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Hadronic final states in hadron-hadron collisions are often studied by clustering final state hadrons
into jets, each jet approximately corresponding to a hard parton. The typical jet size in a high
energy hadron collision is between 0.4 and 1.0 in eta-phi. On the other hand, there may be
structures of interest in an event that are of a different scale to the jet size. For example, to a first
approximation the underlying event produces a uniform emission of radiation spanning the entire
detector, colour connection effects between hard partons may fill the region between a jet and the
proton remnant and hadronisation effects may extend beyond the jets. We consider the possibility
of performing a Fourier decomposition on individual events in order to produce a power spectrum
of the transverse energy radiated at different angular scales. We attempt to identify correlations in
the emission of radiation over distances ranging from the full detector size to approximately 0.2
in eta-phi.
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1. Introduction

QCD gives rise to many different features in collision events. Apart from hard scattering there
is also radiation arising from initial and final state radiation, colour flow between the hard partons
and a uniform contribution from underlying event. Identifying these features requires identifying
radiation structures of different size in an event. The problem of separating objects of different
size is not unique to high energy collider physics; in the field of cosmology, for example, a key
observation is the angular size of correlations in the temperature and polarisation of the cosmic
microwave background (CMB). This is studied by decomposing the image of the sky into a set of
spherical harmonics [1]. Fourier transforms are also used in many other areas for signal processing.

One feature of QCD that can be hard to identify in the presence of the soft contribution from
underlying event or multiple independent overlaid collisions is colour singlet exchange. In the
normal production of jets in QCD there is colour flow between the jets, and the detector region
between them is therefore populated with radiation. In colour singlet exchange there is a region
of pseudo-rapidity, η , between the jets that is largely empty of radiation. This region is known
as a rapidity gap and is also present in the exchange of other colour singlets, such as in vector
boson fusion. Identifying the rapidity gap can be a powerful way to identify such events. However,
underlying event and pile-up can emit radiation into the gap, which then becomes hard to observe.
Since the contributions from underlying event and pile-up are uniformly distributed throughout the
detector, but the gap (or conversely the colour connection effects) is more localised, one may hope
that a Fourier analysis will be able to identify the presence of absence of a gap structure without
being affected by other aspects of the event.

2. Monte Carlo Sample, Event Selection and Fourier Transform

Herwig [2] was used to generate four samples of Monte Carlo events: standard QCD di-jets
and di-jets produced through colour singlet exchange, both with and without the underlying event
model turned on [3]. Each event sample contained 15 million events. Herwig was modified for
colour singlet exchange according to [4]. The Rivet [5] analysis package was used, which provides
an interface between the generator event record and various analysis tools, including jet finding.

The KT jet algorithm [6] was run with an R parameter of 0.7 and events were selected that
contained at least two jets with a jet transverse energy, ET , above 30 GeV. The two leading jets
were required to be separated by a pseudo-rapidity interval of at least ∆η > 4, both jets lying within
|η | < 5. The KT algorithm was run a second time with an R parameter of 0.1 in order to provide
an input for the Fourier transform that ensures there can be no soft or collinear divergences. An ET

cut of 1 GeV was applied to these smaller jets.
The difference between colour singlet exchange and standard QCD di-jet production (hence-

forth QCD di-jets) can be seen in figure 1. In figure 1 the hardest jet is defined to be at φ =0 and
the φ position, weighted by ET , of those KT 0.1 jets that lie between the two leading jets and nearer
the hardest of the two leading jets is shown. The three curves show the effect of turning on first
the underlying event model, which leads to a uniform increase in the ET deposited at all φ , and the
effect of turning on the colour connection between the two leading jets, which enhances the growth
of ET in the φ region opposite the leading jet. This rise in radiation opposite the leading jet in φ is
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Figure 1: The ET flow in φ in the inter-
jet region that is nearest the leading jet
in η (the leading jet is at φ=0). The
(blue) dotted line is colour singlet ex-
change and shows the smallest amount
of radiation opposite the leading jet.
The (red) dashed line shows colour sin-
glet exchange with a uniform emission
of radiation from underlying event. The
(black) solid line is colour connected
d-jets with underlying event turned on,
and shows an increase in the amount of
radiation opposite the leading jet.

caused by showering outside of the next-to-leading jet, which is enhanced by the colour connection
between the leading jets. This enhancement is of a different angular size to both the underlying
event contribution and the hard jets.

The cylindrical coordinates of a hadron collision detector, together with the additive nature
of rapidity under longitudinal boosts means that cylindrical harmonics are more appropriate than
the spherical harmonics used in analyses of the CMB. The simplest Fourier transform that can be
performed is the one-dimensional transform of the ET distribution in the φ coordinate, and it is this
transformation that was performed in this study.

