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The approximate analytical bound and scattering state of the Klein-Gordon equation in D-

dimensions for an arbitrary l-state for a seven-parameter exponential-type potential is presented.

We obtain the bound-state solutions by using the supersymmetry quantum mechanics method, and

the normalized wave function and the scattering phase-shift factors are determined by using the

properties of the partial-wave analysis technique. Special cases of the seven-parameter exponential-

type potential are discussed in detail.
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I. INTRODUCTION

The Klein-Gordon equation (KGE) is the well-known

relativistic wave equation that describes spin-zero parti-

cles. It is also known that the analytic solutions of the

KGE are possible only in a few cases such as harmonic

and Coulomb potentials [1, 2]. However, for arbitrary

l-states (l 6= 0), the Klein-Gordon does not admit an

exact solution. Thus the KGE can be solved approxi-

mately using different approximation schemes [3–5]. Im-

proved Greene and Aldrich approximation has been used

by Chen et al. [6] to investigate the bound state solu-

tion of the Schrödinger equation with exponential-type

model potentials. Quantum mechanical methods such

as Nikiforov-Uvarov [7], exact quantization rule [8], Su-

persymmetric Quantum Mechanics (SUSYQM) [9] and

asymptotic iteration method (AIM) [10] have been em-

ployed by different authors to obtain the bound state

solutions and scattering state solutions of Schrödinger,

∗E-mail: ndemikotphysics@gmail.com

Klein-Gordon and Dirac equations for different poten-

tials [11, 12]. Interestingly, the study of the relativis-

tic wave equation in the recent years particularly the

Klein-Gordon and Dirac equation have attracted the at-

tention of many authors because of the solutions that

these equations play in getting the relativistic effect in

nuclear physics and other areas [13]. With the intro-

duction of the SUSYQM and the concept of shape in-

variance in physics [14], the study of the solvable poten-

tial models in both relativistic and non-relativistic quan-

tum mechanics have received a great interest [15]. The

concept of SUSYQM allows one to determine the eigen-

functions and eigenvalues analytically for solvable poten-

tial model using algebraic operator formulation without

solving the Schrödinger-like differential equation by stan-

dard series method [16]. Recently, KGE in generalized

D-dimensions for different potentials is getting the atten-

tion of researchers [17–20]. Liu et al. [21] investigated

the molecular KGE with improved Tietz potential in D-

dimensions. Zhang et al. [22] studied the KGE in D-

dimensions for sodium dimer. Liu et al. [23] analyzed the
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properties of diatomic molecules with improved Rosen-
Morse potential. Tang et al. studied the Schrödinger
equation with improved Tietz potential [24]. Cesium
and Sodium dimmers in D-dimension were investigated
by Hu et al. [25] using SUSYQM. Jia et al. [26] studied
the diatomic molecules with improved Manning-Rosen
potential via SUSYQM. The D-dimensional energies for
lithium dimer was analyzed by Hu et al. [27]. The im-
proved expression for Schioberg potential energy models

for diatomic molecules were examined by Wang et al.
[28]. The equivalence of the Wei potential and Tietz
potential for diatomic molecules had been investigated
by Jia et al. [29]. Jia et al. [30] proposed five exponen-
tial type potential and Setare and Nazari [31] studied the
Dirac equation with five-parameter exponential potential
within the framework of spin and pseudospin symmetry.
Following the work of Jia et al. [30], we proposed a seven
parameter-type potential of the form,

V (r) = A+
B

(q + e2αr)
+

C

(q + e2αr)2
+

Fbe2αr

(q + e2αr)
+

Gbe2αr

(q + e2αr)2
(1)

where A,B,C, F,G are the potential parameters, q is
the deformation parameter , b = e2αre , re is the distance
from equilibrium position and α is the screening param-
eter. Consequently, the choice A,B,C, F and G param-
eters leads to well-known exponential-type potential as
a special case of Eq. (1).

