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Abstract

In this thesis, we study conformal field theories (CFTs) with higher-spin symmetry and the renor-
malization group flows of some models with interactions that weakly break the higher-spin symmetry.
When the higher-spin symmetry is exact, we will present CFT analogues of two classic results
in quantum field theory: the Coleman-Mandula theorem, which is the subject of chapter 2, and the
Weinberg-Witten theorem, which is the subject of chapter 3. Schematically, our Coleman-Mandula
analogue states that a CFT that contains a symmetric conserved current of spin s > 2 in any
dimension d > 3 is effectively free, and our Weinberg-Witten analogue states that the presence
of certain short, higher-spin, “sufficiently asymmetric” representations of the conformal group is
either inconsistent with conformal symmetry or leads to free theories in d = 4 dimensions. In both
chapters, the basic strategy is to solve certain Ward identities in convenient kinematical limits and
thereby show that the number of solutions is very limited. In the latter chapter, Hofman-Maldacena
bounds, which constrain one-point functions of the stress tensor in general states, play a key role.
Then, in chapter 4, we will focus on the particular examples of the O(N) and Gross-Neveu
model in continuous dimensions. Using diagrammatic techniques, we explicitly calculate how the
coefficients of the two-point function of a U(1) current and the two-point function of the stress tensor
(Cy and CT, respectively) are renormalized in the 1/N and e expansions. From the higher-spin
perspective, these models are interesting since they are related via the AdS/CFT correspondence to
Vasiliev gravity. In addition to checking and extending a number of previously-known results about
Cr and Cj in these theories, we find that in certain dimensions, C'; and Cr are not monotonic
along the renormalization group flow. Although it was already known that certain supersymmetric
models do not satisfy a “C;”- or “C'p”-theorem, this shows that such a theorem is unlikely to hold

even under more restrictive assumptions.
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Chapter 1

Introduction

1.1 Why higher-spin conformal field theories?

The topic of this thesis is the classification of higher-spin conformal field theories and the study of
their renormalization group flows. In this section, we will explain what these theories are, and why
they are particularly interesting.

Conformal field theories (CFTs) are quantum field theories that are invariant under angle-
preserving diffeomorphisms g,, () — Q(x)gu,(x). This implies that CFTs are scale-invariant.
They appear naturally in many different fields of physics. They are, of course, of great interest
in high energy theory: for example, the conformal invariance of the string worldsheet action is a
critical ingredient of string theory, and the celebrated AdS/CFT correspondence [1] [2] [3] exactly
relates CFTs to string theories in anti-de Sitter space. In statistical physics and condensed matter
physics, CFTs describe quantum systems at criticality, as was famously demonstrated by Wilson and
Fisher [4] in 1972, and have been conjectured as tools to study strongly coupled condensed matter
systems via holographic dualities (see, e.g. [5] for a review). In mathematical physics, conformal field
theory has motivated the construction of novel objects in algebra, number theory, and topology, such
as vertex operator algebras and Borcherds algebras. Hence, on general grounds, CFTs are objects
whose general properties are worth understanding carefully.

Higher-spin CFTs, or CFTs which have a conserved current of spin larger than 2, have been
of particular interest for decades. Since the 1980’s [6], it has been conjectured that strings at
extremely high energies should behave as though they are tensionless. Since the masses of the

higher-spin modes of string theory are proportional to the string tension, these higher-spin modes



would become massless in the tensionless limit, and with no other scale in the theory, one would thus
expect the theory to become conformal at these energy scales, with the higher-spin symmetry being
spontaneously broken at lower energies. This viewpoint has been tested by many authors, including
in the context of the AdS/CFT correspondence (see, e.g. [7]). Hence, a classification of CFTs with
higher-spin symmetry may contribute to our understanding of string theory at the highest energy
scales and thereby provide a natural starting point for systematically studying corrections as the
higher-spin symmetries are broken at lower energies. This mirrors how understanding free quantum
field theories is the natural first step to systematically understanding interacting theories.

A more contemporary motivation arises from the study of Vasiliev’s higher-spin gauge theories
in anti de-Sitter space [8] [9] [10] in the context of the AdS/CFT correspondence. Under general
principles of AdS/CFT, we expect that the conformal field theory duals to Vasiliev’s theories (when
given appropriate boundary conditions) should also have higher-spin symmetry. This turns out to
be true; as we will review later in chapter 1, AdS/CFT relates the O(N) [11] and Gross-Neveu
models [12] [13] to Vasiliev theory. As in the string-theoretic example, it would be nice to be able to
extend these dualities beyond the exactly conformal case. (Indeed, studying the O(N) and Gross-
Neveu models in continuous dimensions, where the interaction term becomes a relevant operator, is
the topic of one chapter of this thesis.)

Higher-spin conformal field theories could be also relevant in other fields of physics besides high-
energy theory. In condensed matter physics, the classification of critical phenomena is one of the
overarching goals of the field as a whole, and one can imagine that there are universality classes
where higher-spin symmetry plays an important role. More speculatively, in cosmology, there have
been proposals for a “dS/CFT” correspondence [14] that relates theories in a de Sitter background
to CFTs. Since it is widely speculated that the universe experienced a period of inflation during
which the geometry of the universe was well-approximated by de Sitter space, such a duality might
provide a setting where tools from CFT, and perhaps even higher-spin CFT, could provide insight. It
is less clear in these contexts, however whether the higher-spin perspective generates any advantage
compared to more conventional techniques.

Hence, there are many reasons why understanding the general behavior of higher-spin CFTs
and their renormalization group flows is important. In the next two sections, we will provide more
background on particular questions in that spirit that this thesis tackles, indicate in which chapter

each question is addressed, and briefly summarize the results of the corresponding chapter.



1.2 Classical no-go theorems in quantum field theory

The baseline intuition for how higher-spin conformal field theories “should behave” is that the higher-
spin symmetry is so constraining that it essentially disallows interactions. This intuition arises from
the Coleman-Mandula and Weinberg-Witten theorems, two classic theorems in quantum field theory
that essentially forbid interacting higher-spin theories in quantum systems that satisfy a certain
number of technical assumptions. These assumptions, however, are not satisfied by conformal field
theories, so one might worry that this intuition is incorrect. Chapters 2 and 3 answer this question in
the negative; there do exist results similar to the Coleman-Mandula and Weinberg-Witten theorems
in conformal field theory. In this section, we review both theorems, explaining why the situation in

conformal field theory differs, and how these differences are addressed in chapters 2 and 3.

1.2.1 Coleman-Mandula theorem

The Coleman-Mandula theorem [15] states that, under a certain number of technical assumptions
which we will elaborate shortly, all conserved charges besides those arising from the Poincare gen-
erators must be Lorentz scalars or else the theory is free in the sense that the S-matrix is trivial.
A more concrete restatement of this result is that the only way to extend the Poincare group in an
interacting quantum field theory is to add internal symmetries.

The relation to higher-spin theories is as follows: Recall that charges of a conserved current are
generated by contracting the current with a Killing vector and then integrating over a hypersurface.
The charges that a conserved current generates therefore have spin one less than the current. Hence,
we have the familiar statement that scalar charges are generated by spin 1 currents and that the
stress tensor generates momentum and angular momentum. So if we assume that a theory contains
a unique spin-2 current (the stress tensor), violation of the Coleman-Mandula theorem would mean
we have an interacting conserved current of spin 3 or greater!.

There are a number of technical assumptions that this result relies on, but two in particular are

important from the perspective of conformal field theory.
1. The theory has a mass gap.

2. The theory has an S-matrix.

1 Actually, this statement is slightly false. The Coleman-Mandula theorem doesn’t account for fermionic charges,
and indeed such charges can exist. Haag, Lopuszanski, and Sohnius extended the Coleman-Mandula theorem to
account for this possibility [16]. The theories they found are those containing supersymmetry. So, for instance, we
can have an interacting supersymmetric theory containing a supercurrent of spin 3/2.



The first assumption obviously cannot hold in conformal field theory. Conformal field theories, by
definition, are scale-invariant, so there can be no dimensionful scales in a CFT. This disallows a
mass gap since a mass gap would be such a scale. Note that this doesn’t mean that only “massless
operators” can exist in a CFT. There are representations of the conformal group that have nonva-
nishing support on every mass shell. Conformal symmetry just implies that the spectral density of
any such field as a function of mass has to be scale-invariant.

Then, recall that the matrix elements of the S-matrix are, by definition, transition amplitudes
between states asymptotically “far in the past” and states asymptotically “far in the future”. The
second assumption cannot hold in conformal field theory because scale invariance forbids the con-
struction of such asymptotic states, since there can be no scale that tells you when excitations are
“sufficiently far apart” from each other. More concretely, conformal symmetry implies that the two-
point function of any primary operator in a CFT exhibits power-law decay, not exponential decay.
Thus, the scale in the exponential that would normally appear in two-point functions (which is the
scale that would define when two excitations created by that operator are “far apart”) is replaced
by a dimensionless exponent, the scaling dimension. Another more qualitative picture of this point,
is just that two local operators at any finite separation can be brought arbitrarily close together
by acting with the dilatation operator. There is no meaningful sense in which “faraway operator
insertions become free”.

More broadly, the violation of the second assumption renders the entire proof of the Coleman-
Mandula theorem, which is essentially a careful analysis of two-particle scattering amplitudes, inco-
herent in conformal field theory. An entirely new argument is required in order to constrain CFTs
that contain higher-spin conserved currents. This project was first carried out by Maldacena and
Zhiboedov [17] in d = 3 dimensions. In chapter 2 of this thesis, we generalize their argument to
d > 3 dimensions as follows:

First, we show that the existence of a single symmetric higher-spin current implies the existence
of an entire tower of higher-spin currents in conformal field theory. There are therefore an infinite
number of Ward identities that the correlation functions of a higher-spin CFT must satisfy, and we
explicitly find all the solutions assuming unitarity. The result is that all the correlation functions of

symmetric operators in the theory must coincide with the correlation functions of either the theory

d—2
2

of N free bosons, N free fermions, or N free -form fields with N an integer. In particular, this
means that all the stress tensor correlation functions have to agree with some free field result. This
is a statement that interactions are essentially disallowed and therefore our result can indeed be

viewed as an extension of the Coleman-Mandula theorem to conformal field theory.



