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1 Introduction

W-algebras are remarkable algebraic structures introduced first by Zamolodchikov [1]. The
algebra that he was studying was an extension of the Virasoro algebra underlying two-
dimensional conformal field theory by an additional generator of spin 3. Since then there
have been many applications of these algebras in various areas of mathematical physics.
Among the oldest are applications to integrable hierarchies of partial differential equa-
tions [2], matrix integrals [3], topological strings [4] or in the quantum Hall effect [5, 6].

More recently there are two directions of research where W-algebras play a prominent
role. The first one is the AdS3/CFTy duality with higher spin symmetries [7-10]. The
cosmological Einstein gravity in three dimensions can be formulated as a Chern-Simons
theory with the gauge group being two copies of SL(2,R) [11, 12]. Replacing the SL(2,R)
gauge group by SL(N,R) extends the gravity theory to a theory of higher spins. The
algebra of asymptotic symmetries which in the case of Einstein gravity is the Virasoro
algebra [13] is in this case extended to a Wy algebra. These asymptotic symmetry algebras
are interpreted as symmetry algebras of holographic dual two-dimensional conformal field
theories. There have been many extensions of this class of holographic dualities for various
other gauge groups [14, 15] or including supersymmetry [16-22]. Later this program was
extended to stringy holography [23-30]. In this series of papers the authors found an
explicit holographic duality involving string theory on AdSs x S3 x T* at special point in
the moduli space where both sides of the duality have tractable description.

Another area where W-algebras show up are 4-dimensional N' = 2 supersymmetric field
theories in connection with their BPS states. The AGT correspondence [31, 32] relates the
instanton partition functions of 4d supersymmetric gauge theories [33, 34] with SU(V)
gauge group to two-dimensional conformal blocks with Wy symmetry. Geometrically W-
algebras act on equivariant cohomology of instanton moduli spaces [35-39]. W-algebras
can be also seen as a subsector of local fields of superconformal field theories in 4 and
6 dimensions [40, 41] whose traces can in turn be seen also holographically [42, 43] in
compactifications of 11-dimensional supergravity. The index calculations in [44, 45] link
Wh-algebra characters to wall-crossing formulas [46, 47]. Last but not least, WW-algebras
do not only act on equivariant cohomology of instanton moduli spaces but also on moduli
spaces of Higgs bundles [48] which again are tightly connected with the N' = 2 quantum
field theories [49].

There is an interesting two-parametric family of W-algebras W+, which is generated
by fields of dimension 1,2, 3, ... [50-52]. For special values of parameters its quotients are
Wy algebras associated to Ay series of simple Lie algebras. It also contains two-parametric
family of even spin Weyoo whose quotients are orthosymplectic W-algebras associated By,
Cx and Dy, series [15, 53]. The Wi family admits a completely different description as
Yangian of g/[(T), an associative algebra given by generators and relations [54-56]. The map
between the two pictures is non-local from VOA point of view and manifests integrability
on the Yangian side. Although the map is known explicitly at the level of generators [57],
there is a more conceptual understanding of the transformation using the Maulik-Okounkov
instanton R-matrix [36, 58]. The aim of this article is to discuss this explicitly.



The central object linking the Yangian and W-algebra is the Miura transformation
(GL(n)-oper) [59-62]. From W-algebra point of view it provides a free field representation
of the algebra. The Miura transformation shows that one can think of Wy-algebra as
being a quantization of the space of N-th order differential operators.! The specific free
field embedding of Wy in the Fock space of N free bosons depends on the ordering of
the free fields. The observation of Maulik and Okounkov is that the Fock space operator
intertwining one embedding with the another one satisfies the Yang-Baxter equation [36].
Knowing this, we can apply the machinery of algebraic Bethe ansatz [65-67] to study this
algebra. In particular, the generators and relations given by Arbesfeld, Schiffmann and
Tsymbaliuk should follow from the Yang-Baxter equation with Maulik-Okounkov instanton
R-matrix.

Currently the expressions for the instanton R-matrix in the bosonic case are known
explicitly to first few orders in the large spectral parameter expansion [68]. There is also a
fermionic expression for R-matrix given in [58] which is however rather complicated. The
aim of this work is to derive another expression for R-matrix, study the resulting relations
in the Yangian algebra and compare it to Arbesfeld-Schiffmann-Tsymbaliuk presentation.
Actually, what we find is a formula for R-matrix where each of the representation spaces
is a Fock space, but these representations are inequivalent representations of Wiis. In
this case, we can use the expressions for higher Jack Hamiltonians found by Nazarov and
Sklyanin [69, 70] to write a closed-form formula for the R-matrix.

Overview. Let us now summarize in more detail the content of this article.

In section 2 we review the free field representations of Wi . In particular, there
are three inequivalent representations in Fock space of a single boson associated to three
parameters exchanged by the triality symmetry. The corresponding Miura factors were
introduced already in [71], but here we rewrite them in compact form (2.12) as suggested
by A. Litvinov. We study in detail conformal transformation properties of Miura operators.
Written in terms of a differential operator, the resulting expression (2.32) agrees with the
classical case considered in [2]. The expression (2.38) generalizes it to the case of pseudo-
differential operator where the elementary Miura factors are of different type.

The next section introduce the R-matrix following [36, 68]. We study the R-matrix
not only in the case where both of the representation spaces on which R acts are the same
representation, but also R-matrices of a mixed type where both spaces are still Fock spaces
but associated to different asymptotic directions in W o, parameter space. Next, we show
how to evaluate matrix elements of Fock-space R-matrix from its definition, without using
any expansion in large spectral parameter. Finally, following the logic of algebraic Bethe
ansatz, we consider three special matrix elements of R-matrix acting between auxiliary
Fock space and an arbitrary quantum space. These matrix elements will play the role of
Arbesfeld-Schiffmann-Tsymbaliuk Hamiltonians and raising and lowering operators. Using
the Yang-Baxter equation we derive some relations satisfied by these operators.

Next, in section 4 we consider a special case where the quantum space is a single free
boson. We find that the generating function of Hamiltonians is diagonalized by Jack poly-

! An analytic continuation of this to pseudo-differential operators and Wa, is considered in (63, 64].



nomials. Interesting Hamiltonians acting on Jack polynomials were studied by Nazarov
and Sklyanin [69, 70] and we use their expressions for Hamiltonians to reconstruct the full
mixed R-matrix (4.22). We next turn to ladder operators and comparing them to ladder
operators studied in [57] we find a candidate for a map between these (4.34), (4.35), (4.40).
We conclude the section by mentioning a nice determinantal formula for another set of com-
muting Hamiltonians found by Nazarov and Sklyanin. In combination with the fermionic
expression for R-matrix these give a quantum analogue of Szeg6 formula.

In section 5 we derive another formula for the mixed R-matrix. We start by fermionic
representation of the commuting Hamiltonians for a special choice of parameters of Wi .
To find a formula for any value of W1, parameters, we use the result of Nazarov-Sklyanin
that in the bosonic picture the deformation of parameters can be achieved purely by rescal-
ing the normalization of Fock oscillators once the operators are written in a normal ordered
form. On the other hand, after we bosonize the fermionic fields, the resulting vertex op-
erators can be brought to a normal ordered form in a well-known way by Wick theorem.
In section 6 we test some of the relations between the Yangian generators and the corre-
sponding relations of Arbesfeld-Schiffmann-Tsymbaliuk.

In the final section we interpret the elementary Miura factor as being a transfer ma-
trix in Fock representation and in representation by differential operators acting on CFT
worldsheet. In the case of a cylinder, we find Hamiltonians of Calogero-Sutherland model
together with ladder operators satisfying the Yangian commutation relations. Geometri-
cally, we consider correlation functions with n insertions of Miura operators on cylinder
and a special in and out state at plus and minus infinity. Each choice of in and out states
corresponds to one matrix element of the R-matrix which is a differential operator acting
on the space of positions of Miura insertions (i.e. the moduli space of a cylinder with n
punctures). The Yangian algebra encodes the Ward identities for this class of correlation
functions as we vary the in and out states. Choosing just a one insertion leads to a vector
representation of Wi, which is the simplest known representation of the algebra [56].
Although we have not studied what happens for higher genus surfaces (where one would
need to understand how the handle insertion interacts with the R-matrix), it is nice to see
that n-point functions of the elementary Miura factor on torus reproduce the Hamiltonians
of elliptic Calogero-Moser systems [72].

2 Miura transformation

One of the possible ways of defining Wy algebras is starting from their free field represen-
tation [59, 60, 73]. We first consider N free 1(1) currents J;(z) with OPE

9j
2

Jj(2) Ik (w) ~ G-w)?

and define an operator

L(2) = (a0d + J1(2))(@0d + J2(2)) -~ (apd + In(2)) = 3 Un(=)(a0d)VF. (2.2)



This operator will play a central role in the following. Here oy is a free parameter which will
be later related to the central charge of the algebra. The non-trivial fact is that expressing
the local fields U;(2) in terms of the free currents Ji(z) as in (2.2), the fields U; themselves
generate a closed algebra under operator product expansions. This algebra is by definition
u(1)xWn = Yo 0,n. The currents U;(z) do not transform as primary fields under conformal
transformations, but perhaps surprisingly their operator product expansions have purely
quadratic non-linearity [60, 73]. This is one of signs of the connection to integrability,
where the algebras with quadratic non-linearity appear naturally.

We can split the N free bosons in (2.2) into two groups of N; and Ny bosons. Multi-
plying two Miura operators associated to N1 and No bosons and passing the derivatives to
the right, we find a coproduct in W4~ which embeds [73]

Y0,0,N1+N> C Yo,0,8, X Vo,0,N - (2.3)

This fusion operation fixes the value of oy parameter, i.e. the ratios of A\; parameters intro-
duced later stay the same and the vector (A1, A2, A3) is thus additive under the fusion [73].

Another important point to mention is that the way Wy is embedded in the Heisen-
berg algebra of creation and annihilation operators associated to the bosonic Fock space
depends on the ordering of free fields in (2.2). It was noticed in [36, 68] that the inter-
twining operator between different embeddings satisfies Yang-Baxter equation. The aim
of this work is to study this R-matrix and use it to connect W-algebras to their Yangian
description [35, 55-57].

2.1 Other triality frames

In [50-52] a two-parametric family of algebras called W, was studied which interpolates
between all the Wy algebras. Unlike the linear versions of Wy, constructed in [74, 75], this
two-parametric family has all Wy algebras with an arbitrary value of the central charge
as its truncations. It is generated by fields of spin 2,3,... (with one generator of every
spin). A very surprising property found by [51] was the triality symmetry of the algebra:
parametrizing Wx in terms of the central charge ¢ and the rank-like parameter A, for each
value of ¢ there are generically three values of A which give the same structure constants.
This has important consequences for the representation theory of the algebra and points
towards to the connection to topological strings and affine Yangian picture [57, 73].

To make the triality symmetry manifest, it is useful to parametrize the algebra in
terms of three values ;. They are related by the equation

1 1 1
—+—+—=0. 24
)\1+/\2+)\3 0 (24)

Furthermore, the central charge of the stress-energy tensor of Wy, is parametrized as [73]
Cc = ()\1 — 1)()\2 — 1)()\3 — 1). (2.5)
The relation between these and the parameters ag and N appearing in (2.2) is

A3 =N (2.6)



and
c=(N—-1)(1-N(N+1)ad). (2.7)

Note that this choice of the identification of parameters manifestly breaks the triality
symmetry, i.e. the Miura transformation (2.2) is written with the choice of 3rd direction
as the preferred one. From the triality symmetry we expect that there should be also free
field representations corresponding to integer values of A\; or Ao. That this is indeed the
case was verified in [71].

The truncations of Wiio to Yoon = U(1) x Wy are not the only possible trunca-
tions of the algebra. By studying singular vectors of the vacuum representation [73] and
independently from the gauge theory construction [76, 77] it was understood that we have
a family of truncations Yy, n, n, parametrized by three non-negative integers N1, N2 and
N3. If the A\-parameters of Wi, satisfy the constraint

N1 Ny Ns

Nt n o, b (2.8)
there appears a singular vector in the vacuum representation at level (N1+1)(Na+1)(N3+1)
and the whole infinitely-generated W, can be truncated to a subalgebra generated by
fields of spin 1,2, ..., (N;+1)(Na+1)(N3+1)—1.2 There is a nice combinatorial description
of the truncation in terms of plane partitions (box-counting) which is discussed in [76, 77].
The free field representation of Y, n, n, was constructed in [71]. The idea is to
consider a simple modification of (2.2) where we generalize the elementary factor

£O)(2) = apd + JO(2) = ¢ 75V (q0)ems V@) . (2.9)

associated to the third direction and to Vp,1 algebra by finding an analogous factors £
and £2). The only tricky point is that the quadratic basis of U; fields introduced in (2.2)
are also associated to the 3rd direction so if we try to find an expression for Vi 90 or Vo 1,0
generators in terms of U; fields, there will be an infinite number of non-trivial U; fields.
Related to this, the leading power (order) of the differential operator £ in this basis is Ag
which does not take a positive integral value for V1 00 or Vo 1,0 so instead of a differential
operator we have to consider a formal pseudo-differential operator. With this in mind, we
can write [71]

L£0(z) = (a0d) ™ + 3 U0 (2)(pd) ™ (2.10)
k=1

with

j—1 J k—1 my,
r) _ khg 1 h; k—1 7(r)
u” =] (1 ; ) > 11 —rn ((k_ 1)!3 J . (211)

k=1 T m1+2m2+“.+jmj:j k=1

2If one of Nj is zero, this is the lowest level singular vector that appears for generic values of the central
charge. If all N; are positive, due to (2.4) there is a singular vector at lower level in the vacuum module.
If two of N; parameters vanish, the algebra is freely generated.



By an observation of A. Litvinov, this can be also written in terms of free boson normal
ordering as

L5 (2) = ¢ Fr i ><Z)(aoa) P AON (2.12)

hi
i.e. as pseudo-differential operator 0"s dressed by a free boson vertex operator. The free
bosons are normalized as

() ().7(7%) foy 9
J: J ~ — . 2.13
with J(z) = i0¢(z) and the Yangian parameters are introduced via [57]
hihah
) = — Yofahahs, (2.14)
h;

Having found these three basic free field representations, a free field representation of an
arbitrary YV, n, n; can be obtained by taking Ny + Nz + N3 free bosons normalized as
in (2.13) and multiplying the corresponding simple Miura factors (2.10).

