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necTOB A.b. P2 - 12886 

TeH3opHoe eonHoeoe ypaeHeHHe. AeHmeHHe 
e ~eHTpanbHOM none 

YcTaHoeneHo, 4TO rpynna nyaHKape MomeT 6~Tb peanHao­
BaHa KaK rpynna npeo6paaoeaHH~ e npocTpaHCTBe oco6oro POAa 
eenH4HH, HaaeaHH~x 3AeCb TeHaopaMH-cnHHOpaMH. HHTepec 
TeH30poe-cnHHOPOB COCTOHT B TOM, 4TO noCTpOeHHOe npeACTaB­
neHHe rpynnw nyaHKape ABY3Ha4HO, TOrAa KaK npH HenHHe~H~X 

npeo6pa3oBaHHRX KOOPAHHaT TeH30p-cnHHOp npeo6paayeTCR HnH 

KaK BeKTOp, HnH KaK COBOKynHOCTb CKanRpa H CaMOAyanbHOro 
aHTHCHMMeTpH4HOro TeH30pa BTOporo paHra. npeAnOmeHHOe pa­
Hee TeH30pHOe BOnHOBOe ypaBHeHHe MOmeT paCCMaTpHBaTbCR KaK 
ypaeHeHHe AnR TeHaopoe-cnHHopoe. Ha~AeH~ wapoewe TeHaop~­
cnHHopw. PeweHa 3aAa4a o ABHmeHHH TeH30PHO~ 4aCTH~W e Ky­
noHoBcKoM none. 

Pa6oTa ewnonHeHa e na6opaTOPHH TeopeTH4ecKo~ 
¢H3HKH OH~H. 

Coo6weHHe OISbe.OHHeHHoro HHCTHTyTa !!llepHbJX Hccne.aosaHHll, .Qy6Ha 1979 

Pestov A.B. P2 - 12886 
Tensor Wave Equation. Motion in Central Field 

It is shown that the Poincare group can be realized 
as a group of transformations in a space of specific quan­
tities called here "tensor-spinors". It is essential that 
the constructed representation of the Poincare group is 
double-valued whereas under nonlinear coordinate trans­
formations the tensor-spinor is transformed as a vector 
or as a combination of the scalar and self-dual antisym­
metric tensor of the second rank. The tensor wave equation 
proposed earlier may be treated as an equation for tensor­
spinors.Spherical tensor-spinors are obtained. Equations 
for radial functions are found from which it follows that 
the tensor wave function can describe the fine structure 
of hydrogen atom. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 
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BBEAEHHE 

B HeAaBHHX pa6oTax aeTopa ~no npeAnomeHo oco6oro POAa 
TeH30pHOe BOnHOBOe ypaBHeHHe n-9~ npeACTaBneHHOe ypaBHeHHe 
AonycKaeT rpynny BHYTPeHHe~ CHMMeTpHH, H30Mop¢Hy~ rpynne 
SU(2). npHH~HnHanbHO eamHo, 4To cy~ecTeoeaHHe rpynn~ SU(2) 
BWTeKaeT H3 OAHOPOAHOCTH npocTpaHCTBa-epeMeHH. TaKHM o6pa-
30M, e paMKax TeHaopHoro eonHoeoro ypaeHeHHR oKaaanocb eoa­
MomH~M BKn~4HTb BHyTpeHHHe CHMMeTpHH B Knacc· npOCTpaHcT­
BeHHo-epeMeHHWX CHMMeTpH~. 

B HaCTOR~eM coo6~eHHH nocTaeneHa H peweHa 3aAa4a o ABH­
meHHH TeH30PHO~ 4aCTH~~ BO BHeWHeM ~eHTpanbHO-CHMMeTpH4HOM 
3neKTPOCTaTH4eCKOM none. B nepeoM pa3Aene oTMe4eHw npenRT­
CTBHR, B03HHKWHe npH peWeHHH yKa3aHHO~ 3aAa4H, H npoaHanH-
3HPOBaH BOnpoc 0 COOTHOWeHHH MemAY nOHRTHRMH TeH30pa H 
npeACTaBneHHR rpynnw, 3THM M~ CTaBHnH ~enb OT~CKaTb nyTb 
K paapeweHH~ TPYAHOCTe~ H B~RBHTb BHyTpeHHHe, reoMeTpH4eCKHe 
npH4HH~ cylJieCTBOBaHHR rpynn~ SU(2). OcHOBHosli BWBOA cocTOHT 
e cneAy~eM. TeHaop aaAaeTCR aaKOHOM npeo6paaoeaHHR npH ne­
pexoAe OT OAHO~ CHCTeMW, BOOfilJie roeopR, KpHBOnHHe~HWX KOop­
AHHaT K APYro~ cHcTeMe KOOPAHHaT. To, KaK Ae~cTeyeT rpynna 
HenpepWBHWX npeo6pa3oBaHH~ B npocTpaHCTBe TeH30pOB AaHHOro 
CTpOeHHR, onpeAenReTCR 3THM 3aKOHOM OAH03Ha4HO, ecnH MHoro­
o6pa3He, B KOTOPOM 3aAaH~ H TeH30P H rpynna, ~MeeT npOCTe~­
WHe reoMeTpH4eCKHe CBO~CTBa. B cny4ae MHOroo6pa3H~ C 6oraTO~ 
reoMeTpH4eCKO~ CTPYKTYPO~ 3TO yme. 6yAeT, B006Uie roeopR, He 
TaK. 

