


symmetryS S

Article

Spacetime Symmetry and LemaîTre Class Dark
Energy Models

Irina Dymnikova 1,2,* and Anna Dobosz 2

1 A.F. Ioffe Physico-Technical Institute, Politekhnicheskaja 26, St. Petersburg 194021, Russia
2 Department of Mathematics and Computer Science, University of Warmia and Mazury, Słoneczna 54,

10-710 Olsztyn, Poland; dobosz@uwm.edu.pl
* Correspondence: irina@uwm.edu.pl; Tel.: +48-601-362-059

Received: 14 December 2018; Accepted: 11 January 2019; Published: 15 January 2019

Abstract: We present the regular cosmological models of the Lemaître class with time-dependent
and spatially inhomogeneous vacuum dark energy, which describe relaxation of the cosmological
constant from its value powering inflation to the final non-zero value responsible for the present
acceleration in the frame of one self-consistent theoretical scheme based on the algebraic classification
of stress-energy tensors and spacetime symmetry directly related to their structure. Cosmological
evolution starts with the nonsingular non-simultaneous de Sitter bang, followed by the Kasner-type
anisotropic expansion, and goes towards the present de Sitter state. Spacetime symmetry provides a
mechanism of reducing cosmological constant to a certain non-zero value involving the holographic
principle which singles out the special class of the Lemaître dark energy models with the global
structure of the de Sitter spacetime. For this class cosmological evolution is guided by quantum
evaporation of the cosmological horizon whose dynamics entirely determines the final value of the
cosmological constant. For the choice of the density profile modeling vacuum polarization in a
spherical gravitational field and the GUT scale for the inflationary value of cosmological constant,
its final value agrees with that given by observations. Anisotropy grows quickly at the postinflationary
stage, then remains constant and decreases to A < 10−6 when the vacuum density starts to dominate.
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1. Introduction

Observational data convincingly testify that our Universe is dominated at above 72% of its
density by a dark energy with a negative pressure p = wρ, w < −1/3 [1–4] (for a review [5]),
with the best fit w = −1 corresponding to the cosmological constant λ associated with the vacuum
density ρvac = (8πG)−1λ [6–11]. However, the Einstein cosmological term λgµν = 8πGρvacgµν

cannot be associated with the vacuum dark energy, for two reasons: (i) The quantum field theory
estimates ρvac by ρPl = 5× 1093 g cm−3. Confrontation of this estimate with the observational value
ρobs ' 1.4× 10−123ρPl produces the fine-tuning problem [12]. (ii) A large value Λ = 8πGρvac is needed
for powering the inflationary stage of the Universe evolution, the observational data yield its much
smaller today value, while the Einstein equations require ρvac = const.

The Planck density ρPl provides a natural cutoff on zero-point quantum vacuum fluctuations
in QFT which give rise to ρvac [12], as well as on applicability of classical General Relativity [13].
Proposals to solve the fine-tuning problem typically go beyond the classical General Relativity and
involve both its quantization and modifications and extensions on the classical level.

As early as in 1978 Hawking supposed that quantum fluctuations in spacetime topology at small
scales may provide a mechanism for vanishing a cosmological constant [14]. The point is that at
the very short distances a spacetime itself undergoes uncertainties typical for quantum systems that
implies impossibility to determine simultaneously a spacetime geometry and its changes. According

Symmetry 2019, 11, 90; doi:10.3390/sym11010090 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym11010090
http://www.mdpi.com/journal/symmetry


Symmetry 2019, 11, 90 2 of 18

to Wheeler, spacetime beyond the Planck scale has foam-like structure and may involve substantial
changes in geometry and topology [13] including, in particular, quantum wormholes [15,16].

On the other hand, the effective field theory still valid near the Planck energy scale, and the
question why the observed cosmological constant is so small as compared with ρPl is equivalent to the
question why the universe is accelerating at present [17]. In default of a some fundamental symmetry
which would reduce the value of λ to zero, most of proposals were focused on searching for physical
mechanisms which could provide its small value today.

The Causal Entropic Principle, which requires disregarding the causally disconnected spacetime
regions and maximizing the entropy produced within a causally connected region, has been applied for
calculation the expected value for a present cosmological constant in [18] in the reasonable agreement
with its observational value. Causality arguments were also used for analysis of relaxation of the
cosmological constant to its present value in the context of the eternal inflation in the multiverse and a
string landscape [19].

The non-singular model with the curvature square term, a cosmological term and a dilaton field
φ has been proposed in [20]. In this model the effective potential for a dilaton field demonstrates the
proper behavior to provide a successful inflationary stage with a graceful exit in the regime φ→ ∞,
and a small value of the vacuum density responsible for the late time acceleration in the regime
φ→ −∞, that appears as the "threshold" for the universe creation [20].

A way to solution of the fine-tuning problem involving the Higgs boson as the most likely
candidate for the inflaton field, has been proposed in [17] on the basis of an energy exchange between
the inflaton field and a time-dependent Λ. Although the mass of the Higgs boson is much smaller than
that needed for an inflaton, the hierarchy problem has been solved by introducing a coupling between
Λ(t) and the inflaton field, which even in the simplest form, Lint ∼ φΛ, can provide a solution of the
fine-tuning problem [17].