As already mentioned, the way Vn, n, n, is embedded in the bosonic Fock space (more
precisely in the associated Heisenberg algebra) depends on the choice of ordering of basic
Miura factors. Since these different choices of the order are equivalent, there should be
a Fock space operator that intertwines between these embeddings. For an elementary
permutation of two neighboring Miura factors this will be the R-matrix that is the main
subject of this article.

2.2 Conformal transformations

In the following, it will be useful to understand how the fields appearing in the Miura
transformation transform under conformal transformations. Let’s first focus on the case of
Yo,o,n algebras with Miura transformation (2.2). The algebra W1 has a unique stress-
energy tensor with respect to which the spin 1 current is a primary of dimension 1. The
formula for this stress-energy tensor is

(N_Ql)"‘oau1 () + %(U1U1)(Z)- (2.15)

Stress-energy tensor as generator of conformal transformations. One of the im-

T(2) = T1100(2) = —Us(z) +

portant roles played by T'(z) is that it is a generator of the conformal transformations.
Consider an infinitesimal conformal transformation

2= Z=z+e(z) +0O(?). (2.16)

Under this transformation, the fields transform such that

3(3) — 6(3) = — f I )T (w)d(2) + O(E). (2.17)
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As an example, consider a primary field ¢(z) of dimension h. Being primary of weight h
means that under conformal transformations it transforms as

~\ —h
o) > i) = () ol (2.18)



For an infinitesimal transformation, we find

$(2) — ¢(2) = —he'(2)p(2) — e(2)¢(2) + ... (2.19)
which is indeed equal to

27

dw
- § e T(w)o(:) (2.20)
if we use the OPE of the stress-energy tensor primary field ¢(w)

ho(w) , 9(w)

(z—w)?  z—w

T(2)é(w) ~ + reg. (2.21)

More complicated transformation properties. Not all the fields transform as simply
as the primary fields. Let us consider two examples of fields that transform in more
complicated way. First is the most well-known transformation property of the stress-energy
tensor itself. Due to OPE

c/2 - 2T(w)2 n oT (w)

T(2)T(w) ~ (2.22)

(z —w) (z —w) z—w
which has an anomalous quartic term proportional to the central charge, the transformation

of T'(z) is

N AN ¢ (dz\ 2|/ a2\ (dz\T" 3 (d22\® [dz\ 7
076 -(Z) 10-5 (%) [(dzs) (2) —3(=) (%) ] '
(2.23)
The second term on the right-hand side is the anomalous term coming from the quartic
pole of OPE of T'(z) with itself. It is proportional to the Schwarzian derivative of the
function Z(z).

Another example is the #(1) current J(z) with the OPE

20 N J(w) +(9J(w)'

T(z)J(w) ~ 3 5

(2.24)

(z —w) (z —w) z—w

The linear and quadratic poles are just those of ordinary spin 1 primary, but the cubic pole
is responsible for the anomalous transformation property

J(2) = J(3) = <flz> ") —a CZ) - (ZZ) | (2.25)

In a conformal field theory with a spin 1 primary current J(z) we can deform the stress-
energy tensor by redefining T — T'— ad.J. The new Feigin-Fuchs stress-energy tensor still
satisfies the OPE (2.22) (with modified value of the central charge) but the field J(z) is no
longer primary and has exactly the anomalous transformation (2.25).



Transformation of Uj fields. Let us now return to the Miura transformation (2.2). As
already mentioned, the fields U; do not transform as primary fields under the conformal
transformations. The stress-energy tensor T'(z) = T1400(2) takes the form

(N —1ag

B 6U1(z) + %(UlUl)(Z)o (2.26)

TlJroo(Z) = _UQ(Z) +

The operator product expansions of 714+, with U; has non-trivial poles of order up to j+2,
but their coefficients are proportional to Uy(w) with an exception of the linear pole which
equals OU;. This means that the conformal transformations of U; fields form a triangular
matrix which mixes U; fields with Uy, k < j. As an illustration, for dimension 2 field Us
we find

Uy(3) = <gi)2 Uy (z) — <N21)a0 (gZ) (gj) - U (2) (2.27)
g ()| () (2) -3 () () ]

One can deduce this from the conformal transformation property of U; which is primary

of spin 1 and of the stress-energy tensor itself. An alternative way is to verify that this
expression behaves well under the composition of conformal transformations and that in-
finitesimally it agrees with the OPE with 77 .

We could proceed analogously for higher U; fields, but it is easier to find first how
the free boson fields transform under the conformal transformations. In terms of J; fields
of (2.2), the stress-energy tensor is

[\3\*i

T1+oo

N N
—- -3 %ZN+1—2] aJ;(2). (2.28)
7=1

7=1
The OPE with J; field is thus

ao(N +1—2j) n Jj(w) . 9Jj(w)

T1+OO(Z)JJ'(w) ~ (z —w)3 (z —w)? Z—w

(2.29)

which means that under the conformal transformations J;(z) transform as

Ji(3) = (EZ) B Ji(z) + & +21 —2)) (ZZ) (f;j) . (2.30)

Let us emphasize that this anomalous OPE depends on the ordering of J; fields in the

definition of the Miura transformation (which is in contrast with U; fields whose trans-
formation properties are governed by W, algebra). This is because the expression for
T4 0 itself depends via Feigin-Fuchs background charge term on the way we ordered the
free boson fields.



For our fixed ordering (where J; appears on the left), the elementary Miura factor

transforms as

a0 + Jj(2) —apds + J;(2)
_(dz\
- \dz
_(dz\
 \dz

Multiplying these elementary factors, we see that the intermediate Jacobian factors cancel

ao(N +1—25) [dz\ ' [d?2
Oéoaz+Jj(Z)+ 0( 2 ]) <dz) (dzz)]

1_N+1-2j N+1-2j5
2 z 2

(00, + J;(2)] CZ) . (2.31)

out and the total Miura £(z) has a nice transformation property

N—-1

£(2) = £(5) = Clé) o £(2) <Zi> o (2.32)

This agrees with [2] where the authors study the classical transformation properties of the
Wy generators. What we see now is that these transformation properties at the level of
L(z) are not modified in the quantum version of the algebra.

Another thing to be emphasized at this point is that the transformation of £(z) or
Uj(z) fields does not depend on the choice of ordering of the free fields. If we ordered the J;
fields in a different way, the expression for 774 in terms of .JJ; would be modified in such a
way that the full £(z) would still transform in the same way for all orderings. This is simply
a consequence of the already mentioned fact that the transformation properties of U; fields
which determine that of £(z) are independent of the particular free field representation.

Transformation of £ for any type of bosons. Let us now generalize the previous
discussion to the case where the free bosons are not necessarily of the 3rd type, i.e. to the
case of Vn, n,,N,. Consider the ordering

L(z) =L )5 (2). .. L5 () (2.33)

where n = Ny + Na + N3. Ny is the number of j for which 7; = 1 etc. The stress energy
tensor T14+00(2) in terms of free fields J;Tj )(z) is given by [71]

1 n
Tioo(2) = —3 Z Ihahs 1) Zhﬁ DJy (2 Zhﬁ DTy (2 (2.34)

i ]<k ]>k

which reduces to the previous expression if all 7; = 3. The dependence on h; parameters is
also consistent with the scaling symmetry of Wi discussed in [57]. OPE of T4 with
Jj is easy to evaluate:

e (Sios o = Fkcibn) 1w osw)

T1too(2) Jj(w) ~ hihahs (z—w) (z—w)? z—w

(2.35)

,10,



This means that under the conformal transformations the currents .J; transform as

e R el e

Using this, we can verify that the individual Miura factors transform as

1,1 hrp 1 by, 11 hrp 1 hry
_ o dz\ T2t2 k< Ry T2 kx5 Ry A3\ 272 2k<i Ty T3 2k Ry
£§ .7)(2) _>£;_ ])(2) _ ( Z) 3 3 £(2) ( z) 3 3 .

dz dz
(2.37)
Multiplying these out, we find for the total Miura operator
11 hry, 11 hry,
. EANERER Y AR e
L L(Z)=|— L — 2.38
0~ £6) = (%) & (%) (2.38)

which generalizes (2.32) to the case of Yy, Ny Ny

3 R-matrix

We saw that the free field representation of YV, n, n; obtained from the Miura transfor-
mation depends on the way in which we order the free bosons. Any permutation of free
bosons can be obtained by composing the elementary transpositions of neighboring factors
so we can focus on these. We define R-matrix R; ;i1 to be the intertwiner between the
free field representations which differ by the order of two neighboring free fields:

R LD ()L70() = L7270 L D R (3.1)

The operator R ;41 defined in this way acts only on Fock spaces F; and Fjy1, i.e. it is a
linear map

Rjj+1:Fj @ Fjp1 — Fj @ Fjta. (3.2)

R-matrix for two bosons of third type. The simplest situation is if we consider two
Miura operators of 3rd type. In this case the equation (3.1) reads

RED (000 + J1(2)) (00 + J2(2)) = (000 + Jo(2)) (000 + J1(2))REY (3.3)

or

RED [a20% + (J1(2) + Ja(2))a0d + (1J2)(2) + ao(012)(2)] =
= [a20° + (J1(2) + J2(2)) 00 + (J1J2)(2) + a0 (0T1)(2) RS . (3.4)

Comparing the terms of different powers of 0, we see that

R [N1(2) + o(2)] = [Ji(2) + Jo(2)] REY (3.5)
RED [(102)(2) + 0002 (2)] = [(J1.]2)(2) + agdJ1 (2)] RED. . (3.6)

— 11 —



The first of these equations implies that Ris commutes with the total current J; + Js.
For this reason, it is useful to rewrite these equations in terms of orthogonal combinations
Jy = Ji+Jyand J_ = hg(J1—J2). Commutativity with Jy implies that Ry is constructed
from mode operators of J_ only and furthermore that it needs to satisfy

R [ 70 - -8 a7 o] = [ g0+ -2 01 | . @1
12 h1h2h3 h1h2h3 12
Here J_(z) is a current which satisfies OPE
2h3 1 20 1

J_(2)J_(w) ~ (3.8)

 hihohs (z — w)? - Mo(z—w)?
Note that the requirement (3.7) is closely related to Liouville reflection operator [68, 78].

R-matrix for two bosons of 1st and 2nd type. The situation with bosons of first
or second type is analogous, but now the operator £(7)(z) (7 = 1,2) is pseudo-differential
operator with infinite number of derivatives so it would seem that we get more constraints
on R("™). But it turns out (as we expect from the triality symmetry of the three bosonic
representations as well as from the fact that with two bosons we are still studying Virasoro
algebra) that there are again only two independent conditions. Introducing again currents
J+, the definition of R("™) reduces to equations

R (2) = Jo ()R (3.9)
3 3
R (U 06) = o 000 | = U006 + 3 5 06| R (310
where
3
J ()] (w) ~ 201 (3.11)

_h1h2h3 (Z — w)2 '
These take exactly the same form as the equations for R33). Note that the Miura transfor-
mation was defined in a way which is not symmetric with respect to the three directions,
but the definitions of Fock space R-matrices that we found are completely symmetric.

3.1 R-matrices of the mixed type

We can also consider what happens if we exchange the two bosons of different types.

Consider for example
R L) LP () = £ ()M (2R, (3.12)

We get a set of equations by comparing the coefficients of various derivatives. The leading
order equation is

R I + 1) (2) = (I + I ()RS (3.13)

SO Rglf) commutes with all mode operators of J; = Jl(l) + J2(2). The linear combination of
Jl(l) and JQ(Q) orthogonal to J4 is this time

J_(2) = had WM (2) — b JP(2) (3.14)

— 12 —



and it has OPE with itself

1
The coefficient of the subleading power of 9 in (3.12) is
(12) o (12)
R [(J_J_)(2) + ()] = [(J-J_)(2) — DI ()] RUD. (3.16)

Unlike in the case of R™7 where the associated algebra was Y2, i.e. u(1) x Yir, now
the algebra obtained from Miura transformation is of the type Vijg, i.e. (1) times the
parafermion algebra. The parafermion algebra is not generated by the stress-energy tensor
alone, so by looking at coefficients of lower derivatives in (3.12) we find other conditions like

R (AT (J_T_)) +6(T_J_) + %] = [4(J_(J_J_)) — 6(dJ_J_) + &*J_| Ry
(3.17)

at dimension 3 or

RUED [B(T_(J_(J_J_))) + 6(0T_(J_J_)) +3(0J_0J_) + 6(8*J_J_) +20°T ] =
= BT (J_(J_J_))) = 6(dJ_(J_J_)) +3(8J_0J_) +6(0%T_J ) —20°J_ | Ry (3.18)

at dimension 4. We can find higher order relations either by studying coefficients of lower
derivatives in (3.12) or by studying the operator product expansions of relations that we
already found. Since the primaries of dimension 4 and higher in )19 appear in the OPE
of spin 3 field with itself, the higher order equations for R-matrix will be satisfied if they
are satisfied for the fields of spin 1, 2 and 3.