AoKaaaTenbCTBOM TOMY cny~HT eeeAeHH~~ B HaCTORlJie~ pa6oTe 
TeH3op-cnHHOp, TeH3op-cnHHOp no OTHOWeHH~ K npeo6pa3oBaHHRM 
KOOPAHHaT B~CTynaeT HnH KaK BeKTOp, HnH KaK COBOKynHOCTb 
CKanRpa H CaMOAyanbHOrO aHT~C~MMeTpH4eCKOrO TeH30pa BTOporo 
paHra. 0AHaKO B npOCTpaHCTBe TeH30poe-cnHHOPOB MO~eT fiwTb 
3aAaHO ABY3Ha4HOe npeACTaeneH~e rpynnw nyaHKape. 3TO ycTa­
HOBneHO BO BTOPOM H TpeTbeM pa3Aenax. B 4eTBepTOM pa3Aene 
Ha~AeH~ wapoe~e TeH3opw-cnHHop~. B nRTOM pa3Aene B~BeAeHw 
ypaBHeHHR AnR paAHanbH~X ¢yHK4H~, OHH COBnaAa~T C TeMH, KO-
TOp~e cneAY~T H3 ypaeHeHHR AHpaKa. · 
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1. TEH30PM H nPEACTABnEHHR 
KOHE4HMX HEnPEPMBHMX rPYnn 

HccneAOBaHH~ noAne~~T CHcTeMa ypaeHeH~~ 

aa.p = me t/J' 
a h 

a a . aa f3 me 
J.Lt{JV- Vt/JJ.L-l£J.LVa{3 t/J =-h-t/JVJ.L' 

au t/J - a t/J = me t/J 
UJ.L J.L h J.L' 

/1/ 

rAe £ J.Lva{3 - aHT~C~MMeTpH4Hbl~ nceBAOTeH30P, np~4eM £ 0123 = 1. 
HHAeKcbl noAH~Ma~TCH ~ onycKa~TCH c noMo~b~ MeTp~4eCKoro 
TeH30pa gJ.LV= gJ.I.V , gOO= 1, g 11=g 22 =g 33=-l.nceBAOTeH30p 
£ J.Lvaf3 no3eonHeT aHT~C~MMeTp~4Ho...:y TeH3opy t/J J.LV /6HBeKTopy I 

conocTaBHTb AYanbHbl~ 6HeeKTOP iJ.Lv = -}(J.Lvaf3 .paf3. H3 BToporo 

ypaeHeH~H C~CTeMbl /1/ cneAyeT, 4TO 6HBeKTOp t/JJ.LV YAOBneT­
BOpHeT ycnoe~~ CaMOAyanbHOCTH 

t/J J.LV = it/J J.LV • /2/ 

BonHoey~ $yHK~~~ TeH3opHoro eonHoeoro ypaeHeHHH /1/ 3an~weM 
B BHAe 

W = (t/J' t/J J.L ' t/J J.LV ) • 

3Ta BOnHOBaH $YHK~HR COOTBeTCTByeT TeH30PHO~ 4aCTH~e. CTa­
BHTCR 3aAa4a - H3Y4~Tb AB~~eH~e TeH30pHO~ 4aCT~~~ B ~eHT­
panbHO-C~MMeTpH4HOM none. KoppeKTHOCTb nocTaHoBK~ 3aAa4H 
AOKa3aHa B n 1. 4T06bl peW~Tb CHCTeMy ypaeHeH~i:1 /1/ npH Han~-
4HH BHewHero 3neKTPH4ecKoro nonR, o6naAa~ero ~eHTpanbHO~ 
C~MMeTpHe~, HY~HO Ha~T~ nonH~~ Ha6op KOMMYT~py~~~X onepaTo­
poe. BHa4ane, ecTeCTBeHHO, np~wnocb pa6oTa~b c TeM Ha6opoM 
KOMMYT~py~~~X onepaTOPOB, KOTOp~~ MO~HO 6~n0 co6paTb Ha 
OCHOBe ~3BeCTH~X CBeAeH~~ 0 BXOAR~HX B BOnHOBOe ypaBHeH~e 
eenH4HHax. B npo~ecce peweHHR noRBHnHcb yKa3aHHR Ha TO, 4TO 
cocTaeneHH~i:1 Ha6op ·He nonoH. no3TOMY np~wnocb nepecMoTpeTb 
HeKoTop~e o6~enpHHRT~e nono~eH~R. 

J.I.V 
BenH 4H H~ t/J , t/J J.L, t/J J.LV , £ J.L vaf3 , g ~tv , g , o4e B~AHO, ecT b 

TeH30p~, np~4eM B TOM CM~cne, KOTOP~H BKna~BaeTCR B 3TO 
noHRT~e B o6~e~ TeOpH~ OTHOC~TenbHOCT~ *. CneAyeT oco6o 

* 06~ee onpeAeneHHe reoMeTpH4eCKO~ eenH4HHbl /TeH3opa/ 
MO~HO Ha~TH B KHHrax / 1·3/, 
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nOA4epKHYTb TO 06CTOHTenbCTBO, 4TO TeH30p MO~eT 6~Tb 3aAaH 
e eecbMa o6~eM MHoroo6pa3~~. TaK~M o6pa3oM, He B~3~eaeT 

COMHeH~~. 4TO B BOnHOBy~ $yHK~~~ W BXOAHT Tp~ pa3n~4H~X 
reoMeTp~4eCK~X een~4~H~, Tp~ pa3n~4H~X TeH30pa - BOnHOBOe 
ypaeHeH~e o6~eKOBap~aHTHO. Tenepb OCTaeTCH TOnbKO OAHO: no­
CTaB~Tb aonpoc o TOM, KaK~e npeAcTaaneH~H rpynn~ nyaHKape 
BKn~4aeT e ce6H eonHoeaH $yHK~~H W. Ecn~ orpaH~4~TbCH Ko­
OPA~HaTH~M~ ~ T04e4H~M~ npeo6pa3oBaHHHM~, TO ecTb caM~M~ 
3neMeHTapH~M~ CBO~CTBaM~ npOCTpaHCTBeHHO-epeMeHHOro MHOro­
o6pa3~H 131, To OTBeT 6yAeT OAH03Ha4Hb1M. Ae~cTBHTenbHo, 3aAa­
A~M /AnH KOHKpeTHOCTH - B npOCTpaHCTBe BeKTOpH~X none~/ 
peanH3a~H~ anre6p~ nH rpynnbl nyaHKape. npH HenHHe~HOM npe-

o6pa3oBaHHH KOOPAHHaT xl.l.=xl.l.(x1 ~x2 '. x 3 ~x4 ), xl.l.'=xl.l.'(x 1,x 2,x 3,x') 
t/JJ.L npeo6pa3yeTCH no 3aKoHy 

t/J, (X')= t/J ax a • 
J.L a ax.fl 

0TC~Aa cneAyeT/1/, 4TO 6ecKoHe4HO Manoe T04e4HOe npeo6pa3o­
eaHHe 

xJ.L .... xJ.L + ~ l.l.(x)dt 
nopo~AaeT 6ecKoHe4HO Manoe npeo6pa3oBaH~e t/J J.L (x) BHAa 

t/J (x)--> t/J (x)-(~aa t/J + t/J a ~a)dt. 
1.1. 1.1. a J.L a 1.1. 

