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Introduction

The Standard Model (SM) of particle physics is the best theory for describing all
known particles and their interactions we have in Nature so far. It is a renormalizable
quantum field theory, based on the gauge symmetry group SU(3)c®SU(2),®@U(1)y,
which describes strong, weak and electromagnetic interactions', through the exchange
of gluons, W* and Z bosons and photons, respectively. Despite the SM does leave
unexplained phenomena?, it has successfully described a huge amount of experimental
results and predicted a large variety of phenomena. In the framework of the SM,
predictions for physical quantities arise from using perturbation theory expanding in
terms of the coupling constant of the considered interaction. As a matter a example,
in quantum electrodynamics (QED) the expansion is performed in terms of aggp and
perturbation theory has led to predictions with astonishing precision. For instance,
the QED prediction of the anomalous magnetic moment of the electron is the most
precisely verified prediction in the human history, it is know to an accuracy of around
one part in one billion. The reason of the success of perturbative tools applied to
QED lies on the magnitude of the coupling strength aggp which, as it is rather
small, the higher the order of a term the lesser their contribution it will be and, as a
consequence, infinite series can be approximated quite well by a finite sum. However,
this method is no longer valid to describe strong interactions in its full glory. In
quantum chromodynamics (QCD), the theory of strong interactions in the SM, the
coupling strength o, depends very much on the energy regime we want to explore. At
high-energies (or equivalently, at very short distances), the strong coupling « is small
and, consequently, the quarks and gluons interact weakly behaving like free particles.
This outcome is known as asymptotic freedom [1, 2, 3]. Thus, physical observables in

this energy regime can be suitably described by means of a perturbative expansion in

IThe SM describe strong and electroweak interactions i.e. three of the four fundamental forces of
Nature. The remaining force, the gravity, is completely separate from the SM, but instead described
by Einstein’s general relativity. This is one incentive to look for physics beyond the SM.

2The standard model does not accommodate phenomena such dark matter, dark energy, neutrino
masses or the matter-antimatter asymmetry of the universe.
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powers of ay, the so-called perturbative QCD (pQCD) approach. On the contrary, o
at low-energies (or equivalently, at large distances) becomes larger, thus invalidating
the use of perturbative techniques and making impossible to find isolated quarks and
gluons in Nature so far. Instead, one observes hadrons (baryons and mesons), which
can be considered as bound states made of quarks and gluons. This is the peculiarity
of the strong force that does not decrease but grow with distance which, based on our
experience with the electromagnetic or gravitational forces, causes a counterintuitive
scenario. This is a consequence of the so-called confinement mechanism, which has not
been mathematically proven yet®. Therefore, the low-energy region requires another
approach to be described. Numerical QCD simulations on the lattice or the S-matrix
theory method are two examples that have provided interesting and useful results
to deal this regime. On the lattice QCD side, it has been possible to determine
from first principles some of the QCD input parameters such quark masses or the
strong coupling constant among other things while the S-matrix theory, based on
mathematical guidelines such as analyticity, unitarity and symmetry arguments, has
given rise to the dispersion relation techniques we will widely employ in this thesis.
Another possibility is an effective field theory where the hadrons become the relevant
degrees of freedom. Chiral Perturbation Theory (ChPT) [5, 6, 7] is such effective
theory for mesons which, based on the chiral symmetry, encodes the relevant dynamics
occurring in the low-energy domain of QCD. It is described in terms of eight pseudo-
Goldstone bosons, three 7, two K and the 7, as the relevant degrees of freedom and
organized through a double perturbative expansion in momenta and quark masses.
ChPT is predictive when the energy (or momenta) and masses of the mesons is small
compared to the chiral symmetry breaking scale, in this case of the order of one GeV.
From a phenomenological point of view, it has successfully been applied for describing
lots of processes involving m and K but much less for the 1. Actually, the n entering
in ChPT is not the physical ones but rather a part of it corresponding to the octet. In
reality, the 7 meson has a second component, coming from the pseudoscalar singlet,
which is not systematically included in ChPT. A plausible framework to describe the
dynamics of the physical 7 and 7’ mesons is the extended large- N, limit of ChPT [§]
which includes the pseudoscalar singlet n; and considers also the number of colors
in the expansion. From the experimental point of view, there is a series of ongoing
experiments e.g. BELLE-IT, BESIII [9], CrystalBallaMAMI [10], KLOEQDAPHNE
and WASAQCOSY [11], with the study of the phenomenology associated to the 7

3In fact, under the name of ”Yang-Mills existence and mass gap”, its proof belongs to one of the
so-called seven Millennium Problems [4].



and 1’ among their main objectives. Fruit of this experimental activity in the field,
we are entering into a precision era on the 1 and 1’ system which makes the physics
of both mesons a question of great theoretical interest which should result in having a
better and more complete knowledge of strong interactions at low-energies. The main
goal of this thesis has been devoted to deal with some phenomenological applications
involving the n and 7" mesons.

This thesis is structured as follows. The first two chapters are dedicated to discuss
the theoretical basics relevant for presenting the processes investigated in the rest of
the work. Chapter 1 is devoted to provide a brief overview of the theory of strong
interactions with particular attention on the description of the low-energy realm, while
chapter 2 is reserved to present the concept of dispersion relations where we derive
the Omnes equation in good detail. Then, we will go on to discuss the topics studied
in this thesis which is divided into two main parts as summarized below. Finally, we

collect and discuss the most important results obtained in the dissertation in chapter
9.

Hadronic tau decays

In part I of this work, we will analyze different semileptonic decays of the tau lepton.
Such processes provide a clean and advantageous framework for investigating QCD
in the non-perturbative regime since half of the process is purely electroweak and,
therefore, free of uncertainties at the required precision. Tau decays constitute an
ideal scenario for understanding the hadronization of QCD currents as well as for
determining the physical parameters, mass and width, of the intermediate resonances
that drive the processes. The strong dynamics is codified in the hadronic matrix
element which in turn is represented in terms of form factors whose parameterization
is of utmost importance for having a good understanding of the decays.

First, in section 3 we will analyze the experimental measurement of the invariant
mass distribution released by the Belle Collaboration on the exclusive decay 7= —
K~ nv, [12] and predict the decay 7= — K~ n'v, for which only an upper bound for
the branching ratio exists. The analysis have been performed by means of dispersion
relations after a proper description of the participant form factors based on ChPT
including resonances as explicit degrees of freedom. The results for the mass and
the width of the K*(1410) we have obtained in our study [13] appeared to be in
accordance with those from the K*(892) dominating mode 7= — Kgm~ v, obtained

in previous works [14, 15]. This fact motivated us to perform a combined analysis of
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both decays channels afterwards [16] with the main goal of improving our knowledge
on the K*(1410) resonance parameters.

The combined analysis of the experimental decay spectra of 7= — Kgn~ v, and
7= — K ™nu, is done in section 4. We have obtained the physical K*(892) and
K*(1410) resonance parameters defined by the pole position in the complex plane.
The mass and the width of the K*(1410) have been determined with a substantial
improvement as a main result and discussed prospects of improvement for Belle-1II.
We have also investigated possible isospin violations in the low-energy form factor
parameters as the K~ m° vector form factor enters the description of the K ~n decay
mode. In this respect, we emphasize the necessity of making available the acceptance
corrected spectrum of the transition 7= — K~ 7%, [17], as it would allow to further
investigate the source of those isospin violations.

We close the first part of the thesis with the study of the decays 7= — 7~ n")v, in
section 5. These processes occur via isospin violation and belong to the so-called sec-
ond class currents unseen in Nature so far. Our study [18] is focused in the represen-
tation of the required vector and scalar form factors which is based in ChPT including
resonances. Following the analytical properties of a form factor, we have discussed
elastic and inelastic unitarity corrections in the parameterization of the required scalar
form factor while the vector form factor has been extracted in a model-independent
way benefited from existing data on the well-known 7~ 7" one [19]. According to our
results, their discovery may be possible at forthcoming hadron facilities Belle-IT and
BESIII thanks to the increased luminosity respect to predecessor laboratories. In this
section, the form factors entering the description of 7= — 7 n")v. decays have been
also applied to describe the semileptonic n'") — 7= ¢*v, (¢ = e, i) decays since they

are related by crossing symmetry.

Phenomenological applications of Padé approximants

Regarding part II of the thesis, we will begin with a brief introduction to the mathe-
matical method of Padé approximants (PA) in chapter 6, where we sketch their most
important features and provide some pedagogical examples.

The usefulness of PA as fitting functions have been extensively illustrated in
literature, see e.g Ref. [20] aimed at describing the pion vector form factor. In
Refs. [21, 22, 23], PA have also shown a remarkable ability in describing the ex-
isting experimental data [24] on the single virtual pseudoscalar transition form factor
(TFF) v*y — P (P = 7°,n and n/), extracted from the reaction ete™ — ete P in

the space-like region. Regarding the experimental measurement of the transition form



factor of double virtuality, v*v* — P, it is still an experimental challenge which may
be unveiled in the near future. These TFF have recently attracted a lot of attention,
both from the experimental and theoretical sides, since enter the determination of
the pseudoscalar-exchange contribution to the hadronic light-by-light scattering part
of the anomalous magnetic moment of the muon, a,, whose SM prediction results
in (3 —4) standard deviation difference with the current experimental value. It is
then clear that a good description of these TFF is indispensable in the SM precision
physics era.

The time-like region of these TFF can be accessed at present meson facilities either
through the single and double Dalitz decays P — (70~ and P — (T0 (T~ ({ =e
or p). Here it lies our interest in these decays which we will examine in section 7
by means of a data-driven approach based on the use of Padé approximants applied
to 7,1 and ' TFF experimental data in the space-like region. We anticipate the
remarkable ability of the PA as obtained from fits to the space-like region in describing
the time-like regime. Our predictions are in accordance with those decays measured
at present time. We hope our work also to serve as a motivation for the experimental
groups to pursue the unmeasured one.

Finally, in section 8 we will perform a combined a analysis of both space-and
time-like experimental data on the 7’ transition form factor benefited by the recent
measurement on 7’ — ete~y released by the BESIII Collaboration [25]. The reason
why PA applied to the time-like region work so well will be discussed. Our combined
study allows for the extraction of the low-energy parameters of the TFF as well
as their values at zero and infinity momentum transfer with substantial improved
precision. The impact on the mixing parameters of the n — 7’ system will be also
addressed.



Chapter 1

Theoretical framework

The intent of this chapter is not to discuss QCD in its totality but rather to provide
the sufficient theoretical background relevant for presenting the topics investigated in
this thesis. We have tried hence to highlight the most important aspects regarding
the theory of strong interactions providing details where they are needed for later use.
Nonetheless, the interested reader is referred to Refs. [26, 27, 28, 29, 30] to deepen

on the subject.

1.1 Quantum Chromodynamics

Quantum Chromodynamics is the theory aimed at describing the strong interactions

among quarks and gluons. The most general QCD Lagrangian reads

1
Locp =Y qr (ilp — M) g — 1CwGa” (1.1)
!

where the sum runs over the six quark flavours, f = u,d, s, c,b,t, for the up, down,
strange, charm, bottom and top, respectively. M represents the quark mass matrix
and it is given by M = diag(m,,, mg, m., ms, my, my,), where m stands for the mass of
the specific quark flavour.

The covariant derivative keeps the kinetic term in Eq. (1.1) invariant under local

SU(3)c gauge transformations and is given by

8
: Z Ao 14
D“ = 8“ — 10s ?A# . (12)
a=1

The interactions among quarks and gluons emerge due to the gluon field A} entering
the covariant derivate while the strength of the interaction is dictated by the strong

coupling constant g, (commonly referred as a, = ¢2/4w). The color index a runs
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Quark flavour Mass

2.35707 MeV

4.875% MeV

95 + 5 MeV

1.275 4 0.025 GeV

4.66 + 0.03 GeV

173.21 £0.51 £ 0.71 GeV

QUL AULO|»w &

Table 1.1: Quark masses as given by the pdg [37].

from 1 to 8 due to the SU(3) group has eight generators, \,, known as Gell-Mann
matrices [31] satisfying
[)‘aa /\b] = 22.fabc/\c ) (13)

where £ are the structure constants of the group, which are real and antisymmetric.
Finally, the non-abelian field strength tensor containing the gauge gluons fields Aj is
defined by

G, = 0,A, — 0,A; + gsfabc.AZAi , (1.4)

which enters Eq. (1.1) squared, thus leading a kinetic term for the gluon field as
well as self-interaction terms among three and four gluon fields proportionals to g,
and g2, respectively. The responsible for the appearance of self-interactions among
gauge fields is the last term of Eq. (1.4) as consequence of the non-Abelian nature of
QCD. This feature becomes a change of paradigm respect QED, since this property
is not present there. It is then reasonable to think that the existence of self-gluon
interactions may be the responsible of two capital features of QCD that are not present
in QED either: asymptotic freedom and confinement. These two effects can be better
understood if we take a look at Figure 1.1 where we provide a graphical account of
the behaviour of the strength of the strong coupling «, as a function of the energy
scale of the interaction. From the figure we can clearly differentiate two regions. On
one side, asymptotic freedom occurs in the high-energy region where the coupling
strength «a, is weak and quarks and gluons behave, inside the hadrons, almost as
free particles. In this regime, perturbation theory techniques are allowed to make
predictions on measurable quantities such cross sections or decays widths. In other
words, interactions can be accounted for through a perturbative series expansion
around the free theory in terms of the coupling constant. As in this domain the
strength of the coupling is small, the importance of the contributions decreases quickly
with increasing the order, thus giving a fast convergence of the series. This leads to
the so-called perturbative approach to QCD (pQCD). On the other side, the coupling

7
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Figure 1.1: Behaviour of the strong coupling a;, as a function of the energy scale @)
[GeV] (the image has been borrowed from Ref. [32]).

constant asymptotically grows at low-energies which leads the quarks become more
and more tightly bounded. In fact, if one try to separate a quark-antiquark pair the
force joining them increases. At some moment, it is energetically favorable to create
a new quark-antiquark pair that recombine into two mesons and so one and so forth.
This is known as confinement and explains why it is not possible to find isolated
quarks and gluons in Nature but hadrons instead. The size of the QCD coupling at a
typical hadronic scale ~ 1 GeV, as(1 GeV) = 0.5, indicates that the low-energy realm
of QCD can not be adequately described my means of a perturbative expansion in
terms of a; since it becomes larger. At first sight the situation may seem worrisome:
we have written down the QCD Lagrangian Eq. (1.1) for describing the interactions
among quarks and gluons which can not account for what we really see in Nature so
far, the hadrons. This fact gave birth to Chiral Perturbation Theory, the effective
field theory aimed at describing the low-energy region of QCD for mesons. We devote
section 1.2 to introduce the most important aspects and equations of ChPT useful

for the development of the thesis.

1.1.1 Symmetries in the QCD Lagrangian

In the SM, fermions and gauge bosons acquire mass via the Brout-Englert-Higgs-

Guralnik-Hagen-Kibble mechanism [33, 34, 35, 36], usually also known in short as
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the Higgs mechanism. However, the Higgs field is certainly not the responsible for
most of the visible mass in the universe, made essentially of protons and neutrons,
but rather QCD. In other words, the contribution of the quark masses to the mass of
proton is negligible and almost the entire proton mass arise from the energy binding
the quarks together, the so-called binding energy. Actually, this phenomenon also
occurs in the hydrogen atom for example, where the isolated mass of the proton plus
the isolated mass of the electron is slightly different than the mass of the two entities
combined, because the energy due to the interaction among them influences the mass
of the entire system. In the hydrogen atom this effect is tiny but inside a nucleus
the interaction energy is large and can not be neglected. This is a consequence of
what the famous Einstein’s equation £ = mc? is telling us. It is then reasonable to
associated the mass of the proton m, ~ 1 GeV as Agcp, the scale that determines
the strength of strong interactions. Agep splits up the six quarks given in table 1.1
in two groups. One formed by the u,d and s quarks whose masses lie below Agep
and another composed of the ¢,b and ¢ quarks with masses above Agcp. These two
sets are called accordingly light and heavy quarks. As low-energy QCD deal with the
physics occurring below Agep, we will only consider the light quarks as the explicit
degrees of freedom entering the QCD Lagrangian in the following and ignore the
heavy quarks henceforth.

The QCD Lagrangian Eq. (1.1) can be re-expressed in terms of the left-and right-
handed components of the quark field, g, = Prq and qgr = Pgrq, by means of the

helicity projection operators

1 1
PR:§(1+V5)=P;{7 PL:§(1_75):P£, (1.5)
which fullfil
Pr+P,=1, Ph, =Ppr, PrPp=PPr=0, (1.6)
yielding
Lacep = Loep + Liep (1.7)
with
: _ |
Locp = qrilar + qrilbar, — ZGMVGZ (1.8)
ocp = —qLMar — GrMayr - (1.9)

The reason to split Eq. (1.7) into two pieces is that while the first term, EUQCD,
do not mix left-and right-handed quark fields, the second L{sp, which involve the

quark mass matrix M, do mix. In the so-called chiral limit, where the quarks masses

9
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are neglected, only the EUQCD term in Eq. (1.7) is allowed and the QCD Lagrangian

remains invariant under the transformations

qr. > Urqr, qr — Urqr, (1.10)

where

8 8
A . A .
UL = exp (—i § 955) exp @ Up=exp <—2’ E 957“) exp . (1.11)
a=1 a=1

Therefore, in the chiral limit Eq. (1.7) exhibits a global U(3), ® U(3) g symmetry, the
so-called chiral symmetry since the transformations act on the left-and right-handed

components independently. The symmetry group U(3); ® U(3)g can be rewritten as
UB)L@UB)r=SUB),®SUB)r®U1),®U1)x, (1.12)

to study the conserved currents corresponding to each of the sub-groups. There are

9 left-and 9 right-handed currents that led the EOQCD Lagrangian invariant

)\a _ a = Aa 7
L =ay' e, =aire. B =a"Ja, B'=a"e,  (113)

which according to Noether’s theorem are conserved
o0, L"* =0,L" =0,R" =9J,R"=0. (1.14)

These currents are however usually given in terms of vector and axial-vector currents

via the linear combinations
Aa
VIt = R I = gyt g, V= R L= g, (1.15)
Aa
AR = R = I = qyts g, A= R =LY =qytasg, (1.16)

which lead the corresponding conserved charges
Q= [#avoea). Qu= [Eava), (1.17)
&= [derea), Qu= [deait o), (118)

The global phase transformations with 8 = 6% belong to U(1)y = U(1), g while the
ones with 0% = —0% to U(1)4 = U(1)g_r. Then, the singlet vector charge Qy can
be interpreted as the conservation of the baryon number arising from the invariance
of the QCD Lagrangian under U(1)y symmetry transformations yielding

1 1
B = 3 /d3xq70q =3 /d?’quq, (1.19)

10



1.1. Quantum Chromodynamics

which assigns 1/3 for quarks and -1/3 for antiquarks leading B = 0 for mesons and
B = 1 for baryons. On the contrary, the singlet axial vector current A" obeying
U(1)a symmetry transformations remains conserved at the classical level but brakes
down upon quantization leading

3g°

a'uA“ = %éwpgggl’gff . (120)

This phenomenon is known as the axial anomaly of QCD and will be further discussed
in section 1.5. Regarding the octets, the vector-and axial vector-currents V*“ and
A associated to SU(3), ® SU(3)r symmetry are conserved both at the classical
and quantum level. In all, the QCD Lagrangian in the chiral limit, EOQC D, is therefore

invariant under transformations of the symmetry group
SU(S)L®SU(3)R®U(1)\/. (1.21)

However, if the quark mass matrix term L7, in Eq. (1.7) is also allowed, the QCD
Lagrangian is not invariant under SU(3); ® SU(3)r symmetry transformations any-
more leading to the chiral symmetry breaking phenomenon. Consequently, the vector
and axial vector currents are not conserved

Ag

9 Vhe = ig [M, ;

} q, 0,V'=0,

9 A" =iq {M ﬁ} V5q,  OpA" = 2igMysq + 3_g]2€ oo GhGH . (1.22)

2 3272 prpoJa “a

So far, we have seen that the explicit source of the chiral SU(3);, ® SU(3)g symmetry
breaking arise from the quark masses and since these are small the chiral symmetry of
QCD is usually referred as an approximate symmetry. Actually, the QCD dynamics
at low energies can be described by means of a perturbative expansion in terms of the
small quark masses. Notice that for equal quark masses, m, = mgq = ms, the eight
vector currents V% are conserved since [\,, 1] = 0. We would also like notice that the
quark masses induces a new source of U(1)4 symmetry breaking on the singlet axial
vector current A* apart from the anomaly and that the QCD Lagrangian remains

invariant under U(1)y symmetry group in any case.

1.1.2 Spontaneous chiral symmetry breaking

Regarding the meson spectrum, in an exact SU(3), ® SU(3)r flavour symmetric
world one may expect the particles collected in the same multiplet to have the same

spin and masses. In the real world, the flavor symmetry is basically broken due to

11



Chapter 1. Theoretical framework

the large mass of the strange quark compared to the up and down quark masses.
Because of that we do not expect the particles in the same multiplet to have exactly
the same mass. Moreover, the associated charges Qf, and Q% as obtained in Eq. (1.18)

transform under parity, respectively, as a vector and axial vector operators
Qv = Qv, Q4 ——CQ%, (1.23)

and are time independent i.e. they commute with the massless QCD Hamiltonian

[Q%?HgCD} = [Qih HgCD] =0. (124>

Consider the eigenstates |¢) of Hop with eigenvalues E

Hopld) = El9). (1.25)

Then, since Qf, and Q% commute with the Hgqp (cf. Eq. (1.24)) one would expect
the states Qf|¢) and Q%|¢) to have the same energy E carrying opposite parity (cf.
Eq. (1.23)). This means that for each particle with specific spin (J) and parity (P)
quantum numbers, there should exist another one with the same spin but opposite
parity both of them with the same mass. However, by looking at the meson spectrum
in table 1.2, we see that there is no trace of such a symmetry in nature so far since
the masses of the pseudoscalar particles (J© = 07) are drastically different than the

scalar (J¥ = 0%) one. The solution to this puzzle was provided by Vafa and Witten

JV | Particle ~ Mass (MeV) Quark content
0= | 7 134.9766 (utt — dd)/+/2
at, 139.57018 ud, ud
Kt K~  493.677 us, us
KO K© 497.614 ds,d, s
n 547.853 (ut + dd — 255)//6
" 957.78 (vt + dd + s5)/v/3
0 | af ~ 980 (utt — dd)/+/2
ag,ag ~ 980 ud, ud
K*T, K*  ~ 892 us, us
K K"~ 800 ds,d, s
fo ~ 980 (ut + dd — 255)//6

Table 1.2: Mass spectrum of the lightest mesons according to pdg [37].

[38], who proved that the vector charges Q¢ annihilates the vacuum, and by Nambu

12



1.2.  Chiral Perturbation Theory

and Lasinio [39, 40], who proved that the vacuum is not invariant under the action

of axial charges 0%,
Qv|0) =0, Q4[0) #0. (1.26)

Consequently, as the full symmetry of the (massless) hamiltonian is not shared by
the ground state (vacuum), the chiral SU(3), ® SU(3)r symmetry is said to be
spontaneously broken down to the subgroup SU(3)y,

SCSB

In that case, there is no need for the masses of the pseudoscalar and scalar particles
to be equal. According to Goldstone’s theorem [41, 42], for a global continuous sym-
metry of the Lagrangian, the theory must contain a massless and spinless particle
for every spontaneously broken generator, the so-called Goldstone Bosons. In our
particular case, as we have eight axial charges that do not annihilate the vacuum
one expect eight pseudoscalar Goldstone bosons to appear. Actually, since SU(3)y
is an approximate symmetry which is broken by the presence of the quark masses,
in the real world one would expect the Goldstone bosons to acquire small masses via
the symmetry breaking parameter. Thus, they are usually called pseudo-Goldstone
bosons. Therefore, from the above discussions, the pseudo-Goldstone bosons must be
light pseudoscalars transforming as an octet under SU(3)y . This is actually what is
inferred by looking at the particle spectrum in table 1.2, the eight lightest mesons
(three pions 7+ and 79, four kaons K+, K° and K°, and the 1) become the best can-

didates for being the pseudo-Goldstone bosons associated to the spontaneous chiral

symmetry breaking (SCSB) SU(3), ® SU(3)g Bl SU(3)y. The next task is then

to build a low-energy theory involving these pseudo-Goldstone bosons as dynamical

degrees of freedom.

1.2 Chiral Perturbation Theory

Effective Field Theories (EFT) are the appropriate theoretical tool to describe physics
below some energy scale A. The idea of EFT is to take into account the relevant
degrees of freedom for the problem at hand i.e. those states with m < A, and
integrate out the heavier one M > A from the action. An interesting fact is that we
do not lose track from that heavier states at all since the information is contained
within the couplings of the resulting effective Lagrangian. The classical example of

an EFT is the Fermi theory of weak interactions as the low-energy realization of the

13



Chapter 1. Theoretical framework

SU(2) ® U(1) electroweak SM where the information of the high-energy dynamics,
carried by the W boson, is encoded within the Fermi coupling constant.

The general method to construct effective Lagrangians with spontaneous sym-
metry breaking was proposed by Callan, Coleman, Wess and Zumino [43, 44| who
provided a suitable manner to parametrize Goldstone bosons. For the case that con-
cern us, we would like to write down an effective theory for describing low-energy
QCD. Of course, it must contain the same symmetries as QCD i.e. Lorentz invari-
ance, parity and charge conjugation, but with mesons as explicit degrees of freedom
rather than the quarks. The standard choice to collect the pseudo-Goldstone fields is
through (see e.g. Ref. [45] for a detailed derivation)

U(P) = exp (2\/§(I>/f> , (1.28)

where
) T3+ e Tt K
0= Lo, = T —5mt s KO (1.29)
= V2 K- i< 2
/618

is a 3 x 3 SU(3) traceless matrix and f a constant which we will discuss later. The
matrix U(®) under SU(3), ® SU(3)r transforms as

U(®) — grU(®)g} (1.30)

with g r € SU(3)Lg. Once U(®) is defined, the low-energy effective Lagrangian
realization of QCD can be obtained. Chiral Perturbation Theory (ChPT) is such
effective theory for QCD [6, 7] and it is formulated in terms of the matrix field U, its
derivatives 0,U and the quark mass matrix M. These building blocks of the ChPT

Lagrangian count as

which determines the order of any term built from the meson fields and the quark
masses. Thus, the ChPT Lagrangian can be organized in terms of increasing powers

of momentum (or equivalently in powers of derivatives) and quark masses

Lopr =Y Lon=Lo+Li+Ls. .., (1.32)

n=1

where the subindices accounts for the expansion order. As soon as the momentum

of the mesons become comparable to A, the predictiveness of the yPT Lagrangian

14



1.2.  Chiral Perturbation Theory

is questioned. The scale A is usually settled to the energy region where resonances
arise as new degrees of freedom since resonance poles cannot be reproduced by a
polynomial expansion series. As the p is the lightest resonance, it is reasonable to
consider its mass as an estimate of the CHPT range of validity Ay pp ~ M,.

Because of Lorentz invariance, only even chiral orders are possible. The lowest-
order Lagrangian O(p?) contains the minimum number of derivatives and in the chiral
limit i.e. neglecting the mass term, reads
f2

Ly = (0, Utoru), (1.33)

which by taking the expansion of Eq. (1.28) in powers of ®

U = exp Nfi@ —1+ i‘/JtﬁqD +% (%) ¥ (“J() o (L34)
\/_

\f/,_(‘?@—ﬁéqﬂ 3730 0,0 ..., (1.35)

0,U =

we get

£2 = 5(0,00°0) + 15 (2(0,8) — (2,)9) (B(0"D) — (2"D)®) + O(@°/ ).
(1.36)
where the first and second terms stand, respectively, for the Goldstone kinetic terms
and a tower of interactions increasing in the (even) number of pseudoscalars.
However, the lightest mesons do not experience only interactions among them-
selves but electroweak one as well. Moreover, one should also incorporate the explicit
breaking of the chiral symmetry through the quark masses. All this can be achieved
by adding to the massless QCD Lagrangian, E%C p, quark couplings to external clas-
sical fields v* (vector), a* (axial-vector), s (scalar) and p (pseudoscalar), such that

the Lagrangian reads

Locp = Loop + 47" (v + ¥50,)q — q(s — iv:p)q (1.37)

By separating the quark fields into its left-and right-hand parts, q; and qg, and
defining the corresponding left-and right-handed external fields as

rp=v,+a,, l,=v,—a,, (1.38)
the Lagrangian in Eq. (1.37) can be rewritten as
Locp = Loop + @y luqr + @ry"rugr — Gr(s +ip)qr — qo(s —ip)gr.  (1.39)

15



Chapter 1. Theoretical framework

Notice, that by comparing Eq. (1.39) with the Lagrangian of the electroweak Standard
Model, one can deduce the couplings of the quarks to the external fields r, and [, to
be

Ty =eQA,,

l,=eQA, + ﬂ%new(wjﬁ + h.c.),

s=M,

p=0, (1.40)

where the quark-charge ()) and the quark-mass matrix (M) are defined by

1
Q= gdiag(Q, —1,-2), M = diag(m, mg, ms), (1.41)
while 7', is a 3 x 3 matrix containing the relevant Cabibbo-Kobayashi-Maskawa ele-
ments
0 Vud Vus
T.=({0 0 0 . (1.42)
0 0 0

The Lagrangian as given in Eq. (1.39) is invariant under SU(3), @ SU(3)r@U(1)y

symmetry transformations provided that the externals fields transform as

qr — 914L,
4dr — YRAR,
e = glugl +igrougl,
T = GRTWIR + 19RO .
s+ip — gr(s+ip)gl,
s—ip — gu(s —ip)gk, (1.43)

with g, r € SU(3)r,r. In order to preserve local invariance the gauge fields v, and

a, may only appear either through the covariant derivative

DU =0,U —ir,U+iUl,, D, U'=0,U" +iU'r, —il, U, (1.44)
and through the field strength

FIY = oMy — 0" I1* — [l 1"],  FgR°=o"r" —o"rt —i[rt,r"]. (1.45)

Finally, the most general locally chiral invariant Lagrangian at lowest order describing
the strong, electromagnetic and semileptonic weak interactions of mesons reads [6, 7]
f? f?

Ly = Z(DMUD“UT) + Z<UT>< +x'U), (1.46)
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1.2.  Chiral Perturbation Theory

where x = 2By(s+ip) parameterizes the explicit chiral symmetry breaking. Therefore,
at leading order in the chiral expansion the theory is fully determined by Eq. (1.46) but
for two low-energy constants: the couplings By and f which require to be constrained
from experimental data or extracted by direct computation on the lattice. The latter
is related to the pion decay constant in the chiral limit f,, while the former accounts
for the strength of the quark condensate in the chiral limit.

By taking one derivative of the classical action, Sy = [ d*xLs, with respect to [,

or r, we find the conserved left-and right-handed currents defined by

[ R—— 2 t = — — = # 3
Jy 5, 2f D, U'U \/§Du<1> 5 <<I> D @) +0O(®°/f), (1.47)
0S5y 1 f i -
H = —_— = — 2 T = — —_ — H 3
J5 57, 2f D,UU ﬂDqu 5 (q) D @) +O(®°/f), (1.48)

or similarly the vector-and axial vector-one
<
T = Jh Lt = Ji = —i(® D", ®) parity invariant (even # of ®); (1.49)
’ Jii=—V2fD,®  parity violating (odd # of ®).

Indeed, for the pion to vacuum matrix element of the axial current we have
O[(JH)2|7) = (0] = V2fo,mt|nt) = ivV2fp", (1.50)

which fixes the coupling f to the pion decay constant, f = f, = 92.21 MeV, whose
experimental value is usually extracted from the well-known pion decay 7+ — ptw,,.
Regarding to the constant By, it is related to the quark condensate by taking the

derivative with respect the external scalar source s

iy 355 2
Joi _ — —*_B,UY, 1.51
Iy 059 f?
I i — _—-_1B 1.52
TrlL = =505+ ip)i 3 Do) (1.52)
which leads
(01g'|0) = (01q, 4 |0) + (0@RaL|0) = — f*Bod" . (1.53)

Taking s = M = diag(m,, mq, ms) and expanding in powers of ® in the absence
of external fields (v* = a* = p = 0), the second term in Eq. (1.46) is quadratic in
the fields and thus contains the mass term for the mesons plus additional interaction
proportional to the quark masses. For computational purposes, it is useful to provide

the Lagrangian in terms of ¢

£2 = 5(0,00°0) + 15 (2(0,8) - (2,)9) (B(0"D) — (0"D)2)
+By {—(MP*) + (1/6f*) (M)} + O (?j) , (1.54)
17



Chapter 1. Theoretical framework

where the third term reads

—By(M®?) = —By(my, +mg)nt 7 — By(my, +m)KTK™
_ B
—Bo(mg +mg)K'K° — 70(mu + mg)s
By 5, Do

——(my + mg + dms)ng — %(mu — Mg)T3Ns - (1.55)

Notice that the 73 and ng states are mixed via an isospin violating term propor-
tional to m3ns. Consequently, in the isospin limit m, = my this term vanishes. The

diagonalization of the 73, ng mass matrix is given by the rotation

0 .
<7r ) _ ( cos e sms) (71'3) _ ( 3 + €18 >+(9(52). (1.56)
n —sine COS€ 78 —ET3 + 1N

Setting

3 - U ~ u
:\/_md T?:L ’ m:m ‘f‘md, (1.57)
4 mg—m 2

the mixing term in Eq. (1.55) vanishes and the 73 and the 7g states become

By My — My 0n2

=0 N Qew Td

5 {(m + myg) + 2¢ 7 }(7?)

By [ my +mg + 4my My — Mg | o 2
- -2 @ : 1.58

Therefore, the quadratic mass terms in Egs. (1.55) and (1.58) provide the meson
masses in terms of the quark one [46]

2¢e

V3

MIQ(:I: = BO<mu + ms) 5 M?(OJ’(O == BO(md + ms) 5

M2, = Bo(my, + my) , M?, = Bo(my, +myg) + Bo(my, — mg) + (’)(52) ,

s ™

My + Mg + 4m, _ 2e
3 V3
0

At this order, the responsible for the small mass difference between neutral pion, 7",
+

M}, = By Bo(my —mg) + O(£%) . (1.59)

and the charged ones, 7=, is the 7% mixing accounting for SU(2) flavor symmetry

breaking effects. Therefore, in the isospin limit, where m, = my = m, the pions and

kaons are degenerated in mass leading

M? = 2By + O(my —mg)?*, Mz = Bo(h 4+ my) + O(my, —my),
1 .
Mgs = QBog(m + Qms) + O(mu - md)2 > (160)

which satisfy the well-known Gell-Mann-Okubo relation [31, 47]
AMy = 3M; + M?. (1.61)
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1.2.  Chiral Perturbation Theory

Finally, from the relation of the quark condensate in Eq. (1.53) and the pion mass in
Eq. (1.59) one gets the Gell-Mann-Oakes-Renner relation [46]

™ U

£2M2 = —%(mu + ma)(O]au + ddo) - (1.62)

1.2.1 Next-to-leading order Lagrangian

The construction of the next-to-leading order Lagrangian in the chiral expansion, £,
proceeds with the same building blocks and preserving the same symmetries than the

lowest order one Lo. It is given by [6, 7]

L,= Li(D,UD"?+ Ly(D,U'D,UYD*U'D"U)
+L3(D, U D*UD,U'D"U) + Ly(D,U'D*UYU Ty + x'U)
Ls(D,U'D"U (U'x +X'U)) + Le(U'x + x'U)?

LUty —x'U)* + Ls(x'Ux'U + UxU'y)
—iLg(FL'D,UD,U" + FI*D,UD,U) + Lio(U'F'UFy, )
H\(FryuFR"+ FruF¥) + Ha(xX'x) , (1.63)

where
Fpp =00" £a”) = 0(v" £ a") —i[v" £ a",v" £ a”]. (1.64)

Notice that the number of low-energy constants (LEC’s) has increased considerably
respect L. Concretely, at order O(p*) we have 12 LEC’s (L, ..., Lo, H12) to be
determined though the terms proportional to H; and Hs do not involve pseudoscalar
fields and are therefore not directly measurable. The rest, parameterize our lack of
knowledge about low-energy QCD in analogy to f and By of Lo. A priori, they
should be calculable in terms of QCD parameters such heavy quark masses or the
QCD scale Agep. However, in practice one should resort to phenomenology to infer
them. In general, the number of free parameter increases drastically with the order
of the chiral expansion so that for L4 there are 143 free couplings implying that the
predictive power of the theory is rapidly lost with higher orders.

As in any quantum field theory, quantum loops must be taken into account. For
ChPT, loops with Goldstone boson propagators in the internal lines generating non-
polynomial contributions with logarithms and threshold factors arise. Considering
the Lagrangian expansion of Eq. (1.32), the diagrams that contribute at order O(p?)

are dictated by the chiral dimension counting relation [5]

D=2+42L+ ) Ny(d—2), (1.65)
d
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where L is the number of loops and N, the number of vertices coming from O(p™)
operators. With the previous receipt at hand we have that the leading D = 2 con-
tributions are obtained with L = 0 and d = 2 i.e. only tree-level graphs with L,
contribute. At order O(p*), one has two different possibilities: tree-level contribu-
tions from £4 with L = 0, d = 4 and Ny = 1 and one-loop graphs coming from the
Lo Lagrangian with L = 1 and d = 2. Regarding these loops, they are divergent and
need to be renormalized. These divergences are absorbed in a renormalization of the

coupling constants of the Lagrangian £, as (in D = 4 + 2¢ dimensions)

r Fl 1 2
LZ-:Li(/L)—i—SZW2 (E—ln(47r)+’y—1+ln,u), (1.66)
T f 1 2
Hi:Hi(,U/)—‘rW g—ln(47r)—|—7—1+1n,u ) (167)
where [6, 7]
3 3 1 3 11
M= Ty=—, Ty3=0, Ty==, Ts=2, Tg=—, Ty=
1 327 2 167 3 07 4 87 5 87 6 1447 7 07
5 1 1 3 11
Tg= —, Tg=-, Ty=—-, Dy=2> LS
8 487 9 47 10 47 5 87 6 1447
~ 1 = )
= Ty= = 1.
1 87 2 24 ( 68)

Once renormalized, the constants L[ (x) depend on the scale 1 whose running is given
by

I'; H1
L — I '] = 1.
i () = Li(p2) + 6.2 108 (Mz) (1.69)

Of course, the physical observables can not depend on u. That is, the ;1 dependence
in the renormalized couplings LI (u) is canceled by that of the one-loop amplitude in
any observable.

The convergence of the ChPT series expansion as in Eq. (1.32) is restricted to low-
energies, typically for /s ~ 500 MeV, although this energy depends very much on the
process under evaluation. Note that at higher energies the lightest well-established
resonance, the p with mass M, ~ 770 MeV, induces a pole in the T'—matrix which
cannot be reproduced by a power expansion. In this sense, the masses of the resonance
states put an upper limit to the ChPT series and also give us an idea of the scale

Ay pr over which the ChPT power series is constructed

O(p*) p?
N , 1.70
o) ~ A, (1.70)



1.3. The 1/N¢ expansion in Chiral Perturbation Theory

with Ay pp ~ M,. Hence, in order to explain physics from A, pr on, one may explicitly
incorporates resonances as active degrees of freedom into the description respecting,
of course, chiral symmetry and its breaking as Resonance Chiral Theory does [48].

This theory will be discussed in section 1.4.

1.3 The 1/N¢ expansion in Chiral Perturbation The-
ory

As we have seen in the previous sections, in ChPT the expansion involves the mo-
menta and masses of the pseudo-Goldstone bosons. We finished the last section by
showing up the limitation of xPT for describing physics beyond A, pr which occurs
as soon as the momentum of the pseudo-Goldstone become comparable to A, pr and,
unfortunately, there is no other parameter within ChPT to build the expansion upon
for extending it to higher energies. However, 't Hooft suggested to generalize QCD
from three to N¢ colours, to employ and SU(N¢) gauge group accordingly and pro-
posed to expand QCD in terms of the 1/Ng parameter [49]. The idea is to study
QCD in the limit of large number of colours N > 1 by keeping the product a,N¢g
as a O(1) constant. This imposes a, to scale as 1/N¢ (or equivalently g, as 1/v/N¢)
as we will see in the following by inspecting the gluon self-energy as given in Fig. 1.2.
Let us recall first the QCD Lagrangian Eq. (1.1) from which one can read off the
QCD vertices and see that both the quark-quark-gluon coupling and the three-gluon
vertex are O(g,) while the four-gluon interaction is O(g?). The gluons are No X N¢
matrices in colour space and, hence, they have N2 — 1 ~ N2 components. On the
other hand, the quarks have Ng components. Consequently, for large-No there are
more gluon than quark states which translates in a bigger importance of gluon con-
tributions respect to the quarks one. By means of the the Feynman rules we then
see that the second diagram in Fig. 1.2 behaves like g2 while the first one diverges

going as g?No. As we want the gluon self-energy, entering the S-function, to be finite

in the N¢ — oo limit the following redefinition is in order: g, — \;’]ST. With this

redefinition at hand, now the quark-quark-gluon coupling and the three-gluon vertex
are O(1/+/N¢) while the four-gluon interaction is O(1/N¢) implying the first and
second diagrams in Fig. 1.2 to be O(1) and O(1/N¢) in the 1/N¢ counting, respec-
tively. One can construct diagrams with a larger number of loops and prove that,
quark-loops are suppressed by 1/N¢ and that non-planar gluon topologies i.e. they
cannot be painted on a plane without cutting or jumping over a propagator, are even

more suppresed O(1/NZ). A further indication of gluon dominance in QCD is that
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Figure 1.2: Gluon (up diagram) and quark (down diagram) one-loop contributions to
the gluon self-energy.

the contribution of the gluon-loops to the low-energy behaviour of the strong coupling
constant is larger than the quark-loops. Actually as N¢ increases the QCD theory
becomes more confining since this feature is mainly due to gluon interactions.
However, the idea of using 1/N¢ as expansion parameter is sometimes questioned
in the sense that for No = 3 is not very small. One cannot exactly know how large N¢
should be for the expansion to be a good approximation but one can always appeal
to phenomenology to see what happens. In this respect, there are many phenomeno-
logical facts that find their only explanation on large- N arguments supporting the

1/N¢ expansion for QCD. The main results are:

e Suppression of the ggq sea and exotic gqqq states: This is due to the fact that
there are more gluon states (NZ) than quarks states (N¢) as discussed before.
Therefore, in the No — oo limit the gq sea disappears. Regarding the gqqq
exotic states, in the No — oo limit g¢ mesons do no interact and, hence, they

can not join to form a exotic states.

e Zweig’s rule is exact in the large-No limit classifying mesons in nonets. The

axial anomaly disappears and flavour U(ny), ® U(ny)g is restored [50].
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e Two body meson decay dominance: Meson decay are of O(1/4/N¢) while

meson-meson scattering amplitudes are of O(1/N¢).

e In the large number of colours limit, under some assumptions, U(ns)r@U(ny)y,
symmetry breaks spontaneously down to U(ny)y leading an spectrum of nfc

pseudo-Goldstone bosons [50].