3.2 Mode expansions

Let us now study the mode expansions of (3.10) and (3.16). First of all, notice that all of
these equations can be compactly written as

RIT-J-)(=) + p0J—(2)] = [(J-J_)(2) = pdJ ()] R (3.19)
with normalization
p
J_(2)J-(w) G w)? (3.20)
where p takes the value
p= _w (3.21)
03
for R™ and o3 = hihohs. Note that the field
1
S (J_J2)(2) I (2) (3.22)

2p

satisfies OPE of stress-energy tensor with the central charge ¢ =1 — 3p.
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Complex plane. Let us consider the mode expansion on the complex plane. We have

A5 m,
Ji(z) =) ZﬂQH. (3.23)
JEZ

The operator product expansion of Jj(z) with itself can be translated to commutation
relations

he
— 2 Omtn.00; 3.24

and analogously for modes of J4. Note that the zero modes a;o are central, i.e. commute

[@j.ms Qkn] =

with any other mode operator. The mode expansion of (3.19) is

R Z caga, o0 —p(m+ 1)(1;1] = [Z raga o +p(m41a, | R. (3.25)
kEZ kEZ

Cylinder. In the existing literature [68], the mode expansions are usually done on the
cylinder which is related to the complex plane by the exponential mapping. Denoting the
cylinder coordinate by Z, the map is

z=¢€". (3.26)

We must remember that as discussed in section 2.2, under conformal transformations J_(z)
does not transform as a primary field, but instead has an anomalous transformation

J_(3) = (ﬁ) - J_(2) +g (;f) - <ZZ§) . (3.27)

In terms of modes, this means

J(2)= ae™ - g. (3.28)
kEZ

This is a usual mode expansion of free boson on the cylinder, apart from the fact that the
zero mode is shifted by a constant,

g. (3.29)

aa(cyl) aa(pl) N

Using this in equation (3.25), we can write an analogous formula on the cylinder,

R Z : al;(cyl)ar_nfk(cyl) : _pma;l(cyl)] = [Z : al;(cyl)a;@fk(cyl) : +'0mar_n(cyl) R (330)
keZ kEZ

which is the form used in [68]. Note that both of the sides of this equation come from free
bosons considered in different ordering, so the conformal transformation acts differently on
expression in the bracket on the left-hand side and on the right-hand side. But conjugation
by R that appears in this equation exactly compensates for this, i.e. conjugation of operator
implementing the conformal transformation in one ordering by R changes it into conformal
transformation in the other ordering. In other words, the matrix R intertwines between
two different actions of conformal transformations on a(_cyl) on Lh.s. and r.h.s..

— 14 —



Because the effect of (3.29) is just a shift of a zero mode by a constant, it is easy to go
between equations for R-matrix derived on a cylinder to equations on a complex plane. In
the rest of this paper we will mostly work on a cylinder and drop the (cyl) subscript and
the tilde to ease the notation.

The equation (3.30) could have been obtained by directly taking the mode expansion of
equation (3.19) on the cylinder. The independence of the Fock R-matrix on the conformal
frame is a consequence of the transformation property (2.38) of Miura operator under
conformal transformations.

In the case of R-matrix of mixed type, we should consider not only spin 2 defining
relation (3.30) but also spin 3 relation. On cylinder, this requires

R, 4a8 — ag + 24ag Z ra_pag + 12 Z (a_ja,kajurk + a,j,kajak) =0 (3.31)
k>0 7,k>0

for mode number zero and

R |4 Z ajaay —62]’ LA +(m? = Day,
Jj+k+l=m J

= |4 Z L ajapap —{—62]’ L ajam—j: +(m? — Dan | R (3.32)
Jj+k+l=m J
for m # 0. An easy way to find these mode expansions is to start in the plane and
use (3.29) to transform to cylinder. As consistency check, it is also easy to verify that the
mode expansions (3.32) are those of spin 3 primary field so it is enough to verify that the
zero mode transforms correctly under the conjugation by R-matrix.

3.3 Expansion of R at large spectral parameter

In [68] an expansion of (3.30) at infinite value of the central element Qg (eyry Was studied.
In the rest of this section, we will write simply a,, instead of a;L(Cyl). The R-matrix has to
satisfy

/ /
R [Z A1 + 200, — pmam] = [Z A1 + 2a0am, + pmam] R (3.33)
keZ keZ

for m # 0 where >_" means that we leave out the terms which contain the zero mode ao.
For m = 0 we have

R, (3.34)

2
a
R [Z a_pap + 50

k>0

= [Za kak-i-a*%
B 2

k>0

i.e. R must preserve the Fock level. For large values of ag the p-dependence drops out so
we can look for expansion

R =RY +a;'RY +a;?R® + ... (3.35)
with R(©) = 1. The jth order equation we have to solve is

!/
RUTD, M akamk] (3.36)

keZ

2 [R(ﬁ,am] — pm {RU—l),am} _
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which for j = 1 simplifies to
[R(l),am} = pMmay,. (3.37)

The constant term is not determined by this equation, so that we can fix it so that R
annihilates the highest weight state. Under this condition we find

RY = -3 "a_sa. (3.38)
k>0
At next order, we have
/
2 [R(Q),am} = pm {R(l),am} — [R(l), Z akamk] ) (3.39)
keZ
The solution of this equation annihilating the highest weight state is
1 1
R® = 5 Y (e ji-pajaj, +ajajai45)+ QR(I)R(I)- (3.40)
J1,52>0

Perhaps surprisingly, R® is equal to a zero mode of a local field plus a quadratic term in
R which is not a zero mode of a density, but can be eliminated by taking a logarithm of
R. For this reason, it is convenient following [68] to parametrize R as

R =exp |agtrM +ag?r® a5 4. | (3.41)

Even at higher orders, r?) will be zero modes of local densities of the current J_(2) —ao
(we are still working on cylinder). At third order, we find

RO® — ) 4 %Tmr(nrm n %T(mr(z) n %r@)r(l) (3.42)
with
1
r® = 3 Z (a*jlszfjsajlahajs + a*jla*j2a*jsaj1+jz+j3) (3.43)
J1,j2,§3>0
1 p plp+1) .
3 Y. ajajana + B Y a—jaj - 13 > ifasjay. (3.44)
Jitje=k1+ke J>0 >0

The fourth and fifth order expressions are given in the appendix A. Unlike the expansion
coefficients of the R-matrix itself, the coefficients in expansion of its logarithm can always
be expressed at zero modes of local fields. We have

P = _%(J_J_)O (3.45)
P2 — %(J,(J,J,))o (3.46)
1 = LT+ Lo+ P2 o ar,  san)

where we always leave out the zero mode.?

3A. Litvinov considered the expansion of the logarithm of R-matrix to order =% and all the terms
appearing there are zero modes of local currents.
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Expressions for R. As was already discussed, we looked for the large spectral parameter
expansion of the logarithm of R-matrix which leads to expressions involving zero modes of
local fields. But in the following it will also be useful to have expressions for the expansion
coefficients of R-matrix itself. We will write them in the normal-ordered form which will
be convenient later. The first coefficient #(!) is unchanged. For the second one we have

1 1 1
R® =@ 4 57”(1)2 D) Z (a—j_rajar +a_ja_pajir) + 5 Z a_jaja_gag
7,k>0 7,k>0
1 P .
= 5 Z (a,j,kajak +a_ja_pajip+ a_ja_pajay) + 5 Z]a_jaj (3.48)
§,k>0 §>0
1 1 p—1 .
= 5 Z (a_j_k + a_ja_k)(a]urk + ajak) + 5 Za_jaj + T Z]a_jaj.
J:k>0 7>0 j>0
and for the third
R = —= Z a_j0_pa_1a;apa; — g Z (a_ja,ka,la]quﬂ + a,j,k,lajakal)
Jsk, >0 7,k,0>0
1 1
— = (a—ja_pa_jaj1pa; + a_j_pa_ja;apa;) — 3 Z a_ja_paiam
7,k (>0 jHk=l+m
p . P .
~ 2 > (G +k)aja_gajay — 3 > (G +E)aja_kajip +a_jrajap)  (3.49)
4,k>0 §,k>0
p P(L+3p) — 2
=+ 12 Za,jaj BT Z] a_ja;.

7>0 7>0

We see that the expression for R are more complicated than those for r() at the same
order of the expansion. There are also very few cancellations when going from () to
RY) so indeed taking the logarithm simplifies the large spectral parameter expansion of R
considerably. But for p = 1 these expansion coefficients for R factorize up to a combination
of lower order terms. We have for example

1
3
R( ) = _6 E (a_ja_ka_l +a_jkat+a_jjap+a_pja—;+ 2a_j_k_l)><
Jik, >0
x (ajara; + ajyxar + ajp1ax + ap a5 + 2054 541)

1
- g (a—ja_p +a_j_i)(ajar + ajir) — 1 E a_ja; (3.50)
7,k>0 7>0

p—1 : p—1 :
— > G+ k)aja_raja — —— 2 Ut k)(a—ja—rajir + a—j-kajar)
7,k>0 7,k>0

~1
+ % > [1-Bo+4)5% aja
Jj>0
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so at p = 1 the R-matrix simplifies considerably,

1 1 1
Rp=1) =1+ <—+ > ZM_lejl

ao Qa(% 4ag

j1>0

11

oz =t ) 2 MM, (3.51)

0 0 J1,32>0
1

—o7 D Mg Mg+

O j1,42,53>0
with
Mj, = aj
Mgy = @jitjo + g g, (3.52)

M jorjs = Qj1 Qs Qs + Ay 45y Qg + Q4o Qs + Qs 4o Qs + 205, 45455 -

We will see in the following that such a factorization at p = 1 is a general feature of the
R-matrix.

3.4 Matrix elements of R between simple states

Although the discussion of the previous section can in principle be continued to higher
orders, it is useful in the following to know the matrix elements of R at least between
simple states exactly for all values of the spectral parameter. We still consider the subspace
of the Fock space spanned by oscillators of J_. By our choice of normalization of R we
know that

RI07) = |07). (3.53)

We can now act on this state with (3.33) with the choice m = —1 and we find

(200 + p)Ra™, 07) = (a5 — p)ay [07) (3.54)
Ra~,[07) = (Zg;g) =, 107 (3.55)

Taking a logarithm of R we find

3 5 7

. p p p p C e
loe R 0 V= -X2 — - — + ... 0 3.56
0gRa_y 107) ( a;  12(ag)®  80(ag)®  448(ag )7 )a‘l‘ ) (359)

which reproduces the results of the previous section. Dually, we have

o 2a, —p o
Oa’R:0>0a. 3.57
0o = (322 ) ol (357
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At the next level, we can act twice with m = —1 (3.33) or once with m = —2 on the
vacuum. We find

4ag)® = 2ag p+ p* = Bag p* — p°

Ra_,|07) = G + 72 e = p 3300 )p T pQ)a:2 107) (3.58)
day p N9 (e
* (2a5 +p)(2(ag )% — p+ 3ag p+ p?) (a=)107) (3:59)
- \2 10— dag p? - In-
R(aZy)"107) = a”,|07) (3.60)

(2ay + p)(2(ag )? — p+ 3ay p + p?)
A(ag ) = 2ag p— p* = Bag p* + p°
(2ay + p)(2(ag )? — p+3ay p + p?)

(a=1)?107). (3.61)

Proceeding in similar way, we can determine in principle all the matrix elements of R
exactly without using any Taylor expansion or without knowledge of Fock-space formula
for R. Requiring R |0) = |0) uniquely fixes R.

3.5 Yang-Baxter equation

If we consider three bosonic Fock spaces, we can derive an important equation satisfied by
the R-matrices which is the Yang-Baxter equation. Namely, starting from L3L9£; we can
bring it into the opposite order in two different ways:

L3LoL1 = Ro3lalsl1Roy = RoaR13LaL1L3R 3 Ry = RozRi3R12L1L2L3R 5 Rz Rog

= R12L3L1LoR 1y = R1aR13L1L3LoR 3 Ry = R12R13Ra3L1L2L3Ro; Rz Riy -
(3.62)

The Fock space operator completely exchanging the order is thus
R12R13R23 = Ra3R13R12 (3.63)

which is the celebrated Yang-Baxter equation. Note that each R depends on the types 7; of
the Fock spaces on which it acts. Also, as always the zero mode of the (1) currents plays
the role of the spectral parameter and since R, depends (up to a conventional rescaling)
only on the difference of zero modes, what we find is exactly the Yang-Baxter equation
with an additive spectral parameter (i.e. R-matrix of the rational type).

As usual in the algebraic Bethe ansatz [66, 67], once we have a solution of Yang-Baxter
equation for certain choice of representation spaces, we can take their tensor products and
the corresponding products of R-matrices again satisfy the Yang-Baxter equation with
more complicated representation spaces. Consider N Fock spaces F; and one additional
auxiliary space F4. We will call Fp = F; ® ... ® Fn the quantum space. We can use F4
to define a monodromy operator T4 : Fa ® Fg — Fa ® Fg,

Ta=RaiRas- - Ran. (3.64)
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Considering another auxiliary space Fp (but the same quantum space)* and using the
Yang-Baxter equation, it is easy to see that

RaTaTs = TBTAR 4B, (3.65)

i.e. we see that T4 satisfies again the Yang-Baxter equation. Since R4p is generically
invertible, exchanging the order of T4 and Tp (which are still operators in the quantum
space) can be undone by a similarity transformation R4p in the auxiliary space. If the
representation spaces F4 and Fp were finite-dimensional, we could simply take the trace
of T4 over F4 to find an infinite set of commuting operators in the quantum space F; ®
Fo®---®@Fn [66, 67]. In our application we cannot do this because the trace over infinite-
dimensional vector space does not need to converge,® but we can use a special property of
R ap which is the fact that it preserves the Fock vacuum vector,

Rapl0)4©[0) =0), @ [0)p (3.66)

and
(04 ®(0[g Rap = (0[, ® (0] 5. (3.67)

We can thus define the (analogue of) transfer matrix (here 7 is the type of the auxiliary
Fock space)
HO = (0], 747104 (3.68)

which is an operator on the quantum space F| ® - - - ® Fx which moreover depends on the
spectral parameter a4 . Taking the vacuum-to-vacuum matrix element of (3.65) we find

H(aan)H(ap,o) = (0[5 (05 TaTp [0) 4 0) g = (0] 4 (O g RapTaTs [0) 4 0) 5
= (0] 4 (0[5 TBTaRAB [0) 4 [0) 5 = (0] 4 (O] 5 TBT40) 4 [0) 5 (3.69)
= H(apo)H(ano).

We have thus constructed an infinite set of operators acting in the quantum space which
commute among themselves (since the previous equation is true for arbitrary values of the
spectral parameter).

3.6 Yangian generators

It is well-known from the algebraic Bethe ansatz approach to XXX spin chains that the
transfer matrix is not the only interesting object that can be constructed from the mon-
odromy matrix. In fact, for GL(N) spin chain one can consider all N2 matrix elements
of R in the N-dimensional auxiliary space and the associated quantum space operators
satisfy the defining relations the of Yangian of gl(NV).

