11,89].
This is the large-J sector.

The first well-studied example in this sector is the BMN limit [5,90], as was mentioned
before, which on the string side, consists of nearly point-like solutions orbiting the sphere,
experiencing a pp-wave geometry. On the gauge theory side, the anomalous dimension A—J
can be computed as the energy of a ferromagnetic spin chain [26,67,55]. These spin chains
are integrable systems, allowing the use of Bethe ansatz techniques to compute the spectrum
from the S-matrix for two-particle scattering [20,91,92,17,93,56] (in some cases one can
explicitly recover the string action from the spin-chain [13]).

The elementary excitations of spin chains are magnons, which to be scattered must have
some momentum p # 0. Extending the theory to allow lone magnons with momentum has
been seen to lead to the centrally extended algebras [55,66] on the gauge side. This subject
was discussed in depth in the previous chapter. These lone magnons are dual to strings
which do not close, called giant magnons [26]. Generalizations which have been explored

include magnons with more than one large angular momentum [27, 94, 95| and magnons

53
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with finite J [82,96,97,98].

Giant magnons are one type of rigidly rotating strings with cusps, moving on the sphere
and made as large as they can be. In general these are called spiky strings, and they also
exist in flat space [99,100] and in AdS [28,101]. In flat space T-duality leads to another class
of spiky strings, with cusps pointing inwards, and these ‘T-dual’ solutions can also exist on
the sphere. Starting with one of these and taking the same maximum-size limit used for the
magnon then leads to the single spike solution which we study here. [48] Recent papers on
the single spike include [102,103,104, 105,106,107, 108].

The giant magnon can be viewed as an excitation above a vacuum solution of a point
particle orbiting along the equator [109] (the label ‘giant’ is meant to indicate that they
explore much of the S3 geometry, as the earlier giant gravitons did [110,68]). Fluctuations
of this vacuum have Hamiltonian A —J [12] (where J < A is the BPS bound). The single
spike is similarly an excitation above a string wound around the equator, which we call the
“hoop”. In the Hamiltonian for fluctuations, the angular momentum J is replaced with a
measure of the winding along the same direction, which we call ®. This is almost T-duality,
except that the circle involved is part of sphere. It is not clear whether this duality can be
usefully related to the T-duality used in [111] and [112], in $° and AdS.

The single spike, and indeed the hoop, are not supersymmetric. Exploring the corre-
spondence in sectors with less or no supersymmetry is of great interest, and it is our hope
that the close relationship to the magnon case can be used as a tool for this. The gauge
theory dual of the single spike is not known, but it is conjectured to be some excitation of
an anti-ferromagnetic state of the spin chain [113,114] in what has been named the large-
winding sector of the correspondence [115]. In the absence of supersymmetry it is possible
that integrability will help to find the dual of the spike solution.

Solitons have long been studied in field theory, and a set of tools called semi-classical
quantization enables us to learn about the related objects in the quantum theory [116,
117,118,119,120,121, 122]. Many of these techniques have been revived to study solutions
of classical string theory in AdSs x S [12,123,124, 125] (which is known to be integrable
[19,126]). The single spike case has the extra complication that it is an excitation of an

unstable vacuum state (as the string wrapped around an equator of S° can slide off towards
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the pole) so what we aim to calculate by these methods is not an energy correction but a

lifetime, as discussed in the text.

8.1 Semiclassical Giant Magnons and Giant Spikes in R x §?

In the AdS/CFT correspondence, there are two kinds of operators/states that can be com-
pared avoiding the problem of the strong/weak property of the duality. The first are just
sets of chiral primary operators (and their descendants) in which one can use nonrenormal-
ization theorems to make comparisons [1,52,53]. The second are sets of operators of SYM
with large global charges, which are dual to semi-classical states on the string side. One
example of the latter are the BMN operators mentioned before [5]. The exact string dual
of a chiral primary operator is a point-like string orbiting a geodesic of $°, with angular
momentum J, which has to be large enough for the classical approximation to be correct. We
will be studying excitations of this point-like “vacuum” solution, called the giant magnons,
as well as related classical solutions called giant spikes. These live on the subspace R x 2
of the full background.

String dynamics of bosonic degrees of freedom in the AdSs x S° space-time can be de-

scribed by the bosonic 6—model action

A’ .
S = \;;/deX n“baaY“abYu + oy (Y2 + 1) +nabaaXzain+a2 (X2 _ 1) 7

AdSs 3

where one embeds both the sphere as the AdS space in R® with the respective constraints.
This action has a symmetry under su(2,2) x s0(6). To consider magnons moving on the
sphere one restricts the space-time to R x §°, with R being one of the time directions of the

AdSs space, the respective charges are the generators of rotations in $°

\/I 2n

i ),

dx (X,'Xj —XjX,') s
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and the generator of time translations

\/I 21

=2 [ dxy0.
21 0 *

A

One considers the limit when the angular momentum J = Jj; in the direction ¢ = (12) of §°
is very large, and look at states with A—J finite. The momentum of the excitation p is also
kept fixed. The relevant limit to be taken here is to have A,J — o, while keeping A—J, p
and the 't Hooft coupling A = g2,,N fixed. Then by varying the coupling A we can reach
both sides of the gauge/string correspondence. This limit differs from the previous BMN
limit [5] in that the latter considered the coupling A large, keeping gy fixed and small,
and considered the momentum p to be small, keeping the quantity n = pJ fixed instead.
One of the major properties of this limit is that quantum effects (expansions in A1) become
decoupled from finite-J effects, and we will be using this fact when studying both effects
separately in the next chapters.

In this limit, we find that the string ground state has A—J = 0, which consists of a point-
particle with a light-like trajectory along the direction ¢, time coordinate Y° = 7 obeying
¢ — T = constant, and sitting at the origin of the spatial directions of AdSs.

To find excitations above this ground state one looks at solutions rotating in the Z; =
X! +iX? plane. The remaining four directions of the embedding space we call X, and Y0 =7
is the time co-ordinate (ultimately from AdS). So the motion is all in the time direction of

AdS space, and on the subspace S? C $%: R x S2.

Spiky strings in flat space

If instead of S> we consider flat space, one can find a spiky string solution [28] [99, 100]

T+x T—X
x'=4 ABcos [ —— 3.1
cos < > +ABcos < 248 ) (3.1)

+x . T—X
ABsin [ L—*
2A >+ Sm(2AB

N——

)

<
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.
=

N
Q

N———
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Figure 8.1: The original and T-dual spiky string in flat space. Both are for B =15, leading
to 6 and 4 spikes respectively.

with two parameters A,B. This solution is a rigidly rotating string with n = B+ 1 cusps
(spikes) pointing outwards and moving at the speed of light (see figure 3.1). The parameter
A determines the overall size of the cusps.

We can perform a T-duality transformation to this solution, in particular in the X2
direction. But because the solution has neither center-of-mass momentum nor winding, this

T-duality only changes the sign of the left-movers in that direction, [48] giving

X% and X! unchanged, (3.2)
T T—
X? = Asin <2—;x> —ABsin (ZAX) .

This is again a rigidly rotating string, but now with B — 1 spikes pointing inwards, and also
moving at the speed of light.
Note that this T-dual solution could also have been obtained by simply interchanging x

and ¢ in the spatial co-ordinates X'. In fact this is a symmetry of the equations of motion
(=92+97)X' =0
and of the Virasoro constraints (for Y° = )
(9:X)° + (X)) =1,  9X'ax =0,

as these equations are unchanged by interchanging x < 7.
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On the sphere

Similar solutions exist on the sphere, and when they are small they will reduce to those in
flat space. In [48] it was shown that if the analogue of the original solution (3.1) becomes
large, so that the spikes touch the equator, then each segment (between spikes) of it becomes
a giant magnon. For the analogue of the T-dual solution (3.2), the limit in which the lobes
touch the equator is the single spike.

By choosing a time-like 7 = 7, conformal gauge (the induced metric is proportional to the
standard metric, d,X* X" Nyy o< Nw) we are looking for solutions that solve the Virasoro

constraints

(X)) + (9X) =1,  9X'9X =0,
and obey the conformal equations of motion
(=02 +97) X'+ X' (—(9:X7)* + (9:X7)?) =0.

Solving these equations, Hofman and Maldacena [26] found the Giant Magnon solution:

Y=r1,
Zi=¢" <c+i\/ 1 —cztanhu) , (3.3)
X =71 —c2sechu,

where ¢ = cos(p/2) is the worldsheet velocity, and (u,v) are boosted worldsheet co-ordinates

u="yx—cr), (3.4)
1
VI—c2  sin(p/2)’

v=7y(t—cx), with y=

This is a rigidly rotating string along the equator of §2, with cusps touching this equator
and moving at the speed of light. Note that —eo < x < oo covers only one of the curves

between cusps. It is understood that the physical closed-string solution consists of several
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Figure 3.2: The giant magnon (left, ¢ = cos(p/2) =0.7) and the single spike (right, ¢ =0.8).
These are both are rigidly rotating along the equator shown, with their cusps moving at the
speed of light.

giant magnons connected together. The case ¢ =0 (zero worldsheet velocity, p = 7) is one of
GKP’s folded strings. [11] In the limit p — 0 the magnon becomes a point particle moving
along the equator.

As in flat space, the Virasoro constraints and the conformal equations of motion are un-
changed by the interchange of x and 7. So there is another solution X! .(7,%) = Xagnon(*, ),

which has been dubbed the single spike: [48]

Y0 = T,
Z) = e (c+i l—cztanhv), (3.5)

X =7V 1—c2sechv.

This solution is drawn in figure 3.2. We keep the same parameter 0 < ¢ < 1, although the
worldsheet velocity is now 1/c in the x,7 co-ordinates.!

Both solutions are localized on the worldsheet. As x — oo, the magnon solution ap-
proaches the point particle Z; = €T and X = 0 while the single spike solution becomes instead
the infinitely wound hoop Z; = ¢”*. The point particle and the hoop are clearly related by the
same x < T swop, and they are also the vacuum solutions needed to obtain the magnon or
the single spike by the dressing method, which survives this interchange. [127,128] [109,104]

In the conformal, time-light gauge we started from, the relevant charges can be written

IThis is related to the parameter 6y used in [48], which is the angle from the north pole to the spike, by
sin B = ¢ = cos(p/2). Also note that 6 =% — 6y = p/2.
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as

A
A= £ / dx1 time-translations,
2
A _
J= \2/; / dxIm (Z,0:Z;) angular momentum in Z; plane,
1 d
p=- dxd— InZ; worldsheet momentum.
i by

For the case of the Giant Magnon, A and J are infinite, with ® = T@p and

Enpgg=A—J = {?sin(p/2). (3.6)

For the single spike we have one further charge of interest, the winding charge:

A A
b= \2/;/dx Im (dylogZ;) = \2/;Aq) . (3.7)

This @ is a conveniently scaled version of the the opening angle A@, where ¢ = argZ, is the
azimuthal angle.
For the single spike, it is @ instead of J that is infinite, and we have
A—dP=— 3.8
o P (3.8)

VA
J= 7sm(p/2).

3.2 Other Classical String Solutions: Finite-J solutions

Other classical solutions of the o-model action in AdSs x S° have been studied, in particular
rigidly rotating solutions, such as spinning strings and pulsating strings [12,129,130,131,25,
123,132,133,134,135], and strings rigidly rotating in some direction of AdSs [28,101]. These
string solutions are solitons of the worldsheet o-model which correspond to semiclassical
states that are high in the energy spectrum of the string, as well as very large angular

momenta J.
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But a lot remains to be done with respect to the solutions with finite charges. On the
gauge side of the correspondence, some wrapping-interactions were seen to require correc-
tions to the Bethe ansatz. On the string side, the finite J was seen to correspond on the
light cone gauge to correspond to a finite size worldsheet: the theory is defined on a cylin-
der with radius proportional to the light-cone momentum, and taking the limit of infinite
angular momentum corresponds to decompactifying the cylinder. Explicit calculations in
a finite-size world-sheet effects to the energies of rigidly rotating strings and were seen to
require an improved Bethe ansatz for the string [38,136].

Finite-J corrections have been studied for the giant magnon solutions. The first treat-
ment of giant magnons AdSs x S at finite J was by [82], who worked in uniform light-cone
gauge (in which the worldsheet density of J is constant instead the one of A). They used a
gauge parameter a € [0, 1], and at a =0 (and in conformal gauge) they found the following

correction to the dispersion relation:

E=A-—J= {?sin (B) [1 - ;Sin2 (%) e e +0(€_4J/8)]

= {?sin (%) [1 — 4sin® (%) e 20/E +.. } . (3.9)

The gauge-dependence that seemed to exist in [82] was resolved by [97], making use of the
fact that the solutions are periodic both on the worldsheet and in the azimuthal angle on the
sphere to see these solutions as wound strings moving on an orbifold of $°, in particular on
S?/Z, [97,137]. The scattering of finite-J magnons was studied in [98], through the relation
to sine-Gordon theory in finite volume.

One can generalize the giant magnon solutions living on $? to dyonic bound states [27],
and their exact solutions at any J (both in §? and in $%) were studied by [96], where it was
shown that they are connected by the Pohlmeyer map (to be described in the next chapter)
to periodic soliton solutions of (complex) sine-Gordon theory. In [138] finite-size corrections
to the dispersion relation of dyonic giant magnons were given. Other methods of determining
these finite-size corrections for the dispersion relation can be used. One can use the field-

theoretic Liisher formulas [139], which depend on the world-sheet S-matrix [140]. One can
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also start directly from the algebraic curve description for the giant magnon [140,141] and
determine these corrections.
We will discuss the finite-J corrections to giant magnon solutions in the formalism of

the algebraic curve in more detail in Chapters 5 and 7.

3.8  Zero and Non-zero modes for the Single Spike

In order to better understand the classical string theory, we have to develop further the
semi-classical properties of the solitons of the theory: the giant magnons and the related
giant spike. To do so we first characterize its zero and non-zero modes, focusing on the case

of the single spike solution.

Zero modes

We first concentrate on the bosonic zero modes of the giant magnons and spikes, which are
the variations due to changing collective co-ordinates

X!
avo VOZO’

X' =

where vy is some modulus. The single spike solution (3.5) can be written with explicit

parameters xy and vy and orientation 7

Z) = %) (c—l—i\/ 1—c? tanh(v—vo)> )
X =7iv/1—c%sech(v —vy).

We can then obtain the following modes:

e a rigid rotation of Z;, Oy:

6le = lZl )

=

6.X =0;
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e a reparametrization along v, 8,:

8,Z) = e"i\/1 —c2sech’v, (3.10)
8,X = —7i\/1 —c2sechv tanhv;

e three possible rotations of the orientation vector i, §,:

omZ1 =0,

X =m\/1—c%sechv,

The reason for determining the reparametrization mode 6, holding x fixed (and &, holding
v fixed) instead of using one pair x, T or u,v is that in this case we obtain a convenient linear
combination of the modes, in which one is normalizable and the other is not. We can also

determine &; holding x fixed (and vice versa):

8o X' = y8,X' 8y X' = 86X —cy8, X',

S X0 =1 8:X"=0,

where we wrote both time and spacial components. The meaning of these two modes (0,
and &,j;) in spacetime is that at any point they are the two tangent vectors to the string:
they correspond to the x, T co-ordinate basis vectors, and will not generate physical modes,
just reparametrizations. But in fact we are not studying the complete string solution, and to
make a physical state we need to glue two solutions (in the same way as for giant magnons),?
i.e., there has to be other solitons in the worldsheet, and the relative motion between them

is physical. This is the reason why we keep one of these reparametrization modes. This

mode together with the three modes §,, makes a total of four zero modes.?

2We return to this question in section 3.4 below.

3The mode §, (3.10) is the analogue of (3.11) from [142] and (2.16) from [124]. In [142] this is derived
from a translation of the sine-Gordon soliton.
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Note that the other physical zero modes, the perpendicular rotations §,,, are independent
of u. Comparing to the giant magnon, the same modes can be found in (2.15) of [124]. These
modes are independent of v, which is time boosted by ¢. This leads us to consider u as being

the time co-ordinate for the purpose of identifying zero and non-zero modes.*

Non-zero modes

To determine non-zero modes, we allow fluctuations X’ + 86X’ and plug them into the equa-

tions of motion. The equations for the fluctuations then become
0,0°8X" + (1 —2sech®v) X' — (X/9,0°56X7) X' = 0.

The zero modes discussed above are solutions of this equations. To find non-zero modes, we

look for solutions of the kind

5Xj — eikvfia)u fj(v).

For the giant magnon, this problem of finding bosonic non-zero modes was solved in [124],
through finding a scattering solution and analytically continuing it. Just like the background
solution, the non-zero modes for the giant spike are related to the ones of the giant magnon

by simply interchanging x and ¢. They are:

e one massless solution (i.e. @* = k?):

8,X = ev=ilklug <k+ k| cos g) sechvtanhv, (3.12)
85X +i8,X? = —ievilkugix (k — |k|sinhvsinh(v + z%)) sech?v,

85X —i8,x? = ievilklup=ix (k— |k| sinhvsinh(v — z%)) sech?v.

We drop this solution as it is pure gauge: at any given point (x,7), it is just a linear

4We could consider u as being the product of a boost by velocity % >1

1
T—EX

u=7yx—ct)=-— (3.11)

See also (4.6).
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combination of the reparametrization zero modes 8, and J:°

5, X! = gkv—ilklu (—(k+kcos §)6VXi+ |k| SxXi) .

e three orthogonal fluctuations, in directions m with m -7 = 0:

8, X = * 7% i (k + itanhv) (3.13)

s, x'=68x1 =0,
and one parallel fluctuation, along the spike’s orientation 7:

SHX = fhv=ioug (k+ itanhv — (k+ o cos g) sech? v) ) (3.14)
81X +i8X* = —ie~1"¢" (ksinhv+ wsinh(v-+i2) + icoshv ) sech?y,

&X' — iSHX2 = jelkviou,—ix (k sinhv + @sinh(v — t%) +icosh v) sech?v.

These all have the dispersion relation for a particle of mass m* = 1: ®* = k> + 1.

These modes appear massive in u,v, but they still represent an instability with respect to
physical time. To see this, we write the modes in the original co-ordinates x,7, and define

new variables K,W by:
SXJ = eMriou £i(yy = oKXW £i(y(r — cx)). (3.15)

We can see that the dispersion relation now is given by W2 = K? — 1, that is, these modes
are tachyonic (with m? = —1) with respect to co-ordinates x,7. In our gauge, T = X° is the
target-space’s time co-ordinate. Since there is no reason to exclude modes with |K| < 1, we
will have modes with imaginary W: they will not oscillate, instead they will exponentially

grow or die in time.

5Note that the breaking of translational symmetry on the worldsheet (discussed in section 3.3) affects
only the zero modes.
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Modes in AdS directions

The magnon and spike solutions live in the R x §° subspace of AdSs x S°. Because they stay

on the center of the AdS space, there are no zero modes in the AdS directions but there will

be non-zero ones. These will be identical in both the giant magnon and single spike cases,

and will correspond to the modes of a point particle about the center of Anti-de Sitter space.
If we write the AdSs part of the metric as

2
1+n%/4 1
2 _ 2
dSAdS - <1 _n2/4 dt°+ (1 _n2/4)2d77kd77k7

where k =1,2,3,4, the modes are given by
le(X,t) — €in7iWTfk(K)

with W2 = K24 1. The infinitely wound hoop also has identical AdS modes to the ones shown
above.

A calculation of the single spike’s fermionic fluctuations and zero modes can be found
in appendix Chapter B. We will now use the results of bosonic and fermionic fluctuations
(these last ones will be seen to drop out of the calculations) to determine the semiclassical

corrections to the energy of the single spike.

3.4 Quantum Corrections

Corrections to what?

Having found the modes, it would be natural to use them to compute a first quantum
correction, i.e. to perform ‘semi-classical quantization’. For the giant magnon, this means
finding quantum corrections to A—J. The origin of this is as follows:

Frolov and Tseytlin [12] consider the ‘vacuum’ of the large-J sector, the point particle
orbiting the sphere, which has A =J. They add small perturbations to this, and show that

A—J is (at leading order in 1/v/A) the Hamiltonian of a 1+1-dimensional theory. The



67

perpendicular fluctuations in both the sphere and AdS are non-interacting massive fields of
this theory. So far this is classical. The semi-classical correction is to treat each mode of
these fields as a harmonic oscillator, and their zero-point energies ‘%ha)’ are corrections to
A—J. The magnon is interpreted as a ‘giant perturbation’ of this vacuum, tall enough to
see the curvature of spacetime (and, it turns out, of high enough momentum to see that the
1+1-dimensional theory is a spin chain, with periodic dispersion relation).

Here we repeat their calculation, for the ‘vacuum of the large-winding sector’: the in-
finitely wound hoop. We find as Hamiltonian A — ®, with the winding charge ® replacing
the angular momentum J. The single spike is similarly a ‘giant perturbation’ of this vacuum.

Recall from Section 3.1 that the flat-space versions of these two classes of spiky strings are
related by T-duality, which famously exchanges winding and momentum around a compact
direction. Clearly this change in the Hamiltonian is somehow a consequence of this duality.
But notice that the compact direction here is part of a sphere, and that the radius of this

sphere is unchanged.

Finding the Hamiltonian

Write the metric in the form®

1+12/4\°
2 2 =

ds§ = dO} +cos” 0 (463 + cos® 0 (d63 + cos® 6, (d63 +cos® 05 (d67 + cos” 62d9?)))) .

The action (in conformal gauge) is

VA
21

1
S: dxdng, XB: iauX”aaXvGuv. (3.16)

6The azimuthal angle ¢ here is the same as used before, in (B.1), but 6; = 7/2— 6 is the elevation
above the equator. The expansions of the metric components which we need are G;; = —1 —n%+--- and
Ggg =1 —92+"~4
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We write the perturbed the solution as X* = X}fgop + XM AN,

1 . 1 -
1 . 1 -
nkzmnk es:mem S:1,2,3,4.
Expanding at large A, the Lagrangian becomes
Lp=1+ 11/4 (80t+81¢>)
1 ~ - - -
4+ —— (—=0%Fd,f + 9N, Ni + ¢ 06,0, 0, + N Nix — 0,6
2\//T ( Nk ¢ + MMk )
((oF) Tk — (210)6,0;) + ﬁ(z) (3.18)

13/4

In the quadratic piece, fj; appears massive and 6, tachyonic, matching what we found for
the single spike’s modes.

The Virasoro constraints are first Yo+ 711 = 2750 = 0:

0= i +019)

1
11/4(

2\F( Ol Ou + 0a MO Tl + 0u P Oa® + 00050405 — Tk Tk — 6,6;)

+6( (3.19)

)

(writing d,d, = dodp + 919 in a temporary abuse of notation) and second Yy = Ty = 0:

1
0= (=017 +o@) + —= (— i T + G + AT Tik + 96501 65) + O(

11/4 NG 13/4)

Now we expand the spacetime charges: the energy is the integral of the momentum
density IT%:
8.,2”3
8802‘
o e o 1
= M/dx <\/I+7U/4aot+nknk+ ﬁ()) :

A—i

A1/4
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and the winding charge defined in (3.7) is

A
@:\;;/dxal¢

:;r/dx(ﬂw#*a@).

Subtracting these two charges, the two v/A terms will cancel, leaving a finite result. The
linear terms can then be replaced with quadratic terms using the first Virasoro constraint

(3.19). To leading order in 1/A, we obtain:

1

A—dP=—
4w

dx |: — (80f80f+ 81%81%) + (80q380q3 + 81¢381¢3)

+ (Ao Tk 0Tk + 01 Tk i) + (90059005 + 010501 05 ) + Tl — 6,65 |- (3.20)
This is the analogue of the result in [12]. The fields 7 and ¢ correspond to transformations
that are pure gauge, so we drop them. We can write A—® in terms of the Hamiltonian
one would obtain from only the quadratic part of the Lagrangian £, which contains the
transverse (physical) modes fj; and 6 and their conjugate momenta fIﬁk,fIés.
Quadratic 2-dimensional Hamiltonian

Starting from the Lagrangian for the fluctuations (3.18), we find its quadratic part to be

(up to factors of A):

P = (—8“f8af+ a“ﬁkaaﬁk + 8“(]3&,@3 -+ 8“§S8aés + i Tk — ésés) .

N —

0.7
2(doXH)’

By determining the conjugate momenta for each of the fluctuation fields, qu = we

find

I:If = a()f

I:IX/‘ E —80)2“ for X“ — ﬁk,és,q;-
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From these we can construct the corresponding Hamiltonian density in the usual way, ob-
taining

~ 1 ~ 5 _ _ o -
%ﬂZEGH%H%+H%+Hé+mm_@@>

We want to check that the quantity A— @ is just this Hamiltonian. To do so we start by
determining the Hamiltonian corresponding to the original bosonic Lagrangian (3.16), and
expand it in fluctuations. The conjugate momenta for the fields are given by II;, = a(go%'i;#)

where X* =1,¢, N, 6;. To find the Hamiltonian for the fluctuations, we expand the fields as

in (3.17), as well as the momenta:

where the classical values of the fields are Hil =1, Hgfu r = 0,14 =71, ¢, =x and all other

fields are zero. The expansion of the Hamiltonian then gives:

1 - ~ ~ ~ ~2 =\ 2 ~\2 A\ 2
Ay = 5 (TR T, 4T — 0107+ (96)+ (i + (216)°) +
| U R - 1
b (fik— 6,8,) — — (M — (216)) + 0 ( =
i (nknk ) M( 7 ( 1¢)) (A)

The Virasoro constraint (3.19) is equivalent to setting .74, = 0.
It is easy to check that A—® can be written in terms of the fields and conjugate momenta
as

A—P

_V2 w(l ]

Y P
By using the Virasoro constraint in the form %, = 0, we finally find

d 2 1 a a g ~
A-d = /;(—H%+H§;+H%k+na—<alf>2+(al¢)2+<amk>2+(ales)2

+ﬁkﬁk - ésés> )

which returns the expected expression, when we drop the gauge fluctuations. We obtain at

last:
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d Y L~
Aq):/zji_%d(taq)anbes)

dx (47 | - . -
:\/1/4; [H%k+rla+81ﬁk81ﬁk+816s8] es+ﬁkﬁk—eses}.

We are left with four massive fields from vibrations in the AdS directions and four tachy-
onic fields from the sphere directions. Then A —® is the expected quadratic Hamiltonian for
these 8 fields. One could perform a similar construction for the fermionic modes obtaining

16 massless fermionic fields [143,144] [12].

First quantum correction

For each of the eight bosonic modes fix and 6y, we have a quadratic Hamiltonian of the kind
1.4 A N
Hz—/dx {2H2+¢ (—97+V)9|.

Note that V = +£1 in our case, depending on whether the mode is massive or tachyonic. We
can expand both ITand ¢ eigenfunctions , of the differential operator (—8)? + V) V= 02,
which we write ¢ =¥ @, and IT= Y I1,y,. The Hamiltonian becomes a sum of decoupled
harmonic oscillators
=Y 5 (I 4+ 0}67).

By introducing creation and annihilation operators in the usual way, for each oscillator, we
find that each of these contributes with %Zha)n, with” @, = \/W, for some mass m?
and allowed momenta k.

For our solution the bosonic modes in 3.3 have W(K) = VK2 + 1. Each of the fermionic
modes will contribute —%Zthermi, where the fermionic modes found in appendix B.1 have
W(K) =K.

There are two important issues here:

e First, to obtain a finite first quantum correction for any solution, one must always

"In the literature, v, = T, (where T is some large time) is called a stability angle.



72

subtract the quantum correction for the corresponding vacuum solution. Both of these
are normally UV divergent (and this subtraction is not the only renormalization usu-
ally needed). For the single spike, the relevant vacuum is the hoop solution. Note that
the hoop has A— ® = 0 classically, so this subtraction is only needed for the quantum

corrections.

e Second, we are interested in studying those modes of the spike which result in its
instability. To determine the decay time of this unstable solution, we are only inter-
ested in the imaginary part of the energy correction. None of the fermionic modes will
contribute to this, as they are massless, nor will the 4 bosonic modes in AdSs, as they
are massive. The only contribution is from the 4 tachyonic modes on the sphere, which
have W(K) = +£vK? — 1, and here only from those modes with |K| < 1. This excludes

the UV modes, and in fact no other renormalization will be needed.

Modes for the hoop (vacuum) solution

It is simple to solve the equations of motion from the bosonic Lagrangian %5 (3.18) in order

to determine the modes for the hoop solution. The transverse modes are

e(x, 7) =X L(K),  WP=K'+1,

O(x, 1) =™ Wigy(K),  WP=K’-1,

i.e m*> =1 in the AdS directions, and m> = —1 on the sphere, the same masses as for the

single spike’s modes. The longitudinal modes are massless:

2w, 1) = IR £ (k).

¢ (x,7) = IR (K).

The same modes can also be obtained from those for the single spike, by going far away
from the spike itself. The sphere modes 6, (3.13) and §)| (3.14) of section 3.3 become these
simple ones 6, in the limit v — oo, and the AdS modes are identical. The ¢ mode is the v — oo

limit of 6, (3.12), now more obviously pure gauge. We did not write down the analogue of
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the 7 mode (among the spike’s non-zero modes) as we were focusing on the spatial part,

but this too is pure gauge.

Performing the same limit v — co for the fermionic modes (B.13) and (B.15) leaves the

following modes for the hoop:

wpl — - [1"0 (cos)ﬁ-F(p@ sinx) Y (COS){—F(])Q sinx)]
—c
x (cosBUo+sinBLyelr1),
g2 _711“*179 [Fo (cosf{ +Tg0 sin)Z) —TI (cosf( —Tye sinf()]

vVi+c

X 11402 (cosﬁUo—l—sinﬁF‘ngl) .

Vacuum

The bosonic and fermionic modes for the hoop found above have the same masses as their
counterparts for the single spike, in particular the sphere modes have W(K) = +vK2—1. To
discretize the momentum K, we put the solution in a box —% <x< % and impose periodic
boundary conditions 6X (—%) =0X (%) Then K, = 2%, with n € Z, and the contribution of

these modes to the vacuum energy is given by

1
AEhoop:4§Z,/K3—1
n
L !
%2275/ dKvVK?—1 asL— oo
~1

1
=-L. 21
: (3.21)

The integration is over |K| < 1 because we are looking for just the imaginary part. We do

not encounter a UV divergence here.

Spike solution

Again we study only the bosonic modes on the sphere with |K| < 1. But the discrete momenta
K allowed for the spike are not the same as those for the hoop K, as the modes have a

phase shift at large x compared to the hoop. Looking at the bosonic sphere modes given in
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(3.13) and (3.14), far away from the spike (|v| > 1) we have

5 X(x) = &K VEIT Gy (K —W)+itanh (y(t — cx))], (3.22)

§X(x) = O TVETGy(cK — W) +itanh (y(1 —cx))],

and §X! = §X? = 0 for both.® Fixing t =0 and evaluating at large distance x = :i:%, they

both become

SX (iL> _ e:l:iK%:tiéiAi
2 )
where the phase shifts and amplitudes at the two ends are given by

_ —1Fy/1-K?
B ycK ’

Ay = \/(ch)2+<y 1—K2i1)2.

tan (04 ) (3.23)

The next step would be to impose periodic boundary conditions on 6X at x = i%‘. But

here we encounter a problem, as the modes have different amplitudes at the two ends.’

L

Instead we will demand only that the phases match at x = £7, and allow the amplitudes to

be different. (We will discuss this further in the next section.) Then K has to obey

KL+ 6, (K)+6_(K)=K,L,

where K, = zLﬂ is still the discretized momentum of the vacuum solution. Taking L very

8To obtain this, note that K,W and k, @ are related by K = 7’)/(Ck+ V2 — 1) and W = f}/<k+cx/k2 - 1),
from (3.15) and (3.4).

9Recall that the worldsheet velocity of the single spike is 1/¢ > 1. Thus (x,7) = (£L/2,0) might be better
thought of as points before and after the spike, rather than left and right of it. Consider instead points (x, 7)
with large ||, for which both of the modes 6, and ¢ in (3.22) become
8X = ®WT (y(cK — W) +isign(t))

= (KxtVI-Kz <J/CK—i)/\/ 1-K2 +isign(7:)) .

In the second line we’ve chosen to focus on the growing mode W = +iv/1 — K2. Averaging over x by taking
the modulus, we get

[6X|=e 171(27\/(}/6[()2 + (sign(f) -7V/1 —K2>2.

This is an exponentially growing mode, but with a step in it where the spike happens.
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large we can approximate K by

1 1
K=K,— Z5 (Kn) + ﬁ(ﬁ)

where 0(K) = 8;(K)+ 6_(K). Finally we can determine the imaginary correction to the

energy of the spike from the four tachyonic modes, by putting L — oo:
1
AEspike = 42 EW (K)
K

4L/ldK1W K-Lsk)) ast
~4— — — — 00
) 2 L a

. 1—c¢
= AEpoop — 124/ s (3.24)

In the expression above, AEhqop = iL/2 is the correction (3.21) to the vacuum solution. Thus

in the difference AEgpike — AEhoop the IR divergence from L — oo is canceled.

About these boundary conditions

We found that the amplitude of the mode (3.22) (for |K| < 1) is different at large positive
and negative x. This is the obstruction to imposing periodic boundary conditions, which we
avoided by matching only the phases. One should not be surprised that we cannot impose
these boundary conditions. They amount to gluing the string to itself after some large
number of windings, or rather, gluing the vibrations on it to themselves, and this might not
be allowed.

For the giant magnon, one has to glue a series of magnons together with }; p; =0 to
obtain a valid closed string solution. But is not clear that this is a condition on the allowed
series of single spikes. It would tell you about periodicity of the spatial X'(x, t) under ¢, but
say nothing about their behaviour at large |x|.