1.2.2 Weinberg-Witten theorem

The Weinberg-Witten theorem [18] constrains the helicities of massless particles in a four-dimensional

quantum field theory. It makes two statements:

1. If there exists a gauge-invariant current .J,, there can be no charged massless particles of

helicity larger than 1/2.

2. If there exists a conserved stress-energy tensor 1}, there can be no massless particles of helicity

larger than 1.

The proof follows from examining one-particle matrix elements of J and 7" in the limit of foreward
scattering. The proof is instructive, so we briefly review it, starting with the first statement. If J,, is
a conserved current, it generates a charge (). @ acts on one particle states by Q|p, j) = q|p, j), where
q is the charge carried by the massless one-particle state of momentum p and helicity j. Using the
normalization of the states (p/, j|p,7) = 6 (7" — p), we then infer that (p', j|Q|p, i) = ¢6® (B — p).

But Q, by definition, is equal to [ d*zJ°(z), so

W31l = [ a1 Dlp.d) (1.2.1)
:/d3x<p',j|eip'iJ0(t,O)e’ip'f\p,ﬁ (1.2.2)
= [ e 1 0) ) (1.23)
— @260 @ — P, 41Tt 0)lp, ) (1.2.4)

from which it follows that

', 317°(t,0)[p, ) = (1.2.5)

q
(2m)?
In the forward scattering limit p’ — p, the only Lorentz vector that is present is p*, so we must have
qp*

®', 517" (. 0)lp, j) = (2] (1.2.6)

lim
p'—=p

So this object is not zero.
On the other hand, consider the center of mass frame where p points along the z direction so that
P’ points in the —z direction (this is always possible for spacelike momentum transfer, and we can

choose the direction along which the p’ — p limit is taken). Then, perform a rotation by 6 around



the z axis. The rotation generator acts on our massless states of helicity j as:

p.5) — °lp, j) (1.2.7)
P, 5) = e 0, j) (1.2.8)

Thus,
®', 317 (t,0)|p, ) — €% (p', j|J*(t,0)|p, 5) (1.2.9)

But alternately, J#* — ALJY, where A is the Lorentz transformation matrix that implements the

rotation, so
@', 3174 (@, 0)[p, 3) — AL, 4177 (t,0)|p, j) (1.2.10)

+i

Since the eigenvalues of A are e** and 1, we must have j = 0 or j = £1/2 or else the matrix element

would vanish, which we just established was nonzero. This finishes the proof for J,. The proof for

+2i9 are also

the stress tensor proceeds analogously, except T transforms with two A matrices, so e
possible eigenvalues, which allows for j = +1.

Sadly, this elegant and beautiful proof clearly cannot work in conformal field theory for two rea-
sons. First, as mentioned in the context of the Coleman-Mandula discussion, there are no asymptotic
states, and in particular, there are no one-particle states. One can try constructing ersatz one-particle
states from some local CFT operator O(z) by a naive Fourier transformation [ e*O(z), but in our
investigations of such objects, one cannot easily constrain the corresponding three-point functions.
Second, there is no notion of a field being “massless” in conformal field theory. The operator P2
isn’t a Casimir element of the conformal group. In particular, it doesn’t commute with the dilatation
operator, so “mass” isn’t a label for representations of the conformal group. This means that it is
not even clear what the Weinberg-Witten theorem is supposed to say for conformal field theories.
Which operators are we supposed to think are “sick”? In fact, we know that the naive reading where
we just exclude all higher-spin content is clearly wrong since we know free field theories exist, and
those at least contain symmetric higher spin operators. The Coleman-Mandula analogue we proved
in chapter 2, however, seems to suggest that those are the only possibilities. So we conjecture that
higher-spin operators that “behave like” free field higher-spin operators but live in a representation
that does not appear in the spectrum of any free field theory are disallowed by conformal symmetry.
To be precise, if we adopt the (A, B) notation for classifying representations of the Lorentz group?,

we make the following two conjectures:

%i.e. (4, B) fields have 2A undotted and 2B dotted indices in the van der Waerden notation.



1. A local operator O(z) of type (k,0) or (0, k) that satisfies the Dirac equation @O = 0, saturates
the unitarity bound, and has k& > 3/2 cannot appear in a consistent unitary conformal field

theory.

2. A local operator O(z) of type (A, A+ k) or (A+k, A) that satisfies the conservation equation
0-0 = 0, saturates the unitarity bound, and has k > 5/2 cannot appear in a consistent unitary

conformal field theory.

To compare with free field theory: there are no (0,k) free fields with & > 3/2 in d = 4, which
motivates the first statement. As for the second statement, the most “imbalanced” conserved current
that exists in free field theory is comprised of the 1-form F),,, some derivatives, and another copy
of F},,,. This has symmetry type (A, A+ 2) for some A that depends on how many derivatives we
insert. So we conjecture that conserved currents of symmetry type (A, A + k) with k¥ > 5/2 and
A # 0 are disallowed.

In chapter 3, we show our progress towards proving this statement. At the time of this writing,
this work was in preparation for publication; in what appears, we have a complete proof of the first
statement, and we will provide evidence in the special case when a conserved current in the (3,1/2)
representation is present that the theory is free in some sense.

Our strategy is to enumerate the independent structures allowed by conformal symmetry for
three point funtions of T and two copies of the field we would like to analyze. Then, we will impose
the constraints that T is conserved, that the field satisfies an equation of motion or a conservation
condition, and that the field satisfies the conformal Ward identities. This will be sufficient to prove
statement 1, as we will see there are no structures consistent with these constraints remaining when
the spin is too large. For statement 2, we need an additional step, since we will find that there are
solutions for representations of the form (j,1/2), for all j > 1. To constrain them, we will compute
certain energy one-point correlation functions, which are constrainted by the Hofman-Maldacena
bounds [19] [20]. We will show that although the bounds can be satisfied, for certain polarizations
of the current the one-point energy correlator vanishes, which strongly suggests, via an argument of

Zhiboedov [21] that the theory is free.

1.3 The critical O(N) and Gross-Neveu models in AdS/CFT

Since the previous results suggest that conformal field theories with exact higher-spin symmetry

are essentially trivial, it makes sense to move towards interacting models where the higher-spin



symmetry is weakly broken. The critical O(N) and Gross-Neveu models are paradigm examples.
The goal of chapter 4 is to compute how certain two-point functions are renormalized in these two
models in various dimensions.

The diverse motivations for studying those two-point functions is surveyed in section 1 of chapter
4, but in order to better contextualize that work within the paradigm of higher-spin conformal field
theory, we will elaborate on one specific motivation for studying those two theories - namely, their
connection to higher-spin AdS/CFT dualities. Before proceeding, it is important to emphasize again
that AdS/CFT is far from the only motivation for studying the O(NN) and Gross-Neveu models. For
instance, they may be used to test monotonicity theorems in new dimensions [22], to generate novel
conformal fixed points [23], to generate models exhibiting emergent supersymmetry [24], and more.

The discussion in this section elliptically follows the excellent review [25], which should be referred
to if the reader desires additional detail about the following.

The Vasiliev higher-spin gauge theories are quantum field theories that all enjoy the following

basic features:
1. The equations of motion have a vacuum solution corresponding to AdS.

2. The field content consists of a scalar of mass m? = —2 (in unit where 545 = 1, and an infinite
tower of higher-spin currents of all spins s = 1,2, ...,00%. In particular, there is a graviton. It

is a theory of gravity.

3. The theory is interacting. There are higher-derivative couplings that become singular in the

flat-space limit, so one cannot make sense of the theory except in AdS.

Each of these features has an interpretation from the perspective of AdS/CFT. The first property,
along with the fact that Vasiliev theory contains a graviton, suggests that a CFT dual should exist.
The fact that it has a tower of higher-spin currents suggests that we should examine the singlet sector
of an O(N)/U(N)-symmetric theory of N free fields, since free theories are precisely the theories
that exhibit such higher-spin currents*. Schematically, if we suppress indices, they have the general
form J¥ ~ 37, ¢,08¢'0°*¢J. Once we have that, the fact that the bulk theory is interacting
squares away with our intuition, since, e.g. the three-point function of currents is nonzero in free

theory, so there had better be a nonvanishing bulk three-point vertex.

3This doesn’t violate Coleman-Mandula since the background is AdS, not flat space.

4The large-N expansion is needed, as always in AdS/CFT, to make the bulk perturbation theory well-defined. We
need to take the singlet sector so that we can distinguish between single and multi-trace operators, i.e. so that the
bulk theory has a coherent notion of single-particle and multi-particle states.



As it turns out, many entries of the AdS/CFT dictionary work perfectly, e.g. with the ansatz
that the so-called “minimal bosonic” Vasiliev theory is dual to the singlet sector of the O(N) vector

model theory of free bosons, we find that:
1. The single trace operators all have a corresponding higher-spin gauge field in the bulk.

2. The spin-zero singlet on the CFT side ¢'¢’ is dual to the scalar in the bulk with the right mass
given by the AdS/CFT dictionary.

3. The three-point functions of the currents on the boundary match the three-point function of

the corresponding gauge fields in the bulk [26] [27].

These pieces of evidence strongly motivate the conjecture that the singlet sector of the O(N) vector
model is dual to Vasiliev theory in AdS. This is a profound statement; it means that what is effectively
a trivial, noninteracting CFT secretly contains the data of some model of quantum gravity and gives
one the hope that such approaches can generate new, tractable, UV-finite models of quantum gravity.

Furthermore, there are a number of generalizations that allow one to relate Vasiliev gravity to
interacting CFTs. This is where the critical O(IN) and Gross-Neveu models enter the picture. When
one subjects the free O(N) bosonic and free U(NN) fermionic models by the quartic double-trace
deformations (¢;¢;)? and (1;2;)? in continuous dimensions, the two theories flow from a free theory
in the ultraviolet to an interacting IR fixed point. These two fixed points are the critical O(N)
and Gross-Neveu models, respectively. In the case of Vasiliev gravity in four dimensions, we will be
interested in understanding this RG flow in three dimensions.