If one is satisfied to study only the magnitudes and not the phases of the Fourier coefficients
then the location of φ=0 event-by-event does not matter. However, different events have different
orientations in φ , and in order to study the phases of the coefficients the events must be lined up
along a common axis. The position of φ=0 is therefore defined to be the centroid of the hardest jet
and the direction of increasing φ is defined such that the second hardest jet lies between φ = 0 and
φ = π . The coordinate system is divided up into a grid of N = 32 bins and in each bin the sum
of the ET s of the KT 0.1 jets is calculated. The KT 0.1 jets are restricted to lie with |η | < 5. The
GNU Scientific Library (GSL) [7] is used to provide a fast Fourier transform of the grid of 32 bins,
which results in 16 independent complex Fourier coefficients.

3. Results of the Fourier Transformation

The sample of events produced through colour singlet exchange without a contribution from
underlying event is the most purely di-jet like sample used; the other samples will exhibit more
radiation outside of the leading pair of jets. Figure 2 shows the mean separate real and imaginary
components of the Fourier coefficients from these most di-jet-like events. There is a clear alterna-
tion between the even coefficients, which are large (or positive, in the case of the imaginary part)
and the odd coefficients, which are smaller than the even coefficients. Note also that the real part is
much larger than the imaginary part. The reason for this is that whatever contribution a coefficient
with odd coefficient number, n, makes at φ = 0, there will be an equally sized negative contribution
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Figure 2: The imaginary (a) and real (b) parts of the Fourier coefficients averaged over 15 million di-jet
events produced through the exchange of a colour singlet with no contribution from underlying event.

at φ = π . The reverse is true of the even coefficients, which produce equal contributions at posi-
tions separated by an angle of π . Thus, for back-to-back di-jets the odd coefficients are suppressed
relative to the even coefficients. The suppression becomes smaller for larger coefficient numbers,
which correspond to smaller features. The fact that the odd coefficients are non-zero is because
the next-to-leading jet has a lower ET than the leading jet, and the odd coefficients both soften and
broaden the jet near φ = π . The imaginary part is smaller than the real part because the events have
been aligned so that the leading jet lies at φ = 0; the imaginary part produces no activity at φ = 0.

In figure 3 the average over 15 million events of the magnitudes of the Fourier coefficients are
compared for colour singlet exchange events without underlying event turned on and QCD di-jets
with underlying event. The QCD sample contains more inter-jet activity, which is apparent in figure
3 as a smaller suppression of the odd coefficients relative to the even coefficients.

The aim of the Fourier decomposition is to find new observables for distinguishing colour
singlet exchange from QCD di-jets even in the presence of a contribution from underlying event. It
has been demonstrated that the odd coefficients are more sensitive to inter-jet radiation than the even
coefficients. The underlying event contribution, which is uniformly distributed, can be expected to
affect mainly the smallest coefficients. Figure 4 shows the distribution of the n = 3 coefficient for
colour singlet events with and without the underlying event model switched on compared to the
same coefficient from QCD di-jets in the presence of an underlying event contribution. There is
little difference between the distributions from colour singlet exchange with and without underlying
event, however the QCD di-jets distribution is distinct from the colour singlet distribution. The
QCD di-jets tend to have a larger value of the 3rd coefficient than the colour singlet exchange
events.

4. Summary

We have shown that the colour connection properties of different types of event produce dif-
ferent distributions of the azimuthal Fourier transform coefficients. The only contribution to the
odd Fourier coefficients comes from deposits of radiation that are not back-to-back di-jet like. The
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Figure 3: The magnitudes, aver-
aged over 15 million events, of the
Fourier coefficients for QCD di-
jets with underlying event turned on
(black solid) compared with colour
singlet di-jets without a contribu-
tion from underlying event (dashed
red). The QCD di-jets, which con-
tain more inter-jet radiation, show
larger values for the odd coeffi-
cients
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Figure 4: The distribution of the
magnitude of the third Fourier coeffi-
cient for colour singlet events with (red
solid) and without (red dotted) a contri-
bution from underlying event and QCD
events with an underlying event contri-
bution (black dashed). The presence
or absence of underlying event makes
little difference to the colour singlet
distributions, yet there is a difference
between the QCD and colour singlet
curves.

underlying event also contributes to inter-jet radiation, however, due to its uniform nature it con-
tributes more to the 0th Fourier coefficient than any other. Thus an odd coefficient such as the
3rd coefficient shows sensitivity to colour connection effects in the inter-jet region without being
affected by the uniform distribution of activity from the underlying event.
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