In the framework of the QFT model with a scalar and a fermion field and a physical cutoff
rendering the QFT finite it has been shown that the violation of the Lorentz invariance at the high
momentum scale can be made consistent with a suppression of the violation of the Lorentz invariance
at the low momenta. The fine tuning required to provide both the suppression and the existence of a
light scalar particle in the spectrum has been determined at the one loop level [21].

In the paper [22] it was noted that the extreme smallness of the gravitational fine structure constant
αg =

√
Gh̄Λ/c3 = 1.91× 10−61 (ρvac/ρPl = (1/8π)αg) may suggest an essentially different structure

of a dark energy, which could not be entirely described by a cosmological constant.
The cosmological constant provides the empirically verified explanation for the present

accelerated expansion. The ΛCDM model includes a cosmological constant, inflationary initial
conditions, cold dark matter, standard radiation and neutrino content and Ωtot = 1, and demonstrates
a good agreement with the current cosmological observations [23]. Extensions of the ΛCDM model,
abbreviated as IΛCDM, involve the vacuum energy interacting with the cold dark matter [24,25]
(for a recent review [26]). However, theoretical difficulties including the fine-tuning problem [27,28]
enforced looking for alternative models of a dark energy (for a review [29]).

Most of the alternative models introduce a dark energy of a non-vacuum origin which behaves
like a cosmological constant when needed. Various models have been developed (for a review [30–33])
and checked out by the cosmography tests [34,35]. Among them phenomenological quintessence
models with −1 < w < −1/3 [4] and quintom models with two dynamical scalar fields, a canonical
field and a phantom field with w < −1 [36], supported by symmetry requirements [37], present the
dynamically viable dark energy models (for a dynamical analysis of the quintom models [38]).

Modified gravity models (for a review [39]) involve screening mechanisms that are characterized
by an effective value of the gravitational coupling GN for the regions with the different gravitational
potentials; the model predictions approach those typical for General Relativity in the regions of a
strong gravitational field [29].
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A general approach to the viable modified F(R) gravity describing the inflation and the current
accelerated expansion has been developed in [40] including investigation of the exponential models of
the modified gravity.

The holographic dark energy models [41,42] establish that the QFT ultraviolet cutoff produces
the dark energy density ρDE = 3C2M2

Pl L
−2 [43], where C is a numerical constant and L indicates the

infrared cutoff ([44] and references therein). The scale L−1 can be considered as the Hubble scale since
the resulting density is comparable with the current dark energy density [45,46]. Another option for L
is the particle and future horizons as the generalized holographic dark energy models for a specific
f (R) gravity model ([47] and references therein). In [48] a holographic dark energy model has been
constructed for the apparent horizon in a curved universe. The holographic models for the particle
and future horizons have been analyzed in [49] with the conclusion that the future horizon presents
more similarities with the dark energy behavior.

Models with −1 < w < −1/3 have been thoroughly tested with using the WMAP (Wilkinson
Microwave Anisotropy Probe) - CMB (Cosmic Microwave Background) data, which gave the constraint
wQ ≤ −0.7 and the best fit wQ = −1 [6–8,11]. CMB measurements [50] together with the BAO (Baryon
Acoustic Oscillations) data [51] and SNe (SuperNovae) Ia data [52] confirmed this result giving
w = −1.06± 0.06 at 68% CL [51].

Model-independent evidence for the character of the dark energy evolution obtained from the
BAO data distinguish theories with relaxation of Λ from a large initial value [53].

Relaxation of Λ has been considered in [54] on the basis of the adjustment mechanism proposed
in [55] in the model extending General Relativity by adding a class of the invariant terms that reduce
an arbitrary initial value of the cosmological constant to a needed value.

A unified description of the dark energy driving both the inflationary stage and the current
accelerated expansion is presented in [56] on the basis of a quadratic model of gravity which
includes an exponential F(R) gravity contribution with the high-curvature corrections coming from the
higher-derivative quantum gravity beyond the one-loop approximation.

Let us note that although the cosmological constant provides the convincing explanation for the
observed accelerated expansion, a clear justification of its small value does not exist until now [49].

In this paper we outline our approach to relaxation of a cosmological constant in the frame
of the model-independent self-consistent theoretical scheme which makes cosmological constant
intrinsically variable. A vacuum dark energy is introduced in general setting suggested by the
algebraic classification of stress-energy tensors and directly related to spacetime symmetry that
provides a mechanism of reducing a cosmological constant to a certain non-zero value involving the
holographic principle which singles out the special class of the Lemaître cosmological models with the
global structure of the de Sitter spacetime.

The quantum field theory in a curved spacetime does not contain a unique specification for the
vacuum state of a system, and the symmetry of the vacuum expectation value of a stress-energy tensor
does not always coincide with the symmetry of the background spacetime ([57] and references therein,
for a detailed discussion [58]). What is more important, QFT does not contain an appropriate symmetry
to zero out the cosmological vacuum density or to reduce it to a non-zero value.