Next, we would like to reassess ChPT by means of the new tool, the 1/N¢o ex-
pansion, we have introduced in this section. The global dependence of the O(p?)
Lagrangian is O(N¢): the fields, the masses and momenta are all of them O(1) while
fis O(v/N¢). The U(®) as given in Eq. (1.34), generates a power expansion in terms
of ®/f giving the required 1//N¢ suppression for each additional meson field. Inter-
action vertices with n mesons scale as ~ f27" ~ O(Né_n/ ®). Then, since £, has an
overall factor of No and U(®) is Ng-independent, each loop computed with the chi-
ral Lagrangian will have a 1/N¢ suppression. At order O(p?), the chiral Lagrangian
presented in Eq. (1.63) contain ten couplings to determine the low-energy dynamics
of the pseudo-Goldstone bosons. Large-No QCD claims that terms with single trace
are of O(N¢), while those with two traces of O(1). Therefore, one would say that
L3, Ls, Ls, Ly and Lyy are O(N¢), while Ly, Lg and L; are O(1). Regarding L; and
L, it can be demonstrated that, after a bit of algebra, are also O(N¢). Although it
is not possible to compute the values of L; from QCD, the 1/N¢s expansion tell us
which are the dominants fully characterizing hence the ChPT coefficients up to order
O(p"). This is further corroborated by looking at table 1.3, where we provide the
phenomenological values for the L;’s in the Large- N limit from where we see they

follow the pattern suggested by the 1/No counting rules.

1.4 Resonance Chiral Theory

As we have seen in section 1.2, ChPT is the effective field theory of QCD valid below
some energy scale A, pr, close to the masses of the resonances. By construction,
in effective theories the information on the heavier degrees of freedom, M > A, pr,
is encoded within the coupling constants which in turn determine the interactions
among the lighter degrees of freedom. In particular, this means that the constants L;
of the £, Lagrangian will receive contributions from the interactions with resonances.
Our next goal is then to build an effective Lagrangian including resonances as degrees
of freedom respecting the QCD symmetries as well as the SU(3), ® SU(3)g chiral
symmetry. This is the avenue followed by Resonance Chiral Theory (RxT) which
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Chapter 1. Theoretical framework

L;(M,) | Value (x10°) O(Nc¢)
L, 04+0.6 o)
Lo 14+0.3 O(Ng)
Ls 35411 O(Ng)
Ly _03£05  O(1)
Ls 14405 O(Ne)
L 02403 O(1)
L, 04+02  OQ1)
Ly 0.9+ 0.3 O(Ne)
Lo 6.9+ 0.7 O(Ne)
Lo 55407 O(No)

Table 1.3: Phenomenological values of the L;(M,) [51] couplings as compared to its
order in the 1/N¢ counting.

can be understood as a link between the chiral and asymptotic QCD regimes which
has been proven to be a very useful tool to describe QCD dynamics at intermediate
energies ~ (1 —2) GeV. RxT uses the 1/N¢ expansion of QCD in the large number of
colors as a guideline to organize the expansion. Therefore, at leading order just tree-
level diagrams contribute while loops yield higher order effects and hence they are
suppressed. The Lagrangian can be organized according to the number of resonance

fields in the interaction terms

Livr =La+Y Lp,+ Y Lrm+-, (1.71)

Ry Ri,Ry
where R; stands for the resonance multiplets of the type V(177), A(1*F), S(0*F)
and P(0™1), and where the dots denote operators with three or more resonance fields
which we neglect for the purpose of this work. The first term in the right-hand side
of Eq. (1.71) contains the operators without resonance fields (cf. Eq. (1.33)). The

second term corresponds to the interaction terms with one resonance given by

Lr =Ly +La+Ls+Lp, (1.72)
where

Fy 1Gy
Ly = —=V,, "+ ——=(V, [u*, u"]), 1.73
\%4 2\/5(# +> 2\/§<M[u u]> ( )

Fa

La=—2(A, M"Y, 1.74
Ls = cg(Ssuuu’) + ¢ (Ssx+) + €aS1{uuut) + caSi{x+) » (1.75)
Lp = idm(Psx-) + idm P(x_), (1.76)
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1.4. Resonance Chiral Theory

and where
u, = ' D,Uu’,  fo=uF"ul £ ulFu, e =ulyu +uxlu, (1.77)

with F}"; defined in Eq. (1.64) and u(®)* = U(®) (U(®) has been defined in
Eq. (1.28)).
We write down the first vector and scalar nonets since they are important for the

processes considered later on in this thesis. In matrix notation they are written as

\fp + \fws + f p+ K*t
Viw = P~ — 3P0 T s 5w K* (1.78)
*— *0 2 1
K K —76(,08 —|— Tgwl v

for the vector fields, and

\}iag + \/Léag ag kT
Sy = ag —\/Liag + o5 K , (1.79)
K™ K0 —\%08
Si =01, (1.80)

for the scalar one.
For the sake of clarity, expanding the Lagrangian involving vector and scalar

resonances in Eq. (1.76) in terms of ® we get

Ls = ZHS0,0)0"0) + 1B (M) - 4—ﬂ<ss<<1> M+ M3 4 20M)))
+2;2ds ((8,9)(8"®)) + 4BoCS1[(M) — P <(¢2M + M®? + 20 MD))]
(1.81)
and )
Lv = SV (v, [0 0) () - (070) (D)) (1.82)

var
where we have used y = 2By M and neglected other external fields (v* = a* = p = 0)
The third term in Eq. (1.71) contains the kinetic terms,

1
L5 = (V“Rs V. Rs — M}, R3) + 5 (0" R10, B — ME RY),  (1.83)
1
£k:R7,nVA (V R)\,u vl/ R - §MRR;U/RHV> (].84)

where

VuR=0,R+ [, R], (1.85)
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with
r, - %{w 0, — iruJu + uld, — il,Jul} (1.86)
The exchange of these resonances have an important impact on the low-energy
dynamics of the pseudo-Goldstone bosons. Below the resonance mass scale, p* < M3,

the singularity associated with the pole of the resonance propagator can be replaced

by the corresponding momentum expansion as of

Lo (2 (Y, (1.87)
v g\t ag) ) '

Hence, the exchange of virtual resonances generates pseudo-Goldstone bosons cou-

plings proportionals to powers of 1/M% which should be embodied in ChPT. In other
words, at lowest order in derivatives, this gives predictions for the O(p*) couplings of
xPT. By integrating out the resonances i.e. going from RxT to xyPT, at O(p*) the
XPT couplings in Eq. (1.63), L;, are saturated by the resonance exchange parameters

(masses and couplings). After a matching procedure one finds [48]

Gy B 3 c2 Gy __BG%,
Ll - D) 2 + 2 L2 - 2 3 — 2
8ME  6MZ  2ME 4M2 4M2
~ ~ 2 ~2
CdCm  CdCm CdCm c c
L= — —dzm oo 4mo g Tmo 4 Tm
1T 3M2 + Mz T ME T 6M3 * 2M2,
& &,  _ FyGy
L7 = 5~ oy 0 Ls= 2 " or2 9T 2
6M3E  2M3 2M2  2M?3 2M?2
F2 F? F2 F? c? d?
L= ——Y 4 —A =L A Hy =M o4 m (1.88)
4MZE - AM?Z 8MZ  8M?% Mz M}

As we can see from the above relations, we are left with too many unknown
parameters to predict all the chiral couplings L;. Consequently, the predictive power
of this theory may be questionable. In principle, these parameters should be inferred
from fits to experimental data. However, by invoking some short-distance constraints
from QCD i.e. RxT must match the OPE at high-energies, together with demanding
two-body form factors of hadronic currents vanish at large momentum transfer, one
can find some useful relations among the couplings which considerably diminish the
number of free parameters as we will see in the following.

On one hand, the V octet mass My, can be suitably approximated by the p
mass while the vector couplings Fy and Gy can be obtained, respectively, from the

decays p — eTe” and p — 7wm. The values are Fy = 154 MeV, Gy = 53 MeV
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1.4. Resonance Chiral Theory

and My = M, = 770 MeV [48]'. On the other hand, at leading order in 1/N¢, the

calculation of the two-pion vector form factor within RxT leads [52]

Gy ¢

Fgﬂ'(q2> = ]_ + f2 M2 . q2 9
T \4

(1.89)

which by imposing that it should vanish at ¢> — oo, the resonance couplings satisfies
FyGy = f2. (1.90)

Similarly, the axial current between one pion and one photon is characterized by the

axial-vector form factor [53, 54]

F? 2R Gy — F2

N (191)
which requiring also to vanish at ¢> — oo implies the relation
Fy =2Gy . (1.92)
Then, inserting the previous equation into Eq. (1.90) leads
Fy =2Gy = V2f,, (1.93)

that is, we get the Fy, and Gy in terms of the pion decay constant.
Once the vector parameters Fy, f. and My are known, the axial one F)y and M4

can be subsequently deduced from the Weinberg’s sum rules [55]

Fy—Fi={f;, MpFy—MiFi=0, (1.94)

T

obtained after the requirement that the two-point function of a vector correlator
between left-and right-handed quarks in the chiral limit vanishes faster than 1/¢* at
high-energies. The values are Fy = 123 MeV and M, = 968 MeV [48], respectively,
but also can be derived by introducing Eq. (1.93) into Eq. (1.94) leading

Fa=fr, My=+2My, (1.95)

that is, we get F)y and M, in terms of the pion decay constant and the mass of the
vector multiplet My, .
Regarding the scalar sector, we consider the K7 scalar form factor [56]
Mi = MZ\ ¢
M? MZ —q*’

4cn,
Fé(w((f) =1+ ? (Cd + (Cm — Cd)

'For a recent determination of Gy and M, see, for example, the global U(3) ® U (3) meson-meson
scattering at one-loop analysis of Refs. [57, 58] and also Ref. [59].

(1.96)
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Chapter 1. Theoretical framework

which upon the demand to vanish at ¢> — oo one obtains the restrictions
Cm—Cq =0, 4cqcm = f2. (1.97)

This gives a prediction for the scalar couplings in terms of the pion decay constant

Cq = Cp = % : (1.98)

For the pseudoscalar parameters, we invoke the difference of two-point correlation
functions of two scalar and two pseudoscalar current. The resulting [Igs_pp(q?)
correlator vanishes as 1/¢* at large energies with a small coefficient. Demanding this

behaviour one gets [60]

8(c2, —dp) = f, &, ME—dM}~0, (1.99)

™

allowing to express the pseudoscalar coupling and mass in terms of pion decay con-

stant and the mass of the scalar multiplet Mg as

fr
dp =2 Mp~+2Msg. 1.100
22 P 5 (1.100)

Regarding the singlet exchange contributions, they can be expressed in terms of

the octet parameters using large-N¢ arguments leading [48]

C Cm 3 dm
VR VA B 1

VALY & 3

Therefore, turning to examine the low-energy yPT couplings at lowest-order in

Ms, = Ms, |éa| = (1.101)

1/N¢, Eq. (1.88), one observes that they can be expressed in terms of just three
parameters f., My and Mg by means of the use of Egs. (1.93), (1.95), (1.98) and
(1.100) as of

oLy = Ly— Sl — 1L — x

1 — 2_4 9 — 3 lO_SM‘%’
3f2 12 8 f2

L= — s s Ls = — Lo = s

ST TEMZ TeMZT T3S T oz

Ly=Ls=L;=0,
5 f2 52

LA S ) (1.102)
16 M2 1602

with all non-zero L; being of O(N¢) while Ly, Lg and L; vanish since they are
subleading constants in the 1/N¢ expansion.
In table 1.4 we compare the phenomenological values of these couplings given

in the second column together with the ones predicted by the resonance exchanges
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1.5. Inclusion of the n/

shown in the last two columns depending whether inputs values (penultimate column)
or short-distance QCD constraints Eq. (1.102) (last column) are considered. We can
see that the assumption of resonance saturation has given a remarkable prediction for
L; such that there is no reason to include additional resonance multiplets looking at
xPT at O(p*). We would like to notice that the 7, is usually integrated out from the

xPT Lagrangian. In that case, the coupling L; gets a contribution from 7; exchange

m_
L = _ZM% . (1.103)
i L;(M,) | O(Ne¢) VI]A S| S n; | Total | Total*
1 | 04+06] O(1) 0600 —02/02] 00| 06| 09
2 1.4+£0.3 | O(Ne) 1.210.0 0.0 | 0.0 0.0 1.2 1.8
3 | =35+11| O(N¢g) | —3.6 0.0 0.6 | 0.0 0.0 =30 —4.9
4 | -03+0.5]0(1) 0.0]0.0] =0.510.5 0.0 0.0 0.0
) 1.4+0.5 | O(N¢) 0.0 | 0.0 1.410.0 0.0 1.4 14
6 | —02+0.3]0(1) 0.00.0|—-031]0.3 0.0 0.0 0.0
7 | -044+0.2|0(1) 0.0 | 0.0 0000 -03] -0.3| —-0.3
8 0.9+0.3 | O(N¢) 0.0 | 0.0 0.9 10.0 0.0 0.9 0.9
9 6.9+0.7 | O(Ne) 6.9 | 0.0 0.0 | 0.0 0.0 6.9 7.3
10 | =5.5£0.7 | O(N¢) | -10.0 | 4.0 0.0 | 0.0 00| —6.0| —=5.5

Table 1.4: V. A,S,S; and n; contributions to the L] coupling constants in units
of 1073, Last column shows the result as obtained by employing the relations of
Eq. (1.102).

1.5 Inclusion of the »/

The standard QCD Lagrangian as written in Eq. (1.1) has actually an extra term
which is connected with the U(1)4 anomaly. Including this term, the most general

QCD Lagrangian becomes
y 1 a v
Locp =Y a7 (i) = My) ap = 1G1, G — b, (1.104)
!

where w is referred the topological charge density which can be written as

Qg .~
w= -GG, (1.105)

with GG = PG, Gap the product of the gluon field strength tensor and its dual.

Similar to the SU(3) flavor symmetry breaking we have discussed in section 1.1.2,
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Chapter 1. Theoretical framework

if the QCD Lagrangian in the chiral limit (M — 0) was invariant under U(1)4
symmetry transformations, ¢ — exp[ieays]q, this would tell us the existence of a
ninth Goldstone boson. However, the presence of a quark-mass term breaks down
again the U(1) 4 symmetry promoting the ninth Goldstone boson to become a pseudo-
Goldstone boson with a small mass. Looking at table (1.2), the best candidate for
this would be the 1’ at first sight. However, the ' mass, m,, ~ 958 MeV, is too
large for a pseudo-Goldstone boson. The resolution of this paradox is related with
the emergence of an anomaly, the U(1)4 symmetry is broken, even in the massless
case, by the dynamics of QCD itself i.e. due to the presence of the third term in
Eq. (1.104) which leads to a non-conservation of the singlet axial-vector current as
we showed in Eq. (1.22) (see Ref. [61] for a detailed derivation). This makes the 7’
too heavy and difficult to be accepted as the ninth Goldstone boson associated with
the spontaneously broken U(1) 4 symmetry. Nonetheless, there exist some approaches
that include the " within ChPT as the ninth Goldstone boson. An example is the
large-N¢ limit [62] we have discussed so far. In this framework, the third term in
Eq. (1.104) is expanded in powers of NLC whose contribution will vanish for Ng — oc.
In this limit, the contribution of the axial anomaly to the 1’ mass disappears letting
the n’ mass to be comparable with the other pseudo-Golsdstone boson masses. In the
large-N¢ limit within ChPT, this breaking is introduced through [63]

LOMNew?) — —f—2i (3 [log(detU) — log(detUT)]>2 = —lmgnf, (1.106)
4 No \2 2

which is 1/N¢-suppressed with mfio = 3a/N¢, where a is a parameter to be fixed from

the experiment.

The standard power counting employed in SU(3) ChPT we have discussed in
section 1.2 and summarized in Eq. (1.31) is no longer valid in U(3) ChPT due to the
large mass of the singlet n;. Nevertheless, one can still accommodate the singlet 7,
into the description by assigning the same counting to 1/N¢, the squared momenta
p? and the light quark masses m, in order to have a systematic combined power
counting. This combined expansion in terms of three variables can be counted by d

scaling as [8, 64]
p=0(5), my=0(), 1/Ng=0O(). (1.107)

In the large- N¢ framework, the effective U(3) ChPT Lagrangian which simultaneously
includes the pseudo-Goldstone bosons octet 7, K, ng and the singlet n; as dynamical
fields was introduced in Refs. [8, 63, 64, 65].
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1.5. Inclusion of the n/

Leading order

At lowest order in the § expansion i.e. O(dY), the U(3) ChPT Lagrangian has the
form
o _f? f?

4
where m? is the U(1) 4 anomaly contribution to the 7; mass, and now

U =exp <Z\/§5> ) (1.109)

1
£ = T {Du UD*UYY + —(Utx + x'U) — §m§nf , (1.108)

f
with
\%m + \%778 + \%771 m KT
P = T — ™+ 5T + 5 K° - (1.110)
K- K° —\/%778 + \/%;771

Notice the counting of Eq. (1.108) [66]: the first operator is O(Ng¢,p?), the second
O(N¢,m,) and the latest, accounting for the anomaly, is O(NZ,p°), where U is
counted as O(1), f* ~ O(N¢) and m3 ~ O(1/N¢). The effective Lagrangian has
then an overall factor of N¢.

With the inclusion of the singlet state 7; into the description and assuming SU (2)
symmetry i.e. m, = mg = m implying no mixing between the neutral pion state 73

and ng, x = 2By M reads
M2 0 0
=1 o a2 0 7 (1.111)
0 0 M2—M

where M7 (¢ = 7, K) denotes the bare mass at O(p®). Therefore, the bilinear terms
coming from the lowest-order ChPT Lagragian in Eq. (1.108) becomes

1
£’ = SO0’ + Ot O 4 O, KO K
_ 1 1
+8#K08“K0 + 58#7788#7]8 + —8#7]18”771

o

1 [} o
—5 M7 (x°) = MZrm CMLEOR® — MKV~

1/4 ° 1°, 1 1.°,°
M2 M2\ — - M2 +-M2 | o2
2(3 K73 >778 2<m°+3 kT3 >

8 [e] o
+\/—1_8 (Mf( - M,%) mns + O(9). (1.112)
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Similar to 7° — 7 mixing in Eq. (1.55), the mass term proportional to n;7g in
the previous expression, which accounts for SU(3) flavor symmetry breaking effects,
induces a ng —n; mixing. Therefore, the masses of the two physical n and 1’ states are
obtained as follows. We collect the octet and singlet fields in the doublet n§ = (ng, m1)

and express the quadratic mass term making use of a matrix notation as

1

where IV
M = ( 8 81> , 1.114
MM .
with

e} 1 [} o o 1 o) (e}
]\/[82 = 5(4 M12{ _Mg)a M12 = m(2) + 5(2 M12< +M3)7

212

3 (M2 — M?). (1.115)

(¢}
2 _

The physical n and 1’ mass eigenstates are obtained after diagonalising the mass

matrix M with and orthogonal transformation

nB:RT-anRT-<g,) , M=R" Mg, R, (1.116)
where ; 0
[ cosllp —sinfp

= (sinﬁp cosfp ) ' (L117)

The resulting 7 and 1’ masses and the angle 0p at lowest order are [57, 66]

o Mg o1 gLy 2
M, :7—1—]\/./[(—5 m0—§4m0A+4A , (1.118)
° My 2, 1 g 1 2N 1 AA2
M, :7+MK+5 m0—§4m0 + 4A2, (1.119)
-1
3mé — 2A Img — 12m2A + 36A2)2
sinfp = — \/1 L Bmy v ;r;OAz my + 3647) , (1.120)

with A2 = M2 — M2

The parameterization of the mixing phenomenon among the physical n and 7’
mesons is not unique. It can be also described by means of the quark-flavor basis
rather than by the octet-singlet ones we have shown here. Appendix A is devoted to

discuss the relation between the octet-singlet and quark-flavor bases.
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Next-to-leading order

Calculations at next-to-leading order in ChPT require to consider the tree level dia-
grams of order O(p?) and O(p*), together with contributions coming from the mass
and wave function renormalizations which should be accounted for to the same order.
In fact, the mass renormalization affects only the mass terms coming from the leading
order Lagrangian Eq. (1.46) and not the masses coming from the kinematics of the
corresponding process i.e. from derivative terms. In addition, one-loop graphs con-
taining the imaginary parts required by unitarity should be also taken into account.
At one-loop, the expressions of such renormalizations can be found, for example, in
the global meson-meson scattering analysis of Refs. [57, 67] for SU(3) ® SU(3) in
ChPT and U(3) ® U(3) in ChPT with resonances, respectively. For consistency of
the present work, we report here the mass and wave function renormalization for
pions and kaons leading in large-Ng, which enter the processes we will analyse in
sections 3,4, and 5, and discuss the case of the ng and 7, in more detail afterwards.
That is, in the ChPT language of counterterms, the contributions coming from L4
and Lg vanish since these couplings are subleading in large- No as shown in table 1.3.
The same applies for loop contributions, since graphs computed from the chiral La-
grangian have a 1/N¢ suppression for each loop as we have discussed in section 1.3.
Therefore, the bare pion and kaon fields entering the Lagrangian are connected with

the renormalized ones as

¢ = 2)¢n, (1.121)
where ¢ = 7, K and the wave function renormalization given by
AM? c4c 1/2 4M3 CaC

FATCIE e S U (VA e 1.122

™ f2 Mg ) K f2 Mg' ( )

In Lo, the masses from the mass matrix M correspond to the bare O(p?) masses (cf.
Eq. (1.111)). At order O(p*) in large-N¢, these masses are shifted by linear terms
in Ly and Lg couplings whose connection with the resonance parameters was glven
in Eq. (1.88). We re-express the bare masses of the pions and kaons M and M K
respectively, by the physical ones at order O(p?) through the relations

8M2 Com

8MI2( Cm
IZ MQ(

M? M2 1+—== cd)}, M,?(:MI%[1+ 2 MQ(m—cd)}, (1.123)

or, what is the same, for computations at O(p*) we shall perform the replacements

o o M2 -
M2 — M? {1 _ 8f2 ;42 (cm cd)] , (1.124)
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8M3z ¢,
/Mg

Mz — Mz |1 — (em —ca) |, (1.125)

in the mass matrix M Eq. (1.111). For illustrative purposes we also provide the

correction of the physical decay constants at O(p?)
=222 fk=Zf (1.126)

In this manner, in the amplitudes with terms of order p* (and higher), we transform

the f constants appearing in the denominator of the amplitudes through

1 1 8]\22 CdCm 1 1 8]\22 CdCm
— = —= |1+ B , —— —= |1+ z , 1.127
prE\ w0 PR R 0

and hence we will write f; i instead of f.

For the case of the ng and n; the situation is more involved since not only the mass
term mix at O(p*) but also the kinetic ones. Working along the same line as for the
O(p?) we make use again of a matrix notation and parameterize the mixing following

the description as given in Refs. [68, 69]. The quadratic term in the Lagrangian reads

1 1
L= 5aunglccaw — éngMan, (1.128)
with 5 5 V2
([ 1+0s 81 2 8 81
K= ( 5 1+51) ;M= (Mgl M) (1.129)

The elements of the mass matrix are now
MZ = MZ+AMZ, M:=m2+M:+AM?, M3 =M +AMZ, (1.130)

where ]\21-2(2' = 8,1) is the O(8°) quark-mass contributions to the octet and singlet
masses we have already obtained in Eq. (1.115), while AMZ, AM} and AMZ, modify
the lowest order values of the mass-matrix elements.

To first order in dg, §; and dgy, the kinetic matrix U can be diagonalised through
the redefinition

np =2 =2 (Zg) . ZVPK-ZVE =1 (1.131)
1

1—0s/2 —0g1/2
1/2 8 81
Z\? = ( baf2 1 _51/2) . (1.132)

In the 7 basis the mass matrix takes the form
M? = Z7V2 . M2ZV2T (1.133)
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where
M2 = M2(1 - 58) Mg 651 + AME (1.134)
N = (md + M2)(1 — b5) — M5, + AM?, (1.135)

MSI = M3 (1 — (6 + 01)/2) — (m§ + Mg + M7)ds1 /2 + AMg, , (1.136)
to first order in AM?. Similar to Eq. (1.116), the physical mass eigenstates at NLO
are obtained after diagonzalising the mass matrix M?

nB:RT-?]pERT-<;77,> . M?=R" Muy, R, (1.137)

with the rotation matrix R defined in Eq. (1.117). Therefore, the matrix from the
bare to the physical basis is given by ng = (R - Z/%)T - np with

R.gV2_ [ ¢ Op(1 — 0s/2) + sinOpds; /2 —sinbp(1 — d1/2) — cos Opdg; /2
~ \ sinfp(1 —d5/2) — cosOpdg1/2  cosOp(l —61/2) —sinbpdg /2 )

(1.138)
In large-Ne ChPT,
8Ls ° 8L 8L
68 - _25M82’ 51 25 M2 +A17 581 5M821 s (1139)
7 7 P
and
16Lg [ ° °
AME = 72 (M§+M§‘1) , (1.140)
16Lg [ .° °
AM; = 7 (Mf‘+M§1) : (1.141)
° 16Lg
AMg =2 Mg, ( 72 M2 A2> ) (1.142)
while in RChT,
8cacm Mg 8caCm M} 8cqCm M2,
0y = - 0= —, = =81 1.14
8 Mg f20 1 Mé 72 8 Mg, 2 ( 3)
and
2 _ 8¢z, 4 4
AM M§f2 M + M81 9 (1.144)
AMZ 802 (M4+M4> (1145)
1 M§f2 81 ] »
9 160m % %
AMg, = M2f2 Mg, M . (1.146)

For a study of the n—7’ mixing up to next-to-next-to-leading-order in U(3) ChPT
we refer the reader to Ref. [66].
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1.6 Anomalous sector

We would like to notice that both the leading-and next-to-leading-Lagrangians, Lo
and L4, always involve an even number of pseudo-Goldstone bosons. This would
mean that allowed QCD processes such as 7,7 — vy, n = 7F7 v or KK — 3m,
which are odd in the number of mesons, cannot be described by xPT. Moreover, L,
and £, are invariant under chiral transformations which is in contradiction to the
quantized theory of QCD which is not U(1)4 invariant. Therefore, we need some
additional term to account for this explicit U(1)4 symmetry breaking including an
odd number of pseudo-Goldstone boson fields. The solution was obtained by Wess,
Zumino and Witten [70, 71] through the term Ly zy of the order O(p?). For a formal
derivation of this Lagrangian and wider discussions on this topic, the interested reader
is referred to Ref. [28, 29, 72, 73|. For future practical purposes, we only quote here
the interaction Lagrangian relevant for describing P — ~v with P = 7%, n, 7’

alN,
Lp, = _ﬁeuvaﬂFuyFaﬁp, (1.147)

since enters the description of the single and double Dalitz decays, P — £T¢~~ and
P =0T (L =e,u), we will study in section 7. In the previous equation N¢ is
the number of colors, e#/*? the Levi-Civita tensor and F), the electromagnetic field

strength tensor, and the corresponding invariant amplitude reads

aN
3rp P e(@)e () ages (1.148)

where Cro =1, C,y =1/ v/3 and Cy, = 24/2/3. Calculating the partial decay width
for the neutral pion 7% — v

M(P = yy) =i

NZa2 M3 Ne\’
(" = yy) = ;Tg,fgo =76 (%) eV, (1.149)

and comparing with the measured experimental value (7.7 £ 0.6) eV yields N¢ = 3,

a remarkable QCD measurement of the number of colors .
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Chapter 2

Form Factors from dispersion
relations

In this chapter we give an introduction to the mathematical aspects of the technique of
dispersion relations applied, in particular, to two-meson form factors. The method is
based on two powerful theoretical arguments such the use of the analytical properties
of the form factor and the unitarity of the S—matrix. We will derive in detail the
well-known Omnes equation, which will play a central role in the analysis of 7= —
K nu, and 7~ — K~ n'v, decays of section 3, in the combined analysis of the decays
7~ — Kg¢n~ v, and 7= — K nv, of section 4 and in the study of 7= — 7 nv, and

7=~ — 7 n'v, decays of section 5.

2.1 Analyticity and implications of unitarity

A two-meson form factor is an analytic function f(s) in the whole complex plane ex-
cept for a branch cut along the real axis originated at the threshold, sy, for producing
the first two-particle intermediate state. The case in which the intermediate states
are the same as the final one is known as elastic and the corresponding branch cut is
called unitary or elastic cut. We will mainly concentrate to the elastic approximation
though in section 2.3 we will also illustrate a method to implement inelastic cuts into
the description. We have then that for s > s;;, the form factor develops an imaginary

part while for s < s, is real. This implies the Schwartz reflection principle

f(s) = f*(s), (2.1)

which allows to apply the Cauchy integral formula

o) = = 4 L) o (2.2)

- : /_
211 L8 —s
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Chapter 2. Form Factors from dispersion relations

where the integration path of the closed contour v shown in Fig. (2.1) is chosen as an

anti-clockwise circle of infinite radius A? but circumventing the branch cut [sg,, 00).

Im s’

Res'

Sh

Figure 2.1: The integration contour « used in Eq. (2.2) for the representation of f(s).

By the use of the definition of the discontinuity across the cut

f(s+ie) — f(s — i)

di = 2.
isc f(s) 5 ; (2.3)
we may re-express Fq. (2.2) as
1 /" di ! 1
f(s+ig) = lim —/ dise /() gy L ) g (2.4)
=0t Jo, 8" —sFie 2m s'—s

=42
where the F prescription in the denominator corresponds, respectively, to evaluate
f on the upper (negative sign) or on the lower (positive sign) rim of the cut. From
hereafter we will consider the function to be evaluated on the real axis from above
the cut with f(s) = hm f(s+ie) and we will omit the symbol lim to shorten the

e—0t
notation. For the contrlbutlon of the infinite circle, second term of Eq. (2.4), we have

/
Jj<8)ds < max |f(s |j{ - |ds’| = (2.5)
s'—s ||| —
|s'|=A2
21 A2
= max |f(s % lim 27 maX 2.6
a7 = Jim 2 e ), 2:6)

where we have made use of the estimation lemma. Eq. (2.6) vanishes if f(s) falls off
fast enough when |s| — oo and, as a consequence, the first term in Eq. (2.4), the inte-

gral along the branch cut, converges since the integrand vanishes asymptotically faster
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2.1. Analyticity and implications of unitarity

than 1/s’. Invoking the Schwartz reflection principle, Eq. (2.1), the discontinuity on
the upper rim of the cut can written as

f(s+ig) — f*(s + ie)
21

discf(s) = =Imf(s+ic) =Imf(s), (2.7)

which allow us to write the dispersion relation in the r — oo limit as

f(s) = 1 /00 Mds', (2.8)

r . -
™ thS S 129

like commonly appears in the literature.

However, if the function f(s) does not vanish quickly enough for |s| — oo we can
still write dispersion relations by means of subtractions. Let us consider, for instance,
that the form factor tends to a constant and sq is the subtraction point chosen to be

a real number such that sy < sy,. By means of the use of the identity

1 1 -
— 420 (2.9)

s'—s §—s9 (8—50)(s"—5)

in Eq. (2.2), we arrive at

fis) = = L) g s =50 7{ [ds” o (2.10)

C2mi [ 8 — s 2mi (s —s0)(s" — 9)

where the first term is nothing but f(sp) and named a subtraction constant. Following

the same reasoning as for the unsubtracted case we get the once subtracted dispersion

relation

F(s) = f(s0) + =2 /oo lmf(s) ds' (2.11)

T (s" — s0)(s" — s —ig)
where now the integrand in the second term has one more power of s in the de-
nominator, hence reducing the dependence on Imf(s’) at large s’ and improving its

convergence. The generalization to an n-times subtracted dispersion relation at s
reads [52, 74]

<l s—s0)*dFf(s s —50)" [ Imf(s' ,
f<$):kzzo( k') dJ;i) : Iy : ) / (S/_So>n(J;§_>s_i€>dS. (2.12)

So far, we have seen from the analytical properties of the form factor f(s) that if
the discontinuity of the function is known up to infinity we can completely determine
f(s). We have also shown that subtractions may be required if f(s) does not fulfill
the desired asymptotic behavior, that is f(s) # 0 as |s| — oco. However, even in
the case that subtractions are not strictly necessary, it may be recommended to per-

form them since in real physical situations the discontinuity is usually not known up
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Chapter 2. Form Factors from dispersion relations

to arbitrarily large energies as demanded by the dispersive integral. By performing
subtractions, we hence diminish the importance of the contribution from the high
energy region in the integral. The introduced subtraction constants compensate our
lack of knowledge on the discontinuity at high energies by absorbing the information
anteriorly encoded in this region. In some sense, they resemble low-energy constants
appearing in effective field theories [75, 76]. In all, subtracted dispersion relations as

given in Eq. (2.12) show a nice synergy between high-and low-energy regimes.

Implications of unitarity

In quantum field theory, the probability transition amplitude for an initial state
|p1p2 - . .)in, Where p; denotes the momentum of the incoming i particle, evolving into
a final state ou (k1ks .. .|, with k; denoting the momentum of the outgoing j particle,

is given by [77]
out{k1ke ... |p1p2 - in = w(kika .. [S|pip2 .- Din, (2.13)
with the definition of the operator S
out{k1ke ... | = m{kike ... |5, (2.14)

that evolves the initial state asymptotically in time. The S—matrix is commonly
arranged as
S=1+:T, (2.15)

where the first term accounts for the case in which the particles in the initial state do
not interact while the second stands for the interactions. We know that in physical
decay or scattering processes the four-momentum is a conserved quantity and so the

invariant matrix element M is usually defined by
in<k31k32 R |2T|p1p2 .. ->in = 2(277')454(2 kj - sz>M(pz — k]) . (216)
j i

Let us define P, as the probability to encounter a final state (f| starting out
from an initial definite state |i). Then, probability conservation means »_ s Pisr =1,
which implies

STS =88 =1, (2.17)
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2.1. Analyticity and implications of unitarity

that is, the S—matrix is unitary. In other words, probability conservation is generally
named unitarity. This fact has interesting and profound consequences on the two-
particle form factor’s analytical properties as we will show in the following. By
inserting Eq. (2.15) into Eq. (2.17) we get

T-T =iTT", (2.18)

which plugged into Eq. (2.16) for the transition of the vacuum state, |0), to the
states (PQ| (where P and @) stand for particles), we obtain for the left hand side of
Eq. (2.18)

(PQ|T|0) — (PQIT'|0) = (27)'5" (pp + po — ) (fra(s) — frq(s)) » (2.19)

while the right hand side can be rewritten as

(PQIITT'|0) —z—z / s, dp" - (PQIT|n) nT']0) =

54 (pp + pg — Pn)8* (pn — 8)Trspo(s, cos 0) f(s) , (2.20)

where we have inserted a complete set of intermediate states. Combining Eqs. (2.19)

and (2.20) together we arrive at the unitarity condition

)4 d
fra9) = fiol9) =53 [ T] 545 — ) Tocrals cos0)3(5) . (221

where fpg(s) = (PQ|T|0) and T, pg(s,cosf) = (PQ|T|n). For the sake of simplic-
ity, we restrict the set of intermediate states to two-particle states' n = P'Q’ which

by using d*p,, = dQUE, E,p, we obtain

Frals) = frals) =130 "M ) [ Tovrra(s.cos)dcost,
(2.22)

where sy, is the P'Q)-state production threshold, gpo/(s) = Apig//(24/s) with

n

Apigr =/ [s = (mpr +mg)?)[s — (mp —mgy)?. (2.23)

is a kinematical factor accounting for the three-momentum of the P'Q)’ state and 6
is the scattering angle. The partial wave projection of the integrand is carried out
through

T(s,2) = 167 i(zz F1)t(s)Py(2) | (2.24)

'In principle, one should also take into account intermediate multiparticle states though the
difficulty of the problem is such that it becomes almost unsolvable.
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Chapter 2. Form Factors from dispersion relations

where P(z) are the Legendre polynomials of degree [ with [ being the orbital angular
momentum and ¢,(s) are the partial wave amplitudes.
The left hand part of Eq. (2.22) is nothing else than the imaginary part of the

form factor. Finally, the most general unitarity relation for form factors reads
Impr(s) = Z O'p/Q/(S)fp/Q/(S)t};/Q/_)PQ(S) s (225)
n

where we have defined
20p1 0y S
opor(s) = ‘“’%8()9(5 — ). (2.26)

2.2 The Omnes equation

The case in which the intermediate states are the same as the final one is known as
elastic and the corresponding branch cut is called unitary or elastic cut accordingly.
This implies P'Q)’ = PQ in Eq. (2.25) which in turn reduces to

Imf(s) = a(s)f(s)t"(s), (2.27)

where we have suppressed the two-particle states P() subscript here and hereafter.
On one hand, the elastic partial wave amplitude can be written in terms of the elastic

scattering phase shift d(s) as

t(s) = 0(13) sin §(s)e) | (2.28)

which inserted into Eq. (2.27) leads
Imf(s) = f(s)sind(s)e ) (2.29)

On the other hand, as for any complex function, the form factor f(s) can be expressed

as
f(s) = f(s)le®, (2.30)
that introduced into Eq. (2.29) gives

Imf(s) = |f(s)|sind(s)e® e (2.31)

which fixes the phase ¢(s) = §(s) since the left hand side is real. This result is
the well-known Watson’s final sate theorem [78] which states that, within the elas-
tic approximation, the phase of the elastic scattering amplitude equals that of the

corresponding form factor.
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2.2. The Omnés equation

By means of the use of the Schwartz reflection principle one has
f(s+ic) = 200 f(s —ie), (2.32)
which by taking the logarithm we obtain

Imlog f(s) — log f(s + i€) ;ilogf(s — ig) _5(s).

Using the once subtracted dispersion relation as given in Eq. (2.11) for Eq. (2.33) we

(2.33)

have

log f(s) = log f(so) + i ;SO /OO Lmlog /(5 ds’ (2.34)

s (8 —50)(8' — 5 —ig)

= log f(so) + ° ;SO /00 o) ds’. (2.35)

son (8" — s0)(s' — s —ig)

In this case, one subtraction is suitable since §(s) tends to a constant at large s. The
solution of Eq. (2.35) for f(s) reads

7(5) = F(s0) exp [ o /°° ( ()

s'—s0)(s' — s —ie

| = fsn0), 230
where €(s) is the well-known Omnes function [79]

Q(s) = exp [S ;30 / zo = 805(3/) >ds’} . (2.37)

(s — s —ie

It is also interesting to provide both the real and imaginary parts of f(s) which can
be obtained after using the Skhotski-Plemelj theorem

1 1
e—0+t &' — x — 1€ r —x

+imd(a’ — x) (2.38)

where P represents the principal value. Inserting the previous equation in Eq. (2.36)

we get

Ref(s) = f(s0) exp [735_30 /OO( o) )ds’] cos 8(s) | (2.39)

T s —sp)(s' — s
and
tmf(s) = f(s0) exp [PS [T

(s —s0)(s" — s

)ds’} sind(s) = tand(s)Ref(s),
(2.40)

for the real and imaginary parts, respectively. These results are useful to determine

the absolute value of the form factor that enters Eq. (2.30) as of

()] = F(s0) exp {7:3‘50 /°° : ) )ds’]. (2.41)

T s —so)(s' — s
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Chapter 2. Form Factors from dispersion relations

We would like to notice that multiplying Eq. (2.36) by an arbitrary polynomial P(s)
it is also a solution since all the requisites demanded for f(s) still hold. Thus, the

most general solution becomes

f(s) = P(s)Qs) . (2.42)

In order to fix the polynomial ambiguity one should analyze the asymptotic behavior
of the form factor. Studying f(s) in this limit, where usually the phase shift tends to
a constant do, = limg_,o 0(s), from Eq. (2.30) one has [56]

lim f(s) = lim P(s)exp {S = 50 0eo(3) log (M)] ei0ee

§—00 5—00 e S — Sy Sth — So
Sth — So 0o/
_ T th — 1000
= Sli)rgo P(s) ( . > e’ . (2.43)

Assuming f(s) to vanish for s — oo implies P(s) to be a constant. This constant
can be set to f(s) evaluated at s = 0 whose numerical value should be inferred by
invoking external information with the help of theoretical arguments.

The solution for n subtractions (cf. Eq. (2.12)) can be cast as [52, 74]

f(s) = Qn(s)exp {(S —s0)" /ZO = 50)6(8/) >ds’} , (2.44)

0 n(s' —s—ie

where
Qn(s) = exp [Z (s — So)k] : (2.45)
k=0

with the n — 1 subtraction constants being

1 d"

= H@bgf(s)

(673

$=S0

2.3 Form factors in coupled-channels

In the preceding section we have studied in detail the elastic approximation, by setting
P'Q = PQ in Eq. (2.25), that has led the famous Omnes solution as outcome. This
equation has success and extensively been employed in phenomenology for describing
unitarity corrections due to elastic final state interactions. However, it does not
account for the effect of inelastic intermediate states which, in principle, should also
be considered. This can be achieved by inserting the central unitarity relation for

form factors, Eq. (2.25), into a dispersion relation as of

Pl = L3 [T ag PO (2.47)

s’ — s —ig)
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2.83. Form factors in coupled-channels

where s; is the threshold for channel ¢ and 77 are partial wave T-matrix elements
for the i — j scattering. The unitarized form factors are then obtained by solving
the coupled dispersion relations arising from the previous expression fulfilling the
analytical requirements and incorporating the information contained in the scattering
T-matrix. To solve the coupled channels problem, one typically rely on numerical
iterative methods though algebraic closed expressions have also been illustrated as
we discuss in appendix D for the later use in section 5. Of course, in the elastic

approximation, eq. (2.47) reduces to the usual single-channel Omnes equation.
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Part 1

Hadronic tau decays
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The tau lepton is the only lepton heavy enough (m, ~ 1.8 GeV) to decay into
hadrons. Actually the 65% of the branching ratio contains hadrons in the final state.
Such decays proceed through the exchange of W* gauge bosons which couple the
leptonic particles i.e. the tau and the generated neutrino, together with a quark-
antiquark pair that subsequently hadronizes. For the sake of clarity, in Fig. (2.2)

we provide a graphical account of a tau lepton decaying into a pair hadrons, P~ P",

Figure 2.2: Schematic picture of a two mesons decay of the 7.

whose amplitude can be expressed as an electroweak part times an hadronic matrix

element as

G
M (7= P P',) = TSVCKMﬂ(pVT)’V“(l — Y )ulp, ) (P~ P |d v ul0),  (2.48)

where d' = V*,d+ V5. Since the energy we are exploring (/s < m,) is much lighter
than the W* boson mass (m, ~ 80 GeV), in the previous equation we have not
considered the gauge boson propagator but rather its expansion.

That explains why semileptonic tau decays represent a clean laboratory to study
the hadronization properties of QCD since half of the process is purely electroweak
and can be computed straightforwardly. Therefore, the unknown QCD dynamics is
encoded within the hadronic matrix element whose general parameterization in terms

of form factors read [80]

A — P/ # — D/ A — P — D
(P*P/0|d/7“U‘O> = CP_P,O{ (p_ —po — PSP0q> Ff: p0(5)+PTPOq#F&D PO(S) )
(2.49)
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Hadronic 7 decays

where Cp-po is a Clebsch-Gordon coefficient, p” and pl are the momenta of the
charged and neutral pseudoscalars, respectively, ¢* = (p_ + po)* is the momentum

2

transfer and s = ¢°. In Eq. (2.49), the vector and scalar form factors functions,

Fr "(s) and FF™P"(s), respectively, carry all the information. Notice that the
scalar contribution is suppressed by the mass-squared difference Ap-po = m2%_—m%,
since the vector current is conserved in the limit of equal quark masses (cf. Eq. (1.22)).
In all, to have a proper parameterization of the form factors is of capital importance
for the understanding two meson hadronic tau decays.

At the inclusive level, hadronic tau decays allows to extract fundamental param-
eters of the SM, most importantly the strong coupling ag [81, 82, 83, 84], but also
the matrix element |V,s| [85, 86] and the mass of the strange quark at high precision
[87, 88, 89, 90, 91, 92, 93, 94, 95].