Here we consider a solution of two widely separated spikes with opposite velocities %
and —%, because for this choice we can impose honest boundary conditions. In this case
we recover the twice the energy correction (3.24) obtained above, one for each spike. This

justifies our use of these unusual boundary conditions.
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Two spikes

As x — +%, the amplitude of the mode (3.22) becomes Ay, given in (3.23). This formula is
valid for ¢ > 0; for ¢ < 0 the sign + is reversed, and we have instead ‘5XC<0(:I:%,O)’ =As.

This immediately suggests the following way to impose consistent boundary conditions:
take two spikes, far apart, with parameters ¢ and —c. Each is in a box of length L, and we
connect these together. That is, consider

Xspike(c) (x - % ;T) for O0<x<L,

XH(x,7) =

Xpike(—c) (x— 3,7 L<x<2L

which is an approximate solution near t = 0. In fact it is a part of a scattering solution,
since the two spikes have velocities 1/c and —1/c. It can be viewed as an excitation above
a hoop of length 2L.

Vibrations of this solution will be described by the same modes we have been using, and
we again focus on the |K| < 1 sphere modes, which give the imaginary energy correction.
For the boundary condition at x =L , both modes 6X have amplitude A, , so matching them
sets their phases equal there. And at x = 0,2L we can impose periodic boundary conditions,

since both modes have amplitude A_ there. The resulting condition on the allowed K is

simply
1 s 1 s 1
K =Ky — 780 (Kn) = 578 (K) +0(55),
where K, = 22% are now the allowed wave numbers for the vacuum in length 2L. This leads

to energy correction
AE = AEspike(c) + AEspike(fc) )

i.e. we obtain the sum of the corrections we calculated in (3.24) by imposing our phase-only
boundary condition at x = j:%. The finite piece (after subtracting the vacuum’s AEpqop) is

twice the finite piece for one spike.
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3.5  Properties and semi-classical results for the single spike solution

We now present a summary of all of the properties and results found in this chapter for the
single spike solution, and compare them to the known results of the giant magnon.

After determining the bosonic and fermionic modes of the single spike solution, we found
a mismatch between the modes in these two sectors, both in number and in their masses.
This is evidence that the spike solution is not supersymmetric. Some of the bosonic modes
found were seen to be tachyonic, showing that the single spike is unstable, just like the
relevant ‘vacuum’ solution which we referred to as the hoop.

In order to perform a semi-classical analysis of the spike, we started by determining the
Hamiltonian for small fluctuations of the corresponding vacuum (the hoop), which was seen
to be just A—®. In this case, the winding ® has replaced the angular momentum J found in
the Hamiltonian for the magnon case. This was expected because we saw that in flat space
T-duality related similar solutions. We then used this result to calculate a semi-classical
estimate of the lifetime of the single spike solution.

Another subject of interest is the comparison of the single spike solution to some operator
on the Super Yang-Mills side. It had been conjectured that the single spike is dual to an
excitation of an anti-ferromagnetic spin chain. [48,113] There have been various attempts
to find a full N-body description of the giant magnon, such as the Hubbard [145] and
Ruijsenaars-Schneider models [51]. It is possible that the single spike solution will be another
test case for such a description.

The periodicity in the parameter p of the dispersion relation for giant magnons (3.6) is
the signature of discrete space. On the SYM side, this can be understood to be the position
along a spin chain. Even though on the case of the single spike it seems that such periodicity
is nonexistent (3.8), that shouldn’t count as evidence against such discreteness. In [104], one
allows p outside our range 0 < p < 27, and finds that A —® becomes periodic (their figure
1). However the meaning of this parameter p is not well understood for the spike.

The single spike is an excitation of an unstable vacuum state, the hoop, which consists

of a string wrapped around an equator of S°. One can stabilize such loops of strings by
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making them rotate in other planes [25,133]. Such solutions carry large angular momentum
by being wound many times around one equator. It is possible that adding these extra
angular momenta may stabilize the spike solution as well, and it may be this object which

has a more natural gauge theory dual.



CHAPTER 4

SCATTERING OF N M AGNONS

Recent progress in understanding the Gauge/String duality in N =4 Super Yang-Mills the-
ory resulted in complete specification of the worldsheet S-matrix and the associated spec-
trum [20,92,36,93,22,17,146, 55,65,39,61,147,148|. The conjectured exact result received
impressive confirmation in both weak coupling Yang-Mills theory calculations and also semi-
classical string theory calculations at strong coupling [12,25,123,91,149,89,41,124,125,35].
These successes were accomplished due to the integrability property characterizing the
string dynamics and present in Yang-Mills theory through its spin-chain representation
[20, 10, 31, 34,29, 150]. At the spectrum level there is a complete classification of states in
terms of magnon excitations. Their dispersion formula is again known from both weak and
strong coupling studies [56, 26].

Even though all orders results have been accomplished, further study of the models and
of their integrability structures is still desirable. For instance the spin chain Hamiltonian
is reliably known only from weak coupling calculations, its comparison (and agreement)
with the string theory Hamiltonian is to some degree purely accidental. In this chapter we
will pursue the question of multi-magnon dynamics. Magnons scatter from each other with
known computable phase shifts [36,41, 151,57, 152,59, 153, 104] and it is of relevance to
determine their interactions. We will do that in the simplest case of magnons moving on
R x §? working at the the semiclassical level. The equations of motion in this case (in a
timelike-conformal gauge) coincide with those of the O(3) nonlinear sigma model. Multi-

magnon solutions have been constructed in these case using several different techniques,
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involving the dressing and the inverse scattering methods [151, 127,154,109, 155].

One particular approach (Pohlmeyer reduction method) reduces the problem at the
equation of motion level to a well known integrable field theory, the sine-Gordon model [49].
In this reduction the role of magnons is played by sine-Gordon solitons. Much is known
about inter-soliton dynamics in the sine-Gordon theory [119]. In particular it can be exactly
described through an N-body model generalizing the Calogero-Moser model [156,157]. The
relativistic Ruijsenaars-Schneider model [158] is completely integrable, it summarizes the
N-soliton (and anti-soliton) dynamics for a given coupling and can be directly deduced from
sine-Gordon theory itself [159]. In turn it can be used as a full dynamical theory, even at
the quantum level [160]. It is our goal to establish a related dynamical description for string
theory magnons.

The connection between string dynamics and sine-Gordon theory, is known to be highly
nontrivial. The two theories coincide at the level of equations of motion, but that is where
the comparison stops [26]. Physical quantities like the energies (of magnons and solitons)
and the associated phase shifts are different and it is our intention to clarify somewhat this
nontrivial relationship. The nontrivial dynamical connection between the two systems can
be traced back to a (nonabelian) dual description of sigma models and the fact that it is
in the dual formulation that the connection can be described in canonical terms. This was
established in several works by Mikhailov [161,50,128] and remains to be pursued at the
quantum level.

For the question of formulating the dynamical system describing multi-magnon dynamics
we start from the fact that at the level of equations of motion it coincides with the soliton or
rather the N-body RS model. We then require a further fact, namely that the string theory
model ought to reproduce the correct magnon energies and the phase shifts, both of which
differ from the soliton case. From the comparison of energies we suggest a Hamiltonian,
as the n = —1 member of the infinite Hamiltonian sequence [162, 163, 164]. Requiring the
correct phase shift we are led to a nontrivial Poisson structure representing the N- magnon
dynamics.

In this chapter we will start by giving a brief summary of the relation between magnon

solutions in R x §? and sine-Gordon solitons. In Section 4.2 we review the integrable dy-
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namics of solitons in terms of the N-particle R-S description. In Section 4.3 we consider the
analogous representation for magnons. From comparison of energy eigenvalues we are led to
an N-body Hamiltonian given by the inverse of the lax matrix of the RS model. Elaborating
on the phase shift we are led to suggest a need for an alternative symplectic form. This

symplectic form is explicitly given in the limit of well separated magnons in Section 4.4.

4.1  From Classical Strings to sine-Gordon: Pohlmeyer Map

It is well-known that the theory of classical strings moving on R x $? is related to the sine-
Gordon model at the level of the equations of motion. In fact, the original Pohlmeyer map
[49] related the O(3) o-model co-ordinates to the sine-Gordon theory through a projection

map. Let us summarize this map: start from the O(3) o-model Lagrangian density

1
2!

1

3 3
g(G,‘L’) = (80Xia(;Xi—(9~;Xi81Xl‘)+% <ZX,'X,'— 1) ,
=1 i=1

where X; are the embedding co-ordinates on R? and A is a Lagrange multiplier that fixes the
motion to be on an S? sphere. This Lagrangian is invariant under the action of the internal

symmetry group O (3). To simplify notation, define for a vector of R* the following
: 2 2w 2
p=(pi,p2p3) , (@)=Y, piai , P =Ipl"=Y. P
i=1 i=1
Also we will work with light-cone co-ordinates

X4+ = (G:l:f), 8i:86i81.

| =

In these co-ordinates we have the identity d,0d_ = 92 —d? (where we defined ds = d/do0,

etc), and the equations of motion can be written as

0,0 Xi+(0:X-9.X)X; = 0, (4.1)
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with the constraints

X-X=1, A=-0.X-0X.

The sum and the difference of the energy and momentum densities are just given by

%(B_X )* and %((LX )%, respectively. Recalling that we have the constraint X -X = 1, then

we find
X.-0:X =0,

so d+X are vectors orthogonal to X. From the equations of motion (4.1), we can also see
that d, d_X is parallel to X, and consequently orthogonal to d-X. From these results we can

derive the equations of conservation of energy-momentum, which are
1 2 1 2
di |z (0-X)"| =0 |z (d+X)7| =0.
2 2
These equations imply that
(8+X)2 :h2 (X+) ) (a_x)z :k2 (X_) )

where the functions 4, k are determined completely by initial conditions. Looking back at
the equations of motion (4.1), one can easily see that they are invariant under local scale

transformations (x;,x_) — (x,,x_) such that
a’x/+ = |H(xy)|dxy, dx_ =|K(x_)|dx_,

where H, K are non-vanishing functions. Choosing, without loss of generality, |H| = |h| and

) 2

|K| = |k|, it is easy to see that (;j,( ) =1= (gj,( > , and so the energy density is constant
' a

(1/2) while the momentum density vanishes in these new co-ordinates. We can then start

from these “normalized” co-ordinates, and drop the primes. Re-writing the results we have

so far, in the “normalized” co-ordinates the equations of motion (4.1) are still valid, and we

have the following constraints

X2=1, (:X)*=0-X)?*=1, (9:X-X)=0. (4.2)
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Only one of the O(3)-invariant quantities formed by the X;’s (and their derivatives) is
undetermined: d,X - d_X. This quantity obeys —1 < ;X -d_X < 1!, so we define a field
ot (x4, x_) such that

cosa = (01X -9_X). (4.3)

Summarizing, in the O (3) model the vectors X, d; X, d_X span the whole R? space, and any
solutions of the equations of motion (4.1) obey the constraints (4.2). The converse is also
true, that is, if we have a vector X € R3 such that it obeys these constraints, it also obeys
the equations of motion.

Because the 3 vectors X, d;X, d_X span the whole R? space, we can write any other

vector as a linear combination of these, in particular?

2v _(3+O‘)

8+X = X + (8+(x) COt(xa+X sino a_X,

X = —X-— (Q_a) 4 X +(d_a)cotard X .
ina

These results allow us to write, from the definition of & and using the constraints (4.2),

2 .
2.0.00 = —a [W}
Sin &

~ Siia (02X - 9°X +0.9°X -9_X — (9_a)cota d’X -9_X]

= —sino.

IThis happens because if we define @ = d, X and b=0_X, we have |d| = ’B’ =1, and

N\ 2 12 N S\ 2 -
og(aw) :\a\2+‘b‘ +25-b§(|ﬁ|+‘b‘> = -1<ab<l.

2To determine the coefficients of the linear combinations we write a general expansion
97X = 9X + B X +y9-X,
and then determine the projections of B%X on each of the basis vectors
PX-X=¢=—1, I?X-0,X=B+ycosa=0, 9>X-9_X=pPcosa+y=0;(cosa).

These equations allow us to solve for the coefficients ¢, 8,7. The same can be done for 92X.
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To obtain the last line, we used the following identities (using (4.1) and (4.2))

92X 92X = 1—(dra)(d-a)cosa;
cotad?X-9_-X = —(d;a)cosa;

0-02X-d.X = 9.(0:9-X)-9_X = —cos’«.

So the field a = arccos (d4+X - d_X) obeys the sine-Gordon equation d_d;a = —sin o, which

can be derived from the Lagrangian density

2= () + ()~ U(a) = 5(0:@)(9-@) ~ U(@)

1

2
(and thus the Hamiltonian is 2 = §(9;:@)? + (d)? + U(t), in our sign convention), with
the potential

o
U(at) = 1 —cos o = 2sin’ (5) .

Starting from any solution of the sine-Gordon theory, there is always a corresponding
solution of the equations of motion (4.1), with constraints (4.2) and which obeys the map
0.X -d_X = cosa. But because this is a projective map, if we have different solutions of the
O(3) o-model that have the same projection dX - d_X, these solutions will be mapped to

the same sine-Gordon field.

Giant magnons and giant spike as sine-Gordon solitons

Our interest is the study of classical rigidly rotating string solution of R x §? such as the
giant magnon and the giant spike. For a classical solution in conformal gauge with Y =1,

one has the Pohlmeyer [49] identification of a scalar field ¢ (x,7)as
cos2¢ = 3. X'9. X' — 3. X' 9. X' (4.4)
obeying the sine-Gordon equation

—0:0:0+ 00,6 — %sinZ(j} .
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Ula)

Figure 4.1: Under the Pohlmeyer map, the magnon is sent to the ordinary kink (in red)
while the single spike is mapped to an unstable solution connecting the hilltops (in blue).
The sine-Gordon field a is plotted left-to-right, x into the page, and U(a) vertically.

Comparing to the notation above we have the identification a = —2¢.
Under this map, the point particle is mapped to the vacuum a = 0, with zero energy,

while the giant magnon is mapped to the simple kink [26]
o = 4arctan (ey(x_”)> ,

connecting & =0 and @ =27 at x = too (note that o is defined up to mod (2x)). Its energy

is (6 is the asymptotic rapidity of the sine-Gordon soliton)

1

= m =cosh@. (4.5)

Eg=7

The velocity ¢ can be changed by boosting the kink, and the energy Es, changes as one
would expect for a relativistic object.?
The comparison between sine-Gordon model and the classical string theory solutions was

seen also for another type of “dual” solutions called single spike solutions (see for example

3However, giant magnons of different ¢ are not related by worldsheet boosts (which are just reparametriza-
tions) since X° =7 is held fixed.
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the last Chapter and [104,48,165]). The single spike (3.5) is mapped instead to an unstable
kink. From the map (4.4) it is clear that the effect of the x <> ¢ interchange is to shift the
field by 7x:

0(X,1) = Clmagnon(7,X) — T = 4arctan (eV(P“)) — .

This solution connects two adjacent maxima of U(¢), rather than two minima: o = +7 at
X = 4o, and is drawn in figure 4.1. If we choose the constant in U () to place these maxima

at zero

U(a)Z—l—cosa:—Zsinz(a—zHT)a

then this unstable kink solution has energy

Espike —cy = COS(p/Z) — 1 (46)

5.g- r= sin(p/2) /(%)2_1'

This direct connection between the two theories, sine-Gordon model and classical strings,

holds only at the level of equations of motion [50], and it is non-trivial at the canonical level.
Several physical properties are different, in particular the energies and the semiclassical
phase shifts [26]. In fact the energies shown above in (3.6) (introduced in the previous

Chapter) and (4.5) exhibit an inverse relationship

VAL_ VA 1

Eypagnon = ERRE T
That is, the energy coming from the sine-Gordon model’s Hamiltonian is inverse to the
spin-chain energy for magnons constructed out of target space charges A—J = 4 sin(p/2).

This relation can be generalized further for the scattering solution of two magnons. The
two-magnon scattering state, obtained via dressing method [109] (see figure 4.2), can can
be mapped through Pohlmeyer’s reduction to the scattering solutions of two solitons, whose

scattering solution can found in [119]. It can be seen that the energy of the two-magnon

scattering solution is related to the energy of each of the solitons in the following way
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Figure 4.2: Scattering of two magnons. At earlier time the two magnons are separated in
the worldsheet direction x. They cross each other, and retain the same shape while moving
in opposite directions in the worldsheet, but with a time delay. In this figure X3 = cos 8 is
the height above the equator.

1 1

8s.g,l 8s.g,2

E2—mag =

The scattering phase for two magnons is calculated in a very similar way to the scatter-
ing of two sine-Gordon solitons [166, 118]. See also [119] for a review on the classical and
semiclassical behavior of sine-Gordon solitons. This is not surprising due to the equiva-
lence of the two classical models through Pohlmeyer’s map [49] (see also [161,128]). The
time-delay and phase shift of scattering of magnons was also studied through Bethe Ansatz
techniques [41, 36,151,152, 153].

Since the string and the sine-Gordon equations share a common time ¢, it obviously
follows that the time-delay of scattering of giant magnons (on the string worldsheet) and
the time delay for the analogous scattering problem of solitons (in sine-Gordon theory) is
the same

2
Atsg = Atmag = m Intanh 6 = AT,

It does not mean however that the scattering phase shifts of the two problems are the same.
In fact they differ, due to the difference in energies stated above. One has the well known

relation, where the derivative of the phase shift with respect to energy equals the time delay,
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in the present case :
d0s¢ CAr— 9 Omag
0&4 9E nag

= Oy 7# Omag-

This will imply that a different interaction is responsible for the behaviour in the two cases.

4.2 Review of sine-Gordon Dynamics

The dynamics of sine-Gordon solitons can be summarized by a relativistic N—body model
due to Ruijsenaars and Schneider. These class of models [158, 160] represent a relativis-
tic generalization of the Calogero-Moser models [157,156]. The relation between the field
theoretic system of sine-Gordon solitons and the Lax matrix formulation of the Ruijsenaars-
Schneider model was also thoroughly discussed in [159]. In this section we will review some
of the aspects of this relation and give a summary of the needed notation. For more details
and derivations the reader is directed to the original references.

For establishing the N-body description of soliton dynamics one starts with the N-soliton

solution, written as:
eiid’ _ det(l +A) '
det(1—A)

where A is a N X N matrix with components

A=2 ﬂ JXX,.
The y; are the rapidities, and the X; = a,‘ez(“"z“L“ile*) are related to the positions of the
soliton through the a;. Here we use light-cone co-ordinates z+ = x+¢, and d = %(8xj:8,).
Note that for a soliton or anti-soliton, g is real and a pure imaginary. The breather solution
corresponds to a pair of complex conjugated rapidities (i, 1) and positions (a,—a).
The sine-Gordon equation can be described by a Hamiltonian system with the canonical

symplectic form (7 is the conjugate momentum to the s.G field ¢)

Qe = /ﬂ/\dq).
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This, by direct substitution can be used to deduce the symplectic form of the soliton variables
(ai, W), which can be seen to reduce to the usual symplectic form after a change of variables.

Considering the evolution of the system in terms of the null plane time z, = 7 one has

where [u]; ;= Mij = H;6;; is the matrix of rapidities, X; = a;e™™ are the soliton co-ordinates.

The matrix (co-ordinate)

is then used to reconstruct the Lax matrix of the N-body system. Through diagonaliza-

tion one has:

0 = U 'Au,

L = U 'uU.
where Q = diag(Qy,---,0p) are the eigenvalues of A. The N-soliton solution is then written
as e 0 = ?/:1 }J_rgi, and the matrix L is the Lax operator, as its time evolution is given by

a (Lax) equation

. dL i
L=="=[M,1], M=UU""
drt
Consequently, the quantities H, = Tr (L") = ?’:1 u! are conserved through the evolution of

solitons.
Finally, if we define p; = Q;/Q;, and perform the change of variables (u;,a;) — (Qi,p:),
which is a symplectic transformation, we find the Lax matrix to have the same form as the

original A:

VPP (4.7)

The Poisson brackets of these two variables Q;, p; are not canonical, so it is convenient

to introduce a new set of variables 6; conjugated to the variables ¢;, given by

) i+ . ig:
P15 G 0=
ki !
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In these new variables, the original symplectic form [T Ad¢ is simply given by the usual
[ 6idg;, which corresponds to the canonical Poisson brackets. From the sequence of conserved
quantities, or Hamiltonians, H, = Tr (L") we are interested in particular in the Hy, which

are the generators of the evolution in the light cone co-ordinates T =z, and o =z_. These

qj — 4k
th .

The full Hamiltonian is given by H = % (Hyy +H-_y) =Tr.%,, where we define

are given by

Hi] =Tr (Lil) = Zeiej H

J k#j

L=< (L+L7"). (4.8)

N =

This system corresponds to a particular case of the N—particle relativistic Ruijsenaars-
Schneider model [158]. The Lax matrix for the general case of RS model was constructed

in [158]. This Lax matrix is defined by
L; =ViC;V;, (4.9)

where

12
Vi=e2 (Hf(%—%)) ;

kA
and Cjj(g) is directly related to the choice of f(g). For a family of interaction potentials of

the type given below

flq) = [1+a/sinh2 (“2‘1)]1/2, 1, a € (0,00), (4.10)

the components C;; are just given by Cjj(q) = [cosh (%) + iasinh (%)] - , with (1 —|—a2)_1 =

o?.

The model has an infinite set of commuting conserved charges
H,=Tr(L"),neN,

with the Hamiltonian (generator of time translations) and momentum (generator of
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space translations) given as [158]

1 N
H = §(H1+H,1):mCZZcosthHf(qk—qj), (4.11)
j=1 I j
1 N
P = E(Hl—H,l):chsthJ-Hf(qk—qj), (4.12)
j=1 [y

where ¢; are the positions of the solitons and 6; the conjugate rapidities. The interaction
between solitons is given by the even function f(gx —¢;), reducing to f =1 in the free theory.

The RS model is relativistic, as the generators (4 is the generator for Boosts)

1 1
= 5 (Hy+H-y), @kZE(Hk—H—k)a @:_;qu,

| —

obey the two-dimensional Poincaré algebra:

{4, P} =0, {8} =P, {PB}=. (4.13)

Next let us discuss the question of the time delay (and phase shift) in the particle picture.

Considering the two particle case, one goes to the center-of-mass frame, as in [158]:

1

s=Eqit+q ;. 9=5(01+6),

=N

9=q1—q 0 (6, —6,), (4.14)

The Lax matrix (4.9) and its inverse are then given by

) —0
e’ Cp 3 _ e —Ci2

L=¢f(q)| . Ll'=eCflg| 7
Ci2 e —Ci» e®

where C;; is a 2 X 2 matrix with entries Cjy = Cy =1, and

Cn=0Cy = [cosh (%q) + iasinh <%q>} B .
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Now it is simple to check that the Hamiltonian (4.11) becomes

H =2cosh¢@cosh6 f(q) = (cosh6 +cosh6,) f(q). (4.15)
The momentum given by (4.12) also becomes:

P =2sinh@cosh6 f(g) = (sinh 8 +sinh6,) f (q). (4.16)

One comment should be made with respect to the interaction potential
1/2
flq) = [l—Hx/sinhz (%)} .

Going back to (4.10) one can see that for o = 1 it reduces to the particular case of a repulsive
soliton-soliton interaction in the sine-Gordon model, £, (¢) = ‘coth (%) } An extension of the
interaction potential to oo = —1 leads to the attractive case of soliton-anti-soliton interaction
of sine-Gordon, where f,(q) = |tanh (4)]-

With the Hamiltonian (4.15) and choosing certain interacting potentials f one can fully
recover the properties of the sine-Gordon soliton- (anti)soliton scattering, such as time delay
and phase shift. From (4.16) it is easy to see that the center of mass P =0 corresponds to

¢ = 0. Then the center-of-mass Hamiltonian for two particles is:
Hy =coshB f(q).

Now we have the relation:

@+ 1 (q)=H,

Because H,, is a constant of motion, so is the quantity € = H> — 1. Evaluating &€ asymptoti-
cally, when x — oo, we obtain € = sinh? 6, where 6 is the asymptotic center-of-mass rapidity.

The time delay is then determined by the time taken along a trajectory from —gq to g, as
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|g| — oo. For the repulsive soliton-soliton case f,, we get

q

e R ()

2 1 N
— — qA - Aln(tanhe).
g— sinh® sinh O

The first term is the time for each of the solitons to go from —gq to ¢ if if it was free (no
interaction). The second term is in fact the time delay due to having a repulsive interaction,
and correctly reproduces the time delay for a soliton-soliton scattering in sine-Gordon theory,

obtained through field theoretic methods.

4.8 An ansatz for the dynamics of a two-magnon system

Our aim is to describes the N-magnon dynamics in Hamiltonian terms. The appropriate
dynamical system ought to be such that it reproduces the classical equations of motions, its
energy, momentum and finally phase shift in agreement with the known magnon results [26].
We will begin by focusing on the two-magnon interactions.

We know that the sine-Gordon and the magnons have the same classical equations of
motion, and as such the time delay for both systems agrees

Al‘m (Em) = Atsg (8Sg) ’gs(;:i

Em

but with different energies. This implies different Hamiltonians for the two systems. With

the semiclassical phase shift obeying @

7 = At one can try to deduce the (Hamiltonian)

dynamics directly from the phase shift itself.

For the sine-Gordon system the center-of-mass Hamiltonian is H, = cosh@ f (q) = [

the equation of motion for the relative position g gives ¢ =4/ £Szg —f (q)z, and the time delay

in terms of the energy is simply given by

A’Sg:/df:/wqu'
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and the scattering phase shift of two sine-Gordon solitons is just given by 0, (€) = [ d€ At,,

while for the two-magnons

d

B B q
b (En) = [ i Mg ),y = [ dEnE | f@VF ) B3

(4.17)

In order to determine which Hamiltonian H., = E,, produces this phase shift we first

perform a change of variables, introducing a new co-ordinate Q through dQ = %. Also

define F (Q) = m. The interaction then follows (soliton-soliton interaction): for f(g) =

cothg we find g = cosh™! (¢€) and F (Q) = v1—e 22.

This means that the limit of relative position g — o corresponds to the new relative
position doing the same Q — oo. Also in this limit, we have f(g),F (Q) — 1 (the free theory
limit).

After this change of variables, we rewrite the phase shift as

SURIRY Py gy B ey

and want to find the center-of-mass Hamiltonian H,., = E,, such that

. OH,, [|F?—H2,

where « is the new relative rapidity, i.e. the conjugate variable to Q. The differential equation

| (Hen\ _ @
F - F

This result is only valid for a < 0. Squaring this result, we can solve for H,,, and find

above can be solved to give

Hop=V1—0a2—¢20. (4.19)

This two-body magnon Hamiltonian appears to be of relativistic (Toda) type. It faith-
fully reproduces the magnon scattering phase shift. But it is not directly recognizable as

a known integrable system. Furthermore it is not obvious how to extend it to the N-body
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case. First one would need to find a two-body Hamiltonian that reduces to H., in the

center-of-mass. In the limit Q — o we have that

P2

. D1 .
H:81—|—82:sm%+s1n?,

where €1, = sin % are the energies of each magnon in the free theory. For only one magnon
the Hamiltonian would be given by H = v1—a? = sin%, which means that the relation
between the rapidity a < 0 and the momentum p is a = —cos% =cos(mw+ %) These results
will hold in the free theory limit for each magnon. Then a good ansatz for the two-body

Hamiltonian, which reproduces the correct result for the free limit, would be

H2:\/1—a12—e*2Q+\/1—a22—e*2Q, (4.20)

with O = 01 — 0>, and the momentum of each magnon is given by 2t = arccos(a;) — 7.
This construction is non-unique because we do not have the expression of the total
momentum. As mentioned we also have no information on the integrability properties of this
system, which is crucial to generalize our results to the dynamics of N-magnon solutions. For
these reasons we now pursue a different strategy, based on employing the known integrable
structure of the RS model, in particular its Lax matrix L. Together with the classical
equivalence between sine-Gordon solitons and giant magnons there was evidence that the
poles of the S-matrix of scattering magnons were related to a Calogero type system in
the non-relativistic limit [147], thus making us believe that the dynamics of magnons are
intimately related to the dynamics of solitons in the RS model. In fact one would hope to
describe the dynamics of magnons through a Lax pair formulation whose Lax matrix would

be directly related to the Lax matrix of the relativistic RS model.

The N-magnon Hamiltonian

With the motivation for using the RS integrable structure described above we now proceed to
the construction of the associated magnon dynamical system. This will involve specifying

both the Hamiltonian and the symplectic structure. As we have emphasized before, the
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energies of the sine-Gordon solitons and the magnons are inverse of each other. This result
leads us to the following ansatz for the N-magnon Hamiltonian:

H,=Tr[Z;"], (4.21)
where .7 is related to the Lax matrix of the RS model through (4.8). We will now study
this Hamiltonian and consider the two-magnon interaction.

Recall that from (4.8)

:L+L‘1:M o9 e Cn L e® e® —Cn

L
* 2 2

612 e —612 e?

The RS Hamiltonian (4.11) is just the trace of the matrix above. This matrix has the

following eigenvalues:*

hy = f(;) (cosh(¢+0)+cosh(p —0)

i\/(cosh(<p+ 6) — cosh (¢ — 0))? +4sinh? @ (1 —f(q)2>) .

Then the Hamiltonian for the 2-magnon problem (4.21) will be just

1 2cosh 6 cosh ¢
£ () cosh? 6 + f (g) *sinh> @

H, =hi'+hZ! =

Recall that if M is a diagonalizable matrix with A = diag(A4,---,Ay) the diagonal matrix

of eigenvalues, then for a smooth function g (M) the trace of g (M), it will be given by

Trig(M)] =Trlg(A)] = ;g (Ai) . (4.22)

It is easy to check that in the free theory (f(g) =1) we have:

free __ 1 + 1
Jree —
coshf; cosh6,

4For a 2 x 2 matrix M = < Z Z > , its eigenvalues are simply given by A4 = # + %\/ (a fd)z +4bc.

= Emag,l + Emag,27
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which corresponds to the sum of the energy of the two magnons, as expected.

To have an ansatz for the momentum of the N-body magnon problem, we first look at
the momentum for the magnons. In [26] we have that for one magnon the relation between
the momenta p,, and the rapidity 6 is given by cosh6 = [sin %’”] ~! But we know that for the
sine-Gordon model the total momentum is P =Y ; p; =Y ;sinh 6;. Then a simple comparison
allows us to conclude that the momenta for each magnon p,,; is related to the momenta of

each soliton p; by:

; 1
sin (p;’l) = —. (4.23)
\/1+p?

Thus, a good ansatz for the momenta of the magnon P, =Y ; p; will be
. \—1/2
P,=2Tr [arcsm (1+2;) } , (4.24)

where we defined the momentum matrix for the RS model (whose trace gives the RS mo-

menta given by (4.12)) to be &, = szLil. By knowing the eigenvalues of this last matrix,

we can determine P, by using the result (4.22):

1
P,=2 Z arcsin (4.25)

=t \/1+p?

The eigenvalues of &, are

L f(2q) {sinh 0) +sinh 6, + \/(sinhel —sinh )% +4cosh? @ (1 —f(q)*z) } .

The magnon momentum will then be given by

. Py pP++p-

2 143 /14 p2

In the limit of the free theory f(g) — 1, we find the expected relation Pl = P+ py,

i.e. the magnon momentum is the sum of the momenta for each magnon.

Note that because all integrals of motion H; Poisson commute with each other, so will
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H,, and P,:

{Hy,P,} =0.

The center of mass condition is given by
. By
P,=0= sm7:O = 6,+6,=0.
In the center of mass, the Hamiltonian is simply

H, =

(sech 6 +sech ;) =

1 2
7@ T "
with f(g) the same as before.

A method for checking our ansatz is to determine the classical and semiclassical behaviors
of our system, such as the time delay and phase shift for this two-body problem of scattering
magnons, and compare them to the known results [26].

We start from the center-of-mass Hamiltonian determined above, and determine the
classical equations of motion and time delay. But to do so, we need to choose a Poisson

structure. Let us assume that the Poisson structure is the symplectic one. Then the equation

of motion for ¢ is just

1
G= ——=—H,tanh® = H,\/1 — Zf(CI)ZH;%'

The Hamiltonian is a conserved quantity, H,, = E and can be evaluated when g — oo, giving

E = sech 0, where 0 is the asymptotic rapidity. We find the time delay in this case to be
d R
AT, = /q = cosh? OATgs.
q

But this time delay is not correct, nor does it reproduce the right phase shift.
The phase shift is determined by WKB semiclassical methods to be given by the sym-
plectic structure @ (the inverse of the Poisson structure). In phase space variables (x;, p;)

we have:

5(E>E/p,'0)ijdxj'. (4.26)
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For the results in this section we have used a canonical Poisson brackets (the standard

symplectic structure { p,',xj} = &), so the phase shift is simply 8 (E) = [ 0dq. By solving

2

- 2 o . . 1. . 1
H,= 7@ sech8 = E, with respect to the rapidity, 8 = cosh <—f(q) B

), we can determine the

semiclassical phase shift to be

6(E)=/cosh—1 <f(;)E>dq.:/dEATm.

We find that even though our ansatz correctly reproduces the energies and momenta

of the magnon system, it does not give the expected classical behaviour (time delay or
equations of motion) nor the semiclassical phase shift. But in these calculations we have
assumed the usual canonical Poisson brackets, which is equivalent to having a canonical
symplectic form for g and p and which resulted in the usual form of the Hamilton-Jacobi
equations, namely ¢ = ‘?9—;1 and p= —%—;1. One can trace the difference in phase shifts to the
different Poisson structures in the two cases. The semiclassical phase shift can be related to

the symplectic form @ (the inverse of the Poisson structure) as follows :

5=/Piwijd61j=/19iwij6]jdf-

For the trivial symplectic structure, @ = Id, and the phase shift has the usual form. But
a non-trivial symplectic form is required for reproducing the correct phase shifts and for

defining the full magnon N-body dynamics. This we will identify in the next section.