B~pa~eH~e 

D ·1• = t:U a ·1• + ·'· a /:a 
L'~'J.L s a'~'J.L '~'a 1.1."' 

Ha3~BaeTCH npOH3BOAHO~ nH t/JJ.L(x) OTHOCHTenbHO ~a(x/1 1. Aa­
nee' H3BeCTHO /4/, 4TO Ka~AO~ r- napaMeTp~4eCKO~ rpynne nH Gr 
COOTBeTCTByeT r KOHTpaeap~aHTHbiX BeKTOPH~X none~ ~~(X)' 
(a= 1,2, ... ,r), YAOBneTBOPH~Hx ypaeHeHHHM 

a J.L t:a t:!.l. C d t:J.I. ~aaa~b-.,baas a= ab"'d' 131 

rAe C ~b - CTpyKTYPH~e nocToRHH~e rpynn~ G r • OnepaTOPbl X a. 
npOH3BOAH~e n~ t/JJ.I. OTHOCHTenbHO ~ ~ • YAOBneTBOPR~Td nepecTa­
HOB04H~M COOTHOWeH~RM rpynnbl Cr, XaXb- XbX a = CabX d· 
KoHTpaeap~aHTHble eeKTOPH~e nonR rpynnbl nyaHKape P 1o YA06Ho 
3aHyMepoeaTb HHAeKCOM a, npo6era~~HM 3Ha4eHHR 0, 1 , 2, 3. Tor­
Aa B AeKapTOBO~ CHCTeMe KOOPAHHaT 

J.L J.L J.L 1/ J.L 1/ 11 11 
~a= 8a' ~ ab = xv (8a8b- 8b8a ), xv = gl/11 X . /4/ 

noACTaB!lRR /4/ e /3/, nony4aeM AeCRTb onepaTopoe K a , Kab, 
YAOBneTBOpR~~~X nepecTaHOB04H~M COOTHOWeHHRM rpynnbl nyaH­
Kape. 06o6~eHHe Ha cny4a~ TeH3opoe APYroro POAa He npeAcTae­
nReT TPYAa. TaKHM o6pa3oM, npH MHHHManbH~x npeAnono~eHHRX 
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0 CTPYKType npOCTpaHCTBeHHO~BpeMeHHOro MHOroo6pa3~~ np~xo­
A~M K B~BOAY, 4TO BOnHoea~ ¢YHK~~~ COAepm~T OAH03Ha4H~e 
npeACTaeneH~~ rpynn~ nyaHKape, nopomAaeM~e onepaTopaM~ K a , 
Kab ' HMeHHO 3T~ onepaTop~ ~ ~cnonb3oean~cb np~ cocTaeneH~~ 

ynoM~Haeweroc~ Ha6opa KOMMYT~PY~~~x onepaTopoe. 
Cnpaw~eaeTc~, KaKOH 6yAeT OTBeT, ecn~ np~ene4b K Aeny 

BeCb cneKTp reoMeTp~4eCK~X CBOHCTB npOCTpaHCTBa-epeMeH~? 
H3 cKa3aHHoro e~we ~ecTeyeT, 4TO 3TO eA~HCTBeHH~H cnoco6 
HaHT~ KPOMe KOOPA~HaTH~X ~ T04e4HbiX npeo6pa30BaH~H 6onee 
o6~~e npeo6pa3oeaH~~ reoMeTp~4ecK~x een~4~H /~n~ HeKoTopoH 
~X COBOKynHOCT~/, nocpeACTBOM KOTOP~X KamAa~ Ben~4~Ha nepe­
BOA~TC~ B APYry~ Ben~4~HY Toro me CTpOeH~~. 

HoBble B03MomHOCT~ noKa3bteaeT cneAY~~ee yTeepmAeH~e. 
BeKTOP t/If.1. MomeT npeo6pa30BbtBaTbC~ no ABY3Ha4HOMY npeACTae­
neH~~ rpynn~ nyaHKape . CoeoKynHoCTb cKan~pa tjJ ~ caMoAyanb­
Horo 6~eeKTopa tfi11v ' e~cTynaiO~a~ 3AeCb KaK eA~Ha~ een~4~Ha, 
TaKme MOmeT npeo6pa30B~BaTbC~ no ABY3Ha4HOMY npeACTaeneH~~ 
rpynnbl nyaHKape, HO HeCKOnbKO OTn~4HOMy OT nepeoro. no 04e­
B~AHOH np~4~He een~4~H~ nOA06Horo POAa 6yAeM Ha3~BaTb TeH-
30paM~-cn~HOpaM~, ~n~, KpaTKo, T-cn~HopaM~. TaK~M o6pa3oM, 
B BOnHOBy~ ¢YHK~~IO 'I' BXOA~T ABa ABY3Ha4HbiX npeACTaBneH~~ 
rpynn~ nyaHKape, KOTOp~e B OCHOBHOM pa3n~4a~TC~ no CBOeH 
reoMeTp~4eCKOH np~POAe. AoKa3aTenbCTBo 3Toro yTeepmAeH~~. 
nocnym~ewero Kn~40M K peweH~IO nocTaeneHHOH e caMoM Ha4ane 
3aAa4~, cocTaen~eT COAepmaH~e cneAY~~ero pa3Aena. 

2 . TEH30PW-CnHHOPW 

06~eKoeap~aHTHa~ ¢opMyn~poeKa Teop~~ TeH3opoe-cn~Hopoe, 

KOrAa ce~3b MemAY reoMeTp~eH npocTpaHCTea-epeMeH~ ~ Teop~eH 

npeACTaeneH~H rpynn npocnem~eaeTc~ eo ecex AeTan~x, eamHa 
B np~H~~n~anbHOM OTHOWeH~~ ~ B CB~3~ C TeM~ o6o6~eH~~M~, 
KOTOp~e np~ 3TOM CTaHOB~TC~ B03MOmHbiM~. DAHaKO TaKaR ¢opMy­
n~pOBKa Tpe6yeT np~ene4eH~~ AOBonbHO cnomHoro c npaKT~4eCKOH 
T04K~ 3peH~~ MaTeMaT~4eCKOro annapaTa, ~ n03TOMy OHa 6yAeT 
np~BeAeHa BMeCTe C o6o6~eH~fiM~ B APYrOM MeCTe. 