II. BOUND STATE SOLUTION OF
KLEIN-GORDON EQUATION IN

D-DIMENSION

The KGE in higher dimension for spherically symmet-

ric potential reads as [17–20],

−~2c2∆Dψn,l,m(r,ΩD) = {[En,l − V (r)]2 − [mc2 + S(r)]2}ψn,l,m(r,ΩD) (2)

where En,l,m, V (r) and S(r) are the relativistic energy,
rest mass, the repulsive vector potential and the attrac-
tive scalar potential, respectively and ∆D is defined as

∆D = ∇2
D =

1
rD−1

∂

∂

(
rD−1 ∂

∂r

)
− Λ2

D(ΩD)
r2

. (3)

The total wave function in D-dimension is written as,

ψn,l,m(r,ΩD) = Rn,l(r)Y m
l (ΩD). (4)

The term Λ2
D(ΩD)

r2 is the generalization of the centrifugal
term for the higher dimensional space. The eigenvalues

of Λ2
D(ΩD) are defined by the relation,

Λ2
D(ΩD)Y m

l (ΩD) = l(l +D − 2)Y m
l (ΩD) (5)

where Y m
l (ΩD), Rn,l and l represent the hyper spherical

harmonics, the hyper radial wave function and the or-

bital angular momentum quantum number, respectively.

Now substituting ansatz Rn,l(r) = r−
(D−1)

2 Fn,l(r) for the

wave function into equation (2) yields,

{
~2c2

d2

dr2
+ (En,l − V (r))2 − (mc2 + S(r))2 − (D + 2l − 1)(D + 2l − 3)~2c2

4r2

}
Fn,l(r) = 0. (6)
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Considering equal scalar and vector potential as the seven parameter, S(r) = V (r) we obtain the following second-order
Schrödinger-like equation[

d

dr2
+
E2

n,l −m2c4

~2c2
− 2

(
mc2 + En,l

~2c2

){
A+

B

(q + e2αr)
+

C

(q + e2αr)2
+

Fbe2αr

(q + e2αr)
+

Gbe2αr

(q + e2αr)2

}]
Fn,l(r)

−
{

(D + 2l − 1)(D + 2l − 3)
4r2

}
Fn,l(r) = 0 (7)

where we have adopted the non-relativistic limit pro-
posed by Alhaidari et al. [32] that the potential is V (r)
not 2V (r).

It is well-known that Eq. (7) cannot be solved exactly
except for l = 0. In order to find the solutions of Eq. (7),

we apply the Pekeris approximation for the centrifugal

term [33]. This can be achieved by taking x = (r−re)/re

and expand the centrifugal term in power series around

x = 0 as follows:

(D + 2l − 1)(D + 2l − 3)
4r2

≈ (D + 2l − 1)(D + 2l − 3)
4r2e

1
(1 + x)2

= η(1− 2x+ 3x2 + · · · ) (8)

where η = (D+2l−1)(D+2l−3)
4r2

e
.

Liu et al. [21] proposed a centrifugal term in the form,
this approximation is valid for αr � 1

η

r2
= η

(
d0 + d1

1
q + e2αr

+ d2
1

(q + e2αr)2

)
(9)

where d0, d1 and d2 are constants coefficients obtained

by expanding Eq. (9) in series around x = 0,with the

transformation x = (r − re)/r as

η

r2
= η

(
d0 + d1

1
q + e2αre

+ d2
1

(q + e2αre)2

)
− 2αree2αre

(
d1

1
(q + e2αre)2

+ d2
1

(q + e2αre)3

)
x

= +4ηα2r2ee
2αre

(
1/2d1(e2αre − q)

(q + e2αre)3
+
d2(2e2αre − q)
(q + e2αre)4

)
x2 + · · · . (10)

Comparing Eqs. (8) and (10) up to second-order degrees
in the series expansion, we obtain the following terms for

the coefficients d0, d1 and d2 as follows:

d0 = 1 +
1

4α2r2e
(3− 6αre + 6qe−2αe + 3q2e−4αre − 4qαree−2αre + 2q2αree−4αre (11)

d1 =
1

2α2r2e
(−9q + 6qαre − 3e2αre + 4αree2αre − 9q2e−2αre − 3q3e−4αre − 2q3αree−4αre (12)

d2 =
1

4α2r2e
(18q2 + 12qe2αre + 3e4αre − 4qαree2αre − 2αree4αre + 12q3e−2αre + 3q4e−4αre

