CERENKOV RADIATION AND THE STABILITY OF BEAMS IN THE WAVE
GUIDES OF SLOW WAVES USED IN LINEAR ACCELERATORS f}

A. 1. AKHIEZER, Ia. B. FAINBERG and G. la. LIUBARSKI

Ukrainian Academy of Sciences, Kharkov

1. As is known, the accelerating systems at present
used in linear accelerators are metallic wave guides in which
despite the absence of a dielectric the phase velocity of
wave propagation vp is less than the velocity of light in
vacuum., Since the condition for the occurrence of the
Cerenkov effect amounts to the requirement that the
velocity of the particle v should be greater or equal to the
phase velocity of the wave, a peculiar Cerenkov effect is
possible in such wave guides. The Cerenkov radiation
results in additional energy losses of the accelerated particles
which were not taken into account by Schwinger in estimat-
ing the radiation losses in linear accelerators, his estimate
being based on the assumption that the radiation takes
place in free space, and hence the electron velocity is less
than the phase velocity ¢ of the wave.

Since the bunches of electrons moving through the
accelerator are considerably smaller in size than the
wavelength, the radiation intensity increases considerably
due to coherence. There is also an additional increase
in intensity due to motion through the accelerating system
of the set of bunches the distances between which are
equal to the wavelength,

Thus as the current increases the intensity of the Cerenkov
radiation grows, and in the case of high currents may
affect the process of acceleration.

It also should be noted that the Cerenkov radiation
may be used to determine the position of any bunch and
correct its radial and phase motion.

It is therefore interesting to consider the question of the
radiation of a charged particle moving through the wave
guides used as the accelerating system in electron acceler-
ators.

Radiations of this kind play an important part in the
generation and amplification of micro-radio waves. To-
gether with the Doppler effect, the Cerenkov radiation is
the underlying principle of a number of amplifiers and
generators of radio micro-waves, such as the constant wave
valve, the double-beam valve etc. Great attention also
has been paid latterly to the development of new methods

+ This paper was presented in title only.

of amplification and generation of micro-waves using the
Cerenkov and Doppler effects in the case of relativistic
particles.

The wave guides used as accelerating systems in electron
accelerators are periodic structures of the resonator chain
type; we shall therefore consider the question of the
radiation of a charged particle moving through coupled
resonant cavities.

We shall assume linear periodic structures made of
identical coupled elementary cells arranged along a certain
axis (X axis).

2. To determine the field formed by the moving
charge, we shall proceed from the wave equation for the
vector potential
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where j is the density of the current connected with the
moving particle. In the following, only the transverse
part of the vector potential, which satisfies certain
conditions, will concern us. As usual, we shall give the
transverse part of the vector potential, simply denoted
as A, in the form of the series

A = Zq, (DAX(E) @
A

where Ax(r) is a set of orthogonal functions depending
only on the spatial co-ordinates and satisfying the equation

2
AAL + =2 Ay = 0, divAx = 0
4

as well as certain boundary conditions. The values q,

are certain unknown functions of time.

Depending on the periodicity condition, the functions
Ax(r) have the form

A)» = eikxaks (r),
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where axs is a periodic function of the co-ordinate with the
period /; k is a continuous parameter, enclosed in the inter-
val (-=/l, =/l); s represents one or several discrete para-
meters characterizing individual waves; and A = (k, s).
In order to eliminate the continuous parameter, we assume
that our system contains N cells and is enclosed in a
“periodicity box”; at a later stage, we shall make tend N
to infinity. Tt may thus be considered that k takes only
discrete values k = 2»rn/N (n =0, 1, 2...).

We normalise Aj according to the condition

f' Ay |2 dV = 4ncEN

N

where Wy = Ny, is the volume of N cells. Applying the
condition of periodicity, we get

f [aks [2dv = 4nc? 3

v,

1

We now deduce a basic differential equation satisfied
by q,. For this purpose, we substitute in (1) the sum
of the transverse part of the vector potential determined
by formula (2) and the longitudinal part of the potential.
Multiplying both sides of the resulting equation by Aj*
and integrating it over the volume Vy, we get axs,

. 1
q, + 020, = — [ 1A+ dV @
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Thus q, satisfies the equation of an oscillator of eigen-
frequency o, under the action of the external force
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The energy of the transverse part of the field radiated
by the particle is equal to

N .
H) = 'Z‘Z(Chz + 0,%q,%)
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With the radiation taking place, the energy is propor-
tional to t when t—oo. This asymptotic behaviour of
H(t) is possible only in the case of resonance between
the eigen-oscillations of the oscillators q, and the external
force fa(t).