At exclusive level, the tau hadronic partial width (~ 65%) is the sum of the tau
partial width to strange (~ 3%) and to non-strange (~ 62%) hadronic final states.
On one hand, the non-strange decays are vastly dominated by the 7~ 7° mode which,
actually, is the main decay channel of the 7 with an absolute branching ratio of
~ 25%. This channel has been extensively studied in literature [52, 96, 97| since it
becomes a privileged laboratory to prove the vector form factor because the scalar ones
is weighted by the SU(2) breaking term, A - 0, and hence negligible. On the other
hand, the strange hadronic final states are suppressed respect to the non-strange ones
mainly because of the following two reasons: i) the mass of the strange quark is much
larger than the mass of the up and down quarks leading a phase-space suppression;
ii) strange decays are Cabibbo suppressed since the |V,4| element of the CKM matrix
enters the description rather than |V,4| as occurs in the non-strange one.

The dominant strangeness-changing 7 decays are into K'm meson systems which
adds up to ~ 42% of the strange spectral function. The corresponding differential
decay width was measured at LEP by the ALEPH [98] and OPAL [99] collaborations,
and recently the B-factories BaBar [17] and Belle [100] have published increased ac-
curacy measurements. We would like to note that the BaBar collaboration published
their analysis for the K~ 7° mode, while Belle studied the Kgm~ decay mode. Belle’s
spectrum became publicly available but the published BaBar analysis only concerned
the branching ratio while the corresponding spectrum has not been released yet?. As

a result, all dedicated studies of the 7= — (Km) v, decays focused on the Kgm™

2BaBar reported preliminary results for the K7~ mode at the TAU’08 Conference [101], whereas
Belle also plans to study the K~ 7% mode and has just published updated values of the branching
fractions of decay modes including Kg mesons analysing a larger data sample [102]. We thank
Swagato Banerjee, Simon Eidelman, Denis Epifanov and Ian Nugent for conversations on this point.
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system [14, 15, 103, 104, 105, 106]. Consequently, even using data from semileptonic
Kaon decays (K — mlv, so called K3 decays) [15, 106], important information on
isospin breaking effects in the low-energy expansion of the hadronic form factors could
no be extracted. The quoted references succeeded in improving the determination of
the K*(892) and K*(1410) resonance properties: their pole positions and relative
weight, although the errors on the radial excitation were noticeably larger than in the
K*(892) case.

In order to increase the knowledge of the strange spectral function, the 7= —
(Knm(m))” v, decays have to be better understood (they add up to one third of
the strange decay width), the 7= — K v, and 7= — (K7) nv, decays being also
important for that purpose. Actually, the threshold for the K~n mode is above
the region of K*(892)-dominance which enhances its sensitivity to the properties of
the heavier copy K*(1410). This observation leads the 7= — K~ nu, decay to be
competitive with the 7= — (K7)~ v, decays in the extraction of the K*(1410) meson
parameters. This is one of the motivations for the study of the 7= — K ~nv, decay in
chapter 3 of this thesis. This has been possible thanks to BaBar [107] and Belle [12]
data of the K7 spectrum. In this chapter we will also predict 7= — K~ n'v, decay
channel for which we advocate its measurement in future B-factories.

Then, in chapter 4 we will illustrate the potential of a combined analysis of both
7~ — Kgn v, and 7= — K™ nu, decays in the determination of the K*(1410) reso-
nance properties.

Finally, in chapter 5 we will analyze the rare decays 7= — 7~ n)u, which belong
to the so-called second-class current processes i.e. parity conservation implies that
these transitions must proceed through the vector currents, which has opposed G-
parity to the 77n(") system (see appendix B for a detailed explanation). In the limit
of exact isospin symmetry, these processes are forbidden in the SM. However, isospin
is an SU(2) approximate symmetry, slightly broken both by m, # mg4 (in QCD) and
qu 7 qa (in QED) leading a sizable suppression of the considered decays which have

not been measured so far.
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Chapter 3

T — K_n</>V7- decays

The 7= — K nv, decays were first measured by CLEO [108] and ALEPH [109] in
the ’90s. Only very recently Belle [12] and BaBar [107] managed to improve these
measurements reducing the branching fraction to essentially half of the CLEO and
ALEPH results and achieving a decrease of the error at the level of one order of
magnitude. Belle [12] measured a branching ratio of (1.58 & 0.05 & 0.09) - 10~* and
BaBar [107] (1.42 £ 0.11 £ 0.07) - 107%, which combined to give the PDG average
(1.52 £ 0.08) - 107 [37]. The related decay 7= — K ~1'v, has not been detected yet,
although an upper limit at the 90% confidence level was placed by BaBar [110] but
has not been incorporated to the PDG [37].

Belle’s paper [12] cites the few existing calculations of the 7= — K~ nu, decays
based on Chiral Lagrangians [111, 112, 113, 114] and concludes that ‘further detailed
studies of the physical dynamics in 7 decays with 7 mesons are required’ (see also,
e.g. Ref. [115])'. Our aim is to provide a more elaborated analysis which takes into
account the advances in this field since the publication of the quoted references more
than fifteen years ago. The considered 7= — K ~n)v. decays are currently modeled
in TAUOLA [117, 118], the standard Monte Carlo generator for tau lepton decays,
relying on phase space. We would like to provide the library with Resonance Chiral
Lagrangian-based currents [119, 120] that can describe well these decays for their
analyses and for the characterization of the backgrounds they constitute to searches
of rarer tau decays and new physics processes.

This chapter is organized as follows: the hadronic matrix element and the partici-
pating vector and scalar form factors are defined in section 3.1, where the differential
decay distribution in terms of the latter is also given. These form factors are de-
rived within Chiral Perturbation Theory (xPT) [5, 6, 7] including resonances (RxT)

Wery recently, the 7= — Kn/nv, decays have been studied [116]. However, no satisfactory
description of the data can be achieved in both decay channels simultaneously.
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3.1. Matrix elements and decay width

[48, 53] in section 3.2. Three different options according to treatment of final-state
interactions in these form factors are discussed in section 3.3 and will be used in
the remainder of the paper. In section 3.4, the 7= — K ™nu, decay observables are
predicted based on the knowledge of the 7= — (Km) v, decays. These results are
then improved in section 3.5 by fitting the BaBar and Belle 7= — K~ nv, data. We
provide our predictions on the 7= — K n'v, decays in section 3.6 and present our

conclusions in section 4.3.

3.1 Matrix elements and decay width

We fix our conventions from the general parametrization of the scalar and vector

K*n") matrix elements [121]:

<n(')’§7“u K+> = C}/(T](') [(pnm +pr)" f+"(l) (t) + (px — Dyt />)“fK+n()( )] . (3.1)
where t = (px — p,»)*. From Eq. (3.1) one has

<K n )‘sv u > = cKn(,) [(pnm pK) K n(,)(s) - q“ffcﬂ(l)(s)] , (3.2)

with ¢# = (pnm +pK) , s =¢q? and cK » = —\/g. Instead of ff_"(/)(s) one can use

OK_"(/)(S) defined through
<0 a )‘K‘n(')> = i(ms —my) <0

with

SU

_ . )
K 77(/)> = ZAchf{—n(/)fK K (S), (33)

1 2
Cf(*n = —% y Cf{*n’ = % s APQ = m?g — mé . (34)
The mass renormalization ms—m in Y PT (or RxT) needs to be taken into account to
. QCD
define f;* 7 (s) and m = (mg+m,)/2 has been introduced. We will take AKW‘ =

A, which is an excellent approximation. From egs. (3.2) and (3.3) one gets

ol AN D) 0 AKW 0)
<K 7](,) sy u 0> = {(an —pK)M-i‘ sn q" C;V; 0 J+ K K (5)+ q" CK n</)fK K (s),
(3.5)
and the normalization condition
s
%) Cr-n Dkr g—p®
FE(0) = 2R i 0), (3.6)
CK—,”(/) Kn()
which is obtained from
s
o Aprr | C—n) Dkr o je—p® K—p(®
2 (s) = —— V"A o T(s)+ LT (s)] (3.7)
5 Cr—p) D Kn®
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Chapter 3. 7~ — K~ nv, decays

In terms of these form factors, the differential decay width reads

dI’ (7'_ — K‘n(’)VT) B GZL M3

T

d\/s -~ 32m3s

2
- 2 S
sofvtf O (1-45) 69

23 ~pr— (1) 2 3A§< 0 ~1r— (1) 2
{(” V) oo O[T+ = BTG ¢
where
52 — 2s%pg + Apg 2
qpq(s)
qrq(s) = \/ NG , opq(s) = %9 (s = (mp +mq)?) ,
TK—n" f(;n(/)(s)
Spo = mhtmy,  FR1(s) = T (3.9)
ro (0)

and Sgw = 1.0201 [122] represents an electro-weak correction factor.

We have considered the nn — 7’ mixing up to next-to-leading order in the combined
expansion in p?, m, and 1/N¢ [8] (see the next section for the introduction of the
large-N¢ limit of QCD [62] applied to the light-flavoured mesons). In this way it is
found that )Vus K "7(0)‘ - ‘Vus K (0)cosflp|, Vi fX ‘"'(0)‘ = Vi fE7(0)sindp|
where fp = (—13.3 + 1.0)° [123].

Vs X _”0(0)) is through semi-leptonic Kaon decay data. We
will use the value 0.2166440.00048 [124, 125]. Equation (3.8) makes manifest that the
(s)

which will be subject of our analysis in the following section. We will see in particular

Y

The best access to

. . . . . TK—nl
unknown strong-interaction dynamics is encoded in the tilded form factors, ffo K

that the use of ffg "(/)(s) instead of the untilded form factors yields more compact

expressions that are symmetric under the exchange n <> 1/, see egs. (3.19) and (3.24).

3.2 Scalar and vector form factors in RxT

Although there is no analytic method to derive the ffa 77(,)(5) form factors directly
from the QCD Lagrangian, its symmetries are nevertheless useful to reduce the model
dependence to a minimum and keep as many properties of the fundamental theory
as possible.

XPT [5, 6, 7], the effective field theory of QCD at low energies, is built as an
expansion in even powers of the ratio between the momenta or masses of the lightest
pseudoscalar mesons over the chiral symmetry breaking scale, which is of the order
of one GeV. As one approaches the energy region where new degrees of freedom -the

lightest meson resonances- become active, x P71 ceases to provide a good description
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3.2. Scalar and vector form factors in RxT

of the Physics (even including higher-order corrections [126, 127, 128]) and these res-
onances must be incorporated to the action of the theory. This is done without any
ad-hoc dynamical assumption by Rx7T in the convenient antisymmetric tensor formal-
ism that avoids the introduction of local xPT terms at next-to-leading order in the
chiral expansion since their contribution is recovered upon integrating the resonances
out [48, 53]. The building of the Resonance Chiral Lagrangians is driven by the
spontaneous symmetry breakdown of QCD realized in the meson sector, the discrete
symmetries of the strong interaction and unitary symmetry for the resonance multi-
plets. The expansion parameter of the theory is the inverse of the number of colours
of the gauge group, 1/N¢. Despite N not being small in the real world, the fact that
phenomenology supports this approach to QCD [51, 129] hints that the associated
coefficients of the expansion are small enough to warrant a meaningful perturbative
approach based on it. At leading order in this expansion there is an infinite number
of radial excitations for each resonance with otherwise the same quantum numbers
that are strictly stable and interact through local effective vertices only at tree level.

We have provided the relevant effective Lagrangian for the lightest resonance nonets
in Eq. (1.76).

Figure 3.1: Diagrams contributing for calculating the K~n") vector form factors.
From left to right we have: a) YPT at lowest order, O(p?); b) Octet, S, and singlet,
S, scalar resonance exchange coupled to the vacuum; c¢) O(p?) contributions from
the O(p?) Lagrangian due to wave function and mass renormalizations; d) Explicit
exchange of vector resonances, K* and excitations. The image has been borrowed
from Ref. [130].

For the computation of the vector form factors we have to evaluate the diagrams
depicted in Fig. 3.1 [130]. Diagram a) results from calculating the vector current in
ChPT at O(p*) by means of Eq. (1.49)

Kl = iyf2 costo 107 @) = (0°17) )
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Chapter 3. 7~ — K~ nv, decays

= - ;cosep(pn—pz()“, (3.10)
and
KOl = iy[2sins, [t @) - @k w] )
3 .
= —\/;sm@p(pn/—pf()“, (3.12)
which lead

K(s) = —\/gcosﬁp(l—i—...),
Ky = —\/gsmep(w...), (3.13)

for the n and n’ respectively. The contributions from the vacuum insertion, diagram
b), and the ones from the wave function renormalization, diagram c), cancel each
other due to charge conservation. For the calculation of the contribution of diagram

d) we need the following pieces

ml:: (K| — %@ (V" u + uV *ul) |0)

= (K" | = V2F9,V*""0) = —iV2Fy (pk +py), . (3.14)

for the boson-vector interaction,

V i
 — — m (gupgl/cf — gMO'ng) s (315)
for the vector resonance propagator in the antisymmetric tensor formalism [48]

and

d _ Gy v
= _ = (K U\WWWU“U )10)
AN iGy _
= cosOpK* [20FKT0"n — OFno" K+
7ap 0 ol n— "o K]

= P (20507 — Po%) (3.16)

Var?

for the interaction between the vector resonance and the K7 system.
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3.2.  Scalar and vector form factors in Rx T

m:< == Z(—@)\/§FV (pK +pn)“COSQPM2—_S
R iG "

V .9 PO PO
X\/ngZ (2pr77 pnpK), (3.17)

(gupgmf - guagup)

Finally, the explicit expression for the diagram d) arise by multiplying Eqs. (3.14),
(3.15) and (3.16) altogether as
which leads

3 Gy 1
—\ﬁCOS Op— g ———{(py + i), (M3 —m2) + (p, — px), s} (3.18)
2 12 Mp.—s

after contracting indices. For the 7’ we just need to replace cosfp — sinfp in the
previous equations.

The resulting K ~n") vector form factors emerge by summing up together Egs. (3.13)
and (3.18) as of

K—n("

ot S )y Gy s (3.19)
+ f*n“)(()) F?2 M2z, —s

where f{ 7(0) = cosfp and ff_”l(()) = sinfp. We recall that the normalization of
the K vector form factor, f£ 7(0), was pre-factored in Eq. (3.8) together with |V,|.

The strangeness changing scalar form factors and associated S-wave scattering
within Rx7" have been investigated in a series of papers by Jamin, Oller and Pich
[56, 68, 103, 131] (see also Ref. [132]). For the scalar form factors we also have
to evaluate the diagrams in Fig. 3.1, of course with an scalar current in this case,
and replacing the exchange of vector resonances in diagram d) by scalar one. The

calculation gives:

K™n
FE(g) = 20 (5) = 1 [cos@ K=ms (g 1+ 2v/2sinfp FE M (5 } 3.20
50 = Be) = s oot P )| | 20)
K=/
FE () = L0 (5) = 1 {cos@ Kom g — Lsin@ K=ms (g }
0 ( ) [{(—n/(o) ({(—n/(o PfO ( ) - 2\/5 PfO ( ) —— )

and can be written in terms of the fI ™(s), f& ™(s) form factors computed in
Ref. [56]:

- 4c
K m
o B(s) = 1+ —FQ(Mg - [ca(s —my — p??g) + e (5my — 3m2)]
dem(Cm — cq) 9 9
—F2M§ (3my — bmz), (3.21)

95



Chapter 3. 7~ — K~ nv, decays

- 4c
K m 2 2 2
fO 771(3) = 1+ FQ(M—g—S) [Cd<8 — My —pm) + CQOK}
dep(Cm —ca) s o
where, for the considered flavour indices, S should correspond to the K}(1430) res-
onance. Besides f3* ™(0) = f£ ™(0) (see the comment below equation (3.19)) it has

also been used that

K100y = cosp (1 + M) + 2v/2sin 0p (1 + AK”) :

i A Ay + 3A
K K . K Kr
0 77(0) = COSHP (1+ Mg) —|—S1Il¢9p (1+HT§> . (323)
Indeed, using our conventions, the tilded scalar form factors become simply
K—n)
k0 Jo (s) _ g CiCm S 394

that is more compact than eqs. (3.20), (3.21) and displays the same symmetry n <> 7’
than the vector form factors in Eq. (3.19).

The computation of the leading order amplitudes in the large-N¢ limit within
RxT demands, however, the inclusion of an infinite tower of resonances per set of
quantum numbers 2. Although the masses of the large- N¢ states depart slightly from
the actually measured particles [133] only the second vector state, i.e. the K*(1410)
resonance, will have some impact on the considered decays. Accordingly, we will
replace the vector form factor in Eq. (3.19) by
FyGy s .Gy, s

F? Mi, —s F?2 M2z, —s’

where the operators with couplings Fy, and Gf, are defined in analogy with the cor-

FK—n(")

+ (s) =1+

(3.25)

responding unprimed couplings in Eq. (1.76).
If we require that the fffn(l)(s) and fL ) (s) form factors vanish for s — oo at

least as 1/s [214], we obtain the short-distance constraints

FvGy + F.Gy = F?, dcgep =F*, cg—cpm=0, (3.26)
which yield the form factors

— M2, + s vs St
v (s) = =X — =fr 3.27
A v v el S (3:27)
- M?2 S
K 5 K
0 U(S):Mg_sz o " (s),

2We point out that there is no limitation in the RxT Lagrangians in this respect. In particular, a
second multiplet of resonances has been introduced in the literature [134, 135] and bi- and tri-linear
operators in resonance fields have been used [54, 136, 137, 138, 139, 140].
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3.3. Treatment of final-state interactions

FlG,

s = F?# — 1 [14, 15, 103, 105]. We note that we are disregarding

the modifications introduced by the heavier resonance states to the relation (3.26)

where 7 = —

and to the definition of ~.

3.3 Treatment of final-state interactions

The form factors in eqs. (3.27) diverge when the exchanged resonance is on-mass
shell and, consequently, cannot represent the underlying dynamics that may peak
in the resonance region but does not certainly show a singular behaviour. This is
solved by considering a next-to-leading order effect in the large- N counting, as it is
a non-vanishing resonance width ®. Moreover, since the participating resonances are
not narrow, an energy-dependent width needs to be considered. A precise formalism-
independent definition of the off-shell vector resonance width within Rx7T has been
given in Ref. [141] and employed successfully in a variety of phenomenological studies.

Its application to the K*(892) resonance gives

2
GVMK*S 3

Pre(s) = gqepr |7k

(s) + cos’0poe, (s) + sin*0poie, ()|, (3.28)

where opg(s) was defined in Eq. (4.2). Several analyses of the 77 [96, 97, 134] and
K [14, 15, 105] form factors where the p(770) and K*(892) prevail respectively, have
probed the energy-dependent width of these resonances with precision. Although the
predicted width [52] turns to be quite accurate, it is not optimal to achieve a very
precise description of the data and, instead, it is better to allow the on-shell width to

be a free parameter and write

s Ogr(s) + cos®Opai, (s) + Sin29p0'§{n/(8)

. (3.29)
Mfz(* O’?{W(M}?(*)

FK*(S) == FK*

where it has been taken into account that at the Mg+-scale the only absorptive cut
is given by the elastic contribution.

In the case of the K*(1410) resonance there is no warranty that the K P (P = m, 1,
n') cuts contribute in the proportion given in Egs. (3.28) and (3.29). We will assume
that the lightest K7 cut dominates and use throughout that

s o3 (s)
F */ — F */ Km . .
) = Doy oy (1) (330

30ther corrections at this order are neglected. Phenomenology seems to support that this is the
predominant contribution.
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Chapter 3. 7~ — K~ nv, decays

The scalar resonance width can also be computed in Rx7 similarly [48, 141]. In the
case of the K} (1430) it reads

s \** g(s
FS(S) = Is, (Mg') (m) gg(ljwé) ) (3'31)

2
g(s) = gUKw(S) + éO'Kn(cS) |:COS€P (1 + M) + 2v/2sinfp (1 X AKnﬂ
§ s

4 Agry sinf 3Ax, + Arr \ 17
50K (5) {cosep <1+ ;“7 ) - 2\/5 (1+%)} . (332

At this point, different options for the inclusion of the resonances width arise. The

most simple prescription is to replace M3 — s by M3 — s — iMgIg(s) in egs. (3.27).
We shall call this option ‘dipole model’, or simply ‘Breit-Wigner (BW) model’. One
should pay attention to the fact that analyticity of a quantum field theory imposes
certain relations between the real and imaginary parts of the amplitudes. In par-
ticular, there is one between the real and imaginary part of the relevant two-point
function. At the one-loop level its imaginary part is proportional to the meson width
but the real part (which is neglected in this model) is non-vanishing. As a result, the
Breit-Wigner treatment breaks analyticity at the leading non-trivial order.

Instead, one can try to devise a mechanism that keeps the complete complex two-
point function. Ref. [52] used an Omnes resummation of final-state interactions in
the vector form factor that was consistent with analyticity at next-to-leading order.
The associated violations were small and consequently neglected in their study of
the mm observables. This strategy was also exported to the K7 decays of the 7
in Refs. [103, 105] where it yielded remarkable agreement with the data. We will
call this approach to the vector form factor ‘the exponential parametrization’ (since
it exponentiates the real part of the relevant loop function) and refer to it by the
initials of the authors who studied the K7 system along these lines, ‘JPP’.

A decade after, a construction that ensures analyticity of the vector form factor
exactly was put forward in Ref. [14] and applied successfully to the study of the
K tau decays. It is a dispersive representation of the form factor where the input
phaseshift, which resums the whole loop function in the denominator of Eq. (3.27),
is proportional to the ratio of the imaginary and real parts of this form factor. This
method also succeeded in its application to the di-pion system [97], where it was

rephrased in a way which makes chiral symmetry manifest at next-to-leading order.
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3.3. Treatment of final-state interactions

We will name this method ‘dispersive representation’ or ‘BEJ’, by the authors who
pioneered it in the K7 system.

We would like to stress that the Breit-Wigner model is consistent with x P71 only
at leading order, while the exponential parametrization (JPP) and the dispersive
representation (BEJ) reproduce the chiral limit results up to next-to-leading order
and including the dominant contributions at the next order [142].

In the dispersive approach to the study of the di-pion and Kaon-pion systems it was
possible to achieve a unitary description in the elastic region that could be extended
up to Sine = 4m% (the 47 cut, which is phase-space and large-N¢o suppressed is
safely neglected) and s;ne = (mg +m,)?, respectively. Most devoted studies of these
form factors neglect -in one way or another- inelasticities and coupled-channel effects
beyond s;,,¢; in them #, an approximation that seems to be supported by the impressive
agreement with the data sought. However, this overlook of the problem seems to be
questionable in the case of the 7= — K n"v. decays where we are concerned with
the first (second) inelastic cuts.

An advisable solution may come from the technology developed for the scalar form
factors that were analyzed in a coupled channel approach in Refs. [56, 131, 143] (for
the strangeness-changing form factors) ® and [58, 144] (for the strangeness-conserving
ones) unitarizing SU(3) and U(3) (respectively) xPT with explicit exchange of res-
onances [57]. However, given the large errors of the 7= — K nuv, decay spectra
measured by the BaBar [107] and Belle [12] Collaborations and the absence of data
on the K7’ channel we consider that it is not timely to perform such a cumbersome
numerical analysis in the absence of enough experimental guidance ®. For this reason
we have attempted to obviate the inherent inelasticity of the Kn) channels and tried
an elastic description, where the form factor that defines the input phaseshift is given
by Eq. (3.27) with 'k« (s) defined analogously to I'k«(s), i.e., neglecting the inelastic
cuts. We anticipate that the accord with data supports this procedure until more
precise measurements demand a better approximation.

Regarding the scalar form factor accompanying the exponential and dispersive

descriptions of the vector form factor, we will employ the form factors in three coupled

4See, however, Ref. [104], which includes coupled channels for the K7 vector form factor.

>We will use these unitarized scalar form factors instead of the one in Eq. (3.27) in the JPP and
BEJ treatments (see above).

50ne could complement this poorly known sector with the information from meson-meson scat-
tering on the relevant channels [67]. Our research at next-to-leading order in the 1/N¢x expansion
treating consistently the n — n’ mixing [8, 69] is in progress.
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Chapter 3. 7~ — K~ nv, decays

channels (Km, Kn, Kn' for i = 1,2,3 in Eq. (2.47)) solved in Ref. [56] and kindly
provided by one of the authors’.

Let us recapitulate the different alternatives for the treatment of final-state inter-
actions that will be employed in sections 3.4-3.6 to study the 7= — K~n")v. decays.

The relevant form factors will be obtained from Egs. (3.27) in each case by:

e Dipole model (Breit-Wigner): M2 — s will be replaced by Mz — s — iMgLg(s)
with I« (s) and I'g(s) given by Eqgs. (3.29) and (3.31). The from factors written
in this way are not analytic, in the sense that the real part of the unitarity
corrections is obviated, and only considers the absorptive (imaginary) part of

these corrections.

e Exponential parametrization (JPP): The Breit-Wigner vector form factor de-
scribed above is multiplied by the exponential of the real part of the loop func-
tion as illustrated in Ref. [52] devoted to the pion vector form factor. We will
adopt here the discussion to the K7 case which determines the Kn) processes.
The key point in obtaining the Omnes solution is that in the elastic region Wat-
son final-state theorem (cf. Eq. 2.31) relates the imaginary part of the vector
form factor to the partial wave amplitude for K scattering with spin one and
isospin one-half, Tll/ 2(3). In fact, in this region both phases are equal, which
allows to write an n-subtracted dispersion relation which has the well-known
Omnes solution (cf. Eq. (2.44))

Kr(s) = Po(s) exp{§ / o (f(_si —ie)} , (3.33)

where
n—1 Sk
log P(s) = ) ay il (3.34)
k=0
is the corresponding subtraction polynomial. The subtraction constants ay are
given by ®
k
@ = log ff”(s)‘ N (3.35)

Using the leading-order x PT' result in the integral (3.33) generates the yPT
one-loop function at the next order. In this way, the Omnes formula provides

an exponentiation of the chiral logarithmic corrections. The ambiguity in the

"We thank Matthias Jamin on this point.
8More general formulae with subtractions at an arbitrary point s = sq can for example be found
in Ref. [74].
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3.3. Treatment of final-state interactions

non-logarithmic part of the Omnes relation can be resolved to a large extent by

matching it to the RxT result yielding

M? 3~ ~
Kr K*
= o —exp d = [ Hiea(s) + Hicyls)] 3.36
16) = e {5 [Fiels) + o))} (3.36)
where H po(s) subtracts the contribution of the local term at next-to-leading
order in yPT from the untilded function  to avoid double counting, since
this term is recovered upon integration of the vector resonances in the chosen

formalism.

The problem, however, comes when the resonance width is included (as it should
to avoid the divergent behaviour of the denominator at the resonance mass). In
Ref. [52] the imaginary part of the loop function (giving the resonance width)
was shifted to the denominator by hand, which resulted in an expression anal-
ogous to
_ M.

M2, — s — iMT ()

KT (s) exp {gRe []TIKW(S) + ]TIKH(S)} } . (3.37)
which strictly speaking is no yet analytic, in the sense that the real and imagi-
nary parts of the unitarity corrections are resummed in two different functions,
but both the absorptive (imaginary) and dispersive (real) part of the corrections
are considered. If inelasticities were not important, the exponential resumma-
tion should be a suitable representation of the vector form factor. Although
in our case we consider the K7 and K7 channels and, strictu sensu, elastic
unitarity cannot be employed i.e. the vector form factor is neither totally uni-
tary, Eq. (3.37) still could be a good representation. The unitarized scalar form

factor [56] will be employed.

e Dispersive representation (BEJ): both the real and imaginary parts of the loop-
function Hg,(s) are resummed and accomodated in the resonance propagator

as of ~
m2. — kg Hir(0) + s VS

f+(8) - D(mK*7 /YK*) B D(mK*/, ’}/K*’) ’ (338>

where the denominators read

D(my,m) = m2 — s — kpRe [Hgr ()] — impyn(s), (3.39)

9Hpg(s) is the standard Gasser and Leutwyler’s two-particle loop function [6].
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with 1927 F F, 3 (s)
TLRL 7 Tn S Opa(s
LT A (s) = %_—SK (3.40)

K g
! my O (M)

o} (m?)

and o(m%) = opp(s) =4/1 — @ is the two-body phase-space factor.

The input phaseshift is obtained using the vector form factor in Eq. (3.38)

including only the K7 cut as

§(s) = tan™* (3.41)

Imf+(3)]
Refy(s)
which inserted into a three-times subtracted dispersion relation of the form
factor leads 10 (cf. Eq. (2.44))

~ s 1 82 g3 [Few 8(s")
— 4 T4 ds’ 3.42
Fils) = exp almi+2a2mi+7r/% s(s,)3<s,_3_i0>}, (3.42)
2 11

where sy, = (mg + my) and the two subtraction constants are related to

the low-energy expansion of the j::r(s) form factor:

2

~ 5 1., s

™ ™

while the value of the cut-off, s.,, should in principle be varied to estimate
the associated systematic error. The form factor representation as written as in
Eq. (3.42) suppresses the weight of the high-energy contribution to the phase in-
tegral where possible inelastic effects, starting at the K*7 threshold, are already
present. This results in a transfer of the information into the two subtraction
constants a; and as. Again, the unitarized scalar form factor [56] will be em-

ployed.

3.4 Predictions for the 7~ — K nv, decay

We note that Eqgs. (3.27) also hold for the ffg”(s) form factors (see Eq. (3.8) and
comments below, as well). Therefore, in principle the knowledge of these form factors
in the K7 system can be transferred to the Kn(") systems immediately, taking thus
advantage of the larger statistics accumulated in the former and their sensitivity to

the K*(892) properties. This is certainly true in the case of the vector form factor

19The analyses of the w7 [96, 97] and K [14, 15] vector form factors within this framework shows
an optimal description of the data with three subtractions.
"The values of the masses that are actually used in this relation are discussed in section 3.4.
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3.4. Predictions for the T~ — K~ nv, decay

in its assorted versions and in the scalar Breit-Wigner form factor. However, in
the BEJ and JPP scalar form factor one has to bear in mind that the KP (P =
7% n, n') scalar form factors are obtained solving the coupled channel problem which
breaks the universality of the f(f( “P(s) form factors as a result of the unitarization
procedure. As a consequence, our application of the f(f( " (s) form factors to the
7= — K nVu. decays will provide a test of the unitarized results. Taking into
account the explanations in Ref. [56] about the difficult convergence of the three-
channel problem (mainly because of the smallness of the K7 contribution and its
correlation with the K7’ channel) this verification is by no means trivial, specially
regarding the K1’ channel, where the scalar contribution is expected to dominate the
decay width.

In this way, we have predicted the 7= — K~ nu, branching ratio and differential
decay width using the knowledge acquired in the 7= — (K1)~ v, decays. Explicitly:

e In the dipole model, we have taken the K*(892), K*(1410) and Kj(1430) mass
and width from the PDG [124] -since this compilation employs Breit-Wigner
parametrizations to determine these parameters- and estimated the relative
weight of them using v = F‘%# — 1 (see discussion at the end of section 3.2)

[48]. In this way, we have found v = —0.021 £ 0.031.

e In the JPP parametrization, we have used the best fit results of Ref. [105] for the
vector form factor. The scalar form factor has been obtained from the solutions
(6.10) and (6.11) of Ref. [56]. The scalar form factors have also been treated
alike in the BEJ approach.

e In the BEJ representation, one would use the best fit results of Ref. [15] to obtain
our vector form factor. However, we have noticed the strong dependence on the
actual particle masses of the slope form factor parameters, X', and \’[. Ref. [15]
used the physical masses in their study of 7= — Kg¢n~ v, data. On the other
hand we focus on the 7= — K~ Pr, decays. Consequently, the masses should
correspond now to K ~7% instead of to Kgm~. Noteworthy, both the K~ and 7°
are lighter than the K¢ and 7~ and the corresponding small mass differences,
given by isospin breaking, are big enough to demand for a corresponding change
in the )\lp parameters. Accepting this, the ideal way to proceed would be to
fit the BaBar data on 7= — K ~7°v, decays [17]. Unfortunately, these data are
not publicly available yet. For this reason, we have decided to fit Belle data on

the 7= — Kgm~ v, decay using the K~ and 7° masses throughout. The results
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Chapter 3. 7~ — K~ nv, decays

can be found in table 3.1, where they are confronted to the best fit results of
Ref. [14] ') both of them yield x?/dof = 1.0 and are given for s.,; = 4 GeV?,
although the systematic error due to the choice of this energy scale is included
in the error estimation. We will use the results in the central column of table

3.1 to give our predictions of the 7= — K~ nu, decays based on the K results.

Parameter | Best fit with fake masses | Best fit [14]
N x 10° 222+09 24.7+£0.8
AL X 10* 10.3£0.2 12.0£0.2

Mg« (MeV) 892.1 £ 0.6 892.0 £ 0.9

[+ (MeV) 46.2 £ 0.5 46.2£04

My (GeV) 1.28 +0.07 1.28 4 0.07

[g (GeV) 0.1675:80 0.201908

¥ —0.03 £0.02 —0.04 £0.02

Table 3.1: Results for the fit to Belle 7= — Kgm~ v, data [100] with a three-times
subtracted dispersion relation including two vector resonances in ff”(s), according to
Eq. (3.27) and resumming the loop function in the denominator, as well as the scalar
form factor [56]. The middle column is obtained using the masses of the K~ and 7° mesons
and the last column using the Kg and 7~ masses actually corresponding to the data.

Proceeding this way we find the differential decay distributions for the three dif-
ferent approaches considered using Eq. (3.8). This one is, in turn, related to the

experimental data by using

dNevents o dl’ Nevents
dE dET.BR(t— — K—nv,)

AEy, . (3.44)

We thank the Belle Collaboration for providing us with their data [12]. This was not
possible in the case of the BaBar Collaboration [107] because the person in charge
of the analysis left the field and the data file was lost. We have, however, read
the data points from the paper’s figures and included this effect in the errors. The
number of events after background subtraction in each data set are 611 (BaBar) and
1365 (Belle) and the corresponding bin widths are 80 and 25 MeV, respectively. In
Fig. 3.2 we show our predictions based on the K7 system according to BW, JPP and
BEJ. In this figure we have normalized the BaBar data to Belle’s using Eq. (3.44).

A look at the data shows some tension between both measurements and we notice

12We display the results of this reference instead of those in Ref. [15] because we are not using
information from K3 decays in this exercise. Differences are, nonetheless, tiny.
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3.4. Predictions for the T~ — K~ nv, decay

a couple of strong oscillations of isolated Belle data points which do not seem to
correspond to any dynamics but rather to an experimental issue or to underestimation

13 In this plot there are also shown the corresponding

of the systematic errors
one-sigma bands obtained neglecting correlations between the resonance parameters
and also with respect to other sources of uncertainty, namely |V, f% ™ (0)| and 0p,
whose errors are also accounted for. The corresponding branching ratios are displayed
in table 3.2, where the x?/dof is also shown. We note that the error correlations
corresponding to the fit results shown in table 3.1 have been taken into account in
BEJ’s branching ratio of table 3.2.

It can be seen that the BW model gives a too low decay width and that the
function shape is not followed by this prediction, as indicated by the high value of the
x?/dof that is obtained. On the contrary, the JPP and BEJ predictions yield curves
that compare quite well with the data already. Moreover, the corresponding branching
fractions are in accord with the PDG value within errors. Altogether, this explains the
goodness of the x?/dof, which is 1.5 <+ 1.9. Besides, we notice that the error bands
are wider in the dispersive representation than in the exponential parametrization,
which may be explained by the larger number of parameters entering the former and
the more complicated correlations between them that were neglected in obtaining
Fig. 3.2 and the JPP result in table 3.2.

From these results we conclude that quite likely the BW model is a too rough
approach to the problem unless our reference values for v and the K*(1410) resonance
parameters were a bad approximation. We will check this in the next section. On the
contrary, the predictions discussed above hint that JPP and BEJ are appropriate for

the analysis of 77 — K nu, data that we will pursue next.

Source Branching ratio | x?/dof
Dipole Model (BW) | (0.787017) - 10~ 8.3
JPP (1.4710:05) - 107 1.9
BEJ (1.49 £ 0.05) - 1074 1.5
Experimental value | (1.52 4 0.08) - 10~* -

Table 3.2: Predicted branching ratio of the 7= — K~ nu, decays according to the different
approaches used (see the items above Eq. (4.12) for details). The corresponding x2/dof
values are also given and the PDG branching fraction is given for reference.

13We have also realized that the first two Belle data points, with non-vanishing entries, are below
threshold, a fact which may indicate some problem in the calibration of the hadronic system energy
or point to underestimation of the background.
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Chapter 3. 7~ — K~ nv, decays
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Figure 3.2: BaBar (blue) [107] and Belle (red) [12] data for the 7= — K~ nu, decays are
confronted to the predictions obtained in the BW (dotted), JPP (solid) and BEJ (dashed)
approaches (see the main text for details) which are shown together with the corresponding
one-sigma error bands in yellow, light blue and light green, respectively.

3.5 Fits to the 7~ — K nv, BaBar and Belle data

We have considered different fits to the 7= — K~ nu, data. In full generality we have
assessed that the data is not sensitive either to the low-energy region or to the K*(892)
peak region. This is not surprising, since the threshold for K~n production opens
around 1041 MeV which is some 100 MeV larger than Mg« + '+, a characteristic
energy scale for the K*(892) region of dominance. This implies first that the fits are
unstable under floating My« and I'g+ (which affects all three approaches) and second
that the slopes of the vector form factor, which encode the physics immediately above
threshold, can not be fitted with 7= — K~ nu, data (this only concerns BEJ). We
have considered consequently fits varying only the K*(1410) mass and width and ~
and sticking to the reference values discussed in the previous section for the remaining
parameters in every approach.

Our best fit results for the branching ratios are written in table 3.3, where the
corresponding x?/dof can also be read. These are obtained with the best fit parameter

values shown in table 3.4, which can be compared to the reference values, which were
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3.5. Fits to the 7= — K~ nuv, BaBar and Belle data

used to obtain the predictions in the previous section, that are recalled in table
3.5. The corresponding decay distributions with one-sigma error bands attached are
plotted in Fig. 3.3.

These results show that the BW model does not really provide a good approxima-
tion to the underlying physics for any value of its parameters and should be discarded.
Oppositely, JPP and BEJ are able to yield quite good fits to the data with values
of the x?/dof around one. This suggests that the simplified treatment of final state
interactions in BW, which misses the real part of the two-meson rescatterings and
violates analyticity by construction, is responsible for the failure.

A closer look to the fit results using JPP and BEJ in tables 3.3 and 3.4 shows
that:

e Fitting v alone is able to improve the quality of both approaches by 15 <> 20%.
The fitted values are consistent with the reference ones (see table 3.5): in the
case of BEJ at one sigma, being the differences in JPP slightly larger than that
only. This is satisfactory because both the 7= — (K7) v, and the 7= — K nu,
decays are sensitive to the interplay between the first two vector resonances and

contradictory results would have casted some doubts on autoconsistency.

e When the K*(1410) parameters are also fitted the results improve by ~ 13% in
JPP and by ~ 33% in BEJ. This represents a reduction of the x?/dof by ~ 26%
in JPP and by ~ 50% in BEJ. It should be noted that the three-parameter fits
do not yield to physical results in BW. Specifically, K*(1410) mass and width
tend to the K*(892) values and || happens to be one order of magnitude larger
than the determinations in the literature. Therefore we discard this result. We
also notice that although the branching ratios of both JPP and BEJ (which
have been obtained taking into account the parameter fit correlations) are in
agreement with the PDG value, the JPP branching ratios tend to be closer to
its lower limit while BEJ is closer to the upper one. It can be observed that
the deviations of the three-parameter best fit values with respect to the default
ones lie within errors in BEJ, as it so happens with I'k+ in JPP. However, there
are small tensions between the reference and best fit values of Mg+~ and 7 in
JPP.

These results are plotted in Fig. 3.3. Although the BW curve has improved with
respect to Fig. 3.2 and seems to agree well with the data in the higher-energy half
of the spectrum, it fails completely at lower energies. On the contrary, JPP and

BEJ provide good quality fits to data which are satisfactory along the whole phase
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Chapter 3. 7~ — K~ nv, decays

space. We note that JPP goes slightly below BEJ and its error band is again narrower
possibly due to having less parameters. BEJ errors include the systematics associated
to changes in s.,; which is slightly enhanced with respect to the K case.

Despite the vector form factor giving the dominant contribution to the decay
width, the scalar form factor is not negligible and gives ~ (3 <> 4)% of the branching
fraction in the JPP and BEJ cases. In the BW model this contribution is ~ 7%.

Source Branching ratio | x?/dof

Dipole Model (BW) (Fit ) (0.967935) - 10°* 5.0
Dipole Model (BW) (Fit v, Mg+, T'+) | Unphysical result -

JPP (Fit v) (1.50%917) - 107* 1.6

JPP (Fit y, My, Tyeer) (1.4240.04)-1074 | 14

BEJ (Fit ) (1.59793%) - 107* 1.2

BEJ (Fit vy, Mg, Tgor) (1.55 4+ 0.08) - 1074 0.8
Experimental value (1.52 +£0.08) - 1074 -

Table 3.3:  The branching ratios and x?/dof obtained in BW, JPP and BEJ fitting v
only and also the K*(1410) parameters are displayed. Other parameters were fixed to the
reference values used in section 3.4. The PDG branching fraction is also given for reference.

The JPP model values appearing in tables 3.4 and 3.5 can be translated to pole val-
ues along the lines discussed in Ref. [145]. This yields M. = 1332713 Ty = 220735
for the best fit values and Mg~ = 1286735, T'gw = 19714 for the reference val-
ues, where all quantities are given in MeV. Remarkable agreement is found be-
tween our best fit values in the JPP and BEJ cases, since the latter yields Mg« =
1327t§§, [gw = 213f¥8. From the detailed study of the nw, K7 (in the quoted
literature) and K7 systems (in this paper) within JPP and BEJ, one can conclude

generally that the dispersive form factors allow a better description of the data while

Fitted vl Approach | o Model (BW) JPP BEJ
v —0.174£0.007 | —0.063 £ 0.007 | —0.041 £ 0.021
v Unphysical —0.078T0017 | —0.051700%2
M (MeV) best fit 1356 + 11 1327439
[y (MeV) parameters 232730 213175

Table 3.4: The best fit parameter values corresponding to the different alternatives con-
sidered in table 3.3 are given. These can be compared to the reference values, which are
given in table 3.5. BEJ results for the mass and width of the K*(1410) correspond to pole
values, while JPP figures are given for the model parameter as in the original literature.
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3.5. Fits to the 7~ — K~ nv, BaBar and Belle data

Reference vils Approach | i o Model (BW) JPP BEJ
5 —0.021 £ 0.031 | —0.043 £ 0.010 | —0.029 + 0.017
Mo (MeV) 1414 £ 15 1307 £ 17 1283 + 65
Ty (MeV) 232 + 21 206 + 49 163 =+ 68

Table 3.5:  Reference values (used in section 3.4) corresponding to the best fit param-
eters appearing in table 3.4. Again BEJ results are pole values and JPP ones are model
parameters. The latter are converted to resonance pole values in section 4.3, where the
determination of the K*(1410) pole parameters is given.

the exponential parametrizations lead to the determination of the resonance pole val-
ues with smaller errors. Both things seem to be due to the inclusion of the subtraction

constants as extra parameters in the fits within the dispersive representations.