= +4q3αree−2αre + 2q4αree−4αre . (13)
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Substituting Eq. (9) into Eq. (7), we get

−d
2Fn,l

dr2
+

(
2(mc2+En,l)B

~2c2 + ηd1 + 2b(mc2+En,l)F
~2c2 e2αr

q + e2αr

)
Fn,l +

(
2(mc2+En,l)C

~2c2 + ηd2 + 2b(mc2+En,l)G
~2c2 e2αr

(q + e2αr)

)
Fn,l(r)

= Ẽn,lFn,l(r), (14)

where

Ẽn,l =
E2

n,l −m2c4

~2c2
− 2(mc2 + En,l)A

~2c2
− ηd0. (15)

In the SUSYQM formulation, the ground-state wave
function F0,l(r) is given by [14,16,21]

F0,l(r) = exp
(
−
∫
W (r)dr

)
, (16)

where the integrand is called the super potential and
the Hamiltonian is composed of the raising and lowering
operators

H− = Â+Â = − d2

dr2
+ V−(r) (17)

H+ = ÂÂ+ = − d2

dr2
+ V+(r), (18)

with

Â =
d

dr
−W (r), (19)

Â+ = − d

dr
−W (r), (20)

V±(r) = W 2(r)∓W ′(r). (21)

The super potential obeys the associated Riccati equa-
tion:

W 2(r)∓W ′(r) = Veff (r)− Ẽ0,l. (22)

Based on the SUSYQM, we choose the super potential
in the form,

W (r) = a+
b′e2αr

(q + e2αr)
, (23)

where

a =
1

2b′

(
−b′2 +

2Fb(mc2 + En,l)
~2c2

−
(

2(mc2 + En,l)B
~2c2q

+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2

))
(24)

b′ = −α± α

√
1 +

1
~2c2α2

{2(mc2 + En,l)
(
C

q2
− bG

q

)
+

~2c2ηd2

q2
} (25)

Ẽ0,l =
2(mc2 + En,l)B

~2c2q
+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2
− a2. (26)

We construct the pair of supersymmetric partner potentials V+(r) and V−(r) as follows,

V+(r) = W 2(r) +
dW (r)
dr

,

=
−qb′(b′ − 2α)e2αr

(q + e2αr)2
+ (2ab′ + b′2)

e2αr

(q + e2αr)
+ a2

=
−qb′(b′ − 2α)e2αr

(q + e2αr)2
+
(

2Fb(mc2 + En,l)
~2c2

− 2(mc2 + En,l)B
~2c2q

− ηd1

q
− 2(mc2 + En,l)C

~2c2q2
− ηd2

q2

)
e2αr

(q + e2αr)
+ a2

(27)
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V−(r) = W 2(r)− dW (r)
dr

,

=
−qb′(b′ + 2α)e2αr

(q + e2αr)2
+ (2ab′ + b′2)

e2αr

(q + e2αr)
+ a2

=
−qb′(b′ + 2α)e2αr

(q + e2αr)2
+
(

2Fb(mc2 + En,l)
~2c2

− 2(mc2 + En,l)B
~2c2q

− ηd1

q
− 2(mc2 + En,l)C

~2c2q2
− ηd2

q2

)
e2αr

(q + e2αr)
+ a2.