Let us determine the radiation of a particle moving
uniformly along the axis of the system. The current
density in this case is

jr=evd(x-v),jy =jz = 0

and equation (3) takes the form
.C.b\ 4 ©,2q; = everikvta¥ [ N

where a, is the projection of the vector axs on the axis
of the system.

Since a, (x,0,0) is a periodic function of x with a
period J, it can be expressed as a Fourier series

©
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Therefore

. ev
q, + mzq}\ — c—N E b)\(n)* e—itk+ ernfhvt (6)

n=-—o0

As was mentioned above, the radiation may be treated
as a resonance between the eigen-oscillation and the
external force. In our case the external force has the
frequency spectrum Qin = (k + 27n/l)v. Hence the condi-
tion of resonance has the form

®y = wks = Qrn = (k + 2rn/l)v 7

In the unbounded free space «, = kc; Q = kv cos 6
(0 is the angle between the direction of propagation of
the wave and the velocity of the particle), n = 0; and,
since v < ¢, equation (5) cannot be fulfilled. In an
unbounded dielectric , = kc/y/e (¢ is the dielectric
constant) and (5) results in the well-known condition of
the Cerenkov radiation

cosh = cjvy/c < |

For periodic structures, condition (5) may be fulfilled
by a great variety of combinations of the values s, n, k.

For example, let us consider a linear chain of identical
cylindrical resonators coupled weakly by apertures arranged
along the common axis of the resonators. The frequency
spectrum of such a chain consists of separated bands.
The frequency in the lowest band is given by the following
formula

wy = 0, [l + (1 -cos ki)] 7

where o, is the cut-off frequency of the resonator and
o a small parameter characterizing the coupling between
the resonators.

If v is greater than oo (1 4 2o)/m, condition (7) can be
fulfilled and the particle will radiate.

An essential difference should be noted between the
nature of the Cerenkov radiation in an unbounded dielectric
and the radiation in periodic structures. In the first
case the particle, at a given velocity, radiates a continuous
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frequency spectrum, each direction of radiation in the
dispersed medium having its own corresponding frequency.
In the second case, the particle, at a given velocity, will
radiate only discrete frequencies.

A similar situation takes place in ordinary wave guides
filled with a dielectric.

In this case w, =4/} + k2 [u(w,)?, where u = c/\/ e(w,)
and o, is the cut-off frequency. If the particle moves along
the axis, the condition of resonance (7) leads to the relation

Vel + ku® = vk (8)

(in a continuous medium u = 0)
The resonance condition (8) can be fulfilled if v> u
oy > 0, and in this case it determines the discrete values

of k. From (8) it follows that the radiated frequency
may be found from the equation

ol
Vl _ ui(oy)
v2

Now let us determine the intensity of the radiation.
The solution of equation (6) satisfying the initial conditions
a4, = 0, q; = 0 has the form
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Therefore

H(t) =

Noting that in this sum the essential terms are those with
n = m, and making N tend to infinity, we finally get
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where i’ is the set of values (k, ) satisfying the equation

o) - Qun = 0, and %" the set of values (ks) satisfying
the equation wy + Qkn = 0.

Thus the intensity of radiation is determined by the
dispersion dependence w; = ws(k) and the Fourier com-
ponents of the function a,(x, o, o) describing the eigen-
oscillation of the system.

Tt will be noted that if a set of particles is moving through
the periodic structure, the fields they create will, under
certain conditions, have an identical phase.

The distance a between each pair of neighbouring
particles being the same, the particle radiation will be
synphasal if a = 2nvn/w, (n is an integer).

The power of the radiation can be greatly increased
if the separate charges moving at intervals a are substituted
by bunches of particles of a size not exceeding one-quarter
of the radiated wavelength (in this case the radiation of
the individual particles of the bunch is coherent).