4.4 Poisson Structure for the N-Magnon Dynamics

We have identified above the N-body Hamiltonian for magnons as one member of the RS
hierarchy. We have also understood that a new modified Poisson (and symplectic) structure
is needed in order to obtain both the correct equations of motion and the correct magnon
phase shift. In the present section we will be able to specify the modified symplectic structure
in an approximation of well separated magnons. This approximation which we take just for

the purpose of simplifying the problem involves a limit of the RS model when the solitons are
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far away from each other, called the Toda lattice. The relativistic Toda lattice was introduced

in [163] as a relativistic version of the regular Toda lattice [167,168,169]. In these models

the study of master symmetries [170,171,172] and of recursion relations [173,174,164] led to

the discovery of a sequence of Hamiltonian/Poisson structures that return the same classical

equations of motion, result of the existence of a bi-Hamiltonian system [162].

As seen in [163] we obtain the simpler model of relativistic Toda Lattice from the

original Ruijsenaars-Schneider model (4.11) by considering that the particles are very far

from each other g;_; < ¢;.°> This allows us to keep only the nearest neighbour interactions

and these interactions become exponential f(g) =+/1+ g%e?. Note that we are studying the

nonperiodic Toda lattice, for which gy = —e and gy4; = .

The Hamiltonian for the relativistic Toda lattice is given by

H:

N
eeivi (qla-"an)'

i=1

But now the interaction potential is given by nearest neighbour interactions only
Vilai,-—an) = f(gi-1 —qi) f(gi— qi+1), i=1,..N.
Also, the symplectic form remains

N
W= qu,-/\d@,-.
i=1

=

(4.27)

(4.28)

This system is integrable and has a Lax matrix formulation, inherited from the RS model

(up to some similarity transformation) [163,174,164,175,176]. To write the Lax matrix we

introduce the following change of variables

—gre A1 =a) e fla-1— )

L — 02,4)
a;,=ge :
g flaj—qj+1) ! flaj—qj+1)

. j=1,..,N.

5In fact Ruijsenaars introduced the limit € — 0 of the variables

45 —qj—2jlne, j=1,---,N.
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Note that ag = ay = 0. The Lax matrix is then given by

ay+by a
ar+ by ar+ by ap 0
L—
aN-1+by_1 an—1+by_1 - an—1+bn-1 an—
by by by by

The Hamiltonian H; (g, p) given in (4.27) can be written in the new variables:
N—1 N
hi=TeL=Y ai+) b, (4.29)
i=1 i=1

The equations of motion in the (g, 0) co-ordinates are given by

. aV

. 9; 0 k

gi=eiV;, ; 0;j=—) e*=—,
J J J ; aq]

which can be obtained from the Hamiltonian (4.27) by using the symplectic Poisson bracket
Jo, defined by {q,-, p j} = §;;. In the (a,b) variables, the symplectic Poisson bracket Jy becomes

a quadratic Poisson bracket m:
{aisaivi} = —aai, {ai,bit =aibi,  {ai,bit1} = —aibit1. (4.30)

From this Poisson bracket and the Hamiltonian (4.29) one obtains the equations of motion

in the (a,b) co-ordinates
aj=aj(bj—bj1+aj1—aj) 3 bij=bjlaj1—a)). (4.31)

The Toda lattice is an integrable model. It also has a bi-Hamiltonian structure. Before

continuing, let us summarize the properties of this structure..
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Bi-Hamzltonian structure of Relativistic Toda Lattice

We now quickly summarize the properties of the bi-Hamiltonian structure of the relativistic
Toda lattice, based on [174,164,175,176]. The relativistic Toda lattice is an integrable model,

and has a sequence of conserved quantities
= L (L)
=-Tr )
"Tn

To this sequence we have a corresponding set of Hamiltonian vector fields x1, ..., Xx, with x; =
[, h;], where 7 is some Poisson structure and [,] is the Schouten bracket (Lie bracket). Also,
we have a hierarchy of Poisson 2-tensors 7y, ..., @, (which are polynomial homogeneous of
degree n), and a sequence of master symmetries Xj, ..., X,, which obey the following properties
(more information on the properties of these entities can be found in [176] and references

therein):

1. the m, tensors are all Poisson structures. The corresponding Poisson brackets are given
by
;j9f . 98
gr=Y n/==N==, f,geC”.
{f.g} ; S5 I8

Note that 7'/ are the matrix elements of the matrix 7, corresponding to this 2-

tensor, and X = (xl,...,xM) are the co-ordinates of the Hilbert space, in our case

(alv‘"aaN—labla 7bN)7
2. functions h, are in involution with all 7,,;
3. Xy (hy) = (n4+m) hypyn;

4. Zx, () = [Xn, o) = (m—n —2) My, where Zx in the Lie derivative in the direction

of the vector X;

5. [Xn, Xim) = (m—n) Xypm;

ﬂthm = 7'[,2,1th+1, (4.32)
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where 7, now denotes the Poisson matrix of the tensor 7m,, and V = il, ey 2.
Jdx X

It is known that once our system is bi-Hamiltonian [162], which means that we can identify

two Hamiltonian functions A,k and two compatible Poisson tensors 7, m, satisfying
7'L'1Vh2 = 7L'2Vh1,

then we can find the whole hierarchy stated above, and the equations of motion are just
given by
dx

E = 7'E1Vh2 = 7'E2V/’l1 = 7'C()V/’l3 = (433)

All of these properties are valid for m,n > 0 but can be seen to generalize to negative values
as well.

In the case one of the Poisson brackets is symplectic, one can find a recursion operator
which can then be applied to the initial symplectic bracket to determine the hierarchy
[173,164]. In our case, we will see that in the (a,b) co-ordinates the Poisson brackets are
not symplectic (not even non-degenerate, as we don’t have the same number of a's and
b's) and it is non-trivial to find an extra Poisson bracket in the (p,q) co-ordinates apart
from the symplectic one, in order to form a bi-Hamiltonian system [175]. The construction
of another Poisson bracket in the (p,q) variables, compatible with the symplectic one was
done in [177], and has a structure highly non-trivial (not a polynomial dependence on the

(p,q) variables).

Construction of the hierarchy of Poisson brackets

In order to construct this bi-Hamiltonian structure one needs to identify two Hamiltonian

functions h,hy and two compatible Poisson tensors mj,m, satisfying the same equations of

motion, i.e. if V = (%, I~ x%) where x' are our phase space co-ordinates, then
dax
E =T th = 71'2Vh1 . (4.34)

We already have the Hamiltonian function h; = TrL (4.29), and the corresponding

quadratic Poisson bracket m, (4.30) such that mVh; gives the equations of motion (4.31)
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[174,164]. A compatible linear Poisson bracket m; was found in [178] such that

{ai,bi} =a;; A{ai,bi1} = —a;; {bi,bin1} =a;,

which together with the Hamiltonian hy = %Tr (LZ) also gives the equations of motion (4.31).
These two pairs make a bi-Hamiltonian system with equations of motion given by (4.34).
If we now construct the master symmetries that obey the properties shown in Section
4.4 [164,176], it becomes possible to construct the hierarchy of Poisson brackets with the

same equations of motion:%
e = 7[,'0Vh3 = 7L'1Vh2 = 7172Vh1 = ﬂ?Vh_l =,

Our final objective is to make an analogy with the system of N magnons. Recalling the
RS Lax matrix %, the sine-Gordon model corresponds to the Hamiltonian H o Tr.%,, with
the canonical Poisson brackets, while the system of magnons was conjectured to correspond
its “inverse” H,, o< Tr.Z,; !, with some other Poisson structure. In the limit we are considering

(relativistic Toda), we have
Hy o< Tr.%s —hi 3 Hpggo< Tr.80" — hoy.

So, having started from the Hamiltonian h; = TrL, with a quadratic Poisson bracket m,, we
want to find the Poisson bracket corresponding to h_y = —Tr (L*I) that gives origin to the
equations of motion (4.31), i.e.

7T2Vh1 = ﬂth,I.

To do so, we will restrict ourselves to N = 2.

6The Hamiltonian function kg is singular, reason why that point is skipped from the sequence. o can
only be defined as a limit

1
hg = lim —Tr (L?) ~ Tr(InL).
0 813})8 T( ) t(InL)

But to continue the sequence after this point, one can just do power counting, followed by a direct verification
of the equations of motion.
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For the N =2 case, the Lax matrix reduces to

ar+by a;
by by
the Hamiltonian functions are given by
hy = TrL=a;+b;+by;

1
hy =3 ML= (a]+2aiby +2a1by +b{ +b3),

and the corresponding Poisson bracket matrices are

0 a, —ap 0 a1by —aib
Ty = —ai 0 a y M= —a1b; 0 0
ay —ap 0 ab; 0 0

The equations of motion obtained from this bi-Hamiltonian system is

d ai (by —b)
by | =mVhy=mVh = —ab
52 arby

The objective is to determine which 7, gives origin to the previous equations of motion

with Hamiltonian function

hoy=—-TrL™ ' =

— b1+by).
blbz(a1+ 1+b2)

We want to construct the next Poisson brackets given the master symmetries. The master

symmetries X; and X, were determined in [176], such that: X; (h,) = (n+ 1) hy11 and Xz (h,) =
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(n+2)hyo. These are given by

d d d
X2 = r%,zfal +Si,287)1 +S%’287bz’
with r% = Cl% +3a1by; }’% =a (a% +5a1b; +4b% +2b1by — b%) ;

s% = b%+2a1b1 ; sé =b (—Za% —ay1b; —2a1b2+b%) ;

st=b3—aiby ;53 =b(2a} +3aib +4aiby +b3).

Then the next Poisson Brackets are given by property 4 (recall that the Poisson matrices

are anti-symmetric):”

0 a1b1(611+b1) —albz(al—i-bz)
3= _gXl T = 0 —aib1by 5

0

0 albl((a1+b1)2+a1b2) —albz(al(al—|—b1)+2a1b2+b%)
1
Ty = _ngzﬂ'z = 0 —alblbz(m + by +b2)

0

With these results we can easily see that m13Vh_| does not give the right equations of motion,
but m4Vh_1 does. So the Hamiltonian 4 with Poisson bracket m; will give the same classical
behavior than the Hamiltonian #; with Poisson bracket m,. The hierarchy is given by (the

point 73,k is not defined)
o =mVhs =mVhy =mVh =mVh_1=---.

All of these pairs generate the same equations of motion and time delay. In particular,

the Hamiltonian 4_; with (quartic) Poisson bracket w4 will give the same classical behavior

"To determine the Lie derivative of the 2-tensor 7'/, we use the rule for a general tensor

G a...a, _ c ai...a, . ay pC...ay I a,paj...c
ZxT by = X Vel by, — VeXIT by...bs VeXUT broby T

aj...ay ay...a,
+Vb1XCT : c.“b5+”'+vbAXCT 1 by...c’

s
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than the Hamiltonian /; with Poisson bracket m,. Since we have found that (in the limit of
well separated magnons) the Hamiltonian reduces to

Hyog = Trfrgl —h_q,

it will reproduce the correct equations of motion (the same as the limiting case of sine-
Gordon solitons) as long as we use the quartic Poisson structure w4 defined above.
For a non degenerate Poisson structure, the phase shift is given by the corresponding

symplectic form (the inverse of the Poisson tensor). The usual symplectic form is replaced

/PiQiH/Pi(ﬂ_])ijQ'j

(for a degenerate Poisson structure one has to check this more carefully). Consequently, if

with the following

two different systems have the same equations of motion, the different Poisson Structures

give origin to different phase shift.

4.5  Summary of results

In this chapter, we considered the question of an N-particle dynamics that would fully
describe interacting magnons at the semiclassical level. For this we have specified the inter-
acting Hamiltonian as a member of the RS hierarchy. This Hamiltonian had the property
that it reproduces energies of magnons. We argued that an alternative symplectic form is
needed in order to obtain the correct magnon phase shifts. We have considered the question
of the modified symplectic form explicitly for the case of well separated magnons. In this
limit one had the results of relativistic Toda theory where a sequence of symplectic forms
was already established in the literature.

Altogether the new Hamiltonian and the modified symplectic form are defined so to
reproduce correctly the original classical equations of motion and therefore the time de-
lay. Regarding future interesting problems we mention the following. We have succeeded

in establishing the necessary symplectic form in the limit of well separated magnons. For
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establishing an exact result one will have to give the multi-Poisson structure for the RS
model itself. It is likely that this is definitely possible, although technically (and possibly
conceptually) challenging. But one can definitely expect that a sequence of symplectic struc-
tures always follows for an integrable system. Generalization of the present construction to
magnons moving on higher spheres [94] is also a challenging task. One would also want to

define the dynamics in the periodic case appropriate for string motions with finite J [98].



CHAPTER 5

ALGEBRAIC CURVE FORMALISM FOR

STRINGS IN AdSs x S°

In the previous chapters we discussed some classical string solutions and comparison to their
counterparts in the gauge theory, but we are far from having a full spectrum of solutions.
Nevertheless, even if we don’t know explicit form of the solutions, we can use the (classical)
integrability of the string 6-model in AdSs x §° to find a classification of the energy spectrum
of classical strings. The first step towards this classification was done in [29] for bosonic string
in R x §3, where a correspondence was seen to exist between classical string solutions and
hyperelliptic curves. From this algebraic formalism one could determine all of the conserved
charges corresponding to each solution. So the problem of determining the set of classical
string solutions becomes a problem of finding the moduli space of admissible curves.

The algebraic curve formalism is constructed from the classical string 6-model using the
Lax connection, composed by a family of flat connections on the two-dimensional worldsheet,
thus highlighting the importance of integrability in this formalism. In fact, for o-models on
group manifolds and coset spaces such a connection is known, and an infinite set of con-
served charges [127,49,179,180,181] can be constructed, characteristic of integrable models.
The search for the moduli space of curves that correspond to classical string solutions then
becomes the issue of finding solutions to a spectral problem in terms of algebraic curves,
which can in its turn be formulated as Riemann-Hilbert problem. This is done by represent-

ing the algebraic curves as Riemann sheets connected by branch cuts. These branch cuts

109
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correspond to fundamental particles, and are represented by contour integrals and densi-
ties on the complex plane. The quest of finding admissible curves is then summarized by
some integral equations. These integral equations seem to describe a factorizable scattering
problem, again pointing out the importance of integrability.

Solutions to the problem of finding curves corresponding to classical strings have been
found in several (bosonic) subsectors of AdSs x §° [30,31,32,33], and the full spectrum of
AdSs x §° superstrings has been studied in [34] (at the classical level) and in [35] (quantum
generalization).

In the gauge theory dual to strings in AdSs x >, the .4 = 4 super Yang-Mills theory,
integrability allowed to determine a Bethe ansatz and to show an equivalence to quantum
spin chains [20]. This Bethe ansatz gives a set of algebraic equations, whose solutions have
a one-to-one correspondence with the eigenstates of the dilatation operator of the gauge
theory [21,23,22]. These algebraic equations become integral in a particular limit [25,91]
and very similar to the integral equation obtained from the string side. A Bethe ansatz
for quantum strings was first proposed in [36], and further studied in [37,38,39,40,41,42],
including comparisons to the Bethe ansatz equations from the gauge side.

Knowing the structure of the string algebraic curve and corresponding Bethe ansatz is
an essential step in the effort of better understanding the correspondence between gauge
and string theories. This chapter will be mainly a summary on the string Bethe ansatz
and algebraic curve formalism for the string o-model on AdSs x §°, and most of the results
included in here can be found in [29,31,34]. A brief application of this formalism for the

case of giant magnons is also discussed.

5.1 The sigma model of R x §"1

We start from the 2-dimensional o-model on R x §”~! in conformal gauge (with Virasoro
constraints) - classically equivalent to the truncation of the type IIB superstring in AdSs x S
for m = 6. Consider, as before, the embedding co-ordinates X = (X;),i=1,---,m of "1

such that X2 = 1, plus the time co-ordinate Xo. If Gyyv is the metric in R x §"=1 and defining



111

XH = (XO,X,-), then the classical action of the bosonic string is given by

VA ﬂ
_ uyayVv 2
§=—3= | dodr (G,Naax XY + A(X 1)).

Recall that in conformal gauge, the string obeys the following equations of motion and

Virasoro constraints

9,0 X + (ajc : aj() %=0; (5.1)
8+3,X0 = 0,

(9:%)" = (0:30)*.

where now o4 = %(T:l: o) and di = d; + 5. We further fix the residual gauge freedom to
be “time-like”, that is

Xo (1,0) = KT.

This system of equations can be equivalently represented by a system of orthogo-
nal/chiral fields. Define the matrices h, (vector representation of so(m)) and hs (spinor
representation), such as

hy=1-2XXT | h,=7-X,

where ¥ is a basis of the Clifford algebra of SO (m) ~ §™"~!. The matrix h, describes a
reflection along the direction of X, being an orthogonal, symmetric matrix, which obeys
deth, = —1 and h; I— hVT = h,. On the other hand A can be seen as the spinor equivalent of
hy.

In the vector representation, we can construct two currents, left j, and right ¢,, which

are elements of so(m) in the vector representation. They are given by

je=htdn,,  0,=—dhh".

IWe will keep this choice of conventions throughout this chapter, in order to limit the use of + in
later expressions. Also in this chapter x will be the spectral parameter. It is simple to go from this to the
conventions used in other chapters, where we chose o1 = % (o £7), it is enough in most places to change the
sign of the (---)_ terms.
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Because of the properties of the matrix &, these two currents coincide and obey
jv:£V:2<XdindXXT), (5.2)
or in components (jy)a,ij = (¢v)a,ij = 2(XiduXj — XjdaX;). These currents are flat:
djy+jyNjy=0.

The Lagrangian of the sphere part of the o-model can be re-written in terms of these
currents as

A . ;
S= ~in dodtTr (j, A*jy).

Invariance of this Lagrangian under right shifts h, is associated with the current j, being
conserved

d(xj,) =0 & Juj"=0.

This conservation equation together with the flatness condition is equivalent to the equa-
tions of motion of the o-model (5.1). One can also find equivalent currents in the spinor
representation, j; = ¢, starting from shifts produced by h;.
From the flat, conserved current j (j can be either j, or ji), we can construct a family
of flat currents parametrized by a spectral parameter x, called the Lax connection:
a(x) =

1—x2j+ 1—x2 *J

and a Lax pair from the operator d + a (x):

ZL(x) = 8c+ac(x)=9c;+l< I E >,

2\1—x 1+x
_ _ 1/ js J-
M (x) = 8T+a¢(x)—9¢+2(1_x+l+x>.

Current conservation and flatness conditions are now given by da+aAa =0 in terms of a (x)

(that is, a(x) is flat for all values of x), and [.Z,.#] =0 in terms of the Lax pair operators.

2Note that j (and a(x)) is a 1-form in the worldsheet, so *(jz, jo) = (jo,Jjz), and jt+ = jr £ jo.
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We continue next by calculating the monodromy matrix of the operator d +a around
the closed string, which corresponds to the Wilson line along a (closed) curve y that winds

once around the string (starts and ends at point (7,0)):?

Q(x,7,0) :Pexp/(—a(x)).

Y

Because a (x) is flat, Q is independent of the path y. Then choosing the path =0, 0 € [0,27],
the monodromy Q only depends on the point y(0) = y(27), where the path is cut open. A
shift on y(0) leads to a similarity transformation (dQ+ [a,Q] =0). A change in the points of
the path cannot be physical, so only the conjugacy class of the monodromy matrix will be
physical. In particular, only its eigenvalues are invariant under this similarity transformation

and thus physical. The monodromy with this particular path can be written as

ool
Qx)=P do— — ).
(x) exp/o o5 <x—1+x+1)

Vector representation 1f j = j,, and noticing that jI = —j,, then Q, is complex (because

x is complex) orthogonal Q € SO (m,C) and can be diagonalized as

dlag (ei[h ()C) , eiiql (x), SRR eiq[m/l] (x) , efiQ[zn/Z](x)) m even
Q, (x) =

dlag (eiql (x) , eiiql (X)7 RN eiq[m/z] (x) , efiq[m/Z](X) , 1) m Odd

These g; (x), i = 1,...[m/2] are the quasi-momenta, which are the physical quantities (apart

from possible permutations).

Spinor representation In the spinor representation j = j;, the monodromy matrix has

a diagonalized form such as

. i i i
Q, = diag (exp <:i:2q1 + qu 4. 4 2Q[m/2]>) )

3P in the monodromy matrix is the path ordering operator.
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with all possible combinations of signs included (2[’”/ 2] possibilities). In the case m is even,

SO (m) has a chiral representation, and Q; can be decomposed in its chiral/anti-chiral parts
Q.;t:

0

where in Q7 we only allow an even number of plus signs, and in Q; we have odd numbers

of plus signs in front of the eigenvalues. We then redefine Q) = diag (ei” Leee ,eip 2/ )

Properties of the monodromy matric

The monodromy matrix is analytic on x except at x = +1, but its eigenvalues g; (x) present
some more singularities. Assume that there is a point x at which two eigenvalues €% and
¢4 degenerate. The restriction of Q(x) to the subspace of these two eigenvalues then has

the form

One can calculate the eigenvalues of this sub-matrix to be

1
re=3 <a—|—d:t (a—d)2—|—4bc> :

The parameters a,b,c,d depend analytically on x. We define
F(x) = (v —7.)* = (a—d)* +4bc = (TxT)* —2TeT 2,

which vanishes at x = x}, that is f(x*) = 0. But its derivative need not be zero, f’(x}) # 0.
This implies that we can expand the square root above close to x} and obtain f(x) =

1 (x) (x—x})+ O ((x—x;)?), and the corresponding expansion for the quasi-momenta

i) = itk (xa) (1 o\ /x—xi+ ﬁ(x—x:l)) ,
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for some coefficient «,, or

iqi; (x) =g (X)) £ g /X — X+ O (x—x},).

A full circle around one of these square root singularities will result in an interchange
of the two eigenvalues associated with the singularity: we introduce branch cuts %, which
connect the square root singularities. The function g (x) is therefore analytic except at
{£1,%,}. * Recalling that the g;’s are only defined modulo 27, that is, at the cuts the q,s

can be permuted and shifted by multiples of 2x. Defining the principal part of g (x) to be

i (x) = %qk (x+ig)+ %qk (x—i€),

then at the cuts %, where the eigenvalues ¢; and ¢; are permuted, we have:
qix (X) F 41 (x) = 27n,, forx € 6.

ng is the mode number of %,. Without loss of generality, one can restrict the possible

permutations to the permutations between giand g such that®

i (X) = fies1 (X) =270k, X € Clg. (5.3)

The next step is to study the asymptotic behaviour of the monodromy matrix at x — oo,

as well as its behaviour at the singularities x = +1.

4Note that for the bosonic superstring [34], one uses another parameter = %, which has singularities

at {0,00} when x — £1. Other relations include x +— 1/x equivalent to z+ iz and l—dlﬁ = df.

5This condition is complemented with, for m even g[m/z]_] (x) +é[m/2] (x) = 271 2),« and for m odd,
2f(m/2) (X) = 27}/ 4
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Asymptotic behaviour at x — oo

Expanding the connection a(x) at infinity gives a(x) = —% * j+ O (1/x*). The monodromy

matrix then becomes
1 21 1 2r
Q(x) :Pexp{x/ doji+0 (1/x*)} =1+ x/ doji+ 0 (1/x%).
0 0

We can see from the result above that the asymptotic behaviour of the monodromy

matrix is directly related to a conserved charge of the o-model

\/I 2

J=— doj
47r 0 Jt)
being its first order in the expansion in 1/x:
14rnJ
Qx)=1+-—=+0(1/2)

In the vector representation J = J, has eigenvalues

diag (i1, —iJy,-- iJjwja), —idjmya)) M even
J, >~

diag (iJy,—iJ1,-+ ijuy2), —idjuy2),0)  m odd

These eigenvalues are directly related to the Dynkin labels of SO (m), [s1,s2,---] by

ma
Ji = Zk 85— 5 (Spm/21-1 + Simy2)
=

for m even, and

ma
Je=Y 8= 55/
=k

for m odd. Finally we can also write the asymptotic behaviour of the eigenvalues of the

monodromy matrix, gi’s. The diagonalization matrix of Q should also diagonalize J for
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large x, and consequently

(A ) L LA
gl =T <1+xﬂm(1/ )) ) (5.4)

To obtain this last result, we fixed the branch of the logarithms so that all g;’s vanished at

X = o0,

Asymptotic behaviour at singularities x = £1

In [31] there is an argument for why it is enough to integrate the eigenvalues of j, 4 for
determining the leading singular behaviour of the eigenvalues of Q,. The argument goes as
follows. Suppose that have matrices uy (o) which diagonalize the currents ji for all o at
points x = +1. That is

dia A
J+ g(c):uijiuil-

Also one considers an analytic continuation of uy () to uy (6,x) =uy (0)+ 0 (xF1). We can
expand ut (x,0) =Y" o (xF 1) ur ,(0), as well as £ (x) = ds +as (x,0) at the points x = £1.
Let us focus on the case x = 1. Then we want that each term in uy =Y7 o (x—1)"uy,(0)
diagonalizes the corresponding term in .Z (x).

The expansion of as (x) at x =1 is given by

1 j 1 )
ao (1) =—5 == ¥ (= 1) jo
Thus we can assume the same behaviour of @(x), defined at the singularity x =1 by

do+id(x) = uy(do+ag)u'

1 1 1 &
1 .1 . -1
= u+86u+ —Eﬁu+]+u+ —Eg(x—l)rl,ur‘],lu_i_ .

We first note that u;deul' = ds — (dou )u;', and consequently

N INEER .o 1g rooL - r -
a(x):—(8Gu+)u+l—§ﬁu+]+u+l—EZ(x—l) ”+J—,ru+l = Z (x—1)"a(x).

r=0 r=—1
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Now we determine u, o such that it diagonalizes the first order d_;. The first term in the
expression above is of order & ((x— 1)0), as well as all of the last terms: the only term
surviving at this order is the second one. So u, o diagonalizes j; (as expected). One can
construct the rest of the matrix u; (x,0), and perform the same analysis for x = —1, thus
obtaining u4 (x) that completely diagonalizes £ (x) for all 6. To first order we find:

1 diag

e () 2 (x)uz! () = 0o — 5 g + 0 (e 1)),

dia
_1Jx 5
2 xFl

and the diagonalized leading order of the connection is dy (x) = at the singularities

x = =+1, for all o. The monodromy matrix can then be written as

l 21 ]dlag
s (x,27) Q(x) ui' (x,0) = exp 2/ do’= 1 -l—ﬁ((x:Fl)O)
0

xXF

Looking back at the vector representation of j, (5.2), we can see that it is an antisym-
metric matrix of the form M = X;Y;; where X and Y are independent vectors. Because of
being antisymmetric real, its eigenvalues are pure imaginary and come in pairs +iA;. In
particular one can show that M has maximum rank 2 (maximum two non-zero eigenvalues).

Assume that u is an eigenvector of M with eigenvalue iA. Then
Mijuj :Xi (Yﬁ) —Yl‘ ()?ﬁ) = z?Lul

This is equivalent to

ﬁoc)?(f’-ﬁ)—?(f(-ﬁ),

that is, for any eigenvector i related to a non-zero eigenvalue, it has components only in the
directions of X and Y. In other words, the eigenvectors associated with non-zero eigenvalues
span a vector space of dimension 2 at most. Because all of the non-zero eigenvalues come

in pairs, this matrix M has either rank zero or rank 2.5

61In the particular case of X and ¥ being orthogonal then one can use them as a basis of eigenvectors, and
a diagonalized form of M would have the form M = diag(id,—iA,0,...,0). This is the case of j, as X =X and
Y =dX.
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By determining the trace of ( jvva)2 we learn that the matrix j, has in fact rank 2:

Tr (jv,:k:)z = 4 (X,-ain —XjaiX,-) (XjaiXi —X,'&in)
= 8 ((0:XX)* + 9:X;0.X;)

- -8 (aj)z.

where we used the fact that we have X;d,X; =0 ()_f 2 =1). Now using the Virasoro constraint
(5.1) we find

Tr (jux)® = —8(9:X0)* = —8K>.
Thus the diagonalized current becomes (independent of o)

jgiag = 2ikdiag(1,—1,0,--).

We can now relate these eigenvalues with the quasi-momenta g:

2miK
iQk:x:FllSkl‘f‘ﬁ((X:Fl)o) ifx — £1. (5.5)

Note that k is directly related to the energy of the classical string.

Inversion symmetry

In our o-model analysis we found both left and right currents, j = h~'dh and ¢ = —dhh™!
respectively. We also found a family of flat currents a, (x) = a(x) related to the right current.
There is also a family of left flat currents ay (x) which is related to a,(x) by an inversion of

the spectral parameter. The corresponding flat connections d + a obey the following;:

-1 _ —1 -1 X -1
h(d+a,(x))h~" = hdh +1_x2h]h +1_x2h*]h
1 X
= d—dhh ' - 0———x/
1—x2 -2
1 1
— d+ oy

—12 1-12”
= d+a/(1/x).
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But for $”~! the currents obey j = ¢ and consequently this relation becomes a symme-
try: h,.%, (x)h,! = %, (1/x) and the same for .%,. In terms of the monodromy matrix we
have h(27) Q (x) h~1(0) = Q(1/x) for both Q, and Q. If m is even, then the reduction into
chiral/anti-chiral components means that ks inverts chirality (it has one gamma matrix
¥) while j; = h;'dhg preserves it (has the square of the gamma matrix). Consequently,
hy (27) QF (x) by 1 (0) = QF (1/x). For a closed string we have i (0) = h(27) and the last ex-
pression is just a similarity transformation. Thus Q(x) and Q(1/x) have the same eigenval-
ues: the set of eigenvalues g; transforms into one other eigenvalue under the transformation
x—1/x.

Recalling how ¢g; behaves at x — £1. It is easy to see that ¢; (1/x) — —gi (x). In fact this

is not the whole story, and the right expression is

q1(1/x) =4mno —q1 (x).

The fact that there is such an integer ng is because when we determine the relation between
eigenvalues of the monodromy matrix, these are of the form ¢%® and to find a relation
such as the one above requires the use of the complex logarithm function: there is an
ambiguity in the choice of branch of the logarithm when x — 0 and when x — oo, and
choosing different branches will give rise to the term with ng. But the monodromy matrix
in the spinor representation has eigenvalues of the shape ei%qk("), which show this same
ambiguity. Consequently the integer ng has to come with a factor of 47.

What happens to the other g; for k # 17 In the case m odd there are no restrictions, but
for m even one finds that the interchange of chiral/anti-chiral representations on Q gives
rise to extra restrictions: one has to flip an odd number of signs of the g;. As g already
flips sign, the rest must show an even number of flips. We will make a possible choice of all

of the other g staying invariant:”

qk(l/x) = (1 —25k1)qk (x)+47rn05k1. (5.6)

"There might be other consistent choices, but one assumes this is the correct one. [31]
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Restriction to R x S°: Bethe ansatz

The isometry group of $° is SO (4) 22 SU (4), which has a chiral spinor representation related
to the quasi-momenta p; as defined above. The chiral representation 4 of SO (6) is equivalent
to the fundamental of SU (4): Qf ~ diag (eip L ,e‘“) can be seen as the monodromy matrix

of SU (4), with quasi-momenta defined by:

1
P = 5(611+6]2—613),
1
P2 = 5(Q1-6]2+6]3),
1
Py = 5(—Q1+612+Q3)7 (5.7)
1
Py = —E(Q1+CI2+613)7

and ¥; p; = 0. The inversion symmetry found in terms of the g (5.6) becomes in terms of

Pk:
pi2(1/x) =2mno—pr1(x) p34(1/x) = —2mng — pa3 (x).

This inversion symmetry gives rise to the structure of cuts and mirror cuts shown in figure

5.1.8

The asymptotic behaviour of the p; at the poles x = +1 can be seen to be
K :
pl,z(x):—p374(x):H+ﬁ((x$l)O) ifx — £1.

Finally the asymptotic behaviour at x = oo is

12xm 14n /3 1 1
= 2L+ —17 =22 (2 - -
p1(x) x\/I(H—Z 3)+ x\/z<4r1+2r2+4r3)+ ,
) 127r(J hJs) + 14rm 1 +1 +1 n
X — [ — e s — —— — —_ — —
P2 x\/I 1 2 3 x\/I 4r1 2r2 4r3 s
1 2% 1 4x 1 1 1
= ——(=N1+h+J = | == — - 5.8
p3(x) x\/I( 1 +h+J3)+ x\/7L< 4r1 2r2+4r3>+ ) (5.8)
1 2% 1 4z 1 1 3
= (= —R)+e= | —Zp— =
P4 (x) x\/)T( 1 —Jh—J)+ x\/I< 4r1 2r2 4r3>+ ,

8 In figure 5.1 both cuts and mirror cuts are shown outside the circle |x|2 =1 for easier visualization, even
though to be exact one of the cuts should be placed inside this circle (due to inversion symmetry x — 1/x).
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P1
e C1

P2

1/C,
)

P3

l/ C3 C3

y2!

Figure 5.1: Algebraic curve of R x §° in the spinor representation of SO (6). Bosonic exci-
tations are shown: cut 4] between sheets 1,2 (and its mirror cut), cut % between sheets
2,3 (mirror cut between 1,4), and cut 43 between 3,4 (and mirror cut). The dots in red are
singularities of the quasi-momenta, including x = +1.