(28)

It can be observed that the partner potential are shape
invariant via mapping of the form b′ → b′ − 2α. Also, it
is easy to check the shape-invariance condition

V+(r, ρ0) = V−(r, ρi) +R(ρi) (29)

which holds via the mapping b′ → b′ − 2α. In our study

ρ0 = b′ and ρi is a function of ρ0, i.e., ρ1 = f(ρ0) =

ρ0 − 2α. Thus, ρn = ρ0 − 2αn and from Eq. (29), we

write

Ẽ−n,l =
n∑

k=1

R(ρk) =
[

1
2ρ0

(
−ρ2

0 +
2Fb(mc2 + En,l)

~2c2
−
(

2(mc2 + En,l)B
~2c2q

+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2

))]2
= −

[
1

2ρn

(
−ρ2

n +
2Fb(mc2 + En,l)

~2c2
−
(

2(mc2 + En,l)B
~2c2q

+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2

))]2
. (30)

Using Eqs. (15), (26) and (30), we obtained the energy
spectrum for the seven parameter potential model for the

KGE in D-dimension as follows,

Ẽn,l = Ẽ−n,l + Ẽ0,l = −
[

1
2ρn

(
−ρ2

n +
2Fb(mc2 + En,l)

~2c2
−
(

2(mc2 + En,l)B
~2c2q

+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2

))]2
or in a more compact form we write Eq.(31a) as (31a)
E2

n,l −m2c4

~2c2
− 2(mc2 + En,l)A

~2c2
− ηd0 =

−
[

1
2ρn

(
−ρ2

n +
2Fb(mc2 + En,l)

~2c2
−
(

2(mc2 + En,l)B
~2c2q

+
ηd1

q
+

2(mc2 + En,l)C
~2c2q2

+
ηd2

q2

))]2
. (31b)

Equation (31b) is the relativistic energy equation for
seven parameter exponential-type potential in the pres-
ence of equal scalar and vector potentials. This result
can be used to study the relativistic rovibrational energy
for a diatomic system in the presence of the Manning-
Rosen system and others known potential models as spe-
cial cases as discussed in section 4. In order to determine

the corresponding wave function for the system, we make

a change of variable in Eq. (14) by writing z = qe−2αr

to obtain

d2Fn,l

dz2
+

1
z

dFn,l

dz
+

1
z2(1− z)2

(χ1z
2−χ2z+χ3)Fn,l(z) = 0

(32)

where
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χ1 =

(
Ẽn,l

4α2
+

(mc2 + En,l)B
4α2q~2c2

+
ηd1

4α2q
+

(mc2 + En,l)C
4α2q2~2c2

+
ηd2

4α2q2

)
(33)

χ2 =

(
Ẽn,l

4α2
+

(mc2 + En,l)B
4α2q~2c2

+
ηd1

4α2q
+

(mc2 + En,l)F
4α~2c2

+
(mc2 + En,l)G

4α2q~2c2

)
(34)

χ3 =
Ẽn,l

4α2
− (mc2 + En,l)F

4α2~2c2
. (35)

The solution of Eq. (32) becomes

Fn,l(r) = Nn,l(e−2αr)
√
−χ3(1− e−2αr)

√
1
4−χ1−χ2−χ3P

(
2
√
−χ3,2

√
1
4−χ1−χ2−χ3

)
n (1− 2e2αr) (36)

where Nn,l is the normalization constant and P (µν)
n (x) is the Jacobi polynomial.

III. SCATTERING STATE SOLUTIONS

With the change of variable y = 1− qe2αr in Eq.(32),
we get

y(1− y)F ′′(y)− yF ′(y)
(
γ1

y
+

γ2

1− y
− γ3

)
F (y) = 0, (37)

where

γ1 =
(mc2 + En,l)

4α2~2c2

(
C

q2
− bF − bG

)
+

ηd2

4α2q2

γ2 =
Ẽn,l

4α2
− (mc2 + En,l)bF

4α2~2c2

γ3 =

(
Ẽn,l

4α2
+

(mc2 + En,l)B
4α2q~2c2

+
ηd1

4α2q
+

(mc2 + En,l)C
4α2q2~2c2

+
ηd2

4α2q2

)
(38)

and with transformation Fn,l = yλ1(1 − y)λ2ϕ(z) in

Eq. (37), we obtain the hypergeometric function in the

form [34]

z(1−z)ϕ′′(z)+(1+2η1−(1+2η1+2η2)z)ϕ(z)−η1η2ϕ(z) = 0,

(39)

where

λ1 =
1
2

(
1 +

√
1− 4γ1

)
,

λ2 = − ik
α
, k =

√
α2γ2. (40)