The AdS interpretation of these renormalization group flows can be inferred from how the di-
mensions of the operators change under the RG flow. For instance, in the bosonic theory, the
scalar ¢? flows from dimension A = d —2 = 1 to A = 2. The AdS/CFT dictionary tells us,
in units where faqs = 1, that a scalar of mass m? is dual to a CFT operator of dimension
Ay = (d/2) £ /(d/2)2 + m2. As mentioned, in the Vasiliev theory we have m? = —2, so both
Ay =2and A_ =d— Ay =1 are above the unitarity bound A > (d — 2)/2 = 1/2. The inter-
pretation is that the Vasiliev theory is dual to both the UV and IR fixed points, but with different
boundary conditions on the bulk fields.

The higher-spin currents can also be examined under the RG flow. One finds that the anomalous
dimensions of the higher spin currents are of order O(1/N), so they remain massless and conserved
at leading order in 1/N. This is the statement that the higher-spin symmetry is only weakly broken

in these theories - one can only see the nonconservation in loop corrections. So in these theories,



one can consistently do perturbation theory around the exactly-conserved higher-spin theory, which
realizes, in a simpler model than string theory, the dream of studying quantum gravity as a correction
to a higher-spin theory.

In chapter 4, we study loop corrections to the two-point functions of the stress tensor and of the
U(1) conserved current in both the O(N) and Gross-Neveu models in various dimensions. We do
not make direct contact with particular holographic calculations in these theories, but the preceding
motivate, on general grounds, a better understanding of the renormalization group flows of these

theories.

1.4 Outline of this thesis

This thesis is organized as a series of papers. Chapter 2, the Coleman-Mandula analogue, is based
on the paper [28], coauthored with Vasyl Alba, which extended the paper [29], also coauthored
with Vasyl Alba. Chapter 3, the Weinberg-Witten analogue, is based on work with Clay Cérdova
and Thomas Dumistrescu in preparation for publication at the time of this writing. Chapter 4,
the analysis of the two-point functions of the stress tensor and the U(1) current in the O(N) and
Gross-Neveu models, is based on the paper [30] which was coauthored with Lin Fei, Simone Giombi,

Igor Klebanov, and Grigory Tarnopolsky.
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Chapter 2

Constraining conformal field
theories with a higher spin

symmetry in d > 3 dimensions

2.1 Introduction

Characterizing the theories dual to Vasiliev’s higher-spin gauge theories in anti de-Sitter space [§]
[9] [10] under the AdS/CFT correspondence [1] [2] [3] has been a topic of active research for over
ten years, starting from the conjecture of Klebanov and Polyakov that Vasiliev’s theory in four
dimensions is dual to the critical O(N) vector model in three dimensions [11] [13]. Under general
principles of AdS/CFT, we expect that the conformal field theory duals to Vasiliev’s theories (when
given appropriate boundary conditions) should also have higher-spin symmetry, so it is natural to try
to classify all higher-spin conformal field theories. In the case of CFT’s in three dimensions, this task
has already been accomplished by Maldacena and Zhiboedov [17], who showed that unitary conformal
field theories with a unique stress tensor and a higher-spin current are essentially free in three
dimensions. This can be viewed as an analogue of the Coleman-Mandula theorem [15] [16], which
states that the maximum spacetime symmetry of theories with a nontrivial S-matrix is the super-
Poincare group, along with any internal symmetries whose charges are Lorentz-invariant quantum
numbers (i.e. are scalars with respect to the spacetime symmetry group).

In this chapter, we will prove an analogue of the Coleman-Mandula theorem for generic conformal

11



field theories in all dimensions greater than three. We will show that in any conformal field theory
that (a) satisfies the unitary bound for operator dimensions, (b) satisfies the cluster decomposition
axiom, (c¢) contains a symmetric conserved current of spin larger than 2, and (d) has a unique stress
tensor in d > 3 dimensions, all correlation functions of symmetric currents of the theory are equal

to the correlation functions of one of the following three theories - either the theory of n free bosons

d—2

5 -forms.

(for some integer n), a theory of n free fermions, or a theory of n free

d—2
2

Note that in odd dimensions, the free -form does not exist, and the status of our result
is somewhat complicated. We do not show that there exists any solution to the conformal Ward
identities that corresponds to this possibility in odd dimensions, although we do show that if one
exists, it is unique. For every odd dimension d > 7, we know that an infinite tower of higher-spin
currents must be present [31], but in d = 5, it may be the case that there are not infinitely many
higher spin currents. Assuming that the solution exists and there are an infinite number of higher

spin currents, we show that the correlation functions of the conserved currents of the theory may

be understood as the analytic continuation of the correlation functions of the currents of the even-

d—2
2

dimensional free -form theory to odd dimensions. Then, even under all these assumptions, we
do not show that there exists any conformal field theory that realizes this solution. That is, it is
possible that this structure may have no good microscopic interpretation for other reasons. For
example, in odd dimensions it could be possible that some correlation function of some operators is
not consistent with the operator product expansion in the sense that it cannot be decomposed in
a sum over conformal blocks with non-negative coefficients (i.e. consistent with unitarity!). Such
questions are not explored in this work.

Furthermore, we note that a recent paper by Boulanger, Ponomarev, Skvortsov, and Taronna [31]
strongly indicates that all the algebras of higher-spin charges that are consistent with conformal
symmetry are not only Lie algebras but associative. Hence, they are all reproduced by the universal
enveloping construction of [32] with the conclusion that any such algebra must contain a symmetric

higher-spin current. This implies that our result should be true even after relaxing our assumption

that the higher-spin current is symmetric. The argument is structured as follows:

In section 2.2, we will present the main technical tool of the chapter: we will define a particular
limit of three-point functions of symmetric conserved currents called lightcone limits. We

will show that such correlation functions behave essentially like correlation functions of a

IThere is an example of this phenomenon. If one considers a theory of N scalar fields ¢; and computes the four-
point function of the operator ¢2 = >, ¢idi, it turns out that N should be greater then 1, otherwise the theory is
nonunitary.
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free theory in these limits, enabling us to translate complicated Ward identities of the full
theory into simpler ones involving only free field correlators. We will also compute the Fourier
transformation of these correlation functions; this will ultimately allow us to simplify certain

Ward identities into easily-analyzed polynomial equations.

The rest of the chapter will then carry out proof of our main statement. The steps are as follows:

In section 2.3, we will solve the Ward identity arising from the action of the charge ) arising
from a spin s current j, on the correlator (jaj2js) in the lightcone limit, where js is the stress
tensor. We will show that the only possible solution is given by the free-field solution. This
implies the existence of infinitely many conserved currents of arbitrarily high spin,? thereby

giving rise to infinitely many charge conservation laws which powerfully constrain the theory.

In section 2.4, we will construct certain quasi-bilocal fields which roughly behave like products
of free fields in the lightcone limit, yet are defined for any CFT. We will establish that all
the higher-spin charges (whose existence was proven in the previous step) act on these quasi-

bilocals in a particularly simple way.

In section 2.5, we will translate the action of the higher-spin charges on the quasi-bilocals into
constraints on correlation functions of the quasi-bilocals. We will then show that these con-
straints are so powerful that they totally fix every correlation function of the quasi-bilocals to
agree with the corresponding correlation function of a particular biprimary operator in free

field theory on the lightcone.

In section 2.6, we show how the quasi-bilocal correlation functions can be used to prove that the

three-point function of the stress tensor must be equal to the three-point function of either the

d—2
2

free boson, the free fermion, or the free -form, even away from the lightcone limit. This
is then used to recursively constrain every correlation function of the CFT to be equal to the

corresponding correlation function in the free theory, finishing the proof.

This strategy is similar to the argument in the three-dimensional case given in [17]. There are two
main differences between the three-dimensional case and the higher-dimensional cases that we must

account for:

2The fact that the existence of a higher-spin current implies the existence of infinitely many other higher-spin
currents has been proven before in the four-dimensional case [33] under the additional assumptions that the theory
flows to a theory with a well defined S-matrix in the infrared, that the correlation function (j2j2js) # 0, and that
the scattering amplitudes of the theory have a certain scaling behavior. This statement was also proven for d # 4,5
in [31] by classifying all the higher-spin algebras in all dimensions other than 4 and 5. We give a proof for the sake
of completeness, and also because our techniques differ from those two papers.
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First, the Lorentz group in d > 3 admits asymmetric representations, but the three-dimensional
Lorentz group does not. By asymmetric, we mean that a current J,,, . ,,,, is not invariant with respect
to interchange of its indices. For example, in in the standard (ji, j2) classification of representations
of the four-dimensional Lorentz group induced from the isomorphism of Lie algebras so(3,1)¢ =
5[(2,C) @ sl(2, C), these are the representations with j; # jo. The existence of these representations
means that many more structures are possible in d > 3 dimensions than in three dimensions (the
asymmetric structures), and so many more coefficients have to be constrained in order to solve the
Ward identities. We restrict our attention to Ward identities arising from the action of a symmetric
charge to correlation functions of only symmetric currents; we will then show that asymmetric
structures cannot appear in these Ward identities, making the exact solution of the identities possible.

Second, the space of possible correlation functions consistent with conformal symmetry is larger
in d > 3 dimensions than in three dimensions. For example, consider the three-point function of
the stress tensor (jojaja). It has long been known (see, e.g. [34] [35] [36] [37]) that this correlation
function factorizes into three structures in d > 3 dimensions, as opposed to only two structures
in three dimensions (ignoring a parity-violating structure which is eliminated in three dimensions

by the higher-spin symmetry). These three structures correspond to the correlation functions that

d—2

5--forms. We will show that even

appear in the theories of free bosons, free fermions, and free

though more structures are possible in four dimensions and higher, the Ward identities we need can
still be solved.

We note that our work is related to a paper by Stanev [38], in which the four, five, and six-point
correlation functions of the stress tensor were constrained in CF'T’s with a higher spin current in four
dimensions. It was also shown that the pole structure of the general n-point function of the stress
tensor coincides with that of a free field theory. Though this chapter reaches the same conclusions,
we do not make the rationality assumption [39] of that paper.

This work is also related to [40], in which the authors showed that unitary “Cauchy conformal
fields”, which are fields that satisfy a certain first-order differential equation, are free in the sense
that their correlation functions factorize on the 2-point function. Their result may be understood
as establishing a similar result that applies even to certain fields which are not symmetric traceless,

which we say nothing about.
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2.2 Definition of the lightcone limits

The fundamental technical tool we need to extend into four dimensions and higher is the lightcone
limit. In order to constrain the correlation functions of the theory to be equal to free field correlators,

we will show that the three-point function of the (j2ja2j2) must be equal to (j2jaj2) for a free boson, a

a—2

5 -form field - it cannot be some linear combination of these three structures.

free fermion, or a free
To this end, it will be helpful to split up the Ward identities of the theory into three different
identities, each of which involves only one of the three structures separately. To do this, we will
need to somehow project all the three-point functions of the theory into these three sectors. The
lightcone limits accomplish this task.