4As is common in the integrable model literature we also implicitly extend the action of 74 on Hilbert
space F4 ® Fq to action on Hilbert space F4 ® Fp ® Fq such that it acts as the identity operator on Fp.

®We could regularize the trace by including a Boltzmann factor to ensure convergence [79, 99, 100]. This
leads to an interesting one-parametric family of conserved quantities that interpolate between the Yangian
conserved charges and local conserved BLZ charges.
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In our situation the auxiliary space is the Fock space of one free boson which is infinite
dimensional, the states being conveniently labeled by the Young diagrams. The associated
Yangian of 5[(1) would be thus given by an infinite set of generators and relations. For our
purposes, it will be enough to first consider the first three of them. We already defined
one of them, the analogue of the transfer matrix (3.68). It was defined as the vacuum-
to-vacuum matrix element of 7 in the auxiliary space. Analogously we can introduce the
matrix elements

£ = (01, T{ aa,110) 4 (3.70)

and
FO = (0] yani T8 104 - (3.71)

As we will shortly see, these will be the simplest creation and annihilation operators of
our Yangian. Without any assumptions on the details of the quantum space, we can
find the first few commutation relations satisfied by these operators. For that we only
need the R-matrix in the auxiliary space. We have already shown that H(™) commute
among themselves (for any value of the spectral parameter) but in fact the same argument
shows that

H (aa0), H) (ap )| =0, (3.72)

i.e. the operators H commute even for a different choice of the type of the auxiliary Fock
space. To find the commutation relation between £ and H we write

HTIETB) = (0], (0|3 TaTp ap,110) 4 10) 5 = (04 (013 RypTTaR B ap,-110) 4 10) 5 -
(3.73)
The inverse of R 4p preserves the vacuum on the left just as R 4p did. On the other hand,
the action of R4p on the right on the excited state can be calculated from the results of

section 3.4:
us —ug +h-, —h h
Rapaa-10) 45 = g —TkAh Laa 110) 45+ maaﬂ 0)an
TA TA
hrg uUqA — UB

Rapap-110) 45 = aa,—110) 45+ ap,—110) 4p (3.74)

uAs —up + hry, us —up + hry,

where we introduced the spectral parameter

_ BT
up = = as0 =~ (3.75)
Note that we have
TA T hT hT hT - hT
aa:hTBaA,O_hTAaB,OZ_M(UA_UB)_ AWM B). (3.76)
g3 203
Using this, we find the first non-trivial Yangian commutation relation
h
(1a) (TB) —_ "B 94(tB) (1a)
HTA (uq)EV B (up) Py hTA’H (up)EV4 (ua) (3.77)
UA ~UB (t8) (a)
+ ———————E "B (up)H ™ (ua). (3.78)

uA —up + hry,
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and symmetrically

ug —up +hy, —h
ug —up + hry,

_ he e (4)
wA—up+ hTA & (UB)H (uA) (3.80)

ETD (ua)H ) (up) = T84 (8) (ug)ETA) (uy) (3.79)

We can proceed analogously to derive the commutation relation between H and F start-
ing from

Ug — U —hr,

0 RiLb=—-"2 "0 0 3.81
(Olapaa R yp T —— (Olapaar+ wA—up— o (0[qpaBa (3.81)

—h ug —up + hyy —hrp

(0l apaniRyp = m (Ol aan + T E— (OlapaBa (3.82)
and we find
HTA) (u ) FB) (up) = _LH(TB)(UB)I(TA)(UA) (3.83)

ua —uB — hrp

L uA—uB + hoy = g F8) (ug)YH ) (uy) (3.84)
UpA —UB — hTB

and

FO ual W up) = - W ) F0) () (3.85)
B

_ M_Zz_%gﬁw(u,gm(m)(w. (3.86)
In particular, if both auxiliary spaces are of the same type, 74 = 7 = 75, we have more

simply
(u— v+ h ) HD W) ED (v) = hy HO (0)ET (u) + (u — 0)ED (v)H T (u) (3.87)
(u—v+h)ED (WHT (v) = (u — v)HTD ()ET () + h T (0)YH T (u). (3.88)

and

(u—v—h )YHDWFD () = —h, HO ) FD (W) + (u—0) FO)HD (w)  (3.89)
(u—v—h) FOW)HD (0) = (u—0)HD (0)F () — by FO (0)H T (1), (3.90)
We can think of these relations as the first few relations of the affine Yangian. They are
true for any representation of the algebra, i.e. any choice of the quantum space as long

as the quantum space is obtained in a way that respects the Yang-Baxter equation. The
equations we found can be also rewritten as

(u — v) [H“ (), & (v) —h, (”H ~HO (v )5<T>(u)) (3.91)
(u—v) [5“) (u), H (v) —h, (5 (v) — ED )R (u)) (3.92)
(u— ) [H(T) (u), F (v) —h, (7{ (u) — HO () F >(U)) (3.93)
(u — v) []—“(T) (u), H (v) —h, (.7-" — FO )™ (v)) . (3.94)



Note that the first two of these equations are not independent: by replacing u <+ v in the
first equation and eliminating H(u)E(v) from the resulting system of linear equations gives
the second equation of the list. A similar argument shows the equivalence of the last two
equations. Equating the first two and the second two equations we find

[H“)(u),g(ﬂ(v)} - [H“)(u),g(ﬂ(u)} (3.95)
[H“)(v),ﬂﬂ(u)} - [H(T)(u),f(T)(v)] . (3.96)

4 Single boson representation

Let us now discuss the results of the previous section more explicitly in the case of a single
free boson representation, i.e. the choice N = 1 (spin chain of length 1). Let us consider the
auxiliary space of type 7 and the quantum space of type o. Using the oscillator expansions
of R given in section 3.3, we can find the first few terms in the expansion of H(7),

h2 1
HO =1— "2 by + e > (—heb_j_g + B2b_jb_g)(—hrbjak + h2b;by)
0 k>0 o 4,k>0
+h2Y b+ (p— DR2D jbojbi | + ... (4.1)
7>0 7>0

Here and in the following we denote the oscillators acting in the quantum Fock space by
bj. Note that to get from R-matrix to H we are taking the vacuum-to-vacuum matrix
element in the auxiliary space. Furthermore R only depends on the difference of auxiliary
and Fock oscillators and commutes with their sum. If we start from the normal-ordered
expression for R, this guarantees that H is obtained by just making a replacement

a

; — _thj~ (42)

Note that we would not be able to do this simple replacement if our expression for R was
not normal-ordered, because the commutation relations satisfied by a; and b; are different.
We can also go back: if we know a normal-ordered expression for H, we can do the same
replacement in the other direction to find an expression for the full R. In this sense, the
knowledge of normal-ordered expression of R-matrix acting on two Fock spaces is the same
thing as knowing the normal-ordered expression for the vacuum-to-vacuum matrix element
of R in the auxiliary space. For this to work in the simple way described, it is important
that the R-matrix depends only on the differences of auxiliary and quantum oscillators and
commutes with their sum.

We can now diagonalize 7(7) in one-boson representation. By our choice of the vacuum

vector, we have
1 0), =10)g - (4.3)
At level one we have a single state b_1 |0) o on which H(™) acts with an eigenvalue

2a5 03 + hehg(hr — ho)
2ay 03 — hrhg(hr + ho)

(4.4)
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At higher levels the eigenstates of #(7) are labeled by partitions since we are considering
a single bosonic Fock space. Furthermore, since #(™) mutually commute for any value of
the spectral parameter and for all three values of 7, the eigenvectors will only depend on
Young diagram label and the choice of h,. Let us for simplicity of notation choose h, = hs.
The first few eigenstates are summarized in the following table:

Young d. state roots
(1) by 0
(2) b2, — hy'b s 0, hy
(1,1) b2, —hi'b g 0, ha
(3) b3, — 3hy 'b_ob_1 + 2h5%b_5 0, hi,2hy
(2,1) b3, — (hyt 4 hy)b_ob_q + by hyb_s 0,1, hy
(1,1,1) b3, — 3hyb_ob 1 + 20 %b 5 0, ha, 2hs
(4) b1, — 6hy tb_ob? | + 3hy 202 5 + 8hy b 3b_1 — 6hy by 0, hi,2h1,3hy
(3,1) b, — (hyt 4 3hy N bob?, + hithy 02, + ... 0, hi,2h1, ho

oo 2h N Ry Dbosboy — 2k Thy by
(2,2) | bt =2yt o bob? (M2 hy? = hythy Db 4. | 0,y ha, hy 4 ha
4R RS sb oy — (Wt + Ry DR by
(2,1,1) bi, — 3Ryt 4+ hy boob? | + hythy B2, 4. 0, hi, ha,2hy
oo 2h N R Dbosboy — 2R 2Ry by
(1,1,1,1) b, — 6hyb_ob?, + 3h 2%, 4+ 8h b _3b_1 — 6h by 0, h,2h2, 3hs

First of all, we notice that the expressions for eigenvectors are closely related to Jack
polynomials. It is a known fact that in free field representations of Virasoro algebra one
encounters these [80], so it thus comes at no surprise to also find them here. For review of
properties of Jack polynomials see [69, 81, 82]. What we need here is the fact that Jack
polynomials are symmetric polynomials which are a deformation of the well-known Schur
polynomials. They form a basis of the vector space of all symmetric functions. Following
the conventions of Stanley (i.e. the coefficient of e,, is n!), the first few Jack polynomials .J
expressed as linear combinations of Newton’s power sum polynomials p; are:

J(ai) =pP1=€a
Jio) = pi+ aps
J(oi,l) :P% — P2 = €2
J(Oé) = 20°p3 + 3apips + P}
Jio) = P+ (o — 1)pips — aps
S0y = P3 — 3p1p2 + 2p3 = be3
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J(y = 6a°ps + 8a?pips + 3a’p3 + 6apips + pi
J&l) = —20°py + 2a(a — 1)pip3 — aps + (3 — 1)ppe + pi
J&Q) = a(l — a)ps — dapips + (1 + a+ a®)p3 + 2(a — 1)pips + pi
Ji11) = 2aps +2(1 — a)pips — ap3 + (a — 3)pips + pi
J{ay = —6pa + 8p1p3 + 3ps — 6pip2 + py -

The identification between our eigenvectors and Jack polynomials is the following: the
deformation parameter « is identified with

a=——. (4.5)
The Newton power sum polynomials are identified with b; oscillators via
pj ¢ hab—; (4.6)

and the eigenstates are exactly the Jack polynomials and agree with the normalization of
the eigenvectors given in the table if we rescale J by h‘feg‘]. The Fock representation that
we are studying (Ypo; in the notation of [76]) has a symmetry under exchange of hy <> ha.

L and

In terms of Jack polynomials and eigenstates of (7 this symmetry acts as a < o~
is accompanied by a transposition of the Young diagram labeling the corresponding state.

Let’s now turn to the spectrum of H(™) operators in this basis. First of all, for each
eigenvector the table above gives a list of what we call the roots. They correspond to
boxes of the Young diagram and are simply the weighted coordinates of the given box
with hy being the weight associated to the horizontal direction and ho to the vertical
direction. We choose the origin of the coordinates such that the first box (upper left) has
weighted coordinate 0. This type of weighted coordinates of boxes of (plane) partitions
appears frequently in the representations of the affine Yangian, see for example [56, 57].
The eigenvalue of H(7) acting on the eigenstate labeled by Young diagram A turns out

to be
u—q— hg

HO W) [A) =] [A) (4.7)
DeAu—q—hD+hT
where we defined hg = hyz1(0) + hexo(O) + hzs(0) and
- hy — hr, ay 03 hy — hr (hgaA70 — hrby)os - boos  hy
AT T T, 2 iy AT, T @8
or ) )
003 o
_ _boos _ ho A

q 2 (4.9)

We see that the spectrum of H(7) is determined combinatorially in terms of the Young
diagrams labeling the state. The eigenvalues take a similar product form as the eigenvalues
of Yangian v (u) generating function, but in the case of H(™) every box in the Young diagram
contributes by a single zero and a single pole which are distance h, apart. In the case of
1 (u) every box gave contribution ¢(u) (where ¢(u) is the structure constant of the Yangian)
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which had three zeros and three poles, symmetrically shifted in hq, he and hs directions.
It is thus quite easy to express ¢ (u) in terms of H(™) which we will do later.

The constant wug is related to the zero modes of the fields. Shifting a zero mode of
free boson by a constant is an automorphism of the free boson Heisenberg algebra. The
corresponding symmetry of affine Yangian is a translation of the spectral parameter.