The solutions of Eq.(39) is the hypergeometric func-

tion given by

ϕ(y) =2 F1(η1, η2, η3, y), (41)

where

η1 =
1
2

(
1 +

√
1− 4γ1

)
− ik

α
+
√
γ3,

η2 =
1
2

(
1 +

√
1− 4γ1

)
− ik

α
−√γ3,

η3 = 1 +
√

1− 4γ1. (42)
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We can write the complete wave function as,

Fn,l(r) =

Nn,l(−qe−2αr)η1(1− qe−2αr)η2
2F1(η1, η2η3; 1− qe2αr).

(43)

In order to obtain the normalized wave function and

the phase shift of the scattering state, we apply the

following properties of the hypergeometric functions

[34–36]

2F1(a, b, c; 0) = 1,

2F1(a, b, c; z) =
Γ(a)Γ(c− a− b)
Γ(c− a)Γ(c− b) 2F1(a; b; a+ b− c+ 1; 1− z)

= +(1− z)c−a−b Γ(c)Γ(a+ b− c)
Γ(a)Γ(b) 2F1(c− a; c− b; c− a− b+ 1; 1− z). (44)

Thus, the term 2F1(η1, η2, η3; 1− qe−2αr) for r →∞ in Eq. (41) becomes,

2F1(η1, η2, η3; 1− qe−2αr)

= Γ(η3)
[

Γ(η3 − η1 − η2)
Γ(η3 − η1)Γ(η3 − η2)

+
[

Γ(η3 − η1 − η2)
Γ((η3 − η1))Γ(η3 − η2)

]∗
q(η3−η1−η2)e−2α(η3−η1−η2)r

]
,

= Γ(η3)qi(η3−η1−η2)

[
Γ(η3 − η1 − η2)q−i(η3−η1−η2)

Γ(η3 − η1)Γ(η3 − η2)
+
[
Γ(η3 − η1 − η2)qi(η3−η1−η2)

Γ(η3 − η1)Γ(η3 − η2)

]∗
e−2iα(η3−η1−η2)r

]
. (45)

Using the following relations in Eq. (43),

η3 − η1 − η2 = 2ik = (−η3 + η1 + η2)∗,

η3 − η1 = η2
∗

η3 − η2 = η1
∗ (46)

we obtain

2F1(η1, η2, η3; 1− qe−2αr) = Γ(η3)qik

[
Γ(η3 − η1 − η2)q−ik

Γ(η3 − η1)Γ(η3 − η2)
+
[

Γ(η3 − η1 − η2)q−ik

Γ(η3 − η1)Γ(η3 − η2)

]∗
e−2ikαr

]
. (47)

By defining

Γ(η3 − η1 − η2)
Γ(η3 − η1)Γ(η3 − η2)

=
∣∣∣∣ Γ(η3 − η1 − η2)
Γ(η3 − η1)Γ(η3 − η2)

∣∣∣∣ eiδ, (48)

q−ik =
∣∣q−ik

∣∣ eiδ′ (49)

and inserting it into Eq.(45), we have

2F1(η1, η2, η3; 1− qe−2αr) = Γ(η3)qiαk

∣∣∣∣Γ(η3 − η1 − η2)q−iαk

Γ(η3 − η1)Γ(η3 − η2)

∣∣∣∣ [ei(δ+δ′) + e−2αikre−i(δ+δ′)
]

= Γ(η3)qiαk

∣∣∣∣Γ(η3 − η1 − η2)q−iαk

Γ(η3 − η1)Γ(η3 − η2)

∣∣∣∣ e−iαkr
[
ei(δ+δ′+iαkr) + e−i(δ+δ′+iαkr)

]
= Γ(η3)qiαk

∣∣∣∣Γ(η3 − η1 − η2)q−iαk

Γ(η3 − η1)Γ(η3 − η2)

∣∣∣∣ e−iαkr sin
(
αkr + δ + δ′ +

π

2

)
. (50)
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Therefore, the asymptotic form of Eq. (41) for r →∞ becomes