The key point is that a relevant symmetry does exist in General Relativity as a spacetime
symmetry, directly related to the algebraic structure of stress-energy tensors which determine the
spacetime geometry as source terms in the Einstein equations. Algebraic classification of stress-energy
tensors [59,60] suggests a model-independent definition of a vacuum as a medium by the algebraic
structure of its stress-energy tensor and admits the existence of vacua whose symmetry is reduced as
compared with the maximally symmetric de Sitter vacuum associated with the Einstein cosmological
term Ti

k = ρvacδi
k (p = −ρvac; ρvac = const by Ti

k;i = 0) and responsible for the de Sitter geometry which
ensures accelerated expansion, isotropy and homogeneity independently of specific properties of the
particular models for ρvac [61,62]. To make Λ variable it is enough to reduce symmetry of Ti

k = ρvacδi
k

while keeping its vacuum identity (pk = −ρ for one of two spatial directions) [63,64]. The cosmological
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constant Λ becomes a time component Λt
t of a variable cosmological term Λi

k = 8πGTi
k [65],

which allows a vacuum energy density to be intrinsically dynamical, i.e., time-evolving and spatially
inhomogeneous (by virtue of Λi

k;i = 0).
A stress-energy tensor Ti

k with a reduced symmetry represents an intrinsically anisotropic vacuum
dark fluid which can be evolving and clustering, and provides the unified description of dark energy
and dark matter based on the spacetime symmetry [64,66] (for a review [67]). The relevant spherical
solutions to the Einstein equations are specified by Tt

t = Tr
r (pr = −ρ) and belong to the Kerr-Schild

class. Regular spherical solutions satisfying the weak energy condition, which implies non-negativity
of density as measured by an observer on a time-like curve, have obligatory de Sitter centers,
Ti

k = (8πG)−1Λδi
k. They describe regular cosmological models with time-evolving and spatially

inhomogeneous vacuum dark energy, and compact vacuum objects generically related to a dark energy
via their de Sitter vacuum interiors: regular black holes, their remnants and self-gravitating vacuum
solitons, which can be responsible for observational effects typically related to a dark matter [64,68].

This implies a natural phenomenological inclination with the ΛCDM model: Primordial black
hole remnants are considered as (cold) dark matter candidates for more than three decades [69,70].
The problem with singular black holes concerns the existence of the viable products of their
evaporation ([71] and references therein). Quantum evaporation of the regular black holes
(RBH) involves a 2-nd order phase transition followed by quantum cooling and resulting in
thermodynamically stable remnants ([72] and references therein; for a review [73]). Primordial RBH
remnants and self-gravitating vacuum solitons appear at the phase transitions in the early universe
where they can capture available de Sitter vacuum in their interiors and form graviatoms binding
electrically charged particles [74]. Their observational signatures as heavy dark matter candidates
generically related to a vacuum dark energy include the electromagnetic radiation whose frequency
depends on the scale of the interior de Sitter vacuum, within the range ∼ 1011 GeV available for
observations [68,74]. In graviatoms with the GUT scale interiors, where the baryon and lepton
numbers are not conserved, the remnant components of graviatoms can induce the proton decay,
which could in principle serve as their additional observational signature in heavy dark matter searches
at the IceCUBE experiment [68].

Regular cosmological models with the vacuum dark energy belong to the Lemaître class of
cosmological models and are able to describe evolution between different states dominated by the de
Sitter vacuum [58]. There exists infinitely many distributions of matter which satisfy Rik = Λgik and
hence model the cosmological constant [75], but in all cases it is ultimately de Sitter vacuum drives
the accelerated expansion due to the basic properties of the de Sitter geometry, independently on an
underlying particular model for Λ. In a similar way a dynamical vacuum dark energy associated
with a variable cosmological term, generates geometries whose basic properties involve in the natural
way restoration of the spacetime symmetry asymptotically or/and at certain stages of the universe
evolution. Such geometries describe the relaxation of the cosmological constant by the Lemaître
class anisotropic cosmological models, which reduce to the isotropic FLRW models at the stages
with the spacetime symmetry restored to the de Sitter group. This makes it possible to describe
on the common ground the currently observed accelerated expansion and the inflationary stages
predicted by the standard model and related to the phase transitions in the universe evolution [76].
Such a model involving the GUT and QCD vacuum scales has been presented in [58] on the basis of
the phenomenological density profile with the typical behavior for a cosmological scenario with an
inflationary stage followed by decay of the vacuum energy described by the exponential function.
The model parameters characterizing the decay rate are uniquely fixed by the requirements of the
causality and analyticity. Other model parameters are fixed by the values ρGUT , ρQCD, the currently
observed density ρλ and Ω = 1. The only remaining free parameter, the e-folding number for the first
inflation, was estimated by the observational constraints on the CMB anisotropy. It was shown that the
Lemaître class cosmological model with the vacuum dark fluid can describe the universe evolution in
the frame of one theoretical scheme which fairly well conforms to the basic observational features [58].
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The spacetime symmetry provides a mechanism of reducing the cosmological constant to a
certain non-zero value. The holographic principle distinguishes the special class of the Lemaître dark
energy models, for which the cosmological evolution is guided by the quantum evaporation of the
cosmological horizon whose dynamics entirely determines the final value of the cosmological constant.

