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Abstract. Schrodinger equation for an anisotropic nonquadratic potential that modified by
exponential form in axial part is investigated using supersymmetric approach. The three
dimensional Schrodinger equation for an anisotropic nonquadratic potential in cylindrical
coordinate is separated into three parts that contain one dimensional Schrédinger type equation
which are solved using supersymmetric operator and the idea of shape invariant potential. The
energy spectrum and the total wave functions are obtained.
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1. Introduction

Exact analytical solutions of the Schrodinger equation for some physical potential are
important to obtain the wave function and the energy spectrum. More recently, efforts have paid
considerably to explore potential solutions right from the central and non-central. There are only few
potentials the Schrodinger equation can be solved exactly in the scheme of centrifugal approach.

In recent years, many studies have analysed a bound state of a charged particle moving in a
potential vector and scalar potential non-central location, such as an electron moves in the Coulomb
field with the same field presence Aharonov-Bohm [1-2], or monopole magnet [3], Makarov potential
[4] or potential-shaped ring oscillator [9/5]. Most of these research, the eigen values and eigen functions
are determined using variable separation method in the spherical coordinate system. More recently, with
the idea of supersymmetric quantum mechanics invariance form [10/9], factorization method [11-12],
and Nikiforov-Uvarov method [13-14] are widely used to obtain the energy spectrum and the wave
function of the charged particle moved in the non-central potential.

In this paper the anisotropic nonquadratic potential which has been investigated using path
integral method [15], the method of algebraic solutions [16], the semmiclassical treatment [17] and now
will be investigated by using supersymmetric Quantum Mechanics (SUSY QM) [18] and the idea of the
invariance form [19]. SUSY QM is a powerful tool for determining the energy spectrum and the wave
functions of the form class invariance potentials [18-22].

Anisotropic nonquadratic potential given as [15-17]

VO =V(ro) =ty B T e P (1)
X 4+y® Yy +y? z
Modified anisotropic nonquadratic potential with exponential potential in axial part is
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Schrodinger equation in Eq. (2) is expressed in the three-dimensional type of the Schrodinger equation
in cylindrical coordinate and it is solved exactly using variable separation method. Schrodinger equation
of radial, angular, and axial parts are solved using SUSY operator and the idea of shape invariant.

2)

2. Schrodinger Equation for Modified Anisotropic Nonquadratic Potential
Schrbdinger equation is defined by
—h? _ N o _
ﬂVzgz/(r)+v(r)zy(r):Egy(r) (3)
Modified anisotropic nonquadratic potential in Eq.(2) is changed by applying cylindrical coordinates,
and apply the operator V* for cylindrical coordinate, with the wave function y () = R(r)P(8)®(z) - The

wave function which have variable r,6, and z can be separated with ordinary algebra method.
So the Schrodinger equation that has been separated may be written by
e Axial part

n o’z V,
—_ 7 +
2m oz 4sinh %%

+V, coth “72 Z=-27 )

e Angular part

n* %P Vv, J
- + +V,tan@ |P=-4,P 5
2m 96? (00529 2 ? ©)
e Radial part
Wl o oR V,
——|r=|r=||-| E+ A4 +2 [r’R=AR (6)
Zm{ ar( arﬂ ( 4 rj &

3. Solution to The Three Dimensional Schrodinger Equations with SUSY QM Method
Supersymmetry quantum mechanics is used to solve one dimensional Schrodinger equation
with any shape invariance potentials. After has been separated into three parts, each part of Schrodinger
equation would be solved using SUSY QM to find the wave functions and energy spectra .
3.1. Solution of Axial Part
The SchrOodinger equation for axial part (Eq. 23) is changed into hyperbolic function. Assume

- _ﬁq ,and E'=—4 so Eq.(4) can be resolved into
m

Schrddinger equation with the effective potential is Manning Rosen-like potential
hwh[ (v

2
that y = %, and suppose that =;—a2v(v—1) .V,
m

—2qcoth Z=E'Z 7
2m oz 2m|” sinh®yz 40 yZJ @)
We hypothesize that the superpotential is given by 4 (z,a,) = Acoth 72+E, by applying
o A
h
V(z)=V_.(z;8,) +E, =¢2(Z:ao)—ﬁ¢‘(2:ao)+Eo
h 7
V (z,a,)) = ¢*(2) - ——=¢'(2); V. (z,8,) =¢°(2) +——¢'(2 ®)
( ao)¢()m¢() (ao)¢()m¢()

Where V (z) is the effective potential. So we get the superpotential, super-partner potentials and ground
state energy are
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¢o(z,ao)=% (v—1)coth yz - my(vq ; o

V. (7.8,)= ;;{ 2;E};z_ylz—2qcoth7/zJ+§;{y2(v—1)z+yz(jz_l)z} (10)
V, (7.2)= sm{ (Vs_ij,zgvy;l)—zqcothyz};:{ﬁ(v—l)hyz(jz_l)z} (11)
E0'=—Z;{y2(v—1)2+yz(jz_l)z} (12)