3AeCb M~ nocTpo~M Teop~~ TeH3opoe-cn~Hopoe e TaKOH ¢op­
Me, KOTOpaR YA06Ha An~ np~nomeH~H ~ n03BOnReT o60HT~Cb 
npocTeHW~M~ MaTeMaT~4eCK~M~ cpeACTBaM~. B eeKTOPHOH anre6pe 
TpeXMepHOrO eBKn~AOBa npOCTpaHCTBa ~ BCTpe4aeMCfl CO CKanR­
paM~ V ~ BeKTOpaM~ v. napy 

V=(v; v) 
Ha30BeM TeH30p-cn~HOPOM, CKan~pHy~ KOMnOHeHTY T-cn~Hopa 

BCerAa 6yAeM n~CaTb Ha nepBOM MeCTe, a BeKTOPHY~ KOMnOHeHTY -
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Ha BTOpOM. CnomeH~e ABYX T -cn~HOPOB ~ YMHOmeH~e nap~ Ha 
KOMnneKcHoe 4~cno onpeAen~M ecTecTBeHH~M o6pa3oM: 

V + U = (v + u; V + U), >..V = (A.v; X~). 

KamA~H eeKTOP a 3aAaeT onepaTop~ X(ii) ' Y(a) ,AeHCTBy~-
~~e B KOMnneKCHOM n~HeHHOM npoCTpaHCTBe 
npae~ny 

v .... xca)v = (a . V' ;-av- a x ~). 

v .... yca)v = ca.V'; _;v + ; x v-). 

T -en~ HOPOB no 

/5/ 

CooTBeTCTB~e MemAY eeKTopaM~ ~ onepaTopaM~ o6naAaeT ceoHcT­
eoM n~HeHHOCT~ 

-to-+-+ -+ -+ -+ 

X(a + b) =X(a) + X(b), X(Xa) =XX(a), 

Y(a + b) = Y(a) + Y(b), Y(Xi{) = XY(l{). 

Ecn~ a - ee~eCTBeHH~H BeKTOP' a*= a' TO onepaTOPbl X( a) 
Y(~ aHT~3PM~Toe~, 

-+ -+ -+ ..... 

X (a) = -X(a), Y (a) = -Y(a) 

OTHOC~TenbHO CKan~pHoro np0~3BeAeH~~ 

< V \U > = v*u + v*.ii. 

!61 

np~MeH~~ ~3BeCTHble ¢opMyn~ BeKTOPHOH anre6p~, MOmHO AO­
Ka3aTb, 4TO np~ n~6~X a ~ f) ~Me~T MeCTO COOTHOWeH~~ 

X(a)X(b) = -(1{ · b) - X(i{ x b), 
-+ -+ -+ -+ -+ -+ 

Y(a)Y(b) = -(a·b) + Y(axb), 171 

X( a) Y(b) = Y(b) X( a). 

nonom~M X(a)X(b)V=(u; ~).no onpeAeneH~~' 
-+-+ -+ -+ -+ -+-+ ..... -+ -+ 

u = -(a· b) v- a. (b x v) =-(a· b )v- (ax b). v; 

; =(a x b)v + ax(bx ~)- a(b. V')=-(a·b) ~ + (ax b)v + (;x b) x V'. 

TaK~M o6pa3oM, nepeoe ~3 TOmAeCTB AOKa3aHo. AHanor~4HO AO­
Ka3~ea~TCR ~ APYr~e TOmAeCTBa. 

Koeap~aHTHble AeKapTOBbl OPT~ ex=e 1' ;y = e2' e z= ;3 o6pa3y~T 
ee~eCTBeHH~H opTOHOPM~poeaHH~H 6a3~C 
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e k e j = akj ' e k = e k (k • j = 1, 2. 3) • 181 

6yAeM HCnOnb30BaTb npaay~ CHCTeMy KOOPAHHaT, B KOTOpOH 

... ... ... 
e k x e j = £ kjn en 191 

06oaHa4HM onepaTopbl X(ek) , Y(ek) 4epea X k , Y k . Ha ocHoaa­
HHH 161-191 nony4aeM aa~Hble COOTHOWeHH~: 

xkxj =-8kj - (kjn xn. 

y k yj =- 8 kj + £ kjn y n • 

xkyj,yjxk. 

nonO>KHM 
X =X 1 , y=x2, Z =X 3 , Ct=XO. 

1101 

TeHaopHo-cnHHOPHOe none ecTb,no onpeAeneHH~,cKan~pHo-aeK­
TOpHa~ 4!YHK4H~ npOCTpaHCTBeHHbiX KOOPAHHaT H apeMeHH: 

V (;, t) = (v (r: t); ~ (r: t )) . 
BaeAeM onepaTopbl 

i 1 J = M + - Y . K = L - - Y (n = 1, 2, 3). n n 2n n n 2n 
rAe 

... ... 
M = -i[r xV ]-

onepaTop op6HTanbHoro MoMeHTa, 
... ... 1 a . 
L = -i(r- -+ ctV) 

c at 
onepaTop cne41-1anbHbiX nopeH4eBbiX npeo6paaoaaHHH. C no­
MOI!lb~ I 101 nony4aeM, 4TO onepaTopbl J n, Kn , p0 =i ~ %t , P =-i V 
YAOBneTBOP~~T nepecTaHOB04HbiM COOTHOWeHH~M 

[J k • J m ] = i £ kmnJ n •. 

[J k • Km] = i £ kmnKn. ' 

[Km • K n] = -i fmnkJ k' 

[po,Kn] =ipn' [pn,Km]=iBnmPo• [pk,Jm]=i£:kmnPn 

H, cneAOBaTenbHO, 3aAa~T peanH3a4H~ anre6pbl n~-1 rpynnbl nyaH­
Kape 5' 10 B npocTpaHCTBe TeH30p-cnHHOPOB. 8 CHny 1101 TeH­
aop-cnHHOp npeo6paayeTc~ no ABY3Ha4HOMY npeAcTaaneHH~ rpynnbl 
nyaHKape. 
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PaccMOTPHM 3PMHTOB onepaTop 

I = (I 1 . I 2 . I 3) . 
rAe 

I = - _i_ X (k = 1. 2, 3) . 
k 2 k 

OnepaTop I aBeAeH a 19 ! H HaaaaH onepaTopoM BHyTpeHHero cnH­
Ha. no I10ionepaTop BHyTpeHHero cnHHa KOMMYTHpyeT c onepa­
TopaMH J n , K n H reHepaTopaMH TpaHcn~4HH 

[lk,Jn]=O, [lk,Kn] =0, [p 0, Ik]=O, [pn,lk] =0. 

