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PROLOGO

La particula descubierta en la busqueda del boson de Higgs en el Gran
Colisionador de Hadrones (LHC) del CERN, con una masa de aproximadamente
125 GeV, puede ser identificada como uno de los bosones de Higgs neutrales de
varias extensiones supersimétricas del Modelo Estandar de la fisica de particulas.
Evaluamos aqui algunas predicciones para las masas de los bosones de Higgs,
mediante el método Feynman-diagraméatico, en el marco de la extension
supersimétrica minima del Modelo Estandar, denominada MSSM (por sus siglas
en ingles), asi como para su generalizacion al modelo denominado Next-to-
MSSM, o simplemente NMSSM. Las predicciones se basan en las contribuciones
completas a un lazo, complementadas con las correcciones principales a dos
lazos extraidas de nuestras publicaciones. Estos modelos representan
descripciones elegantes y bien motivadas de la fenomenologia observada en la
fisica de altas energias, donde en el caso del NMSSM se agrega un campo
singlete escalar (junto con su “pareja supersimétrica”) al sector de Higgs con
respecto al del MSSM. A fin de comparar con los datos experimentales, es
necesario alcanzar el mismo nivel de precision en las predicciones para las masas
de los bosones de Higgs.

El sector de Higgs del MSSM contiene cinco grados de libertad fisicos, los cuales
para el caso de parametros reales se pueden clasificar en los neutrales CP-pares
hy H, el CP-impar neutro A y los bosones de Higgs cargados H*y H-. El
boson de Higgs mas ligero, h, se puede identificar con la sefial de Higgs neutral
del LHC a ~ 125 GeV. La fenomenologia de esta particula depende crucialmente
de las propiedades predichas para los otros estados del sector de Higgs del
modelo, como por ejemplo la masa del bosén cargado, M . . Analizamos aqui en
detalle el calculo diagramatico para esta masa, incluyendo la evaluacion de las
contribuciones completas a un lazo con la adicion de correcciones a dos lazos de
orden O(«¢,«,) tomadas de [1].1 El resultado a un lazo conduce a modificaciones
considerables en la prediccion de MHp, alcanzando hasta ~ 8 GeV para valores
relativamente pequefios de M, . Incluso efectos mayores pueden ocurrir
dependiendo del signo y el tamafio del pardmetro u, el cual interviene en las

! Estas contribuciones a dos lazos ascienden tipicamente a cerca del 20% de las correcciones a
un lazo para los ejemplos que hemos estudiado.



correcciones que afectan a la relacion entre la masa y el acoplamiento de Yukawa
del quark bottom.

Para la prediccion de las masas de Higgs en el NMSSM, debido al singlete
adicional se tienen para el sector de Higgs siete grados de libertad fisicos en total,
que en el caso de parametros reales pueden clasificarse como tres bosones CP-
pares h,, 5, dos bosones CP-impares A ,,y el par de bosones de Higgs cargados
H*. El calculo para estas masas se realiza es este trabajo tomando en cuenta el
NMSSM completo a orden de un lazo, complementado por las contribuciones de
dos lazos a las autoenergias de los bosones de Higgs aproximadas en [2] por sus
homdlogas del MSSM.? Tener en cuenta estas correcciones en la prediccion de la
masa del boson de Higgs del NMSSM identificable con la sefial observada en el
LHC es crucial para alcanzar una precision a un nivel similar al del MSSM.
Nuestros resultados se ejemplifican para un escenario genuino del NMSSM.

El procedimiento para obtener dicho nivel de precisién para las predicciones
tedricas en el marco de ambos modelos incluyd la derivacion de la
renormalizacion para los correspondientes sectores de Higgs, la cual se describe
en detalle en este trabajo. En el caso del MSSM, se realiza una comparacion entre
los esquemas de renormalizacion para los casos reales y complejos de parametros,
mientras que para el NMSSM se consideré el caso CP-conservativo (parametros
reales). Los esquemas de renormalizacion implementados fueron hibridos de tipo
on-shell/DR en todos los casos.

También se analizan varios aspectos tedricos adicionales del NMSSM. La
condicion para el “limite al MSSM”, en el cual los resultados MSSM se
recuperan del (mas general) NMSSM, se derivan analiticamente y se verifican
numéricamente para dos escenarios. Ademadas, proponemos un esquema
alternativo de renormalizacion (no publicado aun) para el NMSSM, y se discuten
sus caracteristicas y posibles ventajas. Finalmente, se deriva en detalle una
propiedad de simetria de la teoria con respecto a (los signos de) los pardmetros
genuinos del NMSSM 1 vy «.

? Estas incluyen las contribuciones de orden O(e,a,, ,at,, @2, ), asi como un compendio
de los logaritmos dominantes y subdominantes del sector del quark top y del top escalar.
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PREFACE

The particle discovered in the Higgs boson searches at the Large Hadron Collider
(LHC) at CERN with a mass of about 125 GeV can be identified with one of the
neutral Higgs bosons of several supersymmetric extensions of the Standard
Model of particle physics. We calculate here some predictions for the Higgs-
boson masses within the Minimal Supersymmetric Standard Model (MSSM) and
the Next-to-Minimal Supersymmetric Standard Model (NMSSM), obtained by
Feynman-diagrammatic methods. The predictions are based on the full one-loop
contributions, supplemented with the leading two-loop corrections extracted from
our publications. These models represent elegant and well-motivated descriptions
for the observed phenomenology in high energy physics, where in the case of the
NMSSM a scalar singlet (together with its “superpartner”) is added to the Higgs
sector of the MSSM. In order to compare with experimental data, the same level
of accuracy in these predictions for the Higgs-boson masses is a necessity.

The Higgs sector of the MSSM contains five physical degrees of freedom, which
for the case of real parameters can be classified as the neutral CP-even h and H,
the neutral CP-odd A, and the charged Higgs bosons H* and H™. The lightest
Higgs boson, h, can be identified with the LHC neutral Higgs signal at ~ 125
GeV. The phenomenology of this particle depends crucially on the predicted
properties of the other Higgs states of the model, e.g. the mass of the charged
Higgs boson, M ... We analyse in detail the diagrammatic calculation of this
mass, including the evaluation of the complete one-loop contributions with the
addition of two-loop corrections of O(e,«,) taken from [1].2 The one-loop result
leads to sizable shifts in the M ,. prediction, reaching up to ~ 8 GeV for
relatively small values of M ,. Even larger effects can occur depending on the
sign and size of the x parameter that enters the corrections affecting the relation
between the bottom-quark mass and the bottom Yukawa coupling.

For the prediction of the Higgs masses in the NMSSM, due to the additional
singlet we have seven physical Higgs d.o.f. in total, which in the real parameter
case can be classified as three CP-even bosons h, , ,, two CP-odd bosons, A, ,

% These two-loop contributions amount to typically about 30% of the one-loop corrections for
the examples that we have studied.
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and the charged Higgs boson pair H*. The calculation for these masses is
performed is this work taking into account the full NMSSM at one-loop order,
supplemented by the two-loop contributions to the Higgs-boson self-energies
approximated in [2] by their MSSM counterparts.* Taking these corrections into
account in the prediction for the mass of the NMSSM Higgs boson that is
identified with the observed signal at the LHC is crucial in order to reach a
precision at a similar level as in the MSSM. Our results are exemplified for a
scenario genuine to the NMSSM.

The procedure for obtaining such level of accuracy for theoretical predictions
within both models included the derivation of the renormalization for the
corresponding Higgs sectors, which is described in detail in this work. In the case
of the MSSM, a comparison between renormalization schemes for the real and
the complex parameter cases is performed, while for the NMSSM the CP-
conserving (real parameters) case was considered. Hybrid on-shel/DR
renormalisation schemes were implemented in all cases.

Several additional theoretical aspects of the NMSSM are also analysed. The
condition for the “MSSM-limit”, in which the MSSM results are recovered from
the (more general) NMSSM, are derived analytically and are numerically verified
for two scenarios. In addition, we propose an alternative renormalization scheme
(not published yet) for the NMSSM, and its features and possible advantages are
discussed. Finally, a symmetry property of the theory with respect to (the signs of)
the genuine NMSSM-parameters A, x is derived in detail.

“These include contributions at O(a,, a,cx,, o, cz,) , @s Well as a resummation of leading
and subleading logarithms from the top/scalar top sector.
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CHAPTER 1

Introduction

An important goal of the particle physics strategy at the high energy frontier, currently
being pursued by the Large Hadron Collider (LHC) at CERN, is to elucidate the nature of
electroweak symmetry breaking. The existence of electroweak massive gauge bosons
(W*,Z), together with the successful description of their behavior by the non-abelian
gauge theory, requires that some form of such a breaking be realized in nature. An
attractive theoretical suggestion for such dynamics is the Higgs mechanism, which implies
the existence of one or more Higgs bosons (depending on the specific model considered).
Therefore, the search for these bosons is an important cornerstone in the physical programs
of present and future high energy colliders.

The spectacular discovery of a new boson of this kind with a mass around 125 GeV by the
ATLAS and CMS experiments [3,4] in 2012 constitutes a milestone in this quest for
understanding the physics of electroweak symmetry breaking. Any model describing
electroweak physics needs to provide a state that can be identified with the observed signal.
Within the present experimental uncertainties, the properties of the observed state are
compatible with the interpretations from the predictions of the Standard Model (SM) of
particle physics, but also as a Higgs boson of extended models.

One of the prime candidates for physics beyond the SM is supersymmetry (SUSY), which
predicts two scalar partners for all SM fermions, as well as fermionic partners to all bosons.
The most widely studied SUSY framework is the Minimal Supersymmetric Standard
Model (MSSM) [5-7], which keeps the number of new fields and couplings to a minimum.
In addition, in contrast to the single Higgs doublet of the (minimal) SM, the Higgs sector of
the MSSM contains two scalar doublets leading to a spectrum of five physical states, which
in the CP-conserving case (i.e. real soft SUSY -breaking parameters) consist of the light and
heavy CP-even h and H, the CP-odd A, and the charged Higgs bosons H*. It was shown
that the signal discovered at about 125 GeV can be interpreted in principle as the light but
also as the heavy CP-even Higgs boson of the MSSM [8-12]. In both cases, searching for
instance for the charged Higgs bosons as well could be crucial to investigate that scenarios,
and the discovery of a charged Higgs particle would constitute an unambiguous sign of
physics beyond the SM. We will investigate here the Higgs sector of this model both in the
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case of real and complex parameters, and we discuss the improved prediction for the mass
of the charged Higgs bosons, whose results we then incorporated into the public tool
FEYNHIGGS [13-18] and have been published in [1].

The MSSM acquires its most immediate and well-motivated extension in the so-called
Next-to-Minimal Supersymmetric Standard Model (NMSSM). For this model (see [19,20]
for a review) in the CP-conserving case (which we assume throughout this work), the states
in the Higgs sector can be classified as three CP-even bosons, h, (i =12,3), two CP-odd
bosons, A; (j=1,2), and the charged Higgs boson pair H*. In addition, the SUSY partner
of the singlet Higgs (called “singlino”) extends the neutralinos to a total of five. In the
NMSSM the lightest but also the second lightest CP-even Higgs boson can be interpreted
as the neutral signal observed at ~ 125 GeV [21]. In order to improve the prediction for the
Higgs masses from this model, we performed the calculation of the full NMSSM one-loop
contributions, supplemented by the two-loop corrections from our publications,
approximated by the one from the MSSM (within a mixed on-shell and DR
renormalisation scheme) and including the resummation of logarithms involving large
SUSY masses. It was shown that this approximation is valid for a wide range of parameters.
The prediction and its quality will be discussed. In a future, the presented calculation will
be included in the NMSSM version of FEYNHIGGS.

In summary, these are the methodology and tools implemented for the different models and
levels of precision for the amplitudes in perturbative quantum field theory:

Amplitudes MSSM neutral and charged Higgs NMSSM neutral Higgs
By-hand
Own Mathematica code Own Mathematica code
FEYNHIGGS (now implemented for
the charged Higgs)

Leading 1-loop

Own Mathematica code Own Mathematica code
Full® 1-loop + FEYNARTS, with preexisting + FEYNARTS, with a model file
model file created by us using SARAH
+ FORMCALC + FORMCALC

FEYNHIGGS (already implemented MSSM FeynHiggs (already
Leading 2-loop® | for neutral Higgs, now implemented | implemented)
for the charged Higgs)

The author also wishes to emphasize the meticulous and laborious work done to express
and present the equations and results as clear, simple and compact as possible.

5 “Full” means “with the virtual contributions from all sectors of the theory”.
® The inclusion of these two-loop MSSM-like corrections was analysed by collaborators, in order to add them
in our publications.
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This dissertation is organized as follows:

e In this Section we review the SM and introduce all relevant information about the
motivation and features of its supersymmetric extensions. It is discussed the basics of
the Higgs theory and how the Higgs mechanism works in general. We also emphasize
the need to improve the theoretical predictions in order to test the possibility that the
SM-like Higgs boson discovered at the LHC could fix within these beyond-SM models,
and accordingly the general spirit and main features of the renormalisation method
(which is the main procedure implemented in this work in order to performed such
higher-order predictions) are described.

e An overview of supersymmetry is given in Section 2, discussing its motivations and
application, and introducing the main features of the MSSM and the NMSSM.

e In Section 3, masses and mixing relevant to the Higgs sector within the MSSM are
evaluated and numerically analysed, performing the renormalisation involve in the
computation of the full one-loop result, and briefly mentioning the main two-loop
corrections.

e Our corresponding analytical and numerical analysis within the NMSSM is addressed
in Section 4, including a discussion of the renormalisation and the incorporation of the
radiative corrections, and performing a phenomenological comparison between several
well-motivated scenarios.

e We proposed and discussed an alternative renormalisation scheme (not published yet)
for the NMSSM in Section 5, exploring the possible advantages that this could yield,
comparing it with the scheme that we implemented in sect. 4.

e The summary and conclusions are presented in Section 6.

1.1 This work

This doctoral work focused on the renormalisation of the Higgs sector (and the subsequent
calculation with radiative corrections of the boson masses) at full one-loop level (i.e., at
next-to-leading order in perturbation theory) within the MSSM and the NMSSM. The
results are supplemented with the addition of the leading two-loop contributions developed
and analysed in our publications. The author made use of existing public computer
algebraic and numerical codes (such as FEYNARTS [22-24], FORMCALC [25] and
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FEYNHIGGS) together with many others that he had developed on his own, mostly in
Mathematica language, both to perform the analytic calculation and the numerical analysis.

It was performed in detailed the derivation and analysis of all analytic calculations for the
radiative contributions to the Higgs masses for the supersymmetric models studied here,
finding different ways to cross check the results and providing numerical fits needed to
compare with phenomenology. He also collaborated in the calculation of some MSSM
higher-order corrections for their implementation in FEYNHIGGS (see www.feynhiggs.de).

Once reproduced and improved the main radiative contribution for the MSSM case, the
author performed the renormalisation of the NMSSM Higgs sector and implemented the
Feynman rules that describe the interaction of the various particles of the model, with the
help of the computer tool FEYNARTS 3.9, where the implementation of the NMSSM with
real parameters was based on a model-file we generated using SARAH [26]. The diagrams
and corresponding amplitudes obtained from this code, together with further evaluation by
his brother FORMCALC 7.4, was used to generate and perform the calculation of the full
one-loop self-energies and radiative contributions.

Checks with partial results available in the literature were performed to confirm the
correctness of the outputs. This comparison also showed the effects of the newly evaluated
higher-order corrections with respect to the known results, and it allowed to perform the
corresponding phenomenological analyses both within the MSSM and focused on the
deviations from it for the NMSSM.

In this way, the various calculations for the masses of the (both neutral and charged) Higgs
bosons and their decay probabilities (two crucial ingredients for the Higgs boson searches)
were performed. The next objective of the project will be the implementation of the
NMSSM results into the public computer numerical FEYNHIGGS structure (of which the
Director of this thesis is the main author), in order to improve the phenomenological
analysis and to facilitate to the experimental particle physics community the accurate theory
predictions essential to fully exploit and correctly interpret the experimental data within the
context of physics beyond the SM and Higgs sectors of non-standard nature.

1.2 The Standard Model and beyond

The Standard Model (SM) of particle physics is a theory concerning the electromagnetic,
weak and strong interactions, as well as classifying all the subatomic elementary particles
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known. Although it is believed to be theoretically self-consistent [27] and has demonstrated
huge and continued successes in providing experimental predictions, it does leave some
phenomena unexplained and it falls short of being a complete theory of fundamental
interactions. The SM is a paradigm of a quantum field theory, which exhibits a wide range
of physics including spontaneous symmetry breaking, anomalies and non-perturbative
behavior. It is used as a basis for building more exotic models that incorporate hypothetical
particles, extra dimensions or elaborated symmetries (such as supersymmetry) in an attempt
to explain experimental results at variance with the SM, such as the existence of dark
matter and neutrino oscillations.

In 1967 Steven Weinberg and Abdus Salam incorporated the Higgs mechanism [28] into
Glashow’s electroweak model, giving it its modern form. The Higgs boson existence was
predicted by this mechanism, which describes how SM’s fundamental particles obtain mass,
and it was the last particle of the model to be observed: a Higgs boson was confirmed to
exist on July 4, 2012, although efforts to confirm that it has all of the properties predicted
by the SM are ongoing. The other main component of the SM is the theory of the strong
interaction (QCD), to which many contributed, acquiring its modern form around 1973-74
when experiments confirmed that the hadrons were composed of fractionally charged
quarks.

1.2.1 Particle content

The SM includes 12 elementary fermions (spin 1/2 particles), and each fermion has a
corresponding antiparticle. These are the six types (“flavors”) of leptons and quarks, placed
in three families/generations, see tab. 1.1. They are influenced by the weak nuclear force.
The defining property of the quarks is that they also carry “color” charge, and hence
interact via the strong interaction; they interact with other fermions also
electromagnetically. The remaining six fermions do not carry color charge, but by virtue of
carrying an electric charge, the electron, muon and tau all do interact electromagnetically
too. The three neutrinos do not carry electric charge, so their interaction is via the weak
force only.

The SM explains forces as resulting from matter particles exchanging other particles,
generally referred to as “force-mediating” particles or “gauge bosons”. The Feynman
diagram calculations, which are a graphical representation of the perturbation theory
approximation, invoke force-mediating particles, and when applied to analyse high-energy
scattering experiments are in reasonable agreement with the data. The different types of
gauge bosons are:
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o Massless photons mediate the electromagnetic force between electrically
charged particles.

o The W", W™, and Z gauge bosons mediate the weak interactions between
particles of different “flavors” (quarks and leptons). They are massive, with the
Z being more massive than the W*.

o The eight massless gluons mediate the strong interactions between quarks.
Because they have an effective color charge, they can also interact among

themselves.
QUARKS LEPTONS GAUGE BOSONS

u d Vv, e g

up down electron neutrino | electron | gluon

c S v, u /4 * H

charm strange muon neutrino muon photon | W boson | Higgs boson

t b v, T VA

top bottom tau neutrino tau Z boson
charge: | +2/3 -1/3 0 -1 0 1 0
spin : 1/2 1 0

Table 1.1: Zoo of the Standard Model of elementary particles, with the three generations of
matter, the gauge bosons and the Higgs boson.

The Higgs particle is a massive scalar elementary particle theorized by Peter Higgs in 1964
and is a key building block in the SM [28], playing a unique role by explaining why the
elementary particles, except the photon and gluon, are massive. Experiments to confirm and
determine the nature of the Higgs boson using the Large Hadron Collider (LHC) at CERN
began in early 2010, and were performed at Fermilab's Tevatron until its closure in late
2011. On 4 July 2012, the two main experiments at the LHC (ATLAS and CMS) both
reported independently that they found a new particle with a mass of ~ 125 GeV, which is
consistent with the Higgs boson [3,4]. Although it has several properties similar to the
predicted “simplest” Higgs, they acknowledged that further work would be needed to
conclude that it is indeed the Higgs boson, and exactly which version (model) of the SM-
like Higgs is best supported if confirmed.
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1.2.2 Theoretical aspects’

Particle physicists, using the concept of gauge symmetries, are able to build the SM to
explain the fundamental particles and their interactions. The construction proceeds
following the modern method of constructing most quantum field theories: the theory is
formulated by first postulating a set of symmetries of the system, and then by writing down
the most general renormalizable Lagrangian from its particle/field content that observes
these symmetries. The local SU (3); % SU(2)e XU (D, gauge group is the internal
symmetry that essentially defines the SM, where the three factors roughly give rise to the
three fundamental interactions. All particles appear to have these three kinds of gauge
invariances.®

Fermions are chiral particles, which means that left and right handed fields transform
differently. The left handed components are placed in electroweak SU(2) doublets, while
right handed components are placed in singlets:

V,= (L1,2,3)|_ ) (e1,2,3)R , W :(Qf,z,s)l_ ) (Uf2,3)R ’(df2,3)R
(1.1)

=3@+v)y,
e, =e,u,r , U;=u,c,t , d,=d,s,b

—h
—
If
N
[ERN
|
=2
3]
N—’
N
—h
Py

For the quarks, the index ¢ =1,2,3 is required to describe how they transform under the
SU(3) transformations.

The complete SM Lagrangian can be written as

L = Lfermion + Lgauge + I-Higgs + I-Yukawa (12)
where Lgi0n 1S given by
Lfermion = Z l/7f i’Y”D/U Vi - (13)
f=l,q

" This section is based on chapter 2 from [42].

81n 1961 Glashow [43] proposed the SU(2), xU (1), structure for the SM. Weinberg and Salam [36,37]
extended his idea and employed the hypothesis of spontaneous symmetry breaking to generate masses of
gauge boson and fermions.
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D, is a covariant derivative given by

D,=0,+ i9,3Y B,+ igz%o-iLW;‘, + igsTaG;'j (1.4)
where B, is the U(1) gauge field, Y is the weak hypercharge (the generator of the U(1)
group) and W, is the three-component SU(2) gauge field. There are eight G2 gauge field
containing the gluons (the mediators of strong force), one for each generator T, of SU(3)
transformations (T,y, =0 for leptons). g, is the U(1) gauge coupling, whereas g, and g,
are the SU(2) and SU(3) gauge couplings respectively. y* are Dirac matrices, while o are
the Pauli matrices (infinitesimal generators of the SU(2) group; the superscript “L”
indicates that they only act on left fermions):

oW = “ " , Wr=LlW!+iWw?2) (1.5)
I + / L 1l
“ {\/Z\Ny —Wj g 20 !

The Lagrangian for the SU (2), xU (1), gauge sector of the theory is
Lg __%W/ivvviﬂv_%B,uv B,uv (16)

auge —

being B, the field strength tensor for the U(1) gauge boson B
SU(2) gauges bosons:

.» and W the ones for the

B, =0,B,-0,B, 1.7
W;iw = ﬁyWV‘ - OVW/i + gzgijkW#iWVk
& 1s structure constant that appears due to non-abelian nature of the SU(2) group.

In order to generate masses for fermions and bosons, Higgs mechanism is introduced,
which will be discussed in sect. 1.3.2.

Electroweak theory

The electroweak (EW) force is transmitted by the exchange of the physical gauge bosons y,
W+ and Z . By using eq. (1.3), the U(1) and SU(2) interaction terms for the first generation
of leptons can be written as

Llepton :% 9 (YL (VLY”VL + éL'Y”eL ) +YR éR'Y”eR ) By (1-8)
—19, ((Voyav, —&yee YW2) + 2 (Byav, Wy +2 7 yue )W)
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Neutrinos do not have electromagnetic interactions, so terms of the form oc v y#v A, must
be avoided. Diagonalizing,

B,—g,Y W3 Y.B, +g,W3
Alu = gZ ;12 2gl L 2/1 ’ Zy = gl L 2;12 gZ 2,u (19)
NCRERR NCRERR
and the neutral current interactions in eq. (1.8) are modified as
Liopon = 3 Pz (PP ) Z, + (G g ey +%wemz, (1.10)
(\/% A ey ey apery glz%ZZR 7 e er ) A, > —e(e vy e, +&vver) A,
This gives
e=— 99 Y =1V,=-1 . (1.11)

——==—=¢,Sin ,
Vo2 + 02 95
1.2.3 Problems with the Standard Model

Physics beyond the Standard Model (BSM) refers to the theoretical developments needed to
explain the deficiencies of the SM, such as the origin of mass, the strong CP problem,
neutrino oscillations, matter-antimatter asymmetry, and the nature of dark matter and dark
energy. Theories that lie beyond the SM include various extensions through supersymmetry,
such as the Minimal Supersymmetric Standard Model (MSSM) [5-7] and Next-to-Minimal
Supersymmetric Standard Model (NMSSM) [19,20], or entirely novel explanations, such as
string theory, M-theory and extra dimensions.

Despite being the most successful theory of particle physics to date, the SM is not perfect.
There are fundamental physical phenomena in nature that it does not adequately explain:

% SM does not explain gravity. Moreover, it is widely considered to be
incompatible with the most successful theory of gravity to date, general
relativity.

% Cosmological observations tell us that the SM explains about 5% of the energy
present in the universe. It does not supply any fundamental particle that is good
dark matter candidate.
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% According to the SM, neutrinos are massless particles. Mass terms for the
neutrinos can be added to it by hand, but these lead to new theoretical problems.

% The universe is made out of mostly matter. No mechanism sufficient to explain
this matter-antimatter asymmetry exists in the SM.

Some features of the SM are added in an ad hoc way. These are not problems per se (the
theory works fine with these features), but they imply a lack of understanding:

» Hierarchy problem: Within the SM, the mass of the Higgs gets some very large
quantum corrections due to the presence of virtual particles.

» Number of parameters: The SM depends on 19 numerical parameters. Their
values are known from experiment, but the origin is unknown.

1.2.4 SUSY can help

Supersymmetric theories such as the MSSM outweigh the SM in that they solve the
“naturalness” or “hierarchy” problem of the latter, concerning in the occurrence of
quadratically divergent quantum corrections for the mass of the Higgs particle, which
implies that the couplings to the Higgs become too large at the TeV scale. Supersymmetry
explains how a small Higgs mass can be protected from such corrections. Going beyond the
MSSM, this model finds a well-motivated extension in the Next-to-Minimal
Supersymmetric Standard Model (NMSSM) [19,20] which provides also a solution for
naturally associating an adequate scale to the u parameter appearing in the MSSM
superpotential [29,30]: the introduction of a new singlet superfield, which only couples to
the Higgs- and sfermion-sectors, gives rise to an effective u-term, generated in a similar
way as the Yukawa mass terms of fermions through its vacuum expectation value. We
already pointed out that, both in the MSSM and the NMSSM, the lightest but also the
second lightest neutral Higgs boson can be interpreted as the signal observed at about 125
GeV at CERN.

SUSY also provides a good candidate for dark matter. The determination of the cold dark
matter (CDM) density imposes a corresponding constraint on the parameters of any model
that provides the dominant fraction of the CDM density. This is, in particular, true for
supersymmetric models with conserved R-parity, in which the CDM is provided by the
stable lightest SUSY particle (normally a neutralino) [31].
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1.3 Higgs physics

The Higgs boson is an elementary particle initially theorized in 1964, whose discovery was
announced at CERN on 4 July 2012. This discovery should allow physicists to finally
validate the last untested area of the SM’s approach to fundamental particles and forces,
guide other theories and discoveries in particle physics, and potentially lead to
developments in “new” physics.

By March 2013, the newly discovered particle had been shown to behave, interact and
decay in many of the ways predicted by the SM, and was also tentatively confirmed to have
positive parity and zero spin, two fundamental attributes of a Higgs boson [32]. More data
is needed to know if it exactly matches the predictions of the SM, or whether, as predicted
by some theories, multiple Higgs bosons exist.

In the SM, the Higgs particle is a boson with zero spin and no electric charge neither color
charge. It is a quantum excitation of one of the four components of the Higgs field. This
field has a “Mexican hat” shaped potential with nonzero strength everywhere (including
otherwise empty space) which in its vacuum state breaks the weak isospin symmetry of the
electroweak interaction.

1.3.1 Spontaneous symmetry breaking

Spontaneous symmetry breaking describes systems where the equations of motion or the
Lagrangian obey some symmetries, but the lowest-energy vacuum solutions do not exhibit
that same symmetry. The underlying laws are invariant under a symmetry transformation.
But the potential has an infinite number of possible minima (vacuum states), and once the
system falls into a specific stable vacuum state, the symmetry will appear to be lost or
“spontaneously broken”. Thus the system as a whole is symmetric, but it is never
encountered with this symmetry, but only in one specific asymmetric state. Nevertheless,
the fact that each outcome is equally likely (it corresponds to the same energy) is a
reflection of the underlying symmetry [33], which is thus often dubbed “hidden symmetry”.
Features of the symmetry are still there: it would take no “force” to freely displace the
ground state in time, amounting to an oscillation of vanishing frequency, unlike the radial
ones. This spinning mode is called Nambu-Goldstone boson [34,35]. While the symmetry
of the equations is not reflected by the individual solutions, it does by the range of
solutions.
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Consider the following Lagrangian for a complex scalar field ¢ :°
L=3(0,4) (0“¢)-V($) . V(h=:A(l¢f-0v?)> , 1>0 (1.12)

If 02 >0, the minimum of the potential is at |¢|=v: v is the vacuum expectation value
“vev”), <¢ >, of field ¢. To determine the particle spectrum, one must study the theory in
the region of the minimum by putting ¢ =v + 7(X) and expanding around 7 =0:

L=3(0,n) (0*n)—Av*n*+Avn®+5 An* +const. (1.13)

The term in n2 has the correct sign so it can be interpreted as the mass square, and the
vacuum does not have the reflection symmetry of the original Lagrangian.

The Higgs mechanism [28], the spontaneous symmetry breaking of gauge symmetries, is an
important component in understanding the origin of particle masses in the SM of particle
physics. Spontaneous symmetry breaking of the SU(2)xU (1) gauge symmetry associated
with the electroweak force generates masses for several particles, and separates the
electromagnetic and weak forces. While at energies much greater than 100 GeV all
electroweak particles behave in a similar manner, the Weinberg-Salam theory [36,37]
predicts that, at lower energies, this symmetry is broken so that the photon and the massive
W and Z bosons emerge.

1.3.2 Higgs mechanism?°

The Higgs mechanism is essential to explain the generation mechanism of the mass in the
SM. According to this theory, particles gain mass by interacting with the Higgs field that
permeates all space. Particles such as the electron or the quarks constituents of protons are
endowed with mass by this mechanism, technically through spontaneous symmetry
breaking, where, however, due to the specific form of this symmetry breaking, instead of
the usual transverse Nambu—Goldstone bosons a “longitudinal” massive boson, the Higgs
boson, appears. The specific spontaneous symmetry breaking of the underlying local
symmetry triggers conversion of the longitudinal field component to the Higgs boson,
which interacts with itself and (at least a part of) the other fields in the theory, so as to
produce mass terms for the three gauge bosons, and also to fermions.

® Do not confuse this “ 1 ” parameter with the one we will introduce for the NMSSM Higgs sector in the next

chapters.
10 This section follows the procedure outlined in chapter 2 from [42] and sect. |1 from [44].
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Spontaneous symmetry breaking offered a framework to introduce massive bosons into
relativistic quantum field theories. The problem arises with Yang—Mills theory (also known
as non-abelian gauge theory), which predicts massless spin-1 gauge bosons. Higgs
mechanism implement spontaneous symmetry breaking in order to provide a way to give
mass to these bosons without losing the gauge invariance of the theory. In practice, the
introduction of some scalar fields with a non-zero vacuum expectation value (“vev” for
short), and the subsequent expansion of those fields around a minimum of the potential, is
just a way to introduced the desired mass terms for the gauge bosons but getting also
additional terms (interaction terms) that ensure the Lagrangian remains gauge invariant.'!

The relativistic model was developed in 1964 by three independent groups —Robert Brout
and Francois Englert [38], Peter Higgs [28], and Gerald Guralnik, Carl Richard Hagen and
Tom Kibble [39]. These physicists discovered that when a gauge theory is combined with
an additional field that spontaneously breaks the symmetry group, the gauge bosons can
consistently acquire a nonzero mass. In spite of LHC announced results consistent with the
Higgs particle, it should be stressed that further testing is needed to confirm the Higgs
mechanism.

Abelian Higgs mechanism

Gauge invariance means that certain transformations of the gauge field do not change the
energy at all. In order to give mass to a gauge theory, the gauge invariance must be broken
by a “condensate”, which will then define a preferred phase, and the phase of this
condensate will define the zero value of the field in a gauge invariant way. In order for the
phase of the vacuum to define a gauge, the field must have a phase (also referred to as “to
be charged”). And in order for a scalar field ¢ to have a phase, it must be complex, or
(equivalently) it should contain two fields with a symmetry which rotates them into each
other.