Before defining the lightcone limits, we will set up some notation. As in [17], we are writing
the flat space metric ds? = dxtdx~ + di? and contracting each current with lightline polarization
vectors whose only nonzero component is in the minus direction: j, = J,,, ., et ... e = J__.._.
We will also denote 0; = 9/0x] and similarly for 0, and d3. Thus, in all expressions where indices

are suppressed, those indices are taken to be minus indices. There are two things we will establish:

1. We need to define an appropriate limit for each of the three cases, which, when applied to a
three-point function of conserved currents < Js1Jss j53>, yields an expression proportional to an
appropriate correlator of the free field theory. For example, in the bosonic case where all the

currents are symmetric, we would like the lightcone limit to give us 97952 (0™ Jss ) free-

2. Second, we need to explicitly compute the free field correlator which we obtain from the
lightcone limits. In the bosonic case where all currents are symmetric, this would mean that

we need to compute the three-point function (p¢*js,) in the free theory.

For the first task, we claim that the desired lightcone limits are:

(Josdsayios) = T Jynal®™ 1 (o, foaa) o€ 0705 (660" o ree (2:2.1)

b ly12[—0 zf,—

. . . . 1 . -1 —1 .

<131132 fjsa> = ‘y}g‘fg . Iymldl_lgrgo Eusl Jsadss) < 05 02T WYy ) e (2.2.2)
12

1
.S .S .s = 1. d+2 1~ - -S -S -S 6817288272 Ff o F, o -s 22.3
(o) = fip [0l Jim, e nndo) o808 - Pt (223)

Here, the subscript b, f, and ¢ denote the bosonic, fermionic, and tensor lightcone limits. ¢ is a

free boson, 1 is a free fermion, and F' is the field tensor for a free d;2—f0rm field; the repeated {a}
indices indicate Einstein summation over all other indices. For example, in four dimensions, the

“tensor” structure is just the ordinary free Maxwell field. For conciseness, we will often refer to
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the free %—form field as simply the “tensor field” or the “tensor structure”. Again, we emphasize
that in odd dimensions, the free %—form field does not exist. In odd dimensions, our claim is that

the only possible structure with the scaling behavior captured by the tensor lightcone limit is the

d—2

one which coincides with the naive analytic continuation of the correlation functions of the free “3

form field to odd d.

The justification for the first two equations comes from the generating functions obtained in [36]
[37]; in those references, the three-point functions for correlation functions of conserved currents
with y12 and JcE dependence of those types was uniquely characterized, and so taking the limit of
those expressions as indicated gives us the claimed result. In the tensor case, [37] did not find a
unique structure, but rather, a one-parameter family of possible structures. Nevertheless, all possible
structures actually coincide in the lightcone limit, as is proven in appendix B.

We note that parity-violating structures cannot appear after taking these lightcone limits. This is
because the all-minus component of every parity violating structure allowed by conformal invariance
in d > 3 dimensions is identically zero. To see this, observe that all parity-violating structures for
three-point functions consistent with conformal symmetry must have exactly one €,,,,...., tensor
contracted with polarization vectors and differences in coordinates. Only two of these differences
are independent of each other, and all polarization vectors in the all-minus components are set to
be equal. Thus, there are only three unique objects that can be contracted with the € tensor, but
we need d unique objects to obtain a nonzero contraction. Thus, all parity-violating structures have
all-minus components equal to zero.

Later in our argument, we will need expressions for the Fourier transformation of the lightcone-
limit three point function of two free fields and a spin s current with respect to the variables z;
and z, in the theories of a free boson, a free fermion, and a free d%?—form field. The computation
for each of the three cases is straightforward and is given explicitly in appendix A. The results are

as follows:

y s d d
FY = {(¢¢"js) < (p3)°2F (2 — s - 1,p1+/p;> (2.2.4)
f = I3 +\s—1 d d 4+
F] = <Mﬂs> oc (py )" a1 (1= 375755 P /ps (2.2.5)
b _ . 1Ns_2 d d T
F) = <M]s> o (p3)° "2k 5 TS TG +1,p7 /p3 (2.2.6)

Here, 2 F} is the hypergeometric function, and the proportionality sign in each formula indicates

that we have omitted an overall nonsingular function which we are not interested in. That they are
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indeed nonsingular is also proven in appendix A.

Before continuing, we emphasize that the three lightcone limits we have defined do not cover
all possible lightcone behaviors which can be realized in a conformal field theory. We define only
these three limits because one crucial step in our proof is to constrain the three-point function of
the stress tensor (jajaj2), which has only these three scaling behaviors.

Furthermore, though we have discussed only symmetric currents, one could hope that similar
expressions could be generated for asymmetric currents - that is, lightcone limits of correlation
functions of asymmetric currents are generated by one of the three free field theories discussed here.
Unfortunately, running the same argument in [37] fails in the case of asymmetric currents in multiple
ways. Consider the current (jajsjs), where j, is some asymmetric current and j, is its conjugate.
To determine how such a correlator could behave the lightcone limit, one could write out all the
allowed conformally invariant structures consistent with the spin of the fields, and seeing how each
one behaves in the lightcone limits. Unlike the symmetric cases, one finds that in the lightcone limit
many independent structures exist, and these structures behave differently depending on which pair
of coordinates we take the lightcone limit. To put it another way, for a symmetric current s, one

has the decomposition:

(ojsis) = Y (J2dsds); (2.2.7)

JE{b,f,t}
where the superscript j denotes the result after taking corresponding lightcone limit in any of the
three pairs of coordinates (all of which yield the same result), and the corresponding structures can
be understood as arising from some free theory. In the case of asymmetric jg, this instead becomes

a triple sum

<j2jsjs> = Z <j2jsjs>(j’k7l) (2.2.8)
J.k,1e{b, f,t}

where each sum corresponds to taking a lightcone limit in each of the three different pairs of coordi-
nates, and we do not know how to interpret the independent structures in terms of a free field theory.
This tells us that for asymmetric currents, the lightcone limit no longer achieves its original goal of
helping us split up the Ward identities into three identities which can be analyzed independently;
each independent structure could affect multiple different Ward identities. Again, we emphasize
that this does not exclude the possibility of a different lightcone limit reducing the correlators of
asymmetric currents to those of some other free theory. It simply means that our techniques are not
sufficient to constrain correlation functions involving asymmetric currents, so we will restrict our

attention to correlation functions that involve only symmetric currents.
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2.3 Charge conservation identities

We will now use the results of the previous section to prove that every CFT with a higher-spin
current contains infinitely many higher-spin currents of arbitrarily high (even) spin. We note that
this result was proven in a different way in [31] for all dimensions other than d = 4 and d = 5,
wherein they showed that there is a unique higher-spin algebra in d # 4,5 and showed that they
all infinitely many higher-spin currents. The discussion below is a different proof of this statement
based on analysis of the constraints that conservation of the higher-spin charge imposes, and the
techniques we develop here will be used later. As before, we treat the bosonic, fermionic, and tensor
cases separately.

Before beginning, we will tabulate a few results about commutation relations that we will use
freely throughout from this section onwards. Their proofs are identical to those in [17], and are

therefore omitted:

1. If a current j' appears (possibly with some number of derivatives) in the commutator [Qs, j],

then j appears in [Qs, j'].

2. Three-point functions of a current with odd spin with two identical currents of even spin are

zero: (jsjsjs) = 0 if s is even and s’ is odd.

3. The commutator of a symmetric current with a charge built from another symmetric current

contains only symmetric currents and their derivatives:

s'+s—1

Quisl= 3w d (2:3.1)
" =max[s’ —s+1,0]

The proof of this statement requires an additional step since one needs to exclude asymmetric
currents contracted with invariant symbols like the € tensor. For example, consider what
structures could appear in [(Qs2, j2] in four dimensions. In SU(2) indices, this object has three
dotted and three undotted spinor indices, so one could imagine that a structure like €, jabc"leédé
could appear in [Q2, j2]. However, [Qs, j2] has conformal dimension 5, and the unitarity bound
constrains the current j, which transforms in the (5/2,3/2) representation, to have conformal

dimension at least d — 2 + s = 6, which is impossible. The proof for a general commutator

[Qs, js/] follows in an identical manner.

4. [Qs, j2] contains Jjs. This was actually proven for all dimensions in appendix A of [17]. Ttem

1 then implies that [Qs, js| contains 92573 .

18



In these statements, we are implicitly ignoring the possibility of parity violating structures. For
example, the three-point function (221), which is related to the U(1) gravitational anomaly, may not
be zero in a parity violating theory. As mentioned in section 2.2, however, the all-minus components
of every parity-violating structure consistent with conformal symmetry is identically zero, so they
will not appear in any of our identities here.

Let’s start with the bosonic case. Consider the charge conservation identity arising from the

action of Q4 on (22,s):

0= ([Qu212,5) + (20Qu.2]5) + (22,[Qs. 5) (2:3.2)

If s is symmetric, we may use the general commutation relation (2.3.1) and the lightcone limit (2.2.1)

to expand this equation out in terms of free field correlators:

0= 0703 | v(07 " + (=1)°05~)(9d"s) ., + > dka§S*1*k<¢i*k>free (2.3.3)
2<k<2s—1 even

Note that the sum over k is restricted to even currents since (22k) = 0 for odd k. In addition, the

fact that the coefficient in front of the 95! term is constrained to be (—1)* times the coefficient for
the 977! term arises from the symmetry of (¢(z1)d* (z2)js(x3)) under interchange of x; and s.