Using the above method, the radiation can be deter-
mined for uniform motion of a particle though an ordinary
wave guide partly or completely filled with a dielectric.
For example, we shall determine the radiation of a particle
moving uniformly along the axis of a cylindrical wave guide
filled with a homogeneous dielectric.

In this case, obviously, only those waves are essential
which can propagate though the wave guide and possess
an electrical field component Ex on the axis of the wave
guide (the X-axis) differing from zero. The vector poten-
tial components Ax of such waves equal

r . _— r
Asx = Egeikx], (%), Agr = ikEseikx] (%), A =0

where R is the radius of the wave guide and ps (s = 0,
1, 2, ..... ) are the roots of the Bessel function J«(Z).

The potentials satisfy the normalizing condition
f ]A;\‘2 dv = 4nu?,
V:

where V, is the volume of unit length of the wave guide
and u = u (o) is the phase velocity of a wave of frequency
 in an unbounded dielectric.

In our case
2n?

Es - wksRI-Il(l-Ls)l

The resonance conditions (7) take the following form
in the case of a cylindrical wave guide :

v Ty
o = u [+ 25— kv, u |k b o= - kv (10)

+ This discreteness obviously becomes inessential if | K| > 1/R, where R is a value determining the cross-sectional dimensions of
the wave guide.
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These equations lead to real values of k if v is greater
than u(w). As the number s increases, the frequency
wxs grows and the phase velocity u(w) tends to ¢. There-
fore, from a certain value of s on the condition v > u(w)
is violated.” Hence only a finite number of waves are
excited.

According to (9), the intensity of radiation is determined
by the Fourier component a§’ and the dispersion relation
oxs = (k). In our case the only coefficient which

differs from zero is a {7, equal to ; Es.. Hence the radia-

tion intensity may be expressed as

I 2e?y? u(w)ul 1
TR L T pee? ’dw (11)

s &Kk = ke

where o = u(oh/k? + ¢2/R? and the summation extends
over all the values of s for which u(wks) << v.
If we neglect dispersion, i.e. consider u constant,

do/dk = w2 k/o = u?/v

and expression (11) becomes

YO
25 Drw

3. Letus determine the radiation intensity when
the particles move through a chain of coupled resonators.
In the lower frequency band o is determined by formula
(7") and the condition of resonance (7) has the following
form '

woll -+ ol - cos kl)] = (k 4+ 2mm/l)v

(m - isaninteger). The components of the vector potential
in the p-th resonator equal approximately

Ax = 7], (%") eind, Ay = Ay = 0

where ¢ = klI. The condition of normality corresponds
to the following value of the constant  :

2e

1
"= VT R

The function axs(X, 0, 0) has the form ne-ikx,
component equals :

Its Fourier

ikl . ki

_— 1 —_—

7 M3
=2 X7+ 2m

Since o< 1, in the first approximation, we have

@y 2rm

k= 8

v l
and
do/dk = weal sin kI = ogl sin wyl/v

Hence the radiation intensity in the lower frequency
band may be expressed as

2ne?v? ]2 1
(27 + ki)?

= -0

e | v — el sin ol/v|
n

Noting that

NN
(sinnx) *z(nﬁ-x)z

n=-w
we finaly get

16e? v? sin® ‘ﬂ’_l 1 . 1
I = R2/2x? 2v 12 (u)

wol . wyl
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(12)

4. Continuous acceleration in the field of a travelling
wave requires that the phase velocity of the wave vp be
equal to the velocity of a synchronous particle. Under
these conditions, the Cerenkov radiation considered
above takes place. Unlike the unbounded medium, the
spectrum of the radiation is here discrete. In this spec-
trum only those waves are represented for which the
phase velocity of propagation coincides with the particle
velocity. The radiated wave length x is therefore equal
to the wavelength of the external high-frequency acceler-
ating field.

Equation (12) determines the intensity of radiation
of the particle.