The only renormalizable model where a complex scalar field acquires a nonzero vev is the
Mexican-hat model (1.12), where the field energy has the minimum energy value on the
circle of points where the magnitude of ¢ is v. The abelian Higgs model is the Mexican-
hat model coupled to electromagnetism:

L=1(2,-19A,) ¢ -V(9) (1.14)

1 In some sense, Higgs mechanism is nothing more that this way of finding which terms have to be added to
the Lagrangian in order to have mass terms without losing gauge invariance. Again, we see that saying
“hidden” is better than “broken” symmetry: the gauge symmetry is still there (that’s what we want!), but that
is no longer evident with the Lagrangian written in term of the physical fields.
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Now the phase of the vacuum is arbitrary, because gauge transformations change it. The
potential energy density in the condensate is E =3[0, (1) ?=5q%?A, A, this energy
is the same as a mass term 3 m?A A“ where m=qo.

Standard Model Higgs

Mass terms are included in SM Lagrangian by the Higgs mechanism, using the idea of
spontaneous symmetry breaking. With the Higgs field, the electroweak symmetry is
spontaneously broken and the W and Z bosons acquire masses. Fermions, such as the
leptons and quarks in the SM, can also acquire mass as a result of their interaction with the
Higgs field, but not in the same way as the gauge bosons.

The Higgs field @ is a scalar doublet of the group SU(2), with hypercharge Y =1, a
complex spinor with four real components (or equivalently with two complex components):

¢+(X)j

1.15
¢°(X) (19

d(X) :(
which is coupled to the gauge fields through; before manifestly symmetry breaking, the
non-abelian Higgs Lagrangian is

Lijges =I D, P -V (®) , D,=0,+i30,B,+i39,0W; (1.16)
where the Higgs field self-interaction enters through the Higgs potential:
V(®)=12(DID-102)? (1.17)

Again, the vev defines a preferred gauge where the vacuum is constant, and fixing this
gauge fluctuations in (some) fields come with a non-zero energy cost. For v?,4>0, V is
minimized by all non-vanishing field configurations with ®'® =10? . Selecting the
minimum which is real and electrically neutral, one gets the vev

1(0
<O >= ﬁ(u) (1.18)

The scalar field ¢° in eq. (1.15) can be written as
#°(x) = % (+HX)+iy(x) (1.19)

Choosing the particular gauge where ¢* = y =0 , denoted as the “unitary gauge”, the
Higgs doublet field has the simple form
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1( 0
@(x) :ﬁ(w y (X)j (1.20)

Three out of the four components {Re¢*,Im¢*, H, } would ordinarily amount to
Goldstone bosons, if they were not coupled to gauge fields. However, after symmetry
breaking, these three of the four degrees of freedom in the Higgs field mix with the three
W= and Z bosons, and are only observable as spin components of these weak bosons,
which are now massive, while the one remaining degree of freedom H becomes a new
particle. The real field H(x) thus describes physical neutral scalar particles, the Higgs
bosons, with mass M, =JAv, see eq. (1.13).

The Higgs field, through the interactions specified by its potential, hence induces
spontaneous breaking of three out of the four generators (“directions”) of the gauge group
SU(2)xU (D). The gauge invariant Higgs-gauge field interaction in the kinetic part of eq.
(1.16) gives rise to mass terms for the vector bosons in the non-diagonal form

AN 2 97 0,0, |(W?3
o 2 MG "3’8")(9192 o7 M B

(1.21)
M2 =

Nl

2,2
gsv

The second term in the eq. (1.21) is not diagonal, and we already have defined the
eigenvectors with definite mass, c.f. eqg. (1.9). By inverting definitions of Z, A from eq.
(1.9), we conclude that also the neutral gauge boson Z acquires mass:

) 97 0,0, (W3~
12 (W3 B =1M2Z7 Z~
2 2 (\N,tt ﬂ)(gng 912 j( B 2 Z=pu

(1.22)

2

— _ W
M2 =2(92 + g2)v? —m

while the photon remains massless.

In spite of the introduction of spontaneous symmetry breaking, the mass terms oppose the
chiral gauge invariance. One possibility is some kind of “Yukawa coupling” between the
fermion field y and the Higgs field ¢, with unknown couplings Y, , which after symmetry
breaking (more precisely: after expansion of the Lagrange density around a suitable ground
state) again results in the original mass terms, which are now, however (i.e. by introduction
of the Higgs field) written in a gauge-invariant way:
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I—Yukawa = z (%Yug (ch)L q)c (UE)R +%ng (GgC)L o (d;)R +Yeg (Eg)L D (eg)R ) (123)

g.c123

where Y, , Y, and Y, are up-quark down-quark and charged leptons Yukawa coupling,
D, = iazgd)* and g :1?2,3 are the generation indices. After the EW symmetry is broken by
the nonzero vev v of the Higgs field, the Yukawa terms in eq. (1.23) yield the mass
matrices of quarks and charged leptons:

m =Yoo , m =Yoo , m =Y (1.24)

Neutrinos are massless in the SM.

1.4 Experiment ask for higher-order calculations

The experimental value of the mass of the discovered Higgs boson [40],

M, =125.09+0.21(stat) +0.11(syst) GeV (1.25)

Higgs
has an uncertainty of just a few permille so that only four years after the discovery of the
Higgs boson its mass has become an electroweak precision observable. In order to make
full use of this high-accuracy measurement to fully exploit and correctly interpret all the
experimental data from colliders, theory predictions for this and other related quantities
should be provided at the same level of accuracy as the experimental precision. To be able
to do this match with experiment, it is necessary to complement the theoretical predictions
at leading order (LO) by the evaluation of quantum effects (radiative corrections). These
corrections can be interpreted as a perturbative expansion in the coupling constant. The first
non-trivial term is to “one-loop”, the following corrections are of “two-loop” type, and so
on. Each order represents an important step in the complexity of the calculation: the one-
loop corrections are quite involved but (depending on the model) viable, whereas the higher
orders are at the frontier of the current computational capacities. Current experimental
accuracy requires the calculation of one- and (for some observables such as Higgs boson
masses) also at least some two- loop corrections.

Turning to the specific case of the MSSM (which will be defined in detail in chapters 2 and
3), the Higgs sector can be expressed at lowest order in terms of the gauge couplings, the
mass of the CP-odd Higgs boson, M,, and tan S =uv, /v, (the ratio of the two “vacuum
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expectation values™).'? All other masses and mixing angles can therefore be predicted, e.g.
the charged Higgs boson mass, which results

MZ. =M2+Mg (1.26)

at tree-level. M,, denotes the mass of the W boson. However, higher-order contributions
can give large corrections to this tree-level relation, as we will show in chapter 3.
Furthermore, accurate predictions are required in order to be able of distinguishing
experimentally between particles of similar properties, e.g. between the masses of the
heaviest MSSM neutral Higgs boson H and A. The general features of the renormalisation
procedure needed to evaluate such higher-order correction are described in the following
section.

Theoretical predictions having an accuracy at the same level (or better) than the one of the
experimental values are crucial to allow to constrain the available parameter spaces of the
different considered models and so to discriminate between them. It is of particular interest
for instance whether the NMSSM can be phenomenological distinguished from the MSSM
by confronting Higgs sector measurements with the corresponding predictions of the two
models. Keep in mind that this kind of comparisons, however, requires not only the
appropriate theoretical and experimental accuracy, but also to treat the theoretical
predictions within a coherent framework where, in some appropriate limit case of the
parameter values, we recover the same results from both models, as we will see in the case
of the MSSM-limit of the NMSSM in sects. 4.4 and 5.2.

1.5 Renormalisation

Renormalisation is a collection of techniques that are used to treat infinities arising in
certain calculations, by altering values of building quantities to compensate for effects of
the self-interactions that make the system behaves as if it had a different composition.
When describing space and time as a continuum, certain statistical and quantum mechanical
constructions are ill-defined. Renormalisation procedures are based on the requirement that
certain physical quantities are equal to the observed values.

When developing quantum electrodynamics (QED) in the 1930’s, people discovered that in
perturbative calculations many integrals were divergent. The divergences appear in
calculations involving Feynman diagrams with closed loops of virtual particles in them.

12 More details will be given in sect. 3.1.
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While virtual particles obey conservation of energy and momentum, they can have any
energy and momentum, even one that is not allowed by the relativistic energy-momentum
relation E* — p?> =m? for the observed mass m of that particle. When there is a loop, the
momentum of the particles involved in the loop is not uniquely determined by the energies
and momenta of incoming and outgoing particles, so to find the amplitude for the loop
process one must integrate over all possible combinations of energy and momentum that
could travel around the loop. These integrals are often divergent, that is, they give infinite
answers.

1.5.1 Renormalised and bare quantities®®

The solution was to realize that the quantities initially appearing in the theory’s formulae
(such as the Lagrangian), representing such things as the electron’s electric charge and
mass, as well as the normalizations of the quantum fields themselves, did not actually
correspond to the physical constants measured in the laboratory. They were “bare”
quantities that did not take into account the contribution of virtual-particle loop effects to
the physical constants themselves. In order to make contact with reality, the formulae
would have to be rewritten in terms of measurable, “renormalised” quantities. The charge
of the electron, e.g., would be defined in terms of a quantity measured at a specific
kinematic renormalisation point or subtraction point (which will generally have a
characteristic energy, called the “renormalisation scale” or simply the “energy scale”).!*
The parts of the Lagrangian left over, involving the remaining portions of the bare
quantities, could then be reinterpreted as “counterterms”, involved in divergent diagrams
exactly canceling out the problematic divergences for other diagrams.

For example, in the Lagrangian of QED

L=ws (iY#(a# +iegAg) — M)y _% FB‘uVFB/uV (1.27)
= Zy (iy 0" +ieA")y — Zgymy — 3 Z,F, F+"

Hv

13 This section and sect. 1.5.2 are partially based on ideas outlined in chapters 3 and 4 from [42] and chapter 9
from [45].

14 The renormalisation point/scale is not itself a physical quantity: the physical predictions of the theory,
calculated to all orders, should in principle be independent of the choice of this scale, as long as it is within
the domain of application of the theory. The parameters in the Lagrangian depend on the renormalisation
scale z in a way which is dictated by the independence of some physical quantities (such as the pole mass or
scattering amplitudes) on this scale. One can exploit this fact to calculate the effective variation of physical
constants with changes in scale. This variation is encoded by the beta-functions, and the general theory of this
kind of scale-dependence is known as the “renormalisation group”. This running provide a convenient means
of describing changes in the behavior of a field theory under changes in the energies involved in an
interaction.
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the original fields and coupling constant are really bare quantities, hence the subscript B
above. A term in this Lagrangian, for instance, the electron-photon interaction, can then be
written as —ey v, Ay —(Z,-Dew v,A“y . The physical constant e, the electron’s
charge, can then be defined in terms of some specific experiment; we set the
renormalisation scale equal to the energy characteristic of this experiment, and the first
term gives the interaction we see in the laboratory (up to small, finite corrections from loop
diagrams). If the theory is renormalizable, the divergent parts of loop diagrams can all be
decomposed into pieces with an algebraic form that can be canceled out by the
counterterms.’® Here the term with the Z, counterterm insertion cancels out the divergence
from the aforementioned loops.

If some physical quantity M is equal to some finite parameter (the finite part of some bare
parameter) in the Lagrangian, m, at tree-level (i.e. without taking into account the loops
contributions from perturbation theory), it could no longer be (and usually isn’t) equal to m
at higher-order: in that case we say that “M acquires radiative corrections”. It has not to be
with the physical properties of the quantity M, but with the definition of the m parameter. If
from the same bare Lagrangian we performed two different set of renormalisation
conditions, the finite input parameters of that Lagrangian will not be the same (they will be
defined differently) in both cases. Let’s see for instance the mass term in (1.27):

Ly =MWy - (1.28)

Renormalizing of L, means to realize that actually in this original Lagrangian the
quantities are bare quantities, which means that they are divergent, so we can write e.g. m,
as

mg =M+dm (1.29)

where m is some finite quantity, and the “counterterm” dm is the divergent part. By
introducing these finites quantities explicitly so writing down the outputs from the theory in
terms of them, it allows us to make predictions. The renormalizability feature of the theory
means that all the divergences (from the counterterms contributions and loop calculations)
cancel out in the expressions for physical quantities (observables), so we can express these
quantities in terms of only the finite quantities m, etc.

15 Theories which lend themselves to renormalisation require a finite supply of counterterms, and all
guantities becoming cutoff-independent at the end of the calculation. The theories gain a finite number of free
parameters and therefore do not lose their predictive power.
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1.5.2 Regularisation

Regularisation is a procedure through which one can deal with the infinites in the integrals
in order to they cancel out with the divergences in the counterterms we introduce in the
Lagrangian. An essentially arbitrary modification to the loop integrands, or regulator, can
make the integrals converge. A regulator has a characteristic regularisation parameter
known as the cutoff; taking this cutoff to the appropriate limit recovers the original integrals.
With the regulator in place, divergent terms in the integrals then turn into finite but cutoff-
dependent terms; after canceling out these terms with the contributions from cutoff-
dependent counterterms, the cutoff is taken to the appropriate limit and finite physical
results are recovered.

Through regularisation, each divergent quantity can be expanded in power of some quantity
“A” that goes to infinity when we take the appropriate limit on the regularisation parameter.
As a consequence, the expressions for the observables can be expresses as a Taylor
expansion as well, so the cancelation of the divergences in perturbation theory must be
satisfied order by order.

One of the most popular in modern use is dimensional regularisation, invented by
Gerardus ’t Hooft and Martinus J. G. Veltman [41], which tames the integrals by carrying
them into a space with a fictitious fractional number of dimensions. This will be the
regularisation procedure implemented throughout this work, and it will be described in
detail in sect. 4.5.

1.5.3 Renormalisation schemes

The finite+divergent decomposition (1.29) it’s not unique, however. We could write instead

m,=mM+a+dn-a (1.30)
%/_J %,—J

=m =M

If the shift « is finite, m will be finite (like m) and sm will be divergent (like dm). Thus,
while the bare quantities of the Lagrangian are unique (they define the theory), their
decomposition on finite and divergent parts (and as a consequence the results expressed in
terms of that finite quantities derived from all the bare quantities of the theory) will be
different in each case. One calls scheme to each specific choice for this decomposition. We
find that in practice the notation is usually the same in every scheme, namely “m” and
“dm”, but their definitions are not, and therefore the expressions for the observables in
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terms of the “finite parameters” will not be the same (in general) either. It’s in this sense
that we say that the renormalisation scheme define the finite (“renormalised”) parameters
of the theory: the expressions for the observables will not be the same for every scheme;
see sect. 6.2.3 for an example. Any relationship will be the same (it will have the same
form) regardless of the scheme, however, if it involves only observable quantities.

The implementation of a specific renormalisation scheme means to characterize the
decomposition (1.29) for each of the independent quantities (input parameter and fields) in
the theory through some specific renormalisation conditions. Thus the arbitrarity in
choosing the renormalisation scheme, and it is in this sense that we say that the finite part
of a counterterm it’s not uniquely defined, while when we say that the divergent part is
scheme independent we mean that the difference between the ém’s from any two different
schemes will be always finite.

Therefore, in actual calculations the counterterms introduced to cancel the divergences in
Feynman diagram calculations beyond tree level must be fixed using a set of
renormalisation conditions. Among the common renormalisation schemes, an “on-shell”
renormalisation for some parameter m means that the decomposition in (1.29) is
defined/implemented in such a way that the expression for some physical quantity M is
equal to m not only at tree-level but also at higher-order, i.e., M does not receive radiative
corrections. A “ DR ” renormalisation, on the other hand, entails that sm (expressed as an
expansion in powers of the divergent quantity A) vanishes if A is set to zero; in this case
we say that “dm is purely divergent”.
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CHAPTER 2

Supersymmetry

In particle physics, supersymmetry (SUSY) is a proposed type of space-time symmetry that
relates two basic classes of elementary particles: bosons, which have an integer-valued spin,
and fermions, which have a half-integer spin. Each particle from one group is associated
with a particle from the other, known as its “superpartner”, the spin of which differs by a
half-integer. Since no superpartners have been observed yet, if supersymmetry exists it
must be a spontaneously broken symmetry so that superpartners may differ in mass [46].
The simplest realization of spontaneously-broken supersymmetry, the so-called Minimal
Supersymmetric Standard Model (“MSSM” for short) [5-7], is one of the best studied
candidates for physics beyond the SM.

Experiments failed to discover supersymmetric partners so far. Supersymmetric models
were and are constrained by a variety of experiments, including measurements of low-
energy observables —for example, the anomalous magnetic moment of the muon at
Brookhaven [47], the dark matter density measurement [48] and direct detection
experiments [49,50]- and by particle collider experiments —including B-physics, Higgs
phenomenology and direct searches for superpartners (sparticles), at the Large Electron-
Positron Collider, and the Tevatron—. The first mass limits for squarks and gluinos were
made at CERN by the UA1 and the UA2 experiments at the Super Proton Synchrotron.
LEP later set very strong limits, which in 2006 were extended by the DO experiment at the
Tevatron [51]. The first run of the LHC found no evidence for SUSY either (all results
were consistent with the SM), and as a result surpassed existing experimental limits from
the LEP and Tevatron and set new limits on the expected parameter ranges [52]. The LHC
resumed its search for supersymmetry and other new physics in its second run, and most
physicists believe that supersymmetry must be discovered at the LHC if it is responsible for
stabilizing the weak scale.

The search for Higgs bosons is a crucial test for SUSY that can be performed with present
and future generation accelerators. Accurate predictions for the mass of these particle are
therefore necessary to determine the potential for discovery and exclusion of the LHC and
future linear colliders, where it would be possible eventually to measure the characteristics
of these bosons with high precision [53]. During 2011 and 2012, the LHC discovered a
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Higgs boson with a mass of about 125 GeV, and with couplings to fermions and bosons
which are consistent with the SM [32]. This value seems to be relatively large for the
MSSM, but it can be achieved through large radiative loop corrections (mainly from the
top/stop sector): while MSSM predicts that the mass of the lightest Higgs boson should not
be much higher than the mass of the Z boson, even in the absence of fine tuning (with the
supersymmetry breaking scale on the order of 1 TeV), could reach 130 GeV. The lightest
Higgs boson in the MSSM is also SM-like, consistent with measurements of the Higgs
boson couplings by far [8,54].

2.1 Theoretical motivations for SUSY

In the SM, the electroweak scale receives enormous Planck-scale quantum corrections. The
quantum mechanical interactions of the Higgs boson causes large (quadratically divergent
in the renormalisation scale) radiative corrections to the Higgs mass and, unless there is an
accidental cancellation, the natural size of this mass becomes so large that it undermines the
internal consistency of the theory at the TeV scale (‘“hierarchy problem”). Supersymmetric
models allow stabilizing the Higgs mass, reducing the size of those corrections by having
automatic cancellations between partners and superpartners. In these models, scalars are
related to fermions, and since fermion masses are only logarithmically divergent, scalar
masses inherit the same radiative stability, owing to a minus sign associated with fermionic
loops: the quantum contributions from the SM are (partially) canceled out by those of the
corresponding supersymmetric partners. The hierarchy between the electroweak and Planck
scales is thus achieved in a natural manner, without fine-tuning [46].

Figure 2.1: Cancellation of the Higgs boson quadratic mass renormalisation between
fermionic top quark loop and scalar stop squark tadpole Feynman diagrams in a
supersymmetric extension of the Standard Model.

Other attractive features of SUSY is that it allows the unification at high energies of weak,
strong and electromagnetic couplings. In a supersymmetric theory, the renormalisation
group evolution (“running”) of the three gauge coupling constants of the SM are modified,
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and precise high-energy gauge couplings unification is achieved [55]. If superpartners are
found in the near future, the apparent success of gauge coupling unification would suggest
that a supersymmetric grand unified theory is a promising candidate for high energy scale
physics.

SUSY provides candidate particles for dark matter. TeV-scale supersymmetric SM
extensions, augmented with a discrete symmetry, typically provides a heavy stable particle
which could serve as a weakly interacting massive particle (WIMP) dark matter candidate
with a mass scale consistent with thermal relic abundance calculations [31]. In the MSSM,
e.g., if R-parity is preserved,'® the lightest superparticle (LSP) is stable and is a neutralino,
which does not have electromagnetic or strong interactions, so it is a WIMP. This makes
the LSP a good dark matter candidate and falls into the category of cold dark matter (CDM)
particle.

History

J.L. Gervais and B. Sakita (during 1971) [56], Yu. A. Golfand and E.P. Likhtman (also
during 1971), and D.V. Volkov and V.P. Akulov (1972) [57], independently discovered
supersymmetry in the context of quantum field theory (QFT), a radically new type of
symmetry of space-time and fundamental fields, which establishes a relationship between
elementary particles of different quantum nature, bosons and fermions,!” and unifies space-
time and internal symmetries of microscopic phenomena. During 1971 Golfand and
Likhtman were the first to show that the Poincareé algebra can be extended through
introduction of four anticommuting spinor generators (in four dimensions), which later
became known as “supercharges”.

Julius Wess and Bruno Zumino (during 1974) [58] identified the characteristic
renormalisation features of four-dimensional supersymmetric field theories, which
identified them as remarkable QFT’s, and they and Abdus Salam and their fellow
researchers introduced early particle physics applications. During 1975 the Haag-
Lopuszanski-Sohnius theorem [59] analysed all possible superalgebras in the general form,
including those with an extended number of the supergenerators and central charges. The

16 R-parity is a proposed symmetry where “+1” is the value assigned for the SM-like particles and “-1” for the
SUSY partners, see sect. 2.2.1. Any interaction term of the theory must have conserved R-parity, which
means that the product of the R-parity values of all the incoming and of the outgoing particles must be equal,
hence only processes that involve an even number of supersymmetric particles are allowed. This symmetry
was assumed throughout all this work, both for calculations in the context of the MSSM as for its extension to
the NMSSM.

17 According to the spin-statistics theorem, bosonic fields commute while fermionic fields anticommute;
combining the two kinds of fields into a single algebra requires the introduction of a Z,-grading under which
the bosons are the even elements and the fermions are the odd elements.
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first realistic supersymmetric version of the SM was proposed during 1977 by Pierre Fayet
and is the MSSM [60].

2.2 Minimal Supersymmetric Standard Model

The MSSM is the minimal supersymmetrical model as it considers only the minimum
number of new particle states and new interactions consistent with phenomenology. It pairs
bosons with fermions in such a way that each particle of the SM corresponds to another of
opposite statistics; therefore every SM particle has a partner that has yet to be discovered.
The MSSM imposes R-parity to explain the stability of the proton, and arbitrary/generic
soft-breaking terms are added to the theory which break SUSY explicitly in order to
parametrise the relevant features of supersymmetry breaking. This all means that there are
105 new parameters in the model.

2.2.1 Field content?'®

The MSSM incorporates bosonic supersymmetric partners for the SM fermions, called
sfermions, as well as fermionic partners for the vector bosons and the Higgs bosons
(gauginos and higgsinos):*°

» There are four neutralinos, ;?1(,’“_,4, that are fermions and are electrically neutral. These

four states are mixtures of the Bino and the neutral Wino (the neutral electroweak
Gauginos) and the neutral Higgsinos. As the neutralinos are Majorana fermions, each of
them is identical with its antiparticle. They primarily appear as particles in cascade
decays of heavier particles, usually originating from colored supersymmetric particles
such as squarks or gluinos. In R-parity conserving models, the lightest SUSY particle is
stable and all supersymmetric cascades decays end up decaying into it; the parameters
should be chosen such that this particle is the lightest neutralino, to have a viable dark
matter candidate.

18 This section condensed chapters 6 and 8 from [46].
19 Incorporating supersymmetry into the SM requires doubling the number of particles: there is no way that
any of the particles in the SM can be superpartners of each other.
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» There are two charginos, which are fermions and are electrically charged. They are
typically labeled as x;, and are mixed states of the SUSY partners of W+ and the
charged Higgs bosons.

» The squarks are the scalar superpartners of the quarks and there is one version for each
SM quark. There may be a remarkable left-right mixing of the stops t (and of the
sbottoms 5) because of the high masses of the partner quarks top and bottom [61]. The
number of squark particles are 2 for each quark, since the former are scalar particles
(spin 0) and supersymmetry requires they match in spin degrees of freedom to the ones
of the quarks (which are spin % fermions). They decay to quarks and neutralinos or
charginos, which further decay.

» Gluinos are the Majorana fermionic partners of the gluons, which means that they are
their own antiparticles. They can only decay to a quark and a squark, and because
gluinos are Majorana, they can decay to a quark+anti-squark or an anti-quark+squark
with equal probability.

» Sleptons are the scalar partners of the leptons of the SM. As for the squarks, SUSY
requires the existence of two slepton particles for each SM lepton. Sleptons will
typically be searched for in direct production or in decays of charginos and neutralinos.

In the case of the Higgs boson, the supersymmetric extension of the SM is somewhat more
involved. For most of the SM particles, doubling is very straightforward. But a single
higgsino (the fermionic superpartner of the Higgs boson) would lead to inconsistencies due
to gauge anomalies, and as a result it is not possible with a single Higgs doublet to get a
theory supersymmetric and gauge invariant at the same time. The simplest theory turns out
to be one with two higgsinos and therefore two scalar Higgs doublets. Another reason to
use two scalar doublets instead of one is to have a supersymmetric theory with Yukawa
couplings between Higgs and quarks (terms which generate the quarks masses) of both
“up” and “down” types. In the SM, the down-type quarks couple to the Higgs field and the
up-type quarks to its complex conjugate; but in a supersymmetric theory this is not allowed,
so two types of Higgs fields are needed. The final MSSM particle spectrum is therefore as
follows:

¢ Leptons/sleptons & quarks/squarks:

SM particle Superpartner
symbol | spin | R-parity symbol spin | R-parity
v, e (Voo s (&)
S Q:: 1/2 +1 ~g 1,2 ~g 1,2 0 _1
Ug , dg (Ug°)1,z , (dgc)l,z
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% EW gauge bosons/bosinos & gluons/gluinos:

SM particle Superpartner

symbol | spin | R-parity | symbol | spin | R-parity

B B
Wy, | 1 +1 N, |42 | -1
5.8 0 .s
+* Higgs bosons & higgsinos:
SM particle Superpartner

symbol | spin | R-parity symbol spin | R-parity

~

H1,2 0 +1 H1,2 ]/2 -1

with the subscripts g =1,2,3 for the generations and ¢ =1,2,3 for the strong color charge.
The mixing between the fields B and W, gives rise to the photon y and the Z and W*
bosons (as in the SM), while the mixing between the B and W and the higgsinos le
gives rise to the charginos 7, and the neutralinos y? ,. From the eight d.o.f. in the two
Higgs doublets H, ,, three of them constitutes the Iongitudinal polarizations of Z and W+
(which are therefore massive particles), while the remaining ones mix in tree neutral
physical fields h,,, (also labeled as h, H and A in the real case) and two charged Higgs
fields H=.

The MSSM Lagrangian

The model contains vector superfields associated with the SM gauge groups, which contain
the vector bosons and the associated gauginos. It has also chiral superfields for the SM

fermions and Higgs bosons (and their respective superpartners). The structure of the MSSM
Lagrangian is:

o The first piece is the Kahler potential for the matter and Higgs fields, which produces
the Kinetic terms for those fields.

o The second piece is the gauge field “superpotential” that produces the kinetic terms for
the gauge bosons and gauginos [62].

o It has in turn a superpotential for matter and Higgs fields, which generates the Yukawa
couplings Y for the SM fermions and the mass term for the Higgsinos. After imposing
R-parity, the renormalizable, gauge invariant operators in this superpotential are [63]
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W= (Yo (H;-Q)d,+Y, (H,-L;)é Y, (H,-Q,)0,)+uH,H, (21)

0=1,23

where the notation for L,Q,e,u,d isas in (1.1), but with the hat indicating superfields.

Finally, it has the contribution of the soft?® breaking of the supersymmetry, which contains
the great majority of the free parameters of the MSSM. There is an (unknown) sector of the
theory that is responsible for the SUSY-breaking, and it is implemented by introducing
operators that violate SUSY explicitly in order to parametrise in the most general possible
way the ignorance of the underlying dynamics for such a breaking:

= Gaugino masses:
LMSSM 5 —1(M,BB+M,WW +M,GG+h.c.) (2.2)

This summarizes the soft SUSY-breaking gaugino mass terms for the U (1), SU(2), ,
and SU (3), gaugino fields B (bino), W, , ; (wino) and G (gluino), with gaugino mass
parameters M,, M, and M,.

= Soft masses for the scalar fields:
LM S —mZ H] H,—mZ H] H Z ME Q; Q, + M2 L L,

M&,,, @)k @y)e +M%, (d)x (e +ME, Bk (B)e ]
(2.3)

where the tilde denotes the scalar component of the corresponding superfield, m2, mZ,

M2 M2 M(u " M(Zd e and M(Ze) are the soft-SUSY breaking mass parameters

for the nggs bosons the squarks and the sleptons, respectively.

» There are the A terms which are given by

LM S N (=Y, A, (Hy-0)& =Y, A, (H-Qp)d; +Y, A, (H,-Q)T;+hc)
g=1,2,3
(2.4)

20 «Soft” supersymmetry breaking refers to a type of SUSY-breaking that preserves, however, its property of
avoiding the appearance of ultraviolet divergences for scalar masses.
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where A,g : Adg and Aeg are the soft-SUSY breaking trilinear couplings of the squarks
and sleptons, and they are complex numbers in general.

2.2.2 Problems with the MSSM

From the problems with the MSSM, most of them falling into understanding the parameters,
e.g.:

e The “mu problem”: The higgsino mass parameter x# should have the same
order of magnitude as the electroweak scale, many orders of magnitude smaller
than that of the Planck scale, which is the natural cutoff scale. This brings about
a problem of naturalness.

e Smallness of CP violating phases: since no CP violation additional to that
predicted by the SM has been discovered so far, the additional terms in the
MSSM Lagrangian must be, at least approximately, CP invariant.

The unconstrained MSSM has more than 100 parameters in addition to the Standard Model
parameters. This makes any phenomenological analysis (e.g. finding regions in parameter
space consistent with observed data) impractical. Under the three assumptions of no new
source of CP-violation, no flavour changing neutral currents and first and second
generation universality, one can reduce the number of additional parameters to the
following 19 quantities:

Symbol Description
7 higgsino mass parameter
Ms. Mg M3 first and second generation squark masses
M:, Mg first and second generation slepton masses
Ms Mg Mg third generation squark masses
M: . Mz, third generation slepton masses
A A A third generation trilinear couplings
M, mass of the pseudoscalar Higgs boson
tan g ratio of the vacuum expectation values of the two Higgs doublets
M, bino mass parameter
M, wino mass parameter
M, gluino mass parameter
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The light CP-even Higgs mass is a prediction of the model. There are no supersymmetric
parameters to make the SM-like Higgs mass a free parameter in the MSSM. Nevertheless,
the discovery of the Higgs with a mass of 125 GeV does not rule out the MSSM. The SM-
like Higgs tree-level mass is limited to be less than the Z mass, but since supersymmetry is
broken there are large radiative corrections that can increase this mass. The dominantly
contributions at one-loop level, in the so-called “maximal stop mixing”, makes possible to
push the Higgs mass to 125 GeV without decoupling the top squark or adding new
dynamics to the MSSM (see chapter 5 for details). Still, as the Higgs was found at the LHC
at around that mass value along with no superparticles, this also hints at new dynamics
beyond the MSSM, such as the Next-to-Minimal Supersymmetric Standard Model
(NMSSM).

2.3 Next-to-Minimal Supersymmetric Standard Model

The NMSSM?! is a supersymmetric extension to the SM that adds an additional singlet
chiral superfield to the MSSM in order to dynamically generate the 4 term, solving in this
way the so-called u -problem: the MSSM does not explain why the w4 parameter in the
superpotential term zH,H, is at the electroweak scale. The superpotential for the NMSSM
IS given by

W NMSSM |/ NMSSM +/1§(I:|2-FI1)+%K§3 (2.5)
where the Yukawa couplings for the (s)fermions are given as in the MSSM (see 2.1):

womssm =y, (K, -Cp)e +Y, (H,-Q,)0,+Y, (H-Q,)d, @)

with the left-handed quark and Iepton superflelds Qg, ¢+ and the right-handed ones,
u, dg,eg, and the Higgs superfields Hl, H and S. The SU (2), -invariant product is
denoted by a dot. Since we will focus on the CP -conserving NMSSM, all the Yukawa-type

couplings Y, .Y, .Y, ,aswellas 4 and x, can be chosen as real parameters.

This is the most general supersymmetric Higgs superpotential, including all renormalizable
couplings under the consideration of R-parity and CP-invariance [19], with two Higgs
doublets and one singlet chiral superfields, with the addition of invariance under a discrete
Z, tranformation (i.e. ® —e?/3*® , with ® being the observable superfields, see [30] for

21 See [19] and [20] for exhautive reviews.
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motivations and discussion). Since the superpotential has mass dimension three, the
couplings 4 and x are dimensionless, hence the y -problem of the MSSM is solved —the
superpotential of the NMSSM is scale invariant. The role of the A term is then to generate
an effective x term via the scalar component of the singlet getting a vacuum expectation
value <S >:%

Heg = A <S> (2.7)

The parameters A and x are genuine to the NMSSM and can be chosen freely. However,
in order to keep the validity of perturbation theory up to the GUT scale, 2 and x are
bound from above by [19,30]

2 +x2505 | (2.8)

Throughout this work this constraint will be assumed for the NMSSM, where Y, =1> 1 is
ensured.