- Breit-Wigner

1o Breit—-Wigner
JPP

10 PP -
BEJ

10 BEJ

s BaBar Data

Events/bin

Belle Data 7

16

14
MK,] (GeV)

Figure 3.3: BaBar (blue) [107] and Belle (red) [12] data for the 7= — K nuv, decays
are confronted to the best fit results obtained in the BW (dotted), JPP (solid) and BEJ
(dashed) approaches (see the main text for details) which are shown together with the
corresponding one-sigma error bands in light green, pink and orange, respectively. The
BW curve corresponds to the one-parameter fit while the JPP and BEJ ones correspond to
three-parameter fits.
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Chapter 3. 7~ — K~ nv, decays

3.6 Predictions for the 7~ — K n'v, decay

We can finally profit from our satisfactory description of the 7= — K™ nuv, decays and
predict the 7= — K~ n'v. decay observables, where there is only the upper limit fixed
at ninety percent confidence level by the BaBar Collaboration [110], BR < 4.2-107°.
We have done this for our best fit results in the BW (one-parameter fit) JPP and
BEJ (three-parameter fits) cases. The corresponding results are plotted in Fig. 3.4
and the branching ratios can be read from table 3.6. In the figure we can see that the
decay width is indeed dominated by the scalar contribution '* '°. In fact, the vector
form factor contributes in the range (9 <> 15)% to the corresponding branching ratio.
Although we keep the BW prediction for reference, we do not draw the associated
(large) error band for the sake of clarity in the figure taking into account its wrong
description of the Kn system shown in the previous section. As the scalar form factor
dominates the decay width and we are using the same one in JPP and BEJ, the
differences between them are tiny (and the errors, of order one third, are the same
in table 3.6). As expected from the results in the 7= — K nu, decays, BEJ gives
the upper part of the error band while JPP provides the lower one. We are looking
forward to the discovery of this decay mode to verify our predictions. A priori one
may forecast some departure from it because of the effect of the poorly known elastic
and K7 channels in meson-meson scattering, which affects the solution of the coupled
system of integral equations and specially the value of the K7 scalar form factor,

that is anyway suppressed to some extent.

Source Branching ratio

Dipole Model (BW) (Fit) (1.457550) - 10°©

JPP (Fit) (1.00%957) - 1076

BEJ (Fit) (1.0319:35) - 107°
Experimental bound <4.2-107% at 90% C.L.

Table 3.6: Predicted branching ratios for the 7= — K~ n'v, decays. The BaBar upper
limit is also shown [110].

In Fig. 3.5 we also plot the correlation between the 7= — K nv, and 7= — K 7n'v,

branching ratios according to the best fit JPP result at one sigma. The correlations

141n principle, both the scalar and vector K1’ form factors are suppressed since they are propor-
tional to sin #p. However, the unitarization procedure of the scalar form factor enhances it sizeably
[56] due to the effect of the coupled inelastic channels.

15The suppression of the vector contribution makes that the predicted values using information
from the K7 system and the one-parameter fits with JPP and BEJ are very similar to the results
in table 3.6. For this reason we do not show them.
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Figure 3.4: The predicted 7= — K n'v; decay width according to BW (green, its big
uncertainty is not shown for clarity of the figure), JPP (blue with lower band in red) and BEJ
(blue with upper part in pink) is shown. In these last two the scalar form factor corresponds
to Ref. [131], which is represented by the author’s initials, JOP, in the figure’s legend. The
corresponding vector form factor contributions, which are subleading are plotted in orange
(solid), blue (dashed) and purple (dotted).

between the parameters are neglected. Since the vector (scalar) form factor dominates
the former (latter) decays and their parameters are independent the plot does not
show any sizeable correlation between both measurements, as expected. As a result,
if new data on the 7= — K~ 1n/v, decays demand a more careful determination of the
f(f( 7"/(3) unitarized form factor this will leave almost unaffected the results obtained

for the 7= — K~ nv, channel.

3.7 Conclusions

Hadronic tau decays are an ideal scenario to learn about the non-perturbative charac-
ter of the strong interactions in rather clean conditions. In this work, we have studied
the 7~ — K n"u, decays motivated by the recent measurements performed by the
BaBar [107, 110] and Belle Collaborations [12]. These decays allow the application
of the knowledge acquired in the study of 7= — (Km) v, decays. In particular, the
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Figure 3.5: The correlation between the 7= — K nv, and 7=~ — K n'v; branching
ratios is plotted according to the best fit JPP result at one sigma. Correlations between the
parameters are neglected. According to expectations, no sizable correlation between both
decay modes is observed.

Kn decay is sensitive to the parameters of the K*(1410) resonance and to its inter-
play with the K*(892) meson, while the K7’ decay is an appropriate place to test the
unitarization of the strangeness-changing scalar form factors in three coupled-channel
case.

We have defined with detail the (tilded) scalar and vector form factors and we
have gone through the steps of their calculation within Chiral Perturbation Theory
including the lightest resonances as explicit degrees of freedom and showed that the
results are written in a more compact way using the tilded form factors. Then we
have discussed different options according to the treatment of final-state interactions.
Specifically, there is the dipole Breit-Wigner (BW) model, which neglects the real
part of the two-meson loop function violating analyticity at next-to-leading order;
there is the exponential parametrization (JPP) where this real part of the loop is
resummed through an Omnes exponentiation, which violates analyticity at the next

order; and there is the dispersive representation (BEJ), which resums the whole loop
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3.7 Conclusions

function in the denominators, where analyticity holds exactly.

In our case, an additional difficulty is that the elastic approach is not valid in any
region of the phasespace, since the K channel is open well below the K1) channels.
In JPP this is not an issue, since one simply adds the corresponding contribution
of these channels to the width and real part of the loop function. However, in BEJ
it prevents an approach which does not include inelasticities and the effect of cou-
pled channels. Being conscious of this, we have nevertheless attempted a dispersive
representation of the Kn) vector form factors were the input phaseshift is obtained
using the elastic approximation and, to our surprise, it has done an excellent job in
its confrontation to the Kn data. In the light of more accurate measurements it may
become necessary to improve this treatment in the future. Very good agreement has
also been found using JPP but BW has failed in this comparison. In the JPP and
BEJ fits to the Kn channel the scalar form factor was obtained solving dispersion
relations for the three-body problem.

We have checked that the Kn” channels are not sensitive either to the K*(892)
parameters or to the slopes of the form factor, Xp (BEJ). We have borrowed this
information from the K system. This task was straightforward in BW and JPP
although in BEJ we noticed that the XJS/) parameters were sensitive to isospin breaking
effects that we had to account for. Once this was done we could fit the K*(1410)
resonance pole parameters and its relative weight with respect to the K*(892) meson,

~. Our results for these, with masses and widths in MeV, are

My = 132738 Tygw = 213772, 4 = —0.05179:012 (3.45)
in the dispersive representation (BEJ) and

My = 1332738 Ty = 220726 4 = —0.07810012 (3.46)

for the exponential parametrization (JPP). Our determination of these parameters
has shown to be competitive with its extraction from the 7= — (Km) v, decays.
To illustrate this point, we average the JPP and BEJ determinations from the Km
[15, 105] and K7 systems, respectively, to find

My = 127778 Ty = 21819 4 = —0.04910010 (3.47)
from K7 and

My = 133027, Do = 217168~ = —0.0651002 (3.48)
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Chapter 3. 7~ — K~ nv, decays

from K7. We have thus open an alternative way of determining these parameters.
New, more precise data on the 7= — (K7) v, and 7= — K nu, decays will make
possible a more accurate determination of these parameters.

Finally we have benefited from this study of the 7= — K ~nv, decays and applied
it to the 7= — K~ n'v, decays, were our predictions respect the upper limit found by
BaBar and hint to the possible discovery of this decay mode in the near future.

In this way we consider that we are in position of providing TAUOLA with
theory-based currents that can describe well the 7= — K n"u, decays, based on
the exponential parametrization developed by JPP and the dispersive representation
constructed by BEJ.

To conclude, differential distributions of hadronic tau decays provide important
information for testing diverse form factors and extracting the corresponding param-
eters increasing our knowledge of hadronization in the low-energy non-perturbative
regime of QCD. It will be interesting to see if our predictions for the 7= — K n'v,
decays are corroborated and if more precise data on the 7= — K ~nv, decays demand
a more refined treatment. Finally, we emphasize the need of giving pole resonance
parameters irrespective of the approach employed, either in a theorists’ article or in

a publication by an experimental collaboration.
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Chapter 4

Combined analysis of the decays
77 = Kgn vy and 77 — K nur

In this chapter, we re-analyze the experimental measurement of the invariant mass
distribution of the decay 7= — K7~ 1 together with the most recent available spec-
trum of the K7 decay mode both released by the Belle Collaboration [12, 100]. The
former has been studied in detail in Refs. [14, 15, 105], improving the determination of
the resonance parameters of both the K*(892) and its first radial excitation K*(1410),
while the later, with a threshold above the K*(892) dominance, has been tackled in
chapter 3 obtaining the K*(1410) properties which appeared to be in accordance with
those of the Kgm™ decay channel. The main purpose of this chapter is to deepen our
knowledge of the K*(1410) resonance parameters by performing a combined analy-
sis of both decays [16]. This study is presently limited by three facts: unfolding of
detector effects has not been performed for the latter data, the associated errors of
these are still relatively large and no measurement of the K~ 7° spectrum has been
published by the B-factories. We intend to demonstrate that an updated analysis of
the K¢m~ and/or K~ Belle spectrum including the whole Belle-I data sample could
improve notably the knowledge of the K*(1410) pole position. Therefore, we hope
that our work strengths the case for a (re)analysis of the (Km)~ and K~ n spectra
at the first generation B-factories including a larger data sample and also for de-
voted analyses in the forthcoming Belle-II experiment. Turning to the low-energy
parameters, we emphasise the importance of (independent) measurements of the two
7~ — (K7)~ v, charge channels with the target of disentangling isospin violations in
forthcoming studies.

We have organised this chapter as follows: in section 4.1, the differential decay
width of the 77 — Kg¢m v, process is written as a function of the contributing K

vector and scalar form factors. The vector form factors will be described according
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Chapter 4. Combined analysis of the decays 7~ — Kgn~ v, and 7~ — K nu,

to a dispersive representation along the lines of Refs. [14, 15] (cf. Eq. (3.42)), while
the scalar form factors are taken from Refs. [56, 68|, thereby resumming FST which is
crucial to describe the considered decay spectra. In the previous chapter, we showed
that a simple Breit-Wigner parametrisation of the dominating vector form factor
lead to a rather poor description of the data and we will not consider it anymore.
In section 4.2, we describe our fits in detail and present the corresponding results
for all parameters. It will be seen that we are able to improve the determination
of the K*(1410) pole position. Furthermore, we discuss isospin violations on the
slope parameters of the vector form factors and the prospects for improving them
by analysing the full Belle-I data set or future measurements at Belle-II. Finally,
we summarise our conclusions in section 4.3. A brief discussion of the so-called
“exponential” parametrisation of the Km vector form factor which was put forward
in Refs. [103, 105] (cf. Eq. (3.37)) is relegated to Appendix C.

4.1 Form factor representations

The differential decay width of the transition 7= — Kgn~ v, as a function of the

invariant mass of the two-meson system can be written as

dl'(t7 — Kgn~v;)  GLM?

T

= S
dy/s 96735~

< (15 | P o + o).

S

Voo fl5m (o)‘2<1 _ W)qu (5) (4.1)

where

\/82 — QSEPQ + A%Q
QPQ(S) = 2\/5 )

EPQ = m?;—{—mé, APQ = m%;—mQQ, (42)

and fPQ( )
TPQ _ J+0\S
f+,0 (s) = ff,%g(())

are form factors normalised to unity at the origin. In this way, besides the global

(4.3)

normalisation, all remaining uncertainties on the hadronization of the considered
currents are encoded in the reduced form factors fvfg(s). Sepw = 1.0201 [122] resums

the short-distance electroweak corrections.! Eq. (4.1) corresponds to the definitions

"'We have not included additional non-factorisable electromagnetic corrections. They have been
estimated in Ref. [86] where it was found that at the current level of precision they can be safely
neglected.
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4.1. Form factor representations

of the vector, fo(s), and scalar, féj Q(s), form factors that separate the P- and
S-wave contributions according to the conventions of Ref. [121]. The corresponding
formula for the 7= — K nu, decay was been given in Eq. (3.8). Regarding the
global normalisation, in the following we will employ |V, f£5™ (0)] = 0.2163(5) [125],
from a global fit to Ky data, and Vi ff "(0)] = |ViefE5™ (0)] cosfp, with 6p =
—(13.3 +1.0)° [123].

The required form factors cannot be computed analytically from first principles.
Still, the symmetries of the underlying QCD Lagrangian are useful to determine
their behaviour in specific limits, the chiral or low-energy limit and the high-energy
behaviour, so that the model dependence is reduced to the interpolation between
these known regimes. For our central fits, to be presented in the next section, we
follow the dispersive representation of the vector form factors outlined in Ref. [14]
(cf. Eq. (3.42)), and briefly summarised below for the convenience of the reader. For
the case of the Kgm~ system, including two resonances, the K* = K*(892) and the
K* = K*(1410), the reduced vector form factor is taken to be of the form [14]

- 2 g Hr (0
Ka(g) = M e HinO) ¥y s (4.4)
D(mgee, Y+ ) D(mygsr, yrew)
where
D(mp,7n) = m2 — s — knHger(s) (4.5)
and 192
K, = T_In (4.6)

orcx(m2)dmy, |
The fit function for the vector form factor is expressed in terms of the unphysical
“mass” and “width” parameters m,, and v,. They are denoted by small letters, to
distinguish them from the physical mass and width parameters M,, and I';,, which will
later be determined from the pole positions in the complex plane and are denoted by
capital letters. The scalar one-loop integral function Hy(s) is defined below Eq. (3)
of Ref. [103], however removing the factor 1/f2 which cancels if x, is expressed in
terms of the unphysical width ~,. Finally, in Eq. (4.6), the phase space function
Okx(8) is given by ox.(8) = 2qk~(s)/+/s. Since the K* resonances that are produced
through the 7 decay are charged, and can decay or rescatter into both K°7~ as well
as K~7° channels, in the resonance propagators described by Eqs. (4.4) to (4.6) we
have chosen to employ the corresponding isospin average, that is

Fren(s) = ; Fxon(s) + % e no(s), (4.7)
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Chapter 4. Combined analysis of the decays 7~ — Kgn~ v, and 7~ — K nu,

and analogously for o(s), such that the resonance width contains both contribu-
tions. Little is known about a proper description of the width of the second vector
resonance K*. The complicated K*7m ~ Kn7 cuts may yield relevant effects which
however necessitates a coupled-channel analysis like in refs. [104, 106]. This is beyond
the scope of the present paper, in which for simplicity also for the second resonance
only the two-meson cut is included. Similar remarks apply to a proper inclusion of
the Kn and K7’ channels into Eq. (4.7) which would also require a coupled-channel
analysis as was done for the corresponding scalar form factors in refs. [56, 68].

Next, we further follow Ref. [14] in writing a three-times subtracted dispersive

representation for the vector form factor (cf. Eq. (2.44))

s 1 s N 3 71td , oK™ ()
—— t-g— + — s
! M2 2 2M:f_ T (s)3(s" —s—10) |’

SKm

fE™(s) = exp|a

(4.8)

where sg, = (Mg + M,)? is the K7 threshold? and the two subtraction constants o
and ay are related to the slope parameters appearing in the low-energy expansion of
the form factor:

;8 1., s2 Lo s

+ oA + oA

TKn
+ (S):1+>\+M27 2+M4, 6+M6,

+.... (4.9)
Explicitly, the relations for the linear and quadratic slope parameters )‘,+ and /\/J/r take
the form:

/ "

AL = oy, Ay = as+aj. (4.10)

The incentive for employing a dispersive representation for the form factor is that in
this way the influence of the less-well known higher energy region is suppressed. The
associated error can be estimated by varying the cut-off s, in the dispersive integral.
In order to obtain the required input phase 67" (s), like in [14] we use the resonance
propagator representation Eq. (4.4) of the vector form factor. The phase can then be

calculated from the relation

_ Imfi7(s)

Reffm(s)’

tan 677 (s) (4.11)
which completes our representation of the vector form factor ff”(s)

The scalar form factors that are required for a complete description of the decay
spectra according to Eq. (4.1) will be taken from the coupled-channel dispersive rep-

resentation of refs. [56, 68]. In particular, for the scalar K7 form factor, we employ

2Isospin breaking on the low-energy parameters, like the threshold of the dispersive integral or
the slope parameters of the vector form factor, is discussed later on.
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4.2. Joint fits to 7~ — Kgn~ v, and 7~ — K~ nuv, Belle data

the update presented in Ref. [131]. For the scalar Kn form factor, the result of the
three-channel analysis described in section 4.3 of [56] is used, choosing specifically the
solution corresponding to fit (6.10) of Ref. [68]. As a matter of principle, this is not
fully consistent, since the employed K7 form factor was extracted from a two-channel
analysis, only including the dominant K7 and K7’ channels. But as our numerical
analysis shows, anyway the influence of the scalar Kn form factor is insignificant so

that this inconsistency can be tolerated.

4.2 Joint fitsto 7~ — Kgn v, and 7~ — K nv, Belle
data

The differential decay rate of Eq. (4.1) is related to the distribution of the measured
number of events by means of
dNevents o dF(T_ — (PQ)_VT) Nevents
dys dy/s L. Bt~ — (PQ) v,)
where Ngyents 1S the total number of events measured for the considered process, I';
is the inverse 7 lifetime and A,/spy is the bin width. B(7~ — (PQ)"v,) = BPQ is

a normalisation constant that, for a perfect description of the spectrum, would equal

A\/Sbin s (412)

the corresponding branching fraction.

For the 7= — Kgn 1, decays, an unfolded distribution measured by Belle is
available [100]. The corresponding number of events is 53113.21 (54157.59 before
unfolding) and the bin width 11.5 MeV. As discussed in the earlier analyses, the data
points corresponding to bins 5, 6 and 7 are difficult to bring into accord with the
theoretical descriptions and have thus been excluded from the minimisation.® The
first point has not been included either, since the centre of the bin lies below the
Kgm™ production threshold. Following a suggestion from the experimentalists, as
in the previous analyses we have furthermore excluded data corresponding to bin
numbers larger than 90.

On the other hand, the published 7= — K~ nv, Belle data [12] are only available
still folded with detector effects.* Lacking for a better alternative, we have assumed
that the K~n unfolding function is reasonably estimated by the Kgm~ one and we

have extracted in this way pseudo-unfolded data that we employed in our analysis.

38till, including them in the fits would just increase the x? with only irrelevant changes in the fit
parameters.

4Contrary to our previous analysis performed in chapter 3, here we have not included the BaBar
data [107]. They only consist in ten data points, with rather large errors, which furthermore had to
be digitised from the published plots.
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Chapter 4. Combined analysis of the decays 7~ — Kgn~ v, and 7~ — K nu,

The corresponding number of events turns out 1271.51 for a bin width of 25 MeV. In
this case, we excluded the first three data points, which lie below the K ~n production
threshold, and discarded data above the 7 mass.

The x? function minimised in our fits was chosen to be

2 — 2
, j\/'ith _Mexp Bth . Bel"p
X’ = > (—) + Y (% . (4.13)

O rrexp
i, PQ=Ksn—, K1 Ni PQ=Kgn—,K—n Brq

where N and o-e» are, respectively, the experimental number of events and the
corresponding uncertainties in the i-th bin.> The prime in the summation indicates
that the points specified above have been excluded. Therefore, the number of fitted
data points is 86 (28) for the Kgm~ (K~ n) spectrum, together with the respective
branching fractions: hence 116 data points in total. While it is possible to obtain
stable fits without using the K¢m~ branching fraction as a data point, this is not the
case for the K~n channel. This is due to the fact that there are strong correlations
between the branching ratio and the slope parameters of the vector form factor.
While in the Kgm~ case sufficiently many data points with small enough errors are
available to determine all fit quantities from the spectrum, for the K~7 decay mode
this was not possible. As a consistency check, we will be comparing the fitted values
of the respective branching ratios to the corresponding results obtained by directly
integrating the spectrum in all our fits.

The fitted parameters within the dispersive representation of the form factors of
Eq. (4.8) then include:

e the respective branching fractions By, and B Kky- For consistency, as our inputs
in Eq. (4.13) we employ the results obtained by Belle in correspondence with
the employed decay distribution data: (0.404 4+0.013)% [100] as well as (1.58 &
0.10) x 107* [12], respectively. This may be compared to the averages by the
Particle Data Group, (0.420+0.020)% and (1.52+0.08) x 10~ [124] and Heavy
Flavour Averaging Group values [146], (0.410+0.009)% and (1.5340.08) x 10~*.
The recent update by Belle [102] including a 669 fb~! data sample was found
to be (0.416 & 0.008)% for the former decay mode.

e The slope parameters: /\'I(é)T and /\/K(?7 As was noted in Ref. [13], while the
former ones correspond to the Kgm~ channel, the latter ones are related to the

K~m° system. Therefore, small differences in these parameters due to isospin

SWhile it is expected that bin-to-bin correlations due to unfolding should arise, a full covariance
matrix for the spectral data is not available, whence we have to limit ourselves to the diagonal errors.
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4.2. Joint fits to 7~ — Kgn~ v, and 7~ — K~ nuv, Belle data

violations are expected, and in the most general fit we allow for independent
parameters in the two channels. As consistency checks of our procedure, we
have also considered some fits assuming Ay, = Aj,. The findings of Ref. [14],
Nier = (24.66 +0.77) x 1073 and N, = (11.99 4 0.20) x 10~*, should serve as
a reference point for our present study, where however By, was fixed to the
average (0.418 £0.011)% at that time.

e The pole parameters of the K*(892) and K*(1410) resonances. The masses
and widths of these resonances are extracted from the complex pole position sg
according to \/sgp = Mp — %F r [145]. For the lowest-lying resonance our results
for the pole mass and width should be compatible with (892.0 £+ 0.2) MeV and
(46.2 + 0.4) MeV [15], respectively, where the quoted uncertainties are only
statistical. We expect that the extraction of the K*(1410) pole position should
benefit from our present combined fit for which (1273 4+ 75) MeV and (185 +

74) MeV were obtained in Ref. [14] when the uncertainties are symmetrised.

e The relative weight v of the two resonances. In our isospin-symmetric way
(4.4) of parametrising the resonance propagators in the form factor description,
~ should be the same for the K¢7~ and K7 channels, which we shall assume for
our central fit. Still, we have also tried to fit them independently, as differences
might indicate inelastic or coupled-channel effects. As is seen below, our various
fit results do not show a sizeable preference for this possibility which supports
our choice vg;, = Yx-. Our findings may be compared to the value v = —0.039%
0.020 of [14] indicating the influence of including the 7= — K nv, mode into

our analysis.

In the fits we have furthermore employed the following numerical inputs: M, =
1776.82MeV, T'; = 2.265x 10712 GeV and G = 1.16637(1) x 107> GeV 2 [124]. Pseu-
doscalar meson masses were also taken according to their PDG values [124]. Finally,
the next-to-leading order yPT low-energy constants and the chiral logarithms de-
pend on an arbitrary renormalisation scale i (these dependencies cancel one another),
which we have fixed to the physical mass scale of the problem, Mg = 892 MeV.

In Table 4.1, we display our results using slightly different settings, though in
all of them Eq. (4.11) is employed to obtain the input phaseshift for the dispersion
relation (4.8) and sey is fixed to 4 GeV? (the uncertainty associated to its variation is
discussed later on): our reference fit (second column) corresponds to fixing yxr = Vi,

fit A (third column) assumes Ny, = N, fit B (fourth column) is the result of letting
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Fitted value | Reference Fit Fit A Fit B Fit C
B (%) 0.404 £ 0.012 0.400 £ 0.012 0.404 £ 0.012 0.397 £ 0.012
(B ) (%) (0.402) (0.394) (0.400) (0.394)
M 892.03 £ 0.19 892.04 £ 0.19 892.03 £ 0.19 892.07 £ 0.19
NS 46.18 + 0.42 46.11 £ 0.42 46.15 £ 0.42 46.13 £ 0.42
Mo 1305712 1308715 1305713 1310+ 14
I 168753 212756 174758 184136
Yier X 10 = YK —3.6115 -3.3573 = YKn
Nreo x 103 23.9+0.7 23.6 0.7 23.8+0.7 23.6 0.7
Ni- % 107 11.8£0.2 11.7£0.2 11.7£0.2 11.6 £0.2
B, x 104 1.58 £0.10 1.62 £0.10 1.57£0.10 1.66 £+ 0.09
(B%‘n) x 10 (1.45) (1.51) (1.44) (1.58)
Yicn X 102 —3.47190 —5.4718 —3.9721 —3.7+10
N X 103 209+ 1.5 = Ngor 212+ 1.7 = Mg
N X 10* 11.1£04 11.7£0.2 11.1£+04 11.8+0.2
X2 /n.d.f. 108.1/105 ~ 1.03 | 109.9/105 ~ 1.05 | 107.8/104 ~ 1.04 | 111.9/106 ~ 1.06
Table 4.1:  Fit results for different choices regarding linear slopes and resonance mixing

parameters at Scy; = 4 GeV2. See the main text for further details. Dimensionful parameters
are given in MeV. As a consistency check, for each of the fits we provide (in brackets) the
value of the respective branching fractions obtained by integrating Eq. (4.1).

all parameters float independently and finally, fit C (fifth column) enforces both
restrictions Yir = Yk, and Ny = XKn' It is seen that our approach is rather stable
against these variations, as the x?/n.d.f. remains basically the same for the different
scenarios. Also the values of the fitted parameters are always compatible across all
fits. The largest modification is observed in fit A, where we fix A, = A, , but allow
for independent resonance mixing parameters . This is partly expected since in the
reference fit the former equality on the slope parameters is only fulfilled at the 20 level.
Letting all parameters float in fit B yields results which are nicely compatible with
the reference fit, though for some parameters resulting in slightly larger uncertainties.
Finally, enforcing both, the linear slopes as well as the mixing parameters to be equal

also results in a compatible fit where now the largest shift by about 20 is found in

Ao

nThe theoretical uncertainty associated to the choice of s., is probed through the
fits presented in Table 4.2 where, for the setting of our reference fit discussed previ-
ously, the values 3.24 GeV? (second column), 4 GeV? (third column), 9 GeV? (fourth
column) and the s.,; — oo limit (last column) are used (sey = 4 GeV? corresponds
to our reference fit in the second column of Table 4.1 and is repeated here for ease

of comparison). The dependence of the fitted parameters on the integral cut-off is
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4.2. Joint fits to 7~ — Kgn~ v, and 7~ — K~ nuv, Belle data

similar to what was found in previous works (see, for instance refs. [14, 15]) and allows
to estimate the corresponding systematic error. In order to corroborate our fits, we
performed additional tests. We have also run fits considering two and four subtrac-
tion constants in order to test the stability of our results with respect to this choice.
As in the previous analyses [14, 15] of the 7= — Kgm~ v, spectrum, the changes in
the results are well within our uncertainties. It is furthermore confirmed that re-
garding final uncertainties three subtractions appears to be an optimal choice. This
may, however, change if the representation of the higher-energy region is improved,
for example through a coupled-channel analysis, such that this region requires less
suppression. As a second test, we have employed a variant of the form factor Ansatz
(4.4) in which the real part of the loop function Hyx(s) is not resummed into the
propagator denominator, but into an exponential, as was for example suggested in
refs. [103, 105] for the description of 7 — Kmv, decays. This type of Ansatz is fur-
ther discussed in Appendix C where also direct fits of the corresponding form factors
are described. Our test here, however, consists in extracting the corresponding phase
from this type of form factor according to Eq. (4.11) and plugging the respective phase
into the dispersion relation (4.8). It is found that the corresponding fits are almost
identical to the ones described before, providing additional faith on the robustness of
the extracted parameters.

For presenting our final results, we have added to the statistical fit error a sys-
tematic uncertainty due to the variation of s.,. To this end, we have taken the
largest variation of central values while varying s.,; (which is always found at sc,; =
3.24 GeV?) and have added this variation in quadrature to the statistical uncertainty.
We then obtain

Br, = (0404 £0.012) %, Mg = 892.03+£0.19, Dy = 46.18 £0.44,
My = 1305115, Ty = 16875, vyir = vy = (—3.4777) - 1072,
hew = (23.94£0.9)-107%, N, = (11.8+£02)-107*, Bg, = (1.584+0.10) - 107*,

oy = (2094£27)-107°, N = (11.1£05)-107, (4.14)

were like before all dimensionful quantities are given in MeV. Our final fit results
are compared to the measured Belle 7= — Kg¢n~ v, and 7= — K nu, distributions
[12, 100] in Figure 4.1. Satisfactory agreement with the experimental data, in accord
with the observed x?/n.d.f. of order one, is seen for all data points. The K spectrum

is dominated by the contribution of the K*(892) resonance, whose peak is neatly

83



Chapter 4. Combined analysis of the decays 7~ — Kgn~ v, and 7~ — K nu,

Seut (GeV?)
Fitted value 3.24 4 ) o0
Brr(%) 0.402 + 0.013 | 0.404 £ 0.012 | 0.405 + 0.012 | 0.405 & 0.012
(B ) (%) (0.399) (0.402) (0.403) (0.403)
M- 892.01 & 0.19 | 892.03 +0.19 | 892.05 £ 0.19 | 892.05 + 0.19
g 46.04 +£0.43 | 46.18 4 0.42 | 46.27 +0.42 | 46.27 4+ 0.41
Mo 1301727 130513 1306™17 1306772
s 207173 168152 155148 155757
VK= = YKn = YKn = YKn = YKn
Ny x 10 23.3+0.8 23.9+0.7 24.3+0.7 24.340.7
N % 10 11.8+0.2 11.8+0.2 11.740.2 11.740.2
Brey x 10 1574010 | 1.584+0.10 | 1.58+0.10 | 1.5840.10
(Bi,) x 10* (1.43) (1.45) (1.46) (1.46)
Yicn X 102 —4.0173 —3.4779 —3.2709 —3.2709
Ny X 103 18.6 + 1.7 20.9+1.5 221414 221414
Ny x 104 10.8+0.3 11.1+04 11.240.4 11.2+0.4
Y2/n.d.f. 105.8/105 108.1/105 111.0/105 111.1/105

Table 4.2:

Reference fit results obtained for different values of s¢ut in the dispersive

integral are displayed. Dimensionful parameters are given in MeV. As a consistency check,
for each of the fits we give (in brackets) the value of the respective branching ratios obtained

integrating Eq. (4.1).
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Figure 4.1: Belle 7= — Kgm v, (red solid circles) [100] and 7= — K nv, (green solid
squares) [12] measurements as compared to our best fit results (solid black and blue lines,
respectively) obtained in combined fits to both data sets, as presented in Eq. (4.14). Empty
circles (squares) correspond to data points which have not been included in the analysis. The
small scalar contributions have been represented by black and blue dashed lines showing
that while the former plays a role for the Km spectrum close to threshold, the latter is
irrelevant for the Kn distribution.

visible. The scalar form factor contribution, although small in most of the phase
space, is important to describe the data immediately above threshold. There is no
such clear peak structure for the Kn channel as a consequence of the interplay between
both K* resonances. The corresponding scalar form factor in this case is numerically
insignificant.

The correlation coefficients corresponding to our reference fit with sqy = 4 GeV?
can be read from Table 4.3. As anticipated, there is a large correlation between the
set {Bgr, Ny, i} which enables stable fits removing one of these parameters (the
fit then becomes somewhat less restrictive, though). Despite the correlation between

/Kn and )‘;07 also being nearly maximal, these parameters are less correlated with

By, implying that all three are needed to reach convergence in the minimisation.
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By M g% T M pesr T s N N Bk YEn = VK= A}(n A}’(T,
Mg« —0.163 1
| . 0.028 —0.060 1
M pesr —0.063 | —0.104 | —0.142 1
T pesr 0.126 0.130 0.292 —0.556 1
Ncw 0.800 —0.100 0.457 —0.244 0.432 1
MNew 0.928 —0.215 0.328 —0.166 0.304 0.942 1
By —0.003 | —0.005 | —0.010 0.003 —0.001 | —0.015 | —0.009 1
YKn = VKr —0.155 | —0.173 | —0.378 0.498 —0.878 | —0.565 | —0.373 | 0.019 1
Neen 0.058 0.028 0.117 0.050 0.337 0.182 0.128 0.434 —0.340 1
Nen 0.035 —0.017 0.037 0.106 0.218 0.080 0.064 0.561 —0.174 0.971 1

Table 4.3: Correlation coefficients corresponding to our reference fit with seu = 4 GeV?,
second column of Table 4.1. In the fits where yx. = vk, is not enforced, their correlation
coefficient turns out to be =~ 0.67.

For this reason we prefer to keep By, as a data point in the joint analysis. Finally,
we note a large correlation between the parameters vx, = vx, and I'g~ which seems
to be enhancing the corresponding errors (this effect may in part be due to the three
subtractions employed, which decrease the sensitivity to the higher-energy region).
In the fits where v = Yk is not enforced, their correlation coefficient is ~ 0.67.
This suggests that with more precise data in the future it might be possible to resolve
the current degeneracy between both.

Several comments regarding our final results of Eq. (4.14) and the reference fit of

Table 4.1 are in order:

e Concerning the branching fractions, we observe that in the Kg7~ channel our
fit value B, which is mainly driven by the explicit input, and the result when
integrating the fitted spectrum B . are in very good agreement, pointing to
a satisfactory description of the experimental data. On the other hand, for
the Kn case, one notes a trend that the integrated branching fraction B%Ln
turns out about 10% smaller than the fit result Bp,, which points to slight
deficiencies in the theoretical representation of this spectrum. This issue should

be investigated further in the future with more precise data.

e The Kgn~ slope parameters are well compatible with previous analogous anal-
ysis [14, 15]. For the corresponding K7 slopes, we obtain somewhat smaller
values, which are, however, compatible with the crude estimates in Ref. [13].
The fact that the K7 slopes are about 20 lower than the Kgm~ slopes could

be an indication of isospin violations, or could be a purely statistical effect. (Or

86



4.2. Joint fits to 7~ — Kgn~ v, and 7~ — K~ nuv, Belle data

a mixture of both.) To tackle this question and make further progress to dis-
entangle isospin violations in the K7 form factor slopes, it is indispensable to
study the related distribution for the 7= — K~ 7"y, decay, and the experimen-
tal groups should make every effort to also publish the corresponding spectrum

for this process.

e The pole parameters of the K*(892) resonance are in nice accord with previous
values [14, 15] and have similar statistical fit uncertainties which is to be ex-
pected as these parameters are driven by the data of the 7= — Kgm~ 1, decay,
which was the process analysed previously. Regarding the parameters of the
K*(1410) resonance, adding the 7= — K nu, spectral data into the fit results
in a substantial improvement in the determination of the mass, while only a
slight improvement in the width is observed. Part of the large uncertainty in
the width of the second K* resonance can be traced back to the strong fit cor-
relation with the mixing parameter v, which is also not very well determined.
Future data of either 7= — (K7) v, or 7~ — K nv, hadronic invariant mass
distributions should enable a more precise evaluation. Prospects updating the
Belle-I analyses with the complete data sample or studying Belle-II data are

discussed next.

In Table 4.4, we have simulated the impact of future data on our fitted parameters.
For this purpose we have kept the same central values of the data points and reduced
the errors according to the expected increase in luminosity. Specifically, we have
used that the Kgm~ (K ~n) Belle analysis employed 351 (490) fb~! for a complete
data sample of 1000 fb~! accumulated at Belle-I for general purpose studies (we have
assumed the same resolution and efficiencies as in the published analyses following
a suggestion from the Collaboration). Similarly, we have also compared our current
results, Eq. (4.14), to the prospects for Belle-II at the end of its data taking, with
50 ab~! neglecting again possible improvements in the detector response and data
analysis. In the different columns of Table 4.4, we recall our results, Eq. (4.14), and
compare them, in turn, to the cases where both decay modes are reanalysed using
the whole Belle-I data sample, the same when only one of the analysis is updated and
analogously for Belle-II.

The majority of the expected errors for Belle-II will make completely negligible
the statistical error with respect to the theoretical uncertainties, which then will
most likely demand more elaborated approaches than those considered here. This

would also happen in the case of the K*(1410) parameters with any updated Belle-I
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pate Current Belle-I Belle-I K Belle-1 Kn Belle-I1 Belle-1I K7 Belle-IT Kn
Error

B (%) 0.404 4 0.012 | +0.005 +0.005 +0.012 f(0.001) f(0.001) +0.012

M g 892.03 £0.19 | +0.09 +0.09 +0.19 1(0.02) (0.02) +0.19

T s 46.18 4 0.44 +0.20 +0.20 +0.44 t(0.02) 1(0.03) +0.42

M yeus 1304 + 17 () t(9) (®) (1) (1) e

| — 168 + 62 f(19) f(24) (25) (3) (4) f(11)
Ny x 103 23.9 + 0.9 (0.3) (0.3) +0.8 (0.04) (0.04) +0.8
N x 10% 11.8 £0.2 +0.07 +0.07 +0.2 t(0.01) (0.01) +0.2
By, x 10% 1.58 + 0.10 +0.05 +0.10 +0.05 t(0.01) +0.10 t(0.01)
Yicn (= VicR) X 102 -3.34+1.3 (0.3) (0.3) (0.4) (0.04) (0.04) °(0.3)
Ny X 10 20.9 + 2.7 T(0.7) +2.7 T(0.8) (0.10) +2.7 °(0.4)
Ny x 10% 11.1+ 0.5 (0.2) +0.5 T(0.2) (0.02) +0.5 (0.06)

Table 4.4: The errors of our final results (4.14) are compared, in turn, to those achievable
by analysing the complete Belle-I data sample, and updating only the Kg7n™ or K7 anal-
yses. The last three columns show the potential of fitting all data collected by Belle-II and
the same only for Kgm™ or for K~n (assuming the other mode has not been updated to
include the complete Belle-I data sample). Current Belle Kgm~ (K1) data correspond to
351 (490) fb~! for a complete data set of ~ 1000 fb~! = 1 ab=!. Expectations for Belle-IT
correspond to 50 ab~!. All errors include both statistical and systematic uncertainties.
means that statistical errors (in brackets) will become negligible, while © signals a tension
with the current reference best fit values. We thank Denis Epifanov for conversations on
these figures and on expected performance of Belle-II at the detector and analysis levels.
All errors have been symmetrised for simplicity.
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study. The impact of 7= — K~ 7%y, on the K*(892) and K*(1410) meson parameters
can be estimated by means of the 7= — Kgn~ v, simulation. Such a measurement
will be more significant in the determination of the K7 slope parameters than an
updated study of this latter decay mode. In passing, we also mention that Belle-II
statistics could be able to pinpoint possible inconsistencies between 7= — (K1)~ v,

and 77 — K nu, data.

4.3 Conclusions

Hadronic decays of the 7 lepton remain to be an advantageous tool for the investi-
gation of the hadronization of QCD currents in the non-perturbative regime of the
strong interaction. In this work we have explored the benefits of a combined analysis
of the 7= — Kgm v, and 7= — K nu, decays. This study was motivated by (our)
separate earlier works on the two decay modes considering them as independent data
sets. In particular, it was noticed in [13] that the K'n decay channel was rather sen-
sitive to the properties of the K*(1410) resonance as the higher-energy region is less
suppressed by phase space.

Our description of the dominant vector form factor follows the work of Ref. [14],
and proceeds in two stages. First, we write a Breit-Wigner type representation (4.4)
which also fulfils constraints from yPT at low-energies. In Eq. (4.4), we have re-
summed the real part of the loop function in the resonance denominators, but as was
discussed above, employing the following dispersive treatment, this is not really es-
sential. It mainly entails a shift in the unphysical mass and width parameters m,, and
Y- Second, we extract the phase of the vector form factor according to Eq. (4.11) and
plug it into the three-times subtracted dispersive representation of Eq. (4.8). This
way, the higher-energy region of the form factor, which is less well know, is suppressed,
and the form factor slopes emerge as subtraction constants of the dispersion relation.
A drawback of this description is that the form factor does not automatically satisfy
the expected 1/s fall-off at very large energies. Still, in the region of the 7 mass
(and beyond), our form-factor representation is a decreasing function such that the
deficit should be admissible, thereby leaving more freedom for the slope parameters
to assume their physical values.

In our combined dispersive analysis of the (K'7)~ and K~ 1 decays we are currently
limited by three facts: there are only published measurements of the K¢m™ spectrum
(and not of the corresponding K~ 7% channel), the available K7 spectrum is not

very precise and the corresponding data are still convoluted with detector effects.
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Chapter 4. Combined analysis of the decays 7~ — Kgn~ v, and 7~ — K nu,

The first restriction prevents us from cleanly accessing isospin violations in the slope
parameters of the vector form factor. From our joint fits, we have however managed
to get an indication of this effect. The second one constitutes the present limitation
in determining the K*(1410) resonance parameters but one should be aware that our
approach to avoid the last one (assuming that the Kgm~ unfolding function gives
a good approximation to the one for the K7 case) adds a small (uncontrolled)
uncertainty to our results that can only be fixed by a dedicated study of detector
resolution and efficiency. In this respect it would be most beneficial, if unfolded
measured spectra would be made available by the experimental groups, together with
the corresponding bin-to-bin correlation matrices.

In Table 4.1, we have compared slightly different options to implement constraints
from isospin into the fits, and in Table 4.2, we studied the dependence of our fits on the
cut-off sqy in the dispersion integral. Our reference fit is given by the second column
of Table 4.1 and adding together the statistical fit uncertainties with systematic errors
from the variation of sqy, our final results are summarised in Eq. (4.14). The pole
position we find for the K*(892) resonance is in perfect agreement with previous
studies. The main motivation of this work was, however, to exploit the synergy of the
Km and Kn decay modes in characterising the K*(1410) meson. According to our
results, the relative weight v of both vector resonances is compatible in the K7 and
Kn vector form factors, which supports our assumption of their universality. With
current data we succeed in improving the determination of the K*(1410) pole mass,
but regarding the width, substantial uncertainties remain. Our central result for these

two quantities is
Mg = (1304 £17) MeV, T'gw = (171 £62) MeV , (4.15)

where we have symmetrised the uncertainties listed in Eq. (4.14). We provide a
graphical account of this outcome in Fig. (4.2) compared with previous determinations
from both channels separated.

We have then estimated the impact of future re-analyses including the complete
Belle-I data sample and all expected data from Belle-II on these decay modes. This
projection reveals (in both cases) that the increased statistics will most probably
require a refined theoretical framework to match the experimental precision in the
determination of the K*(1410) resonance parameters. While our description so far is
purely elastic, this may include incorporation of coupled channels to take into account
inelastic effects along the lines of refs. [104, 106], which would allow for a proper

inclusion of higher channels in the resonance widths. Belle-I1 data would also lead to
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Figure 4.2:  Our value for the pole parameters (black square) as given in Eq. (4.15),
mass (left) and width (right), of the K*(1410) resonance obtained from a joint to both
experimental Belle 77 — Kgn~ v, and 7~ — K~ nv; decays spectra compared with previous
determinations from both channels separated [13, 14, 15] (blue circles).

much improved tests of our low-energy description and the K*(892) dominance region.
Knowledge of isospin breaking effects on the slope parameters could be drastically
improved by measuring the hadronic invariant mass distribution in 7= — K7,
decays, which would by the way increase the accuracy in the extraction of the K*(892)
pole position. We hope that this study will give additional motivation to the B-factory

collaborations for performing the respective analyses.
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Chapter 5

Study of the second-class current
decays 7~ — 7 nvy and 7 — 71 v,

According to Weinberg [147], non-strange weak (V' — A) hadronic currents can be
divided into two types depending on their G-parity: i) first class currents, with the
quantum numbers JF¢ = 0+ 07=, 1%~ 17F; ii) second class currents (SCC), which
have JP¢ = 0F—,0=+, 1%, 17~. The former completely dominate weak interactions
since there has been no evidence of the later in Nature so far.

