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Abstract

Motived by the new complexity conjecture [1] suggesting that the fastest computer in nature are the 
black holes. We study the action growth rate for a variety of four-dimensional regular black holes such as 
Hayward, Bardeen and the new class proposed in [2]. Generally, we show that action growth rates of the 
Wheeler-De Witt patch are finite for such black hole configurations at the late time approach and satisfy the 
Lloyd bound on the rate of quantum computation. Also, the case of three dimensions space is investigated. In 
each regular black hole configuration, we found that the form of the Lloyd bound formula remains unaltered 
but the energy is modified due to the effect of the nonlinear electrodynamics where some extra-therm have 
appeared in the total growth action.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Nowadays, the quantum information physics play a crucial role in our comprehension of the 
emergence of spacetime and gravity from gravitational degrees of freedom in the gauge/gravity 
duality framework. Various tools have been involved ranging from entanglement [3–6], quantum 
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error-correcting codes [7], and even quantum state complexity [8] have all been used to put light 
on many key aspects of the emergent gravitational degrees of freedom.

In this context, Maldecena and Susskind have made establish a beautiful link between the 
Einstein-Podolsky-Rosen (EPR) correlation with the Einstein-Rosen bridge (also known as 
wormholes) [9]. Rigorously speaking, they have attempted to relate quantum physics with the 
theory of gravity by the so-called ER=EPR conjecture. A simple and nice interpretation of 
this relation is to allow the communications between Alice and Bob from opposite sides of the 
wormhole [8,10].

Moreover, the computational complexity regarding AdS/CFT duality can be a huge step to 
illuminate the mystery inside the black hole and its related geometry, in addition, it supports to 
build quantum computers. One can found actually two conjectures that relate complexity on the 
boundary to the geometry of bulk:

At the first and older one complexity is supposed to be equal to the maximal volume in the 
space-like slice into the bulk [11], or complexity = volume (CV) as

C(tL, tR) ∼ V

G�
, (1)

which states that to compute the complexity of the boundary state, one can evaluate the volume of 
a codimension-one bulk hypersurface intersecting with the asymptotic boundary on the desired 
time slice. The second and recent complexity formalism stipulate that the following conjecture
complexity = Action (CA), which relates complexity to the gravitational action AWDW
evaluated in a Wheeler-DeWitt patch [1,12]:

C(tL, tR) ∼ AWDW
πh̄

. (2)

Given the energy of a quantum system, as already shown by Lloyd [13], the growth rate of the 
bulk action or the computational rate of the boundary state should have an upper bound,

the computational rate ≤ 2 E

πh̄
, (3)

where E is the excited energy of the boundary state. Substituting Eq. (2) into Eq. (3), one can 
obtain

dAWDW
dt

≤ 2 E

πh̄
. (4)

In the case where the CA duality holds, the action growth rates of the black holes in the 
Wheeler-DeWitt patch has also to be bounded. This proposal is confirmed by studying the action 
growth rate of some AdS black hole configuration in the WDW patch at the late time approxima-
tion [1,12]. However, Cai et al. in Ref. [14] found that the above bound will be violated for both 
small and large charged static AdS black holes cases, so a new and general form of the above 
bound has been proposed as the difference between the value of thermodynamical quantities for 
a rotating charged black hole as follows

dA
dt

≤ (M − �+J − μ+Q) − (M − �−J − μ−Q), (5)

where � and μ denote, respectively, the angular velocity and chemical potential of the black hole 
and the parameters M , Q, and J stand for the black hole mass, charge, and angular momentum, 
respectively. The subscript +/− denotes the quantities are taken at the outer/inner horizon of 
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Fig. 1. Penrose diagram for a neutral two sided black hole and WDW patch in (a) initial and (b) late time regimes.

the black hole. Many papers in the literature have been devoted to checking this conjecture in 
different kind of black holes whether it is valid or not [14–64] and they assert that a black hole 
can be considered as the fastest computer in nature.