Soft SUSY-breaking in the NMSSM gives rise to the real (in the CP-conserving case)
trilinear soft SUSY-breaking parameters A, and A_, as well as to the soft-SUSY breaking
mass term m2 of the scalar singlet field. Together with the soft SUSY -breaking Lagrangian
of the MSSM we have

M = LM —m2 S~ (1A, S (H, Hy) +3x A ST 4he)  (29)
where LM3SM s the MSSM soft SUSY-breaking Lagrangian described in sect. 2.1.2,

Due to the additional singlet S, the NMSSM alters in general the phenomenology of both
the Higgs sector and the neutralino sector compared to the MSSM. In the later we
encounter five physical Higgs bosons; in the former we have two more Higgs bosons, that
is, seven physical Higgs bosons in total. The Higgs sector is therefore much richer
compared to the MSSM. In the case where CP is conserved (which we assume throughout
this work), the NMSSM Higgs physical states can be classified as three CP-even Higgs
bosons, h,, ,, two CP-odd Higgs bosons, A ,, and the charged Higgs boson pair H*. The
lightest but also the second lightest CP-even neutral Higgs boson can be interpreted as the
signal observed at about 125 GeV [21]. On the other hand, the spin-1/2 SUSY partner of
the singlet Higgs (called singlino) gives a fifth neutralino, compared to the four neutralinos

22 |t is usual in the literature to use the notation * s~ for this NMSSM quantity, in order to emphasize the
fact that it is not an input parameter of the theory but a derived combination of them. In the rest of this work
we will refer to it just as “ &, however, in order to make more transparent the MSSM-limit. There is no other
parameter with this same name in the NMSSM, so there is no possible confusion.
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of the MSSM. The singlino does not couple to gauge bosons, gauginos, leptons, sleptons,
quarks or squarks.

An overview about the differences in the parameters and the field contents between the
MSSM and the NMSSM is given in tab. 2.1.

MSSM NMSSM
Higgs mix couplings u A, K
soft SUSY Higgs mass terms m2, mz m2,mz2,m2
soft SUSY couplings uB A LA
CP-even scalars h,H h,h,, h
CP-odd scalars A ALA
neutralinos X534 Xorsas
free parameters at tree-level tang, M, tanf, <S>, 1,x,A A

Table 2.1: Additional couplings and particle spectrum for the CP-conserving NMSSM,
compared to the MSSM with real parameters. Other sparticle masses and couplings are
considered as in the MSSM.

57



58



CHAPTER 3

MSSM Higgs masses

Experimental searches for the neutral MSSM Higgs bosons have been performed at LEP
[64,65], placing important restrictions on the parameter space. At Run Il of the Tevatron
the search was continued, and now the LHC has taken the lead. Besides the discovery of a
SM Higgs-like boson, the LHC searches already placed stringent bounds, in particular in
the regions of small M, and large tan g [66]. If supersymmetry is realized in nature and
the charged Higgs boson mass is M. <1.5TeV, the additional Higgs bosons could be
detectable at the LHC [67]. This would yield some initial data on the extended Higgs sector.
Equally important, the additional Higgs bosons could also be produced at a future linear
e-e* collider such as the ILC [53,68,69] or CLIC [70,71], and a precise determination of
the Higgs boson properties (either of the light Higgs boson at ~ 125 GeV or heavier MSSM
Higgs bosons within the kinematic reach) will be possible [53,69,72,73]. Results on the
combination of LHC and ILC results for the neutral MSSM Higgs sector has been
discussed in [74,75].

The charged Higgs bosons of the MSSM (or a more general Two Higgs Doublet Model
(THDM)) have also been searched for at LEP as well [76], yielding a bound of M . =
80GeV. The LHC places bounds on the charged Higgs mass, as for the neutral heavy
MSSM Higgs bosons. For m,, <m, (with m_denoting the mass of the top quark) the
charged Higgs boson is mainly produced from top quarks and decays mainly as H* — zv_.
For m,. >m, the charged Higgs boson is mainly produced together with a top quark and
the dominant decay channels are H* —tb,zv_, where the latter is the main search channel.
At the LC, for M, < Jsi2a high-precision determination of the charged Higgs boson
properties could be achieved [53,69,72,73].

For the MSSM the status of higher-order corrections to the masses and mixing angles in the
neutral Higgs sector is quite advanced. The complete one-loop result within the MSSM s
known [77-82]. The by far dominant one-loop contribution is the O(e,) term due to top
and stop loops (here a, =Y/ /(4r), with Y, denoting the fermion Yukawa coupling).
Beyond the one-loop order, the computation of the two-loop corrections has meanwhile
reached a stage where all the presumably dominant contributions are available. The
corrections of O(a,c,) [16,83-87] and O(e/) [88,89], as well as the corresponding
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corrections of O(e,r,) and O(enr,) [90], are known since a few years already. The
leading O(e,r,) two-loop contributions for the three neutral Higgs bosons in the case of
complex soft SUSY-breaking parameters have been obtained in [91]. For the (s)bottom
corrections, which are mainly relevant for large values of tan /4, an all-order resummation
of the tan S -enhanced term of O(¢, (e tanB)") is performed [92-96]. These corrections,
together with a resummation of leading and subleading logarithms from the top/scalar-top
sector [18] and momentum-dependent two-loop contributions [97,98], are included in
FEYNHIGGS [13-18]. The remaining theoretical uncertainty on the lightest CP-even Higgs-
boson mass within the MSSM from unknown higher-order contributions has been estimated
to be at the level of about 3 GeV for scalar top masses at the TeV-scale, where the actual
uncertainty depends on the considered parameter region [13,99,100].

Also the mass of the charged Higgs boson is affected by higher-order corrections. Because
of the (CP-violating) mixing between all three neutral Higgs bosons, in the MSSM with
complex soft SUSY-breaking parameters usually the charged Higgs mass is chosen as
independent (on-shell) input parameter, which by construction does not receive any higher-
order corrections. In the CP-conserving case, on the other hand, where usually M, instead
of M. is chosen as independent input parameter, the mass of the charged Higgs boson can
be predicted in terms of the other parameters and thus receives a shift from the higher-order
amplitudes, and the corresponding self-energy contribution can be utilized to obtain
corrections of O(a,«a;) to the mass M .. The status for the charged Higgs mass was
somewhat less advanced as compared to the neutral Higgs bosons. First, in [101] leading
corrections to the relation given in eq. (1.26) have been evaluated. The one-loop corrections
from t/b and T/b loops have been derived in [102,103]. A nearly complete one-loop
calculation, neglecting the terms suppressed by higher powers of the SUSY mass scale, was
presented in [104]. The first full one-loop calculation in the Feynman-diagrammatic
approach has been performed in [105], but the numerical evaluation focused on particular
parameter values, mostly excluded nowadays by the LEP Higgs searches [64,65,76]. It was
re-evaluated later in [15].2% Our results extended these previously known in the literature in
several ways. We perform a more general numerical analysis in the CP-conserving case,
including the full one-loop corrections. Furthermore, in our article [1] for the first time
explicit two-loop corrections to M ,. were analysed, which will be briefly mention here.

28 Also the O(e?) two-loop corrections to the mass of the charged Higgs bosons in the real MSSM exist now
[117] and have been included into FEYNHIGGS.
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3.1 Higgs sector of the (complex) MSSM

The Higgs sector of the MSSM contains two doublets H,, H, , of non-zero vacuum
expectation values (vev’s) v, and v,. They can be decomposed in the following way:

_ Hll _ Ul+%(¢l_pill) _ H; i ¢2+
Hl_(Hfj_[ —pd j | HZ_(HsJ_e {vz+%(¢2+izz)J G

being ¢, y, real fields, while ¢~ = (4")". The Higgs potential reads [62]

Viges =M + 2 YH] - Hy +(m; + * ) Hy - H, —2Re (my, £,HH;)

Higgs
+%(912+922)(HI'H1_H-£'H2)2+%922|HI'H2|2 (3-2)
=const.—n (T, T, . T, . T, ) (4.4, 4. 2,)"
+%(¢1'¢2’11r)(2)M§¢m (¢1!¢2*le752?+(¢17!¢27)M;r¢t (¢1+!¢2+)T te

where m,, m,,m,, are soft SUSY-breaking parameters, g,, are the gauge couplings of
SU(2) and U(1), and ¢,, is a Levi-Civita antisymmetric tensor (sum is understood in the
indexes a and b). We also introduce the parameters p,# in order to contemplate and trail
the different conventions used in the literature, e.g. the ones from tab. 3.1, which
correspond to two of the articles consulted in this work and which exemplified the two
most common choices.?*

Paper P &y n
[106] -1 -1 -1
[15] +1 +1 +1

Table 3.1: Tipical conventions used in the literature for the sings p,&,,,77 defined in egs.
(3,1) and (3.2).

The vev’s define the parameter S :

v =vcosp , v,=vsing tanﬂ:ﬁ , Ogﬁsg (3.3)

24 Note that m%e,,H,;"H} contains only constant, linear and bilinear contributions in the fields, so that the sign
of ¢, does not affect the Feynman rules for the vertexes.
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5 _V2M;s, Gy _V2Mys,

v=.VZ+0V
1 2 e e
This vev v can be use to express the couplings gfz in function of the masses of the weak

gauge bosons, in the same way as in the SM:

I\/IW
MZ

MZ=%(g/ +g;)v* , My =3%g;0° , cosq, = (3.4)

From now on we will use the following notation for the trigonometric functions (the angles
8, and & will be defined later in this chapter):

S, =sin(np) , c,, =cos(np)
Sy =Siné, , Gy =C0s8, (3.5)
s,z =sin(né:) , c;=cos(né;)

3.1.1 Tadpoles

The coefficients for the terms linear in the fields are:

cMSSM
T ——n aVHiggs

g — 6¢1
av cMSSM

T, =t =B (s, ~ (0] + 02)5,0s, — rupBO0SEC,) = V20T,
2 $2=21,2=0

av cMSSM

SN (MZC, +30%(97 + 93)C,C, 5 — £,,1BC0SES,) = \/Eufﬁl

$2=21,2=0

Higgs

T =-n—2%_ :\/Eupnglz,uBsinf’sﬂ
o

\/ cMSSM

T, = —p——19es =—\/Eu775121uBSin ge, (3.6)
2 alz $2=71,2=0

h.2=21,2=0

being B=|m2 |/ u, & =&+arg(m7,), and M? =m? + 4°. The tadpoles must be set to zero
at the end of the calculation, in order to guarantee the vev’s indeed correspond to a
minimum of the Higgs potential. These tadpole quantities acquire, however, non-null
corrections beyond tree-level.

The mixing angle « from the neutral sector will be defined later (see eq. (3.16) below), but
we introduce them here to express the corresponding tadpoles in the physical neutral basis:
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T, =T,c, +T,5,
=20 1 (MPC,C, +M3s,S, +30°(97 + 05)C,, 4Cop — £,BCOSES,, ) = \/EU-FH
T,=-T,s,+T,¢,
=20 n (rﬁlzsacﬁ - mZZCaSﬁ +50%(0f +02)8,. 4 + £1,1BCOSETC,,, ;) = \/EU-ITh
To=T,C+pT, s,=0
To=—pT, $,+T,¢,=—J2vn & Bsiné =20T, (3.7)
Inverting the expressions for T, T, ,T,, we can express m; and m/, in terms of the
tadpoles:
M3 = (MZcj +50°(92 + 93)C, + 77T, C4 — 17T, S,) /'S5
&,HBCOS &’ = (mlzcﬁ +50%(07 + 95)C,4C, +77-|T¢1)/Sﬁ (3.8)
&tBsing’ =T,

3.1.2 Bilinear contributions

The terms of this potential bilinear in the ¢ ’s and y,’s give rise to the neutral Higgs mass
matrix, which defines the mixing between these gauge eigenstates, and which (at LO) is
given by

2

Mg Mag, Moy My,
2 2 2
* m m
2 _ 2 T _ (213 2% 48 (2% 2)
MWZ - (Mwm) T« * 2 m?2 (3.9)
X121 X122
* * * m?

X222

] 62chSSM
being m? ~=—"9% , SO that

PiPj
a¢ia¢j $2=21,2=0

m;lqﬁl =My +%Uz(g12 +0;)(1+ 2C2ﬁ)

m;mz =—,0%(gf + 05)S,, — &,1BCOSE’
m;m =0

m; , =é&,uBsing’

M3, = +;0°(gf + 93)(L-2c,)
m;m =—p &pBsing’
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2 :O

P2x2
2 =2 1,2742 2

2101 = rn:l. +ZU (gl + gZ)CZﬂ
2

X2 :_p 812/LlBCOS 5’
2 =Mz 20%(97 +al)c,, (3.10)

X2X2

3

3

3 3

Note that if we consider the MSSM with real parameters, there is no mixing between the
CP-even® fields ¢,, and the CP-odd fields y, ,, because sin&’=0.

The hermitian 2x2 -matrix M;i " for the charged states ¢, contains the following
elements:

M::E

2 2 ~2 1, 272 2 1 2.2 i
{mmg m@@}_(% +70°(0:C5 +0;) —p (307055, +&,4Be"™")
) 2 2 -

2 * ~2 1.2 2 2
Mo My (m.,) m, —30°(9;C,5 — 95)

] (3.11)
3.1.3 Diagonalization and physical basis

The mass eigenstates in lowest order in the charged sector follow from unitary
transformations on the original fields:

Gir + c _ps
[H+]= UC-EO) (er] ! Uc(O) :(,OIZ C ﬂJ (3-12)
2 B B

This rotation diagonalizes Mjﬁf once the tadpoles are set to zero:?

. m2. m
|\/|2i , = (M2i )= UC—(I—O) M2i . Uc(O) E( ZG* GZH+]
G*H G*H e m.,. m.
_ 77(_1744 Cop +1T—hsa—ﬁ) ,077(_-er Se-p _-r—hca—ﬁ + ifA)
Pn(=T S, =T C, ,—IT_,) mai

(3.13)
with  m2, = (M2 +02(92C,, + 92) + 7T, C,(1+52) — 7T, 5,C2)/S2

5 It is said to be “CP-even” about the particles/fields whose wave functions are invariant to the simultaneous
transformation of charge conjugation and parity, whereas if they change sign due of those transformation they
are said to be “CP-odd”.

%6 This result match with eq. (20) in [106], where however the contributions proportional to T, are missing.
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where m3. corresponds to the mass of the charged Higgs bosons at tree-level (which in
turn is equal to mz + M2, with m2 the tree-level mass of the CP-odd Higgs boson, as will
be shown in eq. (3.18) below). By setting T, =T, =T, =0, from the non-null eigenvalues
of M ; , e get the square mass of the charged Higgs bosons H* at tree-level. Inverting
(3.13) for m?,

rﬁlz = m,ir Z _%Uz(glzcw + g;) _nff@cﬁ(l'i' S;) —ﬂi¢25ﬂcf; (3-14)

we can also express M;w* as a function of m’. and the tadpoles:?’

M2 —m? S “PSC | Cs(l+s,) P,
o mH1 2 -n e 3 2
— P S,C, o pS,  —S;C,
_ (=s,c5  pc _ (0 +pi
/L B r T _ (3.15)
P2 3 2 A
pC,; szl+cy, -pi 0

The diagonalization of neutral Higgs mass matrix connects the CP-even and CP-odd gauge
eigenstates, @, , x,, , with the physical states (mass eigenstates), H,h,G,A, via two
simultaneous rotations in £ and in an angle that is usually denoted by « , so that at LO we
have:

mg Mg, mi, m3, ¢, -, 0 0
Cxomi omg; mg, s, C, 0 0
Minoa =Uno Ml Unw =| md mi, | Hro = 0 0 ¢ -ps
* * * m2 0 0 ps, Cs
2HhGA|'|T¢l :fm =T,=0 = dlag{mlgi ’ mﬁ, m(23 ' mi}
(3.16)
(H ah’GaA)=(¢1’¢21;(1'752)Un(0)
(Ty T, Tg ,TA)=(-|'¢1 ’T¢2 ,TZ1 ,TZ2 ) U0
V,jl"é'gss'v' Giyinea =Ty H=—nT, h=—pT, A+mZ HZ+im2h2+im3; A2+m2. H H*

In the notation of eq. (3.16), the angles in U, are such that the off-diagonal entries in
M?, .. are zero for vanishing tadpoles. Moreover, the elements mie, M2y, M, M7, are
exactly zero for the real case (they are proportional to T,, see eq. (3.18) below). The entries

m2,m2,mZ,m3 are the tree-level square masses for the corresponding physical fields.

211t is usually used T, for written down these expressions even in gauge basis, because T, and T  always
appear in the same combination.
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From the relations in eq. (3.4), together with egs. (3.7), (3.8) and (3.13), the entries in
M2 ., €an be written in terms of tadpoles and physical parameters,

=M2c2 + (M2, —M2)s? —nT, C,(1+53) +7T, 5,C2

m2, = (M2+m2+—MM2,)sﬁcﬂ—77fs§—nfcg
¢2¢—M252+(m2+ M )c2 + 77T, S2C, — 7T, S, (L+ C2)

¢m =0
;11 :_U-TA
Wﬁ =pnl, (3.17)
%zz =0
me1 =(mf. —Mg)s; —nT cﬂ(1+ $5) +1T, S,C5
2 . =—P((M. —M§)s,C, T s +nT,¢3)

mm2 =(mz, — Mvzv)cﬂ +77T¢lsﬁcﬂ —77T¢Zsﬂ(1+ c;)

while the elements of the rotated matrix M?, ., reads

2 _ 2r2 2 2 \q2 T 2 T 2

mi =MZzc2 ,+ (M. —M§)sZ ,—nTuc, ,(L+S2 ) —mTys, 4C2 4
2 _ 2 2 2 T <3 T 3

Ma, =-MZs, ,Cp.p +(Mi = MG )S, 4C, 5 +7TySS ;, — 1T CS 4

mZ =M2s2_, +(m2. —MZ )c2_, +7T,C, ;82 5 +1T;S, s(1+C2 ;)
mic =p nTASa—ﬂ
MZ = _U-FACa—ﬁ
mﬁe =p U-FACafﬁ (3.18)
=nT,S,.
77( TH a—p +-rh)sa7,8
méA =—p 77(TH o p _-IThCa—,B)
ma =m?. — My,

The last line of (3.18) match with the relation (1.26) for the A boson mass at tree-level,?®
and it can be used to express the relations of egs. (3.8) and (3.14), as well as the elements
from (3.17) and (3.18), as a function of m; as input parameter instead of mﬁ which is
more suitable for the usual renormalisation procedure in the case of the real MSSM. Note

28 Note that the relation m = mfﬁ —M_ does not depend on tadpoles coefficients, so that at higher order it
does not receive corrections from tadpole counterterms.
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for instance in (3.17) and (3.18) that the results are independent of the sign ¢, when
written in terms mass and tadpole parameters, as it must be.

The tree-level tadpole coefficients can be set to zero at the end of the calculation.?® In the
¢ - ¢, sector this ensures that v, , are the vacuum expectation values, while in the y, - y,
sector this corresponds to a redefinition of the phase of mZ so that the phase e is
absorbed [107]. Then we see from (3.18) that the matrix (3.16) diagonalizes the neutral
Higgs sector at tree-level even for the complex MSSM, so there is no CP violation in the
cMSSM Higgs sector at tree-level, and the fields h and H are decoupled from the fields A
and G. However, the radiative corrections in oT_, introduce a mixing between the CP-even
and CP-odd sectors for the case complex of complex parameters (T_, ccsin&’ = 0).

Rewriting m2 as function of the original parameters in the Higgs potential, by using egs.
(3.13) and (3.4), and replacing the tadpoles according to (3.6), the eq. (30a) from [15] is
recovered for g, =+1:

mj = ﬁifs; + r-ﬁzzcé +6,C08&"| My, | Sap _%02(912 + g;)czzﬁ (3.19)

But using eqg. (3.8), we can write this expression also in the following way:

' T 3 T 3
e £,B 0SS~ 7T ;s —1T 4 Cp (3.20)
S5Cs

We will use and compare this last result in chapter 4 for the case of the NMSSM.

Looking at the expression for m?, in (3.18), we see that in order to M?, ., be diagonal

(once the tadpoles are set to zero), it must be satisfied

: mz + M2 V4 /4
MZS, 0 p = (Mi =M )Sy 1180 tanRa) = tan(z,b’)ﬁ T <a< "
(3.21)

which defines the mixing angle « . By replacing this result in (3.18), the tree-level CP-even
Higgs masses are obtained:

ma . :%(m/§+M22i\/(mf\+M§)2—4m,§M§C§ﬁ (3.22)

2 In spites of that the tree-level tadpole coefficients must vanish, it is necessary to introduce and keep them
explicitly as input parameters throughout the calculation since they will needed for the renormalisation
procedure in order to implement the higher-order tadpole contributions for the evaluation of the radiative
corrections to the Higgs sector.
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For the gauge-fixing, affecting terms in VHiggs(bi)Iineal (cf. eq. (3.16)) involving the Goldstone
fields, the entries for G and G* in our analysis are to be understood in the ’t Hooft-
Feynman gauge, and in the renormalisation we follow the usual approach where the gauge-
fixing term receives no net contribution from the renormalisation transformations.
Accordingly, the counterterms derived below arise only from the Higgs potential and the
kinetic terms of the Higgs fields but not from the gauge-fixing term. This means that the
only place where we take into account the gauge-fixing in our calculation is in the fact that
the tree-level masses for the Goldstone fields must be set in accordance with the particles
with respect to they behave as their longitudinal polarizations,

mg =M
m2. =Mg (3.23)

in spite this entries would vanish according to (3.13) and (3.18). This setting ensures that
the divergences cancel out in our calculations at higher-order.

3.2 Sfermion sector

The sfermions are important in the Higgs calculations because of their appearance as virtual
particles in the loops evaluations. The sfermions f are the scalar particles that
supersymmetry introduces in correspondence with the fermions f of the SM. The squarks
associated with the top t and bottom b, for instance, are the so-called stop and sbottom,
denoted by t and b , respectively. The bilinear part of the T and b (N)MSSM
Lagrangian,

o t - "
Lf/Emass = _%(tLr’tRT) M% (E‘LJ_%(bJ’bRT) M% (~ ] (324)

R

contains the stop and sbottom squared mass matrices M; and M; for the squarks fields
t, , and b, given by

M2 Z(Més+mt2+M22C2ﬂ(%_%5\/2\/) m (A —ulty) JE( mZ mtXt*j
mt(p\_,u*/tp) Mfi+mt2+%Mzzczﬂs\/2v m, X, mi
M2 :(M§3+m§+Mﬁczﬂ(—%+%S§,) m, (A — 44 ,) ]E( mg mbx;J (3.25)
’ m, (A, = 1',) Mg +mg —3M7c, S5 m, X, 4
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Here M2 Mz, MEZR are soft SUSY-breaking parameters, where M2 is the same for M2
and ME, the A, are the trilinear soft-breaking parameters, and  is the mixing parameter
of the Higgs doublets in the superpotential for matter and Higgs fields of the MSSM. From
these parameters, the A, ’s and u are the ones that are complex in the case of the cMSSM.

Note that the presence of the (big) top mass in the non-diagonal elements of the matrix M2
in (3.25) may lead eventually to a substantial mixing between t and t,. The corresponding
mass eigenstates are obtained diagonalizing each mass matrix M§- by rotation (unitary
transformation) U;, which can be parametrized by a mixing angle ; :

(3.26)

U [Uﬁl Uﬁzj cos 6 e ™% sin g
a7~ |(a § |7 | _atianXy) oi
uj, Uj, e +sin 6; Cos ;

3.2.1 Stops

Stop tree-level mass eigenvalues are given by*°

m? =1(m2 +m F (2 —m2)7+AmZ | X, ) =m? + MZ, Fm | X, [VI+E2  (3.27)

where we have defined

MSZUSYE%(mFZR _,_mtEL)_m[Z
:%(Mfi +M(%3)+%M§C2ﬁz%(l\/lfi +MQ2‘3)
(3.28)
mi —m¢ Mg —-Mg —Mic, (G —3si)
zmtlxtl_ 2mt|Xt|

—
=
—_—

Xt = At —u /tﬁ :| Xt |e+iarg(Xt)

We see from (3.27) how the main shift between top and stop masses indeed comes from the
SUSY -breaking parameters in M, . The stop mass matrix can now be expressed in terms
of these physical parameters m; ,m; and the mixing angle ¢; as follows:

% It is assume/impose here that m; <m; .
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M

—~IN

2 2m?2 2m2 —i X 2 2
om0 ~ czmZ +szmZ e*s e (M2 —m2
_Uf 2 t iarg(X 2 2 2mz2 2m?2

0 m era(Xs.c. (mﬁ —mfz) sgmz +cZmZ

J . (3.29)

Comparing with eqg. (3.25), and by inverting the expression (3.27) in order to express

M;. ; asa function of m; , it can be seen that3!
31'R N

1 =) 1 — 1

_thlxtl_ -1
mZ—mZ  J1+4E?2

(3.30)

If m. =m; (& mg —m{ =X, =0), the mixing angle & can take any value, since in that
case the mass matrix is proportional to the identity matrix, so that it is compatible with any
degree of mixing. This angle enters in the calculation of the amplitudes evaluated for this

work through the Feynman rules for the couplings between the stops and the Higgs fields.
Regarding definitions for mass eigenstates and mixing angles

The “no-mixing” or “vanishing t mixing” condition for the stops sector is | Z[>>1:

| mg, —mg

vanishing t mixing : | X, |<< < s:6:=0 < |c;|=1 (3.31)

It is usually implemented in literature just by setting X, =0, so that the non-diagonal
entries in the stop mixing matrix vanish. Note that it does not necessarily correspond to
cz ~1,s2 ~0. As was pointed out above, the case sz =0 differs from the cZ2 =0 case just
in the conventions adopted in the definitions of t, and t,, or regarding if mg turns out to
be bigger or smaller than mt~2R . From the convention mt?1 < mt?2 , We can see from (3.30) that

2 ~ 2 ~ 2 2 2 2 2 1__4¢g2
trl,st~0 o m>m < MZ>ME+Mic,(;-35) - (32

Then, it cannot be said a priori that in the no t -mixing case we get the identification
-t and §, ~ .

Of course, one could relax the condition mt?1 < mtl"2 , SO another possible convention would
be to define the mass eigenstates in such a way as to force that t ~t , t, ~t,

31 The subtraction within the square roots in these expressions is not inconsistent with the fact that s:,c: are
real quantities, since from expression (3.27) it can be seen that in any case mg - mé >2m, | X, |.
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(= c¢Z~1,sZ~0) for vanishing t -mixing, and in such a case we will have mt?1 < mt?2 if
and only if mZ >mZ .
R L

On the other hand, the “maximal stop mixing” case is defined by the condition | = |<<1,
which is equivalent to any of these conditions:

maximal t mixing : | X, p>——— < |st~cf|=% & c; =0 (3.33)
mt

|m¢ —mg |

These considerations and limits are summarized in the X -(mZ —mZ) plane in fig. 3.1,
where the specific values of s;,c. are shown for real values of X,, in which case the sing
etlan®) =ggn(X,) is absorbed in the definition of the angle in the rotating matrix (3.26):

cos@:  sino: _ m, X sgn(X,)

X, real —> U.= ! Y1, sin@-cosf =—1"t = 2TU

t ‘ [—siné’t~ cosefj ‘ ! m2 —mZ 21+ =2
(3.34)

M3 + m + Mze, (5 — 3 53)

T M: +m + I Mje, sy
m- = m- h
2 2 - =
(m: = m ) T
L
LN
‘ =
H o
. (T s s
X, <0 | g o ||m: >m:
‘ 4 \—-/ L 'R
1 1
5. =c. =% - 5. =—c; =%
.‘L 1“ X,
— r| . "
(s c t ) {SF—LE-—i—J)
ms < m-;I X >0
: 2 -
7 ° o
2 R - IS p ! m; = m;
m: =m: : “maximal mixing e i E
- - B — 6. =anything
=3 '
- - . q. sa g |
X, =0: “vanishing mixing [ |
: b o

Figure 3.1: Schematic representation of the values addopted by the stop mixing angle for
different limit cases, as a function of (real values of) X, and the stop mass parameters.

In fig. 3.1, the following features can be observed:

» The case s: =0 is compatible with assuming mle Smtgz only if thL sng IS
verified.
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» The condition X, =0 takes into account also the particular case of mz =mg,
for which the mixing angle - can take any value. The vanishing and maximal
mixing coincides in this case (the gray intersection in the figure).

> The condition X, =0 is equivalent to s:c; =0 (which in turn is equivalent to
|c,r [=1).

A third possibility for the deffinitions of stops masses and mixing angles would be that, in
case of m§R < m§L , from the very beginning we exchanged in (3.26) and (3.29) the notation
for the eigenvalues of M2 in its diagonal decomposition:

t t m: 0
(%] = UF(%‘] , M;= UiT- [ Otz mzl U; (3.35)
R t

Then, the relation mg < mé is guaranteed at the same time that c2=1-sZ2~1for no t -
mixing if we adopt the prescription of making the exchange t, <> t, in all expressions in
case of m{ <m; .

In the (3.31) limit, the stop tree-level masses are

m2 | X, |? m2 | X, |?
mg =g - MG g T (3.36)
L L
while in the (3.33) case the result is just
mfzu ~ Méusy + M2 Fm | X, | (3.37)

Analogous considerations apply for mass eigenstates and mixing angles definitions in the
sbottom sector.

3.2.2 Sbottoms

For the sbottom mass eigenvalues, the exact tree-level result is given by

m?2
b,

ME = M3 M2, (3~ 355)~ Mac,, + MG +3(m —m2 ¥ [(mg —mE )7 + 4mg | X, F)

2m2 2m2 2
cZmZ +sfmZ —m
2 2 — 2 2 2 1 22
where m: —mZ = MBR -M§ +MZC, (5 —55%) (3.38)
Xy =A —uty
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It is usual in literature (see e.g. [106]) the following approximation for one of the sbottom
masses, > which is relevant for O(m?) and neglecting the bottom mass m, :
mg() ~ct2m§ +s§m§2 -m? = mgL =MZ,y —2M, | X, |E= mtgL -m? . (3.39)

This approximation is based not only on considering M, << Mg (which implies
m, << M@ ), but also on assuming for instance that

either |m§R —mgL |<<m, | X, |<< M(i (= maximal b - mixing)

or m, | X, <4 meR —mgL |<< M(i (= no b- mixing) (3.40)

So that m~ ~ m for some shottom mass does not necessarily imply no- mlxmg in the
shottom sector S In the (3.31) limit, this tree-level mass reduced to m2 ~mZ —m?, while
mé ~M{, is verified in the (3.33) case.

3.2.3 Squarks and sleptons

In order to be able to implement the virtual contributions to the self-energies from the other
sfermion sectors of the theory, both for the evaluation of the “full” case or a “(s)fermion-
contributions” approximation, the results from sections 3.2.1 and 3.2.2 can be translated to
the other squarks and also the sleptons of the model from the generalization of the matrixes
of eq. (3.25) and the diagonalization performed in (3.26):

M2 = Mfg +3Mzc,, = m&.», (3.41)
o _(MEHMEEMIG () Mo ) ) (mE, 0
& m,, (Ae —u'ty) M(Ze) +m§g -MZc, s 1 0 m(zgg)z %
M2 = M2 +m2 +M2C,, (L —252) mug(Aj‘g —ulty) _ur m(zﬁg)1 0 U.
“g m, (A, - #°t,) Mg, +M2 +2M2c,,s3 | | 0 mg, |
M2 = M +mi +Mic,, (-3 +3%) my_ (A, —lyt/,) T M), 20 U.
dg my, (Ay, — #7t5) M(Zd ., Mg —3MZc,,s) Wl 0 mG, )%

where g =1,2,3 are the generations/families:

32 We don’t say here that 5 is 51 because in such a case we would be defining 51 such that it would not
necessarily be verified that m~ < m~ although in this approximation the difference | mgl -m: | is small.

3 The no-mixing condition in the sbottom sector is needed, however, so that in the expressmns for self-
energies (and consequently for the masses) only the mass of one of the sbottoms intervenes.
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V.=V .,V ,V
leptonsy ¢ ¢ AT
e, =€, 1,7

arks Uy =W (3.42)
) d,=d c,b |

From these matrixes, masses and mixing results analogous to the ones from sections 3.2.1
and 3.2.2 for the remaining sfermions are straightforward.