4.1 Nazarov-Sklyanin operators

Having found the eigenvectors of H(7) and identified them with Jack polynomials, it is
natural to ask if there are explicit expressions for operators which would act on Jack
polynomials with the same spectrum as we found. In fact, such operators have been found
in a nice paper by Nazarov and Sklyanin [69].° The authors modified the differential
operators studied by Debiard and Sekiguchi (acting diagonally on Jack polynomials of n
variables, n < o0) in such a way that the modified operators are stable as n — co. The
resulting operators (considered as a generating function depending on a spectral parameter
u) were then expanded at large values of the spectral parameter. The form of the expansion
looks as follows: we have

_ L R
A(ung) =1 — Z M; M; + Q'UNS (s 1 1 Z i sz
J1>0 J1,j2>0
1
- My, jpis M 4.10
3luns(uns + 1) (uns + 2) Z dvd2ds My g gy + (4.10)

J1,J2,J3>0

M
.]17 Ik ]17 Ik

k=0 J17 Jk>0

where Mj, . ., are operators of multiplication by symmetric polynomials and M JTL oy,

are the corresponding annihilation operators acting by differentiation. More precisely, for
the first few Mj, ., we have

Mj, = pj,
Mjy,j2 = PjrPjz—Pir-+jz
My jo.js = PirPjaPijs —Pji+iaPis —Pir+isPiz —Pja+isPir T2Pj1+j2+3s
Mjy s js.ja = PirPjaPisPis—Pir+32PisPis =P +isPiaPia ~Pir+jaPiaPijs —Pio+jsPir Pia - (411)
~Pja+iaPi1Pis —Pis+jaPir Pz T Pjr+i2Pis+ia T Pir+isPiz+jatPir+5aPia+is
F2Dj1+j2+4s PiaT2Pg1+j2+5aPis T2Pj1+js+iaPia T2Pja+js+iaPir —OPj1+ja+is+ia
and the general pattern should be clear: we are summing over all ways of grouping the
indices (j1,...,jr) with alternating minus signs and with an additional factor of (I — 1)!
every time [ indices were grouped together. If all the indices ji take different values,

this is just the expression of monomial symmetric function in terms of Newton power sum
polynomials, but if some of j;’s are equal, there are additional overall combinatorial factors

®These operators have been used in studies of random partitions in [83]. Tt would be nice to see if the
R-matrix plays any role in that setting.
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which cancel out in the final formula for A(uns) (see [69] for details on these additional
factors). We can write this compactly as
Mj,.,...j. = Symjl,...,jn Z Djit.in, Piny1+Hingtag 7 Pinggag g +1tFing 4oy, <
2;621 Ai=n
k
—1)kn!
(SO [T -1t (12

z
A =1

where z) is the standard combinatorial factor (for partition with I; cycles of length j it is
given by Hj 1;15%).
The expressions for M ]Tl ;, take formally the same form with p; replaced by p} where

)
p;r- are the lowering operators acting as derivatives with respect to p;,

T:a-i, 4.13
Py =g, (4.13)

We have the obvious commutation relation
(v, pe] = o (4.14)

so if we identify p; with a_; and p}rC with a; we get exactly the free boson Heisenberg
algebra with normalization constant (two point function) «. In this sense, (4.10) can be
interpreted as normal-ordered expression for an operator acting in the bosonic Fock space.
One additional piece of information that Nazarov and Sklyanin provide is the spectrum of
A(u) when acting on Jack polynomials. The eigenvalues take the product form

Sfuns +7—1—a);
A(uNs)J/\:H< NSuNgj—i—j—l J>J)\. (4.15)

j=1

Here A; are lengths of rows of the Young diagram and n is any sufficiently large integer
(it should be at least equal to the number of rows of the Young diagram). It is exactly
the denominator factors that were added by Nazarov and Sklyanin to make this expression
independent of the number of variables and thus stable in the limit of large number of
independent variables.

We want now to identify these operators with (™) transfer matrices constructed above.
First of all, we can rewrite (4.15) in the form

(—uNshg — h1 — (L‘l([])hl — xQ(D)hQ — xg(D)hg) J)\

Afuns) Iy = [

Oex

—unshe — x1(O)hy — zo(O)he — x3(0)hs (4.16)

where we used (4.5) and introduced formally the third coordinate of the boxes of A in such
a way that we can think of the upper left box of A to have coordinates either (0,0,0) or
(1,1,1) without changing the result (because hi + he + hg = 0). Comparing this to the
spectrum of (4.7) we see that we need to put h, = hy and still h, = h3 and furthermore

us —q = —unshs — hq (4.17)
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or

1

uNs = ag + 5 (4.18)
With these identifications and the identification
0
hib_j, < pr, —hoby < k%, hibg ¢ pL (4.19)
k

we can identify the operator H(!) with Nazarov-Sklyanin operator A(uns),
HY (ag) = Alag +1/2). (4.20)

The expansion of ’H(l) is thus

Z h2b_j bj, (4.21)

71>0

H(l)(aa) (a +1/2
0

1
T (ag +1/2)(ay +3/2)

> (Wb g b g —habjy ) (Wb, bj,—habsy 1)+
J1,j2>0
Finally, we may use the replacement rule (4.2) to reconstruct the whole R-matrix (of the
mixed type),

1
R == ]1 —_—_— a;_4 a'_
T
1 —_ — —
o (ag +1/2)(ag +3/2) Z (aZja”;, +aZ; ;) (a5 a5, +aj ;) (4.22)

J1,92>0

1
- M g —isMy ais -
3 (ag +1/2)(ag +3/2)(ag + 5/2) jm§,>0 J1,—d2,—33 7V 1,52,

where we used the same shorthand notation as in (3.51). We should compare this to the
results of section 3.3, in particular the equation (3.51) and indeed expanding (4.22) at large
ap we reproduced exactly all the terms in (3.51).

The reason why we were able to write only the mixed R-matrix and not the R-matrix
for bosons of the same type is that if we choose the convention that the boxes associated
to Young diagrams labeling the Jack polynomials are in 1-2 plane of the plane partition
space, the shift between the numerator and the denominator in equation (4.16) is by hi. A
small change of the identification can produce the shift by ho, but no analogue of Nazarov-
Sklyanin operators is known which would have shift by hs.

To summarize, we have used the known eigenstates of the transfer matrix obtained
from the mixed R-matrix and the Nazarov-Sklyanin formula for the generating function
of commuting Hamiltonians acting on Jack polynomials to find a closed-form expression
for the mixed R-matrix, equation (4.22). This is one of the most important results of this
article.

4.2 Ladder operators

We can now turn to ladder operators of Wi ., and relate them to the generators of the
Yangian algebra associated to Fock R-matrix.
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Ladder operators in the Yangian presentation. First of all, we know that in
Arbesfeld-Schiffmann-Tsymbaliuk presentation of Wi there are ladder operators e(u)
and f(u) such that in representations on plane partitions these act as [55-57]

OINEDS m A +0) (4.23)
OeAt

fm = ¥ T8ty e
OeA—

i.e. the action of e(u) on a state labeled by a certain plane partition A gives a linear
combination of states labeled by all possible plane partitions obtained from A by adding a
box (in way compatible with plane partition rules). E(A — A+ [J) are certain probability
amplitudes of this process and depend on the choice of the normalization of vectors |A). On
the other hand, the spectral parameter dependence of these formulas is completely fixed
by the relations of Wi 4.

In the case at hand (representation of Wi on one free boson) we can even find the
amplitudes E and F. First of all, we can simplify the calculation by putting ¢ = 0 (we
can always reconstruct the general case by shifting the spectral parameter). After this is
done, the amplitudes E can be fixed from (4.23) by only looking at the leading coefficient
of e(u) as u — oo, i.e.

colA)= > EA—-A+O)[A+0). (4.25)
OeA+t

Choosing for concreteness |A) to be the Jack polynomials normalized as in the table above
and identifying’
eo = b1, fo=—b1, (4.26)

we find for the action

olh) = 3 - res,ne (H (“_h”)(“_hm"h“h”> A+T). (2)

OeA+ ea (4~ hor = h)(u = hoy = o)

Few concrete examples of application of this formula are given in appendix B. Analogously,
for the annihilation amplitudes we find

hD+h1+h2 (U-h[]/—i-hl)(’lj,—h:y—f—ha)
A) = — 55— TIeSy— A-0O).
folA) Dg/\: h%h% ho (DI;IA (w— hey)(u — hoy + hy + he) | )

(4.28)

Ladder operators from the YBE. Let us now take a matrix element of equation (3.91)
between the states (A + | and |A). Denoting the matrix element of £(™) by the same

"This choice of normalization is slightly different than the one used in [57], but it is equivalent to this
one after applying the scaling symmetry of the algebra.
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symbol, we find using (4.7) the condition

(u—vthr)(u—g—ho) U o)) —
(u—q—hothy) (G )70 =

O'eA

(w—v) T] <“—q—hﬂ> 5(7)(v)+(llT(v—q—hD) H <”—q—hﬂ> £0)(u)

Sen u—qg—hy+h;, v—q—ho+h;) Tn v—q—hoy+h,
(4.29)
which determines £(7) (A — A + 0) uniquely up to a u-independent factor to be
1 u—q— hgy
EOA = A+ O 4.30
(A= A+ D)(u) ~ u—q—hg+ h; D]-;[Au—q—hgl+hr ( )

1 H u—q— hoy
u—g—ho ol v == ho + b
with ¢ as in (4.8) and u = u4.
We can compare this to the large u expansion of £ () obtained from the R-matrix. For
the first few terms, we find

hehe 1 hho
EN =T p - S (B2t — h3b_jboy)b; — Choby | +
o3ag (ag)? o3 = 2
hehe |1
=k D (—RB3b_jbogb oy + hZb_j by + hZb o by,
o3(ag ) 7k>0
+h2b_p_1b_j —2h b,j,,H) x (R2bby, — hrbjig) (4.31)
— 203y bbby — WA= LS G+ bbb+ 202 S b by
>0 J>0 >0
. hr
(o = DT Y (G + Dbjoibj — ~Fboy + he(p = 1)(1 = 3p — 4)/12by | + -
7>0

For lower lying states it is easy to check that this expansion exactly acts as in (4.30).
We can use the action (4.27) together with the fact that the leading term in the large u
expansion of £(u) is

£ (u) ~ h;eo +0 <u12> (4.32)

to fix the normalization. We find

Zh h hH< u_qh_hmlh>x
Oeny MOU—4q—ho+ u—q—hgy + hr

(u—hoy)(u — hgy — hy — ho)
X Tesy—p <D1;[A T e e h2)> A+0) (4.33)
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where we still have h, = hs. Comparing this result with (4.7) and (4.23), we find an
operator relation between Arbesfeld-Schiffmann-Tsymbaliuk generating function e(u) and
our Yangian generator &(u),

efu) = b € (u—hy) (HO (=) (4.34)

Note in particular that the left-hand side does not depend on our choice of 7. We could
have also multiplied £ and H in the opposite order, finding

~1
e(w) = b7 (K@) €D (). (4.35)
Analogously, the functional equation (3.93) implies that
1 u—q— hgy
FOA+O - A)(u) ~ 4.36
(A+0=A)w) u—q—hg+h;y u—q—hg + hey (4.36)
O'eA
1 u—q— hl:l’
~— . 4.37
UthDlg+Duthl+hT (437)
At large u we have the expansion
hrhy hrhy
FO@) =~ hoby — = N (W20 jbjer — h3b_jbiby) — Dhoby | +
o3ag o3(ag ) = 2
h+h 1
T2 1=y (R2b_jb g —hb )X
o3(ag)? |2 j%;() ’ ’
x (—h3bbrby + h2bjy by + h2bjyaby, + h2bgy1bj — 2hrbjgsn) (4.38)
p—1 .
_ 2h§_ Z b,jbjbl — hiT Z(] + 1)b,jb1bj + 2h72_ Z b,jbj+1
7>0 7>0 7>0

. h;
Hp = RS G+ Db gbjer = by ha(p = 1)(1—3p— 4)/12by | + -+

7>0
By comparing the leading order coefficient with (4.28)

ha + hi + he —h, u—q— hgy
FO)[A) = ) 2,2 ( II )X
e hihs uw—q—hg+ h, DIEAfmu_q_hD/—i_hT

(u— hgy + h1)(u — hoy + ha)
et | T1 A=), (4.39
X res ho (DIGA (U o h[]/)(u o hD’ 4 hl + h2) ’ > ( )

The corresponding Arbesfeld-Schiffmann-Tsymbaliuk generating function f(u) is given by

fu) = —h7! (H(T) (u— hT))_ FO(u—h,)

— B FO () (H(ﬂ (u)) , (4.40)

We have thus identified the Arbesfeld-Schiffmann-Tsymbaliuk generating functions in terms
of the Yangian generators (matrix elements of the Fock R-matrix).
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4.3 Nazarov-Sklyanin I1

Before closing this section, let us mention another interesting operator constructed by
Nazarov and Sklyanin [70]. Consider an infinite matrix with non-commuting matrix ele-

ments
0 by Vb2 Yoz yb_a ...
yb1 hy +hy b Yoo b3 ...
L(u)=|~by b1 2(h1+h2) b1 bz ... (4.41)
b3 by b1 3(h1 + hg) yb_1 ...
with v = —h1hse and take the upper left matrix element of its resolvent

u
U(u) = (u — [,> =1+ uflﬁoo +u? Z Lo; Ljo + w3 Z onﬁjkﬁko +... (442
00 j=0 J,k=0

considered as Laurent expansion at infinite spectral parameter u. More concretely

U(u) =1+u °BTh3 > b jb;
7>0

+u? | =B3RS > (b jboibjik + bojkbibk) + AR5 (ha + h2) Y | b b,
7,k>0 7>0

+u~t | hihj Z (b—j—k—1bjbrby + b_jb_kb_ybjsprt + 2b_jb_j_ibji kb
4,k >0

4 b kbrb_p—1bjs ket + b j ke 1Dk pib_kDji k) (4.43)
+ Bihs > (bbb j kbisk + D_j_kbjarb_jbj + b_b_kbibr + b_j_kbrb_kbjik)

7,k>0

3 .
- 5h?hg(hl +ho) (G + k) (b_j_kbibe + b_jb_gbjpk) + hih3 Y b_jbib_jb;
7,k>0 j>0

+hihs(hy + h)® > 5%b_ b | + O (u™0).

3>0

It was shown in [70] that the action of U(u) on Jack polynomials analogously to (4.7) is
diagonal with eigenvalues

_ g1 (= ho)(u—=ho = b = hs)
u(u)|A>_Dl;!\(u—hm—hl)(u—h;l_hz)

IA). (4.44)

These operators give us another interesting family of commuting operators acting diago-
nally on Jack polynomials.
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5 R-matrix from fermions

We can derive another expression for the mixed R-matrix starting from the complex

fermion. We start with the observation that at Ay
polynomials simplify to Schur polynomials.