In the above expression [ry,rs,r3] are the Dynkin labels of SU (4), related to the Dynkin
labels of SO (6) [s1,s2,53]° through:

ri = so=bh—-J, n=si=Ji—-h, n=s3=,L+J.

Branch cuts

From the above results, plus the known relation connecting sheets k and k+ 1:

D (X) = pri1 (x) =27ng , X € Cgy

we find that e is a single valued holomorphic function of a Riemann surface with four
sheets, except at the points x = £1,c0. But it is not an algebraic curve, because it has an
essential singularity at x = £1 of the type exp ()ﬁ) On the other hand p (x) only has pole
singularities, but it is only defined up to multiples of 27. So we work with its derivative

P’ (x), which has double poles at x = +1, and no other poles, and will indeed be an algebraic

9And consequently to the J; by inverting the the result of the J; in terms of the s it

JI = +1 +1s J—1 +1s J—1+1s
1=951 252 253 2—252 7%, B= 252 553
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curve of degree four.

Define a function y(x) that will be analytic at x = £1:

W (%) = (x=1/x)*xp; (x).

The extra factor not only removes the poles but also simplifies the the symmetry x — 1/x.

This function y satisfies a quartic algebraic equation

4

F(y,x) = Py (x)y* + Py (x)y* + Py (x)y + Py (x @[T =y () =0. (5.9)
k=1

For a solution that shows a finite number of cuts, one can assume that P (x) is a polynomial
in x. There is no term y® because we have p| + p> + p3 + ps = 0.

Noting that if p(x) ~ v/x—x* at a branch point x*, then y ~ 1/y/x—x*. Then at this
point, solving F (y,x) =0 at y — oo implies (x —x*) = —P4 (x) /P> (x), that is we look for the
roots of P;/P,. Considering a general P, and assuming P; to be of order 24, we look for

roots of Py (x)

A
NHX aa a)a

a=1

and we can see that A is just the number of cuts and ay,b, are the branch points.'®

Asymptotics at x — oo

At x =00 we had p(x) ~ 1/x, so we now have y(x) ~x. From (5.9) we can see that the highest
order of each P; will be related to the order of Py by P (x) ~ x %Py (x). Assuming Py is of
order x*A, then P, ~ x*A*2 P ~ x*"*1 and Py ~ x*2**. Through the x — 1/x symmetry we
have that at x =10 y(x) ~ % (the inversion symmetry requires that py ~ x at x =0). Then
the lowest order term in Py is related to the lowest order term of Py by P (x) = x*Py (x), that

is, if Py’s lowest order is x°, then Py (x) ~ x* at x ~ 0. In general P (x) will be a polynomial

10The algebraic equation can have further cuts of the kind y ~ v/x —x*, which would lead to the unwanted
behaviour p(x) ~ (x—x*)3/2. Their positions can be found as the roots of the discriminant R of the quartic
equation [31]
R = —4P}P; + 16RyP} — 2TP} Py + 144P) P} PyPy — 128P3 P3Py + 256F; Py

All solutions of R =0 with odd multiplicity originate the unwanted branch cuts, so we have to require that
the discriminant be a perfect square R (x) = Q (x)? for some polynomial Q (x).
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of the type

ok 2A+4—k
P (x) = apix” + -+ agoay4—2ux :

But for this expression to make sense, one would have to have 24 +4 —k > k for all k =
0,1,2,4, requirement for the highest order to be not smaller that the lowest order, and we

find that A > 2. We can redefine A — A —2 (to have A > 0), and we then find!!

ok 2A+8—k
P (x) = apix” + -+ agpa48-2%x :

Inversion symmetry

We have seen how the inversion symmetry determines the behaviour of y(x) at x ~ 0. For a

finite x the function y(x) obeys:

P123.4 ()’)

yvigsa(l/x) = (x _

y=1

(=p2,143(1/y))

y=1

1\?
= < —x> Xpaias(*) =y2143(x). (5.10)

But for y (x) to behave in this form, then the polynomials have to obey P (1/x) =x~A78P (x),
that is, the coefficients of these polynomials are the same when read backwards and for-
wards.!? For the particular case of P; and its expansion in branch points, the inversion
symmetry requires that a, = 1/a, and b, = 1/b,, for a pair of cuts 6, that are interchanged
through this symmetry.

The symmetry found in the coefficients of P, only states that yi (1/x) =y (x) for some

permutation 7 (k). In fact the permutation chosen above in (5.10) is only allowed if we

HThe discriminant becomes:
10A+4-24

R(x)= Z xSt
(=1

12The discriminant obeys R (1/x) = x~'04=40R (x).
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consider the four extra constraints
y13(x) =y24(x) forx==+l.
This can be seen from the inversion symmetry at the points x = +1.'3

Asymptotic behaviour at the singularities x = £1

Because of the behaviour of the quasi-momenta at the singularities, one can assume that

the most general expansion allowed for its derivative is

+ +
/ o B

P () = (x:Fl)2 xF1

+0((xF1)%).

From requiring that y; 3 (£1) = y24(£1), we find that ch3 = a2i74' Now requiring y; 3 (1/x) =
¥2.4 (x) gives us a condition for the B’s. One can easily see that we have ﬁ% = —[55. But
other constraints can be found. The sum of all sheets has to be zero p;+ p2+ p3+ps =0,
and the p;c have to obey the same equation. Around the singularities, the condition Y p}c =0
requires that Oclior2 = —oc3i0r4, with no extra requirements for the Bki Consequently, there
are three independent parameters that define the behaviour of all p}c at each point x = +1,
for example af° = 5" = —0f" = —a, Bi" = —B5 and B = —B;". One other information we
have is that the residues of p at x = +1 are equal (proportional to k, related to the energy),
giving us one more constraint on the a’s, and finally, if p does not have a logarithmic

behaviour, then all B’s to be zero (total of five extra constraints).

Cycles, periods and fillings

As was said before the eigenvalues e'P* of the monodromy matrix ] are holomorphic in
x, but the p; can present at particular cuts jumps of multiples of 27 (and are smooth

apart from that). These cuts can in general be originated from logarithmic or branch cut

13 This seems to require that the discriminant has a quadruple pole at x = %1 , see [31]

R(x) =A% (x2 — l>4 <IOAZ+16r/xZ> .

=1
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singularities, but we will assume for now that p; does not have the former. Such cuts show
up when a closed integral around a singularity does not vanish. Considering .7,-cycles to

be closed paths around a cut %, see figure 5.2, we have that

yg dp =2mm,,
Ay

where one can rearrange the cuts between (square root) branch points in order to set m, =0,
except for the case when the cycle .7, crosses a condensate of poles. These condensates
happen when there is constant density of poles (of p) in a certain area, and can be viewed
as extra logarithmic cuts which connect pairs of original cuts %;.

In the same way as the quasi-momenta, the branch cuts and poles have to obey the
inversion symmetry. So for each cut %, there is an image or mirror cut 644, = 1/%,, the
independent cuts are then given by %,, a =1,---,A. The same is true for the o7, cycles.
Assuming that there is a cut %, connecting sheets 1,2 (or sheets 3,4, see figure 5.1), the
cycle o, circles the cut %, in either of the sheets. Through inversion symmetry, the cycle

oy = pq = 1/, circles the cut %a_l on both of the sheets 1,2 once more. Then

yﬁ dp1=—¢ dp2=¢ dpi.
A, i3 Dpta

One obtains this result by first applying inversion symmetry, through which 7, — <, and
dpy — —dp», so while the first integral is in sheet 1, the second is in sheet 2. Also one can
switch sheets 1,2 by using an involution property of solutions of the equation F (x,y) = 0.4

Considering another type of cut, between sheets 2,3, its mirror cut is between sheets

§I§ dp, = —?g dpi.
A ),

We find then that for each pair of (mirror) cuts we have only one constraint gﬂ% dp =0.

1,4, and we have

Considering that there are A branch cuts, the &7-cycles would give us %A constraints. Indeed

the number of constraints is %A — 2 because the cycles around all poles will be trivially zero

14 An involution y — —y of the Riemann surface can be used to move the contour between the two sheets,
by interchanging the two sheets and flipping the sign of y (x). If y (x) changes sign (for the same values of x),
so will the differential dp. This corresponds to going from Q% to Q~, or from q123 t0 qas56=—q32,1-
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Figure 5.2: One can define an &7-cycle around a cut which connects sheets k,/, as well as a
PB-period contour connecting points x = e on both sheets k, 1.

(there are no more single poles on any sheet). There are two independent such cycles (the
ones from sheets 1 and 2 are related, so are the ones from 3 and 4).

We now concentrate on the fact that through a cut %, the eigenvalues py (x) can permute
and be shifted by a multiple of 2z. This can be summarized by the integral of dp along
a curve %, connecting the points x = o on the two sheets connected by the cut %,, see
figure 5.2. p(x) is analytic along the %,-period except at the point where %, intersects %,.
Recalling that we set the logarithm branch such that p(e) =0, we have that the shift of

p(x) at the cut €, is

/ dp =27n,.
PBa

What happens with respect to the inversion symmetry? Because we have chosen the quasi-
momenta to be zero at infinity pi(ee) =0, we automatically have [;"dpy = —pi(0). Then

the inversion symmetry tells us that

p12(0) = —p3.4(0) =27ny,

called the momentum constraint (reduces the degrees of freedom by one). Note that ng is

an overall winding number. The %,-period between sheets 1,2 (or 3,4) crossing the cut %,
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at the point x, gives us, by inversion symmetry,

Xa ) 1/x4 0
/ dp / dp1+/ dpzz/ dpz/ dp;
B, ) Xa 0 1/x4
) Xp 0 )
= / dpz/ dpz/ dpl/ dpi
0 ) oo Xp
Xb oo
= p2(0)—p1 (0)+/ dP1+/ dm:/ dp,
oo Xp By,

where we have used the same arguments as for the 27-cycles, plus the fact that fg = fooo — f;o.

For a %-period between sheets 2,3 (mirror cut between 1,4) we get similarly:

Xa had l/xll 0
/ dp / dpz+/ dp; = —/ dp —/ dpy
By oo X 0 1/x4

Xb

= p1(0)—p4(0)—/ dPl_/ dp4=47rno—/ dp.
o Xp By

We find that the %B-periods through a pair of (mirror) cuts are related, and together with

the momentum constraint, the number of constraints from the Z-periods is %A +1.

Degrees of freedom: The algebraic curve is a solution y(x) of the equation F (x,y) = 0. This
equation has a total of 84 422 coefficients, from all possible coefficients of the polynomials
Py (x) (each has a total of 2A 4+ 8 — 2k coefficients). Using the inversion symmetry on the
polynomials P (x), one finds that A+ 4 —k of the coefficients of P, are determined by the
others, giving a total of 44 +9 constraints. Because we are determining solutions of F (x,y) =
0, the overall normalization of F doesn’t matter, removing one more degree of freedom (total
degrees of freedom up to now are 44+ 12). We have seen that branch points appear as roots of
the discriminant R (x) =0 (defined in footnote 10on page 123) which have even multiplicity.
The number of non-trivial (other than zero and +1) roots of R(x) after inversion symmetry
is 54+ 8, and the even multiplicity cuts this number by 2: R(x) = 0 fixes %A +4 coefficients
of the P’s. As was seen above, at the singularities x = £1, the values of the residues are
related by inversion symmetry, and the absence of logarithmic singularities gives 5 more
constraints added to another 4 from constraining the y; to non-trivial permutations. The

/-cycles and %-periods give A — 1 more constraints. The total of degrees of freedom in
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solving the equation F (x,y) =0 is %A, which will correspond to one filling number for each
pair of cuts.
The filling of a cut €, is given by (using integration by parts)

K~ V% %dx<1—1>p(x)— VA <x+1)dp. (5.11)

“ 8m2i x2 - 8wk ), x

‘a

We should introduce a further quantity L such that

Va 4 VA 4 AR [ odx
L= 2 = 5.12
1672 +1,;€"”"+16n2i§£1;§’18kpk+; 8m2i [y 2 k;s"”"’ (5.12)

where & = (1,1,—1,—1) is defined by the inversion symmetry pi (1/x) = —p,s (x) +27mgeno,
with k' = (2,1,4,3) when k = (1,2,3,4).We know the behaviour of p; at the singularities:

K 0
P~ +0((xF1)).

Then Y}_, & pr = 4p1 (x) at these singularities, and the sum of the first two integrals of (5.12)
just gives VAK. Among {L,K,} there are only A/2 independent continuous parameters,
A/2 —1 independent fillings K, and the quantity L. This is true because L is related to the
fillings by the constraint

A)2

noL = Z nul(a.

a=1

The proof of this constraint can be found in page 685 of [34] and page 641 of [31].
The filling numbers have been shown to be the action angle variables of the theory [182],

and in comparison to the gauge side, these filling numbers correspond to an integer number

of Bethe roots.

Global charges

Now we want to determine the global charges, or equivalently the Dynkin labels, at x = oo,

as functions of the fillings. From the relation (5.8) between the quasi-momenta p; and the
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Dynkin labels 7173 at infinity, we easily see that:

VA

32 wdx(l’j(x)*ﬁjﬂ (x)).

rj =

From this expression, and using inversion symmetry, we find'®

VA

no= e wdxx(p’mx)—p;(x)):—ﬁ avess (pa(1/3) =i (1)

_ VA dy(—ylz>y<p'z(y)—p'1 ) = \F dyy ()= )

T Rr2;
8m=i 0

\/}T / ’

= = (PO =-r0).

and a similar result for r3 and rp:

noo o2k wdxx(p;u)—p;(x))=—ff(p;<o>—p;<o>),
o= - fan (R w) =Y (50 - 0)

We want to re-write the Dynkin labels as functions of the fillings. Using the results of

Appendix C.1 we can finally write:

N A2 A1/2
roo= Y ?g :ZK270—2ZK1W
a=1 a=1
f , A2/2 A3/2
T T 3]5 p4(x)) =) Kea=2) Ksa,
a=1 a=1
/ A1/)2 A2 Az/2
2 = g (pw o) =1 L 2§ e ¥ K
a=1 a=1 a=1

One final useful relation, also obtained from these relations, is

A2

1 1 Vi
§r1+r2+§r3 7 oy %dX(Pl-sz L—Zsza.
a=1

15Recall that p) (x) = )%P/z (x) -
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5.2  General Bethe Ansatz for a string in R x §71

We want to be able to recover the group theory information into our Bethe Ansatz equations.

To do so we introduce singular resolvents Hy, related to the simple roots of so (m):

k
A=Y g, (5.13)
j=1
where for m even we also have
) m/2)-1 ¢ 1 ) m/2-1 ¢ 1
H — T H — I
(m/2]—1 FZI 74~ 59m/2) (m/2] ]; 54 + > im/2)>
and for m odd
_ [m/2] 4
Hinp) = X, 597
J:

These singular resolvents are directly related to the roots of so (m). At x = one can expand
the resolvents and find a relation to the Dynkin labels [s1,s2,---]. Considering the Cartan

matrix My; of so(m), one finds

1 Im/2] 147Tsj

P LM

+0(1/x%). (5.14)

This can easily be seen to be true for the SO(6) case by using the expansion of the quasi-

momenta ¢g; and the explicit form of the Cartan matrix M. At the singularities one finds

i 2K e M2
Hi = -quTF Sp+0((xF1)°) = p ZiMklew—Fﬁ((x:Fl)o),
j= =

where V,,; = (1,0,0,---) are the Dynkin labels in the vector representation [31]. The Hy also

have a inversion symmetry transformation:

Ay (1/x) = Hy (x) — 2Mk1 H (x )‘1‘475”01‘/11:11

i m/2] b2l
= H (x) =2 Y M 'V, Vi Hy (x) +47n0 Y, MV,
Jrt=1 j=1
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Assume that we have a function Hy such that H (x)incorporates the A/2 cuts, while H (1/x)
incorporates the mirror image cuts. Then H; will be a linear combination of these, but will
also have components at the singularities x = +1, as well as an arbitrary constant c¢; to be
able to fix Hy = 0 at infinity. Finally H; will have a constant corresponding to its value at

x=0. Then we can consider an ansatz such as'®

. _ 4tk _ _
Ay (x) = Hy (x) + Hy (1/x) —2M ' Hy (1/x) + kall +ep— My +2mnoM,' . (5.15)

One introduces a density function pi (x) describing the discontinuities across the cuts
6x =U%ka (Crq are the connected components of the curves %) as
C1-1/x

i (Hk(x—is)—Hk(x—l—iS)) X € 6y,

Px (x)

where the weight 1 —1/x> will be essential for p; to be a density. With this definition, the

resolvent becomes

Hi (x) = ij dymyix. (5.16)

In fact substituting p; into this last expression, we find that the resulting integral can be
represented by a contour integral, with the contours surrounding all the cuts. The integrand
has only one singularity on the outside of the contour: it is a pole at y = x, with residue
Hj (x). Shrinking the contour around the cuts we find the that the above expression is true.

We can now use the asymptotic behaviour of the resolvents H; at x =o0 and x =0 to

determine some of the unknown constants. At x = oo, the behaviour of H is given by

Hk(x):—lfpdy P () +6’(1/x2):—§ (//dypk(y)jt/gpdy;kiyi)+6’(1/x2).

X 1—1/_)/2 ©,

Pe(y)
y -1

Differentiating Hy, we easily see that the derivative of Hy at x =0 is just H,; (0)= f‘ffk dy

16This ansatz is defined up to an anti-symmetric function

Hy (x) — Hi () + fic(x) = fie(1/x) +2M; ' fi (1/x).
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Also one can define the fillings (normalizations) of the densities as

_ VA

K,
k 4r G

dypi (y) -

As a consequence we can rewrite Hy (x) at x = oo in the following form

Hy (x) = —% <%Kk+H;‘ (0)) +0(1/x%).

At x =0, a simple Taylor expansion of Hy (x) produces
Hy (x) = Hy (0) +xH, (0) + O(x2).

Now we can relate these expansions with the analogue expansions for Hy (x), in order to

determine the constants in its expression (5.15). For x = e (5.15) becomes:

H; (x) =cCp— C]M];ll +27L’n0M,;11 + H; (0) — 2M,;11H1 (0) +

1 T /
+- <4m<Mk11 — —— K —2M'H, (o)) +0(1/x%).

an
VA
We also know the asymptotic behaviour of Hy (x) as a function of the Dynkin labels (5.14).

Comparing these two, we find a relation between fillings and Dynkin labels

1 , [m/2]
K = VAM,! <1<— 5 (o)) - Y M's;, (5.17)
j=1

and also a relation for the constants in Hy:'”
cx = 1M —2mnoM,," — Hi (0) +2M,,'H, (0) .
For the particular case of k =1 one finds the momentum constraint written as:

H; (0) = 271711(). (5.18)

17The constant ¢, cannot be fixed from these equations.
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Finally substituting these results back into (5.15) we get

Hk (x) = H; (x) + H;, (1/)6) — H; (O) +Mk_11 {2H1 (l/x) +2H,; (0) + xiﬂlljx} . (5.19)

We found an expansion of the singular resolvents H; which respects the asymptotic
behaviour of the quasi-momenta, and has branch cuts along the %j. These branch cuts
don’t exist at the level of the monodromy matrix, as the latter are analytic everywhere
except special points. To make sure of this analyticity condition, one has to enforce that
across a cut, only the labeling of the sheets and the branch of the logarithms can change.

This condition is reflected in the following expression for the singular resolvents:

2
Y M (x) =270 X € Gra, (5.20)
=1

with Hy (x) = %Hk (x+ige)+ %Hk (x—i€). The above equations (5.20) are the Bethe equations.

Substituting the expression for Ay (x) in the Bethe equations, these become'®

/2]
27 = ), Myj (M (x) +H; (1/x) = H; (0)) + & (—2H1(1/x)+2H1 (0) + dmK )
j=1

x—1/x

when x € Gy 4.

For a given set of mode numbers ny, and of fillings K, = 4—@ ﬁbpkﬂ dypy (y), the Bethe
equations only have a solution if k¥ has particular values. That is the same as saying that
the energy has particular values, because in classical string solutions, k is related to the

spacetime energy through (a less trivial relation exists for infinite length strings)
A 2r
A= f/ dod:Xo = VAxk.
21 0

One can rewrite some equations to get k, or A, as a function of the fillings and the length

18For the cut x € €, the resolvent H (x) notices the cut, but H (1/x) does not: we are considering one cut
at a time and H (1/x) notices the mirror cut.
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L. In fact using the definition of L (5.12) we find

\/‘A/z \/‘A/z d 1
Vax Lo 271195 x2 0 L+Z/ yp1(>7

2r = ey 1—1/y*y

The u-plane

A final useful result is to determine the Bethe equations in the so called u-plane, related to

the spectral parameter x by

1 1
x(u)ziu—}—i w?—4 & u=x+1/x

In this new variable, one defines the singular resolvent to be

y—i—l/y—u Yo—uw’

where we have that dxpy (x) = dupy (u), as expected for a density. Hy (u) is related to the

resolvents in the x-space by

Hj (x+1/x) = Hi (x) + Hy (1/x) — Hi (0),

and the resulting Bethe equations are written as

[m/2]
Z Mij + 6k1Fstrmg ( ) 271'}1/{7“ , U € %k,aa

where the function Fye is given by

4K

Fstring (M) — \/m

+2H, (0) —2H; (1/x(u)).

The quasi-momenta for R x §°

One can now write the quasi-momenta in terms of the resolvents Hy (x). We will restrict

ourselves to the case of §> (m = 6). From the relation of the singular resolvents Hj and the
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quasi-momenta ¢; (5.13), we can easily see that

S 1 12 1/2
M=Mye=| -1 2 0 =  M'=|1/2 3/4 1/4 |,
~1 0 2 1/2 1/4 3/4

and we can write

01 () = S5 H ) = i (1) + i (0),
q2 (x) = —Hy (x) — Hy (1/x) + Hy (0) + Hy (x) + H> (1/x) — Hy (0) + H3 (x) + H3 (1/x) — H3 (0)
q3(x) = —H (x) + Hy (1/x) — H2 (0) + H3 (x) + H3 (1/x) — H3 (0) .

These once more obey the inversion symmetry

g (1/x) = (1 —268¢1) qx (x) +47mno b,

and recalling that Hj are analytic at x = +1, the g; have the right asymptotics at these

singularities. The behaviour at x — e is (in terms of the SO (6) charges and Dynkin labels

[s1,52,53])
1 47K, 14m), 147 (si+ L5y + Ls3
q1(x) ~ X<47TK_\/I 2H1(0)> VI x ( \;I : )7
1 /4nK, 4nK, 4nKs 14nJ, 14717(S2—|—S3)
0w ~ (R ) R e
55 () ~ 1 <47‘L’K2 B 477:K3> _ 14zJ; _ l47’L’(—S2+S3) '
x\ VA VA xVAoox o 2V
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Finally the analyticity condition states that

4, () = g1 (x) = 2mea ,x € Cra, (5.21)

together with the extra condition
12 (x)+ 43 (x) =273, X € Caa. (5.22)

One can re-do these equations in terms of the SU (4) quasi-momenta py. We know that
the resolvents are related to the so(6) Dynkin labels at x = oo, Hj ~ Mk_jlsj. The resolvents re-
lated to the SU (4) quasi-momenta py (representation 4) will have the corresponding relation

Gy ~ (M;;Af))k r;, and recalling that r1»3 = 5713, we have that
s i ;

Gip3=Hy 3.

Also from the definition of the p; we find that the SO (6) quasi-momenta in the 6 represen-

tation are given by:

Q@ = pi1+p2,
92 = p1+tp3,
q3 = p2+tp3,
qs = p1+pi=—q3,
g5 = pP2t+pi=—q,
g6 = DP3tPps=—q1.

This means that a cut between sheets 1,2 in the g;’s corresponds to a cut between sheets
2,3 of the p;’s, or the earlier %, cuts. Its mirror cut, between 2,6 of the g; is the mirror cut
between the sheets 1,4 in the p;’s. A cut between ¢ and g3 will have a mirror cut between
q4, qs, and will correspond to the cuts between sheets p; and p, (mirror is py,p2), the %

cuts. Finally a cut between g sheets 2,4 (which corresponds to the Bethe equation (5.22))
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and its mirror cut between sheets 3,5 (or 2,4 again) will correspond to the cuts between p3
and p4, called previously %3, see figure 5.1. With these results one can simply re-write the

Bethe equations as:

271"”170 = j)l_ﬁzzzé;l(x)_GZ(x)7 xecgl,av
2. = pr—p3=206,(x)- G (x)-G3(x),  x€E G,

23 = p3—pa=205(x)—Gr(x) , XEBCq.

In the above result we find that the singular resolvent Gy (x) only feels the cuts of the kind

-

Branch cuts and condensates

As was mentioned above, the quasi-momenta can have two kinds of singularities in the x
complex plane: branch cuts along some contour ¢, and condensate cuts %y ;. The first
corresponds to cuts at which two of the quasi-momenta are interchanged on the two sides
of the cut up to a multiple of 2. The second case happens when we have (pairs of) singular
points where the quasi-momenta changes by a factor of 2w when it goes around each of
these singular point. If we consider a contour % ; connecting each pair of singular points,
then the quasi-momentum g (x) will change by a multiple of 2 when crossing this contour.
These pairs of singular points, which are the the endpoints of the contour, are single poles
of the differential of the quasi momenta (or p' (x)). So the «/-cycle around each will pick
up a multiple of 2. From the point of view of the quasi-momenta themselves (and the
resolvents), this contour is in fact a condensate of poles with constant density, equivalent
to a logarithmic cut.!?

Generalizing the density function py (x) to describe the discontinuities across both the

cuts 6 = %k and the condensates %y = J %y j, we find that the resolvent Hy in (5.16)

9Each of this singular points is an end point of a branch cut, and the condensate cut connects them. If
the «7-cycle encircles the branch cut that the singular point belongs to, then it will cross the condensate cut
and so jump by 27w. Because this point is a single pole of dp, the o/-cycle is just a contour integral around
a single pole, resulting in the residue at that pole, which is proportional to the constant density.
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can be generalized to be?"

y y—x

H":;/ﬁ dypk_(};)Jr;/%k.dypk(y)‘

This density pr characterizes the distribution of Bethe roots in the complex plane, and the
term condensate comes from the fact that it can be interpreted as a condensate of Bethe
roots, and as such, the density becomes constant: it is just pi (y) =ing ; when y € % j. Then
one can readily see that the terms coming from the condensate cuts give a logarithmic
behaviour to Hy: they are logarithmic cuts, in general connecting pairs of original contours
G-

The Bethe equations found above still have to be obeyed for solutions that admit branch
cuts, but if we also allow condensates, in addition to the Bethe equations derived above we
will have extra conditions on the solutions of these equations when they cross a logarithmic
cut.

Different string solutions have been addressed in the literature, from circular and pul-
sating strings [29,91] where the resolvent is given just by branch cuts, to giant magnon
bound states [89] where one only considers condensate cuts. In the latter case (no branch
cuts, only logarithmic cuts), the ending points ijfj of the condensate contour have to be

complex conjugate of each other, in order to have real energy and angular momenta.

5.8 The full AdSs x 8> string Bethe ansatz

In this section we will present a brief summary of major results for the full AdSs x S° algebraic
curve formalism, which can be found in [34]. In this case we have eight sheets defined by

the quasi-momenta

p(x) = {ﬁl7p~27ﬁ37p~4’ﬁ57ﬁ67ﬁ77ﬁ8}a

where 7t and e’ are eigenvalues of the monodromy matrix, but corresponding to two

different gradings, so while we can interchange each set of four quasi-momenta, we cannot

20We have dropped the weight factor 1 — 1 /)c2 on the definition of the density for convenience.
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Figure 5.3: The algebraic curve, with p; corresponding to AdSs and p; corresponding to
$3. Three physical modes are shown: the cut Ci4 (and its mirror cut, in blue) corresponds
to a bosonic AdSs excitation; the cut Cj3 (in red) corresponds to a bosonic S excitation;
the pole x]; corresponds to a fermionic excitation. The dots in red are singularities of the
quasi-momenta, including x = +1.

interchange between them by a simple bosonic similarity transformation. The p; are related

to the §° part, and the p; to the AdSs part. The momentum condition is in this case

4 4
Y 5= ) pi=27no.
k=1 =1

All quasi-momenta are analytic. They have single poles at x = £1, where all sheets have
equal residues. One has bosonic degrees of freedom at a collection of branch cuts %, %),
with a=1,---,24, and b= 1,--- ,2A, where the branch cuts €, connect sheets k, and I, of
quasi-momenta j (x), while branch cuts ), connect sheets k, and J, of quasi-momenta p (x).
At the ends of all these cuts, £ and )?ZE, we have square-root singularities. The fermionic
degrees of freedom are poles x;, with a = 1,---,2A*, which “connect” one sheet & of p(x)
and one sheet I} of p(x) with the same residue on both sheets.?! This structure of cuts and

poles is shown in Figure 5.3.

21To see that in the case of fermionic modes, we have poles instead of the square root singularities that
give rise to the bosonic branch cuts, we use an argument similar to the one on page 114. This argument can
be found in [34] and is summarized in appendix Section C.2.
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At x — o the quasi-momenta approaches zero, and its expansion will be related to
the conserved charges, or Dynkin labels, as before. The inversion symmetry for the quasi-

momenta can be written as follows

pr(1/x) =2mmex — p (x) ,  pi(1/x) = pr (x),

where we defined for each sheet k = (1,2,3,4), a permutation k' = (2,1,4,3), and a sign
change & = (1,1,—1,—1). Note that the shift by 27m is related to the winding allowed in
$°, but not allowed in AdSs (there aren’t any windings in the time direction). The cuts and
poles also obey this inversion symmetry in the same way as before: %5 a=1/ b Ci.. =1/%,
and x}.., = 1/x;.

Defining cycles Ay, ), surrounding respective cuts %€,, %) is done as before, but we have
another cycle to define, the o7, which surrounds a fermionic pole x}. Assuming no loga-

rithmic singularities at any poles (including x = £1) we have

§1§~dﬁ—§lgdﬁ—§£ dﬁ—§1§ dp =0.
o, ),

We again define the periods %, (%5;,) connecting x = oo on sheets k, and (lAcb and l},) through
the cuts €, (¢), and also define an extra period % that connects x = oo to x = x on sheet

ki of p(x), and then goes through the fermionic singularity to connect x = x’ to x = on

sheet I of p(x). On these periods we have

/dﬁzZTL’ﬁa, /dﬁzZﬂ:ﬁb, f dp =2mn;,.
B By B

Another way of writing this is

b (x)—pp (x) = 27, , xE%C,
by, X) =Py, () = 27hy, . xEG, (5.23)

bi,(xa) = bi, (%) = 27n,.

One final thing to note is that for a period connecting x =0 and x = o, we once again obtain
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the winding of $° and a vanishing contributions from AdSs: P12(0) = —p34(0) =27wm and
p1(0)=0.
Having summarized the properties of the 8 sheets quasi-momenta, we will now present

the AdSs x S° Bethe ansatz.

AdSs x §° string Bethe ansatz

Consider a general cycle 7, and a period %,, where a =1,---,2A, which includes all cuts

and poles, with A = A +A +A*. We also introduce an integral form of bosonic resolvents in

terms of densities as??

~ Puly) 1 A / Puly) 1
Gux)= [ dy-"2l Gy = [ dy-"l
u %) /cgk, o1y u ) @ Ty —x

and a fermionic resolvent as a sum of (discrete) poles

*
Akl

) 1
Gy (x) = Z o o

s I l/xkl,a Xkdag — X

In the above expression the subscript kl states that the two sheet being connected are sheets
k and [ of the corresponding cut or pole. The fillings are defined now in terms of the densities
as

VA,

5 VA A VA
Ky,=— dyp Kiog=— dyp K, =—ao .
K.a A /cgk . VP (¥) 5 kl,a ax Jg, Y P () kla = g Fla

Together with these fillings we had previously seen that in the R x §° case there were two
other quantities: the length L and the winding m. In the full theory we will have yet another

quantity, called the energy shift SE:

= S Zyg 2 ng (Pr— Pr) -

From the fillings written above, one can define some global fillings (both in $° and in

AdSs) by
K;= FroF Z%dx(l—)iakjpk

22These resolvents have to be antisymmetric in exchange of sheets k, I.
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for some linear combination of the quasi-momenta (this definition will become helpful later).
There are 6 of these global filling, with 3 related to Dynkin labels [7{,7,73] for the $°, and

other 3 related to the [y, 7, 73] of the AdSs part:

7l =K, — 2K, r=L—-2K,+K +K;, =K, — 2Kz,
f1:k2—2k1, sz—L—5E—2Ie2+[€1+I€3, f‘3:k2—2]e3,

where the Dynkin labels are just the residue of the quasi-momenta at infinity

.V - .V

Fi= a2 P Pi=piw) s Fi=gom P dx(Pii = pj).