Bunches of charged particles move simultaneously
through the accelerator. Since the size of a bunch is much
smaller according to the conditions of acceleration, than
the wavelength in the wave guide BpA, the radiation of
the bunch is coherent. Under such conditions, the radia-
tion intensity can rise N2 times (N is the number of
particles in the bunch) and the effective radiation field
acting on the particles of the bunch N times. The
intensity of the Cerenkov radiation may increase still
further due to the interference among the radiations of
bunches, the distance between them being Bpi. In this
case the radiation intensity increases n® times more where
n is the number of bunches moving in a section of the
accelerating system.
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Thus the total intensity of radiation equals I = Ip(nN)?,
where 1, is the radiation intensity of a single particle.t

Taking into account that the current intensity of the
accelerated particles J equals J = Ne/T and the number
of bunches over the length L of a section of the accelerator
L = nBp>; n = L/Bpr, we get, for the total intensity of
radiation per accelerator section, a value of the order of

I'= K(T/e - L/BoM)? (12)

The Cerenkov radiation should occur in the sections
of the accelerator with Bp < 1, since it is only under such
conditions that the velocity of the particle v can be
equal to the phase velocity of the wave. In the sections
where Bp = 1 the Cerenkov radiation cannot occur.

Actually, due to the finite conductivity of the walls
of the wave guide and the proximity of the particle velocity
in the main sections to ¢, this radiation will occur also in
sections with Bp = 1.

With currents of the order of several ampéres, the

effective radiation field may become comparable with the
Coulomb fields created by the charges of the bunch.

Relation (12') can be used to estimate the intensity
of radiation in micro-wave generators based on the Ceren-

kov effect.

5. Let us consider the radiation of an oscillator moving
uniformly along the axis of a periodic structure. In this
case, just as when the oscillator is moving in a medium
or is a channel in the dielectric, Doppler effect arises.

If a dipole parallel to the x axis moves with uniform
velocity v along the x axis, the current density vector

equals
jx = Qdcosotd(x - vt),jy = jz== 0

where d = dypy/1 - v¥/c2, Q = Qp/1 -v¥/c? (d, is the dipole
moment and Q the frequency of the oscillator in the co-
ordinate system connected with it).

Substituting jx into (6), we get

- Qd
q; + (‘))\2 Q= 5=

el 4 e-iQt) e-ikvt
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It was mentioned above that radiation occurs only
in the case of resonance. In the case in question the
resonance condition is as follows :

©, = v(k + 27n/l) £ Q (13)

This relation determines the Doppler effect in periodic
structures.

Thus the spectrum of the radiated frequencies is dis-
crete.

When the oscillator is moving in an unbounded homo-
geneous dielectric, the condition of resonance should
obviously be written as

oy = clk|/y/c = vlk|cost + Q@ (14)
where 6 is the angle between the direction of propagation

of the wave and the velocity of the oscillator. Hence
it follows 1T that

Q
@ = P s va(m)vcos6<l,
c
1_\-/—@\1(;050
c
Q
o = ——— R \/s(m)vcosﬂ>l
c
-\—/—séw—)vcose—l

Returning to the general formula (13), we write it as

Q

=~ ] (15)

wj

where vy is the phase velocity of propagation of the waves
in the periodic structure, equal to w,/(k + 2nn/l).

The Doppler effect may be treated as a kind of frequency
transformation. If the velocity of the oscillator is close
to the phase velocity of propagation of the waves in the
medium or periodic structure, the radiated frequency
may be considerably greater than the natural frequency
of the oscillator.

This phenomenon may be utilized, in principle, for pur-
poses of micro-wave generation. This possibility was
pointed out by V. Ginsburg for an oscillator moving in
a channel through a dense medium.

The use of periodic structures has some advantages
over the use of dielectrics.

In order to lower the phase velocity of the wave in a
channel through a dielectric to any considerable extent,
the dielectric used must have a high enough dielectric
constant.

In periodic structures there is no difficulty in lowering
the phase velocity to values considerably below the velocity
of light in vacuum, and oscillators moving with compara-
tively small velocities can accordingly be employed.

t The total intensity is actually smaller than the above value in view of the peculiarities of coherence of the Cerenkov radiation.