—ho and hy = 0 the Jack
Furthermore, these are mapped very simply

under boson-fermion correspondence to states in the fermionic Fock space:

Young diagram

Schur polynomial

fermionic state

(1)
(2)
(1,1)
(3)
(2,1)
(1,1,1)
(4)
(3,1)
(2,2)
(2,1,1)
(1,1,1,1)

b_q
F(b2, +b_2)
302 —b-2)
F(03, 4 3b_1b_o + 2b_3)
ot o)

T3, —3b_1b_o +2b_3)

o (bt +6b2 b g + 3b2, + 8b_1b_3 + 6b_y4)

(0% + 202 by — b2, — 2b_y)
(bt + 302, — 4b_1b_3)
(0% — 202 1bp — b2, 4+ 2b_y)

2 (bt —6b2 by + 3b2, + 8b_1b_3 — 6b_y4)

U_159 1/
U550 1/
—U_ o0 g9
U520 1/
—W_3/50 39
V19 50
U_7/20_1/
—W_5/50 39
U300 100 500 ;)
LREYEY Y
—W_1 oW 7o

Here we use the fact that for a pair of complex fermions with OPE

1

Z—w

W (2)¥(w) ~

the corresponding current operator

satisfies the same OPE as the free boson current J(z)

In terms of mode operators we have

bm = Z :Emfkqlkz ‘.

k€Z+1/2

= 10¢(z) normalized as

(5.4)

Using this explicit expression for the current mode operators, we can verify the expressions

given in the table.
ated Young diagrams:

The right-hand side can be obtained also directly from the associ-
for that we use the Frobenius notation for the Young diagrams,

counting the arm and leg lengths of the diagonal boxes of the Young diagram. In the
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fermionic Fock space the state associated to Young diagram with Frobenius coordinates
(a1,a2,...,a.;1l1,1la, ..., 1) corresponds up to a sign to a state [84-86]

U_o 1o W10V 12Uy 1/2]0). (5.5)

Consider now a generating function

’H(l) (u) — (1 — u_l (m — %))‘pimfm . (56)

S (1t (m 1)

N}\H

We don’t need to worry about the ordering on the right-hand side because all the operators
in exponents commute. Also, for any fermionic Fock state with bounded Virasoro level
there is only a finite number of terms which don’t act as identity so we don’t need to worry
about the convergence. These operators act diagonally on the fermionic representatives of
Schur polynomials, the eigenvalues being given by

H _u—ha (5.7)

DeAu_hD+hl

which is of the form (4.7). Note that we still have h; =1 = —hy and h3 = 0 and for now
(for simplicity) we restrict to subspace of states which have ¢ = 0.

We want to bosonize this expression and write it in the normal-ordered form so that
we can deform the expression to the case h3 # 0. First of all, we write

HVY(w)=exp |- Y T 0, log [1 +ut <m + ;)] . (5.8)

meZ+1/2

Using the mode expansion of ¥(z) in the complex plane,

U(z) = Z U,z m1/2 (5.9)

meZ+1/2
we can write this as
HW (1) = exp [ j{ 57 2m . _1 w\IJ(z) log (1 — u_lwaw) \I/(w)] . (5.10)
This operator can now be bosonized using the identification [84-86]
U(z) =: ) U(z) = e 0 (5.11)
We find
dw dz 1

HD (1) = exp [— e~ () : log (1 —u " wd,) : () :] . (5.12)

02mi J, 2miz —w
We can integrate by parts in the w integral, introducing the kernel

_ 1 2 z(z+w) 222 + 4w + w?)
. _ 1 _
ls 2, w) = log (1™ duw) —— = u(z —w)?  2u2(z —w)? 3ud(z — w)?

(5.13)
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Note that the expansion is not necessarily convergent and we will treat it as a formal power
series at u = oo with coefficients rational functions of z and w singular only on the diagonal
z = w. Using this kernel, we write

HD (1) = exp [— jg ;i—::; 7{) j—;/{(u;z,w) c e 19(2) ;o) :] . (5.14)
In order to write it in explicitly normal ordered form, we first Taylor expand the expo-
nential,
S (_1)71 . dw; dz; —ig(2; ip(w;
HO (u) = Z o H ’ 2—7; a 2—7:1,/1(11; zj,wy) - e 1 gtewi) | (5.15)
n=0 j=1 J
We can now use the Wick theorem
L el 2(2) 1 tho(w) (z — w)aﬁ : e10(2) giBo(w) . (5.16)
to write
o n(ntl) p
Wy =S ED 2 dwj [odz o
H (u) = Z ol H S o fy 2m.’f(U,ZJ,wJ) x
n=0 j=1 J
Mkl =205 = W) s, (57
Hj,k(zj — wg)

Our convention for w; integrals around the origin is such that |wy,| > |wp—1] > ... > |ws| >
|wy|. This is important when taking the residues to evaluate the terms in 1/u expansion of
the expression. After evaluating the z;-integrals by taking the residues, we must take the
wj-residues in a correct order (the order of taking residues matters because of the diagonal

. .- n(n=1)
singularities at w; = wy). We also have to be careful about the extra (—1)" 2 sign

coming from the application of the Wick theorem if we order the variables in Vandermonde
determinant as we do above. The expression obtained so far is very reminiscent of the
expressions for solitons of KP or 2d Toda hierarchy in terms of tau functions [84-86] which
should not be surprising because the tau functions are matrix elements of exponential of
fermion bilinears (GL(co) group element) and our initial expression for #(1)(u) was exactly
of this form.

We can verify the correctness of (5.17) by expanding it at large u. Using equations like

w? — wyws + w3

2 7 (wn) T () :) _ %Z Wb (5.8)

7>0

T€Syy—0 (reswlo 2lwn — wn)

(putting the zero modes by to zero) we find

_ _ 1
HO(u) = 140" —Zb,jbj Hu 2 = ‘Z (b—jb_kbjyr+b_j_xbjby)
7>0 7,k>0

1 . 1
+§ Z(j+1)b_jbj+§ Z b_jb,kbjbk
Jj>0 7,k>0
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_ 1 1. 1. 1 .
+u? |y (_6_2‘7_332) b—jbjt5 D (GHk+1) (b b kbjr+bjbsby)

>0 §,k>0
1 1
-3 > (b—jbkbibjrhr1+b—j—k—1bibeb) =5 > bojbogbibm (5.19)
7k, 1>0 jHk=l4+m
1 . 1
_Z Z (]+k+2)b_jb_kbjbk+§ Z b_jb_kb—lbj—i-kbl
7,k>0 7,k,01>0
1
5 > b jbgb_ibibebi |+
7,k,0>0
or
1 1
HOD () = 1= > b bt g > (bogboi—bji) (bjbe—bj+1)
u+1 = 2 (u+1)(u4+2) o
1
- > (bbb by =b_j_ib_p—b_g_ib_;+2b_;__1)x
3 (u+1)(u+2)(u+3) o
X (bjbkbl—bj+kbl—bj+lbk—bk+lbj+26j+k+l)+. .. (520)

which is exactly coincides with the expansion (4.21) with h, = hg = 0, ¢ = 0 and h, =
hy = 1. In this case a; = u+ 1/2 and the formula nicely agrees with the previous result.

Charged states. Until now we focused on a subsector of the fermionic Fock space which
had total charge zero. But we can also consider other subsectors with by € Z. The charged
vacua are obtained by acting on an uncharged vacuum |0) by fermions of the same charge

) ~W_piiyo W _30W_1/90), n>0 (5.21)
with charge ¢ = n and
|=n) ~ W2 Vog0W 1/2]0), n > 0. (5.22)

of charge ¢ = —n. The excited states are then obtained by acting by the modes of the
current b; and are still labeled by Young diagrams. The operator HM (1) now acts in the
charged Fock space with eigenvalues

I(u+1) H u—q—hg

. 5.23
wil(u—q+1) u—q—ho+ ht (5.23)

OeA

The prefactor is the H() eigenvalue of the corresponding charged vacuum. It has a well-
defined large u expansion

I(u+1) (4 ofa\3¢—1  _5(q\alg—1)
_—— ~ 11— — —_— 4L 5.24
wT(u—q+1) “ (2 Telg) e T e T (5:24)
With our choice of hy = 1 = —hy and hg = 0 we have a simple identification by = ¢ and

it is straightforward to verify that (5.17) acts correctly also on the charged bosonic Fock
space (5.23).
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Mixed R-matrix. We can now use the fact that the normal-ordered large v expansions
of the Nazarov-Sklyanin operators (4.21) for all values of h; (not just h; = 1 as we assumed
until now) are trivially related by just rescaling the current. This means that we only need
to make the replacements

d(2) = ho(z)

bj — hlbj (5.25)

U= g ey ~ 1/2 = g — 1
in (5.17) to arrive at (4.21) with an extra overall factor modifying the operator for ¢ #
0. For the R-matrix the situation is even simpler because in this case we only need
to change the sign of the b; modes to get an expression written in terms of a;. Note
that multiplication of the R-matrix by a scalar function of the difference of the spectral
parameters does not change the YBE.

To summarize this section, we found an alternative expression for the mixed R-

matrix (4.22) such that

X (" el rd d
- _ my o
R(U) = Z oy H [%2’”5% 277:2‘/{(“; zj,wj)] X
n=0 : j=1L70 wj
% Hj<k;(2j - Zk:)(wj - wk) : eizﬂ' ¢—(z)—1 3 ; d—(wy) : (5.26)

_ I'(u+1) [11 2o MMy 3 o Mg M
u=% T(u+ag + 1) u+ay +1 Au+ay +1)(u+tag +2)

Choosing the uncharged subsector a; = 0 and using the replacement rule (5.25) reproduces
the result (4.22) found before. Note that the gamma-function prefactor has a similar
structure to the anomaly studied in [87]. If we require the R-matrix to preserve the
highest weight state we miss this term, but it seems to naturally appear in the fermionic
derivation of the R-matrix.

Classically, there is a famous Szego6 formula comparing a determinantal formula analo-
gous to (4.41) to a contour integral of bosonized vertex operators like in (5.26) [88]. We can
thus interpret the transformation between these different generating functions of conserved
quantities as a quantum version of the Szegd formula.

6 Arbesfeld-Schiffmann-Tsymbaliuk presentation

In the previous section we studied the representation of the Yangian R-matrix generators
H, £ and F on single free boson Fock space. We found that H acts as (4.7). The generating
function 1 (u) of Tsymbaliuk presentation of Yangian acts as [56, 57|

B [A) = u—q-+hihohsig H (u—q—ho+h1)(u—qg—ho+he)(u—qg—hg+hs) A (61)

u—q e (u—q—ho—h1)(u—qg—ho—ha)(u—q—ho—hs)

— 37 —



By comparing these two actions, we can identify

u — q + hihahstho H (u + hy))HS) (u + hy)
u—q HEO) (W)HB) (u + hy + ha)

The generating functions H®) (u) commute for all values of the spectral parameter u so

(6.2)

we can order them arbitrarily. Note that the right-hand side is written for 7 = 3 but the
combination that appears is independent of 7.

The generating functions e(u) and f(u) can be identified from (4.34) and (4.35),
-1

Lo (HOw) eDw.  (63)

e(u) = h ' (u — h,) (H(T) (u— h.r)>
and (4.40)
Py = bt (HO @ —h)) " FO =) = - FOw) (HO@w) . (64)

We made this identifications based on the comparison of single boson representations,
but the general form of the action is the same for all representations of MacMahon type
obtained by taking a coproducts of single boson representations. Using the compatible
coproduct guarantees that these identifications will hold also for any MacMahon represen-
tations. Note that the coproduct used in the R-matrix description of the algebra is the
same one as the one used in [73] as product of Miura operators. In [57] this coproduct was
studied in the language of Tsymbaliuk’s generators.

It is instructive to compare the Yangian algebra coming from Maulik-Okounkov R-
matrix with Arbesfeld-Schiffmann-Tsymbaliuk presentation more explicitly. Assuming the
large central charge expansion of the form

U1

»(u) :1+03%++03?+... (6.5)
with ¢ and ; central and the analogous expansion
H H
H(u):1+71+u—22—|—..., (6.6)

the formula (6.2) allows us to find a triangular non-linear map between ; and H; gener-
ators. The first few terms are

h h3i?
_hsva | hstiy

H, = 6.7
! Yo PAT 60
gy, = _hts | M3Rhihoto +3)g  hEUTYs | h3u3
2= + — +
6 12 dahyg 8
2,1,4 3 2 2
+ hgw; + h3”(/121 . h3(2h1h2 + 7/}0)1/11 (6.8)
8y 6Yg 1249

and where we identify the u(1) charge v with pq. The first terms of the inverse trans-
formation are

Y1 =qio (6.9)
P2 = "o — 2h3 " Hy (6.10)
¥3 = ¢* o — (2hhatho + 3)H1 + 3h3 “HF — 6hz ' Ha. (6.11)

The subalgebra generated by v¢; and by H; is abelian.
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[#,£] and [¢,e]. The next thing to compare are the e; and &; generators. We use the
left formula in (6.3) and find

&1 = hgeg (6.12)
_ o, (Y2 Wi
Ey = hzep + h360 ( 5 -+ 200 1> (613)
and the inverse
€p = hglgl (6.14)
e1 = hy & + hy &1 (hs — Hi) (6.15)
g = hy & + hy'E(2hg — Ha) + hy &1 (R — 2h3Hy + HT — Ha). (6.16)
First we compare the commutation relations of 1; with e, and those of H; and &;,. The
relations
0= [Yj+3,ex] — 3 [Yjt2, ext1] + 3 [¥j+1, 2] — [¥), ] (6.17)
+ 02 [V, €x] — 02 [¥), ep1] — o3 {1j, ex} (6.18)
together with
[¢27 ej] = 26j (619)

and the fact that v, ¢ are central allow us to calculate an arbitrary commutator [}, ex].
The corresponding commutation relation in the Maulik-Okounkov algebra is (3.91) which
in terms of modes reads
[5j+1,7‘lk] — [Ej,HkJrl] = hT(HjSk — Hk(‘:j) = hT((‘;kHj — Sij) . (6.20)

This holds for any j and k with the convention that & = 0 for j <0, Hy = 0 for k <0
and Ho = 1. In particular, the j = 0 case is simply

[Hk,gl] = —h, & (6.21)
and k£ = 0 case is

H1,&)] = ~heE;. (6.22)
For low values of j and k one can explicitly check that these equations are equivalent to

those of Arbesfeld-Schiffmann-Tsymbaliuk for [¢;, e;] commutators (we checked these up
to j < 4).