TeM caMbiM OTMe4eHHa~ a 191 TPYAHOCTb ycTpaHeHa, OnepaTop 
BHyTpeHHero CnHHa YAOBneTBOp~eT nepecTaHOB04HbiM COOTHOWeHH­
~M 

[Ik • I n] = i £ knm I m · 

TaKHM o6paaoM, AOKaaaHo, 4TO TeHaop-cnHHOp npeo6paayeTc~ 
no ABY3Ha4HOMY npeACTaaneHH~ rpynnbl P 10 x SU(2). 

OnepaTOPbl 

N = L + ..!.. Y (m = 1. 2. 3) m m 2 m 
YAOBneTBOp~~T TeM ~e nepecTaHOB04HbiM COOTHOWeHH~M, 4TO H 
onepaTOPbl Km.OAHaKo npeo6paaoaaHH~ TeHaopoa-cnHHopoa, no­
po~AaeMble HH<l!HHHTe3HManbHbiMH onepaTopaMH 1 K m HnH N m, 6YAYT, 
04eBHAHO, paanH4HbiMH. TaKHM o6paaoM, . cyl!leCTByeT ABa BHAa 
TeHaopoa-cnHHOpoa, oTnH4a~lllHXC~ APYr oT APYra aaKoHoM npe­
o6paaoaaHH~ np>1 nopeH4eBCKHX noaopoTax. 0 npoHCXO~AeHHH 
onepaTopoa Km, Nm 6yAeT cKaaaHo Aanbwe. 

3. Cni-1H TEH30PHO~ 4ACTHUbl 

3anHweM TeHaopHoe eonHoaoe ypaeHeHHe 111 e T-cnHHOpHOM 
npeACTaBneHHH~ BeKTOpy ~~ nocTaBHM B COOTBeTCTBHe TeH3op­
cnHHOp V = (v. v). nonara~ 

v =i~o· ~ =~1;1 +~2;2 +~3 ;3 i' 11 I 

8 CHny 111 CaMOAYanbHbiH 6HBeKTOp HMeeT TpH nHHeHHo-He3aBH­
CHMbiX KOMnOHeHTbl. 3TO n03BOn~eT CKan~py ~ H fiHBeKTOpy ~ ~v 
COOTHeCTH TeHaop-cnHHOp W=(w;C:), rAe 

w =-~. J =~32;1 +~13;2 +~21;3 

OnepaTop D aaAaAHM no npaeHny 

DV = (div~; rot~- gradv). 

1121 

1131 
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KsaApaT ero paseH 
D2=-~. 

Ecna-t ¢ - cKanRpHoe none, TO 

D(¢V) =¢DV +Y(gradcp)V. 

1·13 111, 1111,1121, 1131 CJleAyeT, LITO T-cna-tHOPbl V, W 
nOA4HHR~TCR ypasHeHHRM 

(i_!_ _Q_+ D)V =!DC W, 
c at h 

. 1 a me 
h---D)W =-V. 

c at h 

... ... 

1141 

HH<!>HHHTe3a-tManbHbte onepaToobl J, I , P 0 , P KOMMYTa-tpy~T 

.1a D.ta D c onepaTopaMa-t 1- - + 1-- --- • 
c at ' c at 

.l\nR onepaTopos K , N 
· m m 

nonyLiaeM COOTHOWeHHR 

(i_!_ _j_- D)K = N (i_!_ _a_- D) 
c at m m c at ' 

(i_!_ __£_ + D)N = K (i_! _j __ + D) (m= 1. 2. 3) . . 
cat m meat 

1151 

B 3THX ¢opMyJlaX npORSJlReTCR TO, LITO SXOAR~He S SOJlHOSOe 
ypasHeHa-te TeHaopbl-cna-tHOPbl npeo6paay~TCR no-pa3HOMY npa-t no­
peH~esblx nosopoTax. TaKa-tM o6paaoM, ycTaHosneHo, LITO rpynna 
P10 x SU(2) ecTb rpynna ca-tMMeTpa-ta-t TeHaopHoro sonHosoro ypas­
HeHHR. 

B paMKax Tex mecTKHX orpaHa-tLieHa-t~, o KOTopblx nOAP06Ho 
rosopa-tJlOCb SbiWe, SCRKOe 6eCKOHeLIHO Ma110e npeo6pa30SaHa-te 
nopeH~a HMeeT pe3y1lbTaTOM AeHCTSHR Ha CKa11RP, seKTOp, 6a-t­
seKTOP 6eCKOHeLIHO Manoe npa-tpa~eHa-te 3THX SeJla-tLIHH, rnasHaR 
LlaCTb KOTOporo onpeAeJlReTCR a-tH¢HHa-tTe3a-tMa1lbHbiMH onepaTopaMH 
Mab=iKab, TaKHMI-1, LITO 

Mab JjJ = i(xaab- xbaa).P' 

Mab .P p. = i(xaab- xbaa).P p. + i(gap..Pb- gbp. .P a), 

M ·'· =i(x a-x a)·'· ~ i(g ·'· .. -g ·'· + g ·'· -g ·'· ). a b 'I' p.v a b b a '~'p.v ap. '1' bv ' bp. '1' av av '1' p. b bv 'I' p. a 

3ana-tWeM 3TH SblpameHHR S COOTSeTCTSI-11-1 CO CAeJlaHHbiMI-1 OTOmAeCT­
SJleHHRMI-1 I 11 I, I 121. 4To6bt He ssoAHT b MHoro HOSbiX o6oaHaLie­
Ha-t~, orpaHa-tLIHMCR, 6ea y~ep6a A11R cy~ecTsa Aena, onepaTopaMa-t 
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M kO (k = 1.2.3). B peaynbTaTe nonyLiaeM 