4+ These formulae were obtained earlier by Frank in another way.
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In conclusion, we give an expression for the intensity
of radiation of a moving oscillator.
Q2d?/? '

J [ by ] +Z [ by |2 l
16§/ Jdo, do,

|n,>\'jidk T =y noldk 7\=>\”31

where 2'; is the set of values of (k,s) determined from
the equations
oy = v(k + 2rn/l) £+ Q,

and 2 the set of values of (k, s) determined from the equa-
tions

@y = - v(k + 2nn/l) + Q.

6. We have considered the Cerenkov radiation of an
individual particle and a bunch of particles in wave guide
systems used in linear micro-wave accelerators, generators
and amplifiers. For the elaboration of amplifiers and gener-
ators of micro-waves for feeding linear accelerators
and the investigation of the influence of a beam of charged
particles on the electrodynamic properties of accelerating
systems of coupled resonators, we shall consider the
problem of the interaction between the coupled resonators
and the beam of charged particles.

The wave propagation through the chain of coupled
resonators was investigated in a number of theoretical
papers, in particular, in a neatly constructed paper by
V.V. Vladimirski in which the author considers in its
general form the question of wave propagation in a chain
of resonators coupled by small apertures.. We shall
investigate the wave propagation through a chain of coupl-
ed resonators through which a beam of charged particles
is moving. The main problem is whether the state of the
beam characterized by a certain constant density g, and
constant particle velocity v, is stable. It will be shown that
under certain conditions this state of the beam is not stable
and that small density and velocity fluctuations will be
propagated through the beam with increasing amplitude.
Such instability arises if the unperturbed particle velocity
vy exceeds a certain critical value s. When this happens,
the electromagnetic field arising in the system also spreads
in the form of waves with growing amplitude.

In the case of low densities this instability is closely
connected with the Cerenkov effect, which may occur
not only when the particle moves through a dielectric but
when the particle moves through a periodic structure
without a dielectric. The chain of resonators under con-
sideration is a particular case of such a periodic structure.
In this case the Cerenkov radiation appears if v, > s.
Thus instability of low-density beam and growth of the
amplitude of the electromagnetic waves occur under the
same condition as the Cerenkov radiation of an individual
particle moving in a chain of coupled resonators.

Let us consider a system of identical cylindrical resonators
coupled through round apertures in the bases of the cylin-
ders, the contres of the apertures lying on the common
axis of the resonators. The walls of the resonators are
assumed to be ideal conductors. A beam of charged
particles focused by means of a sufficiently large constant
magnetic field passes through the apertures. The aperture
radius b is assumed to be small in comparison with
both the radius of the cylinder base a and the length
of the cylinder /.

If the apertures are covered with ideally conducting
screens, we get a system of independent resonators. Let
us assume the eigenfunctions and eigenfrequencies of
such resonators to be known. It may be considered that
with weak coupling between the resonators perceptible
resonance phenomena occur only for close frequencies
in the case to be considered below. We therefore consider
only one fundamental vibration in each resonator.

Let E,, H, be the ficld eigenfunctions in the isolated
resonators, , the eigenfrequency. They satisfy the Max-
well equations

© Lo
rotE, =i—H,, rotH, = -1 — E,
c c

divE, =0,divH, =0

The field in the coupled resonators with a beam passing
through their apertures, which we shall denote by E, H,
satisfies the equations

~

I cH
rotE:——G—
c ot

4x 1 cE

rotH= —pv 4+ ~ —

[ c ct
divH =

where p is the density and V the velocity of the beam.
They are related by the equation :

jo>)
o

div gv -+ 0

[e5]
=

The equation of motion of the particle under the condi-
tion v« ¢ has the following form :

(a9
-

E

|
il

[«%
-
Ble

(m is the mass of the particle and e is the charge).

Our task is to solve the system consisting of the Maxwell
equation, the continuity equation and the equation of
motion.

We assume that the beam density p and the particle
velocity v differ little from the given unperturbed values
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Po> Vo

p=rpoFt o, V=vy+ V, ' < py VKV,

Assuming the focusing axial magnetic field to be suffi-
ciently large, we may consider that the additional velocity
v’ is parallel to the unperturbed velocity v, directed along
the axis of the resonators (the z axis).