In the Standard Model (SM) SCC come up with an isospin violating term which
heavily suppresses the interaction and the eventual sensitivity to new physics (i.e. by
a charged Higgs contribution to the 77" scalar form factors) may be enhanced.

One tentative scenario to look for such kind of currents is through the rare hadronic
decays of the 7 lepton 7= — 7 nv, and 7= — 7 v, [148] for which some experimen-
tal upper bounds already exist. For the 777 decay mode, BaBar, Belle and CLEO
collaborations have reported the branching ratio upper limits of 9.9 - 1075 at 95%
CL [107], 7.3 - 1075 at 90% CL [149] and of 1.4 - 10~* at 95% CL [108], respectively.
Actually, 77 — 7 v, belongs to the discovery modes list of the near future super-B
factory Belle II [150] for which we advocate the measurement. Regarding the 77/
channel, BaBar obtained a new upper bound, 4.0-107¢ at 90% CL [110], that slightly
improved its previous value 7.2-107% at 90% CL [151]. Also CLEO quoted the upper
limit 7.4 - 107° at 90% CL [152] in the nineties. Historically, 7= — 7 nv, decays
attracted a lot of attention at the end of the eighties when existing measurements
hinted at abnormally large branching fractions into final states containing 1 mesons,
and a preliminary announcement by the HRS Coll. advocated for an O(%) decay rate
into the 777 decay mode, which was against theoretical expectations [111]. Later on,
the situation settled [80] and these decays remained undiscovered even at the first

generation B-factories BaBar and Belle, where the background from other competing
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modes such as 7= — 770y, [12, 153] veiled the SCC signal. According to our re-
sults, their discovery (through either of the 7= — 777", decay channels) should be
finally possible at Belle-II, thanks to the fifty times increased luminosity of Belle-1I
[154] with respect to its predecessor. The implementation of theory predictions for
these modes in the TAUOLA version used by the Belle [119] Collaboration will help
to accomplish this task.

From the theoretical perspective, the spin-parity of the 770" system, J*, is 0F
or 1~ depending whether the system is in S- or P-wave, respectively. However, the
G-parity of the system is —1, which is opposed to the vector current that drives the de-
cay in the SM. Therefore, the S(P)-wave of the 77 n) system gives J'¢ = 0+~ (177),
which can only be realized through a SCC independently of possible intermediate res-
onant states. Previous theoretical analysis estimated the branching ratio to be of the
order of 107° and within the range 1078 to 1075 for the 7=n and 7~ modes, respec-
tively. In this work, we revisit these processes benefited from our previous experiences
in describing dimeson 7 decays data [13, 14, 15, 16, 97, 155, 156]. Here, the main sub-
ject of our study is the theoretical construction of the participant vector and scalar
form factors. Our initial approach is carried out within the framework of the Chiral
Perturbation Theory (xPT) [5, 6, 7] including resonances (RxT) [48]. On a second
stage, we take advantage of the global analysis of the U(3) ® U(3) one-loop meson-
meson scattering in the frame of RxT performed in Ref. [57] to calculate the scalar
form factors from dispersion relations based on arguments of unitarity and analyticity.
In particular, we will first take into account elastic final state interactions through
the Omnes solution [79] for describing the 7= n and 77 scalar form factors (SFF),
respectively. Then, we consider the effect of coupled channels in the former system for
studying inelasticities. Afterwards, we will also consider the K~ K threshold, whose
coupling to the intermediate scalar resonance is presumably large [57], and couple
it to both 7= and 7#—7 SFFs independently. Finally, the three coupled-channels
case will we addressed. Several ways of solving coupled channels form factors have
been considered in literature; some use iterative methods [56, 157, 158, 159], while
others employ closed algebraic expressions [130, 160, 161, 162, 163, 164, 165, 166].
The second alternative will be followed in this work. See also Ref. [167] for a recent
description based on dispersive techniques.

This chapter is organized as follows. In Section 5.1, we define the hadronic matrix
element in terms of the vector and scalar form factors and give the expression for

the differential decay width. In Section 5.2, we derive the 7~ n) vector form factor
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

(VFF) within RxT by considering mixing within the 7% — 7 — 7/ system. In our ap-
proach, the VEFs appear to be an isospin violating factor times the 7~ 7" form factor
for which we will employ its experimental determination arising from the well-known
first-class current 7= — 7~ 7%, decay. We devote Section 5.3 to the computation
of the corresponding scalar form factors. We start with a simple Breit-Wigner pa-
rameterization and then consider a dispersion relation obeying unitarity, first in the
elastic single channel case through the Omnes solution and then taking into account
coupled-channel effects. The spectra and predictions for the branching ratios (BR)
are given in Section 5.4. Also in this section, we will briefly discuss the crossing sym-
metric 77,59 decays, n) — 7707, (¢ = e, jt), for which BR predictions will be given as

well. Finally, we present our conclusions in Section 9.

5.1 Hadronic matrix element and decay width

The amplitude of the decay 7= — 7 n"v, in terms of the hadronic matrix element
reads
M= SEV, i, 31— )ulp,) (xnldyulo) (5.1)
V2
where the 77 1") matrix element of the vector current follows the convention of
Ref. [121],

_ - a—n(") a—n)
(7 |dy"ul0) = ¢} 0 [(pnm — P FL T (s) = (pyo + pe )PFT T (8)] , (5:2)

with c}rﬁn(,) =2, s =¢* = (pyor + pr—)* and F:Ej;/)(s) the two Lorentz-invariant

)

: — 0, N
vector form factors. However, instead of F™ 7 (s), the scalar form factor Fj " (s) is

usually employed, which arises as a consequence of the non-conservation of the vector

current. That is, taking the divergence on the left-hand side of Eq. (5.2) we get
_ - . _ 7 . =
(m= 00, (dy"u)|0) = i(mg — my) (77" |du|0) = @A%€E+Ci_n<,)]ﬂ) T (s), (5.3)

with ¢ =/2/3,¢f_, =2/V/3 and Apg = mp —mg, while on the right-hand side

TN
we have
) _ = . SN0 SN0
igu Ol ul0) = et o [ —m2 )P (5) = sFT )] L (5)

Then, by equating Eqs. (5.3) and (5.4), we link Ff_”(/)(s) with Fg_"(/)(s) through

S QCD
A Con) Ao

A

g
S

Y (s) =—

7=

F5" (s)+ FT " <s>] , (5.5)

=
Crn®
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5.1. Hadronic matriz element and decay width

and the hadronic matrix element finally reads

e A0 )
(w0 dy ul0) = e | (g = pe)* + ———=4" | F{"(s)

QCD "
S KoK+ w~nV
Capor— . —4"Fo () -

(5.6)

The advantage of the parameterization as given in Eq. (5.6) is that the vector(scalar)
form factor Fjrr(_o’g(/) (s) is in direct correspondence with the final P(S)-wave state,

respectively. Moreover, the finiteness of the matrix element at the origin imposes'

s QCD
— Coopn A —
Fy 7 (0) = o SR gl ) 57)
Cﬂ.—n(/) 71'_77(/)

Therefore, the differential decay width of the 7= — 7 n)v, decay as a function

of the invariant mass of the 77 n") system can be written as

dr (7'_ — W_n(’)VT) G2 M3 S s \?
dy/s = 2z oIVl " (0)] (1_ W)
25\ Ly A N (5.8)
(14 2) 2 FT P @ + =g o (5 (02|
where ¢pg(s) = \/52 — 25 pg + A%y /2y/5, Xpg = m} + mg and
~_— wan(/) (S)
Fr(s) = oo ) (5:9)

—)
F+,0n (0)

are the two form factors normalised to unity at the origin. They encode the un-
known strong dynamics occurring in the transition. Their descriptions will be given
in Secs. 5.2 and 5.3, respectively. Regarding the global pre-factors, we employ
Sew = 1.0201 [122], accounting for short-distance electroweak corrections, and V4 =
0.97425(8)(10)(18) [37], while the normalisation Fifn(,)(O) is an isospin-violating
quantity of O(mg — m,,), whose value will be deduced in the next section, which
brings an overall suppression explaining the smallness of the corresponding decay
widths. In fact, in the limit of exact isospin, m, = mg and e = 0, Fjrrf"m (0) = 0 and

these processes would be forbidden in the SM.

'We will come back to Eq. (5.7) in Sect. 5.2 in order to derive our isospin violating input values.
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

5.2 7 n") Vector Form Factor

We derive the 7~ n") vector form factor within the context of resonance chiral theory
(RChT) [48], which extends chiral perturbation theory [5, 6, 7] by adding resonances
as explicit degrees of freedom. A short introduction to the topic can be found in
Ref. [168], where references concerning its varied phenomenological applications are
given. In Refs. [13, 155] we have also provided a short review of the theory as applied
to the computation of the vector and scalar K~n) form factors describing the decays
7= — K nUuv.. In the present analysis, we would occasionally refer the interested
reader to the former references though some comments will be given in the following
for consistency.

It is not straightforward to incorporate the dynamics of the n and 1’ mesons in
a chiral framework [169]. The pseudoscalar singlet 7y is absent in SU(3) ChPT and
their effects are encoded in the next-to-leading order low-energy constant L;. To take
into account consistently the effects of the singlet in an explicit way one must perform
a simultaneous expansion not only in terms of momenta (p?) and quark masses (m,)
but also in the number of colors (1/N.). In this framework, known as Large-N,
ChPT [8], the singlet becomes a ninth pseudo-Goldstone boson and the 7-n" mixing

2. At lowest order, the physical states

can be understood in a perturbative manner
(n,n') are related to the mathematical states (g, 70) in the so-called octet-singlet basis
by a simple two-dimensional rotation matrix involving one single mixing angle (cf.
Eq. 1.116). At the same order, the four different decay constants related to the n-n’
system are all equal to the pion decay constant in the chiral limit. At next-to-leading
order, however, besides mass-matrix diagonalisation one requires to perform first a
wave-function renormalisation of the fields due to the non-diagonal form of the kinetic
term of the Lagrangian (cf. Eq. 1.128). This two-step procedure makes the single
mixing angle at lowest order to be split in two mixing angles at next-to-leading order?.
The magnitude of this splitting is given in the octet-singlet basis by the difference
of the F and F, decay constants, that is, a SU(3)-breaking correction [170]. At
this order, now, the decay constants are all different due to these wave-function—
renormalisation corrections. Being this two-mixing angle scheme unavoidable at next-

to-leading order in the large- /N, chiral expansion, one can express their associated

2In this simultaneous expansion the chiral loops are counted as next-to-next-to-leading order
corrections and thus considered negligible [8]. This fact is in part corroborated numerically.

3For a detailed explanation of the two-mixing angle scheme in the large-N. ChPT at next-
to-leading order in the octet-singlet basis, see, for instance, the appendix B in Ref. [69]. Other
comprehensive reviews using this basis or the so-called quark-flavour basis can be found in Refs. [169].
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5.2. 7 n") Vector Form Factor

parameters either in the form of two mixing angles (fg,0y) and two decay constants
(fs, fo) or one mixing angle, the one appearing at lowest order, and three wave-
function-renormalisation corrections, appearing only at next-to-leading order. In this
work, we will follow the second option (cf. Eq. 1.138). Needless to say, the mixing so
far involves only the 1 and 1’ mesons in the isospin limit, but if isospin symmetry is
broken, as it is our case, the 7 is also involved, and instead of using one mixing angle
and three wave-function—renormalisation corrections we will need to use three lowest
order mixing angles, 6,, for the n-1/’, 0., for the m-n and 6.,  for the m-n" systems,
respectively, and the corresponding six wave-function-renormalisation corrections.
Since we are in the context of RChT, these wave-function-renormalisation corrections
are assumed to be saturated by the exchange of a nonet of scalar resonances and
therefore expressed in terms of the associated ¢; and ¢, coupling constants (see
below).

Because the size of isospin-breaking corrections due to the light-quark mass dif-
ference are given in terms of the ratio (my — m,)/ms and hence very small, the two
former mixing angles involving the 7 can be well approximated by their Taylor ex-
pansion at first order. Then, the orthogonal matrix connecting the mathematical and

physical states at lowest order can be written as

70 1 @Oy + EnpSOny  EnyCOny — EnySOypy 3

n | =1 —¢cm Oy —50,, | ms , (5.10)
/

n —Emy SOy Oy Mo

where €., () are the approximated 70-n") mixing angles and (c,s) = (cos, sin). Using
this parametrization for the rotation matrix, we preserve the common 7-n’ mixing
description, when both €., are fixed to 0, and the one for 7-n) mixing, when both
Opy and e, are set to 0. A detailed illustration of this 7%-n-1’ mixing can be found
in Ref. [171], from where we borrow the numerical values é, = e, (z = 0) = 0.017(2)
and €.,y = ey (2 = 0) = 0.004(1) as a check of our results. For the -7’ mixing angle
we take 6, = (—13.3 £0.5)° [172]*.

As stated before, the 7~n) VFFs will be calculated in the framework of RChT.
There are four different types of contributions in total. At leading order, there is the
contribution from the lowest order of large- N, ChPT. At next-to-leading order, there
are, in addition, the contribution from the exchange of explicit vector resonances,

the so-called vacuum insertions and the wave-function-renormalisation contributions

“In Ref. [172], the value ¢,,, = (41.4 £ 0.5)° is obtained in the quark-flavour basis. However,
at lowest order, this value is equivalent in the octet-singlet basis to 8y, = ¢y — arctan /2 =
(—-13.3+£0.5)°.
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

(cf. Fig. 3.1). The latter two are written in terms of the explicit exchange of scalar

resonances and seen to cancel each other [130]. As a result, we obtain

— F G S
Fr'(s)=e,o |1+ v : (5.11)
+ n XV: F2 M2 —s

where the prefactor denotes it occurs via 7%-n-n’ mixing and the parenthesis includes

the direct contact term plus the exchange of an infinite number of vector resonances
organized in nonets® (Fy and Gy are the two coupling constants of the Lagrangian of
one nonet of vectors coupled to pseudoscalars, My the common nonet vector mass,
and F' the pion decay constant in the chiral limit).

Interestingly, the term in parenthesis appearing in Eq. (5.11) is nothing but what
one would have obtained if the 7=7% VFF had been computed instead. Hence, written
in this way, the 775’ VFFs are given in terms of the well-known 7~ 7% VFF (see, for

()

instance, Refs. [52, 97] for a review). Their value at the origin are F{ 7 (0) = e,

and as a consequence the normalised form factors are both the same and equal to the

0

normalised 7~ 7" one, that is

FI "(s) = F{ "(s) = FT "'(s) . (5.12)

The above relation allows us to implement the well-known experimental data on the
7~7% VFF to describe the 775"} decay modes we are interested in. In particular, we
employ the latest experimental determination obtained by the Belle Collaboration

0,6 which is shown in Fig. 5.1 (the

from the measurement of the decay 7= — 7~ 7
set of data is borrowed from the Table VI of Ref. [19]). In this manner, we are not only
taking into account the dominant vector resonant contribution given by the p(770),
whose effect is clearly seen from the neat peak around 0.6 GeV?, but also the effects
of higher radial excitations such as the p’(1450) and p”(1700) (see their manifestation
in the form of a negative interference with the p in the energy region between 2 and
3 GeV?). An interesting check would be then to compare these data with theoretical
descriptions of this form factor, such as the ones given by dispersion relations, where
the contributions of the different states can be switched on and off, to discern the

number of participating resonances [97, 159].

5At leading order in 1/N, at this stage, i.e., with an infinite number of zero-width resonances
[49].
6The contribution of the scalar form factor entering into the 7~ 7° decay mode is weighted by

A2 thus heavily suppressed by isospin [173] and usually neglected.

T— 0o
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Figure 5.1: 77" vector form factor as obtained by the Belle Collaboration [19]

(black circles). The red solid curve is an interpolation of these data.

5.3 7 1! Scalar Form Factor

Any description of a physical observable involving light scalar mesons has been always
controversial”, and simple model parameterizations do not typically succeed. In this
work, in order to construct a reasonable description of the participant scalar form
factors we will basically exploit two powerful theoretical arguments: the required
analytical structure of the form factor and the unitarity of the scattering matrix. In
what follows, we will tackle three different parameterizations in increasing degree of

completeness.

5.3.1 Breit-Wigner

Our initial approach for describing the required 7~n) scalar form factor (SFF) is, as
in the case of the VFF, the RChT framework. In the large-/V,. limit, the octet of scalar
resonances and the singlet become degenerate in the chiral limit (with common mass
Ms), and all them are collected in a nonet. The calculation of these SFFs is performed
again at next-to-leading order in the simultaneous expansion in terms of momenta
and the number of colors, and the different contributions to them are the lowest order
one from large-N. ChPT and the three next-to-leading order ones from RCh'T, which

"See e.g. the “Note on scalar mesons” in Ref. [37] for a review.
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

are, in order, the vacuum insertions, the explicit exchange of scalar resonances, and

the wave-function-renormalisation contributions as shown in Fig. 5.2.

Figure 5.2: Diagrams contributing for calculating the 77" scalar form factors.
From left to right we have: contact term in yPT at lowest order; scalar resonance
(S) exchange coupled to the vacuum; explicit exchange of scalar resonances, ay and
excitations; O(p*) contributions from the O(p?) Lagrangian due to wave function and
mass renormalizations.

The resulting SFFs are®

2

Cm — C4) 2m3 — m2

F? M2

. . 8¢,
B0 s) = n()[l_ Cm(

5.13
de,, (Cm — €q)2m2 + cq <s+m72r—mi(,)) (5.13)

+F2 M2 —s ’

where ¢ " = cos 0,y —/2sin 6,,, and & = cos O,y +sin 0,0 /+/2 for the 7 and 77/
channels, respectively, and cym) are the couplings appearing in the derivative(mass)
terms of the Lagrangian involving the nonets of scalar and pseudoscalar mesons. A
similar analysis was done in Ref. [56] for the K7, Kn and K7’ SFFs. Once the QCD
asymptotic behaviour of the form factors is imposed, that is, they are O(1/s) for
large s, which implies ¢q — ¢,, = 0 and 4c4c,, = F?, and hence ¢q = ¢,, = F/2 [56],

these can be finally written as [174]

R0 ") A0 Mé%
Fon (s)zcon (1+ Mg >M§—S’ (5.14)

and their value at the origin are

— (7 — (7 A —m(/
Fr0) = (1+ u g“) . (5.15)
MS

8As a starting point, we assume there is only a nonet of scalar resonances. Later on, we will
include a second one. Moreover, we use in the calculation of the form factors isospin-averaged 7 (K)
masses My (x) Which will be in the following identified as their corresponding charged masses, being
the differences higher-order isospin corrections.
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5.3. 7w n" Scalar Form Factor

These normalisations can now be incorporated into Eq. (5.7) to give a prediction of

the normalisations of the related VFFs:

o _coslpy — V2 sin Oy A?ﬁ}é Ay
T
(5.16)
= cos¢ Mo ~ Mir = Mo + My 1— —m% — i
R m2 —m?2_ M? ’
and
F“_"l(O) _sinfyy + V2 cos Oy A?ﬂ; <1 N Aﬂ_n,)
! V3 A Mé
(5.17)
: M3 — My — M2 + M2, my, —m;_
= sin ¢y, o — 1— Tﬁ ;
n/ T

where the n-n’ mixing has been expressed for simplicity in the quark-flavour basis,

COS Py = (COS Oryy — V2 sin O )/ V3 and sin Gy = (sin O,y + V2 cos O/ V3, and

QCD __ 2 2 2 02 2 2 2 ;
Ao s = Mo — My — AMige = My — Myt — Mo +m; . has been estimated from

the K%-K* mass difference corrected for mass contributions of electromagnetic origin
according to Dashen’s theorem [175, 176]. Comparing these VFFs normalitzations
with those obtained after Eq. (5.11), one finally gets

2

2 2 2 2 m2
Mo — Mper — Mo+ M meooy — M-
. . KO K+ 70 t+ n ™
E ) = COS Py (81N Py ) e — <1 g | (5.18)
") = S
U

for the mn and 77’ cases, respectively. It is worth noticing that the former equation
is equivalent up to higher-order isospin corrections to Eq. (31) in Ref. [171] after the
identification z = (f, — fa)/(fu+ fa) = — (M50 — M3y —mZ, +m2,)/M3. The former
equality allows for an estimate of this parameter, z ~ —5 x 1073 for Mg = 980 MeV,
in agreement with the conclusion in Ref. [171] that z < 0.015. From Eq. (5.18), we can
also provide the numerical determination of the 7n) mixing angles we are employ in
this work, £, = (9.8£0.3) x 1072 and &,,;, = (2.5£1.5) x 10~*, which are far, specially
in the latter case, from their infinite scalar mass limit, &, = e5,(Mg — o0) = 0.014
and €.,y = €5y (Mg — 00) = 0.0038, in accordance with Ref. [177]. These values were
calculated using ¢,,y = (41.4 £ 0.5)° [172]. As seen, €., is one order of magnitude
smaller than &,/ caused by the strong suppression due to m,, ~ Mjg.

The description of the SFF's in the form of Eq. (5.14) begins to fail in the vicinity
of the resonance region. It breaks down for s = M2 which corresponds to an on-shell

intermediate scalar resonance. A common and simple way to cure this limitation is
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

by promoting the scalar propagator 1/(M2—s) to 1/(M2—s—iMgI's(s)), where the

corresponding energy-dependent width computed within RChT in this case reads

s \*? (s
rs() =108 (572) s (5.19)

with (opg(s) = 2qpg(s)/+v/s x ©(s — (mp + mg)?) is a kinematical factor)

AN
h(s) = ox-go(s) + 2 cos? (1 + . ") Or—n(5)

(5.20)

Ao\
+2sin® ¢y (1 + T") O (8)

for the ag(980) resonance case coupling dominantly to the 77 system®. In this way, we
have incorporated into our description some elastic and inelastic unitarity corrections
through resumming the imaginary part of the 7~n) and K~ K° self-energy loop
insertions into the propagator, accounting for rescattering effects of the final state
hadrons. Nonetheless, this description is not strictly unitary neither in its elastic form
(since we have accommodated inelasticities into the description) nor in an inelastic
fashion which would require to couple the channels in a more elaborated way. In
addition, this description is neither fully analytic in the sense that the real part of the
loop functions has been neglected. Usually, this option, known as the Breit-Wigner
(BW) representation, is widely used in the literature even though it might not be
an appropriate choice for describing data (as we have pointed out in Refs. [13, 179]).
Notwithstanding, we have considered interesting to discuss it as a starting point.
Using the values Mg = (980 & 20) MeV and I's = (75 £ 25) MeV [37] for the BW-
mass and -width of the a¢(980) resonance, the SFFs at the origin, see Eq. (5.15),
are predicted to be F"(0) = 0.92 + 0.02 and FT" (0) = 0.05 & 0.03, respectively.
Once these normalisations are taken into account, the resulting normalised SFFs are
identical in the RChT framework, that is, Fr "(s) = Fy " (s). In Fig. 5.3, we provide
their graphical account by considering a(980) as the mediated scalar resonance.
The above description can be generalised to take into consideration further res-
onances with the same quantum numbers of the a(980). In particular, we will also
include the ay(1450) resonance whose effects, in spite of its mass, could be noticeable

within the available phase space. For the same reason, however, no more resonances

9Current understanding favours that the meson multiplet including this resonance does not sur-
vive in the large-N, limit (see e.g. Ref. [178]). However, since this Breit-Wigner—like model is only
considered for illustrative purposes this fact will be ignored as it is usually done in this approach.
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Figure 5.3: Normalised 77 n") scalar form factors as obtained from the Breit-Wigner
approach described in Sec. 5.3.1. The gray error band accounts for the (uncorrelated)
uncertainty on the mass and width of the a((980) resonance.

will be considered henceforth. The SFFs in the framework of RChT including two

resonances then read as

F () = "

8¢m(Cm — cq) 2m3. — m2  4de, (Cm — €a)2m3 + cq (5 +m2 — m?;(/))

7 M MI—s

X |1—

8, (ch. —dy)2m3 —m2  4c, (ch — €a)2m3 + ¢ (5 +m; — m?;(/))
FQ Mgv F2 Mgv/ — S ’
(5.21)

where S and S’ correspond to the ay(980) and a(1450) resonances, respectively. The

short-distance requirement that the form factors go to zero for s — oo then implies
the constraints [56]:

/

4eqCp + 4,y = F? L—E(cm —cq) + ]\C;é/ (¢, —c)=0. (5.22)

Not so much is known on the exact values of the couplings c;l’m (and, to some extent,
on ¢qm). The estimate with only one scalar resonance led to ¢4 = ¢, and thus it
seems plausible to keep this constraint in the case of two resonances. One immediate

consequence of the constraint and the second relation in Eq. (5.22) is ¢}, = ¢],,. Then,
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20 ‘ — B. Wigner [ao(‘980)] 14¢ — B. Wigner [a0(980)]
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Figure 5.4: Normalised 777" (left plot) and 7% (right plot) scalar form factors
as obtained from the Breit-Wigner approach described in Sec. 5.3.1 including two
resonances (red dashed curves) or a single resonance (solid black curves). The red
error bands account for the (uncorrelated) uncertainty on the mass and width of the
a0(980) and a(1450) resonances.

the SFFs can be expressed, with ¢, and ¢, fulfilling ¢2 + ¢? = F?/4, as

(D) R 4 2 c? ) )
Fy " (s)=¢ " [1+ﬁ (M§—5+M§,—s) (s+mﬂ—mn(,)>

T )
n
CO

(Mg — S — ZM5FS<S)) (Mg/ — S5 — iMS/FS/(S)) {(Mg B S) (Mgl B 8)

N (5.23)

+% [cfn (Mg, — s) + 2 (M§ — s)} <s—|—m72T —mzm)} ,

once the energy-dependent widths have been incorporated into the scalar propagators.
Regarding the numerical values, we employ ¢, = 41.9 MeV [58] for the scalar coupling,
and Mg = (1474+£19) MeV and ' = (265+13) MeV [37] for the a((1450) mass and
width, respectively. In Fig. 5.4, the normalised 75"’ SFFs obtained from Eq. (5.23)
in the approximation of considering two resonances are shown and compared with
the single-resonance case. Notice now that the normalised expressions depend on the
mode. While in the 71 case, one clearly sees a dominant peak corresponding to the
ao(980) followed by a second smaller one in association with the ag(1450), in the 75"

case, two similar peaks located around both resonances are found.

5.3.2 Elastic dispersion relation: Omnes integral

A two-meson form factor is an analytic function in the whole complex plane except for
the branch cut originated as soon as the energy reaches the threshold for producing

the first intermediate state where an imaginary part is then developed. The case in
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which the intermediate states are exactly the same as the final one is known as elastic
and the corresponding cut is called unitary or elastic cut. For the case that concerns
us the associated cut starts at s = (mq- + m,»)* and the corresponding (elastic)

unitarity relation for the scalar form factor reads (cf. Eq. (2.27))
mFy " (s) = oo () E7 " ()77 () (5.24)

where tﬂ)n(l) (s) is the unitarized elastic 7~n(") partial wave of the scattering ampli-
tude of I =1 and J = 0 to be discussed later. Analyticity, which relates the real and
the imaginary part of the form factor in Eq. (5.24), is ensured through the use of a
dispersion relation which after some algebra leads to the well-known Omneés represen-
tation [79]. In the case where one subtraction is allowed, it reads (up to a polynomial
ambiguity given by P(s) Eq. (2.36))

2

e — > J (s')
FFs) =P ° 3”/ ds' Lo 5.25
0 () () exp T Ja i (s —s0)(s' —s—ie) |’ (5:25)

where sq is the subtraction point chosen at 0 in our analysis. The dispersive represen-
tation has been wide and successfully employed for describing lots of phenomena and
in particular data on exclusive hadronic tau decays [13, 14, 15, 16, 97, 106, 159, 180].
Unfortunately, the 77 7n") decay modes lack of any kind of experimental data either on
the phase shifts or the decays spectra. However, in the elastic region Watson’s final
state theorem [78] states that the phase of the elastic scattering amplitude equals
that of the corresponding form factor. Thus, we can access the form factor phase
shift f};"(/)(s) through the identification

mit7 " (s)

—n()
Gr-pin(8) =017 (s) = arctan —————= .
. | RetTy"" (s)

(5.26)
Regarding the scattering amplitudes 7~n — 7 n and 7~ — 77, we have consid-
ered convenient for our analysis to employ the expressions obtained within the global
analysis of the U(3) ® U(3) one-loop meson-meson scattering amplitudes in yPT in-
cluding resonances, carried out in Ref. [57], to have better control on the input values
of the theory (couplings, masses etc.). In that work, the partial wave amplitudes have
been properly deduced and unitarized through the N/D method [181, 182], whose
general simplified perturbative solution reads

PQ UPQ(S)NII,D?(S)

ty.g(s) = EEYEN (5.27)

(1+ 97N F(s)

)
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and finally employed to fit the available scattering amplitudes’ phaseshifts. In Eq. (5.27),
PQ refers to the interacting meson-meson system in question, g?(s) are the dime-
son one-loop scalar functions defined in Eq. (33) of Ref. [57] and Nf?(s) contains the
expressions of the partial wave amplitudes up to O(p*).

The polynomial ambiguity P(s) in Eq. (5.25) needs to be fixed from theory. In
principle, it could depend on s, but if the form factor is “well-behaved” at high-
energies, that is lim,_,., Fy(s) = 0, it can be set to a constant. Our analysis confirms,
a posteriori, that this is a good assumption. We have chosen it to be £ "(0) = 0.92
and FT " (0) = 0.05 from Eq. (5.14) '°. In Fig. 5.5 we represent the elastic SFFs
obtained by employing Eq. (5.25) using the results from the updated analysis of
Ref. [58] as input values here and hereafter by neglecting error correlations since we
ignore them (specifically we are using the values in Eq. (45) of this reference). From
the figure, we see a resonant region at around 1.4 GeV which may be attributed to
the effect of the ag(1450). This presence and the absence of a corresponding peak for
the a((980) is explained because the former resonance appears in the s-channel of the
scattering amplitude while the latter only in the crossed ¢ and u channels.

It can be verified that the form factor can also be written in a closed expression as
[56, 161, 183]

71'777(/)
F(;rfnm s) = 1 | = | -
(s) H (1 — s/szj) (1 + gﬂ*n(O(s)Nfan(/)(S)) ( )

The s.;, are the locations of the zeros of the inverse of the denominator function
D(s) = (1 + g”fﬁ(l)(s)]\f;g”(/)(s)) which have to be removed in the form factor. In
our specific case, the zero is placed at s,, = 1.9516 GeV? corresponding to the bare
(squared) mass of the scalar octet, Sg [58]. As a consistency check, we have verified
that the results obtained with Eq. (5.25) are reproduced using the closed expression
from Eq. (5.28). Inspired by the works of Refs. [160, 161, 162, 163, 164, 165, 166, 130,
184, 185, 186, 187, 188], we propose to mimic the analogous expression of Eq. (5.28)
for describing the coupled-channels case. In this respect, our closed form solution for
the coupled-channels problem giving the participant scalar form factors (instead of the
more common iterative solution of the coupled integro-differential set of equations)
appears numerically advantageous for the Monte Carlo event generator performance
[115] specially if our expressions are to be used for fitting the resonance parameters

appearing in the SFFs. The method is detailed in the appendix D.

0T hese inputs could be checked with lattice QCD simulations incorporating isosping breaking.
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Scalar 7=n (up) and 7~ 7' (down) form factors considering elastic final-

state interactions of the di-meson system as obtained from Eq. (5.25). The gray error
bands account for the (uncorrelated) uncertainty on the input values from Ref. [58].

5.3.3 Two coupled channels

We first consider the two coupled channels case involving the 77 n and 77 cuts.

The two-meson loop function and the required partial-wave scattering amplitudes are

organized in symmetric matrices given, in this specific case, by

o = (1

Gr-

O l) 7 NL()(S) _ (Nﬂ'—n—ﬂr_n
n

Nr—nosm—n ) , (5.29)

NTI'_’I]/*HT_’U Nﬂ’—r]’ﬁﬂ'—r]’
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where each entry of the matrix N(s) (omitting the I,J quantum numbers) reads
2
Nii(s) = ﬂ?(p4)(s) — gi(s) (To(pQ)(s)> (1,7 = 1,2) with ﬂ?(p4)(s) referring to the

corresponding partial wave amjplitude at O(p*) which includes the O(p?) term, O(p?)
contributions arising from wave-function renormalization of the fields and, finally,
the explicit O(p*) resonance exchange and one-loop diagrams in the s as well as
in the crossed ¢ and u channels. Written in this way, we avoid double counting of
loop contributions in the s-channel. For sake of clarity, Eq. (D.18) applied to this

particular case would read

)\ _ L
(FJ‘”'(S)) "~ Det[Dy(s)] (5.30)

(o) o) G ) (i)

where we have considered the subtraction point to be sq = 0 for simplicity and in
analogy with Refs. [14, 13, 16] where it appeared to be a good choice. The matrix
Dy;(s) entering Eq. (5.30) is defined in Eq. (D.19) of appendix D whose determinant,
Det[Dy;(s)], may vanish for some values of s. We get rid of these possible zeros by
factorizing them in the matrix Dy;(s) as has already been done in Eq. (5.28) for
the single-channel elastic case. In this manner, these singularities can be seen as
dynamically generated resonances from the matrix Dy;(s) after the rescattering of
the pseudoscalars. In our particular case, Det[Dyy(s)] vanishes, again, at s,, = 1.9516
GeV? for the same reason given for the single elastic case.

Regarding the input values at the origin of energies, their values are not precisely
known and for our study we have employed FJ"(0) = 0.92 and Féml((]) = 0.05 as
obtained from Eq. (5.14). These values, since need to be fixed from external theoret-
ical arguments, enter as a source of model-dependency (see '°). In Fig. 5.6 we show
the results of solving Eq. (5.30) for the 7=n SFF coupled to 7~ 7" and viceversa (red
dashed curves), compared to the respective elastic cases (black lines). On the upper
plot of Fig. 5.6 it is seen that the 7~ 7 scalar form factor coupled to 7’ develops a
thin peak at around 1.4 GeV followed by a hard drop. We can also observe that, in
general terms, the neat effect of coupling the 7= channel on the 777 SFF is small.
On the contrary, the impact of the 7=n cut onto the description of the 7= SFF is
large as one can see from the down panel of Fig. 5.6 where, in this case, the resonance
region is highly enhanced. One interesting thing to notice is that the coupled-channels
effects start, respectively, at the 7=n and 71’ thresholds and if these inelasticities

are switched off, one would recover the elastic description.
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Figure 5.6: 71 SFF coupled to 77’ (up) and 71’ SFF coupled to 7~ n (down) as
calculated from Eq. (5.30) (red dashed curves) compared to the corresponding elastic
case (black solid curve). All the expressions are normalized to unity at the origin.

Analogously, we play the same game by considering the K~ K° cut which is located
between 7~ n and 7w~ n'. A priori one may expect the intermediate ud-like scalar
to strongly couple to the K~ K" system [189]. One important thing we would like
to emphasize is that the value at the origin of the energies of the K~ K° SFF, as
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computed from Ry T in analogy with Eq. (5.14) for 770", is FX K°(0) = 1 (this can
be easily understood observing that the kaon mass difference is very small compared
to the chiral symmetry breaking scale), and therefore its weight may be relevant. This
is corroborated in Fig. 5.7, where we show the 7~ 1) SFF coupled to K~ K° (blue
dotted curves in the up and down panels respectively). Notice that this time the
effect on the 7=n SFF is sizable. After a small dip at the 77 threshold, we see a small
peak at the K~ K" threshold and a significant enhancement between 1.3 — 1.45 GeV
respect to the elastic case. This is one interesting result which may help to unveil
the somehow ”exotic” nature of scalar resonances which couple to the ud operator.
Suggestions like tetraquark interpretation as well as molecular K K threshold states

exist in literature .

5.3.4 Three coupled channels

Let us now turn to the case in which the 7=n, K~ K° and 77’ cuts are considered at
the same time 2. This requires to perform an evaluation where the three channels are
coupled to each other. In this case, the matrices encoding the corresponding scalar

loop function and partial-wave amplitudes read

g(s) = 0 gxxr O , (5.31)
0 (-
N7T_774)7T_T] Nﬂ"n%ﬂ'—n’ Nﬂ'_n*)K_KO
NI,O(S) = Nﬂ'_n/*)ﬂ'_’ﬂ NTI‘_’U'*)TI'_’U/ Nﬂ*n’%K*KO . (532)

Ng-kosn—n Ng-gosn-y Ng-gox-Ko
From the corresponding analogous expression of Eq. (5.30) for three coupled channels
(which now we do not explicitely quote), we obtain the 771 SFF coupled to K~ K°
and 71’ as well as 771’ SFF coupled to K~ K and 7—n. In Fig. 5.8 we provide
a graphical account of these results (green dot-dashed curves) compared with all
previous cases. In addition, we get the K~ K° SFF coupled to the 77n") system as
shown in Fig. 5.9. In the case of the 7n SFF, the three coupled channels solution
follows closely the one obtained coupling 7n and KK cuts, except for the region
between 1.2 and 1.3 GeV where a dip first appears. For the KK SFF, the three

coupled channels solution resembles very much the K K coupling to 7mn apart from

See e.g. the note on scalar mesons at the PDG [37].

12The 7~ 7% cut is safely neglected, because no resonance contributions to this channel are allowed
at first order in isospin breaking. However, its low-energy limit has been derived in Ref. [190] in a
model-independent way because of its importance in producing a sizable CP-violating asymmetry
in the di-pion tau decays, albeit only very close to the mm-threshold.
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Figure 5.7: 7 n (up) and 77’ (down) SFF coupled to K~ K as calculated from
Eq. (D.18) (blue dotted curves) compared to the corresponding elastic case (black
solid curve). All the expressions are normalized to unity at the origin.

the 1.3 to 1.4 GeV region, where the peak in the two-channels case almost disappears
in the three-channel solution. Finally, in the 71 case, the three coupled channels
solution does not appear to be significantly dominated by any of the two-channels

results in the inelastic region.
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Figure 5.8: 7 71 SFF coupled to K~ K° and 7=’ (up) and 7~ ' SFF coupled to 777
and K~ K (right) as calculated from Eq. (D.18) (green dot-dashed curve) compared
to both the elastic case (black solid curve) and to the two coupled-channels cases (red

dashed and blue dotted curves). All the expressions are normalized to unity at the
origin.

A last explanation is in order: the effect of the ") — 7(7)y channels should,

in principle, be considered as well. The devoted discussion of these contributions in
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Figure 5.9: KK SFF coupled to 7~ 1") normalized to unity at the origin. The green
dot-dashed curve refers to the three coupled-channels case while the red-dashed and
blue-dotted curves refer to KK coupled to 771 and 777/, respectively.

Ref. [190] shows that either the subleading isospin breaking of the p contribution to the
one-pion final state, or phase space considerations in the two-pion channel suppress

enough these channels so as to neglect them given the current level of uncertainty.

5.4 Spectra and branching ratio predictions

54.1 7 = 11 ;s

The vector and scalar form factors as described in Sections 5.2 and 5.3 finally enter
Eq. (5.8) in order to predict the partial width of the decay 7= — 7 nuv,. The
corresponding distributions are plotted in Fig. 5.10 and the predicted branching ratios
are given and compared with other authors results in Table 5.1. In the figure, we
display the vector contribution alone (red dashed curve) as well as the full decay width
distribution. The latter is shown in three different ways depending on the employment
of the Breit-Wigner formula (blue dotted curve), the elastic Omnes formula (solid
black curve), or the three coupled channels description (green dot-dashed curve) for
the parameterization of the scalar form factor as presented in the main text.

On one hand, we can see that the low-energy region of the spectrum, which ranges
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from the 7~n threshold to 1 GeV, is mainly dominated by the vector contribution
with a neatly visibly effect associated to the p(770) resonance. Only in the case of the
Breit-Wigner description of the SFF the low-energy region is instead dominated by
the ao(980) scalar resonance whose manifestation is clearly seen at around 0.90 GeV,
and then suppressed. On the other hand, the scalar contribution as obtained from a
dispersion relation through the single channel Omnes integral, or from coupling three
channels, dominates the energy region of the distribution above 1.2 GeV. For the
elastic single channel case the distribution falls off smoothly, while a sizable peak at
around 1.4 GeV appears if the three coupled channels description is employed. This
peak appears due to considering the K~ K intermediate state, and it is associated
with the octet of the scalar multiplet, Sg, appearing in the resonance chiral lagrangian
our work is based on, and may be attributed to the effect of the ay(1450) resonance.
Also, in the upper part of the distribution, although suppressed, we can see the trace
of other vector contributions, such as p’ and p”, and the corresponding interferences
among them.

We would like to note that our predictions respect the current experimental upper
bounds as can be seen from the results presented in Table 5.1. From the table, we can
also observe that our prediction for the vector contribution is quite in accordance with
previous results while the scalar contributions show some scatter. The latter may be
one interesting consequence of the effect of coupling channels for the parameterization
of the scalar form factor. Our description is pretty sensitive to the isospin violating
70 — n mixing angle e,, = 9.8(3) - 107* whose error becomes an important source
of uncertainty for our predictions together with the intrinsic error associated to the
scalar form factor. The latter arise from the (uncorrelated) errors on the resonance
parameters for the Breit-Wigner description and from the (uncorrelated) errors on the
input values of Ref. [58] for the Omnes solution as explained in Section 5.3.2. On the
contrary, it is very important to emphasize that for the coupled-channels description
we do not provide an uncertainty associated to the SFF since our forced guess of
uncorrelated parameters gives large uncertainties resulting in predictions compatible

with zero 13

. This happens because our parameterization is rather sensitive to the
value of the mass of the scalar resonance entering in s-channel, which appears moved

away from the central value enhancing their contribution when trying to cover the

13In Ref. [190], it is pointed out that an uncertainty smaller than 20% in the f7” at 1 GeV would
allow to improve the bounds on a charged Higgs obtained from B — 7v,. The previous remark in
the main text makes clear that this is not currently possible.
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band within the uncertainty. Regarding the effect of the error from the measured
77 VFF on the 7—n VFF, this is very tiny and hence neglected in our predictions.

Accurate predictions would demand precise values for e, and as soon as 7= —
7~ nv, becomes measured we will be in a position to infer the input values we have
employed in our analysis (e.,, couplings, masses, F{ _"(/)(0), etc.) from fitting data,
check their consistency with the corresponding fit results of the global analysis of

meson-meson scattering [57] and with [58], and present more accurate results.
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Figure 5.10: Decay distribution for 7= — 7 v, as obtained from Eq. (5.8). Red-
dashed curve describes the contribution corresponding to the vector form factor while
the other three curves represent the full distribution by employing the scalar form
factor in its elastic version (black solid curve), in the three coupled-channels analysis
(green dot-dashed curve) and using the Breit-Wigner formula with two resonances
(blue dotted curve).