M kO V = L k V + (e k · v; -e k v), 

... ... ) 1161 
M kO W = Lk W + (0 ; - e x w • 

OnepaTOPbl M kO Ae~cT sy~T s npocTpaHcTse peweHa-t~ sonHosoro 
ypasHeHHR, OAHaKO OHI-1 He KOMMYTa-tpy~T C onepaTopaMH I k' 
PaccMOTPHM onepaTopbl M kO- {Xk • Ha 151, 161 nonyLiaeM 

1 1 
M kO V - 2 Xk V = L k V + 2 Y k V = N k V , 

1 1 117/ 
M W - --X W = L W - -- Y W = K kW kO 2 k k 2 k 

AHanora-tLIHO npeo6paay~TCR 1-1 onepaTopbl M 12 , M 23 , M 31 · 
TaKa-tM o6paaoM, npa-tPOAY onepaTopos J k, Y k , Km , N m s TO~ 
Mepe, KOTOpy~ AOnycKaeT npa-tHRTbl~ ynpo~eHHbl~ MaTeMaTa.-tLieCKI-1~ 

¢opMa1la-t3M, MOmHo CLIHTaTb ycTaHosneHHO~. BbtpameHt-~R I 17 I, 
OLieSHAHO, cornacy~TCR C COOTHOWeHHRMI-1 1151. 

Bonpoc o cna-tHe TeHaopHo~ LlaCTt-~~bl 6yAeM pewaTb cneAY~~HM 
o6pa30M. 06o6~HM SOJlHOSOe ypaSHeHa-te Ha C1ly4a~ HaJlt-~LIHR SHew­
Hero 31leKTpoMarHa-tTHoro nonR, Ha~AeM ypasHeHa-te sToporo nopRA­
Ka 1-1 paCCMOTPHM era HepeJlRTHSHCTCKHH npeAe11. BseAeHHe SHew­
Hero nonR s ypasHeHa-tR 111 AOCTa-traeTCR aaMeHo~ rpaAa-teHTa all 

te Ha npOAOJlmeHHy~ npoa-t3SOAHY~ v,= a --~--A,. CooTSeTCTSeHHO 
... r- P. he r 

3TOMY o6oaHaLia-tM Llepea P onepaTop 
... e ... 
P =-ihv +-A. c 

OnepaTop A aaAaAa-tM no npasa-tny 

A V = (P . ; ; P x ; - Pv). 
BonHosoe ypasHeHa-te, o6o6~a~ee 

(ih-~--eA + icA)V:mc2W, 

ypaSHeHHR 1141, HMeeT SHA 

at o 
1181 

(i h~-- eA -icA)W = mc2 V. 
at 0 

2 ... 
BbtLia-tcna-tM KSaApaT onepaTopa A. nonolKHM A V=(u,u). nocne He-

... ... ... ... ... 2 ieh ...... 
KOTOpbiX SbiK11aAOK no11y4aeM: u = P · (P x V- P v) =-P V- -C-H · V, 

rAe H = rot·A - seKTop MarHHTHoro nonR. Bb1LIHC11RR seKTOPHY~ 
KOMnOHeHTy, HaXOAHM nOCJleAOBaTeJlbHO 
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~ -+ -+ ~ ~ -+ -+ -+ -+ -+2-+ i e h ~ -+ ~ 

u = P x (P x v)- P (P · v)- (P x P)v = - P v - --(H x v - H v) . 
e 

2 ... 2 i e h -+ -+ ... -+ ... 
TaKI1M o6pa3oM, 1\ V=-P V--e:-(H·v:-Hv+H x v). Bo3epalllaflcb 

K onpeAeneHI1~ onepaTopa Y(~, 3an11weM ¢opMyny 

/\2=_p2_ iehv(ii). 1191 e 

Bb1411Cnflfl KOMMyTaTop [ih -~t -eA
0
,J\l,nony411M COOTHOWeHI1e 

[i h~-- eA0 ,/\] = i eh Y(Eh, /20/ 
at ... 

rAe E =- ~ _q_~- + qrad A 0 - eeKTOP 3JleKTPI14ecKoro nonfl. HcKn~-
411M 113 ypae~JHI1H /18/ OAI1H 113 TeH3op-cni1Hopoe. B c11ny /19/, 
/20/ 

(ih-~-- eA -ie/\) (ih-~-- eA +i 'e/\) = at o at o 
a ... ... 

= (ih---- eA )2-e2f\2- eheY(E)- ieheY(H). at o 

TaKI1M o6pa3oM, AnR V nony4aeM cneAY~lllee ypaeHeHI1e BToporo 
nOPfiAKa: 

a 2 2 ... 2 2 4 ....... 
[(ih---- eA ) - e P -m e ]V = ehe[Y(E) + 1 Y(H)]V. at 0 

0TC~Aa ClleAyeT, 4TO B HepeJlfiTI1B11CTCKOM np1161111~eHI1I1 

. av 1 ... 2 i e h ... 
1 h ---- = --- P V - eA V + ---- Y (H) V . 

at ... 2m 0 2me -+ -+ -+ ... 
Pa3no~11M H no AeKapTOBbiM opTaM H=H 1e 1+ H2 e 2 +H3 e3 .TorAa 

ieh ... eh eh-+ ... 
----- Y(H) = --- (H S + H S + H S ) = --- H · S , 
2me me 1 1 2 2 3 3 me 

rAe 

sk = ~ Y(;k) = J2 Y k • (k = 1. 2, 3) 

ecTb, o4eB11AHO, npoeK1..11111 onepaTopa cn11 Ha S = (S 1• S 2, S 3 ) . 
B CI-111Y /10/ 

s2+S2+S2=JL. 
1 2 3 4 

TaK11M o6pa30M, cn11H TeH30PHOH 4aCTI1l.lbl cneAyeT npi1Hf1Tb pae­
HbiM 1/2. B nepeoM np1161111~eH1111 /no 1/ e I 3Ta 4aCTI1l.la o6na­
AaeT TaK>Ke MarHI1THbiM MOMeHTOM ~ = ~-i!_S~ Tenepb MO>KHO CKa-

me ... • 
3aT b, 4TO onpeAelleHHbiH paHee onepaTop J ecT b onepaTop non ­
Horo MOMeHTa KOJ1114ecTea ABI1>KeHI1fl ! = M + S. 