3.3 Renormalisation and higher-orders contributions

Quantum corrections substantially modify the tree-level masses. Their Feynman-
diagrammatic calculation at higher-order involves three steps:

e Renormalisation, in order to obtain the relations between the different
counterterms and to fix (through appropriate renormalisation conditions) the
finite parts of those corresponding to the fields and the quantities chosen as
independent input parameters.

e Evaluation (via the implementation of some regularisation mechanism) of the
amplitudes that take part in those renormalisation conditions as well as the two-
point functions that contribute to the higher-order corrections for the mass
matrix elements involved in the propagators.

e Determination of the higher-order expressions (in terms of the input parameters)
for the (square) mass from the pole (in the external momentum) of the
propagator for the corresponding field(s).

The renormalised self-energies bring together all the contributions of a given order that
contribute to a given element of a mass matrix, and that’s why they must be finite (by
construction). In perturbation theory, each unrenormalised self-energy is expanded as
follows:

2(p*) =2 (p?) + =7 (p*) +--- (3.43)
in terms of the ith-order contributions =, and analogously for the renormalised quantities

3@ Details on the evaluation of the one-loop self-energies will be given in sects. 3.3.1-
3.3.3, while the two-loop contributions will be briefly reviewed in sect. 3.3.4.
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3.3.1 One-loop renormalisation of the neutral sector

The masses of the neutral Higgs bosons are determined as the real part of the p? values
that solve the following equation:

det(p2I1-M2, +%  (p?)=0 (3.44)

Here ﬁw denotes the matrix with the corresponding renormalised self-energy corrections,
and I is the 4x4 identity matrix. Because of the cyclic properties of the determinant, the
same masses are obtain by solving (3.44) in gauge basis ( @@ = ¢d, 1,7, ), physical basis
(pppe = HhGA) or any other basis defined through a unitary transformation, such as the
mixed basis {¢,,¢,,G, A} usually used in literature, being (c.f. eq. 3.16)

G wLE) aso
A -PS; € N\ 1

The renormalised self-energies, im (o,0; =¢4,4,,G,A), corresponding to the higher
order corrections to the entries m;i(pj for M3, ca from (3.17),(3.18), are obtain at one-loop
level from the unrenormalised self-energies, the field renormalisation constants and the

mass counterterms insertions by doing®*

z:(/’ifﬂj (pz) = 2%‘/’] (pz) + (5(/7i¢’j p2 - méi‘ﬂj )%(62% + éz(/’j ) - aﬂz

PP
(3.46)
5M¢2ﬁl¢zeA =P aﬁMﬁlzﬁzGA‘T@zmzo
being M7, ; the matrix of elements &“f,iq,j , and where
0Ly =Ly,
o, =0 1 , =@
[ Ho , 50{0. — (0 ¢J (347)
OLg =Cp0Lyy + P SpoLy,, - 0. p=9

OL,=—pSgoly +Cu0L,,

34 Equivalently, the same procedure can be performed in physical basis for M?,, . We choose instead to work
in gauge basis for the neutral sector just for simplicity, in order to avoid the presence of the mixing angle « in

the expressions.
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The field renormalisation is required for finite self-energies at arbitrary values of the
external momentum p®. We assign one field-renormalisation constant for each Higgs
doublet,

H, - @+3Z,)H, , H, - @+3, )H, (3.48)

For the determination of the field renormalisation constants, we adopt the DR scheme:*®

O, =OLRR =—Red 2
2, =TT =—Red, g (349

i.e. the renormalisation constants consist of divergent parts only (see the discussion in [15]).
0 ,.Z, denotes the derivative of the unrenormalised self-energies of the neutral CP-even
Higgs bosons with respect to the external momentum. As default value of the
renormalisation scale we have chosen z=m,.

The “vector” of independent parameters, P, is renormalised according to

bare

ma. mZ. +omz.
M2 M2 + M2
P=| M2 > P+P=| M2+MZ | |, Xx=¢.4,A (3.50)
T, T, + 4T,
t, t,(L+,)

Note that the v parameter only appears in the combination T, = %TX for the entries in the
Higgs mass matrixes, because of our choice of M2, M? as input parameters. This fact
allows us to avoid specifying an explicit renormalisation condition on év (or equivalently
on the electric charge counterterm) for the MSSM Higgs sector, because the higher-order
contributions to T, are the same as for T, since the tree-level tadpole coefficients are set to
zero at the end of the calculation:

ST, = A[6T, ~T 0 v], o =-+oT, | (3.51)

so that T, will inherit just the condition imposed on ST, (see eq. (3.62) below).

35 The field renormalisation constants completely drop out in the determination of the Higgs-boson masses at
one-loop order. They only enter via residual higher-order effects as a consequence of the iterative numerical
determination of the propagator poles. The DR scheme for the field renormalisation constants is thus
convenient in order to avoid the possible occurrence of unphysical threshold effects [118].
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The following result for OMj, _ is obtained:

SM2, =s28M2 +C2OMZ +352,(M2 —M2)&, —C,(1+52)770T, +5,C2
Mg, ==S,Cs(AMZ +M7Z +¢,,(ME + MZ)&R,) —Ss3m0T, —cgn5T¢2
N2, =GRS + 52OME — 353, (mE ~ M)A, +536,15T, 5, L+ )T,
M =—p 55775]7;\

ém;lA = _Cﬁﬂ5]TA

Mie =p 05775]7A (3.52)
oM, =—S,175T,

OMgg =—C,moT,, —S,moT,,

MZ, = p (=8,C,Madk, +5,16T, —C,moT, )

néT

Note that the only trace in (3.52) of the complex nature of the parameters is in 6T, , whose

contribution induce CP-violation via the mixing from the counterterms dm; ,om; ,

3.3.2 One-loop charged Higgs boson mass

The counterterms for the charged Higgs sector in physical basis are obtained by doing

M3, . =P -9, M. , OME.,. =Ugy MZ. . Uy, (3.53)

A I R )

with U, as in (3.12). Note that SMZ. £ PO, MZ. ‘T because the matrix U,
introduce for the elements in Mé " some extra dependence |n [ that does not arise from
the vev’s in the Lagrangian but from the tree-level rotation procedure, and the dependence
from U ,, must not acquire counterterm corrections. Then, the mass counterterms for the

charged Higgs sector read

a2, =—c,moT, —s,noT, (3.54)
ANy = (AN ,.)" = p (=8,C,M,. &y +5,m8T, —CymdT, —indT,)

In determining the propagator poles one needs to take into account this mixing with the
Goldstone bosons, as well as with the gauge bosons, both for the charged Higgs boson as
for the neutral ones described in the previous section. However, the possible mixing with
the Goldstone bosons used to be numerically negligible for the Higgs mass evaluation [15],
and in particular they do not contribute in the O(m?) approximation that we describe below
(see sect. 3.4.3) and to which we restrict ourselves in the rest of this chapter for the one-
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loop case. At two-loop order, the contributions of G and Z to the neutral Higgs propagators
appear via terms of the form (i(ﬁG(pZ))2 and pz(iﬂ(pz))z, where ¢=h,H, A, which is
negligible compared to the leading O(«,«,) terms. For the charged Higgs sector, the
contributions from the mixing with G* would contribute to the prediction at two-loop order
onwards via terms of the form (2 Sjéi)z, again subleading with respect to the leading terms
at O(a,e,) that we will consider later in sect. 3.3.4. Consequently, we neglect those Higgs-
Goldstone or Higgs-Z mixing contributions throughout our analysis.

Therefore, the charged Higgs-boson pole mass, M ,., including higher-order contributions
entering via the renormalised charged Higgs-boson self-energy EWH,, is obtained by
solving the equation

pZ-m2. +3,..(p?)=0 . (3.55)

This yields Mfw as the real part of the complex pole of eq. (3.55). The renormalised
charged Higgs-boson self-energy, in-’ is composed of the unrenormalised self-energy
Z .., the field renormalisation constant and the mass counterterm:

S (P =2, (P +Z,,. (P2 —M2, ) —om2, . (3.56)

As will be explained in detailed in the next section, the mass for H* does not receive
radiative corrections if we renormalized it on-shell, which means that dm?. is fixed in
orderto £,.,,. (p2) vanishes, so that M,,. =m,,. % This will not be the case if the A boson
mass is renormalized on-shell instead, in which case the renormalization condition will be
imposed on om3 and therefore the (finite part of) om2. will be diferent from the H* on-
shell case. In any case, one of this counterterms can be derived from the other by the
relation

o2, = Az + M (3.57)

which follows from the last line in eq. (3.18).
3.3.3 Renormalisation conditions

Regarding the renormalisation scheme, we renormalise the W and Z bosons on-shell,
yielding the mass counterterms

36 Qur notation for the Higgs masses in this paper is such that lowest-order mass parameters are written in
lower case, e.g. mZ., while loop-corrected masses are written in upper case, e.g. M2..
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M3 =Rex],(MZ) , M2 =ReT}(M2) (3.58)

where X, ,2,, are the transverse parts of the W and Z boson self-energies, respectively.
For the charged Higgs field, eq. (3.48) implies

H* —» (+30Z,.)H* (3.59)
with
A,,. =S5 A, + c’ oYATI. (3.60)

From these field counterterms, the one for the parameter tan3 in the DR scheme are
evaluated:®

5t5§ 1
=S, -~z (361)

B

This DR renormalisation of t,, which is manifestly process-independent, is convenient
since there is no obvious relation of this parameter to a specific physical observable that
would favor a particular on-shell definition. Furthermore, the DR renormalisation of t,
has been shown to yield stable numerical results, and is also gauge-independent at the one-
loop level within the class of R, gauges [108].

Finally, in order to have not to take into account the higher-order tadpole insertions in the
evaluation of n-point functions, we set the tadpole counterterms in such a way that those
insertions cancel out at one-loop order:

!
fx =Tx(lL) _néTx =0 ) X=¢17¢Z!A
(3.62)
thus T, = 2-7TW

X

where T¢flL) represents the one-loop radiative contribution to the tadpole of the field ¢, .

We will show in the next sections the evaluation of the higher-order contributions to the
Higgs boson masses derived from this renormalisation prescriptions, which were performed
at first “by-hand” in the case of the leading O(m/) one-loop corrections, while for the
computation of all-sector contributions to the self-energies as specified in eq. (3.56) we
have evaluated the full one-loop result with the help of the tools FEYNARTs [22-24] and

37 See also discussion on the derivation of this expression in sect. 4.2.2.

79



FORMCALC [25] complementing our own Mathematica code. The corresponding Feynman-
diagrams for the charged Higgs boson (and similarly for the W boson, where additional
diagrams with gauge boson and ghost loops contribute) are shown in fig. 3.2. The diagrams
for the neutral Higgs bosons, entering oM 2 and oL, 0L, (i.e. the neutral Higgs boson
self-energies) are depicted in fig. 3.3.

i {Lit,d}a, {1, i, d}s .
/'*‘\ fr.-"\ Ii| u Irl‘j:}
! | N - o -
' o ' ’ H\ .r’ ‘\
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! d )
o hH, A G H* G* Z w
l’fl.l’fg . - ,.’*\\ jj\"l_ .I..-\.\L‘
- ! ! | ¢ {Lw ?
-8 ._r_- - \'-l’——a-———— —— - “-.-ir—-l-———— R - —'t-':‘—--————
-\.q.-’
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X1: X3 H G V. 2 £
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/-— e "\ e "\ ~ L S L
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X7, X9, X3, X9 h,H. A hH.A,G H*, G* h,H,A,G
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- }—I‘-—— ——n-—-._. *--—- ——h——-:. - - .- o r-w - --—-
k'\_,-‘.f"r = . .."a-— - o . .
~ 7 Uy iy Uy i

Figure 3.2. Generic Feynman diagrams for the H* self-energy (I {e, 1,7}, d €{d,s,b},
u e{u,c,t}). Similar diagrams for the W boson self-energy are obtained by replacing the
external Higgs boson by a W boson; not all combinations of particle insertions exist.
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(f e{e,u,7,d,s,b,u,c,t}). Not all combinations of particle insertions exist for all neutral
Higgs bosons.

The O(m¢}) approximation in the real and complex MSSM

We wish to compare here the expressions for M, and M ,. with one or the other of these
parameters renormalised as an on-shell quantity, in order that our result works for both the
real case (“rMSSM”), where one conventionally chooses M, as on-shell independent input
parameter (so that the predictions for the neutral Higgs boson masses do not involve
charged Higgs boson self-energies, and for the complex MSSM (“cMSSM”), where M,.

81



is renormalised on-shell (because the A field is a no longer a mass eigenstate beyond tree-
level).%®

Neglecting the radiative contributions from self-energies with external Goldstone bosons
also in the neutral sector, expressions analogous to (3.55) and (3.56) apply to the A boson
(it is derived from eq. (3.46) and the definition of the A field in (3.16)):

M2-m2+%,,(M2)=0
(3.63)
2im(M2) =24 (M2)+Z, (M —mZ) —am}

where m2,M2 are the tree-level and one-loop A boson masses, respectively. If now one
considers the O(m?) approximation, which consists on taking into account for the
counterterms only the Yukawa contributions and evaluating the self-energies for vanishing
external momentum, the following relations are obtained in both schemes for the
corresponding higher-order contributions to the renormalised H* and A self-energies and
the one-loop corrected values of the charged and the pseudo-scalar Higgs boson masses:

M, on-shell: (3.64)
!
MZ=mi , i=Z,(M})~Z,(0)
AM 21 = ME'ir _mai z_thHt(o)

H

3 (0<%, . (0) -2, (0)=A,,.,

M. on-shell: (3.65)
!
Mlit :mlit ’ anlit:ZHth(Mzi)zthHt(o)

S0~ (0)-2,.,. 0 =-A,.,
where we have use that

Mg = M2 =&Z, =Z, =0
(= om2, =om2) (3.66)

in the aforementioned approximation. We will perform in section 3.4 the evaluation of the
O(m?) contributions to A,., (as well as the other leading self-energy contributions
relevant to the calculation of the neutral Higgs masses) for the MSSM with complex
parameters. The real limit of that result corresponds to the shift —AMZ. in the expression

3 In the complex MSSM, the A field is a physical field but only at tree-level, see eq. (3.18). The mixing
between the CP-even and CP-odd Higgs sectors are induce by the higher-order contributions to 6T, .
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for the charged Higgs boson mass in the scheme with M, on-shell; we will use this result
for the O(m/) case in our numerical analysis in sect. 3.5. The complex expression A ., ,
on the other hand, is just the —3:,, entry needed for the one-loop propagator in the neutral
Higgs sector of the cMSSM (as was implemented for instance in [15]):°

rMSSM, M3 on - shell = AMZ, =-A,,.

H*A

2 _m2
! MA_mA

real

cMSSM,M2. on-shell =  AMZ. =0, £, =-A (3.67)

H*A
Note that M7. could be renormalised on-shell even for the real case (the fields H=*,
defined as in (3.12), are physical degrees of freedom in both the real and complex MSSM).
If this is the case, in addition to the relations in (3.65), M3 —m3 ~ A,,., holds. This implies
that, for both schemes (3.64) and (3.65),% in the real MSSM the quantity A,,., is the shift
from tree-level to one-loop order in the difference between the masses of Aand H*:

2 2 _ 2 2
MZi—-M7.=m3—mi. +A .,

for IMSSM at O(m¢*) (3.68)

real

3.3.4 Two-loop corrections to the charged Higgs mass

In order to reach a higher precision, two-loop corrections to qut should be included. They
can be evaluated from the corrections of O(¢?) [88,89] and at O(e,e,) by using the
results of [91]. Here we include the corresponding discussion as given in ref. [1] for the
rMSSM.

Again, we drop here the order-index for all Higgs boson and SM gauge boson self-energies
and renormalisation constants, which are in this section understood to be of two-loop order.
The O(e,cr,) terms are obtained in the limit of vanishing gauge couplings and neglecting
the dependence on the external momentum [16], keeping only terms o Y e, with the top
Yukawa coupling Y, as defined in (2.1). We neglect the bottom Yukawa coupling in the
two-loop Higgs-boson self-energies. In this approximation, the counterterms
omi, Mg ,oM2,Z,,. are determined as in egs. (6.4),(6.6),

omz=x,0 , MZ=0 , &, =0 (3.69)

H

% The quantity called “ A,., ” in eq. (67) from [15] differs in a factor cZ/c from the quantity
Z,on: (0) =2, (0) that we define in (3.64), being “c” the factor defined here in eq. (3.83).

%0 The result (3.68) must be the same in both cases: mZ and mZ. are tree-level parameters, so they are defined
in the same way in any scheme; then, (3.68) is a relation between observables expressed in terms of the same
set of parameters.
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and consequently the expression for the two-loop renormalised H™* self-energy can be
written as

Y 0)=2,.,.(0)—dm2. with om2. =om? . (3.70)

From eq. (3.55) we get the two-loop correction to the charged Higgs-boson mass (see the
discussion in [91]):

AMZZP® =3 (0)-Z,,., (0) (3.71)
with the self-energies evaluated at the two-loop level.
One thus has to evaluate the O(o«,) contributions to the H* and A self-energies.

Examples of generic Feynman diagrams for the H* self-energy are depicted in fig. 3.4, and
in fig. 3.5 for the A boson self-energy.
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h; h; t; ;.
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1

Figure 3.4. Examples of generic two-loop diagrams and diagrams with counterterm
insertion for the charged Higgs-boson self-energy (i,j,k = 1,2).[91]
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Figure 3.5. Examples of generic two-loop diagrams and diagrams with counterterm
insertion for the A boson self-energy (i,j,k,1 = 1,2).[91]

These approximations, together with the subloop renormalisation in the scalar top/bottom
sector and the higher-order corrections in the b/ b sector from [1], provide the two-loop
O(e,cx,) terms, which can be written as terms proportional to m;. For the neutral Higgs
bosons this procedure yields the dominant part of the one-loop [77-82] and the two-loop
corrections [16,83,84]. For the charged Higgs boson mass, M. ., the described procedure
provides the analogous contribution to the mass shift as well,
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2 M
AMP. =~ Mtfv (3.72)

There are, however, other contributions of similar structure at the one-loop level [101-105]:

2,12 4 2
AM?, ~ m‘Tb or AM]. ~ m‘Z NZIW
I\/IW MW MSUSY

4 2
m_ Mj

o AM}. ~ (3.73)

Ivlv%/ szusv
which are not covered by our approximations for the two-loop terms because they would
correspond to m, = 0 (first), non-vanishing gauge-couplings (second), and p? =0 in the A
self-energy (third term). This is justified for large scalar-quark mass scales Mg, , where
the second and third types of terms are suppressed. On the other hand, the term (3.72)

extracted by our approximation can in general be large also for large My, , both at the
one-loop and the two-loop level, as we will explain below.

3.4 Computation of renormalised self-energies

In this section we use the Feynman-diagrammatic (FD) approach®! by implementing the
computation of the most relevant amplitudes for the one-loop corrections to the mass of the
rMSSM CP-even Higgs bosons. The tree-level relationships for the masses of the Higgs
bosons are strongly modified by radiative corrections involving the supersymmetric
spectrum from the top sector [77-79,109,110]. The source of the major contributions to
these corrections is the incomplete cancellations between the top and stops loops, reflecting
the breaking of supersymmetry. Moreover, mass relations are affected by the potentially
large mixing between t_ and t, due to top Yukawa coupling. The dominant one-loop
contributions for the mass matrix of egs. (3.9),(3.17) can then be obtained by evaluating the
contribution from the t-t sector to the renormalised self-energies im for zero external
momentum ( p? = 0)*? and only considering the Yukawa part of the theory (i.e. neglecting

41 Feynman-diagrammatic approach:
o Explicit evaluation of the relevant Feynman diagrams.
e The mass of a particle is the real part of the pole of its propagator.
The reference to this method is to differentiate it from other approaches that are not based on the direct
calculation of the relevant amplitudes, such as the use of effective potentials.
42 The fact of being able to consider the external moment as null is due to the fact that we are interested in

O(m?* /M) contributions, and the self-energies for arbitrary p? verify expansions of the form:
m; 2
g, (07) =2y (0) 4+ P?0 T, (0) 4+~ 1

+2 t
Mz M3

+...
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the gauge couplings), and then introducing these self-energies in that matrix and
implementing its diagonalization in order to obtain the one-loop corrected masses of the h

and H bosons.
3.4.1 One-loop contributions to neutral Higgs masses

By applying (3.66) in (3.46) and to the counterterms from eq. (3.52), the leading O(m;)
contributions to the one-loop renormalised self-energies for the neutral Higgs fields are

obtained:

A (L) (1L) ) ) )
Zyp b — S5 Cy(1+57) o —S5Cs .
- _ 2,(1L) (1L) (1L)
Z =| Z,, +| S,C4 [OMT + sg . 77T¢l + cg . nly
S w w
Ty b0 24 ) oo —C; —S;Cs sy(1+c3)
A (L) aL)
e YIS 0 Cp . Sy
Ta =|Zca + 0 |omz +| —ps, o nTio +| pe, o 7l
< w w
S )y Zapn, F1 0 0
A A L) L)
Z¢1G 2¢1A _ [Z%G Z%Aj +[ P Sy Cﬂj e 7T (L) (3.74)
. . = { ,
Zoo Zon)ay \Feo Zaa)e, (TPC Sp)2Mys,
where, as was described in sect. 3.3.2,
L) (n2 — _
Sz :{ZAA (p?=0) , M,on-shell (375)

0D (p?=0) , M,. on-shell

For the real case with M, on-shell, for instance, the diagrams that could possibly
contribute to the CP-even sector in (3.74) at m/ order are presented in fig. 3.6. We see
from the last line in (3.74) that the CP-violating mixing are induced from the
unrenormalised = self-energies %, .., , as well as from the A one-loop tadpole
contribution, which are zero for the real-MSSM.
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Figure 3.6: Diagrams that contribute to the evaluation at O(m;') of the renormalised one-
loop self-energies, corresponding to virtual tops and stops. TheX ’s are unrenormalisation
self-energies, whereas the T, are tadpole-type contributions.

By performing the explicit evaluation of these Feynman diagrams, the oc m’ contributions

to the renormalised self-energies are obtained:

¢ 3G {(Re(uxt»z ~(Im(zA))?

m J2ns 2(m2 —m2 )?

g(mZ,mZ) |+ 8524,

n;,

¢ _3Gem¢ | Re(uX,) M Re(uX,)Re(A'X,)—(Im(xA))*/t
2(mZ —mZ)?

o2 \/571'282

3 3G m¢

m2 —m2
4 G

CRe(AX) | M | (Re(AX,)) —(Im(uA) t,)’

2 2 2 2
m; m-m2  m?

m; Mg
=_ In——2
[ IZEZSé
R 4
s 3Gem’ Re(uX)IMUA) o oy

A 203 2_mz2)2 (Rl
2\/§7Z'Sﬁ (mﬁ mfz v

2(mZ —mz)?

Z g(mg,mé)}—sﬁcﬂzAA

g(mz,m? )}r C23
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S 3GFm4 Im(ﬂA) £|ﬂm—t~21+ Re(p\*xt) g(mfzi’miz‘z)J

$A 203 M2 2 2 2 2
2V2r?sy m—mz | m2 - mZ2-m2

2,6(0) =2, (0) =255 (0) =2, (0) = 0 (3.76)
where
mé+mé m:
g(mé,m¢)=21-——>~In— (3.77)
o mg—mg - m;
and being G the Fermi constant:
2
¢ (3.78)

G.=——n
ENEIVESSS

It is seen in (3.76) how the mixing between A and the CP-even fields ¢ , occurs only if
Im(zA) #0. Ineq. (3.76), ,, must be set to

. 0 ,  M3Zon-shell
Zpm=1 (3.79)

wia M2, on-shell

where the explicit expression for the quantity A ., is the one derived in sect. 3.4.3. By
comparison with the full one-loop result for the real case [111], the contributions from
(3.76) have in fact been shown to contain the main one-loop corrections: typically
approximate the full result for the masses by less than 5 GeV.

3.4.2 One-loop masses of h and H at O(mt“)

Specially simple explicit results can be derive for the CP-even MSSM Higgs boson masses
in the particular case of real parameters, as a function of the self-energies obtained in the
previous section, which we briefly review here for completeness. Leading contributions
beyond tree-level are obtained from the matrix

M;fl')(pz)z M/?\SE‘FMZZC/Z?_EA:;TZ)(F)Z) _(Mf\+Mzz)SﬁCﬂ_i§Z(p2) (380)
2.2 2.2 (L 2 : '
* MAcﬁ+Mzsﬂ—2;2¢2)(p )
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While in the general case of considering the dependence on p? for the self-energies the
masses are obtained from the zeros in p? of det(p”I—MZ"), for the leading O(m,') one-
loop corrections the =, ;, are evaluated at p* =0, so physical fields H® h" can be
defined from the diagonalization of M3 through the following orthogonal
transformation:

H @ . &, cosa™  sing™
_ aw) any _
( L =D (a") ’ , D(@™)= w )

) —-sina cosa
(3.81)
MZ,(lL):D(a(lL)) mli O DT(a(lL))
w 0 m
M2+M2Z-25 s
tanQa™) =tan2p) ———5 12 2 R
M2-M2+(E,, ~2,,)/Cy 2 2
For the mass eigenvalues we obtain:
2 =LM2EMD)—LE,, +5, )| G (MZ+M2)? - (M, M,c,,)
My p=3(My+M;)—3( st T ¢2¢2)— GMz+M;) =(M, ZCZﬂ)
(MR =M +5 (S5 20 )3 (Egy 2,0
A A %
+((M§+M§)52ﬂ+2¢1¢2)2¢1¢2} (3.82)
3.4.3 Applicationto M.
In the following, we use the factor “c” to simplify the notation:
2 2m?2 2
_ 3mz 3e?m; _ 3Gem (3.83)

T 167702 M@ 4V2r?

From analogous procedure to sect. 3.4.1, from the third (s)quark generation, with m, =0,
one obtains the following explicit expressions:*®

4 Unless otherwise specified, these quantities are understood to be one-loop quantities. Here the one-loop
integral function Aj(m), as well as the divergent quantity A in egs. (3.87) and (3.88), follow from
dimensional regularisation. See [41,42] for definitions and details.
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Zp(0)/c=2A,(m ) - Ay (Mg ) — Ay(my) — (A + 1)? Ao(mnzzg)::]bg(mﬁ)

(3.84)

Zyen-(0) = C{Z'Ab(mt) - Ab(mgl) —sEAy(m; ) —c2A(m;)
Ab(mfl)_p\)(mal) (Sfrnt—C{(A—i—/L[tﬁ))z

—(c:m, +s: (A + 2 -
(05, (A + 4, )F =
1

Ab(mfz)_ Ab(mgl)

2 _m2
mz —mz

In the approximation of m, =0 and neglected gauge couplings, the mass of the left-handed
sbottom is given by (see eg. (3.39))

mé ~cgmZ +sfmZ —mz(~ Mg ) (3.85)

Using these relations results then in the following expression for Amf'i as defined in (3.64)

+t)se +mee)? (s — (A +at,)c:)? | ME
AHrA/Cng 1+((A /Uzﬁ)t : tt) +( o7 (ZA ,L:/})t) In b2L
' m;, —mg mg — Mg My
+at,)? (msSe — (A +pt,)e:)? | m2
+m? —st~2+(p‘2 'Utﬁz) _(ms; (ZA itﬂ) ) In—= (3.86)
mg —mg Mg, — Mg G

It is possible to eliminate the dependence on &- from this result. For instance, for the A

boson self-energy we obtain

mZ InmzZ —mz2 Inm?
Zp(0)/c=2mZA+A-InmZ) —(mZ +mZ+[ A + p't, P 1+ A-—— 21— :
m2 —m2
% t,
2
2m2 2 2 2
_ 2mzm? A M L[ 2mdm(uA) [ M Mg Mg (3.87)
m2—m2 m2 |s,c,(mZ—m?) mi-m2 m. | '
Y t, t, BB\ Yy t, 4 t t

Accordingly, the expression for the A,., =X ,.,.(0)—XZ,(0) radiative corrections

acquires the following final form:

2
cm? |[ 2Im mz+m2 m:
Ay =0 | 2IMGA) |y T | T (3.88)
55Cs [\ Mg —Mg mg —mg Mg
2 2 2 _m2 2 2 _ma2
| H |2 2 mEL _ mfl (mEL mtz) + mtz (mbL mtl In mfl
2 2 2 2 b 2 2
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This shows explicitly the m' dependence of this contribution (keeping in mind the
prefactor ¢ oc m? from eq. (3.83)), as well as the overall factor | |2 /cZ, which strongly
determines the phenomenology of the O(¢,) charged Higgs boson mass corrections in the
MSSM. Note that the result (3.88), as well as the renormalised self-energies from (3.76),
are all independent of the sign convention adopted for p,&,,,n7 from tab. 3.1, as they must
be.

As in the neutral sector, the renormalised self-energies related to the Goldstone fields
vanish in this approximation:

e (0 =2, (=2, (0=0 (3.89)

G H'

as was anticipated in sect. 3.3.2. Therefore, A ., can be directly associated to the charged
Higgs mass. In the following of this section, we specify the analytic result assuming a
common SUSY mass scale M5 ~MZ ~M{,, >>M7 . With this simplification one
obtains

mlezMszusv+”]t2_rT1t|Xt| ) mé:MSZUSY+m2+n]t|Xt| ’ mbngMgusv (3.90)

and s? =cZ =1/2 in this case (i.e. maximal mixing, see sect. 3.2). This yields

2,,2
AM2, =ik L (3.91)
sin? gcos? B 2m2 | X, | (X2 —m?)
M2, +m (m—]| X M2
{mt(Miuwmf—th)In susy TN IXD iz X fin sty J
MSUSY+mt(mI+|Xt |) (MSUSY+rnI) _rnIXt

for the leading one-loop correction to the charged Higgs boson mass in the rMSSM with
M, on-shell. Expanding in inverse powers of Mg, and inserting the prefactor ¢ from eq.
(3.83), we find

AM?

o 3yt o mi( 1 2mz  m2(3m2 + X?2)
" 64r2s2sint B M2

PR — . J . (392
Méusy  3Msgusy M gusy

Thus one obtains the term proportional to m’ /M . If in addition X, =0 and restricting to
the leading term in the expansion in inverse powers of Mg ., this reduces to
3e2y? mt4 2

MU
AMG. = - ~(19GeV)? ———(1+1/t3)° 3.93
" B4x?s2 sint B MZm2 (19GeV) 'V'éusym%-( 7) (3.93)
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where mg = mg
mass scales.

mZ =M& sy +mZ. If | |~ m, this term is not suppressed by large SUSY

The two-loop case

The derivation of egs. (3.92) and (3.93) shows that besides the m’ in the prefactor arising
from the Yukawa couplings, the second factor ~ m’ stems from the stop mass matrix. In
other words, it is induced by the SU(2) breaking in the MSSM quark and squark sector.
Thus, the derived term ~m//M_ is related to the mass difference between top and bottom
squarks resulting from m,/m, >>1. The diagrams playing the leading role here are the
second and sixth Feynman diagram in figs. 3.2 and 3.3.

Egs. (3.92) and (3.93) indicate which parameter combinations of A, x# and tan g can give
rise to a sizable O(¢,) contribution to M ;i and possibly constitute a large part of the full
one-loop corrections. For the corresponding parameter ranges it can be expected that also
the two-loop corrections of O(e,ex,) are sizable and should be taken into account.

At the two-loop level, the ~m/ contributions are augmented by the corresponding term
with a renormalised m, parameter, leading to ~ 4m’sm, . The source of these corrections is
still related to the SU(2) breaking inducing the mass difference for scalar tops and bottoms,
which enters the two-loop level Higgs-boson self-energies through mass-counterterm
insertions, as illustrated in the fourth diagram in fig. 3.5. The inserted one-loop
counterterms for top-squarks and for bottom-squarks differ essentially by a term 2m,om,,
which induces an effective mass splitting between the scalar top and bottom sector at the
counterterm level. The full contribution ~ om, can be obtained by renormalizing m, in egs.
(3.92) and (3.93), or by an explicit extraction of this term. In the case of vanishing stop
mixing, corresponding to eg. (3.93), it was checked in [1] that both calculations indeed
agree. In this case they yield)

2 2 2
Amz,f-loona‘mt - w(é‘ms % — (&]’]-tg - thﬁnt) In mf J

2

; m, t mtg —m
2 2 2 2
S— M : cinZf _damg 22mtéi*nt In th : (3.94)
sin® Bcos” B ms m; ms —m;
~ % 2m,om,
sin® Bcos’ B mZ
For the case of non-vanishing stop mixing, see eqg. (3.92), one finds accordingly
2 3 3 2 2
ampzoonn K[ 2 2m MM X g (395)
" sin” fcos” S\ Mgysy  Mgysy 2Mgysy
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In conclusion, although the two-loop corrections to Mﬁi covered by this approach are only
part of the complete two-loop Yukawa corrections, they constitute a finite well-defined
subset that can induce non-negligible mass shifts for the H* boson. Numerical examples
will be given in the following section.