A pair of potentials V. (Z) in Egs.(8) are said to be shape invariant if they are similar in shape but
different in the parameters and this condition is given as,

V+(Z; aj) :V7(Z;a'j+1) + R(aj+1) (13)
where j = 0,1,2,.., and a is a parameter in our original potential. The energy eigenvalue of the
Hamiltonian H _ is given by

=) _N\"
E.7 = R(@)

E,=E“ +E, (14)
and by using Egs.(14) and (13) we get the energy spectra of the system given as,
2 2
E, T 72(v—nz+1)2+7q 5 (15)
' 2m 72 (V— n, +l)

So we get the first separation variable constant is
2
U S | U E— (16)
A {y (v=n.+1) yz(v—nz+1)2}
The raising and lowering operator for axial part are given by

+:—\/}z_m;ZJr\/Z_m7/(1/—1)C0th;/z—\/%7/(q ) (17)
:\/Z_m%+\/g_my(v 1)cothyz—\/%7/(q ) (18)
Using the lowering operator Eq.(18) and applying
H oy, =0 Ay, =0 (19)
So we get the ground state of wave function is
il z
Z,=C'sinh" ™ yze’ (20)
And applying
v, (ma) » A (za) A (za). A (za, )y, (1) (21)
The first excited wave function is given by
Zl(z,ao)=CsinhV;/ze;iv {coth ﬂ+7/1/(?/1)} (22)

With 8, =v,8, =v—1,..,a, =v—N so we can get the next excited wave functions of axial part by
using raising Eq.(17) and lowering Eq.(18) operator and applying Egs.(14) and (21).

3.2. Solution of Angular Part
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The potential of Schrodinger equation for angular part is changed by v, = . v(v+1) and, _ 7° q
2m 2 m

, so the effective potential in angular part becomes Kepler problem in hypersphere potential-like and we
assumed that E"=—4,. Then the angular part becomes,

n* 0°P R’ (v(v+1)

—_ + N
2m 06>  2m\ cos?*d
To find solution of angular part, we put the same method like in the subsection 4.1. We have to define
the superpotentials, ¢4, (0) = Atan#+B, by using Egs.(8) and (13-14) we get the ground state energy

for angular part and the energy spectra are given by

- 2qtan6’j P=E"P (23)

hZ qZ
E,"=——| (v+1)° + > (24)
2m (v+1)
2 2
E, S (v+n9+1)2+qi2 (25)
v 2m (Vv+n,+1)
So the second variable constant is
q’ 2
= ——— 4+ (v+n, +1 (26)
& ((v+n0+1)2 Hven,+D) ]
The raising and lowering operator for angular part are given by
. _ h d h h g 27
A (0,a)=———— Dtanf ——
(CR=Y) \/ﬁdeJr\/ﬁ(\H)an J2m (v+1)
h d h h q
A(0,8,)= —— — +——(V+1)tan f - —— —— (28)
(©.2) \J2m do \/2m( ) J2m (v+1)
Using the lowering operator Eq.(28) and applying Eq.(19) we get the ground state of wave function is
a0
P, = D'(cos"“" 9)et™ (29)
And the first excited wave function for angular part is
@
nooel? 1 1 30
P1=DmSec(wz)e{(vﬂ)tan6’—(v+2)cos€—q[v+l+\HZH (30)

With 8, =V,a =V+1,..,a =V+N so we can get the next excited wave functions by using raising
Eq.(27) and lowering Eq.(28) operator and applying Eq.(21).

3.3. Solution of Radial Part

Radial part in Eq.(6) must reduce into Schrddinger equation by assumed thatg _ Y _and then
r

we change the form of the potentials with v, =¢?, so the effective potential in radial part becomes

Coulomb-like potential and we assumed that g»_ g _n 4, - Then the radial part has been reduced into
2m

Schrédinger equation, given as

A L 31
2 2] 2 - 2
ST B S YRy (31)
2m or 2m r r

We hypothesize that the superpotential for the radial part is ¢, (r) = A + B, by using the same method like
r

subsections 1 and 2 so we get the ground state energy and the energy spectra for radial part are given by



8th International Conference on Physics and its Applications (ICOPIA) IOP Publishing

Journal of Physics: Conference Series 776 (2016) 012079 doi:10.1088/1742-6596/776/1/012079
4 32
S (32)
2i° —-=
(V%-3)
’ (33)
g omet

So we get the energy spectra of the system is

2 2 q
=—1/|y(v—n,+1) + -
2m ( ) 72 (V—nz +1)2j1 q2 1 2
21’ S+ (V+n,+1)? -n - =
2

2 2

: (34)

(V+n,+1)

The energy spectra of an anisotropic non-quadratic potential expressed in (Eq. 2) is given in (Eq. 57).
There are two parts of the energy spectra, the first part is associated with the axial part of the potential,
and the second part is associated with radial and polar parts of potential. Without the presence of axial
part of potential, the energy spectra reduces to the energy spectra of Coulomb-like potential that is
modified by the presence of the angular potential.