12 

nycTb B=(B1,B2, B3) - onepaTop, TaKOH, 4TO BkV=(O;ie\x~) 
(k = 1. 2. 3). TaK KaK 

B~+ B~+ B~= 2. BkBj- BjBk=iE kjnBn. 
-+ 

TO ll 
s 

ecTb onepaTop cn11Ha eAI-1HI11..1a. HHTepecHo, 4TO onepaTop 
Bblpa~aeTcfl 4epe3_ onepaTop Cn11Ha eAHHI11..1a 11 onepaTop BHyT­

peHHero cnHHa no ¢opMyne 

s = fi- i. /21/ 

CooTHoweHI1e /21/ HarnfiAHO noKa3b1BaeT ponb BHYTPeHHero cni1-
Ha .... npHBeAeM TaK>Ke cooTHoweHI1e KOMMyTal..ll-111 Anfl onepaTopoe B 
H I, 

IkBj - Bjik = ifkjnin, 
... -+ -+ 

11111-1, e CI1MeonH 4eCKOH ¢opMe, I x B = i 1. 

4. ABHmEHHE B UEHTPAnbHOM nonE 

BeKTOPHbiH noTeHI..IHall 3JleKTpocTaTH4ecKoro nonfl, o6naAa~lllero 

l..leHTpaJlbHOH CHMMeTpHeH, HMeeT BHA 
... 

A
0 

= A 0(r), A = o. /22/ 

o o' k k 1' 2' 3') npeo6pa30BaHHfl KOOPAHHaT X =X +a, X =X (X , X , X 
fiBJlfi~TCfl, AOnyCTHMbiMI-1, TaK KaK OHH OCTaBJlfi~T HHBapHaHTHbiM 
BHA eeKTopHoro noTeHI..IHana /22/. CooTBeTCTBeHHO 1-1 rpynna 
CHMMeTpl-11-1 P10 BOJlHOBOrO ypaBHeHHfl /14/ Cy>KaeTCfl AO rpynnbl, 
COCTOflllleH 1-13 CABI-irOB BAOJlb OCH BpeMeHH 1-1 TpexMepHbiX epa­
llleHI-iH, 0TC~Aa CJleAyeT, 4TO B 1..1eHTpallbHO-CI-1MMeTpH4HOM none 
CyllleCTBY~T COCTOJ'IHI-ifl C onpeAeJ1eHHbiM 3Ha4eH!-1eM 3Hepri-1H, KBaA­
paTa nonHoro MOMeHTa 1-1 npoeKI..II-11-1 MOMeHTa, Hanpi-1Mep Ha ocb z. 
KaK HeTPYAHO BI-1AeTb, TeH30pbl-cnHHOPbl V H W npH AOnycTI-1MbiX 
npeo6pa30BaHI-1fiX KOOPAI-1HaT, npl-1 TpexMepHbiX BpallleHI-ifiX 1-1 CABI-1-
rax BAOllb ocH epeMeHI-1 npeo6pa3y~TCfl OA!-1HaKoeo. TaKI1M o6pa30M, 
B ycnOBI-ifiX AaHHOH 3aAa41-1 TeH30pbi-Cni-1HOPbl V 1-1 W MO>KHO 
cKnaAbiBaTb. ~13 I 18/, /22/ Anfl F = _1=(V + W), G = _j __ {V- W) 

y2 y2 
nony4aeM ypaeHeHHfl 

(E-¢-me 2)F + heDG=O, 

(E-¢ +me 2)G+ heDF =0, 
/23/ 

KOTOpble Oni-1Cb1Ba~T CTai..IHOHapHble COCTOJ'IHHJ'I TeH30PHOH 4aCTHI..Ibl 
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¢=eAJ~.YpaeHeHH~ /23/ 6y~eM pewaTb MeTO~OM paa~eneHH~ ne­
peMeHHbiX. 

WapoB~MH TeHaopaMH-cnHHopaMH 6y~eM Haa~eaTb T-cnHHop~, 
~en~IO~Hec~ co6cTBeHHbiMH <I>YHKI.IH~MH onepaTopoe J 2 , J 

3 
, I 

3
• 

Ha <I>H3H4eCKHX coo6pameHHH ~cHo, 4To KOHe4Hble peaynbTaTbl, 
OTHOC~~Hec~ K ~BHmeHHIO TeH30pHOH 4aCTH1.1~ BO BHeWHeM 3neKTpo­
MarHHTHOM none, He ~onmHbl 3aBHCeTb OT OpHeHTai.IHH BHyTpeHHe­
ro cnHHa. no3ToMy, nepexo~~ K OTblcraHHIO wapoeblx T-cnHHopoe, 
paccMOTPHM TDnb~o y~aBHe~He I 3~ _.= 2=. V. -+ 3anHweM ero o6~ee 
peweHHe, V~ =(-I{3;ae+ 1+{3e0), r~e e+ 1,e 0 = e 3 - KOBapHaHTHble 
1.1HKnH4eCKHe OpTbl/5/, o6pa3yiO~He BMeCTe C (. 1 KOMnneKCHbiH 
6aaHc. KaK BH~Ho, T -cnHHDP V~ aaAaH, ecnH H3BeCTHa ero­
eeKTopHa~ KOMnDHeHTa. 3aMeTHM TaKme, 4TO y BeKTOPHOH KOM­
noHeHTbl TeH30pa-cnHHopa V~ HeT COCTaBn~IO~eH no e:::;1" npH­
HHMa~ 3TO K CBeAeHHIO, COCTaBHM nHHeHHYIO KOM6HHai.IHIO Z(O,¢) 
wapOBbiX B€KTOPOB YlM(O, ¢) 151 TaK, 4T06bl B paanomeHHH 
-+ +1 -+ 0 -+ -1 -+ 
Z(O, ¢) = Z (O,¢) e+ 1 + Z (0, ¢) e 0 + Z (O, ¢)e_ 1 KDDPAHHaTa 
-\ +1 Z 0,¢) o6paTHnacb e Hynb. nocne 3Toro nonomHM a= Z (O,¢), 