Our present understanding of some form of singularities is mainly due to pioneer works of 
Penrose and Hawking [65,66], then Bardeen discovered a regular black hole obeying the weak 
energy condition, which was pivotal in leading the direction of research in this context. A various 
Bardeen-like black holes solution that came after the original proposal owe the irregularity to 
topological changes, which offers the possibility to obtain spaces with a maximum curvature 
inside the black hole [67–70]. This feature, of course, involves the introduction of matter fields 
in a rather ad-hoc manner. Other regular black hole models were also proposed by coupling 
Einstein’s theory with nonlinear electrodynamics [2,71]. Regular black hole interior solutions 
were also found in Loop Quantum Gravity [72] and they represent one of the key ingredients for 
our comprehension of such theory.

In this paper, we wonder whether that conjecture under the same conditions is also valid for 
the variety of combined gravity and nonlinear electrodynamics family of regular solutions or not 
in AdS spacetime. The outline of this paper is as follows: in section 2 we obtain the evolution of 
complexity growth at the late time approximation and check the Lloyd bound in such black hole 
models. Then we investigate the effect of nonlinear electrodynamics on this quantity for each 
case. The last section is devoted to discussion and conclusions.

2. The complexity growth of regular black holes

The authors of the references [1,12] show that the growth rate of the action of a Wheeler-
DeWitt patch of the two-sided black hole at the late time, i.e. tL + tR >> β , corresponds to the 
increasing complexity rate of the boundary state. At the late time and without any shock wave 
the contribution of the region behind the past horizon goes to zero exponentially. The addition 
of a conserved charge involves a slowing at the end of the WDW patch compared to the neutral 
case. Fig. 1 depicts the general Penrose diagram and WDW patch for a neutral two-sided black 
hole for initial times and late times approximations.

The left panel (1.a) shows the intersection between the patch and both future and past singu-
larities at r = 0 in the initial times while the right panel (2.a) indicates this intersection only with 
the future singularity in late time.

In what follows, we will turn our attention to a variety of regular black holes class [2,73,74]
inside the bulk. Indeed, we will investigate the action growth rate for the late time approximation 
and Lloyd bound under such gravity models effect. It was known that the action of Einstein 
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Fig. 2. Penrose diagram for a charged two sided black hole with multiple horizons and WDW patch in late time approxi-
mation. r1 is the most internal horizon and r0 is the null spatial infinity. The wavy lines indicate the singularities at r = 0, 
and r∞ stands for r = −∞. (For interpretation of the colors in the figure(s), the reader is referred to the web version of 
this article.)

gravity coupled to a non-linear electromagnetic field with the York-Gibbons-Hawking terms [2]
reads

A=Abk +Abd

= 1

16πG

ˆ
d4x

√−g
(
R+ 6

�2 −L(F)
)

+ 1

8πG

ˆ

∂M

d3x
√−hK, (6)

where F = dA is the field strength of the vector field, F ≡ FμνF
μν and the Lagrangian density 

L is a function of F . The first integral equation represents the action in the bulk while the second 
one stands for the boundary part of the WDW patch (WDW patch located in our two-sided black 
hole is indicated in figure Fig. 2 in which only dark blue region contributes to the complexity 
growth at late time approximation). The h is the induced metric of the hypersurface and K is the 
trace of the extrinsic curvature. In this paper, we consider static spherical symmetric black holes 
with magnetic charges. The most general ansatz is given by [2]

ds2 = −f (r)dt2 + dr2

f (r)
+ r2d�2

2 , A = Qm cos θ dφ , (7)

where d�2
2 = dθ2 + sin θ2dφ2 denotes the metric of a unit 2-sphere, Qm is the total magnetic 

charge defined by

Qm = 1

4π

ˆ
F , (8)

while the conjugate potential should be redefined as [75]


 = Ãt (rh) − Ãt (∞), F̃ = dÃ = LF
�F (9)
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� = 1

4

∞̂

r0

dr
√−g

∂L
∂α

(10)

Here, for our purposes, we will focus on well-known regular black hole models, namely the 
Hayward, Bardeen and the New class black holes proposed in [2,73,76] generalized in AdS 
space-time [73].