3.5 Numerical analysis for M ,.

In this section we will show a numerical exploration based on some of the analytical results
of the previous sections. We will circumscribe here to the MSSM with real parameters in
order to match with the results implement in our article [1].4*

Higher-order corrected Higgs-boson sector has been implemented and evaluated here both
by using our own Mathematica code and with the help of the Fortran code FEYNHIGGS
(where our higher-order corrections had been implemented). The goal for the precision in
predicting M. in the MSSM should be the prospective experimental resolution or better.
For the LHC no dedicated study has been performed before. At the LC, for M ,. >m, (but
M. < \/5/2) a~ 1.5% precision might be reachable using the tb decay mode [112].

Due to the large number of MSSM parameters, certain benchmark scenarios [11,113,114]
have been used for the interpretation of MSSM Higgs boson searches at LEP, the Tevatron
and the LHC. Since at tree level the Higgs sector of the MSSM with real parameters is
governed by two parameters (in addition to the gauge couplings), the definition of the
benchmarks is usually such that the two tree-level parameters, M, and tan g3, are varied
while the values of all other parameters are fixed at certain benchmark settings. The most
commonly used benchmark scenario for the CP-conserving MSSM has been the “m,"™
scenario”, and we therefore employ it in our analysis.*® While the interpretation of the
discovered Higgs-like state as the light MSSM Higgs boson is compatible with this
scenario only within a strip at relatively low tan f, it should be noted that changing the
stop mixing parameter X, from the “maximal” value of X,/Mg,, ~ 2 to slightly smaller
values (with the other parameters fixed) yields M, ~125GeV over large parts of the

4 In case of consider the cMSSM, it should be taken into account that, in addition to the parameter x and the
A, ’s, complex phases relevant to the Higgs sector enter also via the soft breaking terms M, and M, involved
in the one-loop (and beyond) corrections.

4 We employed in [1] also a scenario where the heavy CP-even Higgs boson is interpreted as the newly
discovered particle at ~ 125 GeV. This scenario is meanwhile excluded via the search for charged Higgs
bosons [119]. It has been replaced by a set of new scenarios [120], but no phenomenological analysis is
available so far.
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parameter space. Consequently, this scenario is expected to provide a good indication of the
possible size of the radiative corrections to M ,. . The scenario is defined as follows:

The m,™ scenario:

The parameters are chosen such that the mass of the light CP-even Higgs boson acquires its
maximum possible values as a function of tan g (for fixed Mg, and m,, and M, set to
its maximum value, M, =1TeV ). This was used in particular to obtain conservative tan g
exclusion bounds at LEP [65]. The parameters are (including the most recent value for m,
[115]):

m, H Musy H M, X, A, Mg

3.96
173.2GeV m, 1000GeV 200GeV 200GeV 2Myo A 0.8Mg,, (3.96)

Mgysy (= Mé =M = MgR ) again denotes the diagonal soft SUSY-breaking parameters in
the t /b mass matrices, see eq. (3.25), that are all chosen to be equal. Mg, and X, in
this scenario correspond to the parameters used to express the m'/M,> corrections as given
in egs. (3.92),(3.95). In order to avoid conflicts with the LHC searches for squarks of the
first and second generation, contrary to the original definition, Mg, should only be
considered to fix the soft SUSY-breaking parameters for the squarks of the third generation,
while the first two generations play a small role for the MSSM Higgs phenomenology. To
fix a value for the squarks of the first two generations, for sake of simplicity, we kept the
value of Mg, , but choosing higher values has a minor impact (see below). The gluino
mass parameter, m;, is in conflict with recent LHC SUSY searches. However, since also
the impact of mj is relatively small, we keep its value at the original definition.

As discussed above, there are also potentially large corrections in the b/b sector,
depending on the value and sign of the parameter x [114]. Consequently, besides
analysing the M, ,. dependence on M, and tan g, we also study the effect of a variation of
u , allowing both an enhancement and a suppression of the bottom Yukawa coupling.
Concerning the m™ benchmark scenario, the A, effects*® are particularly pronounced.

The other MSSM parameters that are not specified above, such as the slepton masses, have
only a minor impact on MSSM Higgs-boson phenomenology. In our numerical analysis
below, we fix them such that all soft SUSY -breaking parameters in the diagonal entries of

4 In order to include higher-order corrections from the (s)bottom sector in the predictions for M,., the
leading tan B -enhanced contribution in the limit of heavy SUSY masses can be expressed in terms of this
quantity A, and resummed to all orders using an effective Lagrangian approach. The corrections obtained in
this way are described and characterized in our publication [1], and thus we include them in this numerical
analysis for completeness.
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the slepton mass matrices are set to Mg, , and the trilinear couplings for all sfermions are
setto A, if not indicated differently for A, (=A,).

For our numerical evaluation the poles of the inverse propagator matrix are determined
numerically. The algorithm for this procedure is the same as the one described in [116]:

«The mass eigenvalues are obtained iteratively. In order to obtain the lightest scalar Higgs
boson mass e.g., in the first iteration the external momentum squared p? in the
renormalised self-energies  is set equal to the lightest scalar tree-level mass squared.
Then, (p2 I-M?2 + (%)) from eq. (3.44) is diagonalized, and the resulting mass eigenvalues
squared are used in the next iteration where p? is set equal to the lightest of the obtained
mass eigenvalues. Once again the mass eigenvalues are obtained. The procedure is repeated
until the deviation between the lightest eigenvalue and the one of the previous iteration is
less than 10-°. The other Higgs mass eigenvalues are derived accordingly.»

3.5.1 One-loop corrections

We start with the analysis of the various one-loop contributions. In figs. 3.7 and 3.8 we
show AM ,. =M . —m,., i.e. the difference between the result with radiative corrections
and the tree-level value, in various approximations. The solid lines are the full one-loop
result including the A, resummation (see [1]). The first approximation to this is shown as
short-dashed lines, where only the contributions from SM fermions and their SUSY
partners (i.e. all squarks and sleptons) are taken into account, still including the A,
corrections. The next step of approximation is shown as dot-dashed lines, where only
corrections from the t/b and T /b sector are included, still with the A, resummation. The
penultimate step of the approximation is to leave out the A, corrections, but using m, (i.e.
including the SM QCD corrections) in the Higgs boson couplings, shown as the long-
dashed lines. The final step in the approximation is to drop the SM QCD corrections, i.e.
replacing m, by the bottom pole mass, m, =4.8GeV, in the Higgs Yukawa couplings,
shown as the dotted lines.
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Figure 3.7. AM . =M . —m_, is shown in the m™ scenario as a function of M, for
41 =100GeV (left) and x4 =1000GeV (right) and tan 8 =40, evaluated at the one-loop
level. We show the full one-loop result including A, corrections (solid lines), the pure SM
fermion/sfermion contribution (short dashed), the t /b contribution (dot-dashed), the t /b
corrections excluding the A, corrections but using m, (long dashed), and the t /b
corrections excluding the A, resummation and using the bottom pole mass, m, (dotted).
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Figure 3.8. AM . =M .—m,. is shown in the m™ scenario as a function of . for
tan B =5 (left) and tan 8 =40 (right) and M, =200 GeV , evaluated at the one-loop level.
The line coding is as in fig. 3.7.

First, in fig. 3.7, we analyse the dependence of M ,. on M, in the m™ scenario. The left
(right) plot of fig. 3.7 shows AM . as a function of M, for tang=40 and
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4 =100(1000) GeV . It should be noted that the very low M, values are by now ruled out
by the LHC heavy MSSM Higgs boson searches [66] for this value of tan . However, in
order to display the full parameter dependence we do not include these bounds here. The
full result (solid lines) yields one-loop corrections between 1.5 GeV and 6.0 GeV for low
M ., becoming smaller for increasing M ,. The still allowed M , values should give one-
loop corrections of O(2 GeV) in this scenario for small x. The f/ f sector (short-dashed)
gives a rather good approximation, better than 0.5 GeV. Going to the t/b/T/b
approximations (dot-dashed) yields a prediction that differs from the full result by up to ~ 2
GeV for low M,. The f/ f corrections besides the ones from third generation squarks are
roughly independent of the Yukawa couplings of the various (s)fermions and are of pure
electroweak type, and can grow as log(M,s, /M, ) [104], and larger masses lead to larger
corrections. Consequently, taking into account only the third generation (s)quark
contribution can yield non-negligible uncertainties in the M ,. prediction. In the next step
the A, corrections are neglected, which are formally beyond the one-loop order, resulting
in the long-dashed lines. The comparison between the dot-dashed and the long-dashed lines
shows that the impact of the A, corrections is small, below ~ 500 MeV for ¢ =100GeV,
but can be larger than 4 GeV for 4 =1000GeV . Finally we consider an approximation
where the SM QCD corrections to the bottom Yukawa coupling are dropped, i.e. m, is
used instead of m,, resulting in the dotted lines. These contributions can be larger than all
other steps of approximations in the region of large tan 8 considered here. Neglecting the
SM QCD corrections in m, shifts AM ,. upwards by more than 10 GeV, depending on the
scenario.

In order to analyse the dependence of the M ,. prediction on x, we show in fig. 3.8
AM, . in the m™ scenario as a function of x for M, =200GeV and tan 5 =5(40) in
the left (right) plot. Again, the large tan g values are by now experimentally excluded by
the LHC heavy MSSM Higgs searches for this value of M, [66], but the two “extreme”
tan 4 values are meant to give an idea about the possible variations. We start with the case
of tan # =5, see the left plot of fig. 3.8. The t/b/t /b corrections neglecting the SM QCD
corrections (dotted line) are nearly symmetric in u«, ranging between —2 and —4 GeV.
Including the SM QCD corrections (long-dashed) has a negligible impact. The same holds
for the A, corrections (dashed-dotted) due to the small value of tan 3, and the two lines lie
on top of each other. Including the full (s)fermion corrections, on the other hand, has a
sizable impact on the result. The contributions from the other s/fermions partially cancel the
t/b/T /b corrections. Including also the non-(s)fermionic contributions yields a total one-
loop effect that stays below ~ -2 GeV.

The results look quite different for tan £ =40 as shown in the right plot of fig. 3.8. For
negative u, the enhancement of the bottom Yukawa coupling can become very strong due
to the large tan g value. In the m™ scenario, x<—-1200GeV yields A, —> -1, i.e. the
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model enters the non-perturbative regime, and no evaluations in the Higgs sector are
possible. Consequently, the corresponding curves in the right plot of fig. 3.8 stop at
1 ~-1100GeV. The pure t/ b/T /b corrections (dotted line) reach 13-16 GeV if they are
evaluated with the bottom pole mass. Including the SM QCD corrections (long-dashed) into
the effective bottom quark mass strongly reduces the effect to the level of 2—4 GeV. In the
next step the A, effects are included (dot-dashed line). Due to A, oc xtan g the inclusion
of A, results in a strong asymmetry of AM, . with a larger correction to M ,. for negative
4 (corresponding to an enhanced bottom Yukawa coupling) and a much smaller correction
for positive u (corresponding to a suppressed bottom Yukawa coupling). Including the full
one-loop corrections the overall correction in the m™ scenario ranges from
AM . 218 GeV for 4 <-1000GeV to AM .. ~0 for x=-+1500GeV .

Ht ™ H

The dependence on tan g is analysed in fig. 3.9. We show AM ,. in the m™ scenario as a
function of tan g for M, =200 GeV and as before for 4 =100(1000) GeV in the left(right)
plot. It should be noted that values of tan 4 around 1 are excluded by LEP Higgs searches
[65], whereas larger values are excluded by LHC Higgs searches for this value of M, [66].
The sign and size of the one-loop correction to M ,. depends strongly on tan g, which
enters the Higgs couplings to (s)fermions as well as the A, corrections. Negative
corrections occur for tan <10, while positive values of AM . are obtained for large
tan B8 values. In the phenomenologically allowed region of tan g the corrections stay
within AM,,. =+2GeV. As in the plots of fig. 3.7, the effect of the non-sfermion sector in
comparison with the f/ f contributions (short-dashed lines) is relatively small and stays
below 0.5 GeV. The Yukawa coupling independent effects (dot-dashed lines) are ~ 2 GeV,
largely independent of tang . The contribution from the A, effects is negligible for
tan 4 <5 and grows with increasing tan /g, reaching several GeV for large tan and
4 =1000GeV . On the other hand, for x=100GeV these corrections stay very small even
for the largest tan 8 values. The biggest effects again can arise from the inclusion of the
SM QCD corrections to m, for tan£=5. Largely independently of the scenario and the
choice for u they reach 5-10 GeV.
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Figure 3.9. AM . =M . —-m_. is shown in the m™ scenario as a function of tan g for
1 =100GeV (left) and £ =1000GeV (right) and M, =200 GeV , evaluated at the one-
loop level. The line coding is as in fig. 3.7.

tanp

Next, in fig. 3.10 we show the dependence on Mg, . The SUSY mass scale (which we
chose to be equal for all sfermions, see above) enters via contributions o log(M s, /M, )
or o« M2 /M2, into the charged Higgs-boson mass prediction [104], where several
competing contributions have been identified. One is proportional to large Yukawa
couplings from the top/bottom sector, while another one stems from the electroweak
couplings of scalar fermions and is similar for all flavors.

In the left plot of fig. 3.10 we show AM . as a function of Mg, in the m™ scenario for
41 =1000GeV, M, =200GeV and tanf=5. One can see that the b/b contributions,
which are influenced strongly by the bottom Yukawa coupling and the A, corrections, do
not play a prominent role as they change AM . only weakly for small tang . The
contributions from the lighter fermions (i.e. neither top nor bottom) and their SUSY
partners, on the other hand, become very important for M., 21000 GeV. Without those
corrections (dot-dashed line) rather large negative contributions to M ,. would occur for
large Mgy, While including these corrections (short dashed line) AM . flattens out for
large Mg, , reaching ~ -1 GeV at Mg, =2000GeV . The corrections from the non-
(s)fermion sector are small and change M ,. by less than about 0.2 GeV. A qualitatively
similar behaviour can be observed for tan g =20, as shown in the right plot of fig. 3.10.
Due to the larger value of tang the b/ b corrections and A, effects are much more
pronounced. The contributions from the (s)fermion sector beyond t/T/b/b are sizable for
Mg,y 21000 GeV. Due to numerical cancellations the full one-loop correction to M2. is
close to zero for this part of the SUSY parameter space. This is in agreement with the right
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plot of fig. 3.9. In summary, for large Mg, especially the corrections from the full
(s)fermion sector have to be taken into account.
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Figure 3.10. AM ,, =M ,. —m,, is shown in the mi® scenario as a function of Mg, for
tan B =5 (left) and tan g =20 (right), M, =200GeV and x=1000GeV, evaluated at
the one-loop level. The line coding is as in fig. 3.7.

We finally analyse the size of the full one-loop corrections in the case of A = A in fig.
3.11. We show the results in the A —A plane for M, =200(120) GeV in the top (bottom)
row and tan g =40(10) in the left(right) column. Again, the “extreme” choices for M, and
tan 2, by now excluded by LHC Higgs searches [66] indicate the range of the possible size
of the corrections. The other parameters are Mg,, =500GeV , x=1000GeV |,
M, =500 GeV .

The color coding in the plots tells the value of AM .. Atsmall tan 3, as can be seen in the
upper right plot, the value of AM . depends mainly on A, i.e. the convention A = A in
the m™ scenario does not have a relevant impact on the M, . evaluation at the one-loop
level for small tan 8. This changes for large tan £ as can be observed in the two left plots
of the figure. The main diagonal corresponds to A = A, and exhibits (for both M, values)
relatively small corrections up to ~ 3 GeV. The other extreme, A =—A,, on the other hand,
yields much larger corrections, exceeding AM,,. =10GeV for large | A |. Consequently, a
full one-loop calculation, allowing for different values of A and A, is crucial for a precise
M. ,. evaluation.
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Figure 3.11. The size of the full one-loop correction AM .. :=M . —m,. is shown in the

A —A plane for M, =200(120) GeV in the top (bottom) row and tan 8 =40(10) in the
left (right) column. The other parameters are Mg, =500GeV , £ =1000GeV |,
M, =500 GeV .

3.5.2 Two-loop corrections

As discussed before, in order to reach a sufficient accuracy leading two-loop corrections to
M,,. should be included. Consequently we review here some of the results as given in [1].
These two-loop corrections are of O(¢,c,) . In the plots we denote “2-loop” as the full one-
loop corrections supplemented by these O(e,ex,) contributions, see sect. 3.3.4. In our
numerical analysis we concentrate on cases where on the one hand the full one-loop
contribution to M2. is sizable, and on the other hand the O(m;'/M;) corrections yield a
relatively good approximation to the full one-loop result. For these cases it can be expected
that the O(,,) two-loop corrections also constitute a substantial part of the full two-loop
contributions.
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The focus in [1] was on relatively low tan g, since it is known that at large tan g the
bottom/sbottom one-loop corrections are sizable (see the previous subsection) and the
O(«,c,) terms cannot be expected to capture a leading piece of the two-loop contributions.
As can be seen in egs. (3.93),(3.92), the O(m'/M,>) terms going ~ x are enhanced with
tan . Therefore we review the two-loop O(e,e,) corrections as a function of x. We
furthermore set M, =200GeV , which allows relatively large absolute higher-order
corrections. The chosen parameters are thus mostly in agreement with the LHC heavy
MSSM Higgs searches (and we will not address this issue in the rest of this subsection).

In the left plot of fig. 3.12 we show AM_.:=M_,.-m, in the my™ scenario for
M, =200GeV and tanf =5, as a function of x for My, =1000GeV . These are the
same values implemented in the left plot of fig. 3.8, but now including the two-loop
O(e,ar,) corrections (shown as the blue/dark gray solid line) from our article [1]. Also
shown are the corresponding one-loop results of O(m/M.;) (dashed line), the full one-
loop corrections (red/light gray solid line) and the difference between the two-loop and the
full one-loop result (dot-dashed line). One finds that the full one-loop corrections are well
approximated by the O(m*/M}) term. The corresponding two-loop corrections modify the
full one-loop result by up to ~ 1 GeV for | 1£|~1500 GeV, i.e. the O(e,ex,) corrections can
be sizable in this case (where our plot stops).
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Figure 3.12. AM . :=M . -m, . and MZ°®—M:" are shown for M, = 200 GeV and
tan 3 =5, as a function of x4 for M, =1000GeV in the left plot, and as a function of
Mgysy fOr £=1000GeV in right plot. M, . is evaluated at the two-loop level (blue/dark
gray solid). Also shown are the corresponding one-loop results of O(m;/M?) (dashed),
the full one-loop corrections (red/light gray solid) and the difference between the two-loop
and the full one-loop result (dot-dashed).
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In the right plot of fig. 3.12, AM ,. is shown as a function of Mg, , in analogy to the left
plot of fig. 3.10, but again with the addition of the two-loop contributions as in [1]. We
show the results for tan £ =5 in the m™ scenario (i.e. X, =2Mg,s, and m; =0.8Mgq, ),
as a function of M, for £=1000GeV and M, =200GeV. The m//M. corrections
approximate the full one-loop results fairly well. The largest deviations occur for large
values of Mg, , where the other (s)fermion sectors become more relevant, see the
discussion on fig. 3.10. For M, =400GeV, the lowest value in our analysis, the two-
loop O(e,cx,) corrections amount up to ~ 1 GeV. For large Mg, this correction goes
down nearly to zero.

Our analysis in the m;™ scenario is completed in fig. 3.13, where Mg, =500GeV is
used, but somewnhat larger tan # values were chosen. We show AM . for tan 5 =10 and
M, =200GeV in the left plot. The result look qualitatively similar to the case of tan =5:
the m//M} approximation works well for the full one-loop result. The two-loop
corrections go up to ~ 2 GeV for large values of | x|.
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Figure 3.13. AM, . =M . —m, . and M2°®—M '’ are shown for tan 8 =10 (left plot)
and tan g =20 (right plot), M, =200GeV and Mg, =500GeV as a function of 4 in
the m™ scenario. M . is evaluated at the two-loop level (blue/dark gray solid). Also
shown are the corresponding one-loop results of O(m'/ M) (dashed), the full one-loop
corrections (red/light gray solid) and the difference between the two-loop and the full one-
loop result (dot-dashed).

In the right plot in fig. 3.13, tanf# =20 is used. For large negative values of u ,
1 =—1200GeV , the corrections become so large that an evaluation of the loop corrections
to M ,. was not possible anymore (as was observed already in fig. 3.8). For negative u the
O(m'/M_) corrections also start to deviate substantially from the full one-loop result, and
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the corresponding two-loop corrections cannot be expected to yield a good approximation
to the full two-loop result in the region of relatively large negative x . For large and
positive x, however, the m* /M approximation works very well, so that in this region the
O(e,a,) corrections can be expected to provide a reasonable approximation of the full two-

loop corrections. For x=+1500GeV the two-loop corrections again are sizable and
amount up to ~ 2-3 GeV.
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CHAPTER 4

NMSSM Higgs masses

The measured mass value of the observed Higgs signal at the LHC has already reached the
level of a precision observable, with an experimental accuracy of better than 300 MeV
[121], and by itself provides an important test for the predictions of models of electroweak
symmetry breaking. In the MSSM, we saw that the masses of the Higgs bosons can be
predicted at lowest order in terms of two SUSY parameters characterizing the MSSM
Higgs sector, e.g. tan g (the ratio of the vacuum expectation values of the two doublets)
and the mass of the CP-odd Higgs boson, M, or the charged Higgs boson, M .. These
relations, who in particular give rise to a tree-level upper bound on the mass of the light
CP-even Higgs boson given by the Z-boson mass, receive large corrections from higher-
order contributions. In the NMSSM,*’ the corresponding predictions are modified both at
tree-level and the loop-level. In order to fully exploit the precision of the experimental mass
value for constraining the available parameter space of the considered models, the
theoretical predictions should have an accuracy that ideally is at the same level or even
better than the one of the experimental value. The theoretical uncertainty, on the other hand,
is composed of two sources, the parametric and the intrinsic uncertainty; the ones induced
by the parametric errors of the input parameters are dominated by the experimental error of
the top-quark mass, where the latter needs to include the systematic uncertainty from
relating the measured mass parameter to a theoretically well-defined quantity [122].
However, the largest theoretical uncertainty at present arises from unknown higher-order
corrections.

Within the NMSSM, beyond the one-loop results (see [116,123]) several codes exist that
calculate the Higgs masses in the pure DR scheme with different contributions at higher-
order. Amongst these codes, SPHENO [124,125] incorporates the most complete results at
the two-loop level, including SUSY-QCD contributions from the fermion/sfermions of
O(a,a,, ., , as well as pure fermion/sfermion contributions of O(e, &/, &’ .,
and mixed contributions from the latter and the Higgs/higgsino sectors of O(a, ¢, o, ) -
The included Higgs/higgsino contributions are genuine to the NMSSM: they are
proportional to the NMSSM parameters 22 =4z -«a, and x> =4x-a, (see sect. 2.3 for
definitions of A and x parameters). The tool SorTSUSY [126] includes NMSSM

47 See sect. 2.3 for an introduction to the model.
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corrections of O(«,ar,) and O(e,cr,) supplemented by certain MSSM corrections.
NMSSMCALC [127,128] provides the option to perform the NMSSM Higgs mass
calculation up to O(a,«,) with the DR Renormalisation scheme applied to the top/stop
sector, while in the electroweak sector at one-loop order on-shell conditions are used.
Beyond the pure DR scheme, so far only the code NMSSMCALC provides a prediction in
a mixed OS/DR scheme, where genuine two-loop contributions in the NMSSM up to
O(e, ;) have been incorporated. The resummation of logarithmic contributions beyond
the two-loop level is not included so far in any of the public codes for Higgs-mass
predictions in the NMSSM. Accordingly, at present the theoretical uncertainties from
unknown higher-order corrections in the NMSSM are expected to be still larger than for the
MSSM.

We perform here a full one-loop calculation of the Higgs-boson masses in the NMSSM,
where the Renormalisation scheme and all parameters and conventions are chosen such that
the well-known MSSM result of FEYNHIGGS [13-18] is obtained for the MSSM limit of the
NMSSM. In order to complement the picture, we supplement the full one-loop result in the
NMSSM by briefly mentioning the incorporation of all leading two-loop corrections of
MSSM-type that are implemented in FEYNHIGGS, as have been obtained and discussed in
our article [2], which are necessary to reach a better precision.*® From our numerical
evaluation, the full one-loop result in the NMSSM can be used to assess the quality of this
approximation at the two-loop level. For a SM-like Higgs boson that is compatible with the
detected signal at about 125 GeV, the approximation works indeed very well. We apply our
results to one phenomenologically interesting scenario, and review the corresponding
results for the CP-even Higgs boson masses. We also compare our predictions with the
result in the MSSM limit. For the sectors that are identical for the calculation within the
MSSM, the conventions as implemented in FEYNHIGGS are used in this chapter, as
described in [15]. For the quantities genuine to the NMSSM, the details we developed here
can be complemented, e.g., by the discussion from [19]. Several of our results shown in this
chapter have been published in [2] and [129].

4 In our article [2], a further comparison with the code NMSSMCALC can be found, where it is confirmed
that the approximation in terms of MSSM-type contributions at the two-loop level induces an uncertainty that
is numerically small if 2 <Y,, and that the approximation works best for the MSSM-like (doublet-like) fields,
where the deviations stay below the level of 1 GeV even for the highest possible values of 4 and in regions
with a large admixture between double- and singlet-like states.
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4.1 The relevant NMSSM sectors

The introduction of a singlet superfield alters both the Higgs and the neutralino sectors of
the theory with respect to the MSSM. We give in this section a comprehensive detail of the
main features of the NMSSM Higgs sector, and we also mention briefly the ones which are
new for the neutralinos. In addition, we introduce the chargino mass matrix (which is the
same as for the MSSM) and its rotation to physical states, because it will be relevant for our
Renormalisation procedure for the  parameter.

4.1.1 Higgs sector

From the superpotential introduced in sect. 2.3, the terms in the Lagrangian that involve
only Higgs fields define the Higgs potential V,j5:>>" , which can be written in powers of
the fields,

VSt =2 HY - H, +m2 Hy - H, +mZ S+ 2[S P (H] -Hy +Hj - H,)

Higgs
+|AepHiHY —xS? P —2Re (A A, S g ,HiHY -1k A S®)
+3(9 +97) (Hi -H —H; - H, ) +3 07 [Hy - H, [ (4.1)
=const.—T, 4 —T, & -T, & +3 (4.6, 4)ML, (.6, 6)
+3 (0 2 X IM, (200 26 ) + (B 8 )M (& )T+

Where the coefficients linear in the fields are the “tadpoles” T, _and the bilinear in the
fields are the mass matrices M, , M, and M., H, H, and S are the scalar
components of the Higgs doublet and singlet superfields introduced in egs. (2.5),(2.6), who
can be decomposed into CP-even and CP-odd neutral scalars ¢, and y, , 5, respectively,
and charged states ¢, ,*

H, = [Ul +%(¢1 —ix)
—4

L, +%(¢2 +iy,)

j : sz( %2 j . S=vs+5(gs +iys) (42)

with the real vacuum expectation values for the doublet- and the singlet-fields, v, , and v .

49 We follow in this section the sign convention as in [15] for the doublets, see tab. 3.1.
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The potential (4.1) of the CP-conserving NMSSM contains additional dimensionless
parameters 4 and x compared to the MSSM, while an explicit x -term is absent. This
term is effectively generated via the vacuum expectation-value of the singlet field:>°

U= AU (4.3)

As in the MSSM, it is convenient to define
tanp="2 L= +0; . (4.4)

Tadpoles coefficients
T, = —\/Eu(rﬁfcﬁ +302(02 + 93)C,C,, — uBs, + APv?S5C )
T, =—~20(iZs, — 202(Q2 + 2)S,C,, — BC, + 120?S,C3)

_—\/_u{ m2 + Av(u — (Ku + B)s cﬁ)+ Kyt? (2K,U+ A()} (4.5)

where M/ =m? + % and M =m? + 4. In order to reproduce the MSSM in the appropriate
limit (see sect. 5.2), we’ve also defined

B=A +Ku . (4.6)
Bilinear contributions

For the mass matrices, we express them here discriminating between the MSSM-like part
and the genuine NMSSM contribution proportional to A and/or A*:

fﬁf +%Uz(g12 +922)(1"'202,/3) _%Uz(gf +g§)82ﬂ —uB 0
M, = * m; +40%(gy +9;)1-2c,,) 0
* * Mg +25 u(A +3% 1)
00 2ue, (B 5 kS, o8y 0| [y m
+Av|* 0 2,usﬂ—(B+%,u)Cﬁ, +(A)? = ¢ 0 =+ m, MS
* % 0 * * 1_%52ﬂ * * ¢S¢S

50 See sect. 5.2 for a detailed discussion.
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7+ 10702 + 92, B 0
Mjmc = * rﬁzz _%02(912 + g22)C2ﬂ 0
* * m; +2§y(—AK +3§y)
2 2 2 2
00 - Sp Sp 0 0 nn Mo Ma
+/10(B—3%,u) * 0 ¢ +(Av)?| * C; 0 =| =* }2(212 mizS
* % 0 koK 1+§525 * * m;zrszs
M2 = n~112+%1)2(g12C2ﬂ+g§) _%0292232/3_,”8
’e * mg—%uz(gfczﬂ_gzz)
0 1) (m2, m?,
s, ][ 2 j @
* 0 m¢£¢f m¢£¢z+

The *’s mean that the matrices are symmetrical. Now we invert (4.5) in order to change
variables m/, m> and mZ in function to the tadpoles:

2 1 2 2 2 -F¢l
? :_ECZﬁMZ + 4Bt ; — % (Av) P
B
1 T,
mi =—-C,,M7 +B/t, —c;(lv)> ——*= (4.8)
2 Sy
k B K K AL =
m2 = (A0)?| S,Chl —+— |-1|—— +2—pu|-——T
R AN O
where we have use (CC), and with the “normalized tadpoles” defined as
T, =4 i=12,S . (4.9)

% 20 !

In term of the tadpoles, the mass matrices read

CoMZ+simy —s,C, (M7 +mj) 0
M2, = * s;M7 +cimy 0
* * Eu(A +4%
T A+ 45 1)
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0 s,,Av 2Cﬂ,u—3ﬁ.(B+§,u) \ZSSH 0
Tadpole
+aolx 0 2s,u-c,(B+Ep) |+ ’ 0
A K AL F
* * sc, M ((B-K 0 0 |—-2=T
pep ﬂ( ;Lﬂ) >
MAS;  —MaS,Cy 0
M2 =| = MAC; 0
_ K
* * SATH
00 _Sﬁ(B_3%'u) M| 2:MSSM 0
Tadpole
+aolx 0, (B-3Ku) |+ ’ 0
AU _AvT
* ok S,BC/);T(B“FS%,U) 0 0 7 T¢s
2 _ 2 2 2 S,i’ _Sﬂc/} 2,MSSM
M, . =(my + M, —(1v)7) + Moo (4.10)
4 " C; adpole
with
_(c,1+s%2) s _ (—5,C? cs
, _ B 8 B BB B
M‘?’a'(\j/lps(ﬁt/l =_T¢1[ * —SZC }_T%( % S (1+C2)] (411)
il B B

and where in analogy with the MSSM we have defined (see eq. (3.20))

3 _ 3
m2 = S 4 . (4.12)

Again, the lower triangles in these matrices filled with the transposed matrix elements. In
(4.10) the third rows and columns depend explicitly on «. The numerical value of # has
an important impact on the singlet admixture after performing the rotation into the mass
eigenstate basis. For instance, for values of x large enough that

| (M%) le>>[(MG)is|, =12 (4.13)

the mass of the singlet becomes decoupled from the doublet masses.
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Diagonalization

The mixing into the eigenstates of mass and CP can be described at lowest order by the
following unitary transformations:

h, ¢ A Y41 H gt
h, |= Ue(O) ?, ' A = Uo(o) X2 ' (Gf j = Uc(O) (;J (4.14)
h, 8 G Xs ?
M = Ueoy My Ueq) Mise = Uso) M2 Yoo Miis: = Udo Mgy Uego)
= diag{mZ ,m{ ,m{ } ’ = diag{mz ,m ,0} ’ = diag{m4. ,0}

3 2
INMSSM _ _ _ 1 2h2 . 1 2 A2 2 -
Vv \(bmmeal_ T,h—T, h, Th3h3+2;mhihi +3 M A7+ MR HH®

Higgs
j=1

The matrices U, 4, transform the Higgs fields such that the mass matrices are
diagonalised at tree level. The new fields correspond to the five neutral Higgs bosons h,
and A, , the charged pair H*, and the Goldstone bosons G” and G*. The U, matrix can
be parametrized in the form

—-S C
Uy = ( & ﬂ (4.15)
Co  Sp

The angle g, is actually equal to £,

MZ

H iGi

(mf\ + M2 — (Av)? oj .16

* 0

Tm =0 =

c

but naming it differently and replacing it with g just at the end of the calculation allow us
to perform the charged Higgs sector Renormalisation in physical basis, i.e. by doing just

M2, . =P -0,M2

G=H* PHVIGHH*

Ty, =0 (4.17)

C

instead of as in (VV). From (4.16) we identify the expression for the quantity mli the
charged Higgs mass at tree-level:

m?. =mj +My —(Av)? (4.18)
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from where we recover the MSSM result from the last line of (EE) in the limit 2 — 0. Note,
however, that in (4.18) the quantity m2 does not correspond to the tree-level mass of any
particle, but it is just the combination of parameters defined in (4.12). Without replacing g,
by £, for the upper left element of the matrix in (4.16) we get

m?. (B.) =c;_, (M + My, —(A0)?)
+55_5, (28585, +C4S5,5 )T, —(2€5C, +545,.,)T,) (4.19)

which is the expression we will use for the Renormalisation procedure in order to obtain
am’. by doing &P -9 m’. , as explained in (4.17).

x=ViPc

4.1.2 Neutralinos

The singlino S, is the superpartner of the scalar singlet. It mixes with the wino B, the
neutral bino W and the higgsinos le, giving rise to a total of five neutralinos 7 . The
corresponding 5x5 mass-matrix in the gauge basis {B WS, Hl, HZ,S} reads

M, 0 -Mgs,c, M;s,s, 0
* M, M,cc, -M,c,s, 0

Y=| * * 0 - U —M)Sﬂ (4.20)
* * * 0 —/M)Cﬁ
* * * * 2% u

This matrix is diagonalised by a unitary matrix
D,=N"YN'= dlag{milo,mfg,mig,mﬁ,mig} (4.21)
Also in eq. (4.20) u can have a significant influence on the mixing between the singlino

and the doublet higgsino fields. For instance, for sufficiently large values of u or
sufficiently small values of A4 such that

[ (Va5 [>>[(Y)is|  1=34 (4.22)

the singlino mass decouples from the masses of higgsinos and gauginos.
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4.1.3 Charginos

Since the NMSSM does not add new charged fields with respect to de MSSM, the chargino
sector is the same in both models. We introduce this sector here and not in the previous
chapter, however, because a Renormalisation condition for the x parameter is needed for
the NMSSM Higgs sector, and for sake of simplicity we choose to implement it from the
chargino sector, as we will show in egs. (4.50),(4.51).