In the full theory there is also one global fermionic filling K*, related to the hypercharge

eigenvalue r* by
rr=-— Fpa 255 dxz (Ppx+Pr) =2B—K",

where B a constant (hypercharge of the vacuum).
The full expression for the quasi-momenta in terms of the resolvents G, G, G* is just

given by

]

S
—

-
S~—

Il
1=

(I:Ikl (x)+ H (x)) +&fF (x)+F* (x),

T
L

=

~
—

-
~—

I
agle

(Hy (x) + Hjj, (x)) + &F (x) + F* (x), (5.24)

~
I
—_

where as before we define an inversion symmetric function

Hy; (x) = Gy (x) + Gy (1/x) — G (0),



144

and have some auxiliary potentials

o = (6L0) 55 e 6194 G 0,
o = (FreL) S e,
F'(x) = <2\Z§+Gi(0)> xzjc_lﬂG_il(?iz_Gi(l/x)‘

The resolvents G and Gy, are simply given by

- 1 ¢ -~ i}

Gi(x) = 3 Y & (Gu+Gy) (x),
k=1

R 1 ¢ R §

Gi(x) = 3 Y & (Gu+Gy) (),
k=1

G (x) = 2 Y Gi(x),
k=1

Gmom (X) = G-i- (.X - G-ﬁ- (X)

These resolvent are defined to take into account that only the cuts/poles with & # & are
physical and these are the only ones to contribute for Gom.>
The behaviour of the quasi-momenta at x = o gives us the conserved charges of the

system, which can be described through the Dynkin labels or through the fillings K, the

length L and the energy shift §E. Expanding the symmetric H at infinity we obtain

1 & 47K,

_;a:l \/I

H(x) = +0(1/x%),

while the expansions of the auxiliary potentials are given by

L2 Gy, )= D20

2
(X)_X\/x _x \/I +ﬁ(1/x)’

where the energy shift is just 0E = T@Gﬁnom (0).

The integral Bethe equations (5.23) still have the same form, but with the additional

23The physical cuts connect sheets 1,2 or sheets 3,4 of of both 5 and p.
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momentum constraint Gpem (0) = 27wm.

Moduli of string solutions

Performing a similar counting of degrees of freedom to the one done above for the R x §° case,
we can determine the number of moduli of allowed curves. For each pair of cuts connecting
sheets kg, [, we have one continuous modulus, the filling K, and one discrete parameter n,.
The full theory still has the (continuous) length L and the (discrete) winding m parameters
(and one constraint connecting all of these). Most of these have a direct analogous in the
classification of physical excitation modes of classical strings in flat space (or a plane-wave
geometry): in light-cone gauge each excitation mode has a mode number n,, an amplitude
K,, and an orientation k,,l, (for the superstring we will have 8 physical bosonic modes plus
8 fermionic ones). The quantities corresponding the length L and winding do not exist in
flat space, as they are related to the effective curvature of the space and the winding around
S, respectively. As one expects the number of moduli to remain the same for closed strings
in different backgrounds, then each string solution of the o-model in AdSs x S will have a

corresponding curve in this formalism.

5.4  Restriction to R x S3: The dyonic Giant Magnon solution

The restriction of the full 6-model to R x §* was extensively studied in [29]. In this case we
are interested in the isometry group SO (4) ~ SU (2); x SU (2)g. In the spinor representation

(2..2g) we have the monodromy matrix decomposed in two matrices, diagonalized as
Qf = diag (e"”L,e*i”L) , Qf =diag (e"I’R,e*"PR) )

We then have two independent quasi-momenta py, pr, related to the quasi-momenta of the
vector representation by
(@1 —q2)-

re==(@+q), pr=

N =
N =
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By inversion symmetry one can easily see that pg (x) = —pr (1/x) +27ng. This means that we
can either choose two independent quasi-momenta with inversion symmetry relating them,
or one quasi-momentum p (x) = pg(x) with no inversion symmetry. The behaviour of this

p(x) at the singularities x = £1 is just

K
xF1

p(x)=——+0(xF1)).

The asymptotic behaviour when x — oo is

B 271'(]1 —]2)1 x2
p(x)— \/I x+ﬁ(1/ )7

while for x — 0 (through inversion symmetry) we have

p(x) =27mng — 275(11\/;12)x+ 0 (xz) .

Note that the Dynkin labels [rz,rg] of SU (2), x SU (2), are related to the charges of S° by

rp =J1+J> and rg = J; — J». Finally the analyticity conditions are just
2p(x) =2mn,, x€%C,.

We can re-write these results in terms of the resolvent H (x). The SO (4) Cartan Matrix
is just

Mso4) = ;

and so, from (5.13) we find

1 -
“(g1—q@)=pr, Ho=z(q1+q)=pL.

Fh:z( 5(

We keep Hj, related to p(x), and define the resolvent H (x) in a similar way to (5.15):

H(x)=H (x) i% Z/ pL) / PL) (5.25)
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In the above expression, the first sum is over all branch cuts, while the second is over
condensates.

The asymptotics of H (x) is just (note that A= +/Ax, and that p = 27n)

H(x) = %(—A—ﬁ—h—h)i-ﬁ-ﬁ(l/xz), X — oo,
H(x) = p—wx—i—ﬁ(xz), x—0. (5.26)

VA

The Bethe integral equation for the resolvent H (x) crossing a branch cut is just given by

2
dyp 0) _ _TRX +27n,, x€%,.

H )+ H(x—ig)=2
(x+ie)+H (x—ig) o 2

Giant magnons were first studied using the algebraic curve by [89], where it was shown
that they correspond to logarithmic cuts (see also [183]). In fact, giant magnon solutions
and their bound states are solutions made up of only condensates. The condition that
we have a closed string requires that the total string momentum is p = 27ng. But the
contribution of each condensate for the charges is additive, and as such we can consider
each condensate separately with a momentum p that does not satisfy such condition, as
long as the momentum of all the condensates satisfies it. For one condensate, we can go
back to (5.25) and set the density to be constant, p (x) = —in, and the end points of the

condensate to be complex conjugate X*. Then we find an ansatz for the giant magnon

H(x) = —in/x+ D _ _inlog (x_)ﬁ) : (5.27)

x- y—x x—X-

solution

The factor n will give us a bound state of n magnons. We are interested at the moment to

work with one magnon, so we set n=1:

Gumag(x) = —ilog (i:?) (5.28)

From the asymptotics of the resolvent (5.26), and the expansion of the expression for
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Gag (x) (5.28), we find

X+
p l Og<X>’

A-J+Q = 2ig(X'-X7), (5.29)
1 1
A—J—Q = 2ig (X+—X>.

In the above expression we redefined J; =J, J, = Q to better compare to the known results
for the dispersion relation of the giant magnon. Also, we redefined the coupling as A = 8g2.

Solving these equations for X* in terms of p,Q, we have

0+ \/Q2 + 16g2sin® (%)
4g

)

X+ =™ esc (g)

and we find the dispersion relation for a dyonic giant magnon as expected

<§’EA—J:\/Q2+16g2sin212).

Finite size corrections

In the particular case of the giant magnon solutions, we consider an new ansatz for the
resolvent to determine finite-J corrections to the S? magnon [184], that is, we replace Gmag(x)

with the resolvent

(5.30)

) VX=Xt +/x—Y+
Gﬁnite(X) = —2i 10g (

Vx—X"++Vx—Y-

where Y are points shifted from the end points of the cut X* by a small amount § < 1 :**
YE=X*(1£i5e™) (5.31)

The giant magnon can be described as singular limit of a solution with two branch cuts
¢x and %y, with endpoints X* and Y respectively, when one takes Y* — X*. The finite-size

correction to the giant magnon will then appear when we consider Y* very close to X* but

24This is a different choice of ¢ to that used in [141,184,185]. It was chosen to separate ¢ from the phase
of X*, which is p/2. The phase ¢ will be seen to give the orientation factor cos(2¢) in §&.
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Figure 5.4: Structure of cuts and condensates for finite-J/ magnons

still apart. In [184] one finds that a SL(2,Z) takes us from this picture to the one shown
in figure 5.4, where we have one condensate cut between points X* and two square root
branch cuts, one connecting X*,¥ " and the other connecting X —,Y . It is this picture that
leads to the ansatz for the finite resolvent (7.9).

When 8 =0 this new Ggpite (x) clearly reduces to the infinite-size magnon resolvent (5.28).
The square root cuts of Gyiire are such that the relative sign between square roots in the
numerator (or denominator, depending on which cut we are crossing) changes when the
contour crosses the respective cut € (X*,Y") (or € (X~,Y7)), see figure 5.4. We will be
using the superscript G~ to indicate that this term is being evaluated on the other side of
the cut from what G is being evaluated (and thus has the opposite sign between the terms
of the numerator inside G).

To determine the leading finite-J correction to the giant magnon dispersion relation, we
again calculate the asymptotic behaviour at x — oo of the quasi-momenta using the ansatz
(7.9) to determine the charges of the solution as functions of the end points X*,¥*, and
then solve the equations for these charges to second order in &.

In Chapter 7 we will apply this method to some giant magnon solutions in the context of
bosonic string in another background. We will then give a full description on how to obtain

these finite-J leading corrections to the dispersion relation.



CHAPTER 6

GIANT MAGNONS IN AdS, x CP?

Classical string solutions in AdSs x §° have played an important role in the study of the
duality to A4 =4 SYM [11,12,26]. It seems that this pattern is being repeated in the new
A =6 duality [6], in which planar superconformal Chern—Simons theory is dual to string
theory on AdS; x CP3. Some of the most interesting recent papers study strings moving in
an AdS, x S' subspace, where although the classical solutions are identical to those used
in the .4 =4 case, the quantum properties are different. The results from semiclassical
quantization [43,45,186,18,187,188] can be compared to those from the asymptotic Bethe
ansatz, and there appeared to be some difficulties [47,189,190,44,191].

In this chapter, we study string solutions exploring primarily the CP? factor. One would
expect to find analogues of the giant magnons [26] here, which in the .4/ =4 case live
in an §? C §°. And indeed, it turns out that the same solutions exist in CP3 [192,193].
There are two inequivalent ways to embed the basic §* magnon, into either CP! = §? or
RP? = §? /7, [192], both two-dimensional subspaces of CP.

In either theory, the anomalous dimension can be calculated as the Hamiltonian of some

spin chain [20,194,195,192]. The giant magnons are dual to the elementary excitations of

this spin chain, and have a periodic dispersion relation A—J = \/ 14 f2(A)sin®(p/2) which
on the gauge side is an symptom of the discrete spatial dimension of the spin chain, and
on the string side arises from p being an angle along an equator. The conformal dimension
A and the R-charge J are mapped by AdS/CFT to energy and angular momentum of the

string state. For the state dual to the (ferromagnetic) vacuum of the spin chain, which is

150
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a point particle, A—J becomes the Hamiltonian for small fluctuations. We confirm that in
the .4 =6 case, the difference A— (J; —J4)/2 has the same property.

An important difference between the old .# =4 case and the new .4 = 6 case is the
behaviour of the function f(4), the only part of the dispersion relation not fixed by su-
persymmetry [55,26]. In the old case, calculations of f(4) at both large and small A give
f(A) =+VA/x, and this is conjectured to be true for all A. In the new case, however, the
function (often called & instead) is A(A) = A at small A but a(1) ~ A/ at large A. Our
knowledge of this function at large A comes (in both cases) from studying classical string
theory, and so depends on the correct identification of the relevant string solutions.

Dyonic giant magnons are those with more than one large angular momentum, dual to
a large condensate of impurities on the spin chain. These are string solutions in S, and
they can at least sometimes be embedded into CP? in much the same way as the basic
magnon, generalizing the RP> magnons and living in an RP? subspace [196,197]. There is
room for dyonic solutions with other angular momenta, truly exploring CP?, including those
generalizing the CP! magnon.

Solutions of the string sigma-model should be in exact correspondence to algebraic
curves [46]. Here too several giant magnon solutions were known (compared to one in the §°
case [89]) named ‘small’ and ‘big’ [198]. However these could not be the same two solutions
as those previously known in the sigma-model. In the §° case, and for the small magnon,
one naturally obtains a dyonic (two-parameter, two-spin) solution. But the big magnon is
something not seen in the §° case, a two-parameter solution with only one non-zero angular
momentum, and thus cannot be the RP> magnon. There are also two distinct small giant
magnons, and it has been observed that a pair of small magnons has all the properties we
expect the RP3 magnon to have [185].

The situation has improved with the recent publication of two new string solutions. The
first was found using the dressing method, and, like the big giant magnon, is a two-parameter
one-angular-momentum solution [199,200,201]. They have exactly the same dispersion re-
lation, and in both cases we can take a non-dyonic limit and recover the RP? /pair of small
magnons. The second one is a dyonic generalization of the CP' magnon [202]. This is a

solution which does not exist in $°, exploring the four-dimensional subspace CP?, and it has
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a dispersion relation matching that of the small giant magnon. It exists in two orientations,
and like the small magnon has a third angular momentum which is J3 = +Q in these two
cases. We have as yet only been able to find the p = m case of this solution, but this is
sufficient to see these properties.!

In this chapter we will introduce the CP? geometry, and discuss potentially interest-
ing subspaces where one could find non-trivial solutions. Noteworthy is the fact that the
subspace frequently called S? x §? in the literature is in fact just RP?, and while there is
a genuine S? x % subspace, one cannot place arbitrary S? string solutions into each factor,
because the equations of motion couple the two factors. This discussion will be followed by a
description of the giant magnon solutions known in particular subspaces, and corresponding
charges. In particular, their dispersion relations will allow us to set up the correspondence

with the algebraic curve results, which will be given in the next chapter.

6.1 Groups in ABJM theory

The ABJM [6] .#" = 6 superconformal Chern—Simons-matter theory® has a U(N) x U(N)
gauge symmetry. We want to focus on its scalar sector A;,B;. The fields Aj,A, are matrices
which transform under the (N,N) representation of this group (one fundamental index, one
anti-fundamental), while the fields By, B, transform under the (N,N). The R-symmetry can
be decomposed in a manifest SU(2)4, in which the A fields form a doublet, and SU(2)g,
which acts on the B fields. The theory is also invariant under the conformal group SO(2,3),
since we are in 241 dimensions. We consider spacetime to be R x S2, we consequently
restrict ourselves to fields in the lowest Kaluza—Klein mode on this 2, i.e. in the singlet
representation of SO(3), - the spatial part of the conformal group.

It was seen in [212] that the R-symmetry group can be extended to the full SU(4), with

INote that we use the term dyonic to mean a two-parameter two-charge solution, but sometimes write
‘dyonic’ to mean a two-parameter, one-charge solution, like the big giant magnon. This last use of the term
dyonic is to specify that we mean the r # 1 case, and when we talk about the non-dyonic limit, that means
taking the second parameter r — 1. This limit always takes us into some embedding of the HM magnon.

2These theories were discovered after the explorations of 3-dimensional superconformal theories with non-
Lie-algebra gauge symmetry by BLG, [203, 204, 205, 206, 207] and built on earlier work on Chern—Simons-
matter theories by [208,209, 210, 211].
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the following combination of scalars transforming in its fundamental representation:
YA = (A1,A,,B],B), (6.1)

while Yj transforms in the anti-fundamental. Keeping only the scalars (Y!,¥4) = (Al,B;r),
only a subgroup called SU(2)s remains from the full symmetry group. If we kept only
(Y2y3) = (AQ,BD then the subgroup would be SU(2)¢.?

This theory was found to be dual to membranes on AdSy x S7 /Zy, where (k,—k) are the
level numbers of the two Chern—Simons terms. In the 't Hooft limit N — e with A = N/k
fixed we need to take k — oo, and in this limit the theory of membranes on AdSy x S7/Z;
reduces to type IIA strings on AdSy x CP>.

A spin-chain description of ABJM theory can be obtained [194,192,195], through the
study of gauge invariant operators of length 2L of the form

O =y e Yty yhyy vy
When y is fully symmetric (in the As, and in the Bs) and traceless, & is a chiral primary with
protected scaling dimension A = L, that is, the anomalous dimension defined by D =A—L
will be zero.

The SU(2) x SU(2) sector of the theory corresponds to operators ¢ in which only Y!, Y2

and Y;, YI appear.* The relevant vacuum is given by
AL
Orge = tr (Y1Y4T) . (6.2)

This has A =L, and J = L, where J is the Cartan generator in SU(2)g: J(Y') = 1 and
J(r* = -1, thus J(v)) = +1.
The SU(3) sector allows operators with Y'!, Y2, ¥3 and YI , and has the same vacuum

(6.2) as the previous sector.

3These subscripts are the notation of [192], except that they have B; and B, the swapped: their spin chain
vacuum is tr(A;B])F rather than the tr(YlYI)L of [194] used here, (6.2).

4This equivalent to saying that only fields A;, A,, B and B, appear The two factors of SU (2) in the sector
are just SU(2)4 and SU(2)p.
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The two-loop anomalous scaling dimension of operators in the SU(2) x SU(2) sector can
be determined by the sum of the Hamiltonians of two independent Heisenberg XXX spin
chains, for the even and odd sites. The momentum constraint (from the U(N) trace fr) is
that the sum of both their momenta be zero (the condition in the .4 =4 case was slightly

stronger [20], as in that case there was one total momentum which had to be zero).

6.2 The geometry of CP3

The string dual of ABJM theory in the 't Hooft limit is type ITA superstrings in AdS; x CP?,

with sizes specified by the metric
RZ
ds® = st/id& + R2dskps (6.3)

where R? = 25/2\/A. The large-A limit gives strongly coupled gauge theory, dual to classical
strings. In addition to this (string-frame) metric, there is a dilaton and RR forms, given
by [6], which do not influence the motion of classical strings.

The metric for CP3 is given in [6] as

A2 — dz;idz; |Z,‘dzi’2
)= _
CcpP p2 p4

, where p? = z;Z; (6.4)

in terms of the homogeneous co-ordinates 7 € C*, where 7 ~ A7 for any complex A. The SU (4)
isometry symmetry is manifest here, with 7 in the fundamental representation. AdS/CFT
identifies this isometry group with the SU(4) R-symmetry group, so it is natural to take 7
to be in the same basis as the fields Y4 in (6.1) above.

Instead of using four complex numbers as co-ordinates for CP?, we can use six real angles.
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One set of these is defined by

siné cos(1/2) e~ M/2 ¢i92/2
cos & cos(B/2) eM/2 ¢i1/2
cos& sin(¥ /2) e/ e=i91/2

sin & sin(19;/2) e~M/2 ¢=192/2

and in terms of these angles, the metric is [213,214]:

1 1 1 z
dsép3 =dE? + Zsin22§ (dn + 5cos Y1 do; — 2008192d(p2>

1 1
+3 cos? & (dOf +sin® 01 dof) + 1 sin? & (d03 +sin® 0> d3) (6.6)

where & € [0,%], 9,9 € [0,7], @1, € [0,27] and n € [0,47] (this can be obtained by
building 87 from $* x §* with the seventh co-ordinate & controlling their relative sizes).
This parametrization in terms of angles is one of two angular parametrizations commonly

used. The other one is given by [215]:

1
dst.ps :d,u2+zsin2ucos2u [dy +sin® a (dy +cos O d¢)]2

1
+sin?p [docz +sin’a <d92 +5in20 dg® +cos? o (dy +cos 0 d¢)2)} (6.7)

with ranges o, u €[0,%], 6 € [0,7], ¢ €[0,2x] and v, x € [0,4x].
In Appendix D.1 we give the maps between these angles and the homogeneous co-

ordinates.
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6.3 The string sigma-model for AdS4 x CP3

The full metric of AdSs4 x CP3 is then

RZ

dZ
STy

ds3 s+ R*dskp = R (dYudY” dzidzi |Zidfi|2>
B S

where we have embedded AdS; C R*>* and CP? C C* , parametrized by y and 7 respectively. To

study strings in this space, we constrain the lengths of these embedding co-ordinate vectors:

P =y = =0 =0+ 0+ 0P+ (PP =—1and FP =azi+nh+u5s=+1. In

addition to these constraints, points in C* differing by an overall phase are identified in CP3.

This can be dealt with by introducing a gauge field: write the conformal gauge Lagrangian

as

1 — _
22=7 ¥ 0°F — AP +1)+DZ-DF—N(Z-7—1)

where the covariant derivative is D, = d, —A,. The equation of motion for the gauge field

fixes A, =7 d,Z. We can write the equations of motion for ¥ and 7 as®
020V + (0.5 9°5)y =0, D.DZ+ (DZ-D'Z)Z=0.
The AdS and CP components are coupled by the Virasoro constraints, which read:

1 - - NS o 1 - - NS o
1 ry'ary+DrZ'DTZ+Zaxy'axy+DxZ‘DxZ:O

1 —
10 Ay +Re (D:Z-D\7) =0.

We now restrict to solutions in R x CP3, with y~! +i)? = ¢%* and y' =y?> =y =0. We

will always work in a gauge in which this 7 is worldsheet time (timelike, or static, conformal

5Note that the CP3 equation here reduces to that derived in Appendix D.2, where instead of treating the
total phase as a gauge symmetry it was fixed to a constant using another Lagrange multiplier.
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gauge).® The metric then reduces to

Z-az’.

dsicps = —dT +|d7) -

In writing the Lagrangian, and this metric, we have pulled out the large radius factor

R2=2521\/2 to give a prefactor to the action:

S:/d;ZTRQX:Z\/ZA/dxdT.Z.

This same factor appears when calculating conserved charges. The one from time-translation

(which we define with respect to AdS time, tantygs = y°/y~!) is simply

A= 2W/dx \/ﬂ/dxl (6.8)

881 tAds B

where we used the fact that t =27 for the the solutions we’re studying. The charges from

rotations of CP¥’s embedding co-ordinate planes are:

i =J(z) 2\ﬁ/dx _2F/dx [Im (Zi0:2i) — |z Zlm 7j0:z;) (6.9)

rZ

- QM/dem (ZiDrzi) (Z,)

Only three of the four J(z;) are independent, since Y ; J(z;) = 0. These three are the charges
from the Cartan generators of su(4), and the charges from all of the generators can be

obtained using their Lie-algebra matrices 7¢ = (T%);;:
J[TY =2v2A / dxIm (Z-TD?)

The matrices T¢ are Hermitian and traceless, and the charges J(z;) are those generated by

6This implies the the length of the worldsheet cannot be held fixed to 27. Instead it is proportional to
the energy A, and thus infinite for the giant magnon. Taking this to be finite makes A and J finite too, thus
we use ‘finite-J’ and ‘finite-size’ interchangeably.



158

diagonal T¢. The charges we will need for the giant magnons are

J=J(z1) —J(z4) = J [diag(1,0,0,—1)]

Q0 =J(z)—J(z3) = J[diag(0,1,—1,0)] (6.10)

The charges of interest can also be written using the angles defined in (6.5): writing

Jo, = 2\/27.fdx a%"fpz etc., we have J = 2Jy,, O =2Jy, and J3 = Jy

The Penrose limit describes the geometry very near to a null geodesic [216] and has
been very important in AdS/CFT [5]. This has been studied in AdSs x CP? by [192], where
the particle travels along y =4t with @« =0, u = 7/4 in terms of the angles in (6.7), and
by [217,193], who use co-ordinates (6.6), expanding near ¥ = %, =0, § = n/4 with distance
along the line =N+ (¢ — ¢2)/2 = —27. In all cases, the test particle moves along the
path”

7= % (¢,0,0,e77). (6.11)

This has large angular momentum in opposite directions on the z; and z4 planes, as one
would expect for the state dual to the operator (6.2). This led to write this state down as
the string state dual to the vacuum Oy, [194].

In the AdSs x §° case, the spin chain vacuum tr(®; + i®,)F is dual to a point particle
defined by X = (cost,sint, 0,0, 0,0). This string state has large angular momentum J = A in
the 1-2 plane. The study of small fluctuations around this string state, one can show that
A—J is a Hamiltonian for the physical modes [12]. In fact, semiclassical quantization views
these modes as quantum fields with energy A—J. As giant magnons are excitations above
this vacuum, their semiclassical quantization is directly related to calculating quantum
corrections to this energy [142,124].

For the present case of AdS,; x CP?, given the point particle state (6.11) and the dual

vacuum (6.2), one would guess that A— (J; —Js) /2 will play the same role. In Appendix

"We stress that there are not different Penrose limits for the different giant magnon sectors. To get
precisely this path Z, using our conventions given in (D.2) and (D.3), we fix in addition 8 = & (in the first
case) and @; = ¢, (in the second), and also swop zp <> z4 in the second case.
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D.3 we explicitly derive the fluctuation Hamiltonian for this case, and confirm that A —

(J1 —J4) /2 is indeed a Hamiltonian for the physical states.

6.4 Placing giant magnons into CP3

Recall that the Hofman—Maldacena giant magnon [26] is a rigidly rotating classical string

solution in R x §2, given in timelike conformal gauge by

€08 Oppag = sin g sechu (6.12)

tan ((Pmag - ’C) =tan g tanhu

where u = (x— 7 cos£)/sin§ is the boosted spatial co-ordinate for a soliton with worldsheet
velocity cos(p/2) (we will be using worldsheet space and time to be x,7). The spacetime is
ds* = —d1> +d6% +sin> 0 d¢p*> — by timelike gauge we mean that the target-space time is
also worldsheet time.®

We define conserved charges here as follows:

A:Jﬁ/dxl (6.13)

Jsphere =21 /dx Im (Wl 87;W1) . (6.14)

This A matches (6.8) used in Appendix D.3 when the AdS fluctuations 7 and 7 are turned
off. Note that we keep the same prefactor v/2A4 here, which is not the one we would use in
the AdSs x §° case. Finally, we write the complex embedding co-ordinates §> ¢ C? and we
find®

W, it [cos £ +isin% tanh u} ¢ifmaz(x:7) sin Ormag (, 7) (6.15)

Ws sin £ sechu COS Omag (X, T)

S
Il
|

|

8What we call timelike conformal gauge is sometimes called static conformal gauge. In our conventions,
AdS time t is given by t = 21. However, because of the factor % in the metric (D.8), it is 7 rather than ¢ which
is physical time.

90ur notation is that (w1,wp) are complex embedding co-ordinates for the sphere, while z; are for CP3.
Capital letters indicate a string solution in this space.
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Both A and Jyphere are infinite for the solution (6.12), but their difference is finite:
A— Jighere = 2V/2A sin (g) .

The parameter p is the (absolute value of the) momentum of the spin chain excitation in
the dual gauge theory, which is why this is called a dispersion relation. It is also equal to
the opening angle A¢n,g of the string solution on the equator Onag = 7.

We now turn to solutions in R x CP?, with metric ds?> = —dt? +dsép3. All solutions will
be in conformal gauge, and with worldsheet time 7 related to AdS time ¢t by t =27, so we
will continue to use the definition of A from (6.13), although for J we must now use (6.9)
and (6.10). We will also continue to use the parameter p € [0,27] in all the cases below, and

while this should still be a momentum in the dual theory, we make no comment here on the

precise factors involved.

The subspace CP1!

If we set zo = z3 =0, or in terms of angles (6.7) o = 0, then we obtain the space CP' = §?
with metric
ds?

_ % d(2u)? +sin2(2u)d(’2‘)2] . (6.16)

This is a sphere of radius 3, so to place the magnon solution (6.12) here (as was done

by [192]) maintaining conformal gauge we need to set

20 = Bpmag(2x,27) (6.17)
X

7= Omag (2x,27) .

Using the map (D.3), given in appendix D.1, and choosing 6 = &, we obtain

e 5 Grnag (2,27) sin ( % emag (2x, 27))

} 0
Z(x,7) = . (6.18)
0

o 5 9mag (2x.27) o og (% BOmag (2, 21))
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Calculating charges for this solution, using definitions (6.10) for J and (6.13) for A, we

recover the dispersion relation'®

£(p)=a-35=varsin(?). (6.19)

One should check that this subspace is a legal one, meaning that solutions found here
are guaranteed to be solutions in the full space. This can be done by finding the conformal
gauge equations of motion coming from the Polyakov action with the metric (6.7), and
confirming that a’s equation is solved by o = 0.'' But in this case it is easier to note that

72 = z3 = 0 trivially solves their equations of motion, (D.5), which we derive in appendix

D.2.

The subspace RP?2

A second embedding of the S? solution was first used by [193]12

ei¢mag (x,7) sin emag ()C, T) "
B 1 €0S Oag (X, T 1 W2
\/Q COoS emag (X, T) \/i W2

e—i(l)mag (x,7) sin emag ()C, T) Wl

This solution lives in an RP? subspace, as can be seen by simply rotating some of the

planes in C* =R? by 7+ in terms of new co-ordinates w defined by

wy = % (z1+724) Wy = % (21 —Z4) (6.21)
wz:%(zz—l—%) W3:%@(Zz—53)7

ONote that if you were to omit the second term in (6.9) when calculating J, thus effectively using (6.14)
appropriate for the sphere, you would get instead A —J/2 = /24 pcos (%) In the RP? and RP? subspaces
discussed below, this second term vanishes.

Hn addition to solving the conformal gauge equations of motion, a string solution must be in conformal
gauge, i.e. must solve the Virasoro constraints. If the solution on the subspace is in conformal gauge, then it
follows trivially that the solution in the full space is too: the induced metric ¥, = duX* pX" Gy is influenced
only by those directions the solution explores, and in these directions the metric Gyy is the same in both
the full space and the subspace.

12We discuss the equations of motion used by [193] for strings in CP3 in Appendix D.2.
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this solution has w3 = wy = 0 and is precisely the original giant magnon in the other two
co-ordinates:

(wi,wp) = (eid’mag $in Bag , COS Oiag ) -

The reason this is RP? rather than S? is that sending (wi,wz) — —(wi,wz) gives an overall
sign change on 7, and these two points are identified in CP3.'3

The subspace which this magnon explores can also be obtained from the metric (6.6),
by fixing % =%, ¥ = 7, ¢ =0 and n = 0. The metric then becomes

ds® = dE2 + sin € d(%)z
and the magnon (6.20) is simply & = Omae(¥,T), @2 = 2@mag(x, T). This can be checked to be
a legal restriction from the equations of motion for the four angles fixed.

This subspace is sometimes, rather misleadingly, referred to as §% x §2. It is true that
21 + |z2]? = 1 and |z3)* + |z4]* = 1, and Imzp = 0 = Imz;. These restrictions alone would
describe a subspace of C*, namely §? x S C C? x C%. But we are in CP3, not C*, and the
space described by 6,¢ (or by &, ) has only two dimensions — these two S? factors are not
independent. In Section 6.5 below we discuss a genuine four-dimensional §% x §? subspace.

The charges of this solution are very simply related to those of the magnon on the
sphere, since the extra term in the CP? angular momentum (6.9) compared to the that for

the sphere vanishes: Jophere = %(] 1 —J4) = %, and we get simply
J r

One difference from the magnon on §? is that when p’ = & the magnon becomes a single
closed string. Its cusps, at opposite points on the equator of §2, are in fact at the same point

in RP?. In general the magnon connects two points a distance A@, = 2AQmag = 2p’ apart on

13In §2, the standard co-ordinates have ranges 6 € [0,7] and ¢ € [0,27], and changing 8 — 7 — 6 and
¢ — ¢ + 7 simultaneously moves you to the antipodal point on $2. But performing this change in the subspace
of CP3 parametrized by (6.20) changes 7 — —Z, and these two points are identified by the definition of CcP3.
This is what makes the subspace RP? = §2 /Z, instead of $2. To obtain co-ordinates which cover this subspace
only once, we can shorten the range of either 6 or ¢, and in figure 6.1 we choose to restrict to ¢ € [0, ] while
keeping 0 € [0, 7).
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-

7
52 g RP? CP!

Figure 6.1: Two giant magnons are shown (in red) on the unit sphere $? (left), on RP?

(center, drawn here as half a sphere) and on CP!, a sphere of radius 1 (right). In all cases

they have p; = % and pp =T — %, which leads to a closed string in the RP? case, but not in

the S2 or CP! cases.

In both the RP?> and CP! cases, the equator is of length 7, and we parametrize it by B € [0, 7).
The magnon with p; = % spans A} = % in the RP? case, but only AR = % in the CP' case.
On CP! we have also drawn a third magnon (in blue) with p; = 1, which spans the same
length of equator A = % as does the p; magnon on RP?.

the equator, but @ ~ ¢+ 27 so p’ =6 and p’ = T+ & both connect the same two points. As

was noted by [192], this can be viewed as giving rise to a second class of magnons, with

A—% =2V22 sin<n;6> =2v2A cos <§)

Figure 6.1 shows two magnons on S and then on RP?, one with p = % and another with
p=T— % In the RP? case they have opposite opening angles § = i%, thus form a single
closed string, while in the §? case the total opening angle is 7. Note that between the

parameter p in the CP! case and the parameter p’ here we have the relation p = 2p'.

The subspace RP3

In the AdSs x S° case, Dorey’s giant magnons with a second large angular momentum J' ~ /A

allow one to see that the dispersion relation is A — Jsphere = \/ J”? + % sin®(p/2) [27,94]. These

necessarily live in § rather than S2. They are called dyonic magnons, and (embedding
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§3 C C?) can be written as
Wy = €'’ (cos g + ising tanhU)

W, = " sin g sechU

where

U = (xcoshf — tsinh ) cos c, cotar = 5 sin >

I

1—

p
2
5 COS P
2

V = (tcoshf —xsinh ) sina, tanh § = T

The parameter p is still the opening angle along the equator in the W; plane, although
cos(p/2) is clearly no longer the worldsheet velocity. Sending the new parameter r — 1
reproduces the original giant magnon.
The second method of embedding S? solutions into CP?, given by (6.20), points out a
way to embed $3 solutions:
7=

%(Wl,Wz,Wz,Wl). (6.23)

As before, this is in fact a subspace RP? rather than $°, thanks to the identification of

(wi,wa) ~ —(wi,wp) implied.14

Embedding a dyonic giant magnon in this way gives a CP3 solution with charges'®

/

2
0 2\/2)Ll_r2 in(”
—_— = sinn| —
2 2r 2 )

where the angular momenta J and Q were defined in (6.10). The third angular momenta

4 Note that the rotation from Z to w given by (6.21) is not an isometry, and in particular that the
identification Z ~ A7 which defines CP? does not apply afterwards: w ~ Aw for complex A. If w3 =wy =0, as
is implied by (6.23), then the phases of w; and wy are both physical. (Which is good if we’re claiming that

the dyonic magnon has momentum along both of them.)
However, the relation w ~ Aw is true for real A, and since we have fixed w% +W% =1 by starting with a

string solution on $2, the identification (w1,wp) ~ —(wy,w) is all that survives.