Now, we apply our Fourier space expressions for the three-point functions given in section 2.2. In

the Fourier transformed variables, derivatives along the minus direction turn into multiplication by

the momenta in the plus direction. After “cancelling out” the overall derivatives, which just yields

an overall factor of (p])2(p3)?, the relevant equation is:

0=~((pi) " + (=1 HFip)+ >, alf +p9)* FR( L pE)  (2.34)
2<k<2s—1 even
The solution of (2.3.4) is not easy to obtain by direct calculation. We can make two helpful ob-
servations, however. First, not all coefficients can be zero. This is because we know 2 appears in
[Qs, 5], so at least G is not zero. Second, we know that the free boson exists (and is a CFT with
higher spin symmetry), and therefore, the coefficients one obtains from that theory would exactly
solve this equation. We will show that this solution is unique.
Suppose we have two sets of coefficients (7, {ax}) and (v/,{Bx}) that solve this equation. First,
suppose v # 0 and 7' # 0. Then, we can normalize the coefficients so that v =+’ are equal for the

two solutions. Then, subtract the two solutions from each other so that the v terms vanish. If we
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evaluate the result at some arbitrary nonzero value of pj , we may absorb all overall p3 factors into

the coefficients and re-express the equation as a polynomial identity in a single variable z = p} /p3:

0= > Ou(14 2)2 1k F (2 - d_ k, —k, %l —1,-2) (2.3.5)

2<k<2s—1 even 2

Then, the entire right hand side is divisible by 1 + z since s is even, so we may divide both sides
by 1+ z. Setting z = —1, since 3 Fj(a,a,1,1) # 0 for all negative half-integers a, we conclude that
d25—2 = 0. Then, the entire right hand side is proportional to (1 + 2)2, so we may divide it out.
Then, setting z = —1 again, we find d95—4 = 0. Repeating this procedure, we conclude that all
coefficients are zero, and therefore, that the two solutions are identical. On the other hand, suppose
one of the solutions has v = 0. Then, the same argument establishes that all the coefficients &y, are
zero. As noted earlier, however, the trivial solution is disallowed. Therefore, the solution is unique
and coincide with one for free boson. Thus, we have infinitely many even conserved currents, as
desired.

In the fermionic case, precisely the same analysis works. The action of Q5 on <2 fs> for symmetric

s leads to

0=RF (1O 2+ (1) BTy + > aFTE R (wuw)), (2.3.6)
2<k<25—2 even
Then, converting this expression to form factors and running the same analysis from the bosonic
case verbatim establishes that the unique solution to this equation is the one arising in the theory
of a free fermion.
In the tensor case, the argument again passes through exactly as before, except for two subtleties:
First, unlike in the bosonic and fermionic case, we do not have unique expressions for the three-
point functions of currents with the tensor-type coordinate dependence, so this only demonstrates
that the free-field solution is an admissible solution, but not necessarily the unique solution. Nev-
ertheless, in the lightcone limit, all possible structures for three-point functions coincide with the
free-field answer.? This was proven in appendix B.

Second, there may not exist a solution to the Ward identities in odd dimensions, because the free

d—2
2

-form does not exist in odd dimensions. However, if any solution exists, our argument shows that
it is unique. In d > 7, it is known that there is a unique higher-spin algebra containing the tower of

higher-spin currents described in the bosonic and fermionic cases [31]. In d = 5, our technique shows

3 Actually, we proved that correlators of the form (22s) have a unique tensor structure even away from the lightcone
limit. The proof, however, is very technical, and it is given in appendix C.
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that if there is a solution for the Ward identity in the tensor lightcone limit, then it is unique. We
do not prove, however, that there is an infinite tower of higher spin currents or that there is exactly
one current of every spin. Finite dimensional representations would be inconsistent with unitarity.
We do not explore this question further in this work. Henceforth, we assume that our theory does

indeed contain the infinite tower of higher-spin currents necessary for our analysis.

2.4 Quasi-bilocal fields: basic properties

In this section, we will define a set of quasi-bilocal operators, one for each of the three lightcone
limits, and characterize the charge conservation identities arising from the action of the higher-spin
currents. As we will explain in section 2.5, these charge conservation identities will turn out to be so
constraining that the correlation functions of the quasi-bilocal operators are totally fixed. This will
then enable us to recursively generate all the correlation functions of the theory and prove that the
three-point function of the stress tensor can exhibit only one of the three possible structures allowed
by conformal symmetry. As in the three-dimensional case, we define the quasi-bilocal operators on

the lightcone as operator product expansions of the stress tensor with derivatives “integrated out”:

22, = 0?05 B(xy, 13) (2.4.1)
Qf = 8182}‘_‘, ((L‘l, CUQ) (242)
Qt = V__(I1,$2) (243)

The motivation behind these definitions can be understood by appealing to what these expressions

look like in free field theory. There, they will be given by simple products of free fields:

Bz, 22) ~: ¢(x1)0" (x2) : + : Pp(a2)e™ (1) : (2.4.4)
F_(z1,22) ~ h(21)y-1(x2) : — 1 (22)y-9p(21) : (2.4.5)
V_o_ ~: F_{a}(l‘l)F_{a}(l‘g) : (2.4.6)

It is clear from the basic properties of our lightcone limits that when they are inserted into correlation

functions with another conserved current j,, they will be proportional to an appropriate free field

21



correlator. Since (22s) = 0 for odd s, only the correlation functions with even s will be nonzero:

(B(x1,2)js) o (d(21)0" (22)fs(3)) ree (2.4.7)
(F_ (1, @2)js) o (1) 7-(22)75(23)) g (2.4.8)
(Ve (@1, 22)s) o< (F{a} (#1) F{a} (£2)]s(23) ), (2.4.9)

Of course, away from the lightcone, things will not be so simple: we have not even defined the
quasi-bilocal operators there, and their behavior there is the reason why they are not true bilocals.
In fact, even on the lightcone, these expressions are not fully conformally invariant: the contractions
of indices performed in equations 2.4.8 and 2.4.9 are only invariant under the action of the collinear
subgroup of the conformal group defined by the line connecting x; and z5. For now, however,
the lightcone properties enumerated above are enough to establish the commutator of Qs with the
bilocals. As usual, we begin with the bosonic case:

Assume that (22,2) # 0. Our goal is to show that
[Qé, (1‘1, 332)] = (8f_1 + 85_1)3(1‘1,332). (2410)

This can be shown using the same arguments as [17]. To begin, notice that the action of Q4 commutes

with the lightcone limit. Thus,
((Qss Blik) = (s, oz ) + (121Qu ol ) = —(2alQu jnl) = (@5, folih)  (2411)
This immediately leads to:
Qs Bz, 22)] = (07" + 057 ") Blay, x2) + (87" = 957" B/ (21, 22), (2.4.12)

Here, B is built from even currents, while B’ is built from odd currents. This makes the whole
expression symmetric. We would like to show that B’ = 0. Therefore, suppose otherwise so that some

current j has nontrivial overlap with B’. Then, the charge conservation identity 0 = ([Qs, B'j2])

yields
= ([Qu, B'(z1,22)] o) + (B'(21,72) Qv 2], (2.4.13)
s +1
=0=7 (af/_l - 85/_1) 0j2) + Z ard” T (o). (2.4.14)

22



Using the same techniques as the previous section, we obtain

s'+1
0=7((p)* " = ()" " NF(pf,p3) + > awlpf +p) T Fu(pi . p3). (2.4.15)
k=0

In this sum, &y # 0 because jy C [Qs,2]. Therefore, we can use the same procedure as before to
show that all &y are nonzero if they are nonzero for the free field theory. In particular, since & is

not zero for the complex free boson, the overlap between j; and B’ is not zero. Now, let’s consider

0=([Qs, Bjr]) = (97" = 857") (B'j1) + (B[Qs, 1), (2.4.16)

where (), is a charge corresponding to any even higher-spin current appearing in the operator product
expansion of jaja b We have shown the first term is not zero. We will prove that the second term
must be equal to zero to get a contradiction. Specifically, we will show that there are no even
currents in [Qs, j1]. Since B is proportional to 22, and since (22s) = 0 for all odd s, this yields the
desired conclusion.

Consider the action of Qs on (221). We obtain the now-familiar form:

S
0=~((pf)*" = ) E ot 03) + Y anlp! +p3) " Fipf,p3) (2.4.17)
k=0

We want to show that aj = 0 for even k. Recall the definition of Fj:

d d +
Fy = (p3)*2Fy <2 5~ k—k g -1, —:Zi) (2.4.18)
2
k
=> k) (p3) (2.4.19)

The hypergeometric coefficients ¢¥ have the property that cf = (—1)kc’,§_i. Now, we collect terms in

equation (2.4.17) proportional to (p;)* and (p3)* - each sum must vanish separately for the entire

polynomial to vanish. We obtain

YE Y muw+ Y agup=0 (2.4.20)
0<k<s odd 0<k<s even

= Y agut Y v =0 (2.4.21)
0<k<s odd 0<k<s even

Here, uj and vy, are sums of products of coefficients of the hypergeometric function and the binomial

expansion of (]91+ —HDQ+ )*~F; we do not care about their properties except that, with the signs indicated
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above, they are strictly positive, as can be verified by direct calculation. By adding and subtracting
these equations, we obtain two separate equations that must be satisfied by the odd and even

coefficients separately

v+ Z apur =0 (2.4.22)
0<k<s odd

> =0 (2.4.23)
0<k<s even

Exactly analogously, we may do the same procedure to every other pair of monomials (p+1+)%(p3)5~¢

and (p])*~%(p$)? to turn the constraints for the two monomials into constraints for the even and
odd coefficients (where we're considering v as an odd coefficient) separately. Hence, by multiplying
each term by the monomial from which it was computed and then resumming, we find that the
original identity (2.4.17) actually splits into two separate identities that must be satisfied. For the

even terms, this identity is:

d d N
0= >l +p5) F@HkF (25 —k —k 5 — 1,2 (2.4.24)
2 2 D
0<k<s even 2
Then, we may again use the argument from section 2.3 to conclude that all o, = 0 for even k, which
is what we wanted. Thus, B’ = 0.
Now we would like to show that B = B. First of all we will show that B is nonzero. Consider

the charge conservation identity

0={[Qs,Bja]) = (37" +057") <B2> +(B,[Qs,2]) (2.4.25)