The mass eigenstates of the charginos can be determined from the matrix

(M, Vesm,
[ ) wz

The rotation to the chargino mass eigenstates is done by transforming the original wino and
higgsino fields with the help of two unitary 2x2 matrices U and V,>!

) B e

These rotations lead to the diagonal mass matrix

My O UXVrT 4.25
0 m. | (4.25)

X2
From this relation, it becomes clear that the chargino masses m:. and m.. can be
determined as the (real and positive) singular values of X. The smgular value
decomposition of X also yields results for U and V.

4.2 Expressions for the pole mass evaluation

Again, the masses of the Higgs bosons are obtained using diagrammatic methods. The
masses of the CP-even Higgs bosons are obtained by determining the complex poles of the
full propagator matrix. The inverse propagator is a 3x 3 matrix that reads

1 The symmetry of Y in (4.20) permits the non-trivial condition of using only one matrix N for its
diagonalization. This is not the case for the chargino sector, thus two matrixes U,V are needed.
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AH(p?) =i(P? Ls — M, +2,,(p?)) (4.26)

Here M?w again denotes the mass matrix of the Higgs fields at tree level, and iw is the
matrix with their corresponding renormalised self-energy corrections, which at one-loop
level are obtain as

S(P) =2 (p?)+(5,,P? —MZ) L(Z, +Z,) —An3, . (4.27)
6Z¢1 =ézl1 =6Z¢f =5ZH1
Z. = =& .= 5 -t asb

#2 X2 ¢ H, ! ab 0 ’ aib*

éz¢s = ézls = ézs

The three complex poles of the propagator in the CP-even Higgs sector consist of the
masses M, and the total widths I, , and are given by the values of the external
momentum for which the determinant of the inverse propagator-matrix vanishes:

!
detAl(p?=MZ —iM, I},)=0 , =123 (4.28)

The real parts of the three poles are identified with the square of the Higgs-boson masses.
The renormalised self-energy matrix im is evaluated by taking into account the full
contributions from the NMSSM at one-loop order, and also the dominant two-loop
contribution can be added from the MSSM result as an approximation [2]:

MSSM

A A NMSSM A
So(P) =P +267(p%) (4.29)

p*=0

It includes the MSSM contributions of O(ee,, e, ) at vanishing external
momentum®?, and the resummation of leading and subleading logarithms induced by heavy
SUSY particles from the top/scalar-top sector, taken over directly from the MSSM version
of FEYNHIGGs. Identical procedure is performed for the CP-odd Higgs sector.

52 In the public version of FEYNHIGGS for the NMSSM, also the recent results for momentum-dependent two-
loop contributions in the MSSM of [97,98] will be implemented.
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4.2.1 Renormalisation scheme

In order to derive the counterterms entering the one-loop corrections to the Higgs-boson
masses, the independent parameters appearing in the linear and bilinear terms of the Higgs
potential in eg. (4.1) and also the gauge sector have to be renormalised. The set of
independent input parameters from the Higgs sector used for the presented calculation is
formed by

MSSM - like : T, u,Mi tanf, M§ , M2

genuine NMSSM : T, K. A, A 0=V} +V? (4.30)
Here T, denotes the tadpole coefficient for the field ¢, (as indicated by the subscript) in the
mass eigenstate basis. Parameters that do not enter the MSSM calculation are considered as
genuine of the calculation in the NMSSM. Although the vacuum expectation value v is not
a parameter genuine to the NMSSM, its appearance as an independent parameter is a
specific feature of the NMSSM Higgs mass calculation, see below.

In order to facilitate the incorporation of the MSSM-like two-loop contributions from
FEYNHIGGS, the Renormalisation scheme chosen for the NMSSM contributions closely
follows the FEYNHIGGS conventions, and accordingly the stop masses are renormalised on-
shell. We choose to renormalise the tadpoles to zero at all orders of perturbation theory.
Rather than choosing the gauge couplings and the soft-breaking parameter A, as input
parameters, the gauge-boson masses M,, , M, and the charged Higgs mass M . were
chosen as independent parameters. The following Renormalisation schemes are chosen:

on-shell: My M, , M.

DR: A,k A tanfB, u,v (431)
For all parameters appearing only in the NMSSM-calculation, besides the additional
tadpole coefficient, a DR -scheme is applied. This is a difference to the calculations
performed in [116,123,127,128], where the electric charge e is renormalised instead of the
parameter o . Since the vacuum expectation value o is directly related to the
electromagnetic coupling constant charge e, a reparametrisation for the electric charge e is
necessary in order to use a given numerical value for the electromagnetic coupling constant.
In the following the value for e derived from Fermi’s constant is used, which is the
parametrisation that was chosen for the results that are implemented in FEYNHIGGS. These
two parameters are related to each other by
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2 2
u=m — U(1+5—Uj:u 141 éM;’V +&—2W—262e (4.32)
v 2\ My, s,
with the Renormalisation constants for the W-boson mass, oM. , the sine of the weak
mixing angle, &, where si, =1—-MZ /M2, and the electric charge renormalised as

e > e(l+Z,) (4.33)

Considering oM and & already fixed by on-shell conditions for the gauge-boson
masses [15], either 6Z, or dv in eq. (4.32) can be fixed by an independent Renormalisation
condition (and the other counterterm is then a dependent quantity). The Renormalisation
prescription, where &Z, is fixed by renormalizing e in the static limit, results in a non- DR
Renormalisation for 6v . For the self-energies in the Higgs sector dv enters the
counterterms for the renormalised Higgs potential,

INMSSM INMSSM NMSSM
VHiggs - VHiggs + éVHiggs (434)

with coefficients involving A4 and «, like

(2)
O gy s S — xusin 3,008 B0 +-) (4.35)
s, $0 Imo$n =0

for the self-energies with each an external doublet and singlet field. The ellipsis in eq. (4.35)
denote other Renormalisation constants that are fixed in the DR -scheme and thus do not
contribute with a finite part. However, a finite contribution from v would lead to a « -
dependence of all loop contributions entering via dv , in particular also of the corrections
from the fermions and sfermions (while the fermion and sfermion contributions to the
unrenormalised self-energy are « -independent). A finite contribution from dv would
furthermore imply the rather artificial feature that a self-energy involving an external gauge
singlet field would receive a counterterm contribution involving the Renormalisation
constant 6Z, for the electric charge. We therefore prefer to use the DR -scheme for the
Renormalisation of v, which means that we use a scheme where &Z, is a dependent
counterterm. This leads to the relation

2 2 2
573 = %{? + é"\;/';v o } (4.36)
w 1%

which implies

116



dep
e

] 2 2 fin
i = 1 — + dvl;N (437)
2 sy My

for the finite part of 6Z2%. In this scheme the numerical value for the electric charge e (and
accordingly for the electromagnetic coupling constant « ) is determined indirectly via eq.
(4.37). In order to avoid a non-standard numerical value for « in our numerical results, we
apply a two-step procedure: in the first step we apply a DR Renormalisation for v as
outlined above. As a second step we then reparametrise this result in terms of a suitably
chosen expression for « . By default we use the same convention as for the MSSM result
implemented in FEYNHIGGS, namely the expression for the electric charge in terms of the
Fermi constant G, in order to facilitate the comparison between the FEYNHIGGS result in
the MSSM and our new result for the NMSSM. Taking the MSSM-limit of our new
NMSSM result, the MSSM result as implemented is recovered, since the described
calculational differences are genuine NMSSM effects that vanish in this limit. See also the
discussion in section 4.2.3.

4.2.2 Renormalisation conditions

As specified in (4.31), we impose for the masses of W and Z bosons and of the charged
Higgs boson H* an on-shell Renormalisation. This means that we set the finite part of the
counterterms in such a way that the radiative corrected expressions for the masses of those
particles remain equal to the corresponding tree-level expressions. By doing this, those
tree-level masses, which are chosen as input parameters (see (4.30)), match with the
experimental mass values even at higher order.

Similar to the egs. (4.26) and (4.28), the one-loop corrected expressions m®® in these cases
remain equal to their tree-level expression m if the finite part of the one-loop self-energy
3 evaluated in p? =m? are set to zero. In turn, similar to (4.27) it can be seen that this
condition on £V translates into the condition on (the finite part of) om?:

$M)=0 < m™=m < dn’=ReI(m’) (4.38)

Then, the following conditions are set for the W, Z and H* mass counterterms:

omz, =ReX .. ..(Mm2.)
M2 =ReX,,, (M2) (4.39)
M7 =ReX; (M7)
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Additionally,

_ T

ST, =% | i=12,$ 4.40
b o (4.40)

where T are the 1-loop radiative contributions to the tadpole of ¢,.

The rest of the quantities are renormalised them in the DR scheme, see (4.31). For t, we
do

t, —> t,+5t, . (4.41)

On the other hand, as for the MSSM we assign one field Renormalisation constant for each
Higgs doublet and one for the singlet,

H—>@Q+302,)H, , H,>@Q+38,)H, , S—>@1+3)S (4.42)
so that the Renormalisation for the vev’s is done in the following way:

[Ul + % (4 —ix)

N (1+%éZH1 )(U1 + 00, "‘%@1 - iZl)]

-4 -4
¢ ¢
. - (+i0z,) .
(Uz + %(% +ix,) 2 vy v, + %(% +ix,)
Us +%(¢s +iys) — (1+%5Zs) (v + vy +%(¢s +ixs)) (4.43)
Therefore,
v > (+36Z, )V +0;) =0+, +1Z, v, +0(5%) =, +6u
— ou g ic12s (4.44)
L, v, 2
where
Su,=68(c,) , Suv,=8(s,) , Svs=8(ulld) | (4.45)

Then, by using the definition t, = v, /v, we get

118



St, Suv, o
y _0v, Sy _ v, +%(5sz ~Z,) (4.46)

t v, v v, Uy

We will show in the sect. 4.3.2 how at one-loop level and tacking into account only
(s)fermion contributions it must be

div div
dv~ _ o,

O U,

(4.47)

The validity of (4.47) for the full (i.e. all-sector contributions) one-loop result, in the case
of t, renormalised in a DR scheme, can be found in [81,82,130]. Then we get

5t5§ 1
tﬁ :E(ész _5ZH1) (4.48)
B

In a similar way, du can be related with the vev’s counterterms by using the fact that
=ul A=puvl A = puJul +02 1A :

Su,_au ol o
vs M v A
(4.49)
%z%—czﬁ 525UZ+ (625 —ChoZy —SpALy, )+§i
U U v L, A

where v, =uc, and v, = s, have been used. As we mentioned in sect. 4.1.3, we impose a
DR Renormalisation condition on z, implemented from the chargino sector. By solving
an.. =(USXVT); (i =12)for qu and oM, , it follows that

1
5 = X U V &n~+ —U V &n~+ 450
8 U11U22V11V22_U12U21V12V21 ( e 2152170 7 ( )

+ U11U 21(\/12\/21 _Vll\/zz)[é‘(\/zsp’MW )]div +V11V21(U12U21 - U11U 22)[5(\/§CﬂMW )]div)

where we use the short-hand notation U; = (U);,V;; = (V); for the elements of the rotating
matrixes defined in sect. 4.1.3. The DR condition on du is implemented by fixing the
chargino mass counterterms in the following way:

— v _ 1 iv
ANz =ReX, . (M)W =Re[3 My, (Cgze (M) + 205 (MED) + 225 (ME)I™ - (4.50)
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where the superscripts stand for the decomposition of the self-energies into left- and right-
handed vector and scalar coefficients (see more details e.g. in [131]).

Finally, differentiating eq. (4.27) with respect to the external momentum we obtain the
conditions for these field counterterms renormalised as DR quantities:

éZH Zdlv (_ _a Zdlv

1 X1x

|
52 a Zdlv (__a Zdlv)

X2X2

Zy=0,, 58 (=-0,,29 (4.52)

XsXs

4.2.3 Electromagnetic coupling reparametrisation

We need to link the Renormalisation condition (4.36), which defines the parameter e in our
treatment, with the experimental value of the electric charge (or, equivalently, the Fermi
constant G. ) in the Thomson limit. The couplings g' and g" in two different
Renormalisation schemes are in general related to each other by

g'(1+éZ§',): g" (1+éZg") (4.53)

because of the equality of the bare couplings. The corresponding shift in the numerical
values of the coupling definitions is obtained from the finite difference of the two
counterterms, A, =g"&Z; —g'6Z,. Accordingly, a reparametrisation from the numerical
value of the coupling used in scheme | to the one of scheme Il can be performed via

g' =g" +A, (4.54)

Since A, is of one-loop order, its insertion into a tree-level expression generates a term of
one-loop order, etc.

In our calculation the reparametrisation of the electromagnetic coupling is only necessary
up to the one-loop level, since all corrections of two-loop and higher order that we are
going to incorporate have been obtained in the gauge-less limit (some care is necessary
regarding the incorporation of the MSSM-type contributions of O(e;), see [89]). At this
order the shift A, can simply be expressed as A, =g" (6, —&Z,) . Specifically, for the
reparametrisation of the electromagnetic coupling constant G. the parameter shift Ag_
reads
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Ao, =(Z, — 6L — L ArMSMy (4.55)

Here oZ, is the counterterm of the charge Renormalisation within the NMSSM according
to the static (Thomson) limit,

1 27, (0)
o ==T1"(0) + tan kt
=3O+ tang, =25

(4.56)

and I17(0), =¥ (0) are the derivative of the transverse part of the photon self-energy and
the transverse part of the photon-Z self-energy at zero momentum transfer, respectively.
The counterterm o6ZS*® has been defined in eq. (4.36), and for the quantity Ar™*" we use
the result of [132]. The numerical value for the electromagnetic coupling e in this
parametrisation _is obtained from the Fermi constant in the wusual way as
e= ZMWsz/GF\/E .

4.3 Dominant and full contributions at one-loop order

As explained above, we will supplement our full one-loop result with all available
higher-order contributions of MSSM type. In order to validate this approximation, we
analyse at the one-loop level the size of genuine NMSSM corrections w.r.t. the MSSM-like
contributions.

Since the corrections from the top/stop sector are usually the by far dominant ones, we start
with a qualitative discussion of those contributions before we perform a numerical analysis
in the following section. In the MSSM the leading corrections from the top/stop sector are
commonly denoted as O(e,) , indicating the occurrence of two Yukawa couplings Y,. In the
limit where all other masses of the SM particles and the external momentum are neglected
compared to the top-quark mass, for dimensional reasons the correction to the squared
Higgs boson mass furthermore receives a contribution proportional to m’. This gives rise
to the well-known coefficient G.m" of the leading one-loop contributions. In the NMSSM
the formally leading contributions either are of O(Y,?) (involving two Yukawa couplings),
of O(AY,) (involving one Yukawa coupling) or of O(4?) (involving no Yukawa coupling).
The various contributions from the top/stop sector are summarized in tab. 4.1. The
contributions in the second column are the ones of MSSM-type, while the entries in the
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third through fifth column represent the genuine NMSSM corrections, involving only scalar
tops.>

1) | @2,12)  (1,9) (2,5) (s,5)
order O(Y?) 00, 00y 00
fields top/stop stop stop stop
T SN ST
I R VS VI
topologies

Table 4.1: Topologies and their order in terms of the couplings in the top/stop sector that
contribute to the self-energies of the CP-even fields ¢, at one-loop order in the gauge-less
limit. The numbers 1 and 2 denote the doublet-states as external fields, while s denotes an
external singlet. The internal lines depict either a top (solid) or a scalar top (dashed).

For the doublet fields, the couplings between the Higgs and stop fields in the gauge-less
limit are proportional to the top quark Yukawa coupling,

T, =IV2Y (A (G)+m - (D)) T =iV2Yu-cl(6)  (457)
while the corresponding coupling for the singlet field reads
iT, oo =iV22(Ut)m ¢ (6,) (4.58)
The non-vanishing quartic Higgs—stop couplings read

iT, o =-iY?.5, , il st = IAY, i (6;) (4.59)
Here functions of the mixing angle of the stop-sector, 6., are denoted by c¢ with the
appropriate indices and superscripts for the involved fields. These functions ¢ can never be
larger than 1. In the singlet-stop coupling we have explicitly spelled out a factor
AuY, = Am, cot 8 to highlight the appearance of the factor m, in eq. (4.58) instead of the
usual factor m, /M, ~Y, in eq. (4.57).

The genuine NMSSM couplings of a singlet to stops are seen to follow the pattern
mentioned above, i.e. they give rise to contributions of O(A4Y,) (third and fourth column in

53 We discuss here only the Higgs boson self-energies. However, the same line of argument can be made for
the tadpole contributions.
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tab. 4.1) or O(#) (fifth column), whereas the MSSM-like contributions are of O(Y,?)
(second column). Those different patterns do not only indicate a distinction between the
MSSM-like and the genuine NMSSM contributions, but also give rise to a significant
numerical suppression®* of the genuine NMSSM contributions w.r.t. the MSSM-like ones
for A <Y,. As mentioned before, if one demands validity of perturbation theory up to the
GUT scale, this relation is always fulfilled, since then 4 and x are bound from above by
eq. (2.8), so that 1 <0.7, where the largest values are only allowed for vanishing «. The
size of the genuine NMSSM contributions will be discussed numerically in the following
sections.

We deduce in sect. 4.3.1 the generic mass counterterms expressions for the neutral and
charged Higgs sectors, in terms of the on-shell and DR counterterms of the input
parameters as specified in (4.31). Explicit results for the corresponding renormalised self-
energies derived from those counterterms will be given in sect. 4.3.2 in the leading O(m/)
approximation, consisting (as in the MSSM) on evaluating the contributions from the (s)top
sector for vanishing external momentum and taking into account the Yukawa part of the
theory only (i.e. neglecting gauge couplings). Finally, explicit expressions will be derived
for the DR input counterterms in the (s)fermion-contribution approximation and for the
full case, in sects. 4.3.3 and 4.3.4, respectively.

4.3.1 Expressions for the counterterms

We introduce here the following notation:

T=w=2VoM,s, , K= (4.60)
e

K
A
We write the expressions in this section in function of these two parameters just in order to
simplify the notation, but the DR Renormalisation conditions will be impose on A and « .

The consequences of imposing such conditions on 4 and K instead will be explored in
chapter 7.

Differentiating the expressions from sect. 4.1.1 in the same way as in (3.46), we obtain the
counterterms for the elements of the CP-even Higgs mass matrix:>°

5 For the trilinear couplings in egs. (4.57),(4.58), comparing the Higgs singlet with the doublet, an additional
potential suppression factor of O(m, / A)) and/or O(m, / 1) appears.

> In spite we are using M2. as input on-shell parameter, we express these results in (4.61) and (4.62) in
terms of omZ just for simplicity of notation, where dm3 = omz2. — Mg +2164 , see eq. (4.67) below.
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omz, -t 1/t AL+1/s3)/t, -t
amz, | |1 1 : !
sm? ~1/t L ~1/t la+te, |
- 5m¢;2¢2 =| &, [s,C.0m3+ Oﬂ $,C,OM 2 + ;lﬁ s30T, + zjﬁ ! c3oT,
hds M M M
Ac Ac Ac
Mo | | o 0 o S
om? _ s e 0 Ay _ s e
959 u TR” o m
—szﬁ(m,”i—MZZ)~ 0
Cyp(Mis + M7 —22%) —25,,A°
Szﬁ(m/zx - M;) 2 5 0 5,{
~ = 7 g it 5 —
I (G L 17 e e M R O L e 7D R R 7
“/’ (5 — Cyp)m? + 20 )HS/* Ky “” (c2m2 —2u )H—ﬂKﬂZ
7 it ds, ic
(( S = (55)°)(s,,mi — Kut?) __ﬂ_ﬂ(SZﬂ - 2Kyr")
0 0 0 0
0 0 0 0
i 0 7 ou ~O 20K 0 oT 0 1o
+ 2 (S2MZ + 2p4%) + =L K? 7+ = HORT g Ph-s T A,
~ 2 (camz +2y2)+iKy = 0 0
Zs, icf As, ic, i
L g, m2 — (8K + ) K2 L0 (8K + ) g 0
(4.61)
Similarly for the CP-odd and charged Higgs sectors:
. ~t, 0 L+1/s2)/t, ~t,
2 1 0 1 1
X1X2
> -1/, 0 -1/, C|arvet, |
—| =] B [8sC0ME 4| |OMZ+ Is, s30T, + I, (C36T,
2 Xs H 0 H u
2 _Acy 0 _ Ay _ AC
X2Xs
2 zs,]ﬂzcﬂ 0 zsﬂﬂzcﬁ zs,jﬂzc,;
i) "7 T w e w
—S, M}
C,pMy 0
+ Oz S i o, +| 0 i 5%
s Ac Cp 2 Sp 2 —
~Tﬂ(c/§+c2ﬁ)mf\—37ﬂKyz PP o syma -3 Ku? [
2 (82—, )M +372 Kys? - +3MK 2
1 1 ﬁ, Y
(55) = (5))(505m; +3Kus?) Sﬂ - (3,m} + 6K’
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0

0 0 0
0 0 0 0
. W 3 : o 4| |oT ° s
+ 1 5 ASg —+ Asy + +
°/ Ls2ma —3=~ S’ Ke2 | i i% H o % 0 A
ls”c2m2+3 ﬁK,u o 0 0
lf/‘ M” S,,M3 +35 - K Aff ZZ/’ AT Z 3Ku
(4.62)
amz ) (@+1/s)/t, —t, —s,, -t
a’n;ﬁ)2+ = 1 s}éﬂﬁ 1 cgé‘fﬁﬁ Cpy [C2M2.&,+| 1 |s,c om2.
amz -1/, L+1/co)t, S, -1/,
(4.63)

and om> . é'm2 . Note the presence in (4.61) and (4.62) of the quotients of vev’s in the
foIIowmg comblnatlons of parameters:

A_v , ﬁ:ﬁ , ﬂ:ﬂ (4.64)
H U K U H U
In physical basis, we use that (cf. eq. (4.15), where now we can set 5. = f3):
G*=cC,f +s,4 , H =—s;4" +C,0; (4.65)
and then we get
amZ. :c[,ém2 +sﬂcﬁ(an +&n§2,¢f)+sﬂ&n;2¢
=—C,0T_, —S,0T
5m2 = Sﬂcﬁ(ém;z’qﬁ{ —é‘m;,ﬁ)— sffé‘m;, +czé‘m2,
2 2 2 2 2 2
=AM =S,C,(AM . —dm ) +Cpdm e, =S 5m¢z¢1
T T 2 2
=850 —COT_, —M,.Cyk,
(4.66)
am’. = sf,a“m;,ﬁ —sﬁcﬂ(a“m;,ﬁ +5m2 )+cﬁ5m;2¢2
where (from eq. (4.18))
oM. =2+ M2 —2A8% . (4.67)
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4.3.2 Explicit results for the self-energies at O(m,')

The unrenormalised self-energies involving y, as external field vanish at O(m?), while
the ones with ¢, external field(s) are finite and proportional to powers of both 4 and the
stop mixing parameter X, :

m# Py 2 ﬂxtz 2 2
ZM =2Acm; — g(mﬁ,mt~2
c,(m2 —m2)
ﬂ t1 t2

~ X mi?
0= 2 emE———t——| (m2 —m2)In—=+ A X,g(m2,m2)
¢ ¢ t 2 2\2 1. t 2 t t, ! 1.
29s Cﬂ(mfl _ mfz) 1 2 mfz 1 2
mé Py th
Z¢;¢S = 24%cm? T g(mg,mi
(mé —mZ

4
ooy —ym (4.68)

X1Xs X2Xs XsXs

where ¢ (cm?) and g(mz,mg) are defined in egs. (3.83),(3.77). For the corresponding
renormalised self-energies, by applying the Renormalisation scheme (4.31) to the
counterterms of the previous section we get

fin

2601(/’5 ZWJS Sﬂ 0

3 _ 2 fin T fin

2402‘/75 - Zﬁf’zﬁos + acﬁ' M (ﬂ&ﬂ ) +| 0 é‘rt/ﬁs (469)
> _Z Z

z:Ws(/’s (p?) Z:(/’sﬁos (p?) H Sﬁcﬁ H

for both ¢ = ¢, y, with a=+1 for ¢ =¢ and a=-1 for ¢ = y, and where
MO =5 ¢ (OMZT — MZ™) + S36T fn +c36T fin (4.70)

In the particular case the O(m!) approximation (where no singlet/singlino fields are
involved as virtual contributions), from Renormalisation conditions (4.39),(4.40) the results

for omz.,oM2, 6T,  follow directly from the (s)top-contribution MSSM result,*

5mz,t/t~ :Zt/f =A _M(1+A—|n m2)+0(m2)
H* HiH* H*A Zﬁﬁzté t t

%6 A term like Inm may appear strange, since m is a dimensionfull quantity. Here we are using the definition
A =2 —vy. +In(4z?) for the divergent part of the amplitudes in dimensional regularization, so that
combinations of the form A —Inm? are just a compact notation for ;25 —y. +In(4z) —In g—i

126



Mgt =3t =0(m?)

512/? = _\/%UT;l/f =0(m2) (4.71)

ST = 1 TUE = 3G, m;

= =——F L (1+A-Inm?)+0O(m?
= s m?)+0(m?)

with A,., from eq. (3.88). In addition ﬁT;S’T:O(mE) is verified for the one-loop
contributions to the tadpole of the singlet field. Therefore we get that the expressions for
the renormalised self-energies reduce to

~ m¢ m

Z%fps Z(Pﬁ/’s Sﬁ

3 - i

2,0 =2, +ac,  |4SCA L, - (4.72)
3 _Z

z:f/)s o5 Zfﬂs o5 i Sﬂcﬁ

The other renormalised self-energies involved in the neutral Higgs sector (i.e. the one with
no external singlet field) at O(m?) are the same as specified in sect. 3.4 for the MSSM.
Numerical results in this approximation will be explored in sect. 4.4.2.

4.3.3 (S)fermion contributions at one-loop order

In this section we perform a method to get explicit expressions in the (s)fermion-
contribution approximation at one-loop order for the DR counterterms involved in the
Higgs sector of the NMSSM, which requires the evaluation of the fields counterterms &Z ’s
only (which is very straightforward in this approximation). This allows not only two avoid
the complexity inherent to the other amplitudes, but also to get a more profound
understanding of the structure (or at least some characteristics) of the model.

Excluding one-loop tadpole and self-energy insertions (i.e. taking into account irreducible
n-point functions only), one has for the one-loop contributions one possible topology for
the tadpoles TV, two for the self-energies §2'°, and four for the three-point functions
AT with virtual contributions from generical sectors a,b,c, as it is shown in fig. 4.1.
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Figure 4.1: Possible topologies for irredumble 1-, 2-and 3- pomt functions at one-loop order.
The couplings (tree-level vertexes) involved in the evaluation of the amplitudes from each
of these Feynman diagrams are indicated.

On the other hand, the following are all the bilinear coefficients and vertices of the
NMSSM that involve the parameters 4, x« and/or A,_:

2
m%,z‘/’l,z 2
A, K

2
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e
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where ¢, stands for both the neutral Higgs field ¢, and y;, and ¢* ~G*,H*. Now let’s
consider only virtual contributions due to leptons, sleptons, quarks and squarks. It is
instructive to review which features of the theory are relevant as constraints for the
determination of all possible allowed combinations of vertexes contributing to the
amplitude topologies of fig. 4.1:

e Electric charge conservation.

e R-parity: only vertexes with even number of supersymmetric particles are
allowed.

e Fermion flow: fermionic fields only appear in vertexes of the form fermion-
fermion-boson.

 The Higgs singlet does not couple to vector bosons.

e I:- ~=0,where f stands for both squarks and sleptons.
‘ps(ps

020507 T 0201201205 T T PL2PsPsPs

e The three-point amplitude with three internal lines from fig. 4.1 (the right
diagram in the second row of the figure) is divergent only for fermion virtual
contributions.®’

From this conditions, the topological analysis shows that the following amplitudes do not
involve the parameters A4, x nor A_ in the (s)fermion-contributions approximation at one-
loop order,

0,Q17=0,0'7=0, Q=0
for Q= T¢(3.2L) ’E‘/’l,z(/’l,z ’ZHiHi ’EWW ’ZZZ 'Ar¢1,2¢’1,2¢1,2 (474)

while these other amplitudes do depend on A but do noton x nor A_,

0,Q11(1) =0, Q' "(1)=0

for Q = T¢(51L) ’2401,2,5% ’Ar‘/’l,zfﬂl,z,s(/’s (475)
and
ff
AL, 4 =0 . (4.76)

57 Accordingly, in the case of neutral Higgs fields as external legs, we see from (4.73) that the divergent part
of this kind of diagrams will be always independent of A_, and it will depend on A and/or x only in the case
of charginos or neutralinos as virtual particles.
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In the tab. 4.2 we gather summarize the consequent dependence with respect to A, x or
A, for all the bilinear terms and three-point vertexes and all the self-energies and three-
point one-loop amplitudes with neutral Higgs fields as external lines.