Considering ¢’ and v’ to be small and neglecting their
squares and products, we get the following linearized
system of equations :

‘F 10
ro T cat’
47 1 ¢cE
rot H= — (pov + v¢p) + -
c c ot

divH = 0,

op 0
— + — (povza + vop) = 0
t oz

ovz Ovz

== - E
ot Vo 0z *

€
m
(the primes of the values p and v are dropped for simplic-

ity).

Assuming that all the values are proportional to e-iwt,
we rewrite (16) as follows :

rotE=i—-—H

ole

4 .
rotH=—Tc(pov+Vop)—lgE
[ c

. Ovz e
—lez+Vo'a—z' = 5 Bz
. b5}
—lwp + -a_Z (povz + vop) =0 (17)

Since the coupling between the resonators is weak,
a strong perturbation of the field occurs only near the
apertures. Far from the apertures the field is the same as
in the unperturbed problem. Hence it may be considered
that throughout the entire volume of each resonator except
the regions immediately adjacent to the apertures, the
field has the form

En = an E, (18)
where n is the number of the resonator and qn are certain

constants. We shall see that the values of qn satisfy a
difference equation with constant coefficients and therefore

have the form

Gn = qo €™

The value which characterizes the wave in the chain of
resonators is similar to the wave vector in a plane wave
and may be called the propagation constant.

In accordance with the assumed form of the field (18),
we shall seek the additions to the density and velocity
also in the form of waves travelling through the chain
of resonators and proportional to eind, Since we are
not interested in the precise values of g and v in the vicinity
of the apertures, we may proceed from certain mean values
of p and v within each resonator. If these mean values
of ¢ and v , which we denote by and gn and vn, change
slowly from one resonator to another, gn and vn can be
determined by using the following difference equations,
in analogy to the differential equations (17):

1 e /
- iw 3 (Vo1 + Vo) + Vg (Vo — Vo) = 2 (En— — En)

1
— lw 5 (Pn-1 + en) + Vo (en — Pn-1) T+ Po (Yn — Vo) = 0
19)

These equations have solutions proportional to eind,
Our approximation is valid, as it follows from the above
consideration, if |[¢|< 1.

Now we deduce the main difference equation which
determines the value gn.

For this purpose we consider the n-th resonator and
integrate the expression E rot rot E4* — E * rot rot E over
to its volume. As a result we get

4
(kz—koz)fEE;dv + f ik[(PnV + V, ) E; dv
Va Va

+ iky X f[EH;] ds =0
Sn’ + Su”’

where kg = wy/c and k = w/c.

Equation (18) and the solutions of the equations (19)
for the mean values pn and vy, may be employed to compute
the volume integrals in this expression.

The volume integral may be determined as follows.
Since the dimensions of the hole have been assumed to be
small in comparison with the wave length, the field in the
vicinity of the hole is of an electrostatic type. The cor-
responding electrostatic problem has been solved by
V. V. Vladimirski in the absence of a beam. This problem
is formulated as follows : far from the aperture ExEy — 0,
and E; tends to gnE.(0) on one side of the aperture and
t0 gu.1Ez(0) on the other (the zero argument denotes thz
centre of the hole).
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When there is a beam of particles passing through
the aperture, the field in the vicinity of the aperture is
also of an electrostatic type but the asymptotic field
values just mentioned can no longer be used. However,
there is no need to find the precise solution of the Poisson
equation with space charges, since in the selfconsistent
field under consideration, while the mean charge density
(for one resonator) changes as the field, the presence of
space charges is equivalent to the introduction of a certain
dielectric constant.

To find this equivalent dielectric constant of a periodic
structure with a space charge, we put in equations (10) :

Ea = Egeind, vp = Veind, oy = Reind

It can be easily seen that

_lel B
" imc d ’
Zﬁtgi—kl

¢
2ol %2
(2Btg % - ki)?

i mc?

where B = v,/c
Introducing the mean polarization (for the volume of
one resonator) Py, we obtain, in analogy with the equation
div P = p, the difference equation
Po-Pyy = -2 (pn—y + pn)

the solution of which has the form :

epyl? E,

Pa = Pyeint, Py = -0 —— 0 —
(%tg% ~ kiy?