[H,F] and [v, f]. The situation is analogous for the annihilation operators. The com-
mutation relations of modes of H(u) and £(v) are

[Fit1s Hie] = [y Hiwr] = —he (K Fi — HiFj) = —he (FiHy — FiHi) - (6.23)
The j = 0 case gives
[k, F1l = he Ty (6.24)
and for kK = 0 we have
[H1, Fj] = hFj. (6.25)

Again, for lower mode numbers j < 4 we have checked that these relations are equivalent
to the [¢);, fi] commutation relations of Arbesfeld-Schiffmann-Tsymbaliuk.
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Other relations. It would be nice to compare other relations that follow from Maulik-
Okounkov R-matrix to those of Arbesfeld-Schiffmann-Tsymbaliuk, but unfortunately this
is not so easy to do in practice. One reason is that the R-matrix in Fock representation
has matrix elements labeled by pairs of partitions which is a very large set of generators.
On the other hand, in Arbesfeld-Schiffmann-Tsymbaliuk presentation there are few gener-
ators (three generating functions ¢(u), e(u) and f(u)) but their relations are not strong
enough to use an analogue of Poincaré-Birkhoff-Witt theorem directly. In fact, labeling
the generators by non-negative spin and integer mode seems to be the optimal choice if
we want to have a non-linear version of PBW theorem (i.e. a generalization of universal
enveloping algebra with possible non-linear commutators). One possible generating set
with this cardinality is to take the U, modes of Wi . Another option is to consider
the hy = ho = h3 = 0 specialization of Arbesfeld-Schiffmann-Tsymbaliuk algebra which is
equivalent to w labeled again by spin and mode number. Since the generating functions
Y(u),e(u) and f(u) are summing the generators in the spin direction, it would be nice to
complement Arbesfeld-Schiffmann-Tsymbaliuk generators f(u), ¥ (u), e(u) by an additional
set of generating functions ej(u) and f;(u) with j > 1. A simple possible candidate could
be £;(u) and Fj(u) fields as discussed in the appendix C. While it seems that there is a
homomorphism from the Maulik-Okounkov Yangian to Arbesfeld-Schiffmann-Tsymbaliuk
Yangian, the existence of the map in the opposite direction is less clear, i.e. the Maulik-
Okounkov Yangian is possibly larger than the Arbesfeld-Schiffmann-Tsymbaliuk Yangian.
This issue surely deserves further study.

7 Calogero-Moser-Sutherland models

As an application of the R-matrix formalism we will now study its connection to Calogero-
Moser-Sutherland models. We will find simple vector representations of the Yangian (which
can be useful to test the Yangian relations) and also a conformal field theoretic construction
of quantum mechanical integrable models of Calogero type.

We will interpret the Miura operators (2.9) as being an R-matrix in a mixed represen-
tation where one representation space is the bosonic Fock space while the other one is a
space of functions of z on which differential operators act. Instead of taking tensor product
of N Fock spaces with fixed z-space like we did until now, this time we consider n z-spaces
but a fixed Fock space, i.e. we consider the product

L(21)L(2) ... Lz0). (7.1)

By the general logic explained in section 3 the matrix elements of this operator should
satisfy the relations of Yangian algebra derived from the Fock-Fock R-matrix.
Let us first consider the case of cylinder.® The mode expansion of the elementary
Miura factor (2.9) is
h3

h3 7]6
- 29, =20, +b bre*2. 2
g 0e ) = =0 0+ Y bre (7.2)

k0

8Note that in this section we will use z as the coordinate on the cylinder and # as the coordinate on the
complex plane.
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Here we expressed the parameter ag in terms of hj, he and hs in such a way that £(z) is
homogeneous with respect to rescaling of h;. The zero mode by is related to the spectral
parameter by (3.75) so up to an irrelevant constant shift of the spectral parameter we can
put u = —hihsbg. Finally, for purposes of this section it is convenient to rescale the whole
Miura factor such that its large u-expansion starts with the identity. The Miura factor
that we will use in this section is thus

E(Z) =1+ ut h30, — hiho Z bke_kz . (7.3)
k40

None of these rescalings or shifts of the spectral parameter affects the Yang-Baxter equation
satisfied by L£(z).
One insertion. The simplest situation is if we take just one Miura factor. The transfer
matrix equals £(z). The generating function of Hamiltonians is

H(uw) = (0| L£(2)[0) = 1 + v thsd. (7.4)

while the elementary ladder operators are

E(u) = (0] L(2)b_1]0) =u"te™? (7.5)
F(u) = (0] b1 L(2)by |0) = u~te”. (7.6)

We can now verify the Yangian commutation relations to check the consistency of our pro-
posal. It is easy to see that the relations (3.87)—(3.90) are indeed satisfied. The Hamiltonian
is diagonalized by the states of the form

k) = e** (7.7)

and the operators £ and F act simply as ladder operators in this infinite dimensional
space of periodic functions. Note that the representation that we obtain is has well-defined
weight spaces with respect to H but it is not a highest weight representation. It is the
vector representation discussed in [56].

Two insertions. Picking two points on cylinder with coordinates z; and zy with Rzo >
Rz, the transfer matrix is

T = L(22)L(z1) (7.8)
and the Hamiltonian
h3 h% hihs eF1t22
?‘[(U) — <0| T|O> — 1 + ;(C{bl + azz) + ?azlazz - U2 (ezl — 6Z2)2 (79)
h3 h% hlhg 1
=1 —\0Oz z 50Uz 0z — . Nl
+ u(al+82)+u28182 u2 4Sinh2 (2152’2) (7 0)

We see that the coefficients of Taylor expansion in by commute as follows from the Yang-
Baxter equation. Interpreting this equation quantum mechanically, we see that we found
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a variant of Poschl-Teller potential for the relative motion of two particles. The term of
order u~ ! is the total momentum while the v =2 term is after addition of the square of the
momentum equal to the energy. We can similarly find the ladder operators:

1 h
E(u) = (0] To-1[0) = —(e7™ +e7™) + (e 0, + e 720s) (7.11)

1 h
Flu) = 010 T10) = (7 + ¢%) + -3¢0, +¢20,). (712)

Analogously to n = 1 case, we don’t expect to find a highest weight representation. But
we can look at a state of vanishing total momentum (i.e. a wave-function depending only
on z; — z3) with minimum energy. There are two such states,

hi1 _ho

_ —7y _ his
p1(21, 22) = [sinh2 <212z2>] Toand pa(z1,2) = [sinh2 <Z12«Zzﬂ C(113)

with H(u) eigenvalues

(=) (v

u2

and

(v%) (n+9) . (7.14)

2
u
We may obtain other states by acting with ladder operators. For example, the action of
E(u) on i(z1,z9) gives us wave function

(e + e *2)pi(21, 22) (7.15)
which is an eigenstate of H(u) with eigenvalue

(u - %) (u + % - h3> (7.16)

u2

while the action of F(u) on ¢1(z1, 22) gives

(€% + e®)p1(21, 22) (7.17)
with H(u) eigenvalue
(u—%+h3) (u+%)
— . (7.18)

Action of £(u) followed by the action of F(u) on ¢1(z1, 22) results in a linear combination
of the state ¢1(21, 22) and another state

cosh(z1 — 2z2)¢1(21, 22) (7.19)

with #H(u) eigenvalue
() (w5 )
u? ’
The simplest way how to decouple the states produced by the action of ladder operator into

(7.20)

H(u) eigenstates is to use the ladder operators (6.3) and (4.40) which have the property
that the residues at their simple poles in u are H-eigenstates. This is the analogue of Bethe
states for our algebra.
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Multiple insertions. We can proceed similarly with any number of insertions of £(z).
The ladder operators £(u) and F(u) as well as the Hamiltonian H(u) can be evaluated
straightforwardly using the Wick theorem: the Hamiltonian takes the form

> I (+u'no,) [ —hl}f : . (7.21)

u 2 (2 —Zk
pairings [ unpaired pairs j<k 4 sinh ( ! )

The sum is over all possible partial pairings. The first product runs over all terms that
are not paired while the second product is the contraction corresponding to contracted
pairs. Incidentally, this kind of generating function of commuting higher Hamiltonians of
n-particle Calogero-Sutherland model was discussed recently in [72]. The leading terms in
the large u expansion of H(u) are

H(u) =1+ — Zazj +— Z h30.,0., — hiho S| T (7.22)
j<k 4 sinh ( L )
1 0.
+— > |130.,0.,0. — hihahs o teyel | e (7.23)
U k< 4 sinh ( R )

where in the last term we have three cyclic permutations of (z;, 2, 21).

One way of writing the ladder operators is to notice that in the case of £(z) the in-
state b_1 |0) must be contracted with one of the £(z) operators after which the evaluation
reduces to that of H(z) with one less variable. This means that we have

=t Zn: e H;(2) (7.24)
=1

= ! il e“Hs(2) (7.25)

where we used the notation Hj(u) for (7.21) where the j-th coordinate is left out.

Plane. Instead of finding differential operators acting on the cylinder, we can transform
to the plane via (3.26). The differential operators for one insertion are

H(u) =1+ u 'hyz0; (7.26)
E(u) =utz7! (7.27)
Flu) =u'z, (7.28)

for two insertions

H(u) =1+ u ths(3105, + 220s,) + u 2 <h§2152aglaz2 hlhg(zlzz)Q> (7.29)
21 — 22

E(w) =u (G + 25Y) Fuha (3 5205, + 2, 15105, (7.30)
Flu) =u(Z1 + %) +u *h3(51220z, + 225105,) (7.31)
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etc. Returning to the case of one insertion, we can use the equations (4.35) and (4.40) to
find the generating functions of Tsymbaliuk

e(u) = hytu (1 +uthsE) 127! (7.32)
fu)=—h3tu 21+ uthsE) ! (7.33)
with Euler operator E = Z0;. In terms of (spin) modes
ej = (—1)n} "Bz} (7.34)
fi= (=17 "thi 2RI (7.35)

These allow us to determine the v; generators

o =0 (7.36)
Py = hyt (7.37)
Py =1-2F (7.38)
Y3 = h3(1 — 3E + 3E?) (7.39)
Yy = h3(1 —4F + 6E* — 4F3) (7.40)
and in general
j—1 .
by = W0 (] ) B = G - BY - (B (r.41)
k=0
The corresponding generating function of i-charges is
() = (w+ hsE + hy)(u+ hsE + hs) ' (7.42)

(u + th)(u + h3ll — h3)

In contrast to representations of the affine Yangian on partitions and plane partitions where
1y # 0, here 1)y = 0. This representation of the algebra is the vector representation of [56]
and is the representation that acts on orbital degrees of freedom in Calogero models.

The transition from vector-like representations which have fixed number of Bethe roots
to Fock representations physically corresponds to the transition to the second quantized
picture (or grand-canonical ensemble) with variable number of particles (Bethe roots). The
Fock oscillators can be identified with collective coordinates of the particles.

Torus. Studying the n-point functions of the elementary Miura factor on the plane and
cylinder we found the rational and trigonometric Calogero-Moser-Sutherland models. It is
interesting to observe that if we replace in (7.21) the two-point function

1

.19 (zi—2
4 sinh (%)

(7.43)

by its generalization on a torus which is the Weierstrass function, we find a generating
function of quantum mechanical elliptic Calogero model, i.e.

H(u) = Z H (14 v "h30z,) H <—h;};297 (25 — zk)) . (7.44)

pairings [ unpaired pairs j<k
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The commutativity of these quantum Hamiltonians is not immediately guaranteed by the
Yang-Baxter equation (because in the Hamiltonian formalism we are using the handle-
insertion operator whose Yang-Baxter equation we have not verified), but still they com-
mute as can be verified on first few Hamiltonians using the identities satisfied by elliptic
functions. The commutativity of quadratic and cubic Hamiltonian requires for example

p(z1 — 22) (22 — 23) p(2z3 — 21)
det | of(21 — 22) ¢/ (22 — 23) ¢/ (23 — 21) (7.45)
1 1 1

which is the well-known addition identity for Weierstrass elliptic function.

Summary. In this section we interpreted the Miura transformation as a transfer matrix
in the mixed representation where one of the vector spaces is the Fock space while the other
one is a space of functions of worldsheet position z with action of differential operators. The
Yangian generators that we found were geometrically given by CFT correlation functions
on a sphere or a cylinder with insertions of elementary Miura factors. The choice of in and
out state specifies the Yangian generator. The Yangian algebra itself was insensitive to
positions of insertions of Miura factors or their number. The Yangian algebra is encoding
the Ward identities for this class of correlators. There are few obvious generalizations that
one can consider: instead of N = 1 Fock space and Miura operator one could consider the
higher rank case. The whole discussion should be entirely analogous. Another possible
generalization would be to consider more complicated insertions. Interpreting the differen-
tial operators representing the Yangian as differential operators acting on moduli space of
punctured spheres, one could also ask what happens if the genus is higher than zero.

8 Outlook

There are various possible directions in which the results of this article could be extended.
We found two formulas for the R-matrix of the mixed type, but if the Fock spaces are of
the same type, the only explicit expression known so far is the fermionic formula derived
by Smirnov [58]. Parts of that formula are quite reminiscent of the mixed R-matrix at
p = 1 discussed here so perhaps the p # 1 bosonic R-matrix is not out of the reach.

We also made only first steps in exploration of the structure of Maulik-Okounkov
Yangian. We found a map from the Maulik-Okounkov Yangian to Arbesfeld-Schiffmann-
Tsymbaliuk algebra, but it is not clear what is its kernel. It doesn’t seem to be trivial, so
in the optimistic case it could be central.” Focusing on simpler vector representations of
the Yangian could possibly further simplify the problem of studying the R-matrix.

Orthosymplectic case. The R-matrix considered here is associated to W-algebras of
Dynkin type An_1. But there are also orthosymplectic WW-algebras which are quotients of
even spin subalgebra of W .. On the level of classical differential operators one can get
the orthosymplectic spin chain by adding a reflection operator at one of the ends of the

9Thanks to O. Schiffmann for discussing this issue.
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spin chain [89]. Better understanding how this works in the quantum case could lead to
an analogue of Arbesfeld-Schiffmann-Tsymbaliuk description of even spin Waeey .