2.1. Case 1: Hayward class

The first class solution presented here is based on the Lagrangian density

L = 4μ

α

(
αF

)μ+3
4(

1 + (
αF

)μ
4
)2 , (11)

where μ > 0 is a dimensionless constant and α > 0 has the dimension of length squared. In the 

weak field limit, the vector field behaves as L ∼ α
μ−1

4 F
μ+3

4 . It could be either stronger (μ > 1) 
or weaker (0 < μ < 1) than a Maxwell field. A critical case occurs when μ = 1 at which the 
nonlinear electrodynamics reduces to a Maxwell field in the weak field limit. The general static 
spherically symmetric solution reads

f (r) = 1 − 2M

r
− 2α−1q3rμ−1

rμ + qμ
+ r2

�2 , (12)

where M is associated with the condensate of the massless graviton, originating from its self-
interactions and q is a free integration constant which is related to the magnetic charge

Qm = q2

√
2α

. (13)

The AMD mass is given by [77]

MAMD = M + α−1q3 (14)

Focusing on the AMD mass, or equivalently the condensate of the massless graviton, we can 
easily note two kinds of contributions, one comes from the self-interactions of the graviton, giv-
ing rise to the Schwarzschild mass, and the other is originated from the non-linear interactions 
between the graviton and the (nonlinear) photon, leading to the charged term α−1q3. For Sim-
plicity, we set μ = 3 in the rest of the manuscript. We can remark that for the Hayward black 
hole,1 the maximal number of the horizons defined by the roots (both real and one imaginary or 
one real and two imaginary or three imaginary) of the equation f (r) = 0 is exactly equal to μ
[2]. In our present study, we will focus on the two black hole horizon structure.

Taking the function f as an equipotential surface f (r) = constant the first law of the black 
hole thermodynamics could be derived for which

df (S,M,P,Qm,α) = 0

= ∂f

∂S
dS + ∂f

∂M
dM + ∂f

∂P
dP + ∂f

∂Qm

dQm + ∂f

∂α
dα, (15)

1 This result is valid for all black hole class, namely Bardeen and new class solutions.
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where S = πr2 is the entropy of the black hole and P = 3
8π�2 is the pressure of AdS spacetime. 

Applying the above relation we can obtain the

dM = T dS + V dP + 
dQm + �dα. (16)

Although less straightforward, it would be interesting to derive the generalized Smarr relations 
as

M = 2T S + 
Qm − 2V P + 2�α. (17)

Having presented some essential features of the black hole solution and its corresponding first 
law of thermodynamics, we will turn our attention to calculate the complexity growth rate in 
such a background. Regarding the above solution Eq (12), Ricci scalar could be achieved as:

R= −12

�2 + 12
(
2q9 − q6r3

)
α

(
q3 + r3

)3 (18)

giving the bulk action growth by

dAbk

dt
= 1

16πG

r+̈

r−

r2
[

− 6

�2 − 12q6

α
(
q3 + r3

)2 + 12
(
2q9 − q6r3

)
α

(
q3 + r3

)3

]
drd�2

= − 1

2�2 (r3+ − r3−) + q6
(
r3− − r3+

) (−2q6 + q3
(
r3− + r3+

) + 4r3−r3+
)

2α
(
q3 + r3−

)2 (
q3 + r3+

)2 . (19)

While the extrinsic curvature associated with metric Eq. (7) can be written as

K = 1

r2

∂

∂r
(r2

√
f (r)) = 2

r

√
f (r) + f ′(r)

2
√

f (r)
. (20)

The growth rate of the York-Gibbons-Hawking (YGH) surface term within WDW patch at late-
time approximation which is second integral in Eq. (6) reads as

dAbd

dt
= 1

8πG

ˆ

∂M

d�2(
√−hK) = 1

2

[
r2

√
f (r)

(
2

r

√
f (r) + f ′(r)