15Tn calculating these charges from (6.9), the same cancellation of the second term happens here as hap-
pened in the previous section. Thus using the charges one would expect for §7 € C* gives the right answer
here. This does not work in the CP! case, see footnote 10.
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from (6.10) is still zero. These charges satisfy the relation'

g_A—;_\/<g>2+8/1sin2 (’;) (6.24)

Notice that the second angular momentum here, Q = J, — J, is that carried by Y? and

Y;, which are the impurities we insert into the vacuum (6.2) to make magnons in the
SU(2) x SU(2) sector.
This subspace can also be obtained from (6.6), by fixing ¥ =%, ¥, = Z and n =0. The

metric becomes

ds* :déz+sin2§d(%)2+cos2§d<%>2.

This restriction can be checked to be a legal one from the equations of motion for the angles
Y1, % and n. The dyonic giant magnon in this space was re-derived by [197], using exactly
these angles. It was also re-derived by [196] using co-ordinates Z.

Like the RP? magnons above, at p’ = & these form single closed strings, and beyond this
(m < p' <2m) give a second class of magnons connecting the same two points on the equator

as the magnon with p=p’' — 7.

Comparison of CP' and RP> magnons

In Section 6.4 we looked at two different ways to embed the basic single-charge giant magnon
(6.15), into either CP! or RP? [192,193]. This CP' is a two-sphere of radius %, while RP? is
half a two-sphere, so both have an equator of length 7. We lined up the embeddings into
C* such that, in both cases, the equator is the line

2= 15 (¢?,0,0,e7)

where we name the angle € [0, 7], as in (D.7), to avoid confusion.

16We again used the prime p’ to distinguish from the parameter p =2p’ in CP!.
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Since the basic magnon (6.15) has opening angle A@p,e = p, these two solutions have

CPIZ ﬁ:%/4:¢mag/2 — Aﬁ:p/Z

RP*: B=¢2/2= Pmag = AB=)

(where we write p’ for the parameter of the RP? magnon, to distinguish it from the CP!
case’s p). A single giant magnon is not a closed string solution, one must join a set of them
together at their endpoints on the equator. The condition for a set p; of CP! magnons or p;
of RP? magnons to close is that the total opening angle AB should be a multiple of 7, that

is,

cpr': Y pi=2mn (6.25)

RP*: Y 2p,=2mn, nel
j

Another way of putting this last result is that for the CP' magnon, like the original $2
solution, the condition for the set of giant magnons to close is }; p; = 0 mod 27, since p is the
opening angle along the equator. However, for the RP? magnon, the p/ = & magnon is also
a closed string, due to the Z, identification in this space, and thus we have }; p! =0 mod #
instead.

The point particle (6.11) moves along the same equator too, and by calculating fluctu-
ations of this solution, we checked in Appendix D.3 that A— % is indeed a Hamiltonian
for them, just as A—J is in the $° case. Calculating the same difference of charges for the
two magnon embeddings, we obtained dispersion relations (6.19) and (6.22), which we now

write also in terms of the opening angle AB:

cpt: A QJ“ — V2 sin <§> — V2 sin (AB)
_ /
RP?: A_Jl 214 —2v22 sin <Z> —2v/2A sin <A2ﬁ> .

Notice that these agree at small AB. The limit p — 0 takes you from giant magnons to the

Penrose limit (via the interpolating case of [218], studied here by [219]). Finite-J effects in
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the Penrose limit were studied by [220].
As noted in Section 6.4, there is also a second magnon on RP? for any given opening

angle AB, which has charges [192]

Ji—J A
RP? A— 12 4:2\/2lcos<2ﬁ>.

For small AB this is almost a circular string, with its ends slightly offset along the equator

— see figure 6.1 on page 163.

6.5 Some larger subspaces

All of the string solutions we have discussed so far are known from the AdSs x S° case, and
explore known subspaces S? or § C §°. In this section we look into CP?> and §? x §? subspaces
of CP3, in search of possible string solutions which explore the full geometry. In the first of
these subspaces, the CP? subspace, such solutions have been found, and are discussed in the
next Section 6.6.

We also study restrictions of this $? x §2 subspace (in Section 6.5), since these restrictions

have been used in the literature.

The subspace CP?

The simplest nontrivial subspace one can find is CP?, obtained by setting zz = 0. This is
certainly a legal subspace, for the same reason as given for CP': setting zz = 0 solves the z3
equation of motion. The corresponding metric can be obtained as a restriction of (6.6) to

% =0 (and ¢, =0, since now ¢, is redundant):
ds® = d&>+ L cos? & (d0? +sin® Oy d}) + L sin>2& (dn + Lcos By dey)’.

We have two manifest isometries, along ¢; and 1. For & = 0 we recover an 2 equivalent to
(6.16) (once z3 < z4 are exchanged). Allowing & # 0 will allow us to determine a new dyonic

solution (in section 6.6), generalizing the CP' solution (6.18) in the same way the dyonic
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RP? solution generalizes the RP? one.

The subspace S?x S?

Setting ¢ = ¢, and ¥ = % in the metric (6.6) leads us to the four-dimensional space
ds* = 1 [d(2&)* +sin*(28) dn?] + L [d0* +sin® © d¢?] (6.26)

which is a §? x §? (possibly up to co-ordinate ranges). The new angles are defined by © =
(%1 +12)/2 and @ = (@1 + ¢2)/2.

To obtain this space, the restrictions on the angles are that ¥_ =39, — 9, =0 and ¢_ =
@1 — ¢, = 0. Unfortunately, the equations of motion for ¥_ and ¢_ are not automatically
solved by this choice: they have complicated relations between the other co-ordinates. For

Y_ we have

0= —0; (cos2& ;) + 9, (cos 2& 9,0) + 1 cos 2& sin20 (979 — 97 9)

—sin®2€ sin® (9;N ;@ — 9,1 0, Q)
and for ¢_ the equation is

0=—-0; (sin2 2& cos © d¢1n + cos 2& sin’ & 0:9)

+ 9, (sin*2€ cos ¥ 9,1 + cos 2 sin” ¥ 9, ) .

These equations do not rule out the existence of solutions on this subspace, but because
these equations couple the variables £, 1 of one of the factors to the variables ¥, ¢ of the
other factor, just placing an arbitrary S? solution into each of the factors is not likely to

give a solution.

The subspace S°x St

We can further restrict the above subspace by holding one of the angles fixed, giving origin

to a S? x S! subspace (again up to identifications). This space, studied by [197], can be
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obtained by putting ¢ = 7:
ds* = 1 [d(2E)? +sin*(2&)dn® + d¢?] .

The equation of motion for ¥ is solved simply by ¥ = 7, which simplifies the constraints

imposed by ¥- =0 and ¢_ =0 to
0= —0:N P+ N P (6.27)

0= —0;(cos2 d;¢) + d; (cos2& 0,0). (6.28)

These constraints were not taken into account by [197], who sets ¥_ = 0 before calculat-
ing the equation of motion for ¥ (which is indeed solved) but never checks if the constraint
coming from ©¥_ =0 is obeyed.!” In that paper, the magnon ansatz used sets N = @7+ f(u),
¢ =v7and £ =g(u), in terms of boosted worldsheet co-ordinates u = 7+ ox. The first con-
straint (6.27) then implies B f/(u) = —o, while one would expect f(u) o< tanhu for a magnon
solution. The second constraint (6.28) then gives B =0, and together they imply @ = 0.

In the other case studied by [197] one doesn’t find the same problem, because the ¥_
equation is solved by n =0, and there is no ¢_ constraint because @ # @,. The subspace

consequently found is the RP? subspace of Section 6.4.

The subspace CP', again

If we restrict the subspace S x 8 of (6.26) even further, by setting & and 1 to be constants,

it reduces to the space

ds* =} [d0* +sin® O d g

which is a sphere of radius %, equivalent to the CP! of Section 6.4. This is a legal subspace:
the equations of motion for & and 7 are trivially solved (a stationary particle anywhere on
the sphere is a solution) and the constraints arising from ¥_ =0 and from ¢_ =0 become

the equations of motion for ¥ and ¢.

ITThe constraint (6.27) can be derived without using ¥_, if we set ¥ = Z and ¥ = 7 in their respective
equations of motion.



170

Setting & = 7, this space can be embedded in homogeneous co-ordinates by (see Ap-

pendix D.1 for more details)
; ) : ()
7= (e"”/ZcosZ, 0,0, e "?/?sin 2> ,

which is just the same subspace CP! as in (6.16), even though we had started from the other
set of angles (6.7) and fixed oo = 0. Setting & to any other value will just rotate the 1-2 and
3-4 planes, still giving the subspace §? = CP!.

These co-ordinates of the CP! space were used in [221] to study finite-J effects on the

CP! giant magnon. These results can be found in (6.33).

6.6 New solutions in CP3

Until now, we have focused on giant magnon solutions which are “trivial” embeddings of
already known string solutions moving R x $* and R x §3. But there is great interest in
finding solutions that truly explore the geometry of CP3. In this section we present two such
solutions, the first being a dyonic generalization of the CP' magnon, and the second being
some kind of “bound state” of two magnons (we will have a better interpretation for it when
comparing to the results in the algebraic curve formalism) — that is, a two-parameter, one

angular momentum string solution. Both of these solutions explore the full CP? space.

Dyonic generalization of the CP' magnon

Consider the subspace CP? obtained by fixing z3 = 0, or in terms of the angles, 6; = 0 and

n =0, leaving
siné cos(1h/2) e/?2/2
cos & ¢'P1/2

Z= . (6.29)
0

sin& sin(1/2) e~ 192/2
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The metric for this subspace can be written as

1
ds* = Zsinzé‘ A3 +sin® B, d@3 +cos? & (d; — cos By d,)? | +dE?.

At &= % the space is CP', described by % and ¢, only, but away from this value there is a
second isometry direction d¢@;. It was proposed in [222] that the dyonic generalization of the
CP! magnon might have momentum along this direction, but to do so, it must in addition
have & # 7 except at the endpoints of the string, at x = eo, where it must touch the same
equator as the CP! solution.

We have not yet been able to find the full solution, but can find a GKP-like dyonic
18)

solution (i.e. a p =7 magnon'°) using the ansatz:

(PZ = 21:7 (P] = —20)7,

cos ¥ = sech (\/ 1— a)22x) , &=

This amounts to assuming that the back-reaction on the original solution in 9, ¢, created
by giving it new momentum along ¢, is exactly as for the S* dyonic solution, but unlike the
§3 case, there is one extra function e(x).

With this ansatz the equations of motion for ¢; and ¢,, and the second Virasoro con-
straint, are already solved. The equation of motion for 9% can be written

) cos? e(x)

oy (cos”e(x) sechX) = -2 tanh X {sechX cos?e(x) + wsin®e(x)},
" (cos”e(x) sechX) = ~2 2= tanh X { ) )}

where X = v/1 — ®22x. Using a change of variables y(x) = In (cos?e(x)), this equation can be

written as

Y (x) =W f(x) +g(x), (6.30)

IBGKP [11] studied rotating folded strings, which at J = oo are the p = & case of the HM magnon [26].
Two-spin folded string solutions were studied by F&T [25], and are the p = 7 case of Dorey’s dyonic giant
magnon [27,94].
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cos Vg

sine(z) = cos§

Figure 6.2: Profiles of the CP? solution. cos, is the same as for Dorey’s §* dyonic giant
magnon, but the solution also spreads away from § = 7 as we increase . This is shown for
®=0.2 and 0.8.

where

2
x) = ——=(® —sechX) sinhX,
f) = = ( )
2

2w
gx)=—f(x)— Ji—a?

tanh X.

The equation (6.30) has solutions of the form y(x) = —In(—F(x)) + G(x), where G'(x) = g(x)

and F'(x) = f(x)e®™. After some algebra, we find the following form for the solution:

1 1
l+wcosdy |4 gech (\/1 - w22x)

cos? (e(x)) =sin? & (6.31)

where w > 0.

Calculating charges J and Q for this solution, we find

A_%:\@¥ %:_\@L

1—w?’

and therefore the dispersion relation is
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E=A-}% 8& (finite J) 0 i
Vacuum 0
CP! giant magnon V2A4sin(%) —4&sin* (B )e 28/ 0 0

Dyonic version in CP? v/ %2 +2A when p=nm (Use ‘small’ curve, (7.12)) Q =+Q

/

RP? giant magnon 2v2Asin(5) —4& sinz(%/)e_m/"@ 0 0
Dyonic version in RP? %2 +381 sinz(%/) Like $3 result, (6.34) 0 0
HM/KSV/S dressed solution Q%JrS/'L sinz(%,) (Use ‘big’ curve, (7.15)) 0 0

Table 6.1: Summary of giant magnons in the string sigma-model. The dressed solution
of [199,200,201] also lives in CP? (the RP? solution has often been called SU(2) x SU(2),
‘big’ and S? x §? in the literature). To match the curves we want p’ = p/2.

We conjecture that for the general case (allowing p # 7) the dispersion relation is

é":A—;:\/Q:—l—Z)Lsin(g)

matching the one for the ‘small giant magon’ in the algebraic curve.

Unlike the RP? dyonic magnon, this one is charged not only under Q but also under J3,
with J3 = Q. There is a second CP? solution, in the subspace with z» = 0 instead of z3 = 0,
which has J3 = —Q but is otherwise similar. In the limit @ — 0 both kinds become the same
CP! solution. All of these properties match those of the two kinds of small giant magnons

in the algebraic curve perfectly.

Dressing method solution in CP?

One other solution which does not exist in S° was recently constructed by several groups
using the dressing method [199,200,201].

The dressing method is used to generate multi-soliton solutions above a given vacuum in
the principal chiral model, and is closely related to the Bécklund transformation [154,223].
We start from the ‘bare’ vacuum solution ¥y, and construct the so called ‘dressed’ solution ¥

by setting ¥ = x(0)¥o, where (1) is the dressing matrix and A is a spectral parameter. Each
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independent pole A; of the dressing matrix y(1)!? leads to one soliton, whose characterizing
parameters are given by A;’s position in the complex plane.

This method was first used to generate giant magnons in S by [109]. In there, the string
sigma-model was mapped to an SU(2) principal chiral model and an SO(3) vector model.
For the former case, it was seen that a pole at A; = re’?/2 gave rise to a dyonic giant magnon

with charges

2

:\/Il+rzsin<p>, \/Il_rzsin(p)

b=
T 2 2 2

A—J
: T 2r

which combine to give the usual dispersion relation ( J, can be viewed as the second pa-
rameter of the solution, instead of r). In the SO(3) case, only the non-dyonic giant magnon,
r =1 case, can be obtained.

The solution that was constructed in CP? makes use of the map to an SU(4) /U (3) model.
The position of the dressing pole A; = rel?'/2 provides two parameters, but unlike the S case,

there is only one nonzero angular momentum?"

1+

2 /
d sin P
2r <2>

Nevertheless, if we replace the parameter r with a new parameter defined by

J=2A—4V2A

/
. P
S1n(2),

0y =22~

2
2r

then the dispersion relation can be re-written as

T e 2 (P
A 2—\/Qf+8)Ls1n (2)

The factor in front of Qf has been chosen to make the above expression for the dispersion

relation match the dispersion relation for the big giant magnon in the algebraic curve (after

setting p = 2p’). In fact, the big giant magnon is also a two-parameter single-momentum

19 And sometimes also an image pole at 1/4;.

20As in RP?, we will call the “opening angle” parameter p’.
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solution, as will be seen in Section 7.1 below.

Choosing the same basis as [199,200],2! the solution in the GKP?? case p’ = & is given

by:?3
(14 7%)cos(t) + cos (1113:22 ‘L') +r%cos (ﬁﬁ ‘c) +i(1 — %) sin(7)sinh (li’rzx>
B —(1+7?)sin(t) +sin (1113[22 1:) —r?sin (?;:ﬁ 17) —i(1—r?)cos(t) sinh (]i’rzx>
Z =
2(1—17?) [sin (};ﬁ r) sinh ( li’rzx> —icos (};:ﬁ ‘L') cosh (li’ﬂxﬂ

0

where N is a normalization factor ensuring |Z’|2 = 1. The vacuum related to this solution,
Ziae = (cos(t),sin(7),0,0), has a large charge under J' = J[o, @ 1], and all other charges J[T“]
zero. In the presence of this magnon solution, the value of the non-zero charge J' changes,
but all the other charges remain zero. If we perform a rotation in the vacuum Z,,, so that
it matches our Zyae = % (e”,0,0,e‘” ), the same transformation will also rotate J' into the
charge J used for the other magnons.

Taking the limit r — 1, or Qf — 0 in this solution, we recover the dispersion relation of
the RP? giant magnon. The same limit will naturally take the solution (in this basis) to the
embedding of the ordinary magnon (6.12) given by 7 = (Rew;,Imwy,Rew,,0) € R*.

Finite-J corrections to this solution have not been done in the string sigma-model (except
trivially at Qy = 0, where it coincides with the RP? magnon) but we compute them through

the algebraic curve formalism in the next Chapter, Section 7.2.

We summarize all the properties of the various string solutions in table 6.1.

6.7 Finite-J corrections

All of the giant magnons solutions we have been discussing so far have both infinite energy

and infinite angular momentum. One can easily see from (6.13) that in the timelike conformal

2Tn [201] the basis used to get the solution was the same as ours.
228ee footnote 18 about this name.

23 At p' = & this solution is a closed string, just as it happened for the RP?> and RP3 magnons.
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gauge we are using, this corresponds to having infinite worldsheet length.

The finite-J generalizations of the basic giant magnon are still solutions moving on S2,
and so one can embed them into CP3 using either of the maps given in sections 6.4 and 6.4
above. For the RP? giant magnon, the corrections to the dispersion relation were derived

in [224] to be

/

/ n( P
A % =2v24sin (£) [1 — 4sin’ (’;) ¢~/ 2V ] (6.32)

The CP! giant magnon case was studied in [221] where they found the corrected dispersion

relation to be?*

A—L 2k sin (g) [1 — 4sin? (g) o8/ VEhsin(8) | ] . (6.33)

2
We observe that, even at finite J, two CP! magnons have the same dispersion relation as
one RP? magnon, provided all three have the same value of the parameter p.?>

For the RP? dyonic giant magnon, we can similarly embed the results from $°. The
corrections to the dispersion relation of the dyonic giant magnon in S were originally
computed by [138] , from the all-J solutions of [96]. The embedded solutions in CP* were

then studied by [196,225], and the result is:

2 / 1 / .
A— % =\ + 8 sin® (g) — 321 cos(Z(]))E sin* (I;) e_M/ZS (6.34)

24Here is a brief note about deriving these two results from the original S? case. The integrals defining the
charges are now over a finite length —L < x < L, so write J(L) and A(L). Note that A(2L) =2A(L). To get the
charges for one magnon, we must integrate from one cusp to the next: choose L such that 6pae(x = +L,7=0)
are at the first cusps.

For the RP? case, the relationship we used before Jypnere (L) = J1 (L) = (J1(L) —J4(L)) /2 still holds, leading
to (6.32). We wrote the S? result (3.9) on page 61 using the prefactor appropriate for AdSs x 8%, so to get
this result for the AdS4 x CP3 theory one has to replace \/I/ﬂ: —2V2A.

For the CP! case, the cusp at Bmag(L,0) is at Zgp: (5,0), thanks to the scaling (6.17). The relationship
between charges is that

J(5) -1 1
f = i‘lsphere (L)
Thus A(5) — (J1(5) —Ja(5))/2 = A(5) = 3Tsphere (L) = % (A(L) — Jiphere (L)) In the result (6.33), it is the energy
for one magnon A(%) which appears both on the left hand side and in the exponent.
250ne can see that all the properties of the two CP! magnons seem to add up to give those of the single

RP? magnon: energy A, angular momentum J /2, the worldsheet length L and the opening angle along the
equator (which we have called A previously).
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f—

Type (i): 20 =0, 6E <0 Type (ii): 2¢ =m, 6 >0

Figure 6.3: The two classes of finite-J magnons found by [96].

where & was given in (6.24) and we also define 2627

2 /
S QL onsin? <Z> . (6.35)

N 16sin?(%)

[

We should clarify the meaning of the factor cos(2¢). In [138], this factor is set to be +1
for ‘type (i) helical strings’, and —1 for ‘type (ii)’ strings. These are two kinds of finite-J
solutions, which in the non-dyonic case in § have the property that adjacent magnons either
have the same or opposite orientations. Type (i) strings will then have a cusp not touching
the equator, while type (ii) strings cross the equator at less than a right angle — see figure
6.3. Everything points to the interpretation of 2¢ being the same in the CP? solutions: 2¢
should be the angle between the two magnons’ orientation vectors (the same factor could
be included in the non-dyonic cases (6.32) and (6.33)).

As was mentioned before, in the AdSs x S° case the finite-J corrections can also be
calculated using algebraic curves [29,31,32,34,89,183,35,141,226,184] or using the Liischer
formula [139,227,140,228,229]. The corrections obtained through these methods agree with
the string o-model result, which can be found in (3.9) on page 61. For calculations on the
gauge theory side of the correspondence see [23,230,231,136,232,233,234,235].

In AdSs x CP? one can also use any of the methods mentioned above. In Chapter 7,

/

26Note that S(Z) — 1 &2 as Q — 0. Comparing to [138], we should mention that cosh(6/2) =& /2v2A sin(% ).
2 4 2

In terms of our notation for the next chapter, this @ is defined r = ¢9/2.

27¢ = A—1J/2 is defined at infinite J.



178

we will discuss the application of the algebraic curve formalism to determine these finite-J

corrections for the giant magnon solutions presented in this chapter.



CHAPTER 7

ALGEBRAIC CURVES IN CP? AND

FINITE-J CORRECTIONS

Classical and semi-classical strings allow us to explore some sectors of the 4" =6 ABJM /
AdSy x CP? duality [6], and these are much richer than their well-known counterparts in the
N =4 SYM / AdSs x S° duality [1]. It was known very early on that there are at least two
kinds of giant magnons, created by placing the HM giant magnon [26] into various S2-like
subspaces, namely CP! and RP? [192,193]. It is equally easy to place Dorey’s §* dyonic
giant magnon [27,94] into RP3, giving a two-spin generalization of the RP> magnon [196].
Other solutions truly living in CP? have also been studied, one being a two-parameter one-
angular-momentum solution [199,200,201] generalizing the RP? magnon, and the other being
a dyonic generalization of the CP! magnon [202], living in CP?.

As was mentioned in the last Chapter, the solutions of the classical string sigma-model
should be in exact correspondence to algebraic curves [46]. After having descibed the known
giant magnon solutions on the string side, we can now review the solutions known from
the algebraic curve formalism, and write the dictionary of solutions on both sides of this
correspondence.

Finite-J corrections are of increasing importance in the study of gauge and string inte-
grability. They can sometimes be computed directly on the string side by finding solutions
with J < oo, and all existing finite-J giant magnon solutions are embeddings of well-known §°

results of this type [82,96,97,138]. Other methods that have been used to calculate finite size

179
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corrections includes the construction of corresponding algebraic curves [141, 226, 184, 185]
and the Liischer formulae [227,185,138,236].

In this Chapter we will start by setting up the algebraic curve formalism for AdS; x CP3.
We then extend the algebraic curve calculations of [185], by calculating finite-J corrections
not only for a pair of small giant magnons, but also for a single small magnon and the big
magnon. In the non-dyonic case, all of these give the result AFZ [82] found for a magnon
in §2. Likewise the dyonic pair of giant magnons matches the §* result: this too is a simple
embedding of that string solution. But for the dyonic small and big magnons, which corre-
spond to string solutions not found in $3, we find new formulae for these energy corrections.
We will finally conclude with the dictionary between strings and curves, summarized in two

tables, on pages 173 and 187.

7.1 The algebraic curve for AdSq x CP3

In Chapter 5 we studied classical strings in AdSs x §> from the point of view of algebraic
curves, following the works of [29, 30, 31, 32,34, 146]. One can take the same approach for
the AdS,; x CP3 case, starting from the o-model given by [187,18]. This was first studied
by Gromov and Vieira [46]. We will start by summarizing the bosonic algebraic curve on
AdSy x CP? and some of its properties, which can be found in [46].!

The eigenvalues of the monodromy matrix in this background are e'’1, P2 ¢'P3 ¢'P4 for
the CP3 part, and e/?1 | e'P2 ¢iP3 ¢'P+ for the AdS part, where the functions p; and p; as are the
quasi-momenta, as before. The continuity in the complex plane of the function eig(Q(x))

demands that when a branch cut C;; connects sheets i and j, we must have
pf—pjf =2nn, forxeCj;.

The superscript £ indicates that the function is being evaluated immediately above/below

IIn this section we use x to be the spectral parameter of the curves, and 6,7 to be the worldsheet
co-ordinates which we called x,7 before.
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the cut. These quasi-momenta also obey the traceless condition of the monodromy matrix

k(x) =0, p1(x)+ps(x) = p2(x)+p3(x) =0.

1+
=

~
Il
_

With respect to these quasi-momenta, one can then define fillings, and relate them to the

relevant Dynkin labels or conserved charges, by performing an expansion at x — oo:

1

— (L+A,S,—S,—L—A),
gX
1

(ﬁl’ﬁz’ﬁS’ﬁ4) ~ E(L_MuaMu_MraMr_Mva_L—FMr)a

(P1,P2,D3,P4) ~

where L is the length operator charge, A is the energy (time-translations) charge, S is an
angular momentum in the AdS factor, and the excitation numbers M, , , are related to the

SU (4) Dynkin labels by

P1 L_2Mu+Mr
g | = | My+M,—2M, | €73, (7.1)
p2 L—2M,+M,

In the singularities x = 1 the quasi-momenta can be expanded as

1

p AaAvA ~ — ,0,0,—(1 )
(P1,D2,P3,P4) P (o +)

1 1
b1, P2, D3, D ~ = a,0,0,—oy ).
(pl,P27P37P4) 2x:F1( +,Y,Y, :t)

Finally, under the inversion symmetry x — 1/x, these quasi-momenta behave as

P (1/x) = &pr(x),  pr(1/x) = pr (x) +&27m,

where & = (—1,1,1,—1) and ¥ = (4,2,3,1) when k= (1,2,3,4).
The quasi-momenta p; and p; describe the bosonic sector of type IIA string theory on
AdS; x CP?, and are the analogous quantities to the ones used in Chapter 5. Nevertheless, to

perform calculations it is more convenient to work in a formalism with explicit OSp(2,2|6)
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symmetry. To do this we define ten new quasi-momenta g; as [46]

Lo
{CllaCIZa%,CM,C]S}:§{P1+P2»P1*PzaP1+P27*P2*P47P1+P4}

and

{96,97,98,99,910} = {—45,—q4.—q3, —q2, —q1 } -

The functions g; now define a ten-sheeted Riemann surface.

Algebraic curve with manifest OSp(2,2|6) symmetry

In this ten-sheeted Riemann surface, the quasi-momenta g; have to obey the following

relations [46]:

1. Only five of the quasi-momenta are independent:
{46,97.93,99,q10} ={—45,—q4, —q3,—q2,—q1}.
2. If we have a square-root branch cut C;; between sheets i, j then:
q; (x) — q; (x) =27n;j, x € Gj.

3. Synchronized poles: the residues at poles x = &1 are the same (o /2) for ¢1,92,93,4a,

while gs does not have a pole at x = +1.

4. Inversion symmetry:

q1(1/x) —q2 (x)
q2(1/x) —q1(x)
q3(1/x) | = | —qa(x)+27m
q4 (1/x) —q3 (x) +27mm
gs (1/x) +g5 (x)

This m € Z gives the momentum condition: p = 27zm.



5. Asymptotic behaviour as x — oo:

qi

q2

q3

q4

qs

A+S A+S
A—S A—-S
1 n (1) 1
= — _ ol—) = —
2gx L=M, x2’ 2gx i
L+M,—M,—M, Jr
M, — M, J3

where, as before, A = 8g? (i.e. 4g = V2A).

In [185] they used the following ansatz for solutions mostly in CP3:

ox
@)= 5

ox
q2(x) = 21

ox
43(x) = xr—1

ax
@)= 5
gs(x) =

+G,(x)

183

... (12

+Gy(x) —Gr(x)+Gr(0) = Gr(})

Gu(x) - Gu(o) +Gu()lc) _Gv(x) +Gv(0) - Gv(%)

(7.3)

From ¢; and ¢, we can conclude that S =0 (that is, we have zero AdS angular momentum)

and that o =A/2g.

The resolvents Gy, Gy, G, control the CP? part of the curve, ¢3,¢4,gs. Consequently, their

asymptotic expansion will be related to the SU(4) excitation numbers M,,, M, M,. The values

of these resolvents at x = 0 will in turn control the momentum?

1
p=21m=q; <x> +qa(x).

(7.4)

2For a closed string m € Z, however, we want to consider a single giant magnon which in general is
not a closed string. Hence we will relax this condition and consider general p. To get a physical state this
momentum condition should be imposed. This can be done by considering multi-magnon states [141, 185].
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The Dynkin labels of SU(4) are directly related to the excitation numbers M,, , through

(7.1), and thus can be combined into the SO(6) charges:

Ji g+ (p1+p2)/2 L—M,
N/ = (p1+p2)/2 = L+M,—M,—M, 5
J3 (PZ—PI)/2 Mu_Mv

which are in turn combined into the magnons’ major and minor charges:

J:JI+J2 :2L—MM—MV :p1+q+p27

Q=J—J, =M,+M,—2M, =q.

Giant magnons in the curve

This discussion now follows the introduction of giant magnon solutions in the algebraic curve
formalism, in Section 5.4 on page 145, where we saw that a condensate of poles gave rise
to giant magnon solutions in R x §3. For the CP? case, two different kinds of giant magnons
were seen to exist in [198], who named them ‘small’ and ‘big’. These can be constructed by

setting some of the resolvents in the above ansatz to the giant magnon resolvent (5.28):

Gimag (x) = —ilog (i:it) : (7.5)

Recall that for solutions only with logarithmic cuts, X* are complex conjugates.

‘Small giant magnon’

The first curve in [198] is the ‘small giant magnon’ with
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Reading off the charges from this curve we find:

Xt 1 1
_ . _ . + —
p—ﬂIOng, Q—12g<X -X +X+X>,
1 1
J=2A+2g (X" —-X ——+— J3=0. )
+lg< X++X>’ 3=0 (7.6)

We can use the above relations to solve for X* and obtain the dispersion relation

2
A—%: \/Q4—1—16gzsin2 (g)

Another kind of small magnon can be obtained from G, instead of G,. The only change

is in the sign of J3 = —Q.

‘Big giant magnon’

There is also the ‘big giant magnon’, which has

We then obtain the charges

X+
= 2ilog — =0
p tlogs—, 0=0,
1 1
J=2A+ido [ XT X" — — 4+ — J3=0. 7.7
+lg< X++X—>’ 3 (7.7)

This is the second curve used by [198]. In the dispersion relation, it is not the total Q but
rather Q,, the contribution from just the u part (which is canceled by the v part in the full

solution), that appears. This is the same function of X* as for the small giant magnon (7.6)

J
A—5 = \/Q5—|—64gzsin2 (g)

For this solution, & = A—J/2 is a function of two parameters, Q, and p, but Q, is not

above. The result is

an asymptotic charge of the full solution. Here we have only one angular momentum, plus

another parameter Q,, unlike the case of the ordinary dyonic giant magnons, which are
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two-parameter two-momentum solutions.

Pair of small magnons

We can also put one small magnon into each sector, G, (x) = G,(x) = Gag(x) keeping G, = 0.
All of the charges (including both A and p) are just the sum of those of each of the constituent

small giant magnons, and we write Q = O, + O, etc. Thus we get the dispersion relation

J_ Q% 2 2<pu> \/Q% 9. 2(pv)
A 2\/4+16g sin” { + 4—i—16g sin” {

_ \/Q: +64gsin? (%)

If we were to use the momentum p, of one constituent magnon, rather than the total p,

then we would have sin?(p,/2), as was found in [185]. Note that this solution has total J3 =0
(like the big magnon).

We summarize all of these properties, and more, in table 7.1.

Coalescence of non-dyonic solutions

In the non-dyonic limit Q < g, and Q, < g, the dispersion relations for the pair of small
magnons and the big magnon agree. This result is not limited to just the dispersion relation,
in fact, X* = /4 in this limit (in both cases), and we have
1

Gmag(x) — Gmag(0) + Gmag 1) = 0. (7.8)
Looking at the ansatz (7.3), we can see that (7.8) is equivalent to setting G, = 0. Conse-
quentely, in this limit, the big giant magnon becomes the same algebraic curve as the pair
of small magnons.

For the small giant magnon, the same identity in the non-dyonic limit implies that g5 =0.