Since [Qs, j2] D d7js, and since (Bs) # 0, the second term in that identity is nonzero, and so B must
be nonzero. Now we can normalize the currents in such a way that j, has the same overlap with
B and B. After normalization, we know that B — B does not contain any spin 2 current because
the stress tensor is unique, by hypothesis. Now, we will show that B — B is zero by contradiction.
Suppose B — B is nonzero. Then, there is a current j; whose overlap with B — B is nonzero. T hen,

the charge conservation identity for the case s > 2 is

0= <[Q (B — B) jg] > (2.4.26)
s+1

0=r ((pf)s_1 + (pg*)s_l) (ol p3) + Y anlpf +p3) R E, (0f,03) (2.4.27)
k=0
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where we assume that as; # 0. Then, we can again run the same analysis as section 2.3 to conclude
that since & # 0, we must have s # 0 - that is, jo has nonzero overlap with B — B, which
is a contradiction. It means that B — B has no overlap with any currents j, for s > 2. The only
possibility is to overlap only with spin zero currents. Suppose that there is a current j{, that overlaps
with B — B, where the prime distinguishes it from a spin 0 current jo that could appear in B. We
first show that (jojj) = 0. Consider the charge conservation identity the action Q4 on <(B - B) j0>.
The action of the charge is [Q4,0] = 8%jo + ja + ..., where the ... represent terms that cannot
overlap with 22 (from which B is constructed) or the even currents that appear in B. By hypothesis,
B — B has no overlap with j,, so the identity simplifies to (joj4) = 0. Then, since j} is nonzero,
it should have nontrivial overlap with some Q. Now, recall the fact that if a current j' appears
(possibly with some number of derivatives) in the commutator of [Qs, j], then j appears in [Qs, j']-

Thus, there should be a current current of spin s” < s such that [Qs, js#] = jj + - ... The action Q;

o (- 5))
<[QS’ (B - B) JD = 3§’<<B - B) J6> + 5<(B - B) j2>, (2.4.28)

Here, we have used that the action of Qs on B and B is identical because B’ = 0. Then, since the
second term is zero, thus the first term is equal to zero as well. Thus, B — B has no overlap with
any currents and is equal to zero, as desired.

In the fermionic case, we can run almost the same argument as in the bosonic case, except there
is no discussion of a possible jj, since there is no conserved spin zero current in the free fermion

theory. We obtain the action of the charge on the fermionic quasi-bilocal is
[Qs, F_(z1,22)] = (077" + 057" F_ (21, 22). (2.4.29)
In the tensor case, we again can repeat the argument to obtain
[Qs, Vo (z1,22)] = (87 + 0371 )V__ (1, 0) (2.4.30)

In this case, there is neither a conserved spin 0 or spin 1 current in the free tensor theory. The
argument works the same way, however, if we consider j3 instead of j; in the steps of the argument

that require it.
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2.5 Quasi-bilocal fields: correlation functions

In this section, we will discuss how to precisely define the quasi-bilocal operators in a way that makes
their symmetries manifest. In particular, each of the three bilocals will be bi-primary operators in
some sense. This will allow us to argue that the correlation functions of the bilocals should agree
with an appropriate corresponding free-field result. We will then explore what this implies for the

full theory in section 2.6.

2.5.1 Symmetries of the quasi-bilocal operators

Let us first consider the case of the bosonic bilocal operator B(x1,z2). Recall that, on the lightcone,
the bilocals should imitate products of the appropriate free fields. In the bosonic free-field theory,
the operator product expansion of ¢(z1)¢*(x2) is composed of all of the even-spin currents of the
theory with appropriate numbers of derivatives and factors of (z1 — 2) so that the expression has

the correct conformal dimension. More explicitly, we may write:

Ga1)d" (wa) = Y BIC(w1, 22) (2.5.1)
even s>0

b (21, 29) = Z cont (1 — 29)*0 5, (ml ;$2> (2.5.2)
(k,1)|s+1—k=0

All the coefficients cgx; may be computed exactly in the free theory just by Taylor expansion. We
have shown that all the currents js exist in our theory for all even s. So we may define an analogous

quantity in our theory as follows:

B(I1,.Z‘2) = Z bs(afl,l‘g) (253)

even s>0
. xr1+x
bs(z1,22) = Z (w1 — 12)70 5, <122) (2.5.4)
(K1) |s+1—k=0

Here, the ¢’ are some other coefficients which are to be determined by demanding that this def-
inition of B coincide with the definition given on the lightcone in the previous section, i.e. that
03038 (z1,22) = 22,. We claim that this can be accomplished by choosing the ¢’ coefficients such
that (B(z1,32)js) o <¢)(x1)¢*(x2)j5>free. To see that there exists such a choice of ¢’ which can
achieve this condition, we explicitly compare (Bj,) and (¢p¢*js)s0, term by term using 2.5.2 and

2.5.4. Each term in both of these correlation functions has the structure (z1 — x9)*0'(jsjs) with

coefficient ¢4y and ¢,y,, respectively. Two-point functions of primary operators in CFT’s are
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determined up to a constant, so each term is identical up to a possible scaling, which can be
eliminated by choosing the ¢’ coefficient appropriately. Then, by applying 0795 to both sides of
(B(z1,m2)js) <¢($1)¢*(£2)js>ﬁee, we find that our definition coincides on the lightcone, as
desired. This construction works the same way for the fermionic and tensor quasi-bilocals with
analogous results, except that the quasi-bilocals in those cases carry the appropriate spin structure.

Since the conformal transformation properties of a conserved current j, is theory-independent
in the sense that it is completely fixed by its spin and conformal dimension, it is manifest from this

definition that the bosonic quasi-bilocal B(z1,22) has the same transformation properties under

the full conformal group as a product of free bosons. That is, it is a scalar bi-primary field with a
conformal dimension of 1 with respect to each argument.

On the other hand, consider the fermonic and tensor quasi-bilocals '~ and V__. The same line
of reasoning tells us that they will transform like products of free fields contracted in a particular
way: F_ will transform like : 1y_1) : does in the free fermionic theory, and V__ will transform like
: F_{Q}Fia} : does in the theory of a free d;;—form"‘. These contractions, however, are not preserved
by the full conformal group - the special conformal transformations orthogonal to the — direction
will ruin the structure of the Lorentz contraction. Thus, even in the free theory, these objects are not
preserved by the full conformal group. They are only preserved by the so-called collinear conformal
group generated by K_, P, J,_, and D, where K, P, J, and D are the generators of special conformal
transformations, translations, boosts, and dilatations, respectively. It is clear from the structure of
the conformal algebra that the commutation relations of this subset of conformal generators closes,
so it forms a proper sub-algebra. Thus, what we are allowed to conclude is that F_ and V__ are
bi-primary operators with respect to this collinear subgroup, not the conformal group. Nevertheless,
this will still be enough symmetry for our purposes.

The key fact which is still true for this more restricted set of symmetries is that under K_, the
special conformal transformation in the — direction, the n-point function of fermionic and tensor
quasi bi-primaries should scale separately in each variable. That is, under K_, if x — 2’ and

Guv(z) = Q3(2) g (x), we have

(P (@l ab) P (1, 7h,))

= Q(ml)d/Q_l . Q(xgn)d/2_1<F, ((El, LL‘Q), tee 7F, ({L‘Qn,h $QH)> (255)

4Technically, the argument given above for the symmetries of the bosonic quasi-bilocal only works for even dimen-
sions in the tensorial case since the free %—form exists only in even dimensions, so the matching procedure can’t be
carried out naively in odd dimensions. On the other hand, it is evident from the definition 2.4.3 that it has at least

the collinear conformal symmetry since there are no derivatives to be “integrated out.”
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and

(Vo (o), Vo (@hy, @ha) )

= Qx)¥271 Q(an'n)d/2_1<V,,(9cl7 x9), -, V__(zan—1, :Czn)> (2.5.6)
The proof of these two statements is given in appendix D.

2.5.2 Correlation functions of the bosonic quasi-bilocal

Now we will discuss the structure of the n-point functions of the quasi-bilocals. Again, let’s begin

with the bosonic case. We wish to constrain <B(x1,x2) . ..B($2n717m2n)>. We established that

B(x1,x2) has the transformation properties of a product of two free fields under the full conformal
d—2

group - i.e. it is a bi-primary field with dimension “5= in each variable. That means that the n-

point function can only depend on distances between coordinates d;; and have conformal dimension

% with respect to each variable. Since x; and x5 are lightlike separated, di2 cannot appear, and
similarly for every pair of arguments of the same bilocal. There is also a permutation symmetry: B
is symmetric in its two arguments, and the n point function must be symmetric under interchange
of any pair of the identical B’s. Finally, there is the higher-spin symmetry. In the bosonic case, the

charge conservation identity (2.4.10) imposes the simple relation
2n
Z@ffl<B(x1,x2) . B(chn,lmgn)>, for all even s (2.5.7)
i=1

As shown in appendix E of [17], this fixes the 2~ dependence of the n-point function to have the

particular form:

22 Yo (5”;(1) T To(2)Ta@) T Loy Ta@n—1) T x;(Qn)) (2.5.8)
oesn

where S?" is the set of permutations of 2n elements. The point is that the z; dependence of the

n-point function is constrained such that, for each g,, x; can only appear in a difference with one

K3
and only one other coordinate. This is a very strong constraint. The conformal symmetry tells us
that each g, in the above series can be written as a product of a dimensionful function of distances
with the correct dimension in each variable times a smooth, dimensionless function of conformal

cross-ratios. The constraint on the functional form of g,, however, forbids all such functions except

the trivial function 1, because each cross ratio separately violates the constraint.
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Putting it all together, we conclude that the n-point function has to be proportional to a sum of
terms with equal coefficients, each of which is a product [] d;j(dfz), where the product has n terms
corresponding to some partition of the 2n points into pairs where no pair contains two arguments

of the same bilocal. For example, the two-point function is:

8 1 1
B(xq,29)B(x3,24)) = N + , 2.5.9
(Blr.22) Blzsz) b(di;?d;lz? dfzzdéﬁ) (259)

where Ny, is a constant of proportionality. One immediately notes that the expressions one obtains
this way for all n-point functions of the quasi-bilocals are proportional to the n-point function of

: d(x1)d(x2) @ in a theory of free bosons.