Here we present the basic features of the Lemaître class dark energy models and outline in some
detail the special class of models singled out by the holographic principle. Section 2 presents the
spherically symmetric vacuum dark fluid and the generic properties of the spacetime generated by the
vacuum dark energy. Section 3 presents the basic equations and the generic properties of the Lemaître
class cosmological models with the vacuum dark energy, and the special class of the Lemaître models
favored by the holographic principle, including the detailed behavior of the anisotropy parameter in
the course of the universe evolution. Section 4 contains summary and discussion.

2. Algebraic Structure of Tress-Energy Tensors for Vacuum Dark Energy and Spacetime Symmetry

Stress-energy tensors of the spherically symmetric vacuum dark fluid have the algebraic structure
defined by [63]

Tt
t = Tr

r (pr = −ρ); Tθ
θ = Tφ

φ . (1)

The equation of state, following from the conservation equation Tk
i;k = 0, reads [63,77] pr = −ρ;

p⊥ = −ρ − r
2 ρ′, where ρ(r) = Tt

t is the energy density, pr(r) = −Tr
r is the radial pressure, and

p⊥(r) = −Tθ
θ = −Tφ

φ is the transversal pressure for the anisotropic vacuum dark fluid [64]. The
stress-energy tensors specified by (1) generate, as the source terms in the Einstein equations, the globally
regular spacetimes with the de Sitter centre (replacing the Schwarzschild singularity) provided that
the weak energy condition (WEC) is satisfied [78,79]. The spacetime symmetry breaks from the de
Sitter group in the origin [78].

The early proposals of replacing a singularity with the de Sitter core were based on the hypotheses
of a self-regulation of the geometry by the vacuum polarization effects [77], of the existence of
the limiting curvature [80], and of the symmetry restoration at the GUT scale in the course of the
gravitational collapse [63,81]. Later a loop quantum gravity and the noncommutative geometry
provided arguments in favor of a de Sitter interior in place of a singularity [82–87].

A metric generated by a source term specified by (1) belongs to the Kerr-Schild class [88]

ds2 = g(r)dt2 − dr2

g(r)
− r2dΩ2. (2)

For the regular spherical solutions with the de Sitter centre WEC leads to monotonical decreasing
of the density profile ρ(r) [78]. In the case of two vacuum scales we can thus separate in Tt

t the
background vacuum density ρλ = (8πG)−1λ, introducing Tt

t (r) = ρ(r)+ ρλ, where ρ(r) is a dynamical
density decreasing from the value at the center ρΛ = (8πG)−1Λ to zero at infinity; Tt

t evolves
from (8πG)−1(Λ + λ) to (8πG)−1λ and provides the intrinsic relaxation of a cosmological constant.
The metric function [89]

g(r) = 1− 2GM(r)
r

− λr2

3
; M(r) = 4π

∫ r

0
ρ(x)x2dx (3)

is asymptotically de Sitter with λ as r → ∞ and with (Λ + λ) as r → 0.
Geometry has three basic length scales: rg = 2GM (M = 4π

∫ ∞
0 ρr2dr); rΛ =

√
3/Λ; rλ =

√
3/λ,

and an additional length scale r∗ = (r2
Λrg)1/3 characteristic for the geometry with the de Sitter

interior. The relation of rλ to rΛ represents the characteristic parameter relating two vacuum scales
q = rλ/rΛ =

√
Λ/λ =

√
ρΛ/ρλ.

Let us note that the characteristic scale r∗ = (r2
Λrg)1/3, introduced first in [77] as related to a

self-regulation of the geometry, appears explicitly in the simple semiclassical model of the vacuum
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polarization in the spherical gravitational field based on the fact that all fields are involved in a
collapse, therefore all of them contribute to the stress-energy tensor and hence to geometry [63,78,90].
The scale r∗ defines the zero gravity surface at which the strong energy condition is violated [63,90].
In thermodynamics of regular black holes this scale determines evolution during evaporation [72].
In the Nonlinear Electrodynamics coupled to Gravity the existence of zero gravity surface inside a
regular compact object allows to present a certain explanation of the appearance of the minimal length
scale in the electromagnetic reaction of the electron-positron annihilation [91].

In the Schwarzschild-de Sitter spacetime the similar scale with the background λ appears in the
minimum of the metric function g(r) (withM(r) = M = const) for the Kottler-Trefftz geometry [92],
and defines the boundary beyond which there are no bound orbits for test particles [93,94]. This scale
plays the fundamental role in the non-linear theories of massive gravity. The original model by Fierz
and Pauli described a massive spin-2 particle in the Minkovski space involving five degrees of freedom
but was incompatible with the Solar System tests. Nonlinear extensions of this theory, proposed first
by Vainshtein [95] include the mechanism of hiding some degrees of freedom and restoring General
Relativity below a certain scale rv called the Vainshtein radius which marks the transition to the regions
where the extra degrees of freedom become essential at the large distances ([96,97] and references
therein). In the cosmological context the Vainshtein scale rv involves the background λ and plays
the role of the astrophysical scale set by the cosmological constant λ as it was shown in [98] where
the general conditions were derived applicable for any theory of massive gravity and responsible for
the coincidence of rv with the relevant scale for the Schwarzshild-de Sitter spacetime obtained in the
GR frame with the dynamical metric involving all degrees of freedom. In the context of black hole
thermodynamics the basic conditions for an observer in massive gravity [99] provide agreement of the
obtained there results with those obtained in GR.