Fn,l = 2Nn,lΓ(η3)
∣∣∣∣Γ(η3 − η1 − η2)q−iαk

Γ(η3 − η1)Γ(η3 − η2)

∣∣∣∣ e−iαkr sin
(
αkr + δ + δ′ +

π

2

)
. (51)

Now comparing Eq. (48) with the boundary conditions [34,35],

lim
r→∞

F (∞) = 2 sin
(
kr − 1

2
lDπ + δLD

)
,

we get the phase shift and the normalization constant as follows:

δlD =
π

2
(lD + 1) + δ + δ′

=
π

2
(lD + 1) + arg Γ(η3 − η1 − η2)− arg Γ(η3 − η1)− arg Γ(η3 − η2) + arg Γ(q−iαk) (52)

Nn,l =
1

Γ(η3)

∣∣∣∣Γ(η3 − η1)Γ(η3 − η2)
Γ(η3 − η1 − η2)q−iαk

∣∣∣∣ . (53)

IV. DISCUSSIONS AND SPECIAL CASES

In this section we investigated the energy eigenval-
ues of Hulthen, Manning-Rosen, Eckart, Deng-Fan and
Woods-Saxon potentials as special cases of seven param-
eter exponential-type potential.

1. Hulthen potential

The Hulthen potential is very important in atomic and
molecular fields [37]. This potential has been used ex-

tensively in nuclear and plasma physics [38]. In this
special case, we choose A = C = G = F = 0, B =
−Ze2δ, q = −1, α → δ

2 , where δ is the screening param-
eter and the seven parameter exponential-type potential
turns into the Hulthen potential as,

V (r) =
−Ze2δe−δr

1− e−δr
. (54)

The energy spectra of the Hulthen potential is ob-
tained from the energy equation of the seven parameter
exponential-type potential Eq. (28) by substituting the
above parameters as,

E2
n,l −m2c4 = ~2c2ηd0 − (mc2 + En,l)Ze2δ + η~2c2(d2 − d1)−

~2c2

4

(
4βHT + γHT

δ(n+ σHT )
+
δ(n+ σHT )

4

)2

, (55)

where

βHT =
(mc2 + En,l)Ze2δ

~2c2

γHT = η(d2 − d1),

σ =
1
2

(
1 +

√
1− ηd1 − η(d2 − d1

)
. (56)

2. Manning-Rosen potential

Manning-Rosen potential is one of the short range po-

tential and it has been used to describe the diatomic

molecular vibration [39]. The Manning-Rosen potential

has been one of the most useful and elegant potential

model for studying the energy eigenvalues of diatomic

molecules [40]. As an empirical potential, the Manning-

Rosen potential
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gives an excellent description of the interaction between
two atoms in a diatomic molecule, and it is very good
for describing such interactions close to the surface [41].
The special case of Manning-Rosen potential is obtained
from the seven parameter exponential-type potential by
considering, A = G = F = 0, B = − V0

b′2 , C = β′(β′−1)
b′2 ,

q = −1, α → 2
b′ . Thus, the Manning-Rosen potential

becomes,

V (r) =
1
b′2

(
β′(β′ − 1)e−

2r
b′(

1− e− r
b′
)2 − V0e

− r
b′

1− e− r
b′

)
. (57)

The energy level of the Manning-Rosen is ob-
tained from the energy equation of the multiparameter
exponential-type potential by putting the values of A, B
and C given above as,

E2
n,l−m2c4 = ~2c2ηd0+

(mc2 + En,l)(V0 + β′(β′ − 1))
b′2

+η~2c2(d2−d1)−
~2c2

4

(
b′βMR + γMR

(n+ σMR)
+

(n+ σMR)
b′

)2

, (58)

where

βMR =
(mc2 + En,l)(V0 + β′(β′ − 1))

~2c2b′2
,

γMR = η(d2 − d1),

σMR =
1
2

(
1 +

√
1− ηd1 −

(mc2 + En,l)β′(β′ − 1)
~2c2b′2

− η(d2 − d1)