2.5.3 Correlation functions of the fermionic and tensor quasi-bilocal

In the fermionic and tensor cases, we claim that the correlation functions of the quasi-bilocals still
coincide with the correlation functions of the corresponding free field theories, despite the fact that
the fermionic and tensor quasi-bilocals have less symmetry than the bosonic quasi-bilocal. The
argument, however, is somewhat more complicated due to the reduced amount of symmetry. The
proof is essentially the same for both the fermionic and tensor cases, so we will only present the
argument for the tensor case. Our general strategy will be to compare the constraints that one
obtains from the definition of V__ as the lightcone limit 22, with the constraints one obtains from
the symmetries of V__ as established by its definition away from the lightcone given at the beginning
of this section. In the bosonic case, we only used the latter, but in the fermionic case and tensor
case, we will need the former as well.

First, we consider what the 2n-point function of T__ is away from the lightcone. We know from
the definition of V__ = 22, that if we take n lightcone limits of this 2n point function in each
pair of adjacent arguments (1, 2), (€3, %4), ... (Tan—1, T2, ), we will obtain the n point function of
V__(x1,72). It may be the case that the definition of V__ given earlier as a sum of currents and
descendants (with appropriate derivatives and powers of z) will yield a different result away from
the lightcone, but nevertheless, it must agree with the 2n-point function of 7__ in the lightcone
limit.

Generically, the 2n point function of T _ with arguments in arbitrary locations can be decom-

posed as a polynomial in some basis of conformally invariant structures. One convenient basis is the
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{H;;,Vi} space defined in [41]. In this basis, we may write

_ (T (1) - T _(220)))
diy?dgs? . dg2 0, dend

(T (1) - T (220)) (2.5.10)

where

(T (2) T (s} = Y Al{) (HHZE'“”) ( 11 Vﬁ,%iﬁ"”) (2.5.11)

k<l k<l<m

where f;({u;}) is an arbitrary function of cross-ratios {u;}, the hj; and v; coefficients satisfy

S ™ ST R =2 for all i,k (2.5.12)

ILmlk<l<m nlk<n
and the conformal invariants are

+ +

x X
Vi m = —KL 4 —bm (2.5.13)
dil d%m
_2($+)2
Hy = Tfl (2.5.14)

Note that this decomposition omits structures which contain the epsilon tensor, which all vanish
in our formalism because we contract all free indices with the same polarization vector in the —
direction.

We would like to understand the properties of this decomposition under the tensor lightcone
limit 2.2.3. First, note that the universal dimensionful factor of distances that is factored out of
((T'...T)) in 2.5.10 is conventional. In principle, one could choose it to be something different and
compensate by appropriate redefinitions of f;. We have chosen it as shown in order to simplify the
structure of this function under the lightcone limit. More precisely, the distances corresponding to
pairs of points that become lightlike separated di2, ds4, ..., d2p—1,2, vanish in the lightcone limit,
so they cannot explicitly appear in the correlation function, and we have chosen the universal factor
so that this property is manifest. To see this, note that when we take the lightcone limit 2.2.3 of this
general structure, the part of this universal factor corresponding to the distances between points that
become lightlike separated - i.e. diy 2dg 2. .. d;jji% - becomes di,d3, . .. d%n—1,2n~ This residual
factor is exactly cancelled out by the V and H terms corresponding to the z™ factors stripped away

in 2.2.3. To see this, recall that the light-cone limits of correlation functions are well-defined and
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non-divergent®, so any structure consistent with conformal symmetry needs to appear with enough

V’s and H'’s with appropriate indices to cancel out the factors of (z]5)~2, (z3,)72,..., (x;n_lyzn)

-2
that appear in the lightcone limit. As noted earlier, these factors of V’s and H’s come with exactly
two powers each of d,, ..., d3, ; 5,, which is exactly what is needed to cancel out the residual term.

Thus, after the lightcone limit, the most general structure that can appear in the n-point function

of V__ is:

where the product over k and [ is understood to be restricted to pairs (k,l) not corresponding to
xy, x; lightlike separated, and Y cx; = 2n.

We can determine which terms of this form are consistent with the symmetries of V__. Consider
the n-point correlation function of V__. Its transformation properties under Lorentz transformations
and dilatations tell us that we must have 2n + indices in the numerator of the correlation function,
and that the overall scaling dimension of the n-point function should be 2n x d/2 = dn. Then,
as mentioned before, since V__ is a bi-primary under the collinear conformal group, the n-point
function should scale appropriately in each variable separately after acting with K_ according to
2.5.6. In order to satisfy this constraint, for each independent structure appearing in the correlation
function and each index 4, we must have 2 factors of ac;; in the numerator (not necessarily the same
j for each of the 2 factors) and d 4+ 2 powers of d;;, in the denominator for some k (again, not
necessarily the same k for each of the d + 2 factors). Once we have picked such a denominator,
there is still some ambiguity since conformally invariant functions f; can still appear after imposing
this constraint (since they are fixed by K_), and such functions can change the denominator. What
is tightly constrained here is the numerator - i.e. the spin structure. “Imbalanced” structures with
that would otherwise be allowed by Lorentz symmetry, scaling symmetry, and permutation symmetry
cannot appear. For example, for the two-point function (V__V__) in four dimensions, structures

+ 4 + \4
such as (21—132) + (””dz—f; do not satisfy 2.5.6. Note that the numerators which are allowed by this
13 24
constraint are precisely the ones that appear in free-field correlation functions (i.e. the ones arising
from Wick contractions of free fields) and no others.

Now, let’s impose the higher-spin constraint, which stipulates that the correlation function must

5As we remarked before, this is only true a priori if we subtract off the bosonic and fermionic pieces, but we will
show in section 2.6 that if any one of the three lightcone limits are nonzero, it follows that the other two are zero, so
this subtraction procedure is not actually necessary.
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be a sum of terms ¢, which have the functional form given by 2.5.8. Since that constraint only
involves the dependence in the z~ direction, it does not constrain the numerator, which involves
only terms involving the z;7 variables. However, it does restrict the denominator to only have each
index ¢ involved in a power d;, for one specific k since d;, does depend nontrivially on z,. That is,
the denominator is built out of terms like df,j 2. This constrains the f; powerfully. Since each cross
ratio separately violates the higher spin constraint, the only f; that can appear are the ones whose
product with a denominator satisfying the higher-spin constraint is another denominator satisfying
that constraint. That is, once we have picked a denominator, the f; can only be very specific
kinds of rational functions. We can still generate terms that don’t appear in the free-field result,
however, because the spin structure in the numerator doesn’t have to match the index structure of
the denominator. For example, the following structure could in principle appear in the four-point

function of V__, but obviously this structure is not generated in the free theory:

($f4)2(352+7)2(x§6)2d($§s)2 (2.5.17)
(d13d2ads7des) ™

This structure has a numerator which is consistent with free field theory but a denominator that
does not match the result one would obtain from the free field propagator. Another possibility is to

write a structure where the numerator corresponds to the connected part of the free-field correlator

py

- Le. the two factors of z;; appear with different j for some .

T e
T13739T28%86 67775 54741 (2.5.18)
(digdaadsrdes)dt?

Purely on symmetry considerations, these terms are consistent with the general structure 2.5.16.
Indeed, one can set 2.5.17 and 2.5.18 equal to 2.5.16 to explicitly solve for the function f;({u;})
that generates it, and one can check that this f; is indeed conformally invariant, as required. These
structures are inconsistent, however, with cluster decomposition. To see this, we examine the tensor

analogue of 2.5.4:

Vo_(z1,m2) = Y v°_(71,72) (2.5.19)

even s>2
s . T +x
V2 _(z1,22) = chz(m — 29)*0'js (122) (2.5.20)
k,l

Comparing the conformal dimension of the left and right hand side yields the constraint that s+1—

k = 2. Hence, by setting x; = z2, we extract the k = 0 piece, forcing [ = 0 and s = 2 (since s = 1
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is not realized in the tensor sector). That is, V__(x,z) = T__(z). By performing this projection
on each factor of V__ in the correlation function (i.e. setting x1 = xa, 3 = 4, etc.), we obtain an
expression for the n-point function of 7 _, which we know must satisfy cluster decomposition since
T is a local operator. Then, by taking the points to be separated very far apart from each other,
we obtain constraints on how the structures must simplify. For example, we know that if we take

1 and x3 to be very far from all the other points, we must have that
<T,,({L‘1)T,,({E3) e T,,(",L‘Qn,l» — <T,,(£L‘1)T,,($3)><T,,(£L‘5) e T,,(.Tgnfl» (2521)

This factorization property is not satisfied by the structure 2.5.17, for example. Indeed, the only way
to satisfy all such constraints arising from cluster decomposition is to have all powers of :cj; appear
with the corresponding factor of d;'lj_Q in the denominator, modulo trivial equalities such as xi}, = xﬂ
(which arise since points which are taken to be — separated in the lightcone limit have the same
difference in the + direction). If it appears with the wrong d;; factor in the denominator (again,
modulo the trivial relabelings of the spin structure), it cannot satisfy the cluster decomposition
identity arising from taking the two points appearing in that factor to be very far from all the other
points. The spin structure required by the factorization will simply not be present.

Hence, the only allowed terms are the ones that are built from free-field propagators (x;;)Q / dfjﬁ.
Permutation symmetry implies that the coefficients of all the structures that can appear are the
same up to disconnected terms which are fixed, as before, by cluster decomposition. This implies
that the n-point function of bilocals V__ are exactly the same as the n-point function of stress
tensors in free field theory up to a possible overall constant.

Clearly, this entire argument works for the fermionic case as well with only minor modifications
- the projection procedure that isolates the contribution from the stress tensor is slightly more
complicated since it appears at first order, not zeroth order, in 15 in the fermionic analogue of
2.5.20, and the correlation function is permutation anti-symmetric instead of symmetric because
fermions anticommute. All other steps are the same, and we conclude that in the fermionic case,
the n-point functions of bilocals are also given by the free field result. For example, the two-point

functions of fermionic and tensor quasi-bilocals are given by

o (rhhray  aiias
(F_(z1,2)F_(z3,24)) = Ny ( T gl gl g ) (2.5.22)
13%24 14023
Y ($T3)2($;4)2 ($T4)2($;3)2
(Ve (@1, 22) Vo (23, 24)) = Ny ( J0+2 ga+2 + 4a+24d+2 (2.5.23)
13 oy 14 Go3
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where N ¢ and Ny are overall constants that we will presently analyze.