In the considered context of regular spacetimes with the vacuum dark energy the number of
the vacuum scales determines the maximal number of the horizons. In accordance with the Einstein
equations, the pressure p⊥ is related with the metric function g(r) as

8πGp⊥ =
g′′

2
+

g′

r
. (4)

It follows that an extremum of g(r) in the region where p⊥ > 0, is a minimum. The transversal
pressure p⊥ becomes negative in the vicinity of the de Sitter center with the characteristic scale rΛ
and in the asymptotically de Sitter region of large r with the scale rλ. Then there exists only one
region where p⊥ > 0. Since g(r) has different signs at r → 0 and r → ∞, the single minimum of
g(r) implies the existence of at most 3 zero points of the metric function g(r) and hence 3 horizons of
spacetime [100] and five possible configurations shown in Figure 1a [89]. Dependently on the mapping
(choice of the observers reference frame) spacetime geometry presents the black (white) hole with three
horizons, the internal horizon r−, the event black (white) hole horizon r+ and the cosmological horizon
r++, two extreme double-horizon states r− = r+, r+ = r++, and two one-horizon states shown in
Figure 1a [100]. Static observers exist in the R-regions 0 ≤ r < r− and r+ < r < r++.

The T-regions r > r++ open to infinity represent in the relevant mapping r → T, t → u the
regular homogeneous cosmological T-models of the Kantowski-Sachs type with the vacuum dark
fluid [101]. Typical features of these models are the existence of a Killing horizon, beginning of the
cosmological evolution with a null bang from the Killing horizon, and the existence of a regular static
pre-bang region visible to the cosmological observers [101]. The Kantowski-Sachs observers are shown
in Figures 1b and 2.
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Figure 1. (a) Five configurations described by (2). (b) Observers in the 3-horizons spacetime.
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Figure 2. Observers in the double horizon spacetimes: (a) r+ = r++, (b) r− = r+.

The Lemaître observers on the time-like radial geodesics, shown in Figures 1b and 2, have to their
disposal the whole manifold, 0 ≤ r ≤ ∞. Transition to their (geodesic) coordinates (R, τ), where R is
the congruence parameter of the geodesic family and τ is the proper time along a geodesic, is given by
the matrix relating the mapping [r, t] to the mapping [R, τ] which reads [100]

∂t
∂τ

=
E(R)
g(r)

;
∂r
∂R

=
√

E2(R)− g(r);
∂r
∂τ

= ± ∂r
∂R

;
∂t
∂R

= ±E2(R)− g(r)
E(R)g(r)

. (5)

The resulting metric has the form [58,100]

ds2 = dτ2 − [E2(R)− g(r(R, τ))]

E2(R)
dR2 − r2(R, τ)dΩ2. (6)

3. The Lemaître Class Models for Relaxing Cosmological Constant

3.1. Basic Equations

The cosmological models dominated by the anisotropic vacuum dark energy belong to the
Lemaître class models with the anisotropic fluid and are described by the metric [102]
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ds2 = dτ2 − e2ν(R,τ)dR2 − r2(R, τ)dΩ2. (7)

The coordinates R, τ are the Lagrange (comoving) coordinates. The function r(R, τ) is called the
luminosity distance. For the metric (7) the Einstein equations read [103]

8πGpr =
1
r2

(
e−2νr′2 − 2rr̈− ṙ2 − 1

)
, (8)

8πGp⊥ =
e−2ν

r
(r′′ − r′ν′)− ṙν̇

r
− ν̈− ν̇2 − r̈

r
, (9)

8πGρ = − e−2ν

r2

(
2rr′′ + r′2 − 2rr′ν′

)
+

1
r2

(
2rṙν̇ + ṙ2 + 1

)
, (10)

8πGTr
t =

2e−2ν

r
(
ṙ′ − r′ν̇

)
= 0. (11)

The component Tr
t zeros out in the comoving reference frame, and the Equation (11) yields [104]

e2ν =
r′2

1 + f (R)
, (12)

where f (R) is an arbitrary integration function. The dots and primes stand for ∂/∂τ and ∂/∂R,
respectively. Comparison of the metric (6) with the metric (7) shows that (6) corresponds to (7) with
f (R) = E2(R)− 1, and E2(R)− g(r) = [r′(R, τ)]2 = [ṙ(R, τ)]2 [100]. It follows that for the case of the
vacuum dark fluid with the anisotropic pressures satisfying (1), generic behavior of the Lemaître class
cosmological models is determined by the basic properties of the metric function g(r) in (3).