5.4.2 1 =71 1y,

Regarding 7= — 7 n'v,, we show the decay width distribution in Fig. 5.11 and our
branching ratio estimates in Table 5.2. In this case, the large mass of the 1 con-
siderably reduces the available phase space with respect to the 777 mode. As a
consequence of that, the vector contribution (red dashed curve in the plot) is sup-

pressed since the effect of the p(770) appears before the 77 production threshold.
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BRy -10° | BRg-10> | BR-10° Reference
0.25 1.60 1.85 Tisserant, Truong [191]
0.12 1.38 1.50 Bramén, Narison, Pich [192]
0.15 1.06 1.21 Neufeld, Rupertsberger [193]
0.36 1.00 1.36 Nussinov, Soffer [194]
[0.2,0.6] [0.2,2.3] [0.4,2.9] Paver, Riazuddin [195]
0.44 0.04 0.48 Volkov, Kostunin [196]
0.13 0.20 0.33 Descotes-Genon, Moussallam [190]
BRy -10° | BRg - 10° BR-10° Our analysis
0.26 £0.02 | 0.727055 | 0.98 +0.51 Breit-Wigner [ag(980)]
0.26 £0.02 | 0.48752% | 0.74 4+ 0.32 Breit-Wigner [a(980) + ao(1450)]
0.26 +0.02 | 0.1075:03 0.36 + 0.04 Elastic Omnes solution
0.26 +£0.02 | 0.15£0.09 | 0.41 £ 0.09 2 coupled channels (777 to 7~ 7)
0.26 £0.02 | 1.86 = 0.11 | 2.12 £ 0.11 2 coupled channels (777 to K~ K?)
0.26 £0.02 | 1.41 £ 0.09 | 1.67 4+ 0.09 3 coupled channels
BR-10° Experimental collaboration
< 14 (95% CL) | CLEO [108]
< 7.3 (90% CL) | Belle [149]
< 9.9 (95% CL) | BaBar [107]

Table 5.1: Branching ratio predictions for 7= — 7 v, as obtained as from Eq. (5.8)
with the vector and scalar form factors described in the text. We name our predictions
depending on the scalar form factor description we have employed. A comparison with
current experimental status and with other authors’ estimates is also provided. The
source of the uncertainty arises from the errors on e, (only source on the vector form
factor) and from the (uncorrelated) errors on the scalar form factor input values. For
the coupled channels cases, the uncertainty arises from e, only. The total branching
ratio is obtained after symmetrizing and adding in quadrature all uncertainties.

Therefore, the decay is mainly driven by the scalar form factor. Again, we show
three different curves for the full distribution named depending on the scalar form
factor we have employed. The Breit-Wigner contribution (blue dotted curve) is, in
this case, small since the effect of the ag(980) appears before the 77—’ threshold and
only the peak of the ag(1450) is relevant. The coupled channels description (green
dot-dashed curve) shows a clear peak at around 1.4 GeV which vastly dominates the
decay. This effect may be attributed to the ay(1450) resonance as we argued in the
71 mode. The same argument is valid for the elastic Omnes description (solid black
curve) though the peak, in this case, is not as pronounced.

While our estimate for the vector contribution, of the order of 10719, is smaller
than previous predictions, our values for the scalar contribution lie within the window

107 "—1075, respecting the current upper bounds in any case. Regarding the numerical
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5.4. Spectra and branching ratio predictions

calculations, we have found this process much more sensitive to the isospin violating
input value e,/ than the 777 mode. This is so because they are combined is such a
way that the value at the origin of the energies, Fy 7",(0) given in Eq. (5.7), becomes
a small quantity, whose square enters Eq. (5.8) for the description of the width. The
upper and lower values of the windows given in the predictions of Table 5.2 are due
to the associated errors to .,y = 2.5(1.5) - 107*. We find that this decay could be
of the order of the current experimental bound 107¢. It is really interesting to see
whether future experimental information can soon shed light on this mode. Taking
into account the current upper bounds as well as our predictions either of the decay

modes 7= — 7 0", is likely to allow the discovery of SCC at Belle-II.

T T T T T T
,"‘| — Full: vector + elastic scalar
1t I.’ '-\ -= Full: vector + 3 coupled channels | |
e < \\ == Full: vector + B. Wigner (2 res) ;
\g 001- == Vector ]
=
= 1074 ]
= 3
-
— _6 | _
S 10 |
107%; :
10— 10 . | . ! . . . ! . . . ! . . I . . .
1.0 1.2 1.4 1.6 1.8 2.0

Vs (GeV)

Figure 5.11:  Decay distribution for 7= — 7 /v, as obtained as from Eq. (5.8).
Red-dashed curve describes the contribution corresponding to the vector form factor
while the other three curves represent the full distribution by employing the scalar
form factor in its elastic version (black solid curve), in the three coupled-channels
analysis (green dot-dashed curve) and finally using the Breit-Wigner formula with
two resonances (blue dotted curve).

543 0" =1l v, (L=e,p)

The form factors required for describing 7= — 7 n")v, and the semileptonic decays

n") — 7t (= v, are the same since the hadronic matrix element (n")|dy*u|r*) is related
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

BRy BRg BR Reference

<1077 [0.2,1.3] - 107 [0.2,1.4] - 107° Nussinov, Soffer [197]
(0.14,3.4] - 1078 | [0.6,1.8] - 1077 [0.61,2.1] - 1077 Paver, Riazuddin [198]
1.11-1078 2.63-1078 3.74-1078 Volkov, Kostunin [196]
BRy BRg BR Our analysis
0.3,5.7]-1071 [ [2-107",7-1071°] | [0.5-10711.3-107] | Breit-Wigner (1 res)

[ ] [
0.3,5.7)- 1071 | [5-107'1,2-107°] | [0.8-10~ 10, ,2.6-107% | Breit-Wigner (2 res)
0.3,5.7]-1071° | [2-107%,4-1078] |[2.6-107° 4 1078] Elastic Omnes solution
0.3,5.7]-10°1 | [2-107,2-1079] | [2- 107, 2. 10~] 2 ce (1 to )
0.3.5.7]-10°1° | [3-107,3-10-9 | [3-10~7,3. 10~7] 2 ce (1] to K~ K°)
0.3,5.7) - 1071 | [1-1077,1-107¢] | [1-10~ 7 ,1-1079] 3 coupled channels

BR Experimental collaboration

<4-107°% (90% CL) | BaBar [110]
<7.2-10°% (90% CL) | BaBar [151]

Table 5.2: Branching ratio predictions for 7= — 7mn'v, as obtained as from Eq. (5.8)
with the vector and scalar form factors described in the text. We name our predictions
depending on the scalar form factor description we have employed. A comparison with
current experimental status and with other author estimates is also provided. Our
best theoretical estimate, corresponding to the three-coupled channel SFF analysis,
is highlighted in boldface.

by crossing with Eq. (5.6). In 77@3) decays the available kinematical energy range is,

however, mj < s < (m,» — mg)* instead of (m,» + m.)*> < s < m2 for the 7

nt
decays. Consequently, the form factors entering 7,3 decays are real functions of s.

The differential decay width is given in this case by

A0 GH[ViaFy (0)P(7")(s — m})?
d+/s 247T3M;°;

- 3 -
{(23 + m?)qin(,) Fy(s)? + 4—8Ain(,)m?qm<,) FQ(S)Q} : (5.33)

Notice that the width is mainly given by the contribution of the vector form factor
since the scalar form factor is weighted by the squared mass of the final state lepton,
hence suppressing its contribution.

In Fig. 5.12, we show the decay distributions while in Table 5.3 we present our
branching ratios estimates. The rareness of these modes may enhance the sensitivity
to new types of interactions and any clear deviation from the branching ratio of order
O(107'% —107'?) may probe physics beyond the SM. At present, BESIII has reported
B(n— nte v, +ce)<1.7-107 and B( — nte v, +c.c.) < 2.2-107%, both at the
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5.4. Spectra and branching ratio predictions

90% C.L., which means the firsts upper bounds ever for n and 7’ semileptonic weak
decays [199], but still extremely far from our values. These are in agreement with
those in Ref. [190]. This can be understood from the fact that, although the analysis
of the VFF dominating 7723) decays is quite different in our analysis and theirs '* both
are consistent with the chiral limit of QCD and incorporate information on the off-
shell p(770) meson contribution, which is of paramount important in the available
phase space. However, we note that our predictions are slightly lower than theirs.
Predictions in [193] are in turn a factor two smaller than in Ref. [190] because their

pure xPT result at NLO lacking the explicit p(770) exchange effect.

Decay Descotes-Genon, Moussallam [190] | Our estimate
n—nte b, + cc. ~ 1.40-1071 0.6-10713
n—rtuTo, +cc. ~1.02-10713 0.4-10713
n —nte v, +ce. 1.7-10717
n —ntu o, + ce 1.7-10717

Table 5.3: Branching ratio estimates for n)' — 77¢~v, (£ = e, u) obtained after
employing €., = 9.8(3) - 1073, &,y = 2.5(1.5) - 10~* for the n3 and 1), respectively.

14We recall that in our case is given by the corresponding () — 7% mixing factor times the 7~ 7°
VFF taken from data, while in Ref. [190] it is basically built upon the unitarized nm — #nm xPT
amplitudes taking into account n — 37 information.
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,
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Figure 5.12: Decay distribution for n — 7~ v, (up panel) and ' — 77 ¢~ v, (black
solid and red dashed curves for the electronic, ¢/ = e, and muonic, ¢ = pu, cases

respectively) as obtained as from Eq. (5.33).

5.5 Conclusions

Hadronic decays of the 7 lepton constitute an ideal scenario for studying the hadroniza-

tion of QCD currents in its non-perturbative regime. In this work, we examine the
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5.5. Conclusions

7~ = 7w vy, and 7~ — 7 n'v, decays which —while being allowed, though isospin-
suppressed, SM processes— belong to the so-called SCC processes unseen in Nature
so far.

We focus on the Standard Model prediction of these decays by describing the
participant vector and scalar form factors. These have been calculated within Chiral
Perturbation Theory including resonances as explicit degrees of freedom as an initial
setup approach. In this framework, we have encoded the 7% — 1 — 1’ mixing by means
of three Euler angles (e, €y, and 6,,/), where Ery 18 an isospin violating quantity
entering the expression for decay width which explains the smallness of these decays.
We have determined £, and e,y to be 9.8(3) - 1072 and 2.5(1.5) - 10~*, respectively,
calculated at next-to-leading order in the RChT framework (cf. Eq. (5.18)). One nice
and interesting consequence which emerges neatly in this parameterization is that the
corresponding 77 and 7~ 7' vector from factors in its normalized version are found
to be proportional to the well-known 7~ 7 vector form factor. For our study, we have
implemented the experimental determination of the latter, obtained from the Belle
collaboration [19] in the analysis of 7= — 7~ 7%, decays, for describing the former
in a model-independent way.

Regarding the scalar form factor description, we have discussed different param-
eterizations according to their increasing fulfilment of unitarity and analyticity. We
started considering a Breit-Wigner representation by resumming inelastic width ef-
fects into the resonance propagator(s) but neglecting the real part of the correspond-
ing loop function, hence inducing a violation of unitarity and analyticity. This case
has been tackled by considering, first, the contribution of the a((980) as the only
resonant state and, second, by including the nearest radial excitation ag(1450) into
the representation. Then, we moved to a completely analytic description, respecting
elastic unitarity, by the use of a dispersion relation through the well-known Omnes in-
tegral. This solution requires as an input the elastic phase of the form factor which has
been obtained from Ref. [57], after invoking Watson’s theorem. Finally, we have illus-
trated a method for solving coupled-channels form factors (see appendix D) by using
closed algebraic expressions after exemplifying the equivalence with the Omnes solu-
tion for the single channel elastic case. In this way, the lowest-lying scalar resonances
are generated dynamically after considering final-state interactions of meson-meson
systems.

Several comments are in order concerning our branching ratios predictions:

i) We have found the 77 decay branching ratio to be of order 107, in agreement

with previous estimates and respecting the current experimental upper bound [107];
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Chapter 5. Study of the second-class current decays T~ — 7w nv, and 7~ — 7 n'v,

ii) both vector and scalar contributions are comparable;

iii) the Breit-Wigner descriptions are both in agreement at one sigma level inde-
pendently of considering one or two scalar resonances;

iv) the effect of coupling the 77’ channel to the 7~ description of the scalar form
factor is small since it does not differ so much from the elastic dispersive representation
(obtained after Omnes);

v) the effect of including the K K threshold is, however, sizable. This may be due
to the exotic nature of the scalars coupled to the ud operator;

vi) accurate predictions demand precise value for the isospin violating parameter
€y Which factor out in the decay width;

vii) the 77/ is basically driven by the scalar contribution because of phase space
considerations;

viii) the latter mode is much more sensitive to the isospin violating parameters,
€y, as well as to the SFF description;

ix) inelastic channels may increase the branching ratio of the 7~n' mode by one
or two orders of magnitude up to order of 1075;

x) the errors of our scalar form factors contributions are underestimated since
correlations between the participating parameters are unknown. This important lim-
itation shall be improved once these decay modes are first measured. Ideally, through
a joint analysis of meson-meson scattering and 7= — 7 n")v. decays data.

Therefore, considering the tighter bounds on the 77’ channels, both 7= — 771/,
decay modes have good prospects for discovering SCC soon at Belle-II. While the
p(770) meson shoulder should be an unambiguous signature of this discovery in the
7~ 1 mode, the thin peak of the ag(1450) resonance would be very much helpful in both
cases. Finally, we have given estimates for the semileptonic crossing symmetric decays
n") — 74w, (£ = e, ) for which we do not foresee detection in the near future. We
hope our work to serve as a motivation for the experimental collaborations to measure

these decays in the near future at Belle-II, BESIII and forthcoming facilities.
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Part 11

Phenomenological applications of
Padé approximants
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Chapter 6

Introduction to Padé approximants

When perturbation methods are considered to solve a problem, the answer usually
emerges as an infinite series given in terms of the perturbation parameter ¢. If the
perturbation series converge rapidly, summing up the few calculated terms provides
a realistic approximation to the exact solution. As a matter of example in physics,
perturbative tools have been applied to QED leading a successful description of the
interactions among fermions and photons. However, it is more common for the series
to converge slowly, if it converges at all. Fortunately, there are powerful methods for
recovering an accurate approach to the exact answer from a few terms of a slowly
convergent or divergent series. In this chapter we will briefly discuss the Padé method
which, in some instances, has been proven to be a successful summation method. We
will not provide a formal and rigorous mathematical discussion on the method!, which
is out of the scope of this thesis, but rather a general overview with explanatory and
easy going examples.

Let us consider the power series expansion of a function f(z) around the origin

on the complex plane (z — 0) as of

f(Z) - chzna (61)

with a certain radius of convergence r. The idea of Padé approximants is to replace
the power series as given in Eq. (6.1) by a sequence of rational functions. Strictly
speaking a PA to f(z) is a polynomial of order N over a polynomial of order M

N .
Zj:(} (lj(Z)j apt+ a1z +--- +aN(Z)N

- (6.2)

PY(2) = )
W) = ST B T Tk b b (o)

!The interested reader is referred to Refs. [200, 201] to deepen on the subject.
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constructed such that? the Taylor series expansion of Piy(z) matches the power series

f(2) up to the highest possible order
f(z) = Py (2) = O(z)" L (6.3)

For example, to determine the PP (z) Padé we expand this approximant in a Taylor

series
Qg
PY(z) =
1( ) 1 + blZ
and compare with the first two terms in the power series representation of Eq. (6.1)
f(z) = co+ c1z + O(z). This leads two equations

= ag — a1z + O(2%), (6.4)

Co = Qg , (65)
c1 = —a0b1 s (66)
thus
Co
P(z) = : :
0(2) = o (6.7)

co

As we will see in the following, the main advantage of the use Padé approximants
respect to Taylor series expansion is that they often enlarge their proven range of
applicability and accelerate the rate of convergence though, sometimes, the improve-
ment is not astounding. Actually, the convergence of Padé approximants is not a
simple extension of the convergence theory of Taylor series and one can find situa-
tions where Taylor series converge while Padé approximants do not [201]. However,
the real power of Padé approximants arises when applying the method to divergent

series as we will illustrate with the next example. Let us consider the function
1
f(z)= gln(l +2), (6.8)

whose Taylor expansion

2 3 4

z z z 4
=1-4+=-"+=+0z° 6.9
— it 1 2T T a Ty O (69)

—
|
N
N~—
3

3

converges for |z| < 1 and diverges elsewhere.
As a matter of example, in Fig. 6.1 we provide a graphical account of the PAs
PP(z) (short-dashed blue curve), P!(z) (dot-dashed red curve), Pj(z) (long-dashed

2With any loos of generality, we take by = 1 for definitiness.
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Chapter 6. Introduction to Padé approximants

orange curve) and PZ(z) (dotted green curve) Padé approximants to the function
Eq. (6.8) (black solid curve),
1+5

1 14+ 242
PIO(Z):—Z7P11(Z>: 2z = 22 ’PQ(Z): 6120 33,202 '
1+§ 1+§ 1+Z+F 1+g+w

(6.10)

We see that the sequence converge rapidly and even beyond the radius of convergence

of the Taylor series |z| < 1.

35

Padé Approximant

3.0; 1

IR — —Log[1l+z]
2.51¢
2.0, !

15

1.0

Figure 6.1: P)(z) (blue curve), P}(z) (red curve), P;(z) (orange curve) and P%(z)
(green curve) Padé approximants to the function to 1ln(1 + z) (black curve).

Convergence properties of PA to a given function are far from trivial and is an
active field of research in applied mathematics. The convergence of the sequence of PA
to the function we want to approximate is only ensured for special kind of functions
such as Stieltjes or meromorphic functions. A function f(z) is called Stieltjes if obeys
a dispersion relation given in terms of a positive definite spectral function. In this
case, the Padé sequence is convergent everywhere on the complex plane, except on
the branch cut. The function Eq. (6.8) that concerns us is of Stieltjes-type and can
be proved that Padé approximants converge to %ln(l + z) for all z in the cut plane
larg| < m (See Ref. [201] for a detailed demonstration).

The reason why PA are able to provide a better description of Eq. (6.8) than the

Taylor series Eq. (6.9) lies on the inability of a polynomial to reproduce singularities
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such as branch-cuts or poles. The PA P}(z), however, place all the poles and zeros
on the negative real axis which, in turn, tend to reproduce the effect of the branch-cut
singularity of the function, (—oo, —1]. This feature can be seen in Fig. 6.2, where we
observe that effectively the poles and zeros all lie on the negative real axis and as

N — oo the poles become dense mimicking, in some sense, the branch cut.

10— ——————,
- @ Poles
. [ |Zeros ]
0.5 ]
‘% 0.0} ! PS Py P ——
—05- i
o S S S

-7 -6 -5 -4 -3 -2 -1 0
Re[z]

Figure 6.2: Poles (circles) and zeroes (squares) of the PA shown in Fig. 6.1.

The Padé sequence of a Stieltjes series has some interesting convergence prop-
erties such that: i) the diagonal Padé sequence PY(z) decreases monotonically as
N increases; ii) the Padé sequence Py ~!(z) increases monotonically as N increases;
iii) The sequence Py (z) has a lower bound, while the sequence Py ~'(2) has an up-
per bound. It is proven that all Stieltjes functions F'(z) with the same finite series
representation used in the Padé summation satisfy [201]

lim Py '(2) < F(2) < lim P{(z). (6.11)

N—oo " N—oo
Canterbury approximants

Let us briefly introduce the so-called Canterbury approximants [200, 202, 203], a
bivariate generalization of PAs defined as C¥(z,y) = %. The coefficients of
Ry(z,y) = Zf\; a;jx'y’, (i,7) € N, and Qn(z,y) = vaj bijx'y’, (i,7) € D are deter-
mined by the accuracy-through-order conditions up to O(z*¥y?V), and O(x?NT172y2)
with @ = 0,1,...2N. The Canterbury group [202] demonstrated that for Stieltjes

and meromorphic bivariate functions, the convergence of Cx ™/ (Q?, Q3) is guaranteed
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Chapter 6. Introduction to Padé approximants

for J = —1,0 and resemble those of the PAs. This convergence properties will be

exploited in section 7.1.4.

Quadratic approximants

Thus far we have seen the powerfulness of PA to approximate our test function,
Eq. (6.8), away from the branch cut and the failure for describing the branch cut
region. Nonetheless, we would also like to illustrate a method which might be able
to approximate the branch cut region as well.

In the same spirit than Padé approximants, Quadratic approximants [204] (QA)
arise by squaring Eq. (6.3), the contact term of PA with the function f(z) we want

to approximate. This yields the quadratic equation
Q(2)f*(2) + 2R(2) f(2) + S(2) = O(2777%2), (6.12)

where Q(z), R(z) and S(z) are polynomials of order ¢, r, s, respectively. The solution
of Eq. (6.12) leads to

—R(z) + \/RQ(z) —Q(2)S(z)
Q(2) ’

with the special feature of generating a branch cut thanks to the square root. Notice

QAT (2) = (6.13)

that the are two solutions, being the ones that picks up the phase of the function to
approximate the correct ones. With QA at hand, we reassess the logarithm function
evaluated in the previous section. Convergence of QA to Stieltjes functions is well
proven and documented and in most cases, the rate of convergence is faster than
for PAs [200]. Even better is their ability to reproduce order by order the analytic
structure of the branch cut and incorporate, at once, the correct behavior for z —
oo [200, 204]. To illustrate their performance, we start with single pole QAs of the
type QA7T°(z) allowing r and s to run from 0 to 1. The sequence with two poles
converge much faster and is less illustrative for our pedagogical discussion. The

QA?’O(Z) requires 3 coefficients, while the QAi’l(z) requires up to five. As examples,

QA (2) = —1++v9-62 (8 — 52) + 3v/225 — 240z + 1422
1 - ) .
4—3z

1,1, .y
QA (2) = 12— 132

(6.14)

The result is shown in Fig. 6.3 from where we realize that we are not only able

to approximate the region away from the cut, for which PA already worked well (cf.
Fig. 6.1), but also the branch-cut region. The higher the order r and s, the better
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Figure 6.3: QA% (2) (short dashed blue), QA% (2) (dot-dashed red), QA;°(2) (long
dashed orange) and QA;"(z) (dotted green) QAs to the function LIn(1 + z) (black).

the approximation of both branch cut and the region out of the cut. The QA" (2)

requires the same amount of information than the P§(z) but performs better not only

along the cut but also below.

Phenomenological applications

With all the insights from the Padé method and convergence theorems at hand,
we can venture a trip towards phenomenological studies. In some cases, the direct
application of the convergence theorem might guarantee in advance our success. In
other cases, specially when the analytical properties of the function to approximate
are unknown and the local information scarce, we will pursue a convergence pattern
to satisfy our criterium of systematic study.

In the forthcoming sections 7 and 8, we will apply Padé approximants to describe
meson transition form factors. It is worth to say once more, that there is no a priori
probe assuring the convergence of the Padé sequence to them since we do not know
the explicit analytical structure behind the form factor i.e we can not probe that
these form factor are not Stieltjes or pure meromorphic functions, but we can neither

probe the contrary. Therefore, one can always try the approximation and learn from

what happens.
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Chapter 7

Single and double Dalitz decays of
7. n and ' mesons

Anomalous decays of the neutral pseudoscalar mesons P (P = 7% n,7') are driven
through the chiral anomaly of QCD (cf. Eq. (1.147)). Of historical importance is the
process P — 7y, which apart from being the main decay channel of the 7 and the
7, its experimental discovery confirmed, for the first time, the existence of anomalies.
In this case, the two final state photons are real and the transition form factor (TFF)
encoding the effects of the strong interactions of the decaying meson is predicted to
be a mere constant, the value of the axial anomaly in the chiral and large- N, limits
of QCD, Fro.,,(0) = 1/(47*F},) in the case of neutral pion, where F, ~ 92 MeV
is the pion decay constant. On the contrary, if one of the two photons is virtual,
the corresponding TFF is no longer a constant but a function of the transferred
momentum to the virtual photon Fp..+(¢*), whereas when both photons are virtual
the TFF depends on both photon virtualities and it is represented by Fp.«+(q?, q3).
A single Dalitz decay occurs through the single-virtual TFF after the conversion of the
virtual photon into a lepton pair, while double Dalitz decays proceed with the TFF
of double virtuality involving two dilepton pairs in the final state. Dalitz decays are
attractive processes to improve our knowledge of the not yet exactly known TFFs of
the Py ~* vertices. This is the main motivation of this work together with predicting
the invariant mass spectra and the branching ratios (BR) of the decays P — (T¢~~
and P — (T0~(T¢~ with P = 7% n,n and £ = e or p.

From the experimental side, the current status is the following. The PDG reported
value for the branching ratio of the decay 7 — eTe™v is (1.174 £+ 0.035)% [37], which
is obtained from the PDG fits of the ratio I'(7® — eTe ) /T'(7° — vy) = (1.188 +
0.035)% (the latest measurement of this ratio, (1.140 £ 0.041)%, was performed by
ALEPH in 2008 [205]) and B(7® — ) = (98.823+0.034)%. It is worth commenting
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that this is the second most important decay mode of the 7°

. The branching ratio
for the decay n — eTe™ 7 has been recently measured by the A2 Collaboration at
MAMI [206], (6.6 &+ 0.4 & 0.4) x 1073 (see also the most recent Ref. [207]), and
the CELSIUS/WASA Collaboration [208], (7.8 &+ 0.5 & 0.8) x 1073, whilst the PDG
quoted value is (6.9 & 0.4) x 1073 [37], in accordance with the preliminary result,
(6.72+0.07 £ 0.31) x 1073, from the WASA@QCOSY Collaboration [209]. The decay
n — pp~y has been studied by the NAG0 Collaboration at CERN SPS [210], though
they do not provide a value for the branching ratio. The PDG fit reports the value
(3.1 4+ 0.4) x 107* [37]. The branching fraction for the decay 7' — eTe~7 has been
recently measured for the first time by the BESIII Collaboration [25] obtaining a value
of (4.69 £ 0.20 £ 0.23) x 1074, To end, the decay n' — p*u~7y was measured long
ago at the SERPUKHOV-134 experiment with a value of (1.08 4 0.27) x 10~* [211].
Regarding the double Dalitz decays, the KTeV Collaboration measured the branching
ratio of the decay 7° — eTe~ete™, (3.46 + 0.19) x 107° [212], thus averaging the
PDG result to (3.38 £ 0.16) - 107 [37]. The KLOE Collaboration reported the first
experimental measurement of n — eTe~ete™ [213], (2.4 +0.2£0.1) x 1075, which is
in agreement with the preliminary result, (3.2 + 0.9 + 0.5) x 1075, provided by the
WASA@COSY Collaboration [209]. In Ref. [208], upper bounds for the branching
ratios of n — ptp~ptp~, < 3.6 x 107%, and n — efe putp~, < 1.6 x 1074, both
at 90% CL, are reported. Finally, no experimental evidence for ' — ete~ete™,
n = ptp ptpT and ' — eTe T exists.

On the theory side, the effort is focused on encoding the QCD dynamical effects in
the anomalous P~y ~* vertices through the corresponding TFF functions. The exact
momentum dependence of these TFF's over the whole energy region is not known, we
only possess theoretical predictions from chiral perturbation theory (ChPT) and per-
turbative QCD (pQCD), thus constraining the low- and space-like large-momentum
transfer regions, respectively. The TFF at zero-momentum transfer can be inferred

either from the measured two-photon partial width,

64 T'(P — vy)

|FP7"/(0)|2 = (47‘((1/)2 M% ) (71)

or the prediction from the axial anomaly in the chiral and large-N, limits of QCD,
as mentioned before, while the asymptotic behavior of the TFF at Q? = —¢*> — o0
should exhibit the right falloff as 1/Q? [214]'. Furthermore, the operator product

IPerturbative QCD predicts limge ;00 Q2F7ro,w*(Q2) = 2F;. Alternative values to this result
exist, see for instance refs. [215, 216], though they seem to be disfavored, as pointed out in refs. [217,
218]. For the n and 7/, see the asymptotic values obtained in refs. [22, 23].
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Chapter 7. Single and double Dalitz decays of ©°,n and ' mesons

expansion (OPE) predicts the behaviour of the double-virtual TFF in the limit Q% =
Q32 = @Q? — oo to be the same as for the single one, that is, 1/Q? [219]*>. For
the intermediate-momentum transfer region, the most common parameterization of
the TFF, widely used by experimental analyses, is provided by the Vector Meson
Dominance model (VMD). The dispersive representation of the TFF in terms of ¢,
where ¢? is the photon virtuality in the time-like momentum region, can be written

as

FPW*(QZ) = /°° dSA 5 (7.2)

s —q? — i€
where sqg is the threshold for the physical intermediate states imposed by unitarity
and p(s) = ImFp,.«(s)/7 is the associated spectral function. To approximate this
intermediate-energy part of the spectral function one usually employs one or more
single-particle states. As an illustration, the contribution to the spectral function of

a narrow-width resonance of mass Mg reduces to p(s) oc (s — M%), which yields

Fpyy(q°) = % 5 (7.3)

where Fp,,(0) serves as a normalization constant and A(= M.g) is a real parameter
which fixes the position of the resonance pole on the real axis. However, this simple
and successful single-pole approximation given in Eq. (7.3) breaks down for ¢* = A2
One may cure this limitation by taking into account resonant finite-width effects as
proposed by Landsberg in Ref. [220] when considering the transitions P — ¢T¢7~y
in a VMD framework. According to this model, these transitions occur through the
exchange of the lowest-lying p, w and ¢ vector resonances and their contributions to
the TFF are written as

= Z gvp
Fpyye(¢%) = < ngfy
”

V=p,w,¢

-1
TPy My (7.4)
Ve 29y, My — q* —iMyTy(q?)

where Fpys(¢2) = Fpoye(q%)/Fpary(0) is defined as the normalized TFF, gyp, and
gy~ are the VP and Vv couplings, respectively, My the vector masses, and I'y (¢?)
the energy-dependent widths.

Despite the notorious success of VMD in describing lots of phenomena at low
and intermediate ¢, particularly useful for the decays we consider in this work, this
model can be seen as a first step in a systematic approximation. Padé approximants
are used to go beyond VMD in a simple and model-independent manner also incor-

porating information from higher energies, allowing an improved determination of

2The OPE predicts for the case of the pion limgz o Q?Fro.« (Q?, Q%) = 2F, /3.

132



7.1. Transition Form Factors

the low-energy constants relative to other methods [20]. For this reason, we make
use in our study of the works in refs. [22, 21], where all current measurements of
the space-like TFFs v*y — P [24], produced in the reactions ete™ — ete™P, have
been accommodated in nice agreement with experimental data using these rational
approximants. We benefit from these parameterizations valid in the space-like re-
gion to predict the transitions Py™*)~* used in the time-like region for the Dalitz
decays we are interested in, with the primary aim of achieving accurate results for
these decays. Different parameterizations existing in the literature are based on res-
onance chiral theory [221, 222] and dispersive techniques [223, 224], among others
[225, 226, 227, 233, 228, 229, 230, 232, 231, 234].

This chapter is structured as follows. In section 7.1, we introduce our description
for the 7°, n and 1’ transition form factors using the mathematical method of Padé
approximants. Sections 7.2 and 7.3 are devoted to the analysis of single and double
Dalitz decays, respectively, and predictions for the several invariant mass spectra and

branching ratios are given. Finally, in section 7.4, we present our conclusions.

7.1 Transition Form Factors

The usefulness of Padé approximants (PAs) as fitting functions for different form
factors have been extensively illustrated [20, 21, 22, 23, 235]. The reader is referred
to these references for details on the method though here we cover some important
aspects for consistency. The PAs to a given function are ratios of two polynomials
(with degree L and M, respectively),

Zfzo a;(¢®)  ag+ag® + - +ag(¢®)*

PE(4?) = = , 7.5
hiler) S be(g)F L big? 4+ bar(g?)M (7.5)

constructed such that the Taylor expansion around the origin exactly coincides with
that of f(q?) up to the highest possible order, i.e., f(¢?) — PL(q?) = O(¢g*)F M+
We would like to point out that the previous VMD ansatz for the form factor (7.3)
can be viewed as the first element in a sequence of PAs which can be constructed in a
systematic way. By considering higher-order terms in the sequence, one may be able
to describe the experimental space-like data with an increasing level of accuracy. The
important difference with respect to the traditional VMD approach is that, as a Padé
sequence, the approximation is well-defined and can be systematically improved upon.

Although polynomial fitting is more common, in general, rational approximants are

3With any loss of generality, we take by = 1 for definitiness.
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Chapter 7. Single and double Dalitz decays of ©°,n and ' mesons

able to approximate the original function in a much broader range in momentum than
a polynomial [200].

Yet the success of PAs as fitting functions for space-like TFFs, some important
remarks are in order. First, there is no a prior: mathematical proof ensuring the
convergence of a Padé sequence to the unknown TFF function, though a pattern
of convergence may be inferred from the data analysis a posteriorit. For instance,
the excellent performance of PAs in Ref. [23] (see figures 2 and 7 there) seems to
indicate that the convergence of the n TFF normalization and low-energy constants
is assured (see also Ref. [236] for the 1’ case). Second, unlike the space-like TFF data
analyses [22, 21], one should not expect to reproduce the time-like TFF data since a
Padé approximant contains only isolated poles and cannot reproduce a time-like cut®.
However, if this right-hand cut is approximated by one or more single-particle states
in the form of one or several narrow-width resonances, as stated before, then the Padé
method may be still used up to the first resonance pole, indeed, up to neighbourhoods
of the pole. The size of the region which is affected by the presence of the pole, a disk
of radius ¢, is not known but, as we will see later, may be deduced, thus fixing the
range of application of the PAs for the time-like data. Third and last, the poles found
in the PAs fitting the TFFs can not be directly associated to physical resonance poles
in the second Riemann sheet of the complex plane. These, in turn, may be obtained
following the prescriptions of Ref. [237], which is beyond the scope of the present
work.

We would like to emphasize that the use of PAs as fitting functions for some
set of experimental data can be viewed as an effective mathematical method which
intrinsically contains relevant physical information of the function represented by the
data set. In this work, we benefit from the findings of refs. [22, 21], where the 7°, 7
and ' TFFs were fixed in the space-like region from the analysis of the intermediate
process vy* — P by several experimental collaborations, to predict the time-like
region of the same TFFs needed for the description of the reaction P — v4* and
therefore for the single and double Dalitz decays studied here. The extrapolated
version of the TFFs, from the space-like region to the time-like one, used in this

analysis are discussed case by case in the following.

4For a detailed discussion of Padé convergence applied to form factors, see for instance Ref. [20].
5The TFF function is unknown but expected to be analytical in the entire g?-complex plane
except for a branch cut along the real axis for ¢ > 4M?2.
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7.1. Transition Form Factors

7.1.1 70— 4y

Given the small phase-space available in this transition, 4m? < ¢* < M2, the 7° TFF

can be expressed in terms of its Taylor expansion,

2 4
q q
Fropys (¢%) = Froy,(0) (1 tbem T oyt ) : (7.6)

where Fro,,(0) is fixed from Eq. (7.1) and the values of the low-energy constants
(LECs), slope and curvature, b, and c,, respectively, are borrowed from eqs. (12,13)
in Ref. [21]°,

by = —3.24(12)5at(19)sys X 1072, ¢ = 1.06(9)gat(25)sys x 1072, (7.7)

where the statistical error is the result of a weighted average of several fits using dif-
ferent types of PAs to the same joint set of 7° TFF space-like data and the systematic
error is attributed to the model dependence of the PA’s method. In this way, the
values obtained for the LECs can be considered as model-independent. It is worth
mentioning that the systematic errors ascribed to the LECs are quite conservative,
in the sense that they are obtained from a comparison of the constants predicted by
several well-established phenomenological models for the TFF and their counterparts
extracted using various types of PAs from fits to pseudo-data sets generated by the
different models. For each LEC, the systematic error is chosen to be the largest dif-
ference among these comparisons, making the whole approach reliable and with a
stamp of model independence [21].

The Taylor expansion in Eq. (7.6) can be safely used for the description of the 7°
TFF in the time-like region within the range of available phase-space since the first
pole seems to appear, for all types of PAs considered, inside the region of p-dominance
[21], thus well beyond the phase-space end point. Finally, we would like to remark
that this expansion of the single-virtual 7° TFF will be used for predicting both
7 — ete yand ¥ — ete~eTe™ decays, the latter by means of a factorisation of the
double-virtual 7° TFF in terms of a product of the single-virtual one (see subsection
7.1.4 for details).

712 n—=9y*

In order to describe the time-like region of the n TFF from the space-like data analysis
in Ref. [22], we will employ two PAs, the PP(¢?) and the P?(q*). These are the

In Ref. [21], the value of the slope parameter appears with a positive sign due to the different
definition used for the Taylor expansion of the 7° TFF.
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Figure 7.1: Modulus square of the normalized time-like n TFF, F,.~(¢?), as a function
of the invariant dilepton mass, /s = my. The predictions coming from the Py (¢?)
(red solid line) and PZ(q¢?) (black long-dashed line) PAs, and the Taylor expansion
(blue dot-dashed line) are compared to the experimental data from n — eTe™ v [207]
(black circles) and n — ptpu~y [210] (green squares). The one-sigma error bands
associated to P (¢?) (light-red) and P%(¢*) (light-gray) PAs, and the QED prediction
(gray short-dashed line) are also displayed.

highest-order PAs one can achieve when confronted with the joint sets of space-
like experimental data. The sequence PL(g?) is used when the TFF is believed to
be dominated by a single resonance, while the P{(¢?) one is appropriate for the
case the TFF fulfils the asymptotic behaviour’
Eq. (7.6), with b, = 0.60(6)stat(3)sys and ¢, = 0.37(10)stat(7)sys for the slope and

curvature parameters, respectively, is better not to be used in this case because of

. A Taylor expansion equivalent to

the larger phase-space available, 4mj < ¢> < M?. From the analysis in Ref. [22],
we also obtained that the fitted poles for the P (g?) sequence are seen in the range
(0.71,0.77) GeV, beyond the phase-space end point, thus making again our approach
applicable and the predictions reliable.

Our predictions for the modulus square of the normalized time-like n TFF, F, .- (¢%),

as a function of the invariant dilepton mass, /s = my, are shown in figure 7.1, to-

"In Ref. [22], the fit to space-like data is done for Q?|F(Q?)| and not for the TFF itself. As a
consequence, PAs satisfying the correct asymptotic limit, that is, limg2_, Q?F(Q?) = const., are
represented by the sequence P]]\\,’ (¢?).
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7.1. Transition Form Factors

gether with the experimental data points from the A2 Collaboration on the decay
n — etey [207] (black circles) and the NA60 experiment on n — pTu~y [210]3
(green squares). The predictions from the PP (¢*) (red solid line) and Pj(q?) (black
long-dashed line) are almost identical and in nice agreement with the experimental
data, whereas the Taylor expansion (blue dot-dashed line) is not so precise in the
upper part of the spectrum. For this reason, we will use in our analysis both PAs
indistinctly. The one-sigma error bands associated to Py (¢?) and P2(q*) PAs are dis-
played in light-red and light-gray, respectively. These error bands are built from the
uncertainty in the coefficients of the PAs? and the normalization factor extracted from
the two-photon decay width. To these bands, we have also ascribed a conservative
systematic error coming from the propagation of the systematic errors associated to
b, and c,. Therefore, the  TFF has also a stamp of model independence as explained
for the case of the 7° TFF.

7.1.3 0 —

The description of the whole time-like ” TFF by means of PAs is cumbersome. The
available phase space, 4m? < ¢* < Ms,, includes now an energy region where poles
associated to these PAs can emerge. The analysis of the ¥’ TFF space-like data per-
formed in Ref. [22] revealed the appearance of a pole in the range (0.83,0.86) GeV for
the cases of a Pf(q¢?) sequence. Consequently, we cannot employ the method of PAs
for describing the time-like TFF in the entire phase-space region and a complemen-
tary approach must be used. Then, we propose to match the description based on

t19. Given the mass and the

PAs to that given by Eq. (7.4) at a certain energy poin
width of the p meson, the first of the resonances included in the VMD description,
the region of influence due to its presence may be defined using the half-width rule
as M, £T,/2 [238], thus deducing the value of the radius ¢ mentioned earlier. The

particular energy point located at /s ~ 0.70 GeV, the lowest value of the former

8We thank S. Damjanovic from the NA60 experiment for providing us with the time-like TFF
data points obtained from 1 — putu=7.

9The coefficients of the PAs along with their errors and the correlation matrix can be obtained
from the authors upon request.

10T proceed with the matching, we have considered an energy-dependent width for the p reso-

nance,
¢ (%)

2
RO E TR

with 0(¢?) = /1 —4M2/q?, and a constant width for the w and ¢ narrow resonances. Input values
for the masses and widths as well as for the rest of the couplings entering Eq. (7.4) are taken from
Ref. [37].
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Figure 7.2: Modulus square of the normalized time-like n/ TFF, F,/,.-(¢%), as a
function of the invariant dilepton mass, /s = my,. The predictions up to the matching
point located at /s = 0.70 GeV coming from the P{(¢?) (red solid line) and P} (q?)
(black long-dashed line) PAs, and the Taylor expansion (blue dot-dashed line) are
compared to the experimental data from 7" — ete™7y [25] (black circles). From the
matching point on, rescaled versions of the VMD description in Eq. (7.4) are used.
The one-sigma error bands associated to PP(¢?) (light-red) and P}(¢*) (light-gray)
PAs, and the QED prediction (gray short-dashed line) are also displayed.

region for M, ~ 775 MeV and T', ~ 150 MeV, fixes the optimal matching point''.
Fixed this value, a representation valid in the whole phase-space domain is that given
by the PA below the matching point an Eq. (7.4) above it. In order to match both
descriptions of the form factor at the matching point we have to rescale the VMD
result accordingly. In this manner, we keep track of the resonant behaviour in the
upper part of the spectrum where PAs cannot be applied, while the low-energy re-
gion is predicted in a more systematic way as compared to VMD by PAs established
uniquely from space-like data. This will allow us to integrate the whole spectrum and
predict the branching ratio of the several n’ Dalitz decays considered here.

Our predictions for the time-like 7”7 TFF together with the experimental data
points from the BESIII Collaboration on the decay 7' — ete™v [25] (black circles)
are displayed in figure 7.2. The results from the PJ(¢?) (red solid line) and P} (¢?)

HUThe region of influence attributed to the w and ¢ poles is negligible since these are narrow
resonances and are placed far from the matching point.
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7.1. Transition Form Factors

(black long-dashed line) are shown up to the matching point. The corresponding error
bands are in light-red and light-gray, respectively. These bands include, as for the
case of the n TFF, the uncertainty in the coefficients of the PAs, the normalization
factor extracted from the two-photon decay width and a systematic error arising from
b,y and c¢,y. From the matching point on our predictions are replaced by a rescaled
VMD representation based on the three lowest-lying vector resonances. Our PAs-
based predictions are again in fine agreement with experiment. A Taylor expansion
with by = 1.30(15)stat(7)sys and ¢,y = 1.72(47)stat(34)sys [22] is also included for
comparison. It is worth mentioning that an extrapolation of the PP(¢?) PA beyond
the matching point nicely passes through the last experimental point. This can be
understood in the following terms. The VMD description includes three resonances
whose poles are located at different places, while the Pl (¢?) PAs include only one.
Making use of the single pole approximation in Eq. (7.3) and the Taylor expansion
in Eq. (7.6) for the case of the 7/, the slope parameter is identified as b, = mg, /A*.
Using the b,y value deduced from Eq. (7.4) one gets A = Mg = 0.822(58) GeV, where
the error is due to the half-width rule and can be utilized as a measure of the region
of influence of the pole. The former value is very similar to the one obtained from
the pole position of the P(¢*) PA, located at /s = 0.833 GeV. Therefore, the region
of influence of this pole can be estimated to be in the interval (0.77,0.89) GeV. It
is for this reason that the last experimental point would be also in agreement with
the PP(q?) prediction [236]. This is not so for the P}(¢?) PA, thus showing that
increasing the Padé order allows for a better description of the data. In any case, for
the numerical analysis of the different decays involving the 1’ we also keep both PAs

for the sake of comparison.