)
. (59)

3. Eckart potential

The Eckart potential is one of the solvable exponential-
type potential in quantum mechanics since its introduc-
tion by Eckart [42] in 1930. Eckart potential is one of
most important potential model in physics and chem-
ical physics [43] and the bound state solution of the
Schrödinger equation [44] and the scattering states [45]
of this potential has been investigated. The Eckart po-

tential is obtained from the seven parameter exponen-

tial type potential by the setting A = C = G = 0, q =

−1, B = −α′, α→ 2
a , F = β′ and we get

V (r) =
α′e−

r
a

1− e− r
a

+
βe−

r
a(

1− e− r
a

)2 . (60)

The energy eigenvalues for the Eckart potential from

Eq.(28) becomes,

E2
n,l −m2c4 = ~2c2ηd0 − (mc2 + En,l)B + η~2c2(d2 − d1)−

~2c2

4

(
aβEK + γEK

(n+ σ)
+

(n+ σEK)
a

)2

, (61)

where

βEK = − (mc2 + En,l)
~2c2

[α′ + bβ′],

γEK = η(d2 − d1),

σEK =
1
2

(
1 +

√
1 +

(mc2 + En,l)
~2c2

(α′ + bβ′)− ηd1 −
(mc2 + En,l)

~2c2
bβ′ − (mc2 + En,l)

~2c2
α′ − η(d2 − d1

)
. (62)

4. Deng-Fan potential The Deng-Fan potential [46,47] discovered more than
50 years ago is the simplest modified form of Morse po-
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tential and is related to the Manning-Rosen and Eckart
potentials. This potential is used to describe diatomic
molecular energy spectra and electromagnetic transition
and is usually regarded as the true inter nuclear po-
tential in diatomic molecules. In this case, the choice
A = G = F = 0, B = −2bDe, C = Deb

2, q = −1 and
α = α

2 , where De is the dissociation energy. With these

parameters, we obtained the Deng-Fan potential from

Eq. (6) as

V (r) =
−2bDee

−αr

1− e−αr
+

Deb
2e−2αr

(1− e−2αr)2
(63)

and from Eq. (28), the energy spectra for the Deng-Fan

potential becomes

E2
n,l −m2c4 = ~2c2ηd0 + (mc2 + En,l)Deb(b+ 2) + η~2c2(d2 − d1)−

~2c2

4

(
2βDF + γDF

α(n+ σDF )
+
α(n+ σDF )

2

)2

, (64)

where

βDF =
(mc2 + En,l)Deb(b+ 2)

~2c2
,

γDF = η(d2 − d1). (65)

σDF =
1
2
(1 +

√
1− ηd1 − η(d2 + d1q). (66)

5. Woods-Saxon potential

The Woods-Saxon is a short range and reasonable po-
tential for nuclear shell models and it attracts much at-

tention in nuclear physics and is used to represent the dis-

tribution of nuclear densities [48–50]. The Woods-Saxon

potential has been used extensively in numerous prob-

lems in nuclear and particles physics, atomic physics,

condensed matter and chemical physics. In this spe-

cial case, we choose A = C = G = F = 0, B = −V0,

q = 1 and the seven parameter exponential-type poten-

tial turns into the Woods-Saxon potential as,

V (r) = − V0

1 + e2αr
(67)

E2
n,l −m2c4 = ~2c2ηd0 + (mc2 + En,l)V0 + η~2c2(d2 − d1)−

~2c2

4

(
2βWS + γWS

α(n+ σWS)
+
α(n+ σWS)

2

)2

, (68)

where

βWS =
(mc2 + En,l)V0

~2c2
,

γWS = η(d2 − d1),

σWS =
1
2

(
1 +

√
1− ηd1 − η(d2 − d1)

)
. (69)

V. CONCLUSIONS

In this paper, we have investigated the KGE with

seven parameter exponential-type potential and obtain

the bound state energy eigenvalues and the scattering

state phase factor. Special cases of the potential are

deduced in details.
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