Putting (12) into (8), we obtain the equation of motion [105]

ṙ2 + 2rr̈ + 8πGprr2 = f (R). (13)

Taking into account that pr = −ρ for a source term (1), the first integration in (13) gives [100]

ṙ2 =
2GM(r)

r
+ f (R) +

F(R)
r

. (14)

A second arbitrary function F(R) should be chosen equal to zero for the models regular at r = 0
sinceM(r)→ 0 as r3 for r → 0 where ρ(r)→ ρΛ < ∞. The second integration in (13) gives

τ − τ0(R) =
∫ dr√

2GM(r)/r + f (R)
. (15)

The new arbitrary function τ0(R) is called the bang-time function [106].
For the expanding models ṙ =

√
E2(R)− g(r) = r′ and hence r is a function of (R + τ). We can

therefore choose τ0(R) = −R. For the small values of r the Equation (15) reduces to

τ + R =
∫ dr√

r2/r2
Λ + f (R)

(16)

that corresponds to the de Sitter geometry with r(R, τ) = rΛ cosh ((τ + R)/rΛ) for f (R) < 0; r(R, τ) =

rΛ exp ((τ + R)/rΛ) for f (R) = 0; r(R, τ) = rΛ sinh ((τ + R)/rΛ) for f (R) > 0.
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3.2. Basic Features of the Lemaître Cosmological Models With the Vacuum Dark Energy

For the case f (R) = 0 preferred by the observational data (Ω = 1), the cosmological evolution
starts from the regular time-like surface r(R, τ) = 0 where the Equation (16) gives [105]

r = rΛe(τ+R)/rΛ ; e2ν = r2/r2
Λ, (17)

and the metric (7) takes the FLRW form with the de Sitter scale factor

ds2 = dτ2 − r2
Λe2τ/rΛ

(
du2 + u2dΩ2

)
, (18)

where u = eR/rΛ . In accordance with (17), it describes a non-singular non-simultaneous de Sitter bang
from the surface r(τ + R → −∞) = 0 [100,105], as it is shown in Figure 3 which presents the global
structure of spacetime for the most general case of 3 horizons. The regionsRC are the regular regions
asymptotically de Sitter as r → 0 at the scale of Λ replacing a singularity; the T-regionsWH and BH
represent the white and black holes; the regions U are the R-regions restricted by the cosmological
horizons r++; the regions CC are the T-regions asymptotically de Sitter with the background λ as r → ∞.
The surfaces J− and J+ are the null (photon) boundaries in the past and the future, respectively.
The cosmological evolution starts from the regular de Sitter surface r = 0 in RC1 and goes through
WH and U1 towards r → ∞ in CC1.
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Figure 3. The global structure of the regular spacetime with 3 horizons.

Cosmological evolution is governed by dynamics of pressures. In the spacetime with the de
Sitter center the total density monotonically decreases to ρλ, hence the total radial pressure pr =

−ρ monotonically increases. Transversal pressure in the case of two vacuum scales evolves from
the value p⊥ = −ρΛ − ρλ at the inflation to the final value p⊥ = −ρλ, through one maximum in
between [100,105]. Typical behavior of pressures (normalized to ρΛ) dependently on q is shown
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in Figure 4; the variable τ + R is normalized to the GUT time tGUT = rΛ/c ' 0.8 × 10−35 s for
MGUT ' 1015 GeV.

The inflationary stage is followed by a strongly anisotropic Kasner-type stage. As follows from
the Lemaître metric in the form (6) corresponding to (7) with f (R) = E2(R)− 1, for any function f (R)
the expansion in the transversal direction with ∂τr > 0 is accompanied by shrinking in the radial
direction where ∂R|gRR| < 0 until dg(r)/dr < 0 [100]. For E2 = 1 ( f (R) = 0) the metric at this stage
(rΛ < r � rλ) takes the form [100,105]

ds2 = dτ2 − (τ + R)−2/3K(R)dR2 − L(τ + R)4/3dΩ2, (19)

where K(R) is a smooth regular function and L is a constant, which depend on the specific form of the
density profile and hence on the mass function in (3).

Hq2
=25L

-4 -2 2 4
Τ+R

-1.0

-0.5

0.5

prHΤ+RL,p
¦
HΤ+RL

Hq2
=1,39 * 10107L

-4 -2 2 4
Τ+R

-1.0

-0.5

0.5

prHΤ+RL,p
¦
HΤ+RL

Figure 4. Behavior of pr (lower curve) and p⊥ (upper curve), at the early and present stages.

The intrinsic anisotropy of the Lemaître class cosmological models is described by the mean
anisotropy parameter [107] (for a discussion of the different anisotropy characteristics [108])

A =
1

3H2

3

∑
i=1

H2
i ; Hi =

ȧi(τ)

ai(τ)
; H =

H1 + H2 + H3

3
, (20)

where Hi = ȧi/ai are the directional Hubble parameters corresponding to the scale factors ai(τ),
and H = (H1 + H2 + H3)/3 is the mean Hubble parameter. For the spherically symmetric models
with the vacuum dark energy specified by (1), e2ν = r′2 for f (R) = 0, and the scale factors are a1 = r′,
a2 = a3 = r. In terms of the mass functionM the anisotropy parameter takes the form [58,109]

A = 2
(Ṁ/M(r)− 3ṙ/r)2

(Ṁ/M+ 3ṙ/r)2
. (21)