The electric displacement D equals the sum of E and
4=P. Hence the dielectric constant may be expressed
as follows :

drmep,]? 1
P il (20)

e pig T -ty

We now formulate the electrostatic problem we are
interested in as a problem of electrostatics in a vacuum.
We must obviously require that far from the aperture
ExEy— 0, and that E; tend to £qaEz(0) on one side of the
aperture and to eqn,;Eqz(0) on the other, where ¢ is deter-
mined by formula (20).

Hence it follows that the surface integral equals :

lko/[EH;] ds = —oaeky® (2qn — Qo - Qn1)
Sn’ + Sn” (93))

where
2 ¥
32 (wy) atl

is the first root of the Bessel function Jy(x).

Substituting (21) in the main integral relation results
in a difference equation for qq :
4 .
K-k @n -+ = ik f (s0Vn + Voon) E; dv - e

Vi X (2dn — Qa1 ~ Qs ko? = 0
where pn and Vi are determined by equations (19). Assum-
ing qn = q¢n¥, we get finally the following formula

relating the frequency o = k¢ to the propagation constant
b

2 2
[%-h(l-cow)] [1 -4”;"2"’ j ]= 1
’ < st Tk

(22)

7. We now turn to an analysis of the dispersion equa-
tion (22).

Since our assumption, strictly speaking, holds good,
only for small values of M, the equation should be

written as :
k2 8
llata] - @
2
where 8 = 47repzl :
mc

Considering the frequency given, we have an equation
of the fourth order with respect to the propagation con-
stant ¢.

Let us consider the case when the beam density ¢,
is sufficiently small, so that the condition 8« 1 is fulfilled,
and find whether the equation has complex roots. If
38— 0, this equation degenerates into two :

2

k
o= 1, @ -kD = 0
0

It can be easily seen that if § differs from zero but is
sufficiently small in value, no complex roots appear
in the vicinity of ¢, = «~1/%(k?/k,? — 1). As to the vicinity
of the value ¢, = k//8, a complex root may appear here
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under certain conditions. In fact, assuming that 3« 1,
let us seek a root of the equation close to ¢, :

.kl k
Y=+ m, n] < n

Hence it can be seen that v is real if
B> klp/x

The imaginary part of § equals

h = (24)

where s = o,/y/x

Thus complex roots appear in the dispersion equation
if the unperturbed velocity of the beam exceeds a certain
critical velocity s, which is smaller the weaker the coupling
between the resonators. At the same time, the frequencies
must satisfy the condition

w<—‘—s'2 (25)
]/ vy

1If equation (25) possesses the sign of equality, equation
(24) is not valid. Below we shall consider this case sep-
arately and it will be seen that with o = w(1 - s¥/v,2)1/2
the value % is finite and reaches its maximum magnitude.

The existence of this complex root means, from the
physical point of view, that charge density waves and
electromagnetic waves with growing amplitude propagate
in the chain of resonators if v > s. (The ratio of the
amplitudes in two adjacent resonators equals en), This
means that under the condition v, > s the state of a beam
of constant density and velocity becomes unstable.

1t will be made clear below that if [¢|< 1 the set of reson-
ators under consideration is equivalent to a wave guide
with critical frequency o, filled with a dielectric in which
the phase velocity of wave propagation is equal to s.

An individual charged particle moving in such a medium
radiates electromagnetic waves if the condition v, > s is
fulfilled. Thus instability of the beam arises under the
same condition as the Cerenkov radiation of individual
particles.

1t should be noted that the conclusion reached as to
the existence of growing solutions for charge density
waves and the field can be used to explain the mechanism
of excitation and amplification of vibrations in a multi-
cavity magnetron. The fact that we have to deal in this
case with a closed circular chain of resonators, rather

then with linear one, is inessential. The infinite linear
chain we have considered is, as it were, a straightened out
magnetron. As the chain is closed, the propagation
constant ¢ takes only discrete values equal to ¢ = 2nn/N
where N is the total number of chambers and n is an
integer not greater than N. In this case ¢ should be
considered as given in the dispersion equation and the
frequency o sought. The latter becomes complex if
v, > s, its imaginary part being equal to

It is clear that the infinite growth of amplitudes obtained
is connected with the linear nature of our scheme : only
a non-linear treatment can give the true amplitude.