XY , XYZ mZ, , Ty, »(Fe0 Ar/feo
OPD s P00, none none
PPPs » PP A y)
PioPro s PP, s PaP P A none
D 2Ps s PPy Ps » Py ,Ps Ps A, K A
PsPs A,k , A A
PsPs P A,k , A =0

Table 4.2: Dependence of the bilinear terms and the 3-point vertexes from the Higgs sector,
as well as of the self-energies and 3-point one-loop amplitudes with external neutral Higgs
fields, w.r.t. A,x, A . Here ¢, stand for ¢ and/or y,(i=12,S)

In addition, the field counterterms are defined as in egs. (3.42),(3.52), with the
identification

éz)(l éZHl
=0L, =Ly, (4.77)
5L, =g

so one sees that the oZ ’s inherits the same dependence as for X :

L, =-0,Z5%

Pi -

thus 8,5, =0 = 08,6Z, =0 (4.78)
Hence from tab. 4.2 we get the following properties for the field counterterms:>®
P1,2,8

aiézéﬂ’”? _ akézg:)sfﬁ :aAKéz(lL)f/f -0 (4.79)

As in (4.27), the development for the one-loop renormalised self-energies and three-point
vertexes adopts the following form:%°

S (P?) =2y, (P?) + Sy P* — My ) 3(OZ +6Z,) — Sy

%8 In the MSSM, ‘% =4(8Zy, —6Z,,)- We will not assume this here, and at the end we will find that this is
also the case for the NMSSM. _
% From now on, we drop the explicit the superscripts “ f f ” or “(1L) .
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(4.80)
vaz :Arxvz +vaz %(ézx +éZY +5Zz)+5rxvz

Therefore, we fix the six DR counterterms o1, ok , A, St,, du , v (see (4.31)) by
solving the following set of equations that follows from %=1 =0 and AT, ,, =0:

> 0=—(0,My )L (Zy +Z,)—0,dmg" (4.81a)

> 0=(0,Ty;)(Zy +OZ, +Z,)+0,6T,y (4.81b)

> 0= r¢’s‘/’s¢s %ézs + 5r¢ii(\ﬂls¢s (481C)
with

a=4,x,A  for XYZ=ppe 0,00

a=x,A for XY = D o2P o and XYZ = ¢1¢1¢2,s ' ¢2¢2¢1,s (4.82a)
o a=A for XY =g¢,ps and XYZ =00,0;, ¢ ,0:0;

(= o,m; =0, =0, =0,ATy, =0)

o a=4 for XY=¢,p, and XYZ=¢od 0,04
o =Kk for XY =g¢,s¢; and XYZ =00,05 ., 0,050 (4.82b)
o a=A for XY = @505

(= 0,5, =0,Al,=0)

The dm* counterterms functionality in terms of the input (independent) parameters
counterterms is detailed in sect. 4.3.1. For the vertexes, the T,,’s are obtained as the
coefficient of the trilinear terms in the Lagrangian,

83\/ NMSSM

Higgs
—j—_Higes (4.83)
PPy
. 8¢|a(p]a¢k $2=21,2=0
so the following vertexes are obtained:

_ _ _ _ 3i 2
el = Colpns, =350 s =3CsL 10, = Toy SpCsM2

— — — _ i 2,2 np2
Colss, = Col s, = Sl nss = Spl s = T3y SpCs (24 M;)
F¢1¢1¢s = F¢z¢2¢s = FZ1Z1¢S = Flzlz¢s = \/Elﬂ./,l
C,BFZ1ZS¢S = _Sﬂrlzls¢s = \/EIEKUSﬂCﬂ

Sﬂ (r¢1¢s¢s + rﬁlsls ) = Cﬂ (r¢2¢s¢s + F¢2Zsl’s ) = Zﬁi/lzusﬂcﬂ
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¢, (L,

wsts ~ Loz ) =S5(L

babs s -I

PoXsXs

)= —Zﬁiﬁxusﬁcﬂ
(4.84)
r¢1¢2¢5 + Fﬁ’llzl’s - rlllz¢s _r}.’1¢27{s = _2\/§| KH

_ _ o o 2 M2, 2,2 3T 3T
3F¢1¢2¢s - F¢1}les - 3rl1lz¢s + FZ1¢2?(5 - 2\/§| u (Sﬁcﬁ (mHi MW +Av ) + SﬁT—% + CﬁT—¢z)

F¢s¢s¢s - \/EI K(G%/J + Ac)
rZsls¢s = \/EIK(Z%’U_ A()

The corresponding counterterms, 6T, , are obtained in a similar way as in (3.46):

=®.-0,T

Pi9;Px P piojo T, =0

(4.85)

Here P = (va,,Mzz,mlii,'r_mS ALK, A(,tﬁ,,u,u)T (see eq. (4.31)), but it’s easy to see from
eqs. (4.61),(4.62),(4.39),(4.40),(4.74),(4.75),(4.82),(4.84) that M, , M, m}. , 6T,
don’t take part (or their contributions cancel out) in (4.81).

From the two equations in (6¢) (one for @spsds = dspsps and one for g, d = P ys x5 ) We
find that

S0A) _S(ul) _ 3,

KA, Kl A 2 °

ie. B K 35 aq H_%_ 5—"—2(525 (4.86)

A K 2 u A K

For the counterterms of the other input parameters, the cases (4.82a) allows us to infer their
dependence with respect to the variables 4, x and A_. That first group involve equations
where not only the X, ’s and the AT',,, ’s but also the m%, ’s and the I, ’s do not depend
on a (Where o is A, x or A_ as appropriate): 0 om% " =06 .0 =0. We get that both
ot, and ov™ are constant with respect to A,x, A , while /4 and & /x can only
dependon A:

&y=c,, wv=c, , A=f,() , s=xf/(1) (4.87)

being ¢, ,c, two quantities that are constant w.r.t. 4,x,A.. On the other hand, in the set of
equations from the cases (4.82b) ¥,, and Al',,, don’t depend on «, but m, and I, do.

132



We solve with the help of result (4.87),% getting that we can write the six input DR
parameter counterterms in terms of &Z,, |,

ot 1
=, )

s

oA 1

0 _E(ézHl +0Z,,)

%’( =—&Z (4.88)
%U = %(czéZH1 + s;éZHZ)

and by using (9)

A1

A 2

o) 1

7“ =502y, +Zyy, = L) (4.89)

At this point we must emphasize that the results from egs. (4.88),(4.89) do not mean that
Ay, N,...,ou are in fact dependent quantities. These relations are valid at one-loop order
and in the (s)fermion contributions approximation only.

Comparing the result in (4.88) for &, , we see that sv"/v, =y /v, , as it was
anticipated in (4.47). Replacing in (4.49) the results from egs. (4.88),(4.89) for 54 and év ,
and comparing it with the one for du , it can be seen that also

div div div
s~ o, _ o,

Ug U b,

(4.90)

Egs. (4.88),(4.89) anticipate a very simple explicit result for these counterterms, because
the divergent parts of loops with only scalar internal lines do not depend on p?, so in our
case oZ, (:—apzZ(:i;i) only depend on leptons and quarks sectors, not on the sfermions
sectors, and therefore the counterterms from (4.88) and (4.89) do not depend on scalar
masses nor on scalar mixing matrices. By direct calculation one finds that the field
counterterms in DR Renormalisation and taking into account only (s)fermion

contributions are

60 Note that here we are solving simultaneously 28 equations with only 4 counterterms as unknowns to fix, so
this is a calculation and a check at the same time.
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I, =— Z r(;_f,_f xr;,f,_f (4.91)

being I',I'® the factors that enter in the Feynman rule for the vertex between the field ¢,
and two fermions f in the combination I (3(L—v5)+T %, (3A+7s) (here ¢ is any
scalar real field pertaining to H;, i=12,S with H; =S ). Accordingly, these are the
explicit final results for the counterterms:5!

A 3MZ+M? A 3M?
o, =— d £ L, =———4L , 6Z.=0 4,92
Hy 167[2 UlZ H, 167[2 U22 S ( )
and hence
%__ A 3Muz_3Mdz+Me2
ty 327%\ v} %
a ol A BME 3Md2 + Me2
- = = +
u A 327\ Ul v}
2 2 2
5_u=_ A23(Mu+l\/id)+Me (4.93)
v 32z v
where
MZ= >m , Mi= Yml , MZ= >m . (4.94)
g=u,c,t g=d,s,b l=e,u,t

4.3.4 Explicit full results for the counterterms

In order to have a simple and elegant check of the chosen Renormalisation scheme from the
finiteness of the relevant renormalised quantities, it is useful to have explicit expressions

%L 1t is easy and instructive to see why 5z must be zero:

As mention above, only leptons and quarks can contribute to the ¢Z ’s, because sleptons and squarks are
scalar fields and then they do not generate p? dependence in the divergent parts of the self-energies. But
the Higgs singlet does not couple to leptons or quarks, and this is why: Both the Higgs doublets and the
singlet belong of course to the Higgs sector and have non-zero vev’s, but they have essentially distinct
purposes in the model. The Higgs doublets and its vev’s generate the mass terms in the model, so they
couple to all particles which have a mass. But the purpose of the singlet and its vev is to generate the u -
terms dynamically, and we know from the MSSM that the fermion sectors are not affected by the u
parameter.
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for the counterterms as performed in 4.3.3 but for the contributions from all sectors of the
theory. In the case of du , a direct evaluation from the chargino sector as specified in egs.
(4.50),(4.51) gives

u A (;(wg +3M5+M5]—2e22“‘2w MZJ

u 16722 o2 V2 Saw

A {1(3M5 3M2 + M2
+

- = —M2-2M2 +42]| . 4.95
167202 52 c2 ) z w J (4.95)

2

In addition, compact expressions can be obtained for the divergent parts of the counterterms
for M and MZ, as well as for the field counterterms:

M 2 div
i A CoMa M2 3ME 4 M2))
M2 167202
d\/Izdiv A
l\/lzzl = Tontnz Mz (Cou —Cay =3)+ M+ 3(M+ M)
(4.96)
) 2 2 2
. - A ME+MZ o) A [3ME+MZ 5
T o) 162\ ¢}
2 2
&, =- A [ 3M | =e A 3M; Y.
> 1672\ v? 167%v% | S5
Ty =2 2 k?) =D 214 K2
1672 167202
Finally, the explicit counterterms for the DR quantities A, x, A_ are obtained:®
2 2 2
A_ A ; {1(3'\1” + M JZrMe J—2e2—2+2CZW + 272 +K‘2]
A lerx?| 2\ U] Uf Sow
2 2 2 -~
__A LM SMI M vz oMz + (24 K2)22
167202 | 2| 2 c
(4.97)
LA 7 3(1+K?2) 22
x 1672 167202

62 We thank Peter Drechsel [135] for performing the derivation of these expressions for A, x, A_, from an
approach valid at one-loop level where he makes use of the fact that the gauge singlet do not couple to gauge
bosons and their superpartners as well as to the SM fermions.
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A A
= 6(12A +x2A)=
1672 (A, A) 167202

Py B(2E (M2, — M +42) — Ku + K2A ) 22

4.4 Numerical analysis

We perform here a numerical exploration derived from the analytical development of the
previous sections. A “canonical scenario” is used to exemplify some features of the several
outlined approximations. A genuine NMSSM “sample scenario” will be also studied, which
gives rise to a SM-like Higgs with a predicted mass at the two-loop level of around 125
GeV and a singlet-like Higgs field with a mass that can be above or below the one of the
SM-like state. In order to investigate the influence of the extended Higgs and higgsino
sector of the NMSSM compared to the MSSM, the parameter 4 will be varied. In the limit
A—>0,kx—0 and constant x , all singlet fields decouple from the remaining field
spectrum (see sect. 7.2 for a deduction of the MSSM limit). Increasing the value of A
directly translates to increasing the influence of genuine NMSSM effects. A detailed study
of the one-loop result and the quality of approximations based on partial contributions will
be presented here. In our discussion below we will just focus on the masses of the two
lighter CP-even states: the effects discussed here turn out to be very small for the heaviest
CP-even state, amounting to less than 1% for the sample scenario.

4.4.1 Tree-level masses and mixing

Some aspects of the introduction of a singlet in the Higgs sector of the model can be
numerically explored even at lowest order. We performed this leading contributions
analysis (and the one in the next section) for the following set of values (if not stated
otherwise in the plots) for the relevant parameters:

canonical scenario

Msusy M. tan H A A Kkl (4.98)
1000GeV 250GevV 5 250GeV -100GeV 0.2 04

This scenario does not follows from phenomenological reasons (for that we refer to the
“sample scenario” in sects. 4.4.3 and 4.4.4) but just to allow us the analysis of some
features of the different approximations described in the previous sections. We begin by
showing in fig. 4.2 the singlet component (4 |h) = (U, )i (see eq. (4.14)) of the three
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CP-even physical fields at tree-level, for several values of M
behaviour is observed for 150 GeV <M

Hi
<300GeV, while for other values one of the

and tan . A cross-over

HE ™~
three fields is dominantly singlet-like.
‘ (Ue(O));S ‘2 ‘ (Ue(O));S ‘2
1.0} i=2 )
i=3 -2 i=3
08} 08t
N 06}
04f 04f
02 i= 1.(’ 02 ~
—~  J { X I— l:}_
' W 00 600 800 1000 200 400 600 800 1000
M, [GeV] M, [GeV]
‘ (Ue(O))13 a ‘ (Ue(O))B ‘2
030 030F
r tan 5 =1
025F 025}
r tan =2
020F 020f
015F 0.15f M,. =250 GeV
; tanf=4 500 GeV
010F 0.10f
Eo7 750 GeV
0.05 | anf=3" posp—"
1000 GeV
1 " " - L e i " 1 x " - "
200 400 600 800 1000 2 3 4
M, [GeV] tan £

Figure 4.2: Singlet component of the CP-even physical fields at tree-level, in the scenario
(4.98) and for several values of M,. and tang . The singlet contribution only to the
lightest CP-even Higgs field h, is exemplified in the bottom row.

The two lightest CP-even Higgs masses at tree-level are shown in fig. 4.3, for different

values of M.,

tang, 4 and K(=«x/1). We observe for 1 ~0 that the lightest Higgs is

always of MSSM-type for the cases considered here. On the other hand, the behaviour of
the lightest Higgs mass w.r.t. 4 it’s seen to strongly depend on the specific values of tan S

and M. :

while M, decreases with 4 in most cases in the six plots, an increasing
behaviour is observed for the specific case of M ,. ~600GeV and tanf~2.
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Figure 4.3: Lightest and second lightest CP-even Higgs masses in the scenario (4.98) at
tree-level (M, =m, ), varying the MSSM-like parameters M



4.4.2 Leading contributions at one-loop order

In figs. 4.4 and 4.5 we compare the O(m?) result w.r.t. the (s)fermion approximation for
the neutral Higgs fields renormalised self-energies, both in function of (real values of) the
external momentum and with respect to X,, for the same “canonical scenario” of the
previous section. Only the self-energies that introduce sizeable corrections (= 3%) to the
corresponding tree-level mass entries in the inverse propagator matrix, at least in some
region of the considered ranges (—4000 GeV < X, £4000GeV,0 < \/F <1000 GeV), are

shown.
< 2 S 2
ZZ:Z: [GCV'] ZZ:Z: [GEV ]
B . Im(2) from (s)fermions
2
50000 - Im(X) from (s)fermions o L ——.., -
oo \
. ‘u."" z O(my)
MadlITTroRNs N e
R T O(m})
Tteeen, -500 A *e
-50000 e, T,
“es, ‘e,
e, .,
X, = 2000 GeV .,
~100000 — - -1000 4
[ X, = 2000 Gev | m?, ~-11000GeV?
l. e ‘0
-150000 - m? . ~2200GeV? ., .
. *, 1500 4 -
900000 4 Re(X) from (s)fermions "« . . ','
‘ Re(X) from (s)fermions +
-250000 T T T T 1 2000 T T T T 1
0 200 400 600 800 1000 0 200 400 600 800 1000
A p? [GeV] A p? [GeV]
T, [GeV?] ) T [GeV?]
F 6743 5 O(ﬁl?) ni
’ ) from o fermions |
m(X) from (s)fermions
VPP =250GeV
-2000 o 500 ) 5
* m;, , ~—11000GeV*
4004 °.
~4000 ~ JP? =250GeV .
2 2 *
m>,_, ~2200GeV- 300 .’ .
6000 i +, Re(X) from (s)fermions
.0
200 -
-8000 - . ‘e
Re(Z) from (s)fermions s ..
. - ‘0 ..
Lo 1004
-10000 o, . Lt R
*o. oot Im(X) from (s)fermions o, s’
Ses ....t".. 0 = M T TIYFPTTTIO .
-12000 - T tutertnencsanene snsonet®? .
z O@m})
T T T 1 -100 T T T 1
-4000 -2000 0 2000 4000 4000 -2000 0 2000 4000
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Figure 4.4: Comparison of CP-odd Higgs renormalised self-energies at O(m;) against the
(s)fermion-approximation result, in the scenario (4.98), for different values of the external
momentum and the stop mixing parameter X,. The values of the corresponding tree-level
mass entries in the inverse propagator matrix are indicated.
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Figure 4.5: Comparison of CP-even Higgs renormalised self-energies at O(m?) against the
(s)fermion-approximation result, in the scenario (4.98), for different values of the external
momentum and the stop mixing parameter X,. The values of the corresponding tree-level
mass entries in the inverse propagator matrix are indicated.
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In figs. 4.6-4.9, we compare the tree-level and the O(m?) results w.r.t. the (s)fermion
approximation for the two lightest CP-even Higgs boson masses, for different values of the
MSSM-like parameters tan g, X, and the genuine-NMSSM parameters A,A_. Also a
comparison between the MSSM result (recovered in the limit of 2 —0 by keeping
xl A = constant )®® w.r.t. genuine NMSSM results (A = 0) can be observed.

The cases for 4 — 0 correspond to the MSSM-limit (because /A is fixed), hence it
reproduce the values of the CP-even MSSM Higgs bosons M, , for the same scenario, as
it is indicated in the figure (only the curves for M, are shown). Moreover, as expected for
the (s)fermion approximation, 4 — 0 not only reproduces the MSSM result, which means
that the singlet sector decouples from the other sectors of the theory, but also makes that the
singlet states do not acquire radiative corrections.®*

A—>0: — tree-level « one-loop O(m;') « one-loop from (s)fermions
290 - A=02: tree- level one-loop O(m}) « one-loop from (s)fermions
200 -
180 1 k singlet - like :
160 — MMM M = [Ku(A, +4Ku))
57140 A ':,0"'"““3:;3.};:'-_ . ===:==”""°".:_ for A — 0,K = fixed
v Py Yisggy, gaasst b
O 120 4 . 3833338083 p
L ., "
SGi0d e MSSM-like .
= . s
go et e ..
* *
604 °*
404 . .
204 .
0 : : . . : . ; .
-4000 -2000 0 2000 4000
X [GeV]

Figure 4.6: Comparison between the tree-level result, the one-loop O(m?) approximation
and the one-loop (s)fermion contributions for the two lightest CP-even Higgs boson masses,
in the scenario (4.98) and different values of X,. The MSSM-limit and a genuine-NMSSM
result are shown from two different values of 1.

8 The details of the analytic derivation of the conditions for this limit will be discussed in the next chapter,

see sect. 5.2.

% In the decoupling limit, this radiative corrections to singlet-like quantities could arise only from virtual
contributions due to singlet or singlino fields, which is not allowed (not considered) in the (s)fermion
approximation.
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— MSSM (decoupling) limit

A—>0: — tree-level « one-loop O(m') « one-loop from (s)fermions
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o+ S—

1 tan3 10
Figure 4.7: Comparison between the tree-level result, the one-loop O(m}) approximation
and the one-loop (s)fermion contributions for the two lightest CP-even Higgs boson masses,
in the scenario (4.98) and different values of tan /. The MSSM-limit and a genuine-
NMSSM result are shown from two different values of 4.
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Figure 4.8: Comparison between the tree-level result, the one-loop O(m;) approximation

and the one-loop (s)fermion contributions for the two lightest CP-even Higgs boson masses,
in the scenario (4.98) and varying A for two different mixing condition in the stop sector.
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Figure 4.9: Comparison between the tree-level result, the one-loop O(m;) approximation
and the one-loop (s)fermion contributions for the three CP-even Higgs boson masses, in the
scenario (4.98) while varying the genuine-NMSSM parameter A_. The MSSM-limit and a

genuine-NMSSM result are shown from two different values of 1.

Negligible variations were observed for the two CP-odd Higgs masses w.r.t. X, and A,
while in the case of varying A_ we get the behaviour shown in fig. 4.10. It can be seen that
some A -dependency is observed only around the cross-over point, while for the particular
case of A =0 one of the two CP-odd masses is always equal to the MSSM value, M ,

(which is constant w.r.t. A_).
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Figure 4.10: Comparison between the results at tree-level and one-loop order at O(m/) for
the two CP-odd Higgs boson masses, in the scenario (4.98), varying the genuine-NMSSM
parameter A_. Three different values of 4 are exemplified.
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4.4.3 A genuine NMSSM scenario

In our study for the rest of this chapter we will discuss a phenomenological well-motivated
“sample scenario”, defined by the parameters given in tab. 4.3, while A is varied. It is well
suited to study the magnitude of the NMSSM-contributions and the behaviour of the
employed approximation.®® The choice for the top-quark mass in the loop contributions will
be mtmg(mt). Using the MS top-quark mass allows us to include the resummation of
leading and next-to-leading logarithms implemented in FEYNHIGGS. The Renormalisation
scale for the studies in this chapter will be fixed at the used value of the top-quark mass.

Higgs sector parameters heavy fermion masses
M. tang u« A« m* mSm) mm) m
1000 8 125 -300 0.2 173.2 167.48 4.2 1.78

sfermion and gaugino parameters

Még,Mfﬁg)R,Mfag)R Mﬁg,Még)R A Avsa, A MEYD M, M,
1500 200 —2000 -1500 -100 ~143 300 1500
M ég ,M (Zﬁg oM (Zag . squark mass breaking parameters
M fg M (Z.ég)R sleptonmass breaking parameters
Q,Ajg squark trilinear breaking parameters
Aeg slepton tilinear breaking parameters
M, gaugino mass breaking parameters

Table 4.3: Definition of the “sample scenario”. All dimensionful parameters are given in
GeV. All DR -parameters are defined at mlm(mt). All stop-parameters are on-shell
parameters. As indicated by the superscript “(GUT)”, M, is related to M, by the usual
GUT relation, namely M®“? =(5/3)t2 M, .

% Two additional benchmark scenarios “P1” and “P9”, defined as in [136] but where the parameter A is
varied, were also analysed in our article [2]. These scenarios were motivated by the diphoton excess events at
an invariant mass of about 750 GeV that was initially observed by data from both ATLAS [137] and CMS
[138]. With the release of additional Higgs data by the ATLAS and CMS Collaborations [139], the final data
obtained in the LHC Run | does not show however a significant enhancement over the SM prediction in the
measured rate for the h — yy channel anymore, so this “heavy Higgs” scenario is actually much more
restricted due to light charged Higgs boson searches. It was shown in [2] that the qualitative features of the
scenarios P1 and P9 can nevertheless be understood from the discussion of the sample scenario.
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For 120.32, the mass of the lightest Higgs state becomes tachyonic®® at tree-level for this
scenario, and therefore the analyses will be restricted to values of A up to 0.32. The
parameters M- and A- specify the universal sfermion mass and trilinear breaking-
parameters, while M, ,,, are the gaugino mass breaking-parameters for U (1), , SU(2),
and SU (3). . All stop sector parameters are understood as on-shell parameters [16].

The viability of the discussed scenario was tested with the (then current) full set of
experimental data implemented in the tool HIGGSBoOuNDs 4.1.3 [133,134], for which in
order to obtain the necessary input we made use of NMSSMTooLs 4.4.0 [19]. While our
calculation assumes an on-shell renormalised stop sector as in [15], the SLHA input file for
NMSSMTooLs needs DR -parameters for the stop sector. Thus a conversion from the on-
shell into the DR scheme is necessary for the parameters of the sample scenario given in
tab. 4.3. We only accounted for the dominant effect of these conversions that occurs for
X, = A — u/tan B by applying the on-shell to DR conversion outlined in. We found that
the scenario is in agreement with the experimental limits implemented in HIGGSBOUNDS.

For the prediction in the MSSM, the top/stop sector contributions are numerically leading.
In the studied scenario, given in tab. 4.3, the genuine NMSSM-corrections are suppressed
w.r.t. the corresponding MSSM-like stop-corrections since A <A, <Y,, where 4, =0.32
in our scenario. Thus, the genuine NMSSM corrections from this sector are expected to be
sub-leading.

In order to study the impact of the genuine NMSSM contributions, the masses of the two
lighter CP-even Higgs fields are studied at one-loop order for the dominant contributions
from top and stops. We compare the approximation based on the leading MSSM-type one-
loop corrections in the gauge-less limit of O(Y,?), labelled as “t/t -MSSM” in fig. 4.11,
with the one where the genuine NMSSM corrections of O(AY,,A*) are incorporated.

8 “Tachyonic” refers to negative square masses.
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Figure 4.11: Absolute difference between partial and full results for the one-loop masses of
the two lighter CP-even fields in the sample scenario. Up: Absolute difference between the
mass predictions including and excluding the genuine NMSSM contributions from the
stops of O(AY,,#*) for m, and m, . Down: Absolute differences between the mass
predictions based on two different one-loop approximations and the full one-loop result.
The solid lines, labelled as “t/t - MSSM”, depict the difference between the full result and
the approximation based on the leading MSSM-type contributions from the top/stop sector,
Am, :‘m,fi“) —my/"¥M The dashed lines, labelled as “t/t -MSSM+HG”, show the
corresponding result where the leading MSSM-type contributions from the top/stop sector
are supplemented by the contributions from the Higgs-/higgsino- and gauge-/gaugino-
sectors, Am, =|m{t) — /TS|,

The sharp increase of the corrections of O(AY,,A*) for the highest values of A that is
visible for the light singlet-like field in the up plot of fig. 4.11 indicates that the
approximation for the stop sector of restricting to the MSSM-type contributions becomes
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questionable for the singlet-like state in this region. However, as shown in the down plot of
fig. 4.11, in this parameter region the stop sector as a whole ceases to provide a reliable
approximation of the full one-loop contributions. In that plot the difference between the full
one-loop mass prediction and the approximation based on including only the leading
MSSM-type  contributions  of  O(Y?,AY,,A*) from the top/stop  sector,
Am, ‘m(“) m;/ M| | is shown together with Am, _‘m‘l” my/CMSSMEHG] where in the
latter case the leading MSSM -type contributions from the top/stop sector are supplemented
by the contribution from the Higgs/higgsino and gauge/gaugino sectors. While for the
singlet-like state the deviation between the leading contributions from the top/stop sector
and the full one-loop result becomes huge for the largest values of A, reaching the level of
20 GeV, the deviations stay small, far below the level of 1 GeV, if the leading contributions
from the top/stop sector are supplemented by the contributions from the Higgs-/higgsino-
and gauge-/gaugino-sectors. This result for the singlet-like state can be understood from the
fact that the gauge couplings of the singlet-like state are heavily suppressed and that
therefore the leading contributions for large A arise from the Higgs and higgsino sector.
Thus, improving on the approximation of MSSM-type contributions in the stop sector
requires the incorporation of the contributions from the Higgs and higgsino sector, while
the genuine NMSSM contributions in the stop sector are of minor significance in this
context.

For the doublet-like state, namely h, for values A <4, and h, for 1= 4_, the difference
between the full one-loop result and the result based on the leading contributions from the
top/stop sector amounts to a shift of about 5 GeV that is essentially independent of A
except for the region where the cross-over behaviour occurs. This nearly constant shift
arises mainly from sub-leading contributions in the top/stop sector. As indicated by the
dashed lines, the inclusion of the contributions from the Higgs and the gauge sector reduces
the difference to the full one-loop result by about 1 GeV.

As a result of the comparison performed in this section, the MSSM-type top/stop sector
contributions of O(Y,?) have been verified as the leading one-loop contributions to MSSM-
like fields. The genuine NMSSM top/stop sector contributions of O(AY,,4*) have the
largest impact on singlet-like fields for large values of A, where however an approximation
based only on contributions from the fermion/sfermion sector is in any case insufficient.
Our analysis at the one-loop level therefore shows that approximating the result for the
top/stop sector by the leading MSSM-type contributions turns out to work well in the
parameter regions where the top/stop sector itself yields a reasonable approximation of the
full result.
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4.4.4 Full results at higher-order

The full results for the tree-level, one- and two-loop Higgs-mass predictions in the
discussed scenario defined in tabs. 4.3 are shown as a function of A in fig. 4.12, for the two
lighter CP-even physical fields. The term “full result” refers to all one-loop corrections in
the NMSSM (including the full momentum dependence and also the reparametrisation of
the electromagnetic coupling in terms of the Fermi constant) supplemented with all
available contributions of O(a,a,,a.c,, ¢, a,c,) from the MSSM, and including the
resummation of large logarithms.

The results for the masses of the two lighter Higgs fields in the sample scenario defined in
tab. 4.3 are shown in fig. 4.12. For this study the parameter A is varied between 0.1 and
0.32. The lower limit on the parameter 4 has been chosen such that in the considered
parameter region a cross-over type behaviour occurs only for the two smaller masses, m,
and m, (for values A <0.1 there is another point with cross-over behaviour of the two
larger Higgs-boson masses; however, because of the small values of A this region is less
suitable for studying the behaviour of the genuine NMSSM-corrections, which scale with
).

The variation of the two masses with A in fig. 4.12 clearly shows a cross-over type
behaviour between the masses, which is correlated to their mixing character w.r.t. the
singlet field and the doublet fields. For small values of 4 the field h, is doublet-like in this

scenario and, based on the prediction incorporating all available higher-order corrections,
can be identified with the signal that was detected at the LHC at about 125 GeV. The

prediction for m, varies only very little with 4 in this region. The field h,, on the other
hand, is predominantly singlet-like in this parameter region, and its mass prediction falls
steeply with increasing 4. The cross-over occurs at A” ~0.26 at tree-level, at A ~0.22
at one-loop order, and at A?) ~0.23 at two-loop order. Above the cross-over point, the
behaviour of the two masses and the admixture of the fields h, and h, in terms of singlet
and doublet fields are reversed. The two fields are evenly mixed between singlet- (i.e.
genuine NMSSM-type) and doublet-field (i.e. MSSM-type) components for A, with n =
0,1,2. The heaviest CP-even Higgs field, h;, is doublet-like in the depicted interval of 4,
with a mass of =1TeV. As in the MSSM, the larger masses (of doublet-like fields) are
affected by higher-order corrections to a lesser extent than the lighter states. Since at A"

the MSSM-type and genuine NMSSM-type contributions enter at equal footing, the SM-
like state is most sensitive to genuine NMSSM-type contributions in the region of the
cross-over behaviour.
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Figure 4.12: Mass of the lightest and next-to lightest CP-even Higgs-states, m, (up) and
m,, (down), at tree-level, one-loop and two-loop order for the sample scenario. At one-
loop order all corrections of the NMSSM are included with their momentum-dependence.
The two-loop corrections are approximated by the MSSM-type contributions of
O(ea,, oy, 0 ) » including the resummation of the leading and next-to-leading
logarithms, as implemented in [2]. The dotted line represents 125 GeV. The A values for
which a cross-over behaviour between the masses occurs are at the tree-level ﬂfco) ~0.26, at
one-loop order 1% ~0.22 and at two-loop order A% ~0.23.
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CHAPTER 5

NMSSM Higgs with alternative renormalisation®

In contrast to the MSSM, the renormalisation constant of the electric charge, &Z,, enters
already at one-loop level in the NMSSM. It appears artificially due to terms involving the
vev’s of the doublet Higgs fields, v, ,, and their respective renormalisation constants in the
form of (see eq. (4.10))

o(s
(M;¢¢)13D_K,Ubsﬂ = 5(M;¢¢)13D—Kywﬂ[§—’{+5ﬁ+§_u+ (ﬂ)J ’
K 4 L S,

S qu v O,
(Mfw)zsj—lqwcﬁ = 5(M;¢¢)Z3D—Kywﬁ(—+ﬁ+—+—ﬁj , (5.1)
K 4 v C,

where o is renormalised according to eq. (4.32):

2 2
U:,/Uf+022=@ — 5020(%%+%%—5Ze] : (5.2)
W

This gives rise to a x dependency of all contributions to the self-energies, even with
K, ity renormalised as DR quantities, because of the finite part of sv . As a result,
although the unrenormalised self-energy contributions from the fermions and sfermions are
kx -independent, the renormalised self-energy (and therefore the masses) gains a
dependency through the counterterms,

9
oK

0

2UT(p2)=0 ,but ——
w (P?) ™

ST (p2)#0 . (5.3)

This behaviour is rather unphysical, in the sense that the Higgs-fermion and Higgs-
sfermion couplings are all independent of . This is why in sect. 4 we chose to fix the
renormalisation constant sv in a DR scheme, instead of imposing the usual Thomson
limit prescription for the renormalisation condition on the electric charge in the Higgs
sector.

67 Our results from this chapter are not (yet) published in an article.
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5.1 Some remarks on the renormalisation of v» and e

The reason for the presence of the oZ, contributions to the Higgs self-energies is that,
unlike for the MSSM, in the NMSSM Higgs bosons mass matrixes the electric charge e
occurs not only in front of the tadpoles. However, once defining x=Avs and
f@ =T¢a/ﬁv, one can see that in the linear and bilinear terms in the Lagrangian the
parameters A,v,x only take part in the following two combinations:

A=A , K

>R

(5.4)

Thus, the problematic e-dependency can be eliminated by choosing to renormalise the
(bi)linear Higgs sector using A and K as input parameters, instead of A,x,v or A,x,e.%
Then choice provides hence the following advantages:

e About choosing to work with Ve

We can avoid to worry about the specific renormalisation condition on the electric
charge parameter (encode in the renormalisation condition on v ), because of the
freedom on the choice of the finite part of 5. The parameter v can be written as a
function of M3, M2 e:

L _N2MGIME M2 - M
e

(5.5)

If we consider M7, M2 and e as on-shell quantities, this fix the finite part of év ,
which in turn is the only place where oZ, takes part in the renormalisation of the
(bi)linear Higgs sector. If we can choose to renormalise A as a DR quantity, this
means that the finite part of 51/ is chosen so as to cancel the finite part of ov/v:

SA |fin io ﬁlﬁn ~ _5_U|fin

hadd 5.6

A A v (5.6)
In this way the finite part of 6Z, is “absorbed” or “hidden”, in the sense that no explicit
evaluation of dv is needed, even though an on-shell condition on e is considered.

8 We are NOT saying that the theory actually has an independent parameter less. The change of parameters
Ak, 0—>A1,K or A,x,e > A,K is possible for the computation of 2-point functions only. See sect. 5.1.2.
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e About choosing to work with K:

The MSSM-limit requires that we set 4 — 0 and also x — 0, simultaneously, keeping
Al k =constant. Therefore, the use of K is more natural and convenient: if we choose
to write all our expressions in terms of K instead of x, the MSSM-limit prescription
becomes the simplest one: 4 — 0 (while keeping constant K and all other parameters),
and that’s it; the 4 — 0 case will always correspond to the MSSM result. Furthermore,
we don’t need to evaluate the finite part of 51 (0 from imposing A =R ), because
it can be absorbed by fixing the finite part of &k such us Adk |"=xol|™, which is
nothing but implementing a DR renormalisation for K as well.