2
√

f (r)

)]
∂M

(21)

= (r+ − r−) + 3
(
r3+ − r3−

)
2�2 + 3q9

(
r3− − r3+

) (
2q3 + r3− + r3+

)
2α

(
q3 + r3−

)2 (
q3 + r3+

)2 ,

leading to the total growth rate of action for such black hole configuration within WDW patch at 
late time approximation

dA
dt

= (r+ − r+) + r3+ − r3−
�2 + 2q6

(
r3− − r3+

)
α

(
q3 + r3−

) (
q3 + r3+

) . (22)

By re-expressing the mass M :

M = 1

4

⎛
⎝(r+ + r−) + r3+ + r3−

�2 + 1

�2

√√√√ζ

(
ζ(r− − r+)2 + 8r3−r3+�2

αξ

)⎞
⎠ (23)

and the charge Qm
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Qm =
⎛
⎜⎝αζ

(
r3− + r3+

) −
√

αζξ
(
8r3−r3+�2 + αζξ(r− − r+)2

)
2αζ − 4ξ�2

⎞
⎟⎠

1
3

(24)

in term of inner and outer horizon radius r± and ξ and ζ are given by the following formula

ξ = r2− + r−r+ + r2+, (25)

ζ = r2− + r−r+ + r2+ + �2. (26)

At this level and by attention to all above definitions, the action growth at the late time approxi-
mation can be summarized in more compact form by recalling the conjugated potentials as

dA
dt

= (M − Qm
+ − 2α�+) − (M − Qm
− − 2α�−) , (27)

where the chemical potentials associated with charge Qm and nonlinearity parameter α at the 
inner and outer horizon ±. Both quantities are respectively given with the help of Eq. (9) and 
Eq. (10)


 = 3q4(2r3 + q3)√
2α(r3 + q3)2

, (28)

� = q6(2r3 − q3)

4α2(r3 + q3)2 . (29)

Comparing with the pioneer works presented by Brown et al. [1,12], one can infer there are 
some extra terms due to the presence of the nonlinear electrodynamics coupling.

Now, it’s obvious, that the action growth rate of the Hayward black hole can also saturate 
Eq. (5) but in its novel form Eq. (27) which includes the coupling constant of nonlinear elec-
trodynamics and its conjugate potential. In particular, the quantum complexity growth rate is 
bounded by Eq. (4). Also in the limit where α → ∞, the Eq. (27) reduces to result in [12,14].

2.2. Case 2: Bardeen class

The second class solution we present is valid for a Lagrangian density

L = 4μ

α

(
αF

)5/4(
1 + √

αF
)1+μ/2 . (30)

In the weak field limit, the vector field behaves as L ∼ α1/4F5/4 which is slightly stronger than 
a Maxwell field. The black hole solution in this background is [2]

f (r) = 1 − 2M

r
− 2α−1q3rμ−1(

r2 + q2
)μ/2 + r2

�2 , (31)

where the magnetic charge is still given by Eq. (13). In this context, the Ricci scalar curvature 
becomes

R = −12

�2 + 6q5r2 − 24q7

α
(
q2 + r2

)7/2 (32)
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Following [8], we can calculate the growth rate of the bulk action at late time approximation 
given by first integral equation in Eq. (6) and using the Bardeen Lagrangian Eq. (30) as follows:

dAbk

dt
= 1

16πG

r+̈

r−

r2
[

− 6

�2 − 12q5

α
(
q2 + r2

)5/2
+ 6

(
4q7 − q5r2

)
α

(
q2 + r2

)7/2

]
drd�2

= − 1

2�2 (r3+ − r3−) + q9
(
r̃−r3+ − r3−r̃+

)
αr̃5−r̃5+

+ q7
(
r5−r̃+ − 4r3−r2+r̃+ + 4r2−r̃−r3+ − r̃−r5+

)
2αr̃5−r̃5+

+ q5r2−r2+(r− − r+)(r− + r+)(r−r̃+ + r̃−r+)