8. We shall show that the chain of weakly coupled
resonators with a beam of particles passing through them
is equivalent to a wave guide filled with a dielectric, with
a beam of particles passing through it. If the velocity
of propagation of the waves in an unbounded dielectric
equals s, then, we get growing solutions just as in a reson-
ator chain, if the condition v, > s is fulfilled.

Let us consider a cylindrical wave guide filled with
a dielectric having a dielectric constant . A beam of
charged particles passes through the wave guide along
its axis. In order not to complicate the problem by
taking into account the boundary conditions between the
beam and the dielectric, we shall consider that the beam
completely fills the space inside the wave guide.

The linearized equations for the vector and scalar
potentials are as follows

G 11
AA—;; i ~-;(puv + Vp)
1 20 4z
AD- = — - o
s2 ot?

where s = ¢/y/e.

The values p and v satisfy the equations of continuity
and motion. The field E is determined as

oA

—grad ® -
g =

O =

® and A being related by the equation :

®
S

div A -

e le
sl et
-

l
o
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We seek the solution of the equations in the form of
a monochromatic wave travelling along the z axis, i.e.
in the form e iot—y2f(y, ). The function f satisfies
the equation

Af = - (4* + 1)

where v, = wofs and o, is the cut-off frequency of the
wave guide.

Taking into account (27) and noting that

we find the two relations

4re €
(— w? 4 2yvow ~ v ? + p“) p= E Y2
me m

»? 47
el L o2 _
(_ & i Y2 Yo) =3 e

from which follows the dispersion equation

G0

This equation is of exactly the same form as equation
(23). Thus we have shown that the problem of the prop-
agation of waves in the presence of a beam of charged
particles through a chain of weakly coupled resonators is
equivalent to that of their propagation through a wave
guide filled with a dielectric. It is necessary only that the
critical velocity value s deduced earlier coincides with the
phase velocity of propagation of the waves through an
unbounded dielectric T (2).

Let us now return to a consideration of the imaginary
part of the propagation constant or wave vector.

4drep,

) TE @

The modulus of the imaginary part v, which we denote
by %, equals
2
Q 1_

_ Amep,

MGG

This formula becomes incorrect if the denominator
approaches zero. Therefore, we specially consider the
case where

+ Space charge waves and velocities were studied by S. Ramo, who deduced equation (28) for the case when S = c.

ViE a0
1-
\

Introducing a new variable x = (yv, - ®)/®, we get the

following equation for determining x :

QZ
x4‘2x3——< )(x2+2x)+ ( =0

If Qla,< | the first and third terms of this equation
may be neglected. The complex roots we are interested in

have the form
s i Q2 8] i3
13v2 o 2

lii\/_3

P
LG

We see that the real part of the wave vector acquires
a small addition compared to the value w/s. This means
that the unpertubed velocity of the beam exceeds the phase
velocity of propagation of a wave with growing amplitude.

whence

(O]
vy=—0+k=
Yo

The modulus of the imaginary part vy determines the
growth of the amplitude of the wave and equals

B 31/z @ 1/6 (Q_ 2/3
e (" () (@)

This is the maximum value of the imaginary part of
the wave vector as a function of o with given v,.

The physical sense of the frequency determined by
equation (28) can easily be found. If an isolated charged
particle moves along the axis of the wave guide with
velocity v,, then if v, > s Cerenkov radiation occurs.
This radiation may be treated as a resonance between the
eigenvibrations of the field in the wave guide and the
external force caused by the moving charge. The fre-
quency of the eigenvibrations in the waveguide equals

@ = /w2 + ¥%s? and the frequency of the inducing force
equals o = yv,. Equating these values, we get the fre-
quency determined by equation (28).

However,

Ramo did not consider the case of a wave guide filled with a dielectric‘(s << ¢) and for that reason did not obtain growing. soluti'ons.
The latter are similar to those found by Pearce and Gayev in investigating various methods of amplifying and generating micro-

waves.
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The above considerations stress once more the close
relation between the phenomena of the growing field and
charge density and the Cerenkov radiation of an individual
particle.

The value %, determined by equation (31), reaches a
maximum value

FUZ 13 ¢y 4 QN 23
() &)

Am =

if (vo/s) = v/ 2.
The corresponding most amplified frequency equals

X