714 P — y'y*

The double-virtual TFF, Fp.«.-(¢},q3), depends on both photon virtualities, ¢; and
¢2. Due to Bose symmetry, it must satisfy Fp,«(q7,¢3) = Fpyeor(¢3,47). Its nor-
malization is obviously the same as the single virtual TFF, Fp,«(0,0) = Fpy«(0),
and can be extracted either from the two-photon partial width by means of Eq. (7.1)
or from the axial anomaly. It must also satisfy that when one of the photons is put on-
shell the double-virtual TFF becomes the single-virtual one, i.e. limgz_, Fpysy- (?,q3) =
Fpo+(¢*) for i = 1,2. In addition, the double-virtual TFF can fulfil the following
asymptotic space-like constraints, limgz o, Fpys(—Q?,0) oc 1/Q* [?] and

limge_yo0 Fpyeqe (—Q%, —Q2) o 1/Q? [219].
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Due to the lack of experimental information in the case of double-virtual TFF's,
our initial ansatz will be to use the standard factorisation approach, which in terms
of normalized form factors reads Fp,ey-(q%, g2) = Fpoye(q2,0)Fpyy- (0, ¢2) [239, 240,
241]. This double-virtual TFF description may or may not satisfy the high-energy
constraints above. For instance, the PA P?(¢*) = ao/(1 — a1¢?), corresponding to
the single pole approximation in Eq. (7.3) motivated by VMD, would induce a 1/¢*
term in the double-virtual TFF, which violates the last of the asymptotic constraints
mentioned before (OPE prediction) [219, 242, 243, 244]. For this reason, we also use

for our study the lowest order bivariate approximant

ap,0

P(qi,43) = — : :
— (@ + a) + 5add

(7.8)

which consists in a generalization of the univariate PAs named Chisholm approxi-
mants (CAs) [200]. The analysis of the 7% — ete™ decay is a recent example that
illustrates the application of these CAs [203]. In Eq. (7.8), agp is identified as the
normalization Fp.«.+(0,0) and then fixed from Eq. (7.1), by o is the slope of the single-
virtual TFF obtained in refs. [21, 22], that is, b, from Eq. (7.7) for the pion and b, )
from Eq. (5) in Ref. [22] for the n and 7/, respectively, and by ; would correspond to
the double-virtual slope which may be extracted in the future as soon as experimental
data for the double-virtual TFFs become available. For the numerical analysis, we
consider, as a conservative estimate, to vary b; ; from the value respecting the OPE
prediction, by,; = 0, to by, = 27, far from the factorisation result by, = b7 . In this
manner, we can test the sensitivity of our predictions to the double-virtual slope. We
also encourage experimental groups to perform double-virtual TFF measurements in
order to fix this parameter. In this work, we employ both descriptions indistinctly, the
factorisation ansatz and the bivariate approximant in Eq. (7.8). See also Ref. [245]
for a recent approach to the double-virtual TFF of the n meson based on the standard

factorisation approach.

7.2 Single Dalitz Decays

Single Dalitz decays involve the single virtual TFF as described in section 7.1. The

amplitude of the decays reads

_Zgup

A(P(p) = LT v) = —ie2pr*(s)gaﬁ“”paqgeZ(k) u(pe-)(—ie)yPv(per) , (7.9)
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Source BR(7® — eTe ) - 102
this work 1.169(2)
QED 1.172
Experimental 1.174(35) [37]
measurements 1.140(41) [205]

Table 7.1: Comparison betwen our BR prediction for 7° — ete~v and experimental
measurements.

while the corresponding differential decay rate is given by

dUp oo+ da |~ ) ( s >3 4m? < 2m?)
Loy _ Foe ()2 (1= -2 ) J1= 2 (127 0 (710
d\/EFPiW 37T\/§| 7 (5) M3 s S ( )

where the TFF appears in its helpful normalized version in order to avoid misunder-
standings due to different conventions on the definition of Fp,,«(0) existing in the
literature. Notice that the experimental measurement of the partial width to two pho-
tons appears as a normalization in any case. For our numerical calculations we employ
the PrimEx Collaboration result I'yo_,., = 7.82(14)(17) - 107° MeV [246] and the val-
ues collected in the PDG T, = 5.16(18) - 10~* MeV and Iy, = 4.35(14) - 107?
MeV [37].

721 7Y —efey

The decay 7 — eTe™y was suggested for the first time by Dalitz in 1951 [247]. The
first BR prediction arose from a pure QED radiative correction calculation neglecting
the momentum dependence of the TFF [248] (radiative corrections have recently been
revisited in Ref. [249]). By looking at figure 7.3 where we compare, as a function of the
invariant mass of the dielectron pair, our description of the decay rate distribution
(green solid curve) with the QED result (gray dashed curve), this seems to be a
reasonable approximation since the main contribution to the decay rate comes from
the very low-energy part of the spectrum where the effect of the TFF is almost
negligible. In fact, there is an almost perfect overlap between the two curves and only
really tiny differences appear on the second half of the spectrum. Numerical results
for the BR are presented in table 7.1. Our prediction is in very good agreement with
the experimental measurements. The main source of the error we have quoted arise
from the uncertainty associated to the low energy constants, Eq. (7.7), which include
also the error associated to the measured decay width to two photons [246]. Our

results are also in agreement with other theoretical predictions existing in literature,
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Figure 7.3: Differential decay rate distribution for 7° — eTe™v as a function of the
invariant mass of the dielectron pair. Green solid curve corresponds to our description
while the gray dashed curve accounts for the QED prediction.

refs. [220, 226, 233, 224], as well as with the QED estimates of refs. [224, 250, 251].

The dimuon mode in the final state is not kinematically allowed in this case.

722 n—olT0y (l=ep

Qualitatively, this is the same process as the 7% Dalitz decay, with the novelty that a
dimuon pair in the final state is also allowed since the larger mass of the 7 increases
the upper kinematic limit. A priori, these decays are expected to be more challenging
for testing the momentum dependence of the TFF because the energy released in the
process is now larger, expecting higher deviations from the QED estimates. This is
precisely what our predictions reflect in figure 7.4 where the decay rate distribution
of n = eTe ™y (blue solid curve) and n — ptp~v (black solid curve) are compared
to the QED estimates (gray dotted and dashed curves, respectively). As a matter of
example we have employed the P[(¢®) Padé type in the figure, here and hereafter.
Diagonal PAs, P (¢?), would produce very similar description in accordance with
the transition form factors descriptions given in sections 7.1.2 and 8. One interesting
feature of both decays modes is that, in absolute terms, the effect of the TFF is much
more sizable in the muonic case than in the electronic one. The reason is because the
shape of the distribution of the latter shows, as occurred in 7° — ete™7y, a strong
peak in the low-momentum transferred region of the spectrum, where the effect of the
TFF is small, which provides the main contribution to the BR. Noticeably, the high
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Figure 7.4: Decay rate distribution for n — e *e~~y (blue solid curve) and n — pu* =y
(black solid curve). The corresponding QED estimates are also displayed (gray dotted
and long-dashed curves, respectively).

Source

BR(n — ete ) - 103

BR(n — p*py) - 10"

this work [P}]
this work [PZ]

6.61 70249

3.307056

QED 6.38 2.17
Experimental 6.9(4)[37]
measurements | 6.6(4)stat(4)syst [206] 3.1(4) [37]

6.72 (7)stat (31)syst [209]

Table 7.2: Comparison between our BR predictions for n — ¢*¢~~ and experimental
measurements.

energy part of the spectrum of both modes is overlapped as it may be since the only
difference between them is the dilepton threshold production. Numerically, we see
from table 7.2 that the BR involving muons in the final state has increased by 50%
with respect to the QED prediction while the effect is much less considerable when
dealing with electrons (~ 3.5%) where, predictions with and without considering TFF
effects are compatible within errors at the current level of accuracy. The source of the
associated errors arise from the error bands shown in figure 7.1. In all, our predictions
are in good agreement with present experimental measurements. Comparing with
other authors results, we agree with: the QED estimates of Ref. [251], the predictions
of Ref. [233] and the values of Ref. [225], while tiny differences with Ref. [226] are

noticed.
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Figure 7.5: Decay distributions for ' — e*te~y (blue solid curve) and ' — pu*p~~y
(black solid curve). The QED estimates are also shown (gray dotted and long-dashed
curves, respectively).

723 0 =0y (=ep

The large mass of the 7’ increases the upper kinematical limit by ~ 410 MeV with
respect to the case of the n. The TFF description is given in section 8, where the
effect of the intermediate vector resonances p, w and ¢ is included. As shown in
figure 7.5, the distribution of the decay ' — ete v (blue solid curve) evidences
again a marked peak at low-energies which, despite the contribution coming from
the resonance region, dominates the decay as occurred in 7°(n) — e*e™v. On the
contrary, the effect of the TFF on the decay ' — u* = (black solid curve) is larger
than in n — ™, increasing the BR by a factor of about 2. This is so because
both phase space considerations and the effect of passing through a ¢? region where
resonances may be produced on-shell. Interestingly, the contribution due to the p
resonance bends the distribution while the inclusion of the w resonance accounts for
the sharp peak at around 0.8 GeV. Numerical results are presented in table 7.3, where
the source of the error comes from the error bands associated to the TFF. From the
theory side, our predictions are in accordance with those of Ref. [233], while they are
slighlty below respect to both the recent experimental measurement of ' — ete™vy
[25] and the old measurement of ' — =7y [211], though in agreement within errors
in both cases. To sum up, the pattern of both n and ' single Dalitz decays is notably
similar: the impact of the TFF on the muonic channel is much larger than in the

electronic ones as discussed in section 7.2.2.
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Source BR(n — etey)-10* | BR(n — ptp~y) - 10*
this work [PY] 4.4270°39 0.81791%
this work [P}] 4.35103 0.74(6)
QED 3.94 0.38
Experimental measurements | 4.69(20)stat (23)sys  [25] 1.08(27) [211]

Table 7.3: Comparison between our BR predictions for ' — £*¢~~ and experimental
measurements.

7.3 Double Dalitz Decays

Double Dalitz decays involve the TFF of double virtuality as described in section 7.1.
They implicate four particles in the final state which makes the phase space integra-
tion much more tedious. In case of having two pairs of non-identical particles, that
is n) — ete"pTp~, the required diagram is shown in figure 7.6 (left diagram) and
the amplitude of the decay reads

4

4
L oy € Vol _ ~
AW = ete i) = =2l s Fpoe (6 K qub (g 1w (e )20 )y50 (G-
(7.11)
The corresponding decay rate distribution can be reduced to'?
2 2 A2 (1—|—2m§> <1+2m‘2‘>
d-T 8 ~ 4m2 m 2 p)
e = Sga @R 1 - 5 1
ete™"Tutp=" ) syy T mn(’) q q
1 3/2
{0 = 0 )P - | (7.12)

where, in this case, S = 2 in agreement with the expression given in Ref. [234]. The
TFF appears again normalized to unity at the origin.

On the contrary, in case of having two pairs of identical particles in the final
state, that is P — ete ete™ or n — ptp—ptp~, one should consider both the
direct and exchange diagrams of figure 7.6 (left and right diagrams). Therefore, the

total amplitude of the process reads
A= Adir - Aexch ) (713>

where the appearance of the minus sign is due to the exchange of two indistinguishable

fermions in the final state. Then, squaring the amplitude of Eq. (7.13) we arrive at

|-A’2 = |~Adir’2 + |~Aexch|2 - 2(§R~Adir~AZxch> ) (7‘14>

12See, for instance, Ref. [252] for reducing distributions of four body-final-state decays into two
invariant masses.
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Chapter 7. Single and double Dalitz decays of ©°,n and ' mesons

Figure 7.6: Double Dalitz direct (left) and exchange (right) diagrams.

where not only appear the contributions from both the direct and exchange diagrams
but an interference term. We notice that the contribution to the partial decay width
coming from the first and the second term of Eq. (7.14) is obviously the same, that
is I'gir = Dexen, because the integration variables are nothing more than dummy
indices. In this way, the contribution coming from the sum of the direct and exchange
diagrams, I'giryex, is obtained through the use of Eq. (7.12), of course after permuting
i — e (or equivalently e — p), now with & = 1 once the factor of ﬁ, accounting for
the two pairs of two identical particles in the final state, has been taken into account.
Regarding the interference term, its computation is much more cumbersome. We
have relegated to appendix E the detailed expression due to its length but it is worth
to comment that we have obtained an expression in terms of five invariant masses

which has required a Monte Carlo (MC) simulation to be integrated.

7.3.1 70 > eteete

The only possible double Dalitz decay of the neutral pion is 7% — eTe~ete™, other
possibilities are not kinematically allowed. In view of the results from 7° —— eTe™ 7,
one may expect that the overall effect of the TFF will be again small. In figure 7.7,
we show our results for the different contributions to the decay rate distribution
as a function of the invariant mass of one dielectron pair of the direct diagram.
Concretely, we display the curve corresponding to the direct diagram (green solid
line), the curve of the contribution of the exchange diagram expressed in terms of
the former dielectron invariant mass of the direct diagram'® (red dotted line), the
interference term (blue dotted line) and finally the total distribution (black dotted

line). We want to note that the contribution from both direct and exchange diagrams

13The curve of the exchange diagram expressed in its own variables would look equal as the green
solid line of figure 7.7. In this work, we have opted to show, in just one figure, all the contributions
as a function of one dielectron invariant mass of the direct diagram. In this convention, the exchange
diagram as expressed in figure 7.7 has also required a MC integration.
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Figure 7.7: Different contributions to the 7% — e*e~ete™ decay distribution. Direct
diagram (green solid curve), exchange diagram (red dotted curve), interference term
(blue dotted curve) and total distribution (black dotted curve) are shown as a function
of one dielectron invariant mass of the direct diagram.

integrates obviously the same and that the interference is small and destructive. Our
BR predictions are shown in table 7.4 from which we corroborate that the effect of the
TFF is small because the main contribution to the BR proceeds from the very low-
momentum transferred region where we a peak emerges, as already occurred in 7% —
ete . Our results are well in accordance with current experimental measurements.
The source of the associated error comes from the uncertainty on the low-energy
parameters Eq. (7.7). Notice that the sensitivity of this decay to the variations of

the double virtual slope parameter, b, ;, is at the fifth decimal number. In this sense,

Source Double virtual TFF .BR(WO —ete eJ.re ) - 10°
direct+exchange | interference

by1=0 3.40287(9) -0.03602

Chisholm approximants | by 1 = b1 3.40286(9) -0.03602

This work bi1=2big 3.40286(9) -0.03602

factorisation approach | Eq.(7.6) 3.40295(9) -0.03602

QED 3.41607 -0.03484
Experimental measurements 222883 BI]Q]

Table 7.4: Branching ratio predictions for 7° — ete~eTe™ compared with experimen-

tal measurements.
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Figure 7.8: Decay distribution for n — e*e™pu™p~ with respect to the dielectron (blue
curve) and to the dimuon (red curve) invariant mass.

the high level of accuracy demanded to infer its value is unthinkable at the current
precision level. It is also interesting to compare with other authors results. We
are in good agreement with the results given in refs. [239, 233, 234] for the direct
and exchange contributions while the result of Ref. [226] is about 5% lower than
our predictions. Regarding the interference term we have, a perfect agreement with
refs. [239, 233] and a value about 30% higher than Ref. [234] while Ref. [226] did
not consider this term. Comparing with previous QED estimates we agree with
refs. [250, 251] for the direct and exchange contributions. For the interference term

the former did not consider it and the later gave a result 5 times larger than us.

7.3.2 noAT0 0 (L=e,p)

The double Dalitz decays of the n meson, n — ete ete™, n — pTp ptp~, and
n — eteputp~, are now kinematically allowed. Let us first analyze the latter for
simplicity. In this case, the two dilepton pairs are different and consequently there is
no interference phenomenon. Hence, the distribution rate is just given by Eq. (7.12)
and shown in figure 7.8 in two different manners, one expressed in terms of the
dielectron invariant mass and the other in the dimuon variable (blue and red solid
lines respectively), where, of course, both curves integrate the same. Our predictions
are shown in table 7.5, where the source of the associated errors comes from the error
bands associated to the TFF for the case of the factorisation approach, and from the

uncertainty on the single virtual slope for the description employing CAs.

148



7.3. Double Dalitz Decays

Source Double virtual TFF BR(n — ete pTu~) - 10°
bii—=0 | 2.39(12)
Chisholm approximants | by; = b1 | 2.39(12)

This work 6171 = 261,0 238(12)
. Py 2355030
factorisation approach P22 5 39i8;‘§§
QED 1.57
Experimental measurement <1.6-107* (90% CL) [208]

Table 7.5: Branching ratio predictions for n — pu*tu~eTe™ compared to the current
experimental upper bound.

From the experimental side, we respect the current upper limit, while from the
theory side, because of the appearance of a dimuon pair in the final state, the effect
of the TFF increases the BR about 50% for the same arguments as explained in
n — ¢*¢~~. This decay, though much more sensitive than 7° — e*e~ete™ to the
double virtual slope, b; ;, would require accurate measurements as well as demanding
a very precise description of the TFF, in order to diminish its associated error, for
deducing b, 1, far from the present situation. Comparing with other authors, we agree
with the predictions of Ref. [233], while we have found discrepancies with the value
5.83-1077 of Ref. [226], with the prediction 2-107" of Ref. [225] and with the estimate
7.84 - 1077 of Ref. [251]. In the later case, the reason seems to be a typographical
fault of a factor of 2 missing as pointed out in both refs. [239, 233]. In such case, it
would reproduce the QED result of table 7.5 as it should be, because they did not
consider the momentum dependence of the TFF.

The decays involving two identical dilepton pairs in the final state, n — eTe eTe™
and n — p"p~pt T, require to consider Eq. (7.14). Their distributions are given in
figure 7.9 (left and right panels respectively) as a function of one dilepton invariant
mass of the direct diagram. We explicitly show the contribution from the direct
diagram (green solid curve), the curve of the exchange diagram expressed in terms
of the former dielectron (dimuon) invariant mass of the direct diagram (red dotted
curve), the interference term (blue dotted curve) and the total decay rate distribution
(black dotted line). The integrated BR results are shown in table 7.6 where the error
comes again from the error bands of the TFF description as given in figure 7.1, for
the factorisation approach, and from the uncertainty associated to the slope, b,, for
the description using CAs.

Comparing with present experimental status, our prediction for n — ete ete™

is compatible at less than 1o with the KLOE measurement [213] as well as with
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Figure 7.9: Different contributions to the decay distributions of n — eTe~eTe™ (left)
and n — ptp~ptpo (right), respectively. Direct diagram (green solid curve), ex-
change diagram (red dotted curve), interference term (blue dotted curve) and the
total distribution (black dotted curve) are displayed with respect to one dilepton
invariant mass of the direct diagram.

BR(n — ete ete) - 10° BR(n — ptp—ptp~) - 109
Source THE dir+exch inter dir+exch inter
i bi1=0 2.74(3) -0.02 4.47(33) -0.32
§ CAs bl,l = bl,O 273(3) —003 431(31) —032
@ b1 = 2b1 0 2.73(3) -0.03 4.15(30) -0.32
= Py 2.727033 -0.03 4.2370% -0.43
fact. 5 045 TI.12
P; 2.73" 39 -0.03 4.307 971 -0.47
QED 2.56 -0.02 2.59 -0.19
3.2(9)stat (5)sys [209] < 3.6-107* (90% CL) [208]
Exp. measurements 2.4(2)rnt (1)uys [213]

Table 7.6: Branching ratio predictions for n — ete~ete™ and n — utp~ptpu~ con-
fronted to current experimental status.
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the recent measurement value of the WASA@QCOSY collaboration [209], while our
estimate for n — ptpu~ptp” respects the current upper bound of Ref. [208]. We
have found the same trend as in n — ¢T¢~~ that is, while the overall effect of the
TFF on the electronic mode is small, increasing the BR of n — ete ete™ by 6%
respect to the QED estimate, the impact on the muonic channel, n — putp putp,
becomes important increasing the BR by a factor ranging (1.6 — 1.7) respect to the
QED calculation. As a consequence of that, the sizable sensitivity of n — p*p~putp~
to the TFF of double virtuality makes it a good candidate to improve our knowledge
on it. Interestingly, a precise experimental measurement of this mode at the per
cent level of precision leaves us in position to estimate the value of b; ;. For that
purpose, it is also required to diminish the associated uncertainty to the TFF. Here
enters the ability of the Padé method we use for accommodating new experimental
data as soon as released by experimental groups. On the contrary, this same exercise
for n — eTe"eTe” would demand accurate measurements at the per mil level to
unveil this quantity, far from the present situation. Our predictions are in good
agreement with the results of Ref. [233] for the electronic mode, while a (10 — 15)%
over the muonic prediction. Comparing with Ref. [226] (who did not considered
the interference term) we are a 10% over for the electronic case while his result for
n — ptp ptp~ is 60% smaller. We are also in accordance with the estimate of
Ref. [225] for n — eTe~ete™. Regarding the pure QED calculation of Ref. [251], we
are in perfect agreement for the electronic channel while tiny differences are found in

the muonic decay, probably caused by the updated values of our inputs values.

733 0 =0T (L=e,p)

Regarding the double Dalitz decays of the 7/, we have the same three possible final
states as for the n. However, in this case we have only adopted the factorisation ap-
proach ansatz for describing the double virtual TFF of the ’. The reason is because
the use of Chisholm approximants, which may respect the appropriate asymptotic
behavior ¢=2, would only apply at low energies, concretely up to the matching point
where PAs are applicable, while beyond, we are somehow forced to employ the fac-
torisation approximation, through a VMD description, which induces a ¢=* term. So,
there is no gain respecting the high-energy behavior in the low-energy region if we vi-
olate it at high energies. We compute first ' — eTe~ "~ again through Eq. (7.12).
Noticeably, it follows the same trend as n — ete” ™™, with the difference that this
case is sensitive to the resonance region as can be read off from figure 7.10. Once

more, the low-momentum region basically dominates the distribution when working
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Figure 7.10: Decay distribution for 7 — p*pu~ete™ shown as a function of the
dielectron and of the dimuon invariant masses (blue and red solid curves respectively).

Source BR(n — utp—ete) - 107
this work [Pf] 6.8071 1
this work [P}] 6.2570%
QED 3.21
Experimental measurements not seen

Table 7.7: Branching ratio predictions for n’ — pu"p~ete™.

with the electronic variable (blue solid curve) while it is a smooth falling function
of the dimuonic momentum with a small bump and a sharp peak accounting for the
effect of the p and the w, respectively (red solid curve). Indistinguishable, both curves
integrate the same BR. Our predictions are presented in table 7.7 without, in this
case, any experimental reference to compare with. The effect of the TFF increases
by a factor of about 2 the BR respect to the QED estimate, which is much notorious
than in n — ete putpu™.

The decay spectra for ’ — ete~ete™ and ' — ptp~ptp~ shown in figure 7.11
(left and right panels respectively) have been computed by taking Eq. (7.14) into
account. We have represented the contributions of the direct diagram (green solid
curve), the exchange diagram expressed in terms of the variable of the direct dia-
gram (red dotted curve), the interference term (blue dotted curve) and lastly the
total distribution (black dotted line). One interesting feature concerning phase space
is that the electronic mode (left panel) is clearly sensitive to the intermediate vec-

tor resonances while the muonic (right panel) is basically not. Our predictions are
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Figure 7.11: Different contributions to the dielectron and the dimuon invariant masses
distribution for n’ — eTe"ete™ (left) and n' — ptp~p*p~ (right), respectively.
Direct diagram (green solid curve), exchange diagram (red dotted curve), interference
term (blue dotted curve) and the total distribution (black dotted curve) are displayed
with respect to one invariant mass of the direct diagram.

BR(n' — eteete™)-10° | BR(p — puTp ptp~) - 108
Source THEE direct+exch inter direct+exch inter
.. | PS| 215753 —0.03 2.1975% —0.44
This work | [ACtoTIsation 51— G —0.01 2.067017 —0.41
QED 1.75 —0.01 0.98 —0.11
Exp. measurements not seen not seen

Table 7.8: Branching ratio predictions for ' — eTe"ete™ and ' — puFp putp~.

presented in table 7.8 which also reflect the tendency that the effect of the TFF is
sizable and larger than for the case of the n. In particular, the BR of f — ete ete™
and ' — ptp~ptp” have increased by 20% and by a factor of 2, respectively. On
the experimental side, we neither have an observation to compare with, while on the
theory side we have only found the predictions given in Ref. [233] with which we are
in good agreement for the cases of having two identical dilepton pairs in the final

state, while we are slightly below for  — putu-ete™.

7.4 Conclusions

The single and double Dalitz decays P — £t~y and P — (=40~ (P = 7% n,1/;
¢ = e or p) have been analysed by means of a data-driven model-independent descrip-
tion of the transition P — v*)y*. We have benefited from (our) previous findings on
the space-like single-virtual TFF yv* — P obtained through the use of Padé approx-
imants to represent these transitions in the time-like energy region where they are

applicable. We have shown that this extrapolation from the space-like to the time-like
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Decay This work Experimental value [37] n,

0 = etey 1.169(1)% 1.174(35)% 0.15
n—ete 6.61(50)- 107 6.90(40) - 10~3 0.45
n— putuy 3.26(46) - 10~ 3.1(4)- 1074 0.26
7 — etey 4.38(32)-10%  4.69(20)(23) - 104 0.70
W — ut 0.75(6)- 107 1.08(27) - 10~ 1.19
w0 —efeete”  3.36689(5) - 107° 3.34(16) - 107° 0.17
n—etemetes  271(2)-107°  2.4(2)(1) - 1075 1.38

n— ptp ptpT 3.98(15) - 1077 <3.6-1074
n—ete putu~  2.39(7)-107° <1.6-1074
n —eteete”  2.10(45)-107%  not seen
n =t 1.69(36) - 1078 not seen
n —ete ptpy~  6.39(91)- 1077 not seen

Table 7.9: Central final branching ratio predictions as a combined weighted average of
the results presented. Errors are symmetrised. n, stands for the number of standard
deviations the measured results are from our predictions.

is supported by current experimental data n and 1’ TFFs obtained from n) — ete™~y
and n — "~ decays. This nice behaviour proves that these TFFs are well approx-
imated by meromorphic functions. Regarding the TFF of double virtuality, besides
the standard factorisation approach, we have motivated the use of bivariate approx-
imants, which would satisfy the high-energy constraints and whose coefficients may
be determined as soon as experimental data become available. From the phenomeno-
logical point of view, we have found that the invariant mass distributions involving
electrons in the final state show strong peaks at the very low-momentum transfer
region, which mainly dominate the contribution to the branching ratios, hence sup-
pressing the effect of the TFFs. On the contrary, distributions implicating muons
in the final state are much more homogeneously distributed and clearly manifest the
neat effect of the TFF, which, in particular, is enhanced for the 7 decays due to phase
space considerations. Our central final branching ratio predictions are summarised
in table 7.9, where a combined weighted average of the results shown in the different
tables have been considered and the uncertainties symmetrised. The values of n, in
the table account for the number of standard deviations the experimental measure-
ments are from our predictions. All these predictions are seen to be in accordance
with present experimental measurements, only ' — putu~v and n — eteete™ ap-
pear slightly in tension. To end, we would like to encourage once more experimental

groups to measure these TFF's.
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Chapter 8

The 7’ transition form factor from
space-and time-like data

Padé approximants (PAs) have been shown recently to be very useful for the descrip-
tion of meson transition form factors from the analysis of space-like (SL) experimental
data [21, 22, 255, 256, 257]'. Such parameterisations based on the measurement of
SL data have been used to extrapolate our knowledge of the form factors down to
the low-energy limit (Q? — 0), thus extracting the low-energy parameters (LEPs),
and up to the high-energy limit (Q* — 0o), then predicting the asymptotic behavior.
Moreover, they have been employed to reconstruct the double-virtual transition form
factor [203, 258]. PAs are now regarded as a valuable tool for incorporating available
data into problems requiring a precise error estimation. They conform a data-driven
approach that can be considered as simple, systematic and model independent, the
latter because one can provide a systematic error which can be reduced as soon as
more experimental data is included. These PAs applied to the pseudoscalar transition
form factors (TFFs) are utilised in the evaluation of the lightest pseudoscalar mesons
contributions to the hadronic light-by-light piece of the anomalous magnetic moment
of the muon [21, 22, 203, 256, 257], the calculation of the 7% — eTe™ rare decay [203],
the extraction of the n-n’ mixing parameters [22, 23|, the analysis of 7%, n and 7’
single and double Dalitz decays [258], and in the quest for dark photons [?]. In all
cases, they provide an excellent laboratory for synergic studies between theory and
experiment.

The PAs PE(Q?) to a given function f(Q?) are ratios of two polynomials (with
degree L and M, respectively), constructed such that the Taylor expansion around

the origin exactly coincides with that of the function up to the highest possible order,

1See also the seminal work in [20] for the application of PAs to the case of the pion vector form
factor.
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e, f(Q* — PL(Q* = O(Q*)FTM*1 [200, 235]. They often provide a means of
obtaining information about the function outside its circle of convergence, and of
more rapidly evaluating the function within its circle of convergence. However, in
spite of being flexible and user friendly, PAs reconstructed from their power series
at the origin are rational functions with a simple analytical structure given by a set
of poles. Therefore, they do not possess branch cuts and cannot be used to predict
the position of resonance poles, which are hidden in the second Riemann sheet of the
complex plane. Similarly, PAs reconstructed using information on the branch cut,
which allow for a precise determination of the resonance pole parameters [237, 259],
are not suitable for the extraction of the LEPs, i.e., PAs cannot access different
Riemann sheets. Nonetheless, for special kind of functions, such as Stieltjes [260, 261]
or non-Stieltjes but meromorphic functions [133], convergence theorems for PAs are
known. To apply these theorems, an understanding of the analytical properties of the
functions is required in advance. When this knowledge is missing, the practitioner
would explore a sequence of PAs and expect a pattern of convergence. The question
is whether observing this behaviour one could infer, within some uncertainties, the
approximate analytical structure of the function under consideration.

In this work, we will explore this last insight taking the n" TFF as a proof of
concept. We will try to learn and extract from the sequence of PAs employed details
on the analytical properties of this TFF in the energy regime covered by experimental
data. In our previous analyses of the TFFs from SL data, we have always carefully
expressed the limits on the range of applicability of PAs [21, 22]. Initially, PAs could
be analytically continued from the SL region to the time-like (TL) one but only up
to the first singularity, usually a branch cut in the form of a production threshold.
For instance, in the case of the single Dalitz decay 7° — e*e~y PAs can be safely
extended into the TL region up to the pion mass since no branch cuts are present.
On the contrary, for the n — ¢t¢~~ decays, with ¢ = e, u, the presence of the 77
branch cut could in principle limit the application of PAs in the TL region. However,
the n — ete v decay and its associated TFF in the TL region was recently measured
with great accuracy by the A2 Collaboration [207]. The authors compared their
measurement with several theoretical predictions, among them ours, based on SL
parameterisations of the TFF in terms of PAs [22], and found that these PAs show
the best agreement with data for the full range of ete™ invariant masses reached in
the experiment. This nice result challenged our understanding of the PAs method
and triggered, for the first time, a combined analysis of the n TFF from both SL

and TL experimental data [23]. The reason for that agreement can be understood
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by the fact that the branch cut in this decay (77 unitary cut) is not resonant inside
the available phase-space region since the p resonance is well beyond the 1 mass.
The PAs will fail for sure at the first pole encountered on the real axis, or, to be
more precise, will start failing at some point near the pole?. In any case, for the n
TFF, this pole on the real axis is found to be at /s ~ 720 MeV for the single-pole
parameterisation used frequently by the experimental collaborations [23]. Therefore,
for the n — ¢~ decays the PAs can also be extended into the TL region up to
the 1 mass. The case of the n — ¢T¢~~ Dalitz decays is more cumbersome since the
available phase-space this time includes the resonant region. However, the analysis
performed in [22] on the " TFF using only SL data revealed that the pole on the
real axis for the single-pole parameterisation is located at /s ~ 830 MeV. In order
to estimate the region of influence of this pole one can make use of the half-width
rule [238]. In this case, the p and w resonances are within the phase-space region
and the ¢ is not far from its end point. Taking the values of their masses and widths
from the PDG [37], the application of this rule gives Mg &+ I'e/2 = 822 £ 58 MeV
[22]. This value of the effective pole is compatible with the result obtained before
from the single-pole parameterisation, thus showing that the pole found at 830 MeV is
somewhat a kind of weighted average of the three existing resonance poles. The range
given by the half-width rule above implies that the region of influence of the former
pole is from 770 MeV to 900 MeV. Consequently, for the n” TFF the PAs can also be
used in a safe manner up to around 770 MeV in the TL region®. Recently, the BESIII
Collaboration reported the first measurement of the e*e™ invariant-mass distribution
for the n — eTe™ v decay up to 750 MeV [25]. As discussed, our prediction for the
TL region of the n” TFF based solely on SL data should be able to describe this
new measurement. In Figure 8.1, the BESIII experimental extraction of the modulus
square of the 7 TFF as a function of the ete™ invariant-mass is compared with our
theoretical prediction. It is worth remarking that this is not a fit but a prediction
and the agreement is seen to be excellent.

The main purpose of the present work is to further improve our determination of
the " TFF taking into consideration not only the existing SL experimental data but
also the new set of TL data from the recent BESIIT measurement. This combined anal-

ysis will allow us to better determine the LEPs of the TFF, its normalization and the

2The question is how close the PAs can approach the pole without failing. A detailed discussion
on this issue for the case of ' Dalitz decays can be obtained from [258].

3In [258], we were more conservative and the half-width rule was applied taking only into account
the p resonance. As a result, we obtained that the lowest value of the region of influence in that
case was around 700 MeV.

157



Chapter 8. The 0/ transition form factor from space-and time-like data

1000

50.0L |— Our prediction
| | « BESIll dataonn' - yee*

100, ]

~ 50 ]
=
L

1.0 ]

05 ]

00 02 0.4 0.6 0.8
Vs [GeV]

Figure 8.1: Our prediction for the n’ transition form factor in the time-like region
obtained from the PP(y/s) fit to space-like data performed in [22]. Experimental
points are from the BESIII measurement in [25].

asymptotic limit. Such an enhancement permits to reconsider the n-n’ mixing scheme,
with special emphasis on the OZI-rule-violating parameters and the J/1(Z) — n")y
decays. In Section 8.1, we provide a detailed discussion on the reasons for the success
of PAs when applied to the TL region. In Section 8.2, we include the TL data in the
analysis, present the new results and comment the improvements achieved. Section
8.3 is devoted to the reassessment of the n-n" mixing parameters and their conse-
quences for the J/¢) and Z radiative decays. Finally, in Section 8.4, we conclude and

mention the future prospects.

8.1 Padé approximants in the time-like region

When the original function to be approximated is Stieltjes with a finite radius of
convergence about the origin, R, it is a well-known result in the theory of Padé
approximants that the sequence Py (z) (with J > —1) converges to the original
function, as N — oo, on any compact set in the complex plane, excluding the cut
at R < z < oo [200]. In other words, even though the 77 unitary cut driving the

decay is of Stieltjes nature, there is no a priori reason why the PA should work
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Figure 8.2: ' TFF in the SL (up) and TL (down) regions after a joint fit to the SL
and TL sets of experimental data. The dotted, dashed and solid black lines represent
the fits using P!(Q?), PP(Q?) and P/(Q?), respectively, on the left panel, while the
red solid line represents P/ (/s) on the right panel.
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above the branch cut. The cumbersome situation is, however, that at least the PZ(s)
sequence does work well above the cut (cf. Figure 8.1). And the unanswered question
is, then, whether one could have anticipated this success and how general is for any
arbitrary situation. A fair statement would be to say that, approximately, the TFF
is a meromorphic function which has nothing but a set of single and isolated poles
within the data range. In this scenario, PA are an excellent approximation tool [133].
Moreover, they tell us about the underlying physical phenomena driving the decay
without the need to assume any model.

To better understand this situation from a qualitative point of view, let us discuss
the following. As we have said, in the zero-width approximation, the TFF becomes
a meromorphic function. If the TFF contains a single and isolated pole, the PZ(s)
sequence reproduces the pole of the TFF with infinite precision. As soon as the
width is again switched on, the wm threshold opens a branch cut responsible for that
width. Then, at first, no mathematical theorem will guarantee convergence on this
scenario. On the contrary, if the convergence theorem is to be satisfied, one would
expect the single pole of the PF(s) to be located closer and closer to the threshold
point as soon as L — 00, since this is the first singular point the PA is going to
find. However, the behavior of this 77 branch cut at threshold is well known. This
knowledge comes from the P-wave 7w scattering amplitude (the opened cut yields
vector states) together with the Fermi-Watson theorem that relates the phase of
the scattering amplitude with the phase of the form factor below the first inelastic
threshold. The 77 P-wave scattering amplitude ¢}(s) at threshold behaves like [262]:

ufi(s)] = oV (o + M o))

Re[ti(s)] = ¢ (a +bq* + (’)(q2)2) , (8.1)

with ¢* the center-of-mass momentum 4¢? = s — 4m?2 and where for the imaginary
part we used the unitary relation Im[t}(s)™!] = —o(s), where o(s) = /1 — 4m2 /s.
The absolute value of the threshold expansion of the amplitude ¢j(s) is basically a
polynomial in (s — 4m?2) with the influence of the imaginary part starting only at
(s — 4m2)*. Following the previous equation, if the threshold parameters a and b
are of order 1 (with the appropriate units) [262], then the real part dominates near
threshold and the absolute value is given basically by the real part. By virtue of
the unitary relation for the TFF, ImF(s) = o(s)F(s)ti(s)*, and the expansion in
Eq. (8.1), one concludes that while the real part of the threshold expansion of the

TFF starts at order (s — 4m2)?] its imaginary part, coming from o(s)Re[t{(s)], only
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starts showing up at order (s — 4m?2)3/2. If this is the case and the offset of the
threshold is that smooth, the PF(s) sequence will be an excellent tool to reproduce
the TFF near and above the threshold and its pole will not be located at the starting
point of the threshold since it is not singular. Actually, taking the definition of a
PL(s) given by

-1 I

Pi(s) = Y s+ —H (8.2)

k=0 ar,
the polynomial part will reproduce the threshold and the PA pole part will account
in an effective manner for the pole of the TFF far away from the threshold. This
simple consideration already shows the ability of PAs to go above the threshold for
functions with smooth threshold offset. In our current case, the discrepancies can be
further reduced if the object to be approximated is the absolute value squared of the
TFF, |F|%. Then, the PE(s) will reproduce |F|? in an even larger energy range, going
further above the opening of the branch cut.

The present discussion already anticipates that for the n-TFF our PAs will yield
an excellent result, since the 77 invariant mass can only reach the n mass where the
threshold expansion reproduces the absolute value of the TFF with great precision.
Consequently, a PL(s) with large enough L will reproduce the TFF accurately. The
last question is, then, up to what energy one can go above the threshold before
failing. The threshold expansion itself must fail at some point because it breaks
unitarity by powers of (s — 4m2). A quantitative answer to this question would
demand to study this problem using a particular model. To make a general statement,
model independent, and qualitative, we notice that the threshold expansion should
break down when the presence of the resonance pole is large enough and cannot be
approximated by a polynomial in (s — 4m?2). This happens basically at a distance
of the pole given by the half-width rule [238] which, as argued in the Introduction,
provides a simple estimate of the PA range.

In a realistic situation with multiple cuts, the picture will develop new features
but the final result would be similar. The PA pole becomes an effective pole resulting
from the combination of the absolute values of the different resonances entering the
process, closer to the one with larger coupling in the particular reaction, with shifts
produced by the different widths of the resonances. The role of the 77 branch cut is
intertwined with the particular particle for which the cut is opened. For example, if
one expects the p, w and ¢ vectors to play a role, since the p width is the largest, the
TFF line shape will basically be dominated by that meson and its 77 opening. The
fact that a single-pole PA works so well in the  TFF is a clear indication that the 37
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Constraining F),,(0) Predicting F,/.,(0)

Pr P} PS P}
by 1.31(4) 1.25(3) 1.30(4)  1.27(4)
Gy 1.74(9) 1.56(6) 1.73(9)  1.62(11)
dy 2.30(19)  1.94(12)  2.29(19)  2.06(22)
Fyyry(0) 0.344(5)  0.345(5)  0.342(13) 0.351(10)
QFR(QY) 0.254(3) - 0.253(3)
g 0.65 0.67 0.66 0.68

Table 8.1: Low-energy parameters as obtained after a joint fit to both space- and
time-like data with and without including the measured two-photon partial width as
a restriction in the x? function of (8.4), second and third multicolumn, respectively.
The leading coefficient of the TFF asymptotic limit and the x% are also shown.

cut is very small and its presence is already captured by the approximant. PAs cannot
differentiate among the different weights of the different contributions appearing in
the TFF, though. However, being fitted to experimental data, all the possible pieces
are included —as they are in the data. An interesting exercise would be, then, to
compare with other parameterizations existent in literature [222, 223, 227, 228, 229,
230, 231, 263, 264] and, eventually, to help to understand model dependencies. This
statement already excludes the generalization of our results for any arbitrary Stieltjes
function since one can immediately conclude that the clue feature of the function that
would allow the PA to access the branch cut is its behavior around the threshold point.
That is, for a form factor with an abrupt threshold offset, the range of applicability

within the time-like region will be more limited.

8.2 Incorporation of the low-energy time-like data

Since our goal is to provide a parameterization of the TFF as accurate as possible
and we have shown in the previous section that the TL experimental data up to 0.75
GeV can be well described with our old parameterization based on SL data, in this
section we will include the TL data as a new data set to be fitted, following [23]. At

low-momentum transfer, the TFF can be described by the expansion

Q? Q* Q°
X (1—bn/m—2+cn/m—4—dn/m—6,+"‘ R (83)



8.2. Incorporation of the low-energy time-like data

where F)/.,(0) is the normalization (the TFF at zero momentum transfer) while the
LEPs parameters b,/, ¢,, and d,, are, respectively, the slope, the curvature and the
third derivative of the TFF. By reassessing our SL fits [22] through including TL data,
we will update the results for the LEPs of the y’ TFF. The x? function minimized in

our fit is given by (F(y/s) = F(y/s)/F(0))

2

“Q2rer, (@)

0¥y i
N i (8.4)
oL 2_ mexp L ex
5 | Pl (V3] —| For. (V3)|. I AU L0
=1 o ~exp 2 9| exp ’
. ), P o)

where the first and second terms correspond to SL [24] and TL [25] data, respec-
tively, while the last term encodes information from the TFF at zero momentum

transfer and introduces an additional restriction. For the experimental value we

use F7 (0) = 0.3437(55) GeV~', inferred from the partial width to two photons,

[y = 4.35(14) keV [37], through the relation

64 I'(n' — vv)

|F77'”/“/(0)|2 = (47'('(1/)2 mgl . (85)

The value I',/_,, = 4.35(14) keV cited in [37] is not a measured quantity, rather a fit
inferred from the branching ratio and using the current 7’ total width. The average
experimental determination for such decay reads 4.28(19) keV. It will be interesting
to see whether this 0.30 difference would affect our results at the precision we are
working.

We start fitting with a Padé approximants’ sequence of the type PF(Q?), and
current data allow us to reach L = 7. The coefficients of our best PL(Q?) fit for the
Q*Fyy (Q%) defined as

Tn(Q?%) B Q%+ t,Q + -+ tn(QHN
Ri(Q?) 1+ 7mQ? !

PHQ?) = (8.6)

are gathered in table 8.2.
With these coefficients one can extract the slope of the TFF by expanding (8.6)

and normalizing the result as
bn/ = mi,(tl T — tg)/tl =1.312 s (87)

with m,, = 0.95778 GeV. We provide a graphical account of our fits as compared

to both SL and TL in Figure 8.2, from where one can see that the one sigma error
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Table 8.2: Fitted coefficients for the best Padé approximant, PJ(Q?), associated to
Q*Fye (Q7).