αr̃5−r̃5+
+ q3r4−r4+(r−r̃+ − r̃−r+)

2αr̃5−r̃5+
. (33)

Here, we have introduced the following simplified notation r̃± =
√

q2 + r2±. Besides, the bound-
ary action is completely given by

dAbd

dt
= (r+ − r−) + 3

(
r3+ − r3−

)
2�2 + 3q3

2α

(
r3−

(
2q2 + r2−

)
r̃5−

− r3+
(
2q2 + r2+

)
r̃5+

)
. (34)

Therefore, the total growth rate of action for such black hole configuration within WDW patch 
at late time approximation can be calculated straightforwardly

dA
dt

= (r+ − r+) + r3+ − r3−
�2 + 2q3

α

(
r3−
r̃3−

− r3+
r̃3+

)
. (35)

As in the Hayward class, it’s easy to check the validity of the Eq. (27) within the Bardeen 
background by recalling the form of mass and charge in term of the inner/outer horizon and 
definition of potentials associated with the charge Qm and the parameter of the nonlinearity α
Eq. (9) and Eq. (10) respectively. Given the same form of the total action growth in Hayward 
framework Eq. (27).

2.3. Case 3: a new class

Perhaps the most interesting theories which admit regular black hole solutions are such that 
the vector field approaches a Maxwell field in the weak field limit. We find that such theories 
indeed exist within the Lagrangian density

L = 4μ

α

αF(
1 + (

αF
)1/4

)μ+1 . (36)

Therefore, the black hole solution is totally expressed by the following metric function

f (r) = 1 − 2M

r
− 2α−1q3rμ−1(

r + q
)μ + r2

�2 , (37)

where the magnetic charge also still given by Eq. (13). One can easily calculate the Ricci scalar 
in this background as
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R = −12

�2 − 24q5

α(q + r)5
(38)

Meanwhile, we also have the bulk action growth is given by

dAbk

dt
= 1

16πG

r+̈

r−

r2
[

− 6

�2 − 12q4

α(q + r)4 + 24q5

α(q + r)5

]
drd�2

= r3− − r3+
2�2 − q4(r− − r+)

2α(q + r−)4(q + r+)4

×
(

2q4
(
r2− + r−r+ + r2+

)
− q3(r− + r+)

(
r2− − 8r−r+ + r2+

)

− 4q2r−r+(r− − r+)2 − 6qr2−r2+(r− + r+) − 6r3−r3+
)

(39)

and the contribution from the boundary term within the WDW patch reads as

dAbd

dt
= (r+ − r−) + 3

(
r3+ − r3−

)
2�2 − 3q4

α

(
r3+

(q + r+)4 − r3−
(q + r−)4

)

− 3q3

2α

(
r4+

(q + r+)4 − r4−
(q + r−)4

)
. (40)

Hence, these two equations together give the total growth rate of action for such black hole kind 
of solutions within WDW patch at late time approximation as

dA
dt

= (r+ − r+) + r3+ − r3−
�2

+ 2q4
(
q2

(
r3− − r3+

) + 3qr−r+
(
r2− − r2+

) + 3r2−r2+(r− − r+)
)

α(q + r−)3(q + r+)3 . (41)

By the same way of the previous sections, we can easily check that the New class of black hole 
is not the exception and it verifies the Eq. (27).

2.4. Three dimension regular solution

Having investigated a variety of regular black hole in four dimensions, it’s crucial to check the 
validity of the complexity conjecture in three dimensional spacetimes. Staring with the (2 + 1)

Einstein theory coupled to a non linear electrodynamics given by the following action [78]

A =Abk +Abd

=
ˆ

d3x
√−g

(R− 2�

16πG
+ GL(F)

)
+ 1

8πG

ˆ

∂M

d2x
√−hK, (42)

where, G denotes Newton’s constant, g is the determinant of the metric tensor, � = − 1
�2 is 

the cosmological constant, and L(F) is the Lagrangian of the nonlinear electrodynamics with 
F = FμνFμν . For the static, circularly symmetric spacetime we take the simplest metric ansatz 
[78]