This removes the difference between curves for the u and v small giant magnons in (7.3).
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M,, M,, M, [p1,q, P2 E=A—1 5& (finite J) 0 &5
Vacuum
0,0, 0 [L,0,L)] 0 — 0 0
Small giant magnon
1,0,0 [L—2,1,1] V22sin(%) —4&sin® (B)e ¢ 1 1
Q,0,0 [L—20,0,L] @ 1oasin®(L) < Q/EVS, see (1.12) QO
... and similar with u < v:
0,Q,0 [L,Q,L—20)] (same) (same) 0 -0
Big giant magnon
1, 1,1 [L—1,0,L—1] 2v22sin(%) —4&sin? (B)e 244 0 0
01,0,,0.  [L—0,,0,L—0,] 02 +8Asin*(8)  «<S§/E02, see (1.15) 0 0
Pair of small giant magnons
1,1,0 [L—2,2,L—2] 2v22sin() —4& sin?(L)e~28/¢ 2 0
2. %20 [L—0,0,L— 0] € 1 8sin’(8) Like $5 case, see (7.14) Q0

Table 7.1: Summary of giant magnons in the algebraic curve. In each case we list dyonic
solutions, meaning Q ~ v/A, below the non-dyonic case. We write these using A rather than
g for comparison with the string sigma-model results on page 173; the relation is V24 = 4g.
(Note that the AFZ-like result for the pair of small magnons is not new to this paper, it
was found by [185].)
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7.2  Finite-size corrections in the curve

Once more, we continue the discussion started in Section 5.4, on page 148. The finite-size
corrections to algebraic curves in the CP? case were studied by [185], where one replaced

the basic magnon’s resolvent by the ansatz (7.9):

\/x—X++\/x—Y+> . (7.9)

Gfinite (X) = —2ilog (\/x—X‘ Y

As was explained in that Section, to determine the leading finite-J correction to the giant
magnon dispersion relation, we calculate the asymptotic behaviour at x — oo of the quasi-
momenta using the above ansatz (7.9) to determine the charges of the solution as functions
of the end points X*,Y™*, and then solve the equations for these charges to second order in
5. Recall that Y* =X+ (1 + i&ziiq’) are points shifted from the end points of the cut X* by
a small amount 8§ < 1, as in (5.31). We will now present the explicit calculations for the
finite-J corrections of dispersion relations for the giant magnon solutions presented above

(small, big and pair cases).

Finite-size small giant magnon

We want to study the magnon created by setting G, (x) = Gfinite (x) in the general ansatz (7.3),
keeping G, = G, = 0. We will discuss this case in the most detail, as subsequent examples

are similar. We write the end points of the logarithmic cut as

XE = peito/?

in terms of which p = po+8p()+ 52p(2) +0(8%) and

J P+l /p o 52
E=A— 3= 4g 5, Sin (§> — EJ(I) — 7](2) +0(8%)
-1 .
0 =8¢ —sin (%) +801)+8%0p) +0(5%) (7.10)
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7\\
1/X

)
J
//

Figure 7.1: Branch cuts & evaluation points. On the left, the situation for the pair of small
magnons, where only the cuts for Ggpie(x) appear. The evaluation points xT straddle the
cut from X to Y, which is at radius |x| = r. On the right, the cuts in G (1/x) are drawn
too, which is the situation encountered in the ‘small’ and ‘big’ magnons. The evaluation
points are on the same side of the cut from 1/X* to 1/Y*, and remain so even when we
take the non-dyonic limit r — 1. (These are drawn for ¢ =0.)

v

We give formulae for these expansions in Appendix D.4 on page 234. From the full asymp-
totic charges, we can determine the energy correction in terms of 6. The first nonzero

contribution is at order 82:

_ _] _ 0? 2.2 (P
36"—<A 2> \/4+16g sin (§>

sin (%) +0(8%) (7.11)

—_52¢8
=-0 4COS(2¢)1+r2

The resolvent Ggpite (x) has a square-root branch cut from X* to Y™, which in the curve
(7.3) we can choose to connect sheets g4 and go = —gs. We can then fix 0 using the branch

cut condition:

2mn = qa(x") —ge(x™)
20x _ 1
= 21 + Gérnite (XJr) + Gﬁnite (X+) - Gﬁnite(o) + Gfinite <X+>
As explained in Section 5.4, the superscript G~ indicates that this term is evaluated on
the other side of the cut from the others (thus having the opposite sign between the terms

of the numerator inside G). Once we take this into account, we may take both evaluation

points x* to be at x = X*. Figure 7.1 shows the cuts and the evaluation points used. We
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finally obtain

. _in/4 imn —i . .
o—ip/2 _ 124ip)2 e—ir/2 — p2eir/

In order to have a real energy correction, we require a real §. We then find the correction

to be

-3
r?—1 sin’ ()
2
r +1\/r2+r%—2cos(p)

g) ewa"’/S(%)JrO(y) (7.12)

§& = —32gcos(29) 5 /5B) (5%

— = sin® (
& S(%)
where we define
r2 -1 2 ) p
S(%) = 4g2<r2) + 16g%sin? (5) .

2 .
Note that for the case of the ‘small’ magnon, S(5) = “Sifgw +16g%sin (§) — &2 when r — 1.

Three comments

e The result (7.12) is valid for the dyonic case Q/g ~ 1. As written it appears that
0& — 0 in the non-dyonic limit r — 1. In fact, this is not correct, as we’ve implicitly
assumed, when expanding in &, that 6 < r—1~ m, and this forbids taking r — 1.
Nevertheless, we can derive the correction for the non-dyonic case by writing r =140
before assuming that 0 is small. We then expand in §, fix 0 using the branch cut, and

only after we take the limit k — 0. The result is the AFZ form:

86— = —16gcos(2¢)sin’ (%) e 4 1 0(8°). (7.13)

e The reality condition of § is equivalent to its phase y being 0 or x:

— —arctan o tan(%)

p AQcot(%) 1 28 B
4 T(%) 3 ( > =0or .



191

Like the energy correction (7.12), this expression is valid for the dyonic case; the phase

of § in the non-dyonic limit r — 1 is instead
V1 :2nn—§:O or

where we have assumed cos(2¢) = £1. This implies that the momentum obeys p =

0 mod 2m, exactly the usual condition for a closed string.

e Finally, notice that the the same factor cos(2¢) appears in both these results and
the sigma-model results (6.34). We interpreted this factor there as a geometric angle
between adjacent magnons. Here we can observe that for the identity (7.8) to hold
at the evaluation point x =X (in the limit § — 0, as well as r — 1) , we must set

cos(2¢) = £1.

Finite-size pair of small magnons

The non-dyonic (r = 1) pair of small magnons was studied in [185], who obtained
86,1 = —32gcos(29) sin’ <§> e 2E L

The same result can be obtained by adding together all the charges of two small magnons,
giving twice the correction (7.13). The dyonic case, however, is not as trivially obtained by
adding together two dyonic finite-J small magnons, because they interact with each other.
We must then perform a similar analysis to the one presented above for the small giant
magnon.

The curve of interest is now G, = G, = Gfire and G, = 0. We now set
Xt — re:l:ipo/47

r2

giving p=po+... and & = 8g5sin (&) +..., 0 = l6g

’22;1 sin (§) +... .3 The energy cor-

3 As before, we give these expansions in & in appendix D.4 on page 234.



192

rection in terms of & is

28 2r . (p
08 = 62005(2¢)r2+1sm<4>+....

We continue by using the branch cut condition connecting sheets? g4 and g7 = —g4 to

fix &:

2mn = qa(x") —q7(x7)

20x _
= ﬁ + 2Gﬁ+nite (X+) + 2Gﬁnite (X+)
The final energy correction is then:
2 L. a (P —as/2s()
8¢ = ~256g" cos(29)  sin (Z) e Dy (7.14)

This correction has the same form as the S° string result, and exactly matches the RP?
magnon’s correction (6.34).

In this case there is no issues about taking the r — 1 limit, where it reduces to the RP?
correction (6.32) (note that in this limit S(2) — $&2, instead of &2 as in the small case).

The phase of 0 is, in this case,

_nTE
2

~ AQcot(f)

=0or .
85(%)

_P_
4

When Q =0 and ¢ =0, we have p/2 =p' =n'm, n’ € Z, exactly matching the condition for
the RP?> magnon to be a closed string.
Finite-size big magnon

In this case, the curve of interest is G, = G, = G, = Gfipite. We write X* = reiro/ 4 and consider

the ‘dyonic’ case in the sense that r > 1 (even though Q =0). We also define Q, to be the

4In [185] a condition for the G, component to connect sheets g4 and g¢s is used instead. This involves
separating the two cuts slightly, so that gs # 0. The G, component has instead a cut connecting g4 and gg,
which gives the same equation. The resulting condition is the same as that given here except n is replaced
by 2n.
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Q from the small magnon. Due to this choice of py, Q, = 8g’22;1 sin (%) + ..., and we have

&= 8g1;—r’2 sin (%) +.... With the expansions in 6 of the asymptotic charges, we get

_ 28 2r . (P
08 =-9 5005(2(]5)#_’_1 sin <7> +....
We continue to set the branch cut condition. We will connect sheets g3 and g7 = —q4, at

evaluation points x* on either side of the cut from X*to Y+, but both xTon the same side

of the cut from 1/X* to 1/Y ™, thus obtaining the matching condition

21n = q3(xT) —q7(x7)

ox

=2
x2—1

_ 1
+ G?i_nite (x) + Gﬁnite (x) =+ 2Gﬁnite (O) - 2Gﬁnite <x>

As before, this equation fixes 8, and after demanding that it be real, we obtain the energy

correction:

0& = —64gcos(29)

2 1
4z —2008(p/2) 5. 5 <p> e[S

(rP+1)(r2—1)2 4
S(2 ae /s
:1024gzcos(2¢)é§5§ sin® (%)e asfsh) (7.15)

This expression is valid only in the dyonic case. The non-dyonic limit r — 1 can be
approached in the same way as for small magnon case, by setting r = 1+ k0 before expanding

in 6. The limit kK — 0 then gives the result
88,1 = —32gcos(2¢)sin’ (%) e 4

matching the 7 = 1 limit of the pair of small magnons (7.14), and thus the RP? string result
(6.32).

The phase of § in this case is

—— <o, tarctan <§tan(f")> .

u

This expression is once more not valid in the non-dyonic case. In this limit (r — 1) we have
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instead (in the case cos(2¢) = +1)

nw
1[/,»:1:7*%:001' .

i.,e. p =0 mod 27. Consequently, the momentum condition is p’ = 0 mod 7, which is the

condition for a closed string in RP?, and matches the ‘pair’ case above.

7.8 Dictionary between strings and curves: summary of results

Let us summarize the dictionary of string and curve solutions which we have found:

e The small giant magnon in the curve matches the CP' giant magnon, and its dyonic

generalization in CP?.

e The RP? magnon is to be identified with the pair of small magnons. In the dyonic case

this becomes the RP3 magnon solution.

e The dressed solution is identified with the big giant magnon. Both are two-parameter
one-charge solutions, and when the additional parameter (Qf or Q,) is sent to zero,

they become the RP? solution / pair of small magnons, respectively.

The non-dyonic RP? and CP! string solutions seem to have multiple descriptions in the alge-
braic curves: the big and pair of small magnons differ in their excitation numbers M,,M,, M,
as do the two kinds of small magnons. However these numbers are all of order 1 < 4g = /24
and so, just like Q, they are invisible in the sigma-model. In the limit Q — 0 the curves forget
these distinctions too.

Finite-size corrections to these magnons are summarized as follows:

e In the non-dyonic cases, the corrections are always of the AFZ form. These can be

calculated in both the string and curve pictures.

e For the RP? / ‘pair’ magnon, the corrections are the same as those for §* dyonic giant

magnons, and can again be calculated in both pictures.
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e For the dressed / big magnon, and also for the CP? / small magnon, we have calculated

corrections in the algebraic curve. These do not have the same form as in $°.

The above result for the finite-J corrections to the small giant magnon differs from that of
the algebraic curve calculation in [185]. This difference can be seen to arise from an order-
of-limits problem. As noted in section 7.2, we need to be careful in the non-dyonic case with
how we take limits Q — 0 (r — 1) and 0 — 0. However, the result of [185] is confirmed by
the Liischer-calculations in [185,236]. It would be instructive to see if these results can be
explained in a similar manner.

While the overall picture is now clear, there are various details which one would like to
analyze explicitly in the string sigma-model. First, our CP? solution should certainly exist at
p # 7, but so far we have not been able to find such solutions. Second, it would be interesting
to understand exactly how the two different CP? solutions join (and interact) to form one
RP? magnon. Finally, finite-J versions of both this CP? solution and the dressed solution
should exist as string solutions, and would provide confirmation of the energy corrections
calculated here.

We conclude by noting that our results fit well into the context of the integrable al-
ternating spin-chain for operators in the ABJM gauge theory [192,194, 195,237,238, 47].
The two small giant magnons correspond to simple magnons in either the fundamental or
anti-fundamental part of the spin-chain. The big magnon, on the other hand, carry the
same charges as the heavy scalar excitation first discussed in [192].° In a recent paper
Zarembo [239] showed that in the BMN limit these heavy modes disappear from the spec-
trum as soon as quantum corrections are taken into account. It would be very interesting

to understand to what extent these arguments carries over to the giant magnon regime.

5Tn [200] the authors write the big giant magnon solution, and also a second solution, equation (4.14).
This solution has the same angular momentum as the big giant magnons, but lives just in CP! and is a trivial
embedding of the bound state solution (5.14) of [155], by setting r = e~9/2. This bound state is an analytic
continuation of two CP! magnons. Comparing to the results of the curve, it is possible that this is a bound
state of two CP' magnons of the same kind (u of v kind), while the big giant magnon is some kind of bound
state of two CP! magnons of different polarizations (one u and one v).



CHAPTER 8

CONCLUSIONS AND FUTURE

DIRECTIONS

The main focus of this dissertation is the study of the symmetries and integrability properties

of two major examples of the AdS/CFT correspondence.

Symmetry algebra and semsi-classical string solutions

In Chapter 2 we started by introducing the algebra of symmetries psu(2,2[4) of the AdSs/
CFT, duality from the classical string sigma-model in AdSs x §°, and restricted our attention
to the action of the fermionic generators on the su(2|2) sector for both the sigma-model
and the .4/ =4 super Yang-Mills gauge theory at one-loop. This study was done through
the use of a matrix model formalism. The bosonic part of this sector, su(2) was then taken
into account on the string side, and on Chapter 6 we studied giant magnon solutions and
the related giant spikes, and presented a semi-classical analysis of the giant spike solution.

The symmetry algebra of AdSs/CFT, is very well understood in the % BPS sector of
the correspondence, but developments on the % BPS sector have been harder to achieve
[240,241]. The set of % BPS operators in SYM can be described by a two-matrix quantum
mechanics, but the large N limit has both single trace and double trace operators, unlike the
% BPS sector which had only the former. It would be interesting to obtain a collective field
theory description of the % BPS correlator functions from SYM, in order to derive an effective

string field theory Hamiltonian for the interactions of these correlators, thus connecting to
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the known results derived by A. Donos in supergravity [241]. Such a collective description
comes as an application of the results found in Chapter 2.

In the framework of the AdSs/CFT3 correspondence [6], there is a new superconformal
group of symmetries, the OSp (6/4), shared by the gauge and string sides of the duality.
Another generalization of the work found in Chapter 2 is the study of the common algebra
of these dual theories using matrix model techniques. In particular, the study of the fermionic
generators is of great interest, as it can lead to a better understanding of this algebra and
to the observation of a Yangian structure, typical of integrable systems.

Giant magnon solutions living in the space R x CP3 have been extensively studied. Most
of these are trivial embeddings of the known giant magnon solutions from R x §3, in partic-
ular the RP?, the RP3 and the CP'! magnons. But two other solutions which truly explore
the CP? space have been found. In Chapter 6 we review the embeddings of giant magnons
into CP? and a two parameter, one angular momentum giant magnon solution that lives in
CP?, found through dressing method. We also present the derivation a new dyonic magnon

solution living in CP?, which is a dyonic generalization of the CP! magnon.

Integrability and dynamics of string solutions

Integrability was intensely studied on both sides of the AdSs/CFT, duality. On the gauge
theory side the study of integrability through Bethe Ansatz techniques led to the discov-
ery of an equivalent description in terms of Heisenberg spin chains and a relation to the
Hubbard model (integrable short-range model of strongly correlated electrons) [20,145]. On
the string theory side, the classical equivalence of (dyonic) giant magnons and (complex)
sine-Gordon solitons through Pohlmeyer reduction, gave a very promising hint towards find-
ing an integrable N-body description of string solutions. The N-body descriptions of gauge
operators and of string solutions is important to the complete understanding of dynamics of
these objects, and a discussion of the dynamics of giant magnon solutions from an N-body
perspective can be found in Chapter 4. In this Chapter, we find a relation between the
scattering of magnons and the Ruijsenaars-Schneider (RS) N-body model, motivated by the
Poisson hierarchy of a limiting case of this N-body model.

With respect to the relation between giant magnons and the RS model, the next step
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in checking this relation is finding the Poisson hierarchy in the RS model and calculate the
Poisson bracket related to the magnon Hamiltonian. It is also of great interest to generalize
the work done in Chapter 4 for string solutions with more than one angular momentum (on
R x $3), called dyonic giant magnons. To do so one needs to find a Lax formulation for the
interacting complex sine-Gordon solitons, a challenge still to be overcome.

The giant magnon solutions, defined in an infinite worldsheet volume ¢ € (—o0,00), were
seen to have finite-size corrections by considering the range of the worldsheet to be finite.
These finite-size giant magnons are classically equivalent to the kink train solution of the
sine-Gordon theory [98], and it would be interesting to find a similar N-body description of
the dynamics of these finite-size giant magnons.

Another important aspect to analyze is the relation between string solutions in the CP?
subspace and generalized sine-Gordon models. The RP?, RP?> and CP' magnons are trivially
related to the sine-Gordon solitons, but the small and big magnons, both living in CP?, are
mapped to a non-trivial generalization of the sine-Gordon model [242].

The integrability of the gauge theories and string sigma models can be approached with
the algebraic curve formalism. Chapter 5 is a review of this approach for the string sigma-
model in AdSs x §° and the derivation of the classical string Bethe ansatz for the so(6)
sector. While this formalism cannot be used directly to obtain the explicit form of string
solutions, it still gives us a complete classification of the spectrum of those solutions, as the
solutions of the classical string sigma-model should be in exact correspondence to algebraic
curves [46]. This can be restricted to giant magnon solutions, by restricting the type of
singularities in the algebraic curve, as in Chapter 5, on page 145. In Chapter 7 we review
the algebraic curve formalism for R x CP3, and the expected giant magnon solutions in this
space. With these results, we can then write a dictionary between these and the string

solutions in Chapter 6:

e The small giant magnon in the curve corresponds to the CP' magnon, and its dyonic

generalization is the CP? magnon;

e The RP? giant magnon is identified with the pair of small magnons, and the RP? giant

magnon is its dyonic generalization;
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e The two parameter, one charge dressed solution is the so called big magnon in the

curve, which becomes the RP?> magnon in the taking a limit on the second parameter;

In this last chapter we also use the curve formalism to determine finite-J corrections to the
energy of these solutions, which on the non-trivial cases of the small and big magnons were
not known from string calculations.

There is still a lot to understand about the solutions living in the CP3 space. For example,
the CP? dyonic solution found in Chapter 6 was only determined for the GKP-like case of
p = n, and one would have great interest in generalizing this case. Also, the solution called
big magnon is still not very well understood. The fact that it has a second parameter but
just one angular momentum points to it being some kind of bound state but it is not obvious

how to construct it as such.



APPENDIX A

EXPANSIONS OF THE SUPERCHARGES

OF su(2)2)

In this appendix we present two different expansions of the fermionic charges of su(2]2).
The first uses an oscillator representations of the string degrees of freedom. The second one
uses a regular expansion up to two loops in the coupling on the gauge side, and is followed

by a discussion of the commutation relations of these supercharges.

A.1  The Oscillator Representation

This summary follows [65] closely. We start by redefining the degrees of freedom that are
left after fixing light-cone gauge. Again we have the same choice of metric on the target
space, and the fields are ,z% from AdSs and ¢,y* from S°. The transverse bosonic fields y*, z%
transform under a representation of SU (2)* out of the possible four bosonic factors SU (2)*.

These fields can then be represented as bi-spinors of the relevant SUZ. For that we introduce

Pauli matrices o, = (I,i6) and o, = (I,iG) for each of the two copies of SO (4), and write:

Yo = (Gs)adys 5 Zoo = (Ga)aaza-
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Spin Index of each su(2) | J,a | J,a | S, ¢ | S, o
Yo 2 2 1 1
Zo 1 1 2 2
Y.a 2 1 2 1
You 1 2 1 2

Table A.2: Physical degrees of freedom of su (2)4 and their quantum numbers.The first two
su(2) are from S while the two last ones are from AdSs. Also a,d, &, = 1,2.

After fixing k-symmetry we have the fermionic fields:
lPaf)c ) Y(xa'

which are also bi-spinors of some SU (2)* (they are charged under different SU (2) factors
than the bosonic fields).

We lower /raise indices in the following way
x= Sabxb; Xa = xbsbm

where £!2 = g1, = 1. The same rule applies to all other indices. Complex conjugation changes
the position of the indices (Y,3)" =Y**, which is different from Y}, =Y *bbsbasba. Finally, the
bosonic fields satisfy the reality condition Y,; =Y., and Z;,, = Zyq.

The quantum numbers of these fields with respect to SU (2)* can be found in [65] and are
summarized in table A.2. We have seen before that bosons and fermions together form the
bi-fundamental representation of psu(2|2), x psu(2|2)g, where the bosonic subgroup of each
psu (2[2) factor consists of two su(2). If we define the super-indices A = (a|o) and A = (d|¢)
(where lower-case Latin indices are Grassmann even and greek indices are Grassmann odd)
then the fields combine into a single bi-fundamental supermultiplet of psu (2]2); x psu(2]2)g,
denoted by ®,;.

We can write the gauge fixed Lagrangian in terms of the fields Y,Z, W, Y, and determine

the corresponding equations of motion, as shown in [65]. These were solved by introducing
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mode expansions in momentum space:

1
Yoa (X) = / ;—i \/E(aaa(p)e"”“+ala(p)e+”"’“>,

- dp 1 izt o
Zoo (X) = / ﬁ\/izig (aoca (p)e " +ayy (p) e’ x) )
Vos® = [ 50 (baa(P)ulp)e P bl (v () )
ao 7 \/E ao ad )
" dp 1 —ipE |t +ipx
Yar(® = [ 507 (baa (P)u(p)e ™+l (p)v(p) et 7¥)
where € = /1 + p? is the energy, and u(p) = coshg and v(p) = sinh% are the wave functions.
The rapidity 0 is related to momentum by p = sinh 6, and to energy by &€ = cosh 6. Also
note that p-X=¢e7+ po.

The mode operators have canonical commutation relations:

[a“d (p),a), (p’)} = 2180878 (p—7'), {b“o‘ (p) by, (1) } =218;858 (p— 1) ,

[a‘m (p) ,agﬁ- (p’)} = 271755‘6;;5 (p—p’) , {bad (p) ’b/T;b (p’)} = 27r5l§x555 (p—p’) )

Note that the oscillators a,a’ are conjugate to each other, which comes from the reality
condition for the bosonic fields. But also for the fermionic oscillators b,b" are conjugate
to each other, even though fermionic fields W, %" are independent. This comes from the

equations of motion.

Algebra Generators

We have found the generators for the off-shell symmetry algebra in the light-cone gauge-
fixed theory, psu(2[2), x psu(2|2), x R? in Chapter 7. These generators were found in terms
of the worldsheet fields. The total momentum is measured by one of the central generators
C of the extended algebra, while the total energy is measured by the other central charge
H.

We are now interested in knowing the generators in terms of the oscillator representation.

We will leave the nonlocal nature of the generators for discussion elsewhere and focus on
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the local part,! which corresponds to determining the currents J. Considering integration
over fixed time slices, the oscillator representation for the generators of psu(2|2), is (up to

quadratic order)

¢ e ]
b [ v

Q= [ SRl fuch vy
si = /Czii(—l)[c] [”CZCC’}C_VC'BC%C}’

and the generators of psu(2|2), are similarly:

i dplr s ; ;
1= 505 [etue e
o d 1 . .

i = [ 505 [l —Peca]

i d ; +
Q, = /271; [ucéaca’—vc'a’cca] ,

Sf = /6217’; [uczdccﬁ—vcwﬁccd} .

The two central charge generators are given by
Cz/MPcAAcAA , H:/MECAA-CAA.

Note that in the above notation, the oscillator ¢ can be either a or b, depending on the
value of the super-index C,C.

From the (anti) commutation relations for the oscillators, it is easy to see that these gen-
erators obey the centrally extended psu (2|2)2 algebra. The supercharges Q and § transform

as components of a Lorentz spinor, from which one can conclude that this representation of

1The nonlocal behaviour of the symmetry generators in light-cone gauge comes from the presence of the
light-cone field x~. The psu(2,2|4) super-currents whose supercharges generate psu(2|2)2 depend on x~. We
can then write

‘]Q/}, = eicAsxi/zlez, Q% = /dGJQ?i (G),

where 64p = [A] — [B], with [A] being the grade of the index A, i.e. [a] =0 and [of] = 1. J is a local combination
of the transverse fields, and these local generators are the ones will will be working with.
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generators will be related to a representation of the non-centrally extended algebra (C =0)
by a Lorentz boost.

The algebra psu(2[2),

The rotation generators r,£ act on a generic generator J canonically as was seen before:
(et J.] = &bj,—4%8ti., (¢t ge] = —8cab+48bue,
| = 8fsu—Lols,, 1] = sl Ll

The fermionic charges obey

{Q&QE} = —%eaﬁs‘”’c,
{Sf‘,Sf} = —%eubeaﬁc*,

1
{Qasf} = obeg+opel+Solom.

Actually in the quadratic approximation, one finds that the central charge appearing in the
anti-commutators of the Qs and the Ss is the same, and only including higher orders we
would find that they are actually conjugate to each other. The algebra psu(2|2), would be

identical.

A.2  Commuting the su(2|2) supercharges up to two-loops

The expressions found here are restrictions to the su(2|2) subsector of the full sector su(2|3)
found in [67]. The supercharges at order g%, 00,50, at order g', 01,8, and at order g%, 0,5,

in the dilute gas approximation can be written as follows:

b
(005 = :
o {ﬁ}
(So)g {a};
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et = (b )
({0 e ((TH )

We will be using the notation used in [67]. The index 3 above means an insertion of a field Z.

(S2)g

abc
The action of {

} on a state looks for a sequence of a fermion followed by two bosons,
cob

and permutes them in the order 2nd boson-fermion-1st boson. As an example in su(2|3),

where indices 1,2,3 correspond to bosons and indices 4,5 correspond to fermions, we have

|142334452) = [134234452) + |242334415) .
cab

Determining the anti-commutation relations, we have:

2 o ol o 3o o3
E{(Sl)aa(Ql)g} = 656[3 EHz—(s: [2{ ﬁ }—{ ﬁ3 }_{ 3ﬁ }]
590 b B 3b B b3 .
B . 3 2 ;

b [ 3 b3
bt sl o2 2]
TEhe
g3 | | 36 )]
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Then the sum of these anti-commutators gives:
o b o b o b 1 bsa
{05 @+ {528 (0} +{ (05 (@2)f | = 580851,
where the two loop contribution for the Hamiltonian (dilute gas approx) is:
1 a o a3 3a a3 30
—SHy =2 +2 - - - - .
A a a 3a a3 3a a3

From the results presented above, we can see that we can only get the complete order g2
of the Hamiltonian from the commutation of the supercharges if we consider their two-loops

contributions.



APPENDIX B

FERMIONIC SECTOR OF THE SINGLE

SPIKE

The calculation of the fermionic fluctuations is important to determine whether the solution
has any supersymmetry. We proceed to calculate these fermionic fluctuations for the single
spike, and we will find that they are all massless, while to have 2D supersymmetry these
fluctuations would have to have the same masses as the bosonic modes previously calculated.
Another argument for the lack of supersymmetry is that we will find twice as many fermionic

modes as there are bosonic ones, while supersymmetry requires equally many.

B.1  Fermionic Sector

This calculations follow closely the procedure done for the giant magnon in [142] (zero

modes) and in [124] (non-zero modes).

Setup and definitions

We will use the notation from [142] as much as possible, except for the worldsheet co-
ordinates: we use non-boosted co-ordinates(x,7), and boosted co-ordinates (u,v), boosted
by ¢ (instead of (0,7) and boost by v to (x,£)). Indices a,b = 0,1 are worldsheet directions,

U, Vv curved spacetime, A,B,C flat spacetime, and I,J = 1,2 number fields.

207
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We will work on the subspace R x S?, where the unperturbed single spike solution (3.5)
lives. The metric for this subspace, in terms of co-ordinates t and angles 8 and ¢, is given

by

Suv = EﬁEanB = 1 forv= g, (B.1)
sin’ @ ()]
where the vielbein’s components are E! = Eg =1 and Ej; =sin® (we are using labels ¢,0,¢

for both curved and flat indices). Writing the single spike (3.5) in these co-ordinates gives

X0=r1,

1
X% = 0 = arccos < > , i.e. cosO = MSechv,

Ycoshvy

tanh
X¢:¢:x+arctan< an v>’
cY

where u,v,y are still given by (3.4).
The fermionic fluctuations are two Majorana—Weyl fields ®, which obey the action given

by Metsaev and Tseytlin [7]*

S = 21{3 / dtdx L where % = i(n®&Y + 0"\ ® p,D,6’ .

The covariant derivative introduced above is defined by

| .
D0 = (aa + 4w;;‘BrAB> s’ - %r*pae”@f

where Iy = ilg1234 = il 1231y (these are the AdS directions) obeys I'2 = 1. From this

action we obtain the equations of motion:

(po—p1) (Do+D1)®' =0,

(po+p1) (Do—Dy)©* =0.

I'We use € and 1 with two kinds of indices: £?=01 = 1 = g48=12 and 7= = —1 = n//=11_ The gamma-
matrices are in the all imaginary basis: I'yo are Hermitian and Iy is anti-Hermitian. T'yp =T alp), so
F¢9 = 1"¢1"9.
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The projections of the gamma matrices p, = FAEﬁaaX“ and the spin connection @} =

coﬁ‘B A X are:?

Z0 0
po=To+c C‘?s r +y20f’s Vsin20— 2Ty =To+r(0)Ts+s(6)Ty,
sin® 9—c

pP1 = }/2 sin@ \/ s1n ?] —C2F9 = p(G)F¢ +C](9)Fg,

cos39
@ = -]’ =—cP—5

sin’0
; —a)f)‘9 =7 C,Oie (sin® @ — ¢?).

sin” 0

To simplify the equations of motion, start by replacing dy = d; and d; = dy with the
boosted derivatives d, = ¥(d; +cdy) and 9, = y(dy+ ¢d ), such that

Dtd=(1F)y{uLd}.

Also, define G and G as follows:

1 0
+(0f’9 (1—-¢)y=G, where G:yc.osz (c+sin®0),
2 sin
P P 1. ~ cos 0 .
a)g’ —a)ld) :(1+c)}/§G, G:ysinze(c—smze).

The equations of motion can then be written as

| .
(Po—p1) {(1 — c)7{8v+ ou+ 2GFW}@ — %F*(Po +p1)®2] =0, (B.2)

1. i
(potp1) |1+ 7] 2,4 36T00 b2+ 1T (pu - pr)@! | =0
If we define the operators
1 ~ 1~
-@v:av+§Gr¢9 ’ -@v:av+§Gr¢9;

then the curly brackets in the equations of motion (B.2) become these operators plus or

2These projections, as functions of 6, are intimately related to the ones from the giant magnon case:
po=p; " + Ty, p1 = p(r)n 0N Ty, = a)magnon and @) = a)(r)n 1% Our conventions for the spin connection

can be found in [243]. Functions p,q,r,s 1ntroduced here will be useful in what follows.
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minus the time derivative d,.
The next step is to use kappa-symmetry fixed fields in the equations of motion [244]
[142,124], which we define by

W' = —i(po—p1)®", (B.3)

[ i(po +P1)®2.

Note that I'1; anti-commutes with i(pp £ p1 ), and that these operators are real. Consequently,
the field ® is Majorana-Weyl if and only if the field ¥/ also is, so we can impose the
Majorana—Weyl conditions on ¥/ directly.

To re—write the equations of motion in terms of these symmetry-fixed fields, we will need
several identities, identical in form to the ones found for the giant magnon case [142].3 We

have two nilpotent operators:

(poEp1)* =0

(thus (po — p1)¥' =0 and (po + p1)¥? = 0) which commute with the curly derivatives
(%, (po—p1)] =0, (P, (po+p1)] =0
(they trivially commute with d, as well). The dagger of py is given by:
Po=Tupols = —p) =To— 1Ty —sT,
with which we can write two more nilpotent operators
(PoEp1)* =0

as well as a non-singular operator (p,— po) = —2rI'y —2sI'g, whose square is proportional

3Relations such as (pg+p1)> = —1+(r+p)>+(s+q)? and (py£p1)?> = — 1+ (—r+p)> +(—s+g)?* are needed
to derive the identities.
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to the unit matrix:

(Po — Po)* =4y cos” 6.

We can now re-write the equations of motion (B.2), by pulling the operators (py =+ p1)
to the right, using the identities above, until they are acting directly on ®' to give W/. The
equations of motion become:

(1=)P{Z+ 0.} ' + 5T (Py +p0)¥* =0, (B.4)

~ i _
(1+)y{Z— 0} ¥* - 5 T+(Po —po)¥! =0.
Non-zero modes

From (B.4), we start by solving the equation for ¥?:

2 (Po—po) 2, 1
W g (2 a W (B.5)

We can then eliminate ¥? from the other equation, thus obtaining a second-order equation
for ¥! alone:

{QZV— 8u} m {D,+ 3.} ¥+ (py— po)¥' =0.

Using the identity

= (Po—pPo) _ (Po—Po) _
{@V 8,,} cos®  cosf (A —au}

and pulling the (pg — p1) from ¥!’s definition to the left of the equation, we obtain

1 1
{@v—au}w{@v+au}+1>@ ~0. (B.6)

(Po—P1)<},COSG

This equation is analogous to equation (3.7) of [124]. Using a similar method to the one
found in [124] we can solve this equation. We start by temporarily dropping the kappa-
symmetry projection (pg— p1), and solve the remainder of the equation for ®!. Once we

have a solution for ®!, we then apply the projection once more to recover ¥!, and find W2
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using (B.5).
Now we proceed to determine ®!. To do so, we decompose the second-order equation

(B.6) into a system of two coupled first-order equations, defining an intermediate field ©:

PD,+09, —isechv 0!