Coeflicient Value
t 0.3437
to 3.847 - 1073
t3 0.550 - 1073
ty —1.621-1074
ts 1.338-107°
te —4.495-1077
ty 5.261-107°
1 1.4413

band associated to the time-like ¥ TFF has considerably decreased as compared to
Figure 8.1. The LEPs obtained from the fit are collected in Table 8.1 and their

corresponding convergence pattern in Figures 8.3 and 8.4 (red circles) reflect the

impact of the inclusion of TL compared with the old results.

Comments on these results are in order.

1.

The precision gained on the LEPs determination is remarkable as compared to

our previous results (blue triangles) when only SL were fitted [22];

. We enlarge our PA sequence by one element (reducing then the systematic

uncertainty);

The new LEPs sequence reaches faster the stability value manifesting the ex-

cellent performance of the method as new experimental data is included;

Including F7 (0) as an additional datum in the fit reduces significantly the un-
certainty associated to this quantity. Regarding to this constraint, it is noticed
that while LEPs obtained from the PF(Q?) sequence are basically insensitive
to this effect, the LEPs obtained from the P!(Q?) element are not and suffer

small distortions.

After the first combined analysis of both SL and TL data, our central value results
for F;,~(0) and LEPs are

Fy(0) = 0.344(5)(0) GeV™' | b,y = 1.31(4)(1) ,

(8.8)
ey = 1.74(9)(3) ,  dy = 2.30(19)(21) ,

where the first error is statistic and the second systematic, the latter being 0% for the

value at the origin, and 1%, 2%, and 9% for the slope, curvature, and third derivative,
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respectively [22]. The results above can be compared with the ones obtained by the
P (Q?) sequence in Table 8.1. Since this second sequence stops at its first element
(which is actually the first element on the PF(Q?) sequence), we do not consider its
results for a combined weighted average. The systematic error is at the level of the
statistical one. To reduce it, we would need more precise high-energy data on the
one hand, and enlarge, on the other hand, the P (Q?) sequence which is limited
in this analysis to its first element. Notice that the P (Q?) has systematic errors
dramatically smaller than the ones considered here (see the Appendix in [23] for
details). It turns out that the n’ TFF is very much dominated by a single hadronic
scale that gives to the TFF its characteristic vector meson dominance-like shape
(VMD). A P#(Q?) fit cannot be accommodated at the current level, and we hope that
more data from BESIIT, MAMI, and Belle-II will help to improve the present values.
These results can be compared with F)..(0) = 0.344(4)(0) GeV ™, b, = 1.30(15)(7)
and ¢, = 1.72(47)(34), obtained using SL data only [22]. Clearly, the statistical
uncertainty of the LEPs has considerably diminished as a consequence of including
TL data to the analysis, being that one of the main results of this work. Our slope,
by = 1.31(4), can be compared with the values 1.46(23), 1.24(8) and 1.6(4), quoted by
the CELLO and CLEO in Ref. [24] and Lepton-G (cited in [220]), respectively. One
should notice that all the previous collaborations used a single-pole model, VMD,
to extract the slope, which is nothing but the simplest P}(Q?) element from our
approach (which we neglected). Other theoretical predictions existent in the literature
are b,y = 1.47 predicted by chiral perturbation theory for sinfp = —1/3, being 0p
the n-n" mixing angle, b,y = 1.30 from constituent-quark loops, both values taken
from [265], b, = 1.33 from VMD [266], and b, = 2.11 from the Brodsky-Lepage
interpolation formula [267]. More recently, one can find b,y = 1.323(4) from resonance
chiral theory [221], b, = 1.457517 using dispersive techniques [223], and b, = 1.06 or
1.16 from anomaly sum rules [230].

The main difference between Figure 8.1 and Figure 8.2 is the width of the uncer-
tainty band, specially at large /s, which is the region where we expect the PA to
eventually fail. To control on the quality of the fits at this large /s, we have repeated
the fits by first enlarging artificially the errors of the last energy points and secondly
eliminating subsequently the last data points. We have observed a completely stable
fit even under these manipulations which only slightly enlarge the slope error but
always keeping the same x3 ; (degrees of freedom). We conclude, then, that our final
results in (8.8) are robust enough and independent of an eventual failure of the PA

method at the highest TL energy point.
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We benefit from our results Fyy..(0) = 0.344(5) GeV~! and F,,.,(0) = 0.342(13)
GeV~! (constrained and unconstrained cases, respectively) to predict the 7' partial
decay width to two photons. For the constrained fit, i.e. including the value at the
origin in our data set, the fit returns I';,_,,, = 4.35(13) keV, slightly better than
the PDG fitted value and at 0.3 standard deviations off its averaged result. For the
unconstrained case, we find I';y_,, = 4.30(33) keV, which lies 0.1 standard deviations
off the experimental value. Regarding the asymptotic behavior of the TFF, we have
considered the P (Q?) sequence since they have the right asymptotic fall-off 1/Q?
built-in. We reached N = 1 and then predicted the leading coefficient

Jim Q*Fyyyer (Q%) = 0.254(3) GeV | (8.9)

which is in very good agreement with the value 0.254(21) GeV* measured at Q% = 112
GeV? by the BABAR collaboration [268]. This prediction is basically the same one
obtained in [22] when only the SL data were considered. Therefore, the effect of
including the TL data is negligible in this respect. Ideally, it would be desirable to
extract such value from the N = 2 element, which allows for diminishing the intrinsic
systematic error as well as for checking convergence. This should be possible in the

future if new precise Belle-I1 data becomes available.

8.3 A reassessment of the 7-n’ mixing

In this section we reanalyze the -1’ mixing as we did in [22, 23]. In these works, we
took advantage of the flavor basis, where the n and 7’ pseudoscalar decay constants,
defined in terms of the axial currents Jg, = 5%75\/\/_;% with \? = diag(1,1,0) and
2* = diag(0,0,v/2), as (0lJ5,|P) = iv/2F8p,, where a = (g,s) refers to light and

strange quarks, respectively, can be expressed as

(Fqs)z F,? F;’ _ F,cosp, —Fssing; ' (8.10)
P FyE F,sing, Fscos g

This basis has become popular since large-N, chiral perturbation theory (ChPT)
next-to-leading order (NLO) predictions yield [269, 270]
V2

F,F,sin(¢, — ¢s) = ?FﬁAl , (8.11)

4Such value is obtained from the BABAR result 0.251(19)(8) GeV after taking into account
kinematical corrections [22].
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where F, =~ 92.2 MeV is the pion decay constant and A; an OZI-rule-violating
parameter expected to be small. Assuming A; to be negligible, (8.11) implies ¢, =
¢s = ¢, an approximation which has been shown to be successful in phenomenological
applications [269, 270]. Large-N, ChPT also predicts

F}=F!+ %FﬁAl : (8.12)
Here, phenomenological studies [22, 23, 269, 270] do not support A; = 0 since they
clearly find F, > F. Therefore, to be consistent, we will consider the most general
case ¢, # ¢, and work in the so-called octet-singlet basis, where the decay constants

are defined as

F8 F° Fscosfy —Fysinf
(F§0)5< X Z):( BEOTs T oI °> . (8.13)
Fn/ Fn/ Fg sm98 FO C0890
In this basis, large-N. ChPT at NLO predicts [269, 270]
AFZ — F? 2F2 + F?2
="t R TS m (8.14)
2v/2
FSFO sin(é’g - 60) = _T\/_(FIQ( - Fﬁ) s (815)

where Fx ~ 1.20F); is the kaon decay constant.
At this point we call the attention that Fj is renormalization group (RG) depen-

dent. This is connected to the .JJ, anomalous dimension implying [231, 271]

dFy ag(p)\” 3
— =—Np | —) F;+O 8.16
e F < = 0o+ O0(ey) (8.16)
where N is the number of active flavors at scale . Solving this equation up to order

as, the singlet decay constant at a different scale can be expressed as
Folu) = Fopo) |1+ Zie (2l — o))
= F()(l + 5) s

with Sy = 11 — 2Ng/3. In the octet-singlet basis, the different limiting behaviors of
the TFF, Fp,y = Fpyy(0) and P = limge o Q*Fpy+,(Q?), take the simple form

1 égF,r?/ — 60(1 + Ag)Fs,

(8.17)

Fopy = 73 ’ (8.18)
Ar? FOFS — FSFY
F 1 &FY — 1+ Ag)FS (5.19)
" T 42 ’ :
4m? FOFS — F3F),
Noo = 2(¢sF) 4 éo(1+ 6s) F)) (8.20)
The = 2(6sFyy 4 éo(1+ 6s0) ) (8.21)
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Table 8.3: Predictions for the mixing parameters. g are expressed in degrees.
/P Fo/Fy Os Bo As Xaof
1.32(7) 1.25(3) —22.8(1.1) —7.6(2.2) 0.05(3) 1.0

where ¢g = 1/v/3 and ¢ = /8/3 are charge factors and §,, = —0.17 [23] accounts for
the Fy running from pp = 1 GeV up to p — oo [231]. In addition, we have included
the OZI-rule—violating parameter Az, which has been neglected in our previous studies
since it enters at the same level as A;.

The set (8.18-8.21) form a system of 4 equations with 5 unknowns (FSBO),A;:,).
Then it could seem that, at least taking A3 = 0, we may solve the system. However,

as explained in [22], such a system is underdetermined as there is the relation

3 8
Noo Fipyy + ﬁéan'w = 2 (1 + 5(500 + A5+ 5ooA3)) ) (8.22)

which is free of mixing parameters. Indeed, (8.22) fixes A3 once its left-hand side is
(experimentally) known. However, we still have to face the fact that our system is
underdetermined. In order to overcome this problem, we notice that at NLO in large-
N. ChPT (8.14,8.15) provide a clean prediction for both Fg and (6s — ) in terms of
the well-known value for Fi/F; [37]. Taking either Fg or (65 — 6y) as a constraint,
one would add an additional equation to the previous system, which would provide
a unique solution. Taking both, would lead to an overdetermined system, which in
general has no solution. For this reason, we adopt a democratic procedure in which we
perform a fit including both, Fy and (65 — 6y) constraints, together with (8.18-8.21).
In addition, we include the theoretical uncertainties from large- N, ChPT predictions,
(8.14,8.15), by noticing that Fi/F; typically receives 5% corrections from the NNLO.
Consequently, we add this error in quadrature on top of the one from [37] for our fitting
procedure.

The solution is collected in Table 8.3 and is the main result of this section. The
value for x3 ; is excellent, which indicates a good agreement with large- N, ChPT but
with non-negligible NNLO corrections accounted here as a 5%. Without this 5%,
the x3,; would grow up to 1.5. In addition, we can use (8.14) to predict the value
A; =0.21(5). In Figure 8.5 we collect our results (orange crosses) and compare them
to different predictions in the literature [269, 270, 271, 272] (red dots), as well with
our previous results [23] in blue-empty squares. We see that the main difference with
respect to our previous work [23], where we did not use the ¥ TFF asymptotic value
and assumed ¢, = ¢,, appears in Fp. This is to be expected as the inclusion of A

and Aj affects the singlet part exclusively. In addition, we have reduced our errors
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Figure 8.5: n-n’ mixing parameters in the octet-singlet basis from L [271], FKS [270],
BDO [272], EF [260], EMS(14) [22], and EMS(15) [23].

thanks to the constraints from large-N. ChPT with respect to our previous work.
Our prediction for A3 may be compared with the one in [272], A; = —0.03(2). Both
of them point towards a small value for this parameter, though they differ in sign.
We find that As actually plays an important role not only in fulfilling the degeneracy
condition (8.22), but in the n(n’) — vy decays as well. In addition, the A; term is
rather important and affects specially the " results, where deviations of order 10%
appear if this is omitted. Finally, we stress that the use of the RG equation for Fj
is fundamental, whereas most of the theoretical and experimental analysis do not
account for this effect, which —to our best knowledge— was included for the first
time in [231]. This effect increases 7., and diminishes 7/, bringing in agreement
experiment and theory.

Our results may be translated to the quark-flavor basis through the use of the

rotation matrix [270] (see appendix A)

1 1 =2
U(bidear) = —= : 8.23
() = 75 ( V21 ) (8:23)
relating the pseudoscalar decay constants
(FJ%S) = (Flé’o)U(eideal) . (824)
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From the above equation, together with the values from the first row of Table 8.3, we

obtain

F,=11003)F, , F,=145(8)F,
(8.25)
¢, =40.6(1.8)° , ¢, =38.4(1.2)° .

In addition, we can predict the ratio Ry = I'j/pmy /T J/p—sny> Which is given in

terms of ¢, alone [269] as

4 M2 _ m2 3
ey /
Ry = tan® ¢, ( 1 ) <MJQ/¢ 1 > . (8.26)

_ 2
My Jip My

With (8.25), R/, = 5.6(7), just at 1.20 from the experimental value R/, = 4.7(2) [37].
It may be that, as precision improves, the deviation grows, which would be a hint of
novel phenomena in the 7-1’ system, as gluonium component, which has long been de-
bated, but not found so far [273]. We recall in this sense that large- N, ChPT implicitly
assumes that such component is not present in the r’. Moreover, the 3-gluon annihi-
lation amplitude, not included in our framework, may need to be included to account
for this 10% discrepancy [274]. Alternatively, we could include R,/ in our fitting
procedure. The results would then be Fy = 1.37(6), Iy = 1.26(2), s = —23.5(0.9),
6y = —8.8(2.0), and Az = 0.07(3), with x3; = 1.3, being very similar to those in
Table 8.3. With respect to the V Py couplings calculated in our previous work [23],
the new results yield more precise errors and very similar central values, with the
exception of the ¢ cases, which get slightly closer to the experimental results. With
the set of parameters in Table 8.3, together with (8.13), we can also predict the ratio
Rz =Tz /T 25, which is given by [177]

2 2 2\ 3
R, — ’F yZ (MZ - mn’) (8.27)
anz M% — m% ’

where M2 Fp.,7z(M32) = 6v/2(Cy,z F34+C1, 2 F3(14+6,)) with Cg,z = (1—4sin? ) /61/6,
Ciyz = (2 — 4sin? ) /3v/3 and Oy the Weinberg angle at M2 [37]. Since Cg,z <
Ciz, one may expect Ry =~ cot?6y [177], an observable quite sensitive, then, to
the singlet angle. However, since FS > Fg, the denominator of (8.27) should not
be approximated and all the terms should be retained. In this respect, we find
Rz = 8.4(2.1), indicating a large singlet component in R.

Finally, we comment on possible venues to improve our errors. On the one hand, it
would be desirable to improve not only on 7., which now is the input with the largest
error, but also to obtain 1/ from a P?, which would reassess both the central value

and the error of this parameter. This would be possible from future Belle-II data.
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On the other hand, it would be interesting to have a more precise O(ay)? calculation
for ¢ as well as NNLO predictions for the mixing parameters and 7(n’) — -7y decays,
which would allow to check the stability and accuracy of the results. In addition,
future lattice analysis may play an important role in this field [275] and a combined

analysis using the PA method will be highly desirable.

8.4 Conclusions

In this work we have shown the excellent performance of the Padé approximants
method developed in [21, 22, 255, 23] for the description of the recently reported first
observation of the Dalitz decay ' — vete™ by the BESIII collaboration [25]. This
experimental analysis studies the time-like region of the 7' transition form factor up
to the resonance region.

Unlike our previous works, we have explored in the present one the limits of
application of PAs in the TL region finding that, beyond expectations, PAs can be
extended to energies very close to the location of poles. We have nicely described the
behaviour of the modulus square of the n’ TFF thus showing that this form factor
has a simple analytical structure in the complex plane made of an isolated branch cut
due to the m7m production threshold, the unitary cut, which disappears as soon as the
TFF is modulus squared, and a set of single poles.

The careful analysis of the PA sequence PL(Q?) reveals, however, more effects
than those of the p resonance emerging here from 77 rescattering. Subleading effects
caused by additional branch cuts or the influence of higher resonances’ tails are also
captured by PAs and are indeed responsible for the shift of the PA-pole location with
respect to the naive projection of the p resonant pole onto the real axis. Since this
shift is not known with precision it is difficult to extract from the PA pole the exact
position of the resonance pole. This limitation of the method, already mentioned
at the beginning of this work, does not prevent the PAs from guiding us about the
underlying analytical structure of the TFF. One can take advantage of this highly
non-trivial knowledge to further use the PAs method in other approaches such as
B — 7 semileptonic form factors or the extraction of the proton charge radius from
electron scattering. A last remark concerns the role of VMD in experimental analyses,
now that the meaning of the PA pole on the real axis is understood. As pointed out in
[20], VMD should be interpreted as a first step in a systematic approximation, that is,

the P element belonging to a more general and exhaustive P}Y sequence. Although

173
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it is common to report on such fit for ease of comparison, the range of application of
VMD in the TL region is much shorter than the P/ we used here.

In summary, PAs are not only useful for fitting and extrapolating data within the
SL region but also give us information about the analytical structure of the TFF. On
the one hand, they justify the use of elaborated dispersion relations with a single 7
elastic branch cut for the isovector part of the TFF and a more simple Breit-Wigner
model for the isoscalar one [223, 263]. On the other hand, since no information on
the analytical structure of the TFF must be given in advance, PAs are an excellent
tool for testing other approaches decomposing the TFF into cuts and resonance poles.
PAs are also capable of accommodating the SL region high-energy QCD constraints
while still providing accurate predictions of the I'y¢_+, decay widths. Moreover,
they allowed us to update the n-n’ mixing parameters within the context of the most
general large- N, ChPT scenario, thus superseding the values obtained in our previous
works. Yet another issue is the lack of an imaginary part in the TFF when analysed
by means of PAs. Nevertheless, due to the indication of a simple analytical structure
of the TFF and its almost meromorphic nature as soon as it is modulus squared, a
PA constructed from a complex-conjugated Taylor expansion would locate the poles
of this TFF in a convergence sequence. This idea opens the door to such extensions

which are postponed for future work.
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Chapter 9

Conclusions

In this thesis we have studied several processes involving 7 and 7’ mesons. In partic-
ular, we have first investigated the hadronic decays of the tau lepton 7= — K n"u.,
and 7- — Kgm~ v, in sections 3, 4 and then 7= — 7T_7](/)I/T in section 5. Our anal-
yses have been focused in the description of the participant hadronic form factors
encoding the effects of the strong interactions. The corresponding parameteriza-
tions have been carried out by means of Chiral Perturbation Theory including res-
onances supplemented by arguments of analyticity and unitarity through dispersion
relations. Benefited from the experimental measurement of the 7= — K~ nv, decay
spectrum released by the BaBar and Belle collaborations [107, 12], we have deter-
mined the pole parameters in the complex plane of the K*~(1410) vector resonance
to be My«(1410) = 1330:25 MeV and I g+ (1410) = 217’:?32 MeV for the mass and width
(cf. Eq. (3.48)), respectively. Subsequently, we predicted the branching ratio of the
decay 7= — K n'v. to be ~ 1-107% (cf. table 3.4), respecting the upper limit,
4.2 -1075 at 90% CL, found by BaBar [110], and advocated its measurement in near
future B-factories.

On a second stage, we have performed a simultaneous fit to both Belle data
[12, 100] on the decays 7= — K nuv, and 7= — Kgn v,, that has led the deter-
mination of the K*(1410) resonance with improved precision. We find My+1410) =
1304 £ 17 MeV and '+ = 171 + 62 MeV, Eq. (4.15), that supersede previous de-
terminations from both channels separated (cf. Fig. 4.2). We have also discussed
prospects of improvement for Belle-IT and motivated experimental groups to measure
the distribution for the 7= — K 7%, decay in order to disentangle possible isospin
violations in the K7 low-energy parameters.

We closed the first part of the thesis by studying the second-class current decays
7 — 7 nu,. These processes occur via isospin violation and have not been evi-

denced in Nature so far. We discussed different parameterizations of the scalar form
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factor ordered according to their increasing fulfillment of analyticity and unitarity
constraints while the vector form factor has been extracted using existing data on the

well known 7~ 7"

one. We conclude that, according to our predictions (cf. tables 5.1
and 5.2), both decays have good prospects for discovering at Belle-II. The crossing
symmetric semileptonic n) — 7= (v, (¢ = e, ) decays have been also been tackled.

In the second part of the thesis, we have examined several processes driven by the
anomalous vertex Py*y™*) (P = 7% n,7/). The transition form factor in the space-
like region has been accessed via the two-photon fusion reaction ete™ — ete™P by
different experimental groups which have reported the corresponding data. These
data have been suitably parameterized, in a model-independent way, by means of
Padé approximants [22]. This allowed us to predict the time-like region as shown in
Figs. 7.1 and 7.2 proving the remarkable ability of PA in describing also this regime.
Since data is nicely supported by our description, we then proceeded to describe the
single and double Dalitz decays P — ¢*{~y and P — (T¢ ("¢~ (¢ = e, ). We find
that the effect of the TFF is much notorious when muons are involved and enhanced
for 17’ decays. Regarding our predictions on the different branching ratios given in
table 7.9, they are not only in accordance with the measured decays but rather we
also hope them to serve as a guide to the experimental collaborations to measure the
unseen one.

Finally, we have benefited from the recent experimental measurement of the single
Dalitz decay n’ — eTe™ released by the BESIII collaboration [25], to perform, for the
first time, a combined analysis of both space-and time-like data of the TFF through
the method of PA. In the study, we have addressed the issue of why Padé approximants
work so well in reproducing time-like data concluding that the clue feature is the small
effect of the 7w cut at threshold. From our combined fit, we succeeded in extracting
both the low-energy form factor parameters as well as the 7 — ' mixing parameters,
Eq. (8.8) and table. (8.3), respectively, with improved degree of accuracy than our

previous determinations.
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Appendix A

Bases of the n — 1’ mixing

In section 1.5, we have seen that the mixing phenomenon among the eigenstates 7
and 7; occurs due to an explicit SU(3) flavor symmetry breaking. However, these
states are not the physical n and 7" mesons we observe in nature (see table 1.2) but
rather linear combinations of them. This admixture is parameterized by the so-called

mixing angle and can be described in two different bases:

e the octet-singlet basis, which uses |ng) = -t |uii + dd — 2s5) and |n;) = —%|uu +

G 3
dd + s3) as the basis states

n\ [ cosp —sinfp s
( n ) o ( sinfp cosfp ) ( m ) ’ (A.1)

e the quark-flavor basis, with |n,) = % and |ns) = |s8) as the relevant basis states

Y\ _ ( cosgp —singp Mg
( n ) B ( singp cos¢p ) ( Ms ) ' (4.2)
In order to find a relation between the mixing angle p and ¢p we compare the mixing

pattern of the n and 7’ states for both mixing schemes as
[n) = cos Oprs) — sin Oplmy) = cos dpln,) — sin 6plns)
') = sinfp|ns) + cos Op|m) = sin gp|ny) + cos ¢p(ns) . (A.3)
Then, using the change of basis
s ) _ 1/v3 —/2/3 Mg ) (A.4)
M 2/3  1/V/3 s
and equating both sides of Eq. (A.3) we arrive at

1
cosblp = — (cos op + V2sin ¢p) , sinfp =

7 (singﬁP - \/§COS¢P) . (A.b)

1
V3
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In the SU(3) flavor symmetry limit i.e. no mixing in the octet-singlet basis (#p = 0),

from Eq. (A.5) one can define an ideal mixing angle ¢;gea; in the quark-flavor basis

1 . 2
COs ¢ideal = % ) sin ¢ideal - § ) (AG)
which leads
Gideal = arctan V2. (A.7)
Thus, the first term in Eq. (A.5) can be written as
COS ‘9P = COS gbideal COs ¢P + sin gbideal sin ¢P = COS(¢P - gbideal) ) (A8)

which allow us to get the well-known relation between the octet-singlet mixing angle

fp and the quark-flavor ones ¢p

Op = ¢p — Gidea = dp — arctan v'2 = ¢p — 54.7°. (A.9)
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Appendix B

G-parity and second class currents:
the case of 77 — 7T_77(,>V7-

The concept of G-parity is defined as a rotation of the wave function by 180° around
the y-axis in the isospin space followed by the application of the charge conjugation

operator C. The general G-parity operator applied over a state |X) reads
G|X) = exp[if],|C|X), (B.1)
though, in short, is equivalent to
GIX) = (-1)'C|X), (B.2)

as we will demonstrate in the following (cf. Eq. (B.14)).

B.1 Isospin rotation

A general isospin rotation of a field ¢ is given by Ug(z)U ™! = S(0)¢(x) where U is
a unitary operator U = exp[ifI| and S(0) = exp[—i0T] its representation in a three-
dimensional isospin space with 7" = (7}, T}, T.) being the rotation matrix generators

given by

0 0 4 0

0O — |, Ty,=1 0 0 0}, ,7=1¢ 0 0]. (B.3)
? 0 0 0

These matrices, the generators of isospin rotations, are obtained from the standard

rotation matrices around x,y and z axes

179



Appendiz B. G-parity and second class currents: the case of 7~ — 7 0V,

1 0 0 cos# 0 —sinf cosf sinf O
R,=10 cosf sint | R, = 0 1 0 ,R,=| —sinf cosf 0
0 —sinf cos6 sinf 0 cos6 0 0 1
(B.4)

by considering an infinitesimal rotation as of

Rm,y,z - 13><3 + iTm,y,zQ . (B5)

For our purpose, we are interested in isospin rotations of an angle 6 around the

y-axis whose general form reads

S(0) = exp|—ifT,] = 1.3+ Z —(=i0T,)" Z —i0T,)"

n=1,3.. n=24..
e . 9271—1 ) e 9271
= 1y i,y (1) (T, 1"
= 13,3 —iT,sinf — (1 —cos0)(Ty)?, (B.6)

where we have used T;’ =T,

In particular, the matrix for an isospin rotation of an angle # = 7 is given by

1 0 0 -1 0 0
S@) =1ss—-210 0 0)l=]0 1 0|, (B.7)
0 0 1 0 0 -1
whose application on the cartesian pion triplet
T = L(WJF +77), 7w= L(ﬁ“ —77), w=x° (B.8)
\/§ 9 \/5 Y )
flips the sign of 7! and 73 leaving 72 unchanged
it -1 0 0 mt —rl
S@=m) |7 |=10 1 0 ™= = |. (B.9)
3 0 0 -1 73 -3

In other words, because of this rotation the following replacements are in order

7+ > —7F and 70 —» —70.

B.2 Charge conjugation

The charge conjugation operator applied to the cartesian pion triplet Eq. (B.8) flips
the sign of 72
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7l 1 0 O 7l 7l
Cl=]|=10 -1 0 ™| =|-m|, (B.10)
3 0 0 1 3 3

where we have taken into account that Clr*) = |7F) and C|r°) = |=°).

B.3 G-parity

Regarding G-parity transformations, let us consider the cartesian pions Eq. (B.8)
and apply first an isospin rotation of an angle § = 7 around the y-axis followed by a

charge conjugation operation as of

T s
G| m|=50=mC| =
73 3
-1 0 0 1 0 0 mt !
= 0 1 0 0 -1 0 m|l==(=], (B.11)
0 0 -1 0 0 1 i 73

which lead the mass eigenstates of the isospin pion triplet suffer the following trans-

formation

G|r*Y) = —|7%0), (B.12)

Regarding G-parity applied to the n and 7" mesons we have
Gn®”) = "), (B.13)

since they are neutral isospin singlets i.e. they do no rotate under isospin transfor-
mation and are invariant under charge conjugation.

Finally, the G-parity of the final state hadronic system, m(), is given by
Glr=on") = Ga*0) ) = —|a =), (B.14)

Notice that we would have arrived at this same result by applying Eq. (B.2) with
I =1, the isospin of the 771" system.
For the case that concerns us, the G-parity of the vector current entering the

description of 7= — 77"y, is
Gluyd) = +|u~d) , (B.15)
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which is opposite to what we have derived in Eq. (B.14) for the final state hadronic
system. Therefore, the decay 7= — 7 n)v,. occurs via G-parity violation leading
JPG = 0%~ or 17~ for the spin-parity-G-parity quantum numbers of the 7n") system

which, in the SM, can only proceed through the unseen second class currents.
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Appendix C

Exponential parametrisation of the
vector form factor

The exponential parametrisation of fE7(s) is a variant of the form factor Ansatz
(4.4) in which the real part of Hg,(s) is resummed into an exponential function
[103, 105, 52,

2
Kn M- + 7S VS 3ReHr(s)
s) = — e2 LA C.1
+ ( ) D(mK*7/yK*) D(mK*’yny*’) ( )
where now D(my,,v,) = m2 — s — im,Y.(s) and the energy-dependent resonance
widths, defined as
3
s o5 (8)
W(8) = vy — BT C.2
Tn(8) = 7 w 2% (m2) (C2)

are equal to the imaginary part of the propagator in eq. (4.5) through the identification
K I H kx(8) = myu7,(s). This representation of f£7(s) in the elastic limit was used
beyond this approximation in refs. [103, 105] including the K7 channel and ref. [13]
also incorporating the K7’ effects. However, in order to perform a fair comparison
of the results obtained from this parametrisation and the dispersive representation
in eq. (4.8) we work in the elastic limit and use for Hg,(s) the isospin average of
eq. (4.7). Needless to say, the unphysical “mass” and “width” parameters m, and
v, in this parametrisation will be different from their analogues in the dispersive
treatment but the corresponding pole parameters should not differ significantly. It
is worth mentioning, however, that when the normalised version of the form factor
in eq. (C.1) is directly confronted with experimental data the slope parameters are
not fitted but deduced from the Taylor expansion of the form factor (unlike the test
proposed in the main text where the phase of the form factor is calculated first and

then plugged into the dispersive relation).
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In Table C.1, we display the results of the direct application of the exponential
vector form factor in eq. (C.1) using three different settings: a combined fit of the
two sets of data with vk, = vk, (Fit I, which implies )\/K(?r = )\/[((/37); the same but
Vi 7# Viy (Fit 1I); and fitting the data sets separately (Fit III). In the last case,
the pole position of the K*(892) resonance is obtained from the fit to K7 data and
then plugged into the K7 fit. On the contrary, the K*(1410) pole position is kept
free in both fits (in brackets the results from the fit to K'n data alone). Looking at
the various x?/n.d.f. of Table C.1, one immediately realises the meagre performance
exhibited by the exponential parametrisation as compared to the dispersive represen-
tation achievements shown in Table 4.1. In the Kn part of Fit III (fourth column)
the x?/n.d.f.~ 2. Particularly inept are the values obtained for the K7 branching
ratio which are in all cases far from the experimental measurement. Therefore, a
combined analysis of the 7= — Kgn~ v, and K nv, decays clearly disfavours the
direct exponential treatment as compared to the dispersive approach, a conclusion
which was already hinted at by the independent analysis of K1 data in ref. [13]. Now
comparing, for instance, Fit II in Table C.1 with its analogue Fit B in Table 4.1,
it is seen that the pole positions of both resonances are quite in agreement in the
two approximations as also happens with their relative weights. However, somewhat
larger values with smaller errors are obtained for all the different slope parameters,

in accord this time with the previous analyses in refs. [103, 105].
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Fitted value Fit I Fit 11 Fit I11
Brr (%) 0.394 =+ 0.008 0.398 % 0.009 0.401 = 0.009
(B )(%) (0.391) (0.394) (0.398)
M- 892.35 + 0.25 892.31 +0.25 892.39 =+ 0.23
[y 47.19 + 0.51 47.21 £ 0.49 47.15 + 0.46
M 1318 + 10 1318 + 11 1265 + 16 (1340 + 19)
T e 146 + 31 165 + 36 145 + 42 (218 + 65)
Yier X 107 = Ykn ~4140.9 —38+1.0
N x 103 25.02 +0.13 25.08 + 0.14 25.16 + 0.14
A x 104 12.56 £ 0.10 12.61 4 0.10 12.66 + 0.11
Bicy % 10* 1.34 4 0.07 1.35 4 0.08 1.2540.11
(B ) x 10* (1.15) (1.16) (1.06)
Vicy X 102 —4640.8 —6.2+1.6 —8.4+27
Ny X 103 = Ny 24.80 + 0.23 24.47 + 0.40
Njep X 10* =N 12.40 + 0.17 12.18 4 0.29
X2/ndf. | 188.4/109 ~ 1.72 | 184.0/108 ~ 1.70 || (117.9 4 49.5)/(81 4 25) ~ 1.58

Table C.1: Fit results obtained using the exponential parametrisation for different settings:
a combined fit of K and K7 data with v = vk, (Fit I), the same but vxr # viy (Fit 1I);
and fitting the data separately (Fit III). See the main text for further details. Dimensionful
parameters are given in MeV. As a consistency check, for each of the fits we provide (in
brackets) the value of the respective branching ratios obtained by integrating eq. (4.1)
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Appendix D

Form factors in coupled-channels

Let us write the scalar form factor on general grounds through the once-subtracted

dispersion relation

F@)_F@@+S;fﬂ/w@’ tmF(s) (D.1)

(s — s0)(8' — s —i€)’
where F'(s) is now a n-entries column vector. Eq. (D.1) comes together with the uni-
tarity relation ImF'(s) = 3(s)t},(s)F(s), with X(s) a diagonal matrix of kinematical

factors given by

oi(s) 0 0
o= ] (02
0 0 0 ous)
and t7;(s) a n X n matrix defined as
t'(s) t'%(s) ... t"(s)
b(s) = t2Y(s) t?%(s) ... t*(s) (D.3)
() 12(s) . t(s)

encoding the required unitarized partial-wave amplitudes. Then, Eq. (D.1) can be

rewritten as

F(s+ig) = F(so) + ﬂ/ ds'
T

Sth

X(s')t7,(s) F(s)
(s' — s0)(s" — s — ig)

— F(s0) 4+ F(s +ig), (D.4)

where F(sp) is a real term and the discontinuity of F'(s + i) is given by

F(s+ic)— F(s —ic) = 2i lim ImF (s +ie) = 2i(ImF(s) = 2iX(s)t;;(s)F(s). (D.5)

We introduce the N/D method for unitarizing the partial wave scattering amplitude
by
NLJ(S)

= Dy s(s)’ (D.6)

t],J(S>
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where the matrix functions (we omit the I and J indices hereafter) N and D contain
the left- and right-hand cuts of the partial-wave amplitude respectively, and satisfy

the dispersion relations

N(s) = 2= / "y V(') (D.7)

™ (s" — s0)(s' — s —i€)

—0o0

and

B s—so [, ImD(s")
D(s) = D(so) + = / e (D.8)

One nice consequence of unitarity is the that the inverse of the (unitarized) partial

wave amplitude fulfills
Imt ' (s) = —%(s), (D.9)

or, equivalently,
ImD(s) = —=NX(s). (D.10)
By inserting Eq. (D.10) into Eq. (D.6) we deduce

cry . N7(s)  —(ImD(s)/X(s))" _ —ImD(s)/X(s)
PO =i = Ds) D@ (D-11)

Then, using Eq. (D.11) we can rewrite Eq. (D.5) as

. . [—ImD<s>/2<s>

F(s+ie) — F(s —ie) = 2{lmF(s) = 2i%(s) Ds — io) ] |:F<S(]> + F(s+ie)

(D.12)

which further reduces to

F(s+ i) [D(s —ie) + 2ilmD(s)] — F(s —ie)D(s — ic) = —2iImD(s)F(sq). (D.13)

The term in square brackets in Eq. (D.13) can be rewritten as D(s + i€) because its

discontinuity across the cut. Then, we arrive at the following expression

F(s+1ie)D(s+ic) — F(s —ie)D(s —ic) = —2ilmD(s) F(so) , (D.14)

whose once subtraced solution, by virtue of the Cauchy integral, reads

F(s+ie)D(s +ie) = =20 /m gy P+ i) D(s’ +ie) — F(s' —ie) D(s' —ie)
2mi S, (s' — s0)(s' — s)
(D.15)
and the desired solution is
= : 1 —(s —s0) /°° , ImD(s")F(so)
r - d D.16
(5 +ic) Dis+id)  x . s ) (D.16)
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which, by employing Eq. (D.8), reduces to
F(s+ig) = —D(s+ie) " (D(s + ic) — D(sq)) F(so). (D.17)
Finally, Eq. (D.4) reads up to a polynomial indetermination
F(s) = [14 D(s)~" (= [D(s) — D(s0)])] F(s0) = D(s)~"D(so)F(so)- (D.18)

As written in Eq. (D.18), the coupled-channels form factors problem reduces to finding
a suitable parameterization for the D(s) matrix in analogy with Eq. (5.28) for the
single channel case. In the N/D method our work is based on, the D(s) matrix is

associated to

_D]J(S) = (1 + g(&‘)N[J(S)) s (D19)

where the matrices Ny ;(s) and g(s) encode, respectively, the scattering amplitudes

and the meson-meson one-loop scalar function defined in Eq. (33) of Ref. [57].

L As for the single channel case, the solution is not unique since the appearance of a polynomial
may encode information on the solution. This ambiguity, known as the polynomial ambiguity, can
not be fixed without invoking external information such as experimental data and/or with the help
of theoretical arguments. We argue that if the form factor has a proper high-energy fall-off behavior,
this term may be ignored, without loss of generality, as a first approximation. Although, as soon
as data becomes available in the future this term shall be accounted for and its weight would be
inferred from fitting data.
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Appendix E

Interference term in double Dalitz
decays

E.1 Four-body decay width in invariant variables

The partial decay width of a particle P of mass Mp decaying into four particles

P1P2P3Pa reads [37]

(2m)*

M’M(P — pipapspa)|?, (BE.1)

(P — pipapsps) = / AP (Pp; Gpy o Ups+ Ups)

where d®(pp; G, » Qpss dps» @py ) 1 the four-body phase-space element given by
4 - - d*q;
AP (PP; Qpys Qo Gps» dps) = 0" | PP — ;Qi E W : (E.2)

Following refs. [253, 254], the phase space is expressed in terms of independent in-

variant masses (instead of using three-momenta and angles) as

1

= 10172 (_B)_1/2 dM122dM54dM124dM1224dM1234 ) (ES)
8miOMg

dd (pPJ qp1 ) QP27 QP37 QP4)

where M;; = (¢ + ¢;)? and My, = (¢; + ¢; + ¢1)*. In the case that concerns us, B

reads
2

B=m+ [MEMMEM — MEME, + M, (~ M2, + Mﬁ)} 2 [ (M2, — M2y,) My, MB, +

+ (M122M1224 + M3 (—2M}, + My,) + (M7, + Miyy) M1234) M, —

(M2 + M) Mﬁ] M2, + (M, — M2 Mim? [M;z MY, 4 AMB M, + MY,

_onr2 (z (M2, + M2,) + Ma) 2 (40, + M2, + M2) M2, + M, +
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FOMZ, (M + AM2y + M2, + M@)] o [4M£ 230, + My + My +3M2,) } -
_2m§ |:M{12 (M1234 + M124) + (QMI% - M1224 - M1234) (_M1224M1234 + MI%M124) +
¥ (M;*M (-3ME+ My + M) M@) M2y (Mg + M) M, +
+ M, <M1234 — 3MEME, + My ME, + MEy M7 + (M7, + My, — 2M?2,) M324)} (E.4)

where my is the lepton mass and the boundary of the physical allowed region is such
that fulfils B = 0. ref. [253] points out that the choice of variables M, Mz,, M?,, M%,,
and MZ, is convenient because it facilitates the finding of the limits of integration of
B since it only depends quadratically on each of the variables; other choices can lead

to quartics.

E.2 Integration limits

In order to find the physical region of one variable, for instance M3, one must solve

B = 0 obtaining

—b=+ 2\/G(M12247 M??zu M1227 m%? M}2>7 m%>G(M12347 M§4, M1227 m%? M1237 m?)
)‘<M1227M??47M%) ’
(E.5)

where \(a, b, c) = a? + b* + ¢* — 2ab — 2ac — 2bc is the basic two-particle kinematical

24 _
M5 =

function, the Kallen function, b is given by
b = (Mp)*(Misy +mi)+
+(M3y — My)[MZ(Miyy +mi) + (Mipy — mi) (= Mgy, +mi) — 2miM7)|—
—Mp[(Miyy — m3)(Misy — mi)+

+M§4(M1224 + M1234 + ng - ZM%) + (M1234 + 3m§)M1%] )

(E.6)
and
G(z,y,z,u,v,w) = u?z — wow + uvr — uvz + UWY — UWZ — UTY — UTZ — UYL+
+uz? + v?w + vw? — vwr — vwy — vwz — vry+
+vyz — wry + wrz + mzy + a:yQ — Yz,
(E.7)

is the basic four-particle kinematic function. As argued in ref. [253], the limits of

integration of the remaining variables, M3, M2,, M%,,, and M%, are obtained after
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solving
G<M12247 M?il? M1227 m?a MI%'? m?) =0 ) G(M12347 M3247 M1227 mga MIQ% m?) =0 ’ (E8>

while the dilepton invariant masses M3, and M2, range from threshold 4m? to (Mp —

my)? and 4m? to (Mp — Mis)?, respectively.

E.3 Matrix element of the interference term

The last term in eq. (7.14) reads

e |F(¢* k)| F (¢ k)]
q2k2q/2k12

x et Bt Va8 (g1 4 g2),(q3 + qa)u (1 + qa) (g2 + g3) . X (E.9)

XTr[(gh + me)valgh — me)ver (g5 + me)vs(gh — Me)Var] -

The trace and the corresponding contractions with both the product of Levi-Civita

X

AiAy =

tensors and the different diphoton four momenta in eq. (E.9) have been computed
with FormCalc. To give a result in the desired variables, some replacements in the
former equation are mandatory. In this order are: i) M3z, = 2(q2 - g3 + 2m2); ii)
@ =m}iil) 2rgs=3(M>—4m}) —q1 G2 — @1 - G3— @1 -G — G2 a — Gz * Qa5 V)
q2 - 44 = %(M1224 - 3771?) —q1 G2 — q1 - q4; V) qi1 - 43 = %(M1234 - 3771?) — 144 — g3 - q4;
Vi) qioqu = s MYy —mg, 1 - @2 = 3 M7y —mj, g3 qu = M3, —mj. Finally, the desired
expression for the interference term in eq. (E.9) reads

eS| F(M7y, M3,)||F (M3, M3s)|

M122M324M124(2m5+M%*M1224*M1234+M124)2

X
X{ - ng + My, (M1234 — M3)) 4 4m® (=M7, + M7, + M1234 - M§4) +
ot | M2y =3 (M + DAL+ AMEME, + 20, (M + 5ME, — 2013 — 5ME) +
+2 (5MF + M, ~ 2M7) M3, + M| -
- [Mflm + Mfl34 — 2MEM?, — 2M1234M??4 + 2]\4124]\4324 + M?ﬁ} X
X {M1224 (Mfgy — Mty,) + M3, (—Mp + M324)] +
et | (M + 203 — 2M2) M3, -+ (=20 + ME) M, +
M (~30E, 4 203+ M) | | = My + (0 + M -
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- (M1224 + M1234) (5M1224 + M1234 - 4M124) M324 + <M1224 + M1234 - 4]\4124) M§4 -
—M$, + My (M3, + My, — AME + M3,) +
+M32( (M2, + MB,) (M, + 5ME, — AM2) +

FRMP (M = M+ 207) + 2(3 (M + ME) + AME) MG + 214 ) -
oMt (M@ (M, + 2M2) (M2, — M2) + Mb, (—2M2, + 2M2 + M2) )] n

+ M7, |:M1634 + Miyy (3M7y, — M7y — 2M3,) — Mty (M7, + 2M3,) —
—2M Py (MEM, 4 My M7y — M, M3, + 2M7 M3, + Mg,) +
a3 = 2MEME, + M3 (~AME + D3 ) +

Lz, (M (4ME, + M2) + M3 <4Mf4+6M§4>)]} (E.10)
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