10 H. El Moumni, K. Masmar / Nuclear Physics B 950 (2020) 114837
ds2 = −f (r)dt2 + f (r)−1dr2 + r2dφ2 (43)

where

f (r) = −m + r2

�2 − 2q2
(

log
( q

α�
+ r

�

)
+ q

αr + q

)
(44)

and

L(r) =
r
q

− 1
α

8π
(

r
q

+ 1
α

)3 , E(r) = r2/q2

16π
(

r
q

+ 1
α

)3 (45)

where, F = −2E2.2 Clearly, the regular black hole solution Eq. (44) will reduce to the static, 
charged BTZ black hole when the parameter α → ∞.

Before carrying out an explicit calculation of the complexity growth rate, let us first describe 
some of the geometric characteristics of the solution. First, let us calculate the Ricci scalar

R= − 6

�2 + 2α2q2(3q + αr)

(q + αr)3 , (46)

then, applying the on-shell condition 8G ≡ 1 we can express the integrand in the bulk action as 
a function of radius r , we have

dAbk

dt
= −2(r2+ − r2−)

�2 + 4q2 ln

(
q + α r+
q + α r+

)
+ 4αq3(r− − r+)

(q + αr−)(q + αr+)
(47)

and it turns out that the boundary action can be obtained to be

dAbd

dt
= 4(r2+ − r2−)

�2 − 4q2 ln

(
q + α r+
q + α r+

)
− 2q4

(
1

(q + α r+)2 − 1

(q + α r−)2

)
(48)

To actually get the total action growth rate, we perform the addition of the two previous equations 
to get

dA
dt

= 2(r2+ − r2−)

�2 + 2α2q3(r− − r+)(2αr−r+ + q(r− + r+))

(αr− + q)2(αr+ + q)2 (49)

By analogy with previously treated cases, one can express the mass and the charge in terms of 
the inner and outer horizons r±, then we define the chemical potentials associated with q as [78]


 = 2q2(4αr + 3q)

32π(αr + q)2 + q

16π
log

(
αr + q

α�

)
(50)

To rewrite Eq. (49) as

dA

dt
= (M − 
+Q) − (M − 
−Q), (51)

which shares exactly the same form of the result in [14] and where we have set Q = 8πq . In 
particular, the quantum complexity growth rate is bounded by Eq. (4).

2 We obtain L(r) and E(r) as functions of r . In principle, one can always combine them to give L(F). One can easily 
check that the electromagnetic fields in this case satisfies the weak energy condition [78].
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3. Conclusion

We have investigated the boundary term of the action and the bulk action to calculate the 
action growth rate. Afterward, we obtain the result of the total action growth which is related to 
the results of the seminal paper of the Brown et al. [12] but in more general form and we carry out 
the main calculations of this paper to obtain the Lloyd bound, we have found some extra terms 
related to the nonlinear electrodynamics are added to the total action growth. Also, it is proved 
that by attention to the conjugated potential for the nonlinearity parameter the Lloyd bound [13]
is satisfied for all parameter states defined the regime of the nonlinear electrodynamics. Further, 
we have explored the differences between the calculations of the complexity of each regular 
black hole model in four and three-dimension background when the two-horizons structure is 
considered.

More importantly, the CA conjectures provide interesting results to shed light on quantum 
computation. Furthermore, complexity grows linearly in time if one proposes the late time ap-
proximation where the main contributions come from the WdW patch. Hence the linear rates of 
the active growth support the link between quantum states and it saturates the Lloyd bound on 
the growth of the complexity.

This is another important evidence for the idea that black holes are the fastest computers and 
scramblers in nature. It would also be very interesting to investigate the complexity growth rate, 
which is a link between spacetime geometry and quantum entanglements [8], in different gravity 
theories and different geometries to understand deeply its nature. We will leave it to our future 
projects. Also, the one horizon structure can be one of the key directions in these upcoming 
works.
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