Calogero models. We found in the last section that the correlation functions of rank 1
Miura factors on a cylinder produce Hamiltonians and ladder operators of the trigonometric
Calogero-Sutherland model. The generalization to higher ranks is straightforward, but it
would be interesting to see if there is also a similar picture that would apply to higher
genus Riemann surfaces or to different types of insertions. The Hitchin systems provide a
large class of classical integrable models labeled by (punctured) Riemann surfaces together
with a gauge group so it would be interesting to see which of those one can reproduce
using the Maulik-Okounkov R-matrix approach. In the conformal field theory we have
Knizhink-Zamolodchikov-Bernard equations which take a form of differential equations on
Riemann surfaces so one should see how these are related.

Classical integrability and KP hierarchy. There is a well-developed theory of hi-
erarchies of classical integrable partial differential equations [84, 86]. The Wx-algebras
considered here are quantization of the first equations of KdVy hierarchies. Just like Wy
interpolates between all Wy algebras, there is a KP hierarchy containing all the KdVy
hierarchies. There is a way of encoding the hierarchy into Hirota equations for tau function
which in its symmetric formulation [86] is reminiscent of the triality-invariant variables like
those of Arbesfeld-Schiffmann-Tsymbaliuk. It would be nice to understand what is the
quantum analogue of all of these classical constructions.

g-deformed version. Everything discussed here has an analogue in the context of quan-
tum toroidal or Ding-Iohara-Miki algebras [79, 90, 91]. In particular, the R-matrix in ¢-
deformed setting was studied in detail in a series of papers [87, 92, 93] and in [94]. Since
there is a Macdonald g-deformed version of Nazarov-Sklyanin opertors [95], it could be
interesting to see if it could lead to any additional insights in combination with the well-
developed story of [87, 92, 93]. It would be also useful to translate the results on shuffle
algebras studied in detail in the g-deformed case [96-98] to the rational setting. In partic-
ular, the shuffle algebra could be the right way to describe more general matrix elements
of the R-matrix studied here.
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A Higher order expressions for R-matrix

The fourth order expression for R-matrix (in terms of J_ current) is

1 4 1
(4) — .(4) L = (,.(D) = (1),.03) (3),.(1) (2),.(2)
R 4 24 (7" ) + 5 (r r) e S )

n é (7.<1>7,<1>T(2> 1@, 4 7,(2>7,(1),,<1>> (A1)

and

1
4) —
= (a—Jla—J2a—]3a—]4a31+32+J3+J4 + Ay —jo—ja—jia @jy Ay s Ay )
J1,J2,93,34>0

1
+ B § (afj1a*j2ak‘1ak2ak3 + a—ha—kza—k:sajlajz)
J1+je=k1+ka+k3
_r (A Gy @ity + Q@) (A.2)
A—jy A—jo Ajy+jo T A—j1 —jr Ay Ajo :
J1,Jj2>0
g > (T 475 + d1d2) (0 jy 0o, 45 + A gy jp05055) -
J1,J2>0
At fifth order, we have
1
5)
r( )= _g Z (a*jla*j2a*j3a*j4a‘*]’5a’j1+j2+j3+j4+j5 +a’*j1*j2*]’3*]’4*j5aj1aj2a‘j3aj4a‘j5)
J1,J2,33:J4,95>0
1
-5 Z (a_jl Ay Uy Oy Oy Oy Ty Ay Oy ajzaj3aj4)

J1ti2+ist+ia=ki+ke

2
Y Z A—jy A—jjy A—jig Ay Aoy Ak
Jitjetis=kitkatks
)
*5 D (000 Oy s, 05,05
J1,J2,73>0
p(p+1)
T % Z (Ji+73+73+irjatiris+i2is) X (A.3)
J1,J2,33>0

X (A jy Gy Oy Oy 4yt G+ iy — oG Oy Wi A )

p p(p+1) 9,
+1 Z A—jy Ao Oy Ay — Z (]%+j22+k%+k%)a—j1a—jzaklak2

Jitj2=ki+ko 8 J1+je=k1+ko
2 2 2 2
p-(3p"+9p+4 . p~(p+1) , p~(p+6
PG 901 E j4a,jaj+(7 E an,jaj—i( ) E a_jaj .
240 , 24 < 240 ¢
3>0 3>0 7>0

B Fock representation of Wi

Since we are using here slightly different normalization of Fock oscillators than the one
used in [57], let us summarize here the generators of Wi in terms of the oscillators. For
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concreteness we choose the representation associated to the third direction and choose the

zero mode by to act as zero (it can be reintroduced easily by a spectral shift).

1
o = il
Y1=0
thy = —2hyhy Y b_jb;
§>0
€y — b,1 (Bl)
fo=—b1
€1 = —hlhg Z b_j_lbj
§>0
J1 = hihs Z b—jbjt1.
§>0
Box addition amplitudes in this representation
ho hy
J = — J- J
€01 hi— Iy 2+h1—h2 1,1
B ho 2hy
cof2 = 2h1 — ho Jat 2h1 — ho J2’1
2ho hq
J1=——""1] —J
€pJ1,1 Iy — 20y 2,1+ Iy — 2h 1,1,1
ho 3h1
J3 = — J. J. B.2
€03 3h1 — o 4+3h1—h2 3,1 (B.2)
ho(hy — 2hs) hiho hi(2h1 — hg)
Jo1=—"r—-—ZF - ] e S .V |
€0J2,1 2(h1 — ha)? 3,1 (h1 — ha)? 2,2 1 2(hn — )’ 2,1,1
3hy h1
J =——J J .
€0J1,1,1 It — 3hy 21,1 hi — 3hy 1,1,1,1
Box annihilation amplitudes are instead
1
fOJ1 = mJo
2
fodJ2 = mﬁ
2
Ji1=—-J
foJi1 hilta 1
3
Jy = J:
JoJ3s s
hi — 2hs 2h1 — ho
Jo1 = J: J
foJ21 hiha(n — ha) o+ T — ) 1.1
3
J = J B.3
foJ1,11 hilta 1,1 (B.3)
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4

foJs = m:]s
fodz1 = hlii}g;f; }12212) 3 hl}?:(lgf_LleQhQ)JQ’l
foJoo = h14h2J2’1
foda11 = h12f55(1h1_3h22i22)‘]2’1 + hli?:l(lhl_Q};th)Jl’l’l
foJii11 = h14h2 Jia,1-

C Higher relations of Yangian algebra

C.1 [&,F] relations

For an illustration, let’s discuss higher order relations of Yangian algebra. Analogously to
H,E and F, we can define

HE) = (0 aan T haa 1[04 (C1)
The Yang-Baxter equation implies relations
(uA—uB—i—hA)(uA—uB—hB)HAHg = —th'HBHé—i—(UA—UB)(UA—UB—f—hA—hB)’Hg'HA

—hB(uA—uB)EB}"A—I—hB(uA—uB—I—hA—hB)}'BSA
(C.2)

and
(ua—up+ha)(ua—up—hp)HAHE = (ua—up)(usa—up+ha—hg)HPHA-RZHEHA

—i—hA(uA—uB)ngA—hA(UA_UB+hA_hB)-FBgA'
(C.3)

Permuting labels A <+ B we find additional two relations
(uA—uB—i—hA)(uA—uB—hB)HBHé = (uA—uB)(uA—uB+hA—hB)HéHB—h?4HAH§

+ha(ua—up)EXFP—ha(ua—up+ha—hp)FAEP
(C.4)

and

(ua—up+ha)(ua—up—hp)HEHA = (ua—up)(ua—up+ha—hg)HAHE—hEHAHD
—hp(ua—up)EAFP+hp(ua—up+ha—hg) FAED.
(C.5)

We also have relations

(uAfuBJrhA)(uAfuthB)gA]:B = th(uAfuBJrhAth)’HB’Hé+hA(uA7uB+hA7hB)’Hg’HA
—hahpEP FA4(ua—up+ha—hp)>FBEA (C.6)
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and
(uA —up + hA)(uA —up — hB).FAgB = hB(uA — uB)'HBHé — hA(uA — uB)HgHA
+ (ug —up)?EBFA — hahpFBEA. (C.7)
as well as their A <+ B permutations
(uA—uB—&—hA)(uA—uB—hB)EB]:A = hA(uA—UB—‘rhA—hB)HA/HS—hB(uA—uB-‘rhA—hB)HéHB
—hahpEAFP+(ua—up+ha—hp)* FAED (C.8)
and
(uA —up + hA)(uA —ug — hB)./_"BgA = —hA(uA — uB)fHAng + hB(uA - ZLB)’HSHB
+ (up — up)?EAFP — hahpFAEB. (C.9)

Out of these 8 relations for 8 unknowns, only 4 are independent. We can eliminate from
these equations Hpo (and thus also H) and find

(ug —up)(EAFB —EBFA) = (ug —up + hy — hp)(FBEA — FAED) . (C.10)

Note that this equation is trivially satisfied for A = B, i.e. for auxiliary spaces of the same
type. Analogously we can derive relations

ha [HAHE] = hip [HE, HE] (C.11)

(ug —up)EBFA — (ug —up + ha — hg) FAEL = haHEHA — hpHAHP (C.12)
hi [E4,FB] + hp [FAEB] = (ha — hp) [HA, HE] (C.13)

(ua —up +ha — hg) [HYLHE] = hp(EAFP — B F4). (C.14)

C.2 [£&,€&] relations

Consider now two additional operators by taking the matrix elements
£ = (0, T 0 C.15
2 (0], Ta "aa—210)4 (C.15)
and
g7 =0, Va2 1 |0 C.16
1,1 (04 T4 aA,71| )a- (C.16)

To derive the commutation relations between these and H(™), we need to know the matrix
elements of Rap at level 2. It is straightforward to derive these from (3.58) but since the
result is quite complicated, let us specialize for simplicity to 74 = 75 = 7. In this case
we have

ARapas,—20) = (ua—up)(hr(ua—up+h:)*+03)as,—2—h-(ua—up)osa _,
—i—hT(2hT(uA—uB+hT)2+03)aB,_2—hT(uA—uB)agaé,l
+2h,(ua—up)osas_1ap,_1 (C.17)
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ARapap,—2|0) = he(2h-(ua—up+h:)*+03)aa,—o+hs (ua—up)osay
—i—(uA—uB)(hT(uA—uB—|—hT)Q—i-ag)aB,_g—i-hT(uA—ujg)achQJi,1
—2h;(ua—up)o3as,_1aB,-1 (C.18)

ARABCLZA,1 0) = h2(ua—up)aa, o+ (ua—up)(h, (uA—uB—l—hT)Q—i-ag—hi)ai,,,l
—h2(up—ug)ap, _ot+hr (h2(ua—up+2h, )+03)a2B7_1
+2h2 (ua—up)(us—up+2h, Jaa,—1aB,—1 (C.19)

ARABaQB7_1 |0) = h2(uA up)aa,—2+h, (h (ua—up+2h, )—|-0'3)a1247_1

—hi(uA—uB)aB,,z—i-(uA—uB)(h.r(uA—uB—{—hT)Q—I-Ug—h?T’)aQB,_I

—|—2h3(uA—uB)(uA—uB+2hT)aA7_1aB7_1 (C.20)
AR apaa —1ap,—110) = —hg(uA—uB)aA,,g—}—h?.(uA—uB)(uA—uB—FZhT)ai,_l
—i—hf(uA—uB)aB,_Q—i-hz(uA—uB)(uA—uB+2hT)QQB7,1 (C.21)

+(o3(ua—up+hr)+hr(ua—up+2h, ) ((ua—up)*+h?))aa_1ap,_1

where
A= (ug—up+h;) [hT(uA —up + hy)(ug —up + 2h;) + (73] . (C.22)

The level 2 relations are then

A& (u)H(v) = (u—v)(he(u — v+ he)? + 03)H(0)E(u) — hy(u — v)osH(v)E 1 (u)
+ e (2hr (u — v+ he)? 4 03)E2(V)H (u) — by (u — v)o3E1 1 (v)H (w)
+2h:(u —v)o3E(v)E(u) (C.23)
AH(u)E2(v) = hy (2hr(u — v + by )? + 03)H(v)E2(w) + hr(u — v)ozH (v)Er 1 (u)
+ (u = v)(hr(u — v + hy)? + 03)E2(V)H (1) + hr (u — v)03E 1 (V) H ()

— 2h(u —v)osE(v)E(u) (C.24)
A& (WH(v) = h2(u — v)H(v)E(u) + (v — v)(hr(u — v+ hr)? + o3 — h3)H(v)E 1 (u)

— h2(u —v)E(V)H(u) + hr (h2(u — v + 2h,) + 03)E11 (V) H (u)

+ 202 (u — v)(u — v + 2k, )E(v)E (u) (C.25)
AH(u)E11(v) = h2(u — v)H(v)E(u) + hr(hE(u — v + 2h,) + 03)H(v)E11 (u)

— h2(u — )& (V)H(u) + (u — ) (he(u — v + hy)* + 03 — h23)E1 1 (v)H (u)

+ 202 (u — v)(u — v + 20, )E(v)E (u) (C.26)
AE(u)E(v) = —h2(u — v)H(v)E(u) + h2(u — v)(u — v + 2h, ) H(v)E1 1 (u)

+ h2(u —v)E(v)H(u) + h2(u — v)(u — v + 2h,)E11 (V) H(u)

+ (03(u — v + hy) + he(u — v+ 2h;) ((u — v)* + B2))EW)E(W) . (C.27)

We can find another 5 relations if we exchange u <+ v. In total, we have 10 homogeneous
linear equations for 10 unknowns, but three of the equations are dependent (the matrix of
the linear system has rank 5). We can eliminate some variables and find

[H(u), Ea(v)] = [H(v), Ea(u)] (C.28)
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(which is a consequence of commutativity of R with J. ),
(u—v) [H(u), E2(v)] + 2hg (H(u)E2(v) — H(v)E2(u)) = hiha [E(u), E(v)] (C.29)

generalizing (3.91) or

(2h3(u — v+ hg) + hlhz)g(u)g(v) + (2h3(u — v — hg) — hlhg)S(U)S(u) =
=2(u—v)((u—v+hs)H(w)Er1(v) — (w—v —h3)E11(V)H(uw) — (uw—v) [H(u),E(v)].
(C.30)
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