{3= zO (0,¢) H Bb14HCn!-.M peaynbTaT AeHCTBH~ onepaTOPOB 12 , J
3 

Ha nony4eHHbiH TaKHM o6paaoM TeHaop-cnHHop. Hcnonbay~ ~BHbiH 
BHA KOHTpaBapHaHTHbiX 1.1HKnH4eCKHX KOMnOHeHT wapOBbiX BeKTO­
poB, npHBeAeHHbiH B 15/ , MOmHO noKa3aTb, 4TO B DAHOM cny4ae 

v (J- M+1X2J + 3) YJ+ 1 (O )-y (J+M+1)(J + 2) yJ+l (O ¢) = 
J + 1 · JM ,¢ J + 1 J +1M ' 

/24/ 

= [ y 2(J-M+2)YJ+1M-1 (O,¢)Je'+1-[yJ+M+1 YJ+lM(0,¢)]~ 0 , 

a e ~pyroM cny4ae 

_ 1 (J +M)(2J-1) y J-1 (O A.) _ _ 1 (J-MXJ-1) y J-1 (O A.)= 
V J JM ' '~-' V J J- 1M ' 'f' 

1y2(J +M-1) YJ-tM-l(O, ¢)]~+ 1 + [JJ-M YJ_ 1JO, ¢)]e
0 

/25/ 

ApyrHx eoaMomHOCTeH HeT. 
CooTBeTcTey~~e /24/, /25/ TeHaopbl-cnHHOPbl YA06Ho o6oa-

J+)i J:...~ L 1 Ha4HTb 4epe3 V . (O, ¢), V (O,¢), rAe j=J+ 2 , m=M-2. 
~Jill +• . ~jill 

TeH30pbl-cnHHOPbl vl-: )i <e.¢) YADBneTBOP~IOT CHCTeMe ypaeHeHHH 
j +lL 1 · +,~Jill j+lL · +~ 

IV -n (0,¢)=-VJ-)i (O,¢), J V -rz (O,¢)=mVJ- (O,¢), 
3 ~jill 2 ~jill 3 ~jill ~jill 
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• 

-+2 j ± \1, j±Y, 
J V lL . (0, ¢) = j (j + 1) V . (0, ¢) . 

nJill \I, Jill 

KpoMe TOre, HaHAeHHble wapOBble TeH30pbi-CnH HOPbl YADBneT BOp~IOT 
04eBHAHO ypaBHeHH~M 

M2 vi +v. <o A.)=<· .!.H ·+ 1..)vi +v.<o¢) M2VJ- v.<o ¢)=C-l..)c+.!.)vi-v. <o¢). 
Y, jill ' 'f' J + 2 J 2 \1, jill ' ' V. jill ' J 2 J 2 V. jill ' 

Hcnonbay~ <!>opMynbl An~ A~BepreHI.IHH, poTopa H rpaAHeHTa 
B li~KnH4eCKHX KODPAHHaTaX H paaeepHyTyiO aanHCb <!>DPMYnbl paa-
nomeHH~ rpaAHeHTa <I>YHKI.IHH f(r) Y fill (0, ¢) no wapOBbiM BeK-
TOpaM 151, MOmHO noKa3aTb, 4TO 

i+ v. dfrr' 3 1 i-Yz D[f(r)V . (0,</)] =i[ __ ~.::L-+(j+-2-)--f(r)]V,,L. (O,¢), 
y, Jill dr r "Jill /26/ 

j- y, d f (r) 1 1 i + y, 
D[f(r) V . (O, ¢)] = i[------ (j- --)-- f(r)]V . (O, ¢). Y,Jm dr 2 r '!.Jill 

/27i 

B CHny /26/, /27/ MOmHO nonom~Tb 

i+ V. j± Y, 
F = f(r) V . (0, ¢), G = g(r) V . (O, ¢). 

\I,Jm \I, Jill /28/ 

noACTaen~~ /28/ e /23/, nony4aeM ypaeHeHH~ An~ paAHanbHbiX 
<I>YHKI.IHH 

2 . dg(r) . 3 1 
(E -¢-me )f(r) + 1hc[ ----- + (J + -)--g(r)] = 0, 

dr 2 r 

. df (r) . 1 1 
(E- ¢ +mc2)g(r)+ 1h c[ ------ (J- -)-- f(r)] = 0 , 

dr 2 r 

KOTOpble XOPOWO H3y4eHbl, TaK KaK OHH BnepBble 6blnH BbiBeAeHbl 
e Teop~H AHpaKa e~e noneeKa HaaaA. 

TaKHM o6paaoM, TeH3DPHDe eonHoeoe ypaeHeHHe oKaaanocb 
npHrDAHbiM An~ onHCaHH~ TOHKOH CTpyKTypbl BOADPOAa. PaMKH 
CTaTbH He n03BOn~IOT B nonHOH Mepe OCBeTHTb B3aHMOOTHOWeHH~ 

MemAY reoMeTpHeH npOCTpaHCTBa-epeMeHH H CBOHCTBaMH TeH30pHOH 
4aCTHI.Ibl, MemAY TeH30pHbiM BOnHOBbiM ypaBHeHHeM H ypaBHeHHeM 
AHpaKa. He Bbl3b1BaeT, OAHaKo, coMHeHH~, 4TO TeHaopHoe eonHo­
eoe ypaBHeHHe OTKpbiBaeT HOBble B03MOmHOCTH An~ HCCneAOBaHH~. 

B aaKnl04eH~e xoTenocb 6bl oco6o BbiAenHTb ce~ab MemAY 
CnHHOM TeH30PHOH 4aCTHI.Ibl H BHyTpeHHHM cnHHOM ~ OTMeT~Tb, 

4TO pen~T~B~CTCK~e MeTOAbl on~caH~~ cn~Ha paapa6aTbiBan~Cb 
e 1927 rDAY AapBHHOMAl/, An~ Hac 1.1eHHO To, 4TO paccMaTp~sae­
Ma~ ~M BOnHOBa~ <I>YHKI.I~~ npeACTaBn~eT C060H npOCTpaHCTBeHHO­
epeMeHHOH BeKTOp. 

AeTop rny6oKo 6naroAapeH H.A.4epHHKoey, B.A.Me~ep~Koey, 

B.r.KaAbiWeBCKOMy, 6.M.6ap6awoey, n.r.3acTaBeHKO, 3.A.Tar~po­
ey ~ B.6.np~eameey aa o6cymAeH~e pa6oTbl ~ lleHHble aaMe4aH~~. 
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