Let us refer to these prescriptions as “ 11K scheme”:
A 1K scheme: (5.7)

5(Av) = 51 = AR
Sl ) =K = KR
o™, o™, 00 [™#0 ,insuchaway that oZ, = oZo"s"!

As we pointed out before, an “unfortunate” choice of the renormalisation scheme could
lead to the artificial possibility that the renormalised self-energies for the Higgs bosons do
depend on the value of the parameter x (and also A,_) even in the (s)fermions-contribution
approximation, where all the relevant coupling constants are « -independent. Specifically,
with tan 8, u and A_as DR quantities, the way in which the x -dependence could arise
is always in the form

!
é%iégl=nwﬂiuwm+-~5@Jiwm=0 (5.8)

where --- stands for some factors. We ask for the quantity (5.8) to vanish in order to avoid
the “unphysical” « -dependency of these renormalised self-energies. Clearly, choosing
s0™ =0 in addition to 51" =™ =0 is a way of getting 6,2, =0; let’s call “1/x

scheme” to this option:®°

Al k scheme: (5.9)

S =R
S = ok R
=" ,s0 &Z,#Z*""

% This is the scheme implemented in chapter 4.
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But 8,(_2,};;;( =0 is also fulfill within the 11K scheme, since it is enough with imposing
5(av)" =8/ 2)[" =0, which in addition allows the possibility of considering ¢Z, on-
shell (i.e. we can therefore replace in our results the electric charge e by its Thomson-limit
value, and there is no need to evaluate 6Z, explicitly!), as it is discussed above.

In summary, within the A 1K scheme, simultaneously we are allowed to give the
Thomson-limit value to the electric charge e, we do not need to evaluate 6Z, (or any shift
for e), and we avoid any x -dependence (or, equivalently, any K-dependence) for the
renormalised self-energies at the (s)fermions-contributions approximation.

5.1.1 Numerical difference between schemes

The parameters A,x,v appear in the Higgs boson mass matrixes only in the combinations
Av and x/ A, cf. eq. (5.4). On the other hand, both in the A/« -scheme and in the 11K -
scheme the quantities 6(Av) and &(x/ A1) are purely divergent. This means that the only
numerical difference between the renormalised self-energies from both schemes arises from
the value given to e . In this sense, what the A 1K -scheme says is that we can set
S(Av) =6(Av)™ and S(x/A)=0(x/ )™ (thus avoiding the artificial x -dependence
discussed above) at the same time that we are enabled to assign the experimental value of
the electric charge (no shift) to the e parameter.

5.1.2 Renormalised 3- and 4-point amplitudes

For the renormalisation of vertexes, some of the arguments in favour of the 11K scheme
fail. By direct inspection of the Higgs potential (4.1) it can be seen that the dependence of
the coefficient for the terms in the NMSSM Higgs potential is of the form

T r‘/ﬁ‘/’]@(
VH“.g“S?M—Zm“) <0.+Zméf; 0 + Z 00t Y00, 0000 (510
i,jk,/

With m((;llingl),l :UZH’] (MW’MZ’tﬁ ﬂ A( MH a_,¢{123} /laK) 1 n:1!-"14
where ¢ stands for both ¢ and/or y, and the f¢i~--¢,- are some functions. We see that the
only case where we can avoid the explicit evaluation of the electric charge renormalisation
by implementing the variables 4 and K is for n=2 (besides the case for n=1, where
oZ, neither occurs because it always appears multiplied for some tadpole T_, , which is set
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to zero at the end of the calculation, as it happens for the MSSM). For the 3- and 4-point
functions (i.e. n=3 and n=4), despite the introduction of the variables A and K, an
explicit dependence on e (or, equivalently, on v) still remains. Therefore, unlike n=2
case, it is not possible to prevent any x or A_ dependence in the (s)fermions—contributions
approximation for the renormalised 3- and/or 4-point functions without resigning an on-
shell renormalisation for e.

5.2 The MSSM Ilimit

Comparing the NMSSM Higgs potential from (4.1) with the MSSM one from (3.2) with
real parameters, we find that

Viigee ™ —Vilgee = Z | eHEHZ [
+(Z ISP =) (H] -H, +H]-H,)
+2Re[(1B — Ax(S?) — 1A,S)e, HAH]
+0(ds, 75) (5.11)

where O(¢s, xs) are terms that involve only singlet fields. Then, in the MSSM limit it must
be

i iO
A |S | —yzio (5.12)
1B — 2k (S%)" —ﬂAASiO
The first line impose that

A MM 50 (5.13)

The second line justified our choice (4.3) in order to reproduce the g -term:

RSP —p? = 22 +\20gps + 1B+ y2)) -2 —2225> 0 = ovg==

EURN

—  wewrite Us=+% . (5.14)
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Finally, from the third line in (5.12) we get the definition of the B parameter for the
NMSSM from (4.6) in terms of A, , together with the condition on «:

—Ak(S?) —AAS MM 5 0 =  B-Av (kv +A), kv, AA Ak —EM 5 0
K
thus A =B-——
) lﬂ

and x MM 5 0 (5.15)

In summary, once we express the results from the NMSSM in terms of MSSM-like
parameters by implementing the identifications (4.3) and (4.6), the MSSM limit is
summarized in the conditions (5.13) and (5.15), which in turn reduce just to the single
A—0 (or A — 0) condition in case of choosing to work with the K parameter (instead of
k) introduced in (5.4).

At this point we need to make clear an important observation. When one says, e.g., that
“the limit 4 — 0 must be taken as a necessary condition for recovering the MSSM”, the
immediate question is “A defined how?”, that is, “within which scheme for A4 ?”. Strictly
speaking, the comparison (5.11) has sence if we take into account the respective potentials
(or the Lagrangians) written in terms of the bare quantities (who are univocally defined).
This means that conditions (5.13-5.15) must hold for the bare parameters in order to
reproduce the MSSM from the NMSSM in that limit. This implies that MSSM-like
quantities such as ¢ and B must be renormalised in the same way (i.e. imposing the same
renormalisation conditions to fix their counterterms)’ for both models. In addition, for the
renormalised genuine-NMSSM parameters A and « the limits (1+01) —>0,(x+ k) —> 0
must hold. However, in sect. 4.3.4 we explicitly saw that, for our scheme implemented in
the that chapter,

N 250 , ok =250 . (5.16)

Therefore, that scheme satisfies that the MSSM-limit reduces to the condition
{1,x}—{0,0} for the renormalised A,x parameters. From an inspection those same
explicit results from sect. 4.3.4 and applying to the condition (5.7), a similar result we
obtain for the A/K -scheme, where one sees that {1, 5K}——>{O 0} (keeping
K = const.) holds, so that in this case the MSSM-limit condition reduces just to A1 —0 for
the renormalised 4 parameter.

0 Recall that in our approach of chapter 4 the condition for the B counterterm follows from the
renormalization conditions imposed on M2.,M2, N, Xy, 0T, o, See egs. (4.12),(4.67). Therefore the
MSSM-limit from the NMSSM requires the same renormallzatlon scheme on M2.,M2,t,,T, ,u for both
models, and in addition the 6B dependence w.r.t. the counterterm 64 must vanish in that Iimit. '
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The specific renormalisation for the x parameter is not relevant for the MSSM-limit,
however, if we consider the Higgs sector at one-loop order only, because du does not take
part in the one-loop renormalisation of the MSSM Higgs sector.

Note that it is not needed that the quotient x/ A remain finite in the MSSM limit. This extra
conditions is required, however, if we want to keep finite the singlet contributions for
A—0:

2
; K
VoM = 202k % g2 = Z?yz(ﬁsz : (5.17)

Higgs

This is not a condition for recovering the MSSM, but in practice it is needed to avoid
numerical instabilities in the evaluation of that limit, as well as for allow the analysis of the
masses for values of A ~0. The condition of x/A finite is, again, verified with the
definitions from eq. (5.4) by keeping K =const. in the MSSM limit.

The numerical analysis for the sample scenario in sects. 4.4.3 and 4.4.4 was made for a
fixed positive value of x. But the MSSM-limit requires 4 — 0,x — 0. Therefore, the mass
values to which the curves in those plots converge for A — 0 do not correspond to any
MSSM result. We show here in fig. 5.1 two plots for the sample scenario in function of A
but varying also x accordingly, so as to keep the quotient x/A constant:’

See that for 4 =0 the mass value in fig. 5.1 does not depend on the specific value of x/A,
as it must be because this corresponds to the MSSM-limit. It must be emphasized again,
however, that the MSSM-limit only requires 4 —0,x —0: it is not needed to keep
constant (not even finites!) the quotient x/ A while taking this limit. The MSSM-limit is
independent of the behaviour of x/ 4, and in fact the quantity «/A could diverge: this is
not a problem in order to recover the MSSM. The condition x/A <o must be satisfied if
in addition we are interested in getting finite results also for the singlet-like quantities
A=0.

"L Fig. 5.1 complement the numerical analysis performed in sects. 4.4.1 and 4.4.2 for the canonical scenario,
where we reproduced the MSSM limit in several cases by using a fixed the value for /4.
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Figure 5.1: Comparison of the lightest CP-even MSSM-like boson masses for different
values of x/A. The parameters not specified here are chosen according to the sample
scenario described in sect. 4.4.3. About the notation: for 2 — 0, h, is the lightest MSSM-
like CP-even boson when x/4=0.75,"2 while h,_is that MSSM-like state when x/4=1
and x/A=2; this is why in these plots we show M, (x/A=1), M, (x/1=2) and
M, (x/ A =0.75) (compare with the values in fig. 5.2, where the corresponding CP-even
singlet-like masses are shown).

Effect of the u« renormalisation

In the decoupling limit, A =0, the behaviour shown fig. 5.2 is observed for the mass of the
CP-even singlet-like physical state.
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Figure 5.2: Behaviour of CP-even singlet-like mass in the decoupling limit. Here h, is the
singlet-like state for x/ 4 =0.75, while h, is the singlet-like state for x/A=1and x/1=2.
The parameters not specified here are chosen according to the sample scenario described in
sect. 4.4.3.

"2 As always, we follow the convention M, <M, <M, for the notation.
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We see that, for 4 =0, the singlet-like mass is always equal to its tree-level value. This
means that all the renormalised self-energies for external singlet field(s) vanish for A =0
(and x/A = const.). This behaviour is a result of renormalizing x as a DR quantity. ou™

has non-zero contributions to i%%%m in the decoupling limit; specifically:

< in K K in
245 (A—>0x—0) :ZJS% (ﬂ.—)O,K‘—)O)—z(AK +8Zﬂj5ﬂf

XsXs

£, . (A->0xk—0)=3x" (/1—>0,K—>0)+3§AK5M" (5.18)

where % (A >0,k »0)=X7" (1 >0,k —>0)=0 if x/1 <.

5.3 The A-x symmetry

In Fig. 5.1 we show the curves for 4> 0. But in fact these results (i.e. setting x/ A = const.)
are completely symmetric in A ; that is, the theory is symmetric under 1 ——-A4 and
x — —« simultaneously, or, equivalently, it would be A -symmetric if, for instance, we
chose to write it in terms of K =/ A4 instead of x. In this section we derived this result
and explore its implications.

Let’s consider the following “ A/ x parity transformation”:

A > -4
K > —K (5.19)

An inspection of the NMSSM Lagrangian (see for instance the Higgs potential in (4.1))
written in term of the input parameter as (4.30) ® reveals that at tree-level this
transformation is equivalent to changing the sign of the singlino S and the singlet fields ¢
and y, simultaneously, which is nothing but a redefinition of the fields (a specific gauge
transformation). Beyond tree-level, the symmetry till holds if the renormalisation scheme is
chosen in such a way that in case of (5.19) the same change of sign is inherited by the
corresponding counterterms: o (A4,x) =—o(-1,—«) and ok (4,x) =—ck (—4,—«) (so that

™ The invariance analysed here would be spoiled if, for instance, one chose to work with T_ = A _ instead of
A_or T, =]A instead of A, , as some people do, or not to parametrise the singlet vev as vy = u/A. Our
analysis is, however, independent of considering A, or m: as input parameter instead of m; because
A,=5,C,mal u—(x/A)u and m =m?2. — M +(Av)?, which are both invariant relations under (5.19).
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Ay — —A5 and x, — —x, for the bare parameters).”® This suggests that all the physical
predictions of the theory must remain unchanged under (5.19), if the scheme is properly
chosen. Let’s examine this behaviour in detail for our calculation of the NMSSM Higgs

masses at one-loop order.

As mentioned in (4.26) and (4.27), in order to obtain the masses (and decay widths) of the
Higgs bosons, we have to obtain the poles of the inverse propagator. At one-loop level,
these poles are the values of p® for which the determinants of the following matrixes

vanish:

(p? —m§1¢1)(1+52¢1) —m;1¢2 @+3(Z, +6Z,) —m;1¢s @+3(z, +6Z,))

_IA_?;I)(DZ) = * (p2 _m;z¢z)(l+éz¢z) _m;2¢s (1+%(éz¢2 +éz¢s ))
* * (p* —my, )A+5Z,)
Za(P?) Ty (%) T, (P%)) [dmg, omg, omg,
+ * Sy (P) Ty, (PY) |- * oM, omg, (5.20)
* * s (P%) * * amg,

and the corresponding one for CP-odd sector by doing ¢ — y. Equivalently, the masses
(and decay widths) of the Higgs bosons annul the matrix

(p* —m;)(1+dZ,) 0 0
—iAn(P%) = * (p° _mri)(l"'ézhz) 0
* * (p* —my )L+ Zy,)
Zon (P) Zin, (P Ty (PP)) (oM 0 0
+ * thhz(pz) Zh2h3(p2) - * émti 0 (5.21)
* * Zh3h3(p2) * * &nri

and analogously for the CP-odd sector. Note that (5.20) reduced to
_i(A;;ﬁyﬁ)ij = pzé}j _mgzilqﬁj +Zg:;5]. (p*) _ém;;:n (5.22)

for the case of renormalizing the field counterterms in a DR scheme, cf. eq. (4.52) (we will
use this result below).

™ The eq. (5.19) is always understood here as a transformation on the renormalised parameters A, x .
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In the following we will use the notation “8” for representing fields in gauge basis (e.g.
é,.4,,¢;) and “q” for the physical basis (such as h,h,,h,) of a generic sector” with one
singlet or singlino field “#;”. In order to show that the symmetry for the one-loop masses
for that sector w.r.t the (5.19) transformation follows we need to prove that the elements of
both — iA;;} and — iA’Zlu (and also the corresponding one for the neutralino sector) in gauge
basis are of the form

A—>—A

(-iA;..a)ij — (—1)n5/§[0iﬁj](_iA_el...e (5.23)

ij

where we have defined ng <[6, ,...,6, ] as the number of the fields &, ,..., 6, that are
singlet/singlino fields. This means that one can write those matrixes in the following form:

Bge v By, Bl
—ing = ' ' ' L |EME, withalla,, (5.19)-invariant quantities
ot Qo0 Qe
Bpot v Bge A By

(5.24)

The masses are obtained from the poles of these propagator, cf. eq. (4.28), and from (5.24)
it follows that

a'915’1 o a'919N—1 a‘9193
_ 1 : . : :
-1
det(-iA; ;) = 7 det . L (5.25)
On-101 On-1On1 On-10s
2 2 2
aeselﬂ o agsngll a'gs'gs A

which is manifestly (5.19)-invariant.

The main result for proving (5.24) follows from an inspection of the Lagrangian of the
model, which yields:

The “ A/x -parity” of a coupling or a bilinear coefficient, C[g, ,...,6 ], with
respect to (5.19) is determined by the number ng c[6 ,...,6 ] of legs which
correspond to (i.e. the fields 4, ,...,6, that are) singlet or singlino fields:"

s Although in (5.20) we show the explicit form of the CP-even and the CP-odd Higgs inverse propagators
only, the analysis in this section applies to the neutralino sector too, where the singlino field takes part.

8 1f instead of the gauge fields 0,,.--.6, we have some combination ;-0 of singlino/singlet fields
and other fields, n <[q,,...,q,] is not well-defined. The A/« -parity of C[q,,...,q,] is still well-defined,
however, if that combination of fields corresponds to the expansion of some physical field, see eq. (5.44).
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A—>—4

Cl,.....6,] —==s (<)% ,..0] (5.26)
where
"L
c,,...0]=—- 5.7
0,-00% 2,0 (5.27)
1 n lall fields=0

This is an immediate consequence of the already mentioned fact that the tree-level NMSSM
Lagrangian (written in terms of the input parameters (4.30)) it is invariant under (5.19) if in
addition we do’’

¢ —> — s
Xs =™ —Xs (5.28)
S —»> =S

once the tadpole coefficients are set to zero.

Eqg. (5.26) means that at tree-level the only 2-, 3- and 4-point vertexes that are not invariant
but change their sign under (5.19) are the ones that involve an odd number of
singlino/singlet fields, namely:

~ ~ I’_I"ios¢j v oax DD fgi fgj¢s
H’S =00 X875 FifFi
o0 HiHjos e 50595 Tyt o0 (5.29)
" SSe T s T e,
where
ILj,k=12 , @=¢,x (neutral Higgs fields) ,

~ 5.30
g=123 , f =sleptons/squarks . (:30)

With respect to the mixing matrixes that link the gauge basis with the physical basis, let's
consider de diagonalization of the mass matrix M2 , in gauge basis:

UMZ,U"=M2, , UU =UU=I

" See the Higgs potential in eq. (4.1), and the neutralino mass matrix in (4.20).
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—dlag{m N} : : =U

Q-1 O
Oy s
(5.31)
L 5 (0 0IM (G 04)" =3 (0, U)IMg_ (G-, 0)
_%Z W0 H)klee Zzui,k(Me..ﬂ)kZUZ,jqiqj
k,¢ i,j k.t
C[O ,6,]
o Cla,,q;]
The columns of U™ are the normalized eigenvectors v, of the matrix M/ ,:
M;..e \Z =m§iVi , ViTVj :5ij , Ut :(Vl | Vs | | VN) (5.32)
Being M/ , of the form (5.24), it transforms as
a‘91‘91 o a919N71 N a,gl,gs /1
A2 : - : :
M, —> 5.33
o N AR 639
Qi d o B A Ay,
i.e.,
A—>-1 -
Mz, — diag{L...1, -3 M2 ,diag{L... 1 -B=M? , . (5.34)
Then,

|
diag{L,...1-3 M, , diag{l,... -1} diag{l,... L -1} v, = m¢diagfL...1-1}v, (5.35)

which means that the eigenvectors v, of the transformed matrix M 2, can be chosen as
v, =diag{L,....L -1} v, (5.36)

and hence the mixing matrix and the mass eigenstates transform as
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U1,1 U1,N—1 Ul,(S) U1,1 Ul,N—l _Ul,(S)

A=A -
VU= UN—1,1 UN—l,N—l UN—l,(S) V= UN—l,l UN—l,N—l _UN—l,(S)
UN,l UN,N—l UN,(S) UN,l UN,N—l _UN,(S)
(5.37)
G 6 6,
s gl :
Ons v O -Y O

On ) =)

Again, this is a manlfestatlon of that the transformation (5.19) is equivalent (at least at tree
level) to a redefinition S >- S, ¢ > -5, ys > —y, of the singlet and singlino fields.

Analogous results as above but for physical states are needed in case of analysing the effect
of the (5.19) transformation on the matrix (5.21) in physical basis, as well as to verify the
Al x -symmetry of the tree-level masses. Let’s consider two of the physical fields, g* and
qu, from two (possibly different) sectors A and B, so their expressions in terms of gauge
eigenstates are:

a7 =Uif\s‘93AJFZ:Ui/,Aké’kA , qu =UJB,S‘9SB +ZUE€6’€B (5.38)

k=S (#S

As before, 62 (62) is the only (if any) singlet or singlino field of the sector A(B).”® From
(5.31),

> Cll, -6 6, -6, = Z Zu,k U, ClO,..0. 14 ... (5.39)
Ky kp

i Ky e
Clg,,.--q, ]

thus for the coefficient of the bilinear term for g/q; we get

- +
Cla? o8 —JTJ;C A B GTG?C A B
[07,0;1=U{ U [‘95195]+z isU [, Clos, 6]

]

+>UAUSCIE, 601+ uiu? cler,e° 5.40

8 The expansions in (5.38) are very general expressions: if A and/or B are not from the neutral Higgs or
neutralino sectors, then Z ¢ = 0 and/or Z? ¢ =0.
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The indicated signs are the A/« -parity of the various factors, followed from (5.26) and
(5.37). We see that the parity of the bilinear coefficient C[in,q?] is positive, which means
that it is invariant under (5.19). It is straightforward to see that the same result holds for a 3-
point vertex C[q”, qf‘ ,q< ] or a 4-point vertex. Then, we obtain the following result:

Any coupling or mass coefficient for physical fields are (5.19)-invariant. (5.41)
An immediate corollary is the following:

Any amplitude for external physical fields are invariant under (5.19). (5.42)

The last sentence follows from that accordingly to (5.41) all tree-level masses are (5.19)-
invariant, so do all Passarino-Veltman integrals.

We now need to extend the previous results to couplings involving fields in both gauge and
physical basis, in order to analyse the effect of the (5.19) transformation on the radiative
contributions. For an amplitude with external gauge eigenstates, it can always be evaluated
(and for simplicity of calculation it is convenient to do so) considering only physical fields
as internal lines, so we need to analyse the transformation of a coupling for a combination
of gauge eigenstates and physical fields. For instance, let’s consider a 3-point coupling
Cld,.q,,65 ] between the physical fields g, and g, from eq. (5.38) and a singlino/singlet
field 65 from a sector C :

Clg’, g%, 651=U/AU S Clo8, 68,651+ > UAUE,Clos, 68,651
1#S
+ > UAURCIA, 62,651+ Y Y UAUE CIA), 68 65]
kes S~ [asias
- -+ + o+ -

(5.43)

A—>—1
Cla®q},65] ——="— —C[q",q7,65]

This result can be easily generalizable to any combination of fields from gauge and
physical basis. We find that, in order to determining the A/x -parity of a coupling or
bilinear coefficient, the physical fields as external legs do not matter, only the number of
purely singlet and/or singlino fields do:

A=A

Cly 11O O8] —25s (D) 0Cfg ..., 0

(NSRERRE

0.1 (5.44)

This result is immediately transferred to the amplitudes. As we mentioned above, even
when the external legs correspond to fields from some gauge basis, in the calculation all
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virtual particles can (and it’s preferable to) be considered in physical basis. In addition, we
already pointed out that all the Passarino-Veltman integrals are (5.19)-invariant. Therefore:

The A/«x -parity of an amplitude in gauge basis is just determined by the number of
pure singlino/singlet fields as external legs.

(5.45)
Thus, for instance,”®
A=
K—>—K
Z:‘/§1¢s - 2¢1¢s
2)(1)(1 + 211)(1
lels + lels
AF¢1¢1¢5 - AFA%%
AF@ZUQ + Arﬁllll (546)
Ar¢z¢2¢2 + Ar¢2¢2¢2
Ar¢zllls - AF¢2Z1ZS
Ar¢sls}(s PsXsXs
Ar¢slzls +AL

PsX2Xs

Returning to expression (5.22), we see that the last piece of our analysis is to prove the
following A/ x -parity behaviour for the é‘mj;zn counterterms:

) A—>—4 0 , .
a.n;;:n K——K (_1) 5,54 x¢]]a.n;,;j (547)

and analogously for the CP-odd sector. According to the quantities that we don’t
renormalised in a DR scheme (both in the A/« - and the A /K -scheme), c.f. (4.31), and
the renormalisation conditions of sect. 6.2.2, we have

&n;’;jn = (amai m;i¢j ) Rez:lillHi (mlii ) + (aM% m;igz)j ) ReZZf;] (M;)
+ (O M2, YREZ (ME) + 4 D7 (9 M2, )TEO™ (5.48)
k=1,2,S

The parity of the coefficients adm;i s, CaN be readable directly from (4.61) and (4.62):

" These results are independent of the external momentum.
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A4

2 Kok N5l bl 4 2 3 ka2 ag2
8"m¢i¢i (_1) ¥ J ao'm¢i¢j » 0= mHi ’ MZ ) MW
2 _1N\"s/5[4.¢ .41 2
8f¢k mMj S ( 1) S/§ i P afw m¢i¢j (549)

while for the amplitudes in (5.48) we use the results (5.42) and (5.45):

A—>—2

> R N . o=H*ZW

oo

T¢(le),ﬁn s (=1)"sislo ]T¢(le), fin (5.50)

which prove that (5.47) if verified. Note again that this result depends on the “right” choice
of the renormalisation scheme.

This confirms the A/« -parity behaviour (5.24) for the NMSSM Higgs inverse propagators,
which prove the invariance of the one-loop masses with respect to the (5.19) transformation.
There is no definite parity (even nor odd) in the theory, however, if we performed 4 — -4
or k — —x but not both at the same time; in fact, in most cases the lightest CP-odd Higgs
mass turn out to be tachyonic at tree level for /A <0. This again suggest the choice of
(5.4) as input parameters instead of 4 ,x as a preferred/improved choice for the NMSSM
phenomenology analysis, because the theory is A ——1 invariant (within the appropriate
renormalisation scheme), while keeping K to a fixed and positive value avoids those
negative square mass results for /1 <0.
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CHAPTER 6

Summary and Conclusions

In this work we performed precise calculations for the Higgs boson masses with radiative
corrections in the context of supersymmetric extensions of the Standard Model of particle
physics. The most significant achievements include a new accuracy on predictions within
the Minimal Supersymmetric Standard Model (MSSM), specifically for the charged Higgs
boson mass, and the CP-conserving Next-to-Minimal Supersymmetric Standard Model
(NMSSM), consisting on the evaluation of the full one-loop corrections for the relevant
sectors, including derivation of the renormalisation. The implementation of the leading
two-loop contributions developed in our publications [1,2,129] was briefly discussed as
well. Where available, for both models we verified that the analytical expressions and
numerical results obtained from our own computation were in agreement with previous
literature and consistent with other public codes.

The Higgs mechanism satisfies the need of gauge theories for some form of spontaneous
electroweak symmetry breaking to provide mass to the corresponding gauge bosons. The
MSSM is one of the most popular theoretical models that implement this mechanism,
containing in its spectrum for the Higgs sector two charged scalar bosons and three neutral
ones. Supersymmetric theories such as the MSSM extend the SM in order to solve the
problem of the appearance of quadratically divergent quantum corrections for the mass of
the Higgs particle. In the framework of this model, the full numerical analysis for the
physical masses of the neutral Higgs bosons confirms that the virtual fermions and
sfermions generate the most important contributions to the radiative corrections through the
Yukawa couplings, being the top and stop loops who give rise to the dominant terms that
grows as the fourth power of the top quark mass.

We have evaluated the dominant contributions at O(m;*) from the (s)top sector, as well as
the (s)fermion approximation and the full result, for the MSSM Higgs sector structure at
one-loop order, deriving and discussing the analytical results for the masses and mixing of
the Higgs bosons. In particular, we have analysed the details of the MSSM Higgs and
sfermion sectors, concerning the relations between the physical and the nonphysical
parameters, as well as the implementation of the explicit calculation of the amplitudes
needed for the evaluation of the relevant renormalised self-energies.
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We have presented a detailed analysis of the prediction for the charged Higgs boson mass,
M. ., within the real MSSM, on the basis of a complete one-loop calculation. The
incorporating of the two-loop contributions of O(e,«,) in [1] was also reviewed. We find
relatively large mass shifts at the one-loop level. In particular, we have analysed the
dependence of M. on the trilinear couplings A and A,. For the case A = A,, which is
assumed in the so-called my™ benchmark scenario, corrections to M ,. of several GeV are
found. The opposite case, A =-A, , can yield much larger shifts exceeding
AM . =10GeV for large | A |. In general, the full one-loop corrections are negative for

small tan 8 and positive for large tan g in the m™® benchmark scenario.

Pronounced effects on M . in the region of large tan S originate from the standard QCD
corrections to the bottom Yukawa coupling, formally a contribution beyond one-loop order.
Similarly important are the shifts from the inclusion of A, effects, leading to a strong
dependence of M ,. on the size and the sign of x. The contributions from the (s)fermion
sector beyond t/t /b/b are sizable for Mg, 21000 GeV and can exceed ~ 2 GeV.

The new two-loop corrections of O(e,c,) [91] in most of the considered cases are of
opposite sign to the one-loop corrections. The induced shifts in M ,. can be of several GeV
for small M, and tan g and large values of | x|, and are thus of a size that may be probed
at the LHC and the LC. The set of two-loop contributions considered are expected to be
particularly relevant for those MSSM parameter regions where the m*/ M. terms yield a
good approximation to the full one-loop result, i.e. in particular for relatively low values of
tan B . For the general case, a more comprehensive higher-order calculation would be
required.

We have implemented our results for the charged Higgs-boson mass into the public Fortran
code FEYNHIGGS. The code also contains the evaluation of the charged Higgs-boson decays
and the main charged Higgs-boson production channels at the LHC. It can be obtained from
www.feynhiggs.de.

We have presented predictions for the Higgs boson masses also in the NMSSM, obtained
again within the Feynman-diagrammatic approach. The Higgs-mass predictions include the
full one-loop calculation in the NMSSM. They have been supplemented by all available
MSSM-like two-loop contributions extracted from [2], where the validity of this
approximation in the perturbative regime for 4 and x has been confirmed. The dominant
and sub-dominant two-loop corrections of MSSM-type include the contributions at
O(aa,, ., o ar,) , as well as a resummation of leading and subleading logarithms
from the top/scalar top sector. While the full one-loop contributions are evaluated with an
own code, making use of the FEYNARTS and FORMCALC packages and a model file
generated with SARAH, the leading two-loop corrections correspond to the output from
FEYNHIGGS. In order to enable a direct comparison with the corresponding results in the
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MSSM, the renormalisation scheme and all parameters and conventions have been chosen
such that the well-known MSSM result is recovered in the appropriate limit.

In our phenomenological analysis we have first investigated a “sample scenario” where,
depending on the value of A, either the lightest or the next-to-lightest neutral Higgs state
can be identified with a SM-like Higgs boson at about 125 GeV. The lightest neutral Higgs
state can be identified with a SM-like Higgs boson at ~ 125 GeV for low and moderate
values of 4. The state that can be identified with the observed Higgs signal is doublet-like
in all cases, i.e. it receives only relatively small contributions from the singlet state of the
NMSSM. The inclusion of the higher-order contributions which are known for the MSSM
were crucial in this context in order to obtain an accurate prediction for the mass spectrum.

We have investigated different approximations at the one-loop level in comparison with our
full one-loop result for the NMSSM. We have found that the approximation of the result for
the top/stop sector in terms of the leading MSSM-type contributions works well in the
parameter regions where the top/stop sector itself yields a reasonable approximation of the
full result. It therefore appears to be well motivated to make use the same approximation at
the two-loop level. The genuine NMSSM top/stop sector contributions of O(Y,1,4*) can be
significant for singlet-like fields if A is large. For such large values of A1, however, the

improvement achieved by including those genuine NMSSM contributions from the top/stop
sector is by far overshadowed by the fact that contributions from the Higgs and higgsino
sectors become more and more important for a singlet-like Higgs field.

Finally, we have explored some additional theoretical aspects of the NMSSM. We
reproduce the analytical conditions for recovering the MSSM results in some appropiate
limit for the NMSSM parameters, and we discussed the impact of the chosen
renormalization scheme in that limit. These results were confirmed in our numerical
analysis, for the canonical scenario in chapter 4 and the sample scenario in chapter 5. An
additional scheme (slightly different from the one implemented in chapter 4) for the Higgs
sector were proposed in chapter 5, motivated (among other things) on showing that we
could use the Thomson limit as the value for the electric charge parameter in our results
from chapter 4 (no shift) at one-loop order. The schemes from chapters 4 and 5 were
compared, and precisely the value for the e parameter ultimately resulted in the only
relevant numerical difference between them. We made explicit the MSSM-limit
prescriptions for both, and in addition the implicance of the chosen scheme on the parity
behaviour of the results from the theory with respect to the signs of the 4 and x
parameters was analysed.

This thesis contributes to the effort of providing phenomenological insights for the Higgs
bosons within supersymmetric extensions of the Standard Model, which might open a new
perspective for the ongoing Higgs and Beyond SM search at the LHC and future colliders.
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While we have already implemented our original results for the MSSM in FEYNHIGGS, the
work presented here will be used also as a basis for the extension of this code to the
NMSSM, so as to improve the possibility of making phenomenological predictions for the

NMSSM Higgs bosons and comparing it with the MSSM and other models with Higgs
sectors of non-standard structure.
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