The raising and lowering operator for radial part are given by

1
Atraye_ 4 h Ly am e (35)
% J2m dr m r 2h \/Z_l
2

1
Alra)= nod \/Z‘g_m e’ (36)
% J2m dr Jﬁ r 2h \/Z—E
2

Using the lowering operator Eq.(27) and applying Eq.(19) we get the ground state of wave function is

m e
1 hz \/—_7
U,=F Tas 37)
And the first excited wave function for radial part is given by
s s | (o 2 P 38
U, =C I g | 2m 15+ 13 e V0 (38)
J2m 7

With a, :\/Z 8 :\/Z 1.4, :\/Z —n so we can get the next excited wave functions by using

raising Eq.(35) and lowering Eq.(36) operator and applying Eq.(19). The total wave functions, the un-
normalized ground state and first excited state ones, are obtained from Egs.(20,22), Egs.(29-30) and
Eqgs.(37-38) given as

m B P q 0+ q

mt e e

wo(r,0,2) =G'(cos“™ 9)(sinh(v‘” yz) r' e V2 (58)
hooJnl th_W Jm Ll 11 || mirEe
0.0)=| = ? ?
w,(r,0,2) mr [ T %%er‘?% r' 2e
o (59)

h_ e 1)tan 6 — (v+2) cos 6 L
——— | (v+1)tan - (v+2)cos —
J2m sec“? 6 {( ) v+2) q( +1 v+2ﬂ

a,
xsinh” yze”™ cothyz+L
;/v(v l)

with A, expressed in (Eq. 26) respectively.
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4. Conclusion

By applying a cylindrical coordinate system, the Schrédinger equation for the anisotropic
nonquadratic that modified by exponential form in axial part reduces to a perfectly variable separable
Schrodinger equation. Three dimensional Schrédinger equation reduces to one radial Schrodinger
equation, one angular Schrodinger equation, and one axial Schrodinger equation. These three one
dimensional Schrodinger equation are exactly solvable since each of Schrodinger equation with shape
invariant potential. By using SUSY Quantum Mechanics method and the idea of shape invariance the
energy spectra are calculated and so the total wave functions which are combination of axial, angular
and radial parts.

Acknowledgement
This research was partly supported by Higher Education Project Grant with contract number
632/UN27.21/LT/2016.

References

[1] Villalba VM, 1994 Phys. Lett. A 193, pp. 218-222.

[2] Aharonov Y and Bohm D, 1959 Phys. Rev. 115, pp. 485.

[3] Hoang LV, Hai LX, Komarov LI and Romanova TS, 1992 J. Phys. a 25, pp. 6461

[4] Movahedi M and Hamzavi M, 2011, Int. J. Phys. Sci. 6 (4) pp.891

[5] Gonul B and Zorba I, 2000 Phys. Lett. A 269 pp.83

[6] Ferrer S, Mono. Acad. Ci. Zar, 2006, Phys. Lett. A Vol. 30 (2006) 11-21

[7] Chen CY and Dong SH, 2005, Phys. Lett. A 335 pp. 374

[8] Quan HX, Guang L, Min WZ, Bin NL, and Yan M, 2010 Comm. Theor. Phys. (China) 53 pp. 242
[9] Wu QS, Wen HB, Yun WD, and Yu GZ, Comm.2002, Theor. Phys.(China), 38 pp. 139

[10] Sheng JC, Ying Z, Lin ZX, and Tian SL, 2001 Comm. Theor. Phys. 36 pp. 641-646

[11] Sadeghi J, 2007, Act. Phys.Polonica, A 112 (1) pp. 23

[12] Sadeghi J and Pourhassan B, 2008 EJTP 5 (17) pp. 193

[13] Nikiforov AF and Uvarov UB, Special Function in Mathematical Physics, Birkhausa, Basel
(1988).

[14] Yasuk F, Berkdemir C, and Onem C, 2005 Phys. Scr. 71 pp. 472

[15] Cai, J. M.; Inomata, A., 1989 Physics Letters A, Vol 141, Issue 7, pp. 315-320.

[16] Boschi-Filho H, Vaidya AN, 1990, Physics Letters A, Vol 149, pp. 336-340

[17] Vasan SS, Seetharaman M, and Raghunathan K, 1993, Journal Pramana Vol. 40(1); p. L75-L79
[18] Witten E, 1981, Nucl. Phys. B Vol.188 pp. 513

[19] Gendenshtein LE, 1983 JETP Lett.Vol. 38 pp. 356

[20] Dutt R, Khare A, and Sukhatme UP, 1988, Am. J. Phys. Vol.56, pp.163.

[21] Dutt R, Gangopadhyaya A, and Sukhatme UP, 1997, Am. J. Phys. 65(5).

[22] Gangopadhyaya A, Mallow JV, Rasinariu C, and Sukhatme UP, 2001, Chin. J. Phys. Vol. 39(2)

e e e e e e e