=0.
—isechv 9, —0, C)
We then expand the spinor in a Fourier series for u:
' (u,v) -
3 =e '"O(v,0), (B.7)
O (u,v)

and into a sum of eigenspinors of I'ye: 0= (:5+ +0_ with
(L2 ®Tgp) B4 = £iO..
The system of coupled linear equations can then be written as

. G .

. I(OFF isechv
(0,—Vi)®L =0, with Vi= (0F3)
isechv —i(w:l:%)

To solve this system of equations, we need to diagonalize it by a change of basis.

Diagonalization

We define ®, = SO, such that
0,0, = (3,S+SV.)S™'0, = H. 0/, (B.8)

(thus defining H1). We want to determine S that makes H; diagonal. Writing
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and then setting the off-diagonal elements of H. to zero gives

0 = i(a® — b*)sechv — 2iwab — ba' +ab’,

0 = i(d* — ¢*) sechv + 2iwcd — cd’ +dc'.

The above equations were obtained for both H; and H_, which means that S diagonalizes
both simultaneously. Because we have only two equations and four parameters, we choose

two additional constraints*

d = —ibsech(v), (B.9)

¢ = —idsech(v),

thus obtaining a second-order equation for a (¢ obeys the same equation):

—d" —tanhvd' 4 2iwd —sech’va = 0. (B.10)

There are two independent solutions to (B.10):

2iw tanhv
a0 =10 T4
ar (v) = e¥®sechv,

where a(v) and ¢(v) will be (different) linear combinations of these. The other functions b(v)

and d(v) are then fixed by (B.9). The general solution for S is then given by

ai(v) bi(v)
a(v) ba(v)

S=350

4These extra relations can be imposed by multiplying S by a non-singular diagonal matrix, which is always
allowed as it does not change the equations of motion (B.8).
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where Sy is a non-singular constant matrix, and

sechv
b o

by (v) = i (2i® — tanhv) ¢*®” .
The determinant of this change of basis is
detS = —ie*®" detSy,

different from zero, as expected.

This change of basis gives a simple (diagonal) form for Hy:

Hi:i<w¢) . (B.11)

Solving the diagonalized system

Using Hy just obtained (B.11), the diagonalized system (B.8) can now be solved. The

<8Vi(w$(2;>)f(v) =0.

In the magnon case [142] (and also for the zero modes in appendix B.2) we found a very

equations simplify to

similar equation. It has solution f(v) = e**¢®”, where

_ hy e\ /4
et = (W> vtanhv+isechv.

sinhv — ic

The field (_Nj’jE will then be given by the product of this phase and a spinor:

@/i — eilxelvaj:,
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where U is any eigenspinor of (1 ®F¢9) with eigenvalues +i. Finally we need to undo the

change of basis to obtain 0,
@i = S_I@i = eiixeiva_lﬁi.

Absorbing the constant matrix S "into the arbitrary spinor U, we define new spinors Uy

and Uj:
Ui

1
Vi—c U, ’

Sy U0y =

where the /1 — ¢ factor is introduced for later convenience.
Recalling from (B.7) that our original spinor ®! is the first component of e’*i“’”‘(@)Jr +@_),

we can now write®

) 1 iou eiwv:l:ix 5
® (u,v) = me ; —iezi“’" [bz (V) Ui *b] (V) Ui]
—1 ieuy iy [ —iwv_Sechv i) ol OV }
= ¢ e e Uy + (tanhv — 2iw) e ®UL | .
N ; Tragr et )¢ U

To determine the symmetry-fixed field W' = —i(po — p1)®' we use the identity e™2% = (p —

r)Fi(q—s), and find the positive-frequency solution to be:

| ie—ia)u o . )
_ ixr. _ ,Fix —iwv
‘I‘p =T Ei (e I'p—e F¢) [e

j , , , h o
= Z(ei’xro—ejF’XF(z)) [e'“ seey U, +V tanh2v+4a)ze’BUi] (B.12)
T

sechv
1 +4w?

U, + (tanhv —2iw) eiwvﬁi}

—c 1 +4w?

:

where the phases a and B are defined by

P - efza)(quv)7

—io(u—v) ,—iarctan(2cothv)

Po= e e .

5The second entry of e/ (@+ +(:),> will be given by

~ (tanhv +2iw)

® — _i,—iou Eiy | iov hvlU. — —ia)vU .
(u,v) ie”'P"e e sechvUy 202 ¢ 4

This will be useful in determining 2.
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Majorana condition

We now want to impose the Majorana condition on the spinors: ¥/ should be real ¥* = W/,

To do so, consider a superposition of positive and negative frequencies m:

1_ 1wl 1%
W' = 2Rew! =W 4w
i . .
= = ;(eilxl"o—eyxl—b)

[ sechv (@U + e U2)

1+4w?

o

+V/tanh?v + 4?2 (eiﬁﬁi +e‘iﬁl7$)} )

Note that UZ is an eigenspinor of I'yg of eigenvalue +i (the I" matrices are imaginary, thus
[yg is real).
If we combine the four & eigenspinors into two spinors U =U, +U_ and U =U, +U_

i+Tsp
2i

(we can reverse this with projection operators Uy = U, and similarly for the others),

we can then write

W' = L [T (cos 7 + Tpasing) ~ T (cos ~ Toosing)]

1—c

h ; .
X { lsic4a‘;2 Re(e*U) + v/ tanh? v + 4 @2 Re(e‘ﬁU)}

TN

_ ! [To (cosy +Tpesiny) — Ty (cosx —Tygsiny)]

—C

:

{ sechv
1 +40?

+ Vtanh*v+ 40?2 (cos B Uy +sin B TyeU1 ) }, (B.13)

(cos(on+sinaF¢9U1)

where the new spinors are

Up=2Re(U; +U_), Up=2Re (U, +0-), (B.14)

Ui =2Re(Us—-U_), U, =2Re(U.-0_),

where Up = 2ReU, and U; = 2Ty ImU (and similarly with tildes).
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Having found ¥!, ¥2? can be determined from (B.5). The final, Majorana, field ¥? is

1
g2 ﬁf‘*re [To (cos g +Tggsing) — Ty (cosZ —Tpesing)]

X {sechv (cosﬁcUo +sin6¢F¢gUl)

Vtanh?v + 4®2

T (cosBUo+sin3F¢9U1> }, (B.15)

where the new phases are

iv sinhv —ic ; sinhv —ic 1/4 -

= = — tanhv +isechv,
sinhv+ ic sinhv+ ic

o —io(u—v)

e’ =e ,

ezﬁ _ e—za)(u—‘rv)ezarctan(Zcocothv)‘

Mass and Counting

If we analyze the solution W! far from the spike (|v| > 1), we observe that the phases
obey it = —iowu —iwv and i} = —iou+ i®v, which means that the fermionic modes are
massless, @ = k*. Consequently there is no supersymmetry, as we found in Section 3.3 the
corresponding bosonic modes to be massive.

It is also interesting to determine the number of fermionic modes. There are four spinors
U, and U, which are ['yp eigenspinors, and thus have 16 complex components each. These
must also be I'1; eigenspinors, so that W is Weyl, which cuts the number by half. Finally,
from (B.14) we saw that the Majorana spinor depends only on the real part of each of
the original spinors, cutting it in half again. The final counting is 16 complex degrees of
freedom, twice the number for the ones found for the giant magnon [124].

The bosonic modes for the spike were determined by simply by interchanging x < ¢ in
the magnon modes. This means that the number of bosonic modes is the same as for the
magnon case: there are 8 non-zero modes (4 on the sphere and 4 in AdS). Once more, the
fact that there are two fermionic modes for each bosonic mode is more evidence against
supersymmetry.

As we will see below, there are also twice as many fermionic zero modes (8 complex)
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as bosonic ones (4, same as the magnon). Because the non-zero modes are massless, ® =0
is part of the continuum of frequencies, and one can obtain expressions for the zero modes
just by setting @ =0 in (B.13) and (B.15) (which sets a = 8 = 0). But the counting of
fermionic zero modes has to be done more carefully: the zero modes appear to have the
same dependence on ReUs and ReU, as the non-zero modes, suggesting that there are also
16 of them. However, the same argument that happens in the magnon case [142] kills half
of these modes, leaving 8 fermionic zero modes. Below we give the analogous calculation for

the single spike that can be found in [142] for the magnon zero modes.

B.2 Fermionic Zero modes

In this appendix we determine the zero modes for the single spike, following [142]. It will be
shown that from this calculation it is much easier to see why the single spike has twice as
many fermionic modes as the magnon, even though the result is identical to simply setting
® = 0 in the section above.

The zero modes obey d,'¥P! = 0, which simplifies the second-order equation (B.6) to

1 1
Dy Z,+1 )P =0.
YcosO  ycosO

This equation factorizes, making the calculations much easier than the previous case.
The above equation implies that (2, —niycos0) P! =0 with = £1. Pulling the factor
(po— p1) to the left we find:

1
(po—p1) {8v+ EGF(Z)(-) +n i’}/COSB} e'=o.

As for the non-zero modes, we only fix the k-symmetry projection in the end, solving first
for ®' alone. The matrix part of this equation involves only 1 and 'y, which can be

simultaneously diagonalized. The solution is of the form

®'=0,+0_=/f (MU +f (U,
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where the spinors U1 (and so @+) are I'yg eigenvectors, with eigenvalues +i respectively.

All that is left to solve is

{8vﬁ: ;G—l—ni}/cose}fi(v) =0.
The solutions of this equation are pure phase,

vtanhv+isechv,

: L\ 1/4
£ (v) = it where i — [ Simhvic
sinhv —ic

eT%2 = gechv + itanhv.

Comparing these solutions to the giant magnon ones [142], we find that instead of a modu-
lating factor sechu, we get an extra phase €122, In the magnon case, it was this modulating
factor that made one of the solutions normalizable, and allowed Minahan to reject the other
sign of n for producing a solution which diverges at large u. In our case both signs lead
to non-normalizable solutions, and the most general solution is a linear combination of the

n =41 and n = —1 cases:

. 1 i i
lPI = —l(p() —pl) f _Cgeixze TIXZUE

n

(we've introduced a factor of /1 —c for later convenience). Using the identity e=%% = (p —

r)Fi(g—s), we obtain for ¥!:

pl = [Ty (cos x +Tggsiny) — Ty (cosy —Tygsiny)] (sechvUy + tanhvUy)

1—c
where we defined new linear combinations of the arbitrary spinors U} as

Up=—(vI™ +um™") = (vI +um),

Oy =—i (UI" +um") i (U2 +um= ).

The reason for this choice of linear combinations is that the Majorana condition ¥* =¥

now simply requires that Uy and Uy be themselves Majorana spinors (the I-matrices are all
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imaginary, thus I'yg is real).
We can now completely determine W? from (B.5), as an operator acting on ¥!. We then

write:

F*FG

P =
vi+ec

[Fo (cos)Z +Tge sin)Z) Y (COSZ YY) sinf()] (sectho — tanthO)

where as before ¥ = ¢~ +2% and we used the identity (r+is) = +iycos Qe X-2),

Comparing these zero modes with the non-zero modes (B.13) and (B.15), we can easily
see that they are just the @ = 0 case of the non-zero modes (i.e. & = 8 =0). This differs
from the case of the supersymmetric giant magnon, where the zero modes of [142] are
disconnected from the massive non-zero modes of [124].

The counting of modes is now much easier: the four spinors Uﬂ are I'yg-eigenspinors,
having 16 complex components each. As they are also Weyl spinors, i.e. I'jj-eigenspinors,
the number of components is cut in half. Requiring Uy and Uy to be Majorana cuts it in
half again, to 16 components in total. This is the number of components we got from the
non-zero modes, by setting @ = 0, as was expected. But at this stage the giant magnon had
only 8 complex components [142], half of what we found for the single spike. The argument
given below cuts the number of components by another factor of 2 in both cases, leaving

the giant spike with just 8 zero modes, and the giant magnon with 4.

Slow-motion

In [142], we can find the following argument: we regard the spinors Uy and Uy as a moduli
of the solution, and allow them to become time-dependent, d,U # 0. If we plug a zero mode
back into the action we will get zero, but plugging this ‘slowly-moving’ mode needn’t do so.
The zero modes whose related slowly-moving modes give a non-zero action are ‘real’ zero
modes, while the others are pure gauge [245].

When substituting the slowly-moving mode ® =Y F(v)U(u) into the Lagrangian, the

equations of motion force everything except the d, terms to vanish, leaving

Zp = —iy(1-¢)® (po—p1)du®" +i¥(1+¢)® (py +p1)3,0,
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where ® = ®'T, as before. Using the identities 2Io(po = p1) = —(Po £ p1)(Po £ p1) the

Lagrangian becomes

14+c¢

1 _
Cpligw! — inIPZTaL,lPZ.

.iﬂp:i’)/ )

Plugging in ¥/ from above, we obtain

i

LF =

N[

[(Fo —Ty) (sectho + tantho)] f O [(Fo —Ty) (sectho + tantho)]

— %/ [(Ty—Ty) (sechvUy — tanhvUy) ]| "o, [(Ty—Ty) (sechvUy — tanhvUp)] .

Both Uy and Uy always appear acted on by (I'p —I'y). Using Minahan’s words, below (2.32)
of [142], only those modes satisfying (I'o+ Iy )Up and (I'p+I'y)Up contribute. The situation
is identical to the giant magnon in that only half of the modes appearing in ¥/ contribute
(they ‘are real,” meaning true, zero modes). But since there are two constant Majorana—
Weyl spinors Uy and U for the single spike, instead of only one for the giant magnon, there
are twice as many modes: 8 instead of 4 complex degrees of freedom. Summarizing, in the
fermionic sector, for both the non-zero modes and the zero modes we find twice as many

modes as in the giant magnon case.



APPENDIX C

F1iLLINGS AND FERMIONIC POLES

We will now review some properties of the algebraic curve quasi-momenta for AdSs x S°.

These include some explicit calculations of the filling fractions in the bosonic subsector

R x §°, as well as a brief discussion of the fermionic poles in the full superstring theory.

C.1 Properties of fillings of branch cuts

In this appendix we present some properties of the filling functions for R x S, which can be

used to relate them to the relevant Dynkin labels. Using the fact that

A]/Z
87[2 ¢ dpl =

A1/2
87r2 55 xdpi =

A1/2 A|/2
—py(1/x)dx = yg dy
87[?2 ¢ x3 2 / 871721 =1 J p= 1/@/ 2

\/7/-\1/2% ,
yp1 (y)dy;
8”211721 =1/, 1)

A1/2 \/>A1/2 1,
87t2 55 ~py(1/x)d sy Zéﬂ, —py (v)dy

Vo=t Jdty=1/et Y
A1/2
515 XPz

222
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and recalling that the total number of cuts between sheets 1,2, the €|, and €1, =1/ 4,

is given by Ay, then

A1)2 VI A2
;Kl,a = 8712 yg ( > 87r2 35 xp) (x

VI
= 8752 Z¢ p2

A very similar result can be found for cuts between sheets 3,4 (total A3). In the same way
considering now cuts between sheets 2,3, which total Ay (62, and €5, = 1/%2,), we easily

see that

A2/2 f )2 A2/2
—dp, =XLAy?® 1/x)dx = d
87:2 §I§ pr =g L by py (1/x)dx = 87r21b 1%2@ 1/ﬂ{ypl( y)dy,

and consequently

A2/2 A2/2 \/>A2/2 A2/2
Ko = yg < ) dpy = Xdpz - yg ypi (y)dy.
agl “ 871'2 Z 871'2 =1/, 1

Lp=1

Now one should notice that all of the cuts existing in sheet 1 are A; connecting sheets
1,2 and A;/2 connecting 1,4. If we sum over all possible «7-cycles around these cuts, this
is equivalent to integrating over a closed contour at infinity (with all of the singularities
inside) if we add the singularities at x = +1. Then

A/2 v A2/2
§1§ ypl

Kia = () dx— Y2 b xp(x)d
L Kia g2 PP () dx 8n2zb 1 g <P dx
VA A2/2 \//T K

yPl

_ yA dx.
j xm 8n21b 1 T 32 > aF™

872i

For sheet 2 we have A; cuts connecting it to sheet 1, and A;/2 cuts connected to sheet 3:
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a=1 a=1 a
Vi [ VAL
r=r ilxpz()é) y;ypl
VA / A2 VA K VA L2
= — d K —_—
i ooxpz (x) x+a§’] lat+ 872 ilx(x:Fl)2 87[21 P 195 yP1

For sheet 3 we have A3 cuts connecting it to sheet 4, and A, /2 connecting it to sheet 2:

A3)2 A3/2
;K&a = 8712 55 < >dl?3 Tor Zyg xdp3
VA A2/2 VA nK
= - XP3( )dx—i 55 yp3 () dy— = 55 dx.
877 J1 (

872 8m2i =~ xF1)2

Finally, for sheet 4 we have A3 cuts connecting it to sheet 3 and A;/2 connecting sheets 1

and 4, and the relations can be written as the previous ones.

C.2  The behaviour of the quasi-momenta at a fermionic pole

In page 114 we reviewed the behaviour of the monodromy matrix eigenvalues at the points X,
where two eigenvalues corresponding to S° coincide, and found that these points were square
root singularities of the eigenvalues. The same behaviour is expected from points £, where
two eigenvalues corresponding to AdSs coincide. But the eigenvalues of the monodromy
matrix will have a different behaviour at points x] where eigenvalues of opposite gradings
coincide, that is, points at which an eigenvalues of the $° part of the monodromy matrix
e'Px coincides with an eigenvalue of the AdSs part e'”!

The restriction of Q(x) to the subspace of these two eigenvalues then has the form

where the lines above separate the two gradings. One can calculate the eigenvalues of this
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super-matrix to be'
bc
d—a

bc
lea—i'fa, r=d+

d

The parameters a,b,c,d depend analytically on x, but in this case it is the supertrace of

this sub-matrix, f(x) =strI' = a —d, which vanishes at x = x?, that is f(x}) = 0. This is the

denominator present in the eigenvalues ;. The numerator, o = —bc|,_ .. does not need
to be zero, and so we have a simple pole at x =x and obtain f(x) = xf‘i -+ 0 (x—x;). Thus

expanding around the singularity we find

ot = bt =gt (B 1 oxy),

e
X—Xx}

for some coefficient of = —bc. Note that this coefficient is nilpotent, i.e., (¢})? = 0.

I This can be easily seen from the fact that strtT' =9 — =a—d and sdetl":% =4- %, and by recalling

that b,c are Grassmann-odd variables, that is, (bc)? = 0.



APPENDIX D

ON THE CP3 GEOMETRY AND

CONSERVED CHARGES

In this appendix we review some properties of the CP?> geometry, and the constraints that a

string solution living in this space has to obey. We also perform semi-classical quantization

around the vacuum (6.11), are recover the quantity A— 2l 514 as being the Hamiltonian for
the physical excitations.
We finalize by giving a summary of the finite-J expansion of conserved charges for the

several magnon solutions in CP3.

D.1  More about the geometry of CP3

The complex projective space CP? is defined by

where the co-ordinates 7 = z, are called homogeneous co-ordinates, and A is complex. The
identification 7 ~ AZ can be separated in two parts: 7 ~ 7 and 7 ~ €/®Z (for any r,¢ € R).

Then, setting the first one to be |Z|2 =1, we obtain a sphere with one identification
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The isometry group is SU(4), acting in the natural way on Z. The stabilizer group of, for

example, the point z4 = 1 is U(3), thus we can also write

_SU4)
CP3_W.

The standard Fubini—Study metric for this space is, in the infinitesimal form:

5 dzidz  |zidzi)?

dscps = o2 pb
= dsgphere _dyz (D'l)
_ dsﬁat — de -

dy’

p2

where p? = zZ.! In the equation above a’sﬁat = dz;dZ; is the Euclidean metric for C*, and
dsgphere is a metric for §7 in terms of the homogeneous co-ordinates. Instead of fixing p = 1,
we subtract from the sphere the component coming from radial motion (and scale the rest
appropriately). Consequently, we obtain CP? from the sphere §7 by fixing the total phase
y = arg[];z; (this can be understood as subtracting the total phase component from the
sphere). These radial and total phase components are given by
dp = S (zidZi + Zidz;) = 1 Re (Zidz;)
2p p

i 1
dy= 207 (zidzi — Zidzi) = ?Im (zidzi).

We now recall the two forms of the CP?> metric in terms of real angles, and present the
maps between these angles and the homogeneous co-ordinates. These maps can be found

in [217] and [215], up to a relabeling of the z;. For the metric (6.6) (1 is often called y)

1 1 1 z
dsé[,3 =dE? + Zsin22§ (dn + 5cos Y1 do; — 2005192d(p2>

1 1
+7 cos®& (A0 +sin’ O, d@7) + 1 sin? & (d03 +sin® 0> d3)

In some conventions [246,192] the metric has an extra factor of 4, making CP! (6.16) a unit sphere.
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the map was given in the main text (6.5), and it is:

21 = siné cos(th/2) e /2 (/2
2 = cos& cos(V;/2) /2 91/? (D.2)
23 = cos & sin(t /2) &M/2 =91/

24 = sin& sin(19,/2) e "M% ¢7192/2,
For the other set of angular variables (6.7)

1
dsg.ps = du* + Zsinz,ucosz,u [dx+sin2a (dy+cos 6 d¢))]2

1
Fsin? [dozz +sin’a (d62 +5in26 d¢? + cos? o (dy +cos B d¢)2>]
the map can be written as:

21/24 =tany cos o ¢%/?
/74 = tanyl sinc sin(6/2) /2 (V=0)/2 .

23/74 =tan i cos a cos(6/2) e*/? VF0)/2,

The ratios z;/z4 are called inhomogeneous co-ordinates, and cover the patch z4 # 0 with
no identifications [246]. Taking the ranges of the angles (given in the main text, on page
155) into account, the trigonometric functions controlling the amplitudes of these rations
are always positive in both (D.2) and (D.3). Analyzing the phases of the inhomogeneous

co-ordinates of z;/z4 one can confirm that ranges of the remaining angles are correct.

D.2  Strings in homogeneous co-ordinates

It has been seen that it is convenient to use embedding co-ordinates for R"*! to study
bosonic string theory in $", using a constraint for the radius to be 1. This way one avoids
the trigonometric algebra related with angular co-ordinates, and (in AdS/CFT) the cor-

respondence between the R-symmetry generators and the rotations of the space becomes
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natural. We want to do an analogous construction for CP3, by means of the homogeneous
co-ordinates 7. In this case, we will need two constraints: p? =1 and y=0.

Using Lagrange multipliers

We start by re-writing the metric for R x CP? in the form:

S 27
ds? = — (dX°)’ + dzGyydz;  with Gi; = - Zl‘;f

In a conformal time-like gauge (X° = x7), the Polyakov action becomes

2%
:2\/27L/dxdr.$

S= / dxdt o o (D.4)

2.8 = K 4+ 0°Z:Gi;0.Zj + Ny (ZiZi — ) + Ay (Z1 202374 — 212073 74) ,

where Ay € R, since the term in brackets is proportional to 2isiny, thus imaginary. In order
to determine the Euler-Lagrange equations, we first set p = 1, simplifying dG;;/dZ; etc. The
Lagrange multipliers are simply determined from the parallel component of the equations

(i.e. the product of Z; with the equation of motion for Z;), and the result is:
Np =4 (212073 74) Ay = 0:2i0:Z; — 2|2:0: 7" — 0Zi0.Zi+2|Zi0:Zi|”,

where the factor 4 above comes from the number of complex embedding co-ordinates. The
right-hand side of the equation is real, which implies Ay = 0. Using this result, we can write

the equation of motion for Z; as
— 0:(Gij0:Zj) + 04 (GijokZ;) = ZiNp — (20 Z}) 0, Z; + (Z;0Z;) OiZ; . (D.5)
The Virasoro constraints are given by

—K'2—|-(91;Zi G,‘j aTZj—i-axZi Gij aij =0



230
Re (QTZ G,‘j 8ij) =0.

We should expand some more on the fact that Ay =0. Going back to the simple example

of strings on the sphere, if we used a similar metric (in fact exactly dsfphere from (D.1)):

2 .
2$:1+8“Xi8angij+A(X —1), with g,‘j:? p4
then we would also have A =0, even though the equations of motion are the same as the
ones obtained with g;; = &;; (i.e. using ds3,,). In some sense the metric is directly enforcing
the constraint, and the reason we had the other Lagrange multiplier A, # 0 in the CP? case

was because we set p =1 in the beginning of the calculation.

Constraining S’ solutions

In [193] (and others) they set up the problem of finding string solutions on CP3 by first
finding solutions on the sphere §7 € C*, and then demanding that the two Noether charges

from 0y vanish:

4 4
0= C() = ZIm (Z,-&TZ,-) y 0= C] = ZIm (Zl&xZi) .
i=1 i=1

This in fact happens for the RP? solution (6.20) given by [193], and for any solution on
the larger RP? subspace of Section 6.4. Using the co-ordinates w from (6.21), the condition
w3 = ws = 0 which defines this subspace RP? implies Cy = C; =0, and at the same time
reduces the equations of motion (D.5) to those for a sphere S* embedded in (wy,w).

But more general solutions, like the CP' solution (6.18), will solve neither these con-
straints nor the equations of motion for §” C C*. Thus, the above conditions (solution on
§7, and Cp = C; = 0) are certainly not necessary for a solution. Whether they are sufficient

or not is not entirely clear.?

2A similar approach can be done to strings on the sphere. It consists on finding solutions in flat (embed-
ding) space and then reject all of the ones which do not have p = 1. In this sphere case, solving the flat space
equations and having p =1 is a sufficient, not necessary, condition to find a solution.

For example, one can study loops of string rotating in S, where we find one critical speed at which they
are solutions in unconstrained R* as well [113]. But faster and slower motions are possible on the sphere
which are not solutions in R*, such as the extreme cases of a point particle and a stationary hoop.
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In Section 6.4 it was seen that in the subspace RP?, the second term in the definition of
charges J; (6.9) vanishes, leaving just the conserved charge from rotational symmetry of the
z plane one would expect in §7. This term that vanishes is just |Z]|*Co/p*, which does not
vanish for the CP! case (6.18), see footnote 10 on page 161. Instead of the constraint Cy = 0,
the constraint that holds is ¥ ;J; = 0, which follows immediately from the definition of the

charges J; (6.9).

D.3 Fluctuation Hamiltonian for the point particle

Start with the metric for the AdSs factor in the following form

2
1+7 4
2 2 2
dsAdS4 = — <1_72> dt + ﬁd” (D6)
where 7 =r;, i = 1,2,3 are zero at the center of AdS, and t is AdS time (we will be using

worldsheet space and time to be x, 7). For the CP? sector we will use yet other co-ordinates:

nl+€ _nl—¢€
2= (P —= v +iva, y3+iya, € ’ﬁ>, D.7
< 7 Y1 +iy2, y3+iys 7 (D.7)

in terms of which p? =Zzz; = 1+ €2 +7 (where we use the notation * = y;y;). The metric

(6.4) can then be written as

(1+€2)dB?+de* +dy?
1+ €2 +3?
(ede +5-dy)* + (2edPB + yidys — yady) + yadys — yadys)*
(1+€e2+32)

2 _
dscps =

Joining the AdS and the CP? parts of the metric, and dropping R? in (6.3) (it will become

3The convenience of these co-ordinates (as opposed to the angles) is that we can easily identify the charges
Ji in (6.9) with the ones for the magnons in section 6.4 and those for the dual gauge theory in section 6.1.

In order to cover the whole space, these co-ordinates will have to obey B € [0,7] and € € [—1,1). This can
be seen by connecting these co-ordinates with the inhomogeneous ones z;/z4 = eizﬁ(l +¢)/(1—¢) and zp/z4,
23/24 (similar co-ordinates were used in [18]).
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a prefactor in the action) the full metric becomes

1
ds* = stﬁd& +dsgps (D.8)

= (=1 -P)di* +dP + (1 —4e* - §)dB* + de* + dy* +

—

where we have expanded near ¥ =y =0, € = 0 and present only the terms that will be
needed. The point particle travels on the line t =27, B = 7, and perturbations about this

solution are given by:

f=2r+ L7 Fe L7
1 3 1 =

=1 7/13 €= (D.9)
- 1 3
Y= @Y

The perturbations 7 and B will lead to modes which are pure gauge, but are needed for now
to maintain conformal gauge.
In terms of the induced metric },;, the Lagrangian is .Z = % (=0 + 711) and the Virasoro

constraints are Yo+ 711 = 0 and Y = 0. The components we will need are:

Yoo = GuvarX“aer

11/4[ 0:%+20:B|

=[O0

Vi +(0:P)? + (0:8)° + (9:7)” — 47 — 48> -3

[4P3d+aB () + a5 () —i—o(%)

1
o
(where (...) indicates terms that won’t be needed for this calculation) and

i = G[,LvaxX'uava

~2 ~ ~
:le _(alt) +(9)? +(9:B)” + (9:8)” + (9:3)* —I—o(%).

We proceed to define the conserved charges of the string: the charge generated by time



translation, A

A Z\ﬁ/ 0LtV B,¢,y

20T
B2

iS5 \lz
N

o fu2512

and the charge generated by rotation of the z; complex plane, J; 4

Jl_zf/dx

233

d 9 ( arng)
2 _. .
_2x/271/dx Im(Z19:21) _ |21 1 (2:9:2) (D.10)
p p
7 2 _. .
Y / ” Im(z4ffz4) A z,-llr)r;(z,afz,)]'
Using the above co-ordinates (D.7) and mode expansion (D.9), we get
A 1
A:\fz/dx \/I+—a 447 +0(7L]/4) (D.11)
Ji zfz/dx VA + 4149 B — 487~ + (520:51 — y181y2+y481y3—y38ry4)+o(/11/4)}
1
Jy= \fZ/dx VA= AY49, B + 48+ + (520:51 — 51052 + 540453 — y38¢y4)+0(ll/4)]

These charges diverge as A — o, but for the particular linear combination used below, the

o(v/A) terms cancel. The o(A'/*) terms, linear in the fluctuations, can be re-written as

4In the derivation of these charges we treated Z;,...,Z4 as independent fields, even though they are in fact
related through Z ~ AZ, which defines CP3 from C*. We do this before using the parametrization (D.7), in
which we have fixed some of this gauge freedom by writing only six (and not eight) real co-ordinates.
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quadratic o(1) terms using the Virasoro constraint o+ 711 = 0. We finally obtain

i

A
2

2 7 2 3 ~ ~ ~
= { /a’x [(81-?)2 + (8x7)2 LA 4 (875)2 + ((9x§)2 4482+ (8‘;)—)’)2 n ((9)()7)2 +)_;2

=2 2 - ~
<3Z> (‘92’) +(9:B)* + (2:B)? +o(ﬁ)-

The last line of the above expression includes all of the gauge modes, which generate in-
finitesimal reparametrizations, and will be dropped in semiclassical quantization. We are

then left with the Hamiltonian® A — % =2 [ dx o, where®

H =2 [(9:7) + (9F)? +47 + (:8)* + (0:E)* +48% + (9:) + () +57] -

This Hamiltonian describes eight massive modes: the three 7; in AdSy, together with the &
and the four §; in CP3. Note that one of the CP3 modes, &, has acquired the same mass as the
AdS modes 7 [18]. The same list of masses was also found by [217,192,193] in the Penrose
limit, and by [43, 45, 186, 18] when studying modes of spinning strings in the AdS, x S!

subspace.

D.4  Ezxpansions of charges at finite-J for CP3 magnons

When working out finite-J corrections to the various algebraic curve magnons, we expanded
the asymptotic charges in 8, defined by (5.31) Y* = X*(14i8e*?). We used these expansions
to work out the correction 6&’, for example (7.11). Here we give the expansions of these
charges explicitly.

We write all three cases at once, by setting m = 1 for the ‘small’ magnon and m = 2 for

5 is the two-dimensional Hamiltonian that one would obtain from the quadratic part of the fluctuation
Lagrangian .¥ = %(—}/00 +711), by dropping terms linear in time derivative and reversing the signs of the terms
quadratic in the time derivative. But without dropping these 0(/11/4) terms, the (actual) string Hamiltonian
is fixed to zero by the Virasoro constraint Yo+ 711 = 0, condition that we have used to derive J7.

6There are some obvious charges one could add to A — (J1 —J4) /2, still keeping it finite, such as J, and
J3. These would add terms like 7,0:7; — 197, to .
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the ‘pair’ and ‘big’. Thus we always have X* = re*ip/2m.

First, the momentum is p = po+p(1) + 52 +0(53) where

p(1) =mcos(9)
3m
Pp) = ?sm(Zd)).
Next, the angular momentum is J = Jio) +6.J(1) + 521(2) +0(8%), with
1 Po
in (3
2gm
Joy = . [r cos (2—+¢> +cos (2——¢)}

oy =5 sin (52 ~26).

2
Jio) = 28— dgm— ha

Finally, the second angular momentum is Q = Q(g) + 6 Q) + 52Q —1—0(53), where for the

small and pair cases we have

rr—1 Po
=4 . (7m >
Q) gm " sin >

R S IORNGRY)

0= (22 20).

For the big magnon, Q = 0 to this order in 0. We used in the dispersion relation instead
Q. which (as a function of X¥) is the Q from the small magnon. For the purpose of these
expansions (functions of r and p) it is easier to think of this as Q, = %Qpair since the big

and pair cases both have m = 2.
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