In the FLRW cosmology the deceleration parameter is introduced on the basis of the Friedmann
equations for one scale factor R(τ). In the case Ω = 1 it reads q0 = (ρ + 3p)/2ρ = (1 + 3w)/2,
where w refers to the equation-of-state parameter for an isotropic medium. For ρ+ 3p < 0 gravitational
acceleration becomes repulsive which is responsible for the accelerated expansion. This fact follows
directly from the strong energy condition which in general case of an anisotropic medium requires
ρ + ∑ pk ≥ 0. This guarantees, by the Raychaudhuri equation, the attractiveness of gravity [110],
and in the cosmological context is responsible for deceleration. Violation of the strong energy condition,
ρ + ∑ pk < 0, makes gravity repulsive and marks the transition from deceleration to acceleration.
In the anisotropic Lemaître cosmology with the vacuum dark energy specified by Tt

t = Tr
r (pr = −ρ),

the strong energy condition reads

ρ + 2p⊥ ≥ 0 → ρ(1 + 2w⊥) ≥ 0. (22)
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The transition from deceleration to acceleration occurs when (1 + 2w⊥) < 0. In the Lemaître
cosmology describing the unverse evolution from the inflationary beginning to the inflationary
end with the possible intermediate inflationary stage(s), the maximal number of acceleration-
deceleration-acceleration transitions is determined by the numbers of zeros of the pressure p⊥
which is determined by the number of vacuum (de Sitter) scales. In the case of two vacuum
scales p⊥ evolves between two inflationary (negative) pressures and can change its sign twice.
It results in not more than two transitions: acceleration-deceleration and deceleration-acceleration.
Each additional intermediate inflationary stage can add two zeros of p⊥ [58], and hence not more
than two additional transitions, acceleration-deceleration and deceleration-acceleration. In the next
subsection we consider acceleration-deceleration-acceleration transitions in the model distinguished
by the holographic principle.

3.3. The Lemaître Class Models Singled Out by the Holographic Principle

A family of one-horizon spacetimes with the global structure of the de Sitter spacetime contains
the special class distinguished by the holographic principle [111] (which leads to the conjecture that a
dynamical system can be entirely determined by the data stored on its boundary [112]) as governed by
the quantum evaporation of the cosmological horizon that determines the basic characteristics of the
final state in the horizon evaporation for any density profile [113].

Typical behavior of the metric function for this class is shown in Figure 5a. Quantum evaporation
of the horizon goes towards decreasing the mass M [72]. In this case it ends up in the triple-horizon
state M = Mcr which is absolutely thermodynamically stable: Its basic generic features are [113] zero
temperature, the infinite positive specific heat capacity, the finite entropy, zero transversal pressure,
zero curvature, and the infinite scrambling time (the time needed to thermalize information [114]).

Evolution governed by evaporation goes with increasing entropy from the state M > Mcr

towards the triple-horizon state M = Mcr that satisfies three algebraic equations: g(rt) = 0; g′(rt) =

0; g′′(rt) = 0, which determine uniquely the basic parameters: the mass Mt, the triple horizon radius
rt, and qt =

√
ρΛ/ρλ, so that the final non-zero value of the vacuum dark energy density ρλ is tightly

fixed by the quantum evaporation of the cosmological horizon for a chosen vacuum scale for ρΛ [113].
With using the density profile [63]

ρ(r) = ρΛe−r3/r2
Λrg , (23)

which describes the vacuum polarization in the spherically symmetric gravitational field in a
simple semiclassical model [78,90], we obtain [113]

Mcr = 2.33× 1056 g; q2
cr = 1.37× 10107; rt = 5.4× 1028 cm. (24)

The cosmological evolution is described by the Lemaître metric (7) which can be written as

ds2 = dτ2 − b2(τ, R)dR2 − r2(τ, R)dΩ2, (25)

where the second scale factor b(τ, R) ≡ eν(R,τ) in accordance with (12). Behavior of two scale factors
is shown in Figure 5b for the case f (R) = 0 (Ω = 1) [109]. Distances and times are normalized to
r∗ = (r2

Λrg)1/3 = 1.26× 10−7 cm, and tGUT ' 0.8× 10−35 s with MGUT ' 1015 GeV.
Due to the isotropy of pressures (see Figure 4), at the very early and late times the behavior of two

scale factors is similar (curves run parallel and differ only by constant), the second stage of the parallel
running starts at rd ' 3× 1027 cm and (τ + R)d ' 9, 5× 1016 s (according to the observational data the
vacuum density starts to dominate at the age of about 3× 109 years). The vacuum density approaches
its observed value at the triple horizon rt at (τ + R)t ' 2, 9× 1017 s. The metric (7) approaches the
FLRW form with the de Sitter scale factor ds2 = dτ2 − r2

t e2cτ/rt
(
du2 + u2dΩ2) where u = eR/rt .
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Figure 5. (a) Evolution of the metric function during evaporation. (b) Behavior of the scale factors:
r(τ + R) (upper curve) and b(τ + R) (lower curve).

To evaluate the vacuum dark energy density from q2
cr = ρΛ/ρλ, we adopt ρΛ = ρGUT . The Grand

Unification scale is estimated as MGUT ∼ 1015 − 1016 GeV, which results in the value for the vacuum
density ρΛ within the range 1.7× 10−30gcm−3 − 1.7× 10−26gcm−3, respectively.

The observational value ρλ (obs) ' 6.45× 10−30g cm−3 [11] corresponds, in the considered context,
to MGUT ' 1.4× 1015 GeV which gives ρGUT = 8.8× 1077gcm−3, rΛ = 1.8× 10−25 cm. For this scale
q2

cr gives the value of the present vacuum density ρλ in agreement with its observational value [109].
The behavior of two scale factors and of their derivatives at the early stage of evolution is shown

in Figures 6 and 7 [115]. The maximum in the scale factor b(τ + r) at τ + R ' 0.4 tGUT = 0.32× 10−35

s corresponds to the maximum of the transversal pressure at r ' 1.5× 10−7 cm in Figure 4.
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Figure 6. Behavior of the scale factors at the early stage of evolution.
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Figure 7. Behavior of the velocities ṙ(τ + R), ḃ(τ + R) at the early stage of evolution.

Behavior of the anisotropy parameter during the whole evolution, shown in Figure 8 [109],
was studied numerically with the density profile (23) and the model parameters (24).
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Figure 8. Behavior of the anisotropy parameter at the early and late stages.

The anisotropy develops quickly during the postinflationary stage. At the maximum of p⊥
and b(τ + r), the anisotropy parameter takes the value A ' 0.4, grows further achieving A = 2 at
r ' 2.5× 10−7 cm, and starts to decrease at r ' 6× 1027 cm. The standard estimate A < 10−6 is
expected to be satisfied already at the recombination epoch, r ∼ 1025 cm (z ∼ 103). The curve in
Figure 7 predicts that the anisotropy starts to satisfy this criterion at approaching r ∼ 1028 cm when
the present vacuum density starts to dominate [109].

In the spacetime with two vacuum scales the pressure p⊥ changes its sign twice [58,100], so that
in any triple-horizon model the strong energy condition is violated (1 + 2w⊥ < 0 in Equation (22)) in
the inflationary stage, and the transition from acceleration to deceleration occurs when satisfaction
of the strong energy condition is restored; deceleration changes to acceleration at approaching the
current stage of accelerated expansion. The rates of these processes depend essentially on the density
profile. For the quickly decreasing density profile (23) the acceleration changes to deceleration after
the inflation at r1 ' 0.4× 10−7 cm, at the essentially anisotropic stage.

4. Summary and Discussion

Responsibility of the spacetime symmetry for reducing the cosmological constant to a certain value
in the course of the universe evolution, is suggested on general setting by the algebraic classification
for stress-energy tensors which allows for a model-independent definition of a vacuum as a medium
and implies the existence of vacua whose symmetry is reduced as compared with the maximally
symmetric de Sitter vacuum p = −ρ associated with the Einstein cosmological term. In the spherically
symmetric case their stress-energy tensors have the canonical form Tt

t = Tr
r (pr = −ρ) and generate the

Lemaître class cosmological models with the anisotropic pressures that allows to describe cosmological
evolution by intrinsically dynamical, time-dependent and spatially inhomogeneous vacuum dark
energy. In the Lemaître class dark energy models the characteristics of the vacuum dark energy
are determined by the algebraic structure of its stress-energy tensor and generically related to the
spacetime symmetry. The basic features of the Lemaître class dark energy models are the non-singular
non-simultaneous de Sitter bang, followed by the anisotropic Kasner-type stage and directed towards
the late-time de Sitter stage, representing the effective relaxation of the cosmological constant from the
initial inflationary value Λ to the final late-time inflationary value λ < Λ.

Among these models there is a special class of the one-horizon models distinguished by the
holographic principle. The cosmological evolution is governed by the quantum evaporation of the
cosmological horizon which determines uniquely the non-zero final value of the cosmological constant
in the restoration of the spacetime symmetry to the de Sitter group.

In the case of adopting for the dark energy the density profile representing semi-classically the
vacuum polarization in the spherical gravitational field and the GUT scale for the initial vacuum
density, its final value appears in agreement with the value given by observations.

Let us note that this special class of models is essentially different from the holographic dark
energy models with the isotropic fluid and the postulated density profile. The Lemaître cosmological
models are intrinsically anisotropic and describe evolution of the dark energy density represented by
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the T0
0 component of the variable cosmological term whose symmetry is reduced as compared with

the Einstein cosmological term.
The anisotropy parameter in the special class of the one-horizon Lemaître dark energy models

grows quickly during the postinflationary stage, then stays constant and decreases achieving A <

10−6 when the present vacuum density starts to dominate. Astronomical observations suggest that
our Universe can be deviated from the isotropy. The observed CMB anisotropy, interpreted as a
realization of a statistical process originating in the inflationary era [116–118] admit the statistical
anisotropy with the confidence level above 99% [116]. The anisotropy has been constrained at the
magnitude level of 2–5% by the SNe Ia data [119], and at the level of 4.4% by the Union2 data and the
high-redshift gamma-ray bursts [120]. The deviations from the homogeneity also can be confronted
with observations. The influence of inhomogeneities on the cosmological distance measurements has
been considered in [121].

The Lemaître class cosmological models provide an appropriate tool for the detailed analysis of
the anisotropy and inhomogeneity against observations.
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