2.5.4 Normalization of the quasi-bilocal correlation functions

Now, let’s fix the the overall constants Ny, N r, and N, in front of each n-point function. We claim
that they all are fixed by the normalization of the two-point function of the bilocals. This can be
seen by considering how one can obtain the n-point function of quasi-bilocals from the n — 1 point

function. We know the n-point function of some quasi-bilocal A is:

<.A .. .A> = Nng(dij) (2.5.24)
———

n copies of A

where ¢ is some known function which agrees with the result for the n-point function of the corre-
sponding free theory bilocal. Each bilocal contains the stress tensor js in its OPE, so we can consider
acting on both sides with the projector P which isolates the contribution of jo from the first bilocal.
We have already seen, for example, that for the tensor bilocal, this projector just sets z; = x,.
Then, we can integrate over the coordinate x1. This yields the action of the dilatation operator on
the n — 1 point function, whose eigenvalue will be some multiple of the conformal dimension of the
appropriate free field. So by this procedure, we can fix the coefficient in front of the n-point function
in terms of the n — 1 point function. So by recursion, all the coefficients of the correlation functions

are fixed by the coefficient N appearing in front of the two-point function.

2.6 Constraining all the correlation functions

We have shown now that the n-point functions of all the quasi-bilocal fields exactly coincide with
the corresponding free-field result for a theory of N free fields of appropriate spin for some N (which
we will show later must be an integer). Now, we will explain how to use these facts to constrain all
the other correlation functions of the theory. We will start by proving that the three point function
(222) must be either equal to the result for a free boson, a free fermion, or a free % form. That
is, if we write the most general possible form:

(222) = 5(222) free poson T €7(222)

+ ¢ (222) (2.6.1)

free fermion free tensor’

then the result will be consistent with higher-spin symmetry only if (¢, cf, ¢;) o (1,0,0) or (0,1,0)
or (0,0,1).
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We first show that if (22,2) # 0 then (22,2) = 0 = (22,2). Consider the action of Q4 on
(22,2). By exactly the same analysis as the charge conservation identities of section 2.3, we obtain
exactly the same expression as equation (2.3.3), except the summation starts from j = 0. Thus, the
existence of the spin 4 current implies the existence of a spin 0 current with (22,0) # 0. The action
of charge Q4 on jj is

[Q4, j0] = 0%jo + Dj2 + no overlap with 22, (2.6.2)

Now consider the charge conservation identities arising from the action of Q4 on <Qf0> and (22,0).
Since (22;0) = 0 = (22,0), we conclude (22,2) = 0 = (22,2), as desired.

Now, assume that (22,2) = 0. It suffices to show that if (22,2) # 0, then (22;2) = 0. In this
case, by hypothesis, the quasi-bilocal V__ is nonzero. The results of the previous section tell us that
the three point function of the tensor quasi-bilocal is proportional to:
(551+3)2 (xérs)Q ($ZG)2

d d d

dy2 dyo dig

2 2 2
diy “dgs djg

<V__(m1,xg)V__(xg,x4)V__(x5,m6)> o + perm. (2.6.3)

and this precisely coincides with the three-point function of the free field operator v__(x1,x9) =:

F,{a}(xl)F,{a}(a:Q) :

(Ve _ (21, 22)V__(x3,24)V__(25,26)) X (v__ (21, 22)v__ (23, T4)v__ (X5, ¢)) (2.6.4)

Now, take x1 and x5 very close together and expand both sides of this equation in powers of (1 —x2).

The zeroth order term of v is clearly the normal ordered product : F_ (©322)F_, (©1422) : - this
is precisely the free field stress tensor. On the other hand, we know from the previous section that
the term in V__ which is zeroth order in (1 — x3) - i.e. the term that arises from setting x; = xo, is
just the stress tensor of the theory T _. Repeating the same procedure for the pairs of coordinates

(z3,24) and (x5, z6), we obtain the desired result:

(222) = (222) (2.6.5)

free tensor

= (22,2) = (22,2) = 0 (2.6.6)
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as required. Therefore, since the stress-energy tensor is unique,

o0

(222), #0 = (222), =0, (222),=0, jojo, =Y [jsl, Jaja, =0, jaj2, =0, (2.6.7)
k=0

(222); 0= (222), =0, (222),=0, jajo, = [jos], Jojz, =0, Jojs, =0, (268)
k=1

(222), #0 = (222), =0, (222), =0, jojo, = [jokl, Jjaj2, =0, jeje; =0, (2:6.9)
k=1

where square brackets denotes currents and their descendants. This establishes the claim that the
three-point function of the stress tensor coincides with the answer for some free theory.

At this point, we would like to stress that the factorization property we have proven here holds
only for conformal field theories that satisfy the unitarity bound for the dimensions of operators.
Clearly, all unitary CFT’s have this property, but it is possible to conceive of non-unitary CFT’s
which also satisfy it. Without the unitarity bound’s constraint on operator dimesions, however,
various operators we have not considered could appear in all the charge conservation identities we
have written. These operators make it possible to construct theories where the three-point function
of the stress tensor decomposes as a nontrivial superpositions of the bosonic, fermionic, and tensor
sectors. For example, we show in appendix F that the free five-dimensional Maxwell field is a
non-unitary conformal field theory whose stress tensor decomposes into a superposition of all three
sectors.

Returning to the main argument, we may now obtain all the other correlation functions, we may
expand equation (2.6.4) to higher orders in x; — x5, and use the correlation functions obtained at
lower orders to fix the ones that appear at higher orders. For example, at second order in z1 — x2,

we have:

r1+x 1+
oo = (21 — 22)? ( 82F_a(122) P (2) :

+1OF, (scl;rmz) OF_, (xl;“rz) ) (2.6.10)

and V__ contains terms involving only the spin 2, 3, and 4 currents. Using our answers for (222)
and our knowledge that (223) = 0, we can then fix (224) to agree with the free field theory. This
procedure recursively fixes all the correlators in the free tensor sector. The argument flows identically
for the free bosonic and free fermionic sectors, except that the zeroth order term will not fix (222),

but some lower-order current. For example, in the bosonic theory, the zeroth order term will fix
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(000), and one will need to carry out the power series expansion to higher orders in order to fix the
correlators of the higher-spin conserved currents.

Then, one could consider correlation functions that have indices set to values other than minus.
This works in exactly the same way, since the operator product expansion of two currents with
minus indices will contain currents with other indices. This has the effect of doubling the number
of bilocals required to build a correlation function, since we need to take an extra OPE to fix the
index structure. Thus, an n-point function with non-minus indices can be fixed from 2n bilocals.
Thus, we have fixed every correlation function from currents at appear in successive OPE’s of two
stress tensors, including those of every higher-spin current.

The last thing we will argue is that the normalization of the correlation functions matches the
normalization for some free theory. For example, in the theory of N free bosons, the two-point
function of Zfil : ¢;¢F ¢ will have overall coefficient N. The same is true for the fermionic and
tensor cases. One might wonder if the overall coefficient N of the quasi-bilocal could be non-integer,
which would imply that it could not coincide with any theory of N free bosons. We will now argue
that this is not possible. We start with the bosonic case, which works similarly to the argument
presented in [17]:

In a theory of NV free bosons, consider the operator

Og.free = 010l (g1t 911 gia) (1 D¢ ... 99 ) (2.6.11)

[J15--:74q]

Here, ¢ is the totally antisymmetric delta function that arises from a partial contraction of € symbols:

5[2"1,.,.,1'7] o €t1eiariariin )
[152dq] J1

(2.6.12)

sJartgH1- N

We claim that in the full theory, there exists an operator O, in the full theory whose correlation
functions coincide with the correlation functions of Oy, free in the free theory. The proof of this is
given in appendix E.

Consider the norm of the state that O, generates. This is computed by the two point function
(0404). It is obvious from the definition of O, that it arises from the contraction of ¢ bilocal fields,
so this correlator is a polynomial in N of order q. The antisymmetry of the totally antisymmetric
function in the definition of Oy, fr.. enforces that the correlation function vanishes at ¢ > N. So
we know all the roots of the polynomial, and hence the correlation function is proportional to

N(N—-1)...(N —(¢g—1)). Now, consider an analytic continuation of this correlator to non-integer
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N. By taking ¢ = |N| + 2, we find that this product is negative, which is impossible for the norm
of a state. Since the correlators of O, are forced to agree with the correlators of some operator in
the full CFT, we conclude that the normalization N of the scalar quasi-bilocals must be an integer.

The same argument can be ran in the tensor case for an operator defined similarly:

— [’L 7"'viq] % 7
Oy =10 (Fj{al}aF 2

97 "ld1esdal —{

o 0T F (T

J q—1 17Jq
(g} {al}aFf{o@} LLOTR

—{aq

) (2.6.13)

We again conclude that the normalization constant N must be an integer.
The construction in the fermionic case is somewhat simpler. We know j, appears in F_, and
we can define an operator Oy = (j2)¢ by extracting the term in the operator product expansion of

g copies of jo whose correlation functions coincide with the free fermion operator (js) In the

theory of N free fermions, j, = Zi(awi)y_@ — 1yy_(0v;), where here i is the flavor index for the
N fermions. By antisymmetry of the fermions, we know that O, will be zero if ¢ > N. Then, as in
the bosonic case, we can consider the norm of the state that O, generates, which is computed by
(0404), and the rest of the argument runs as before. Thus, the normalization N of the fermionic
bilocals must be an integer.

It is worth noting the relationship between this result and one of the primary motivations for
studying higher-spin CFT’s - holographic dualities involving Vasiliev gravity in an anti-de Sitter
space. As mentioned earlier, it has been conjectured that Vasiliev gravity is conjectured to be
dual to a theory of N free scalar fields in the O(N) singlet sector. This implies a relationship
between the vacuum energy of Vasiliev gravity at tree-level and the free energy of a scalar field,
namely, that Fyasitiev/GN ~ N Fycalar, where G is the Newton constant. Our result implies that
this normalization constant N, and therefore, the Newton constant Gy is quantized in the Vasiliev
theory in any dimension.

It must be noted, however, that we cannot claim that this quantization can be seen perturbatively
in N. Recent work of Giombi and Klebanov [42] have shown that the one-loop correction to the
vacuum energy of minimally coupled type A Vasiliev gravity in anti-de Sitter background does not
vanish as expected. This was interpreted as a shift of N — N — 1 in the tree-level calculation of
the vacuum free energy. Our result cannot predict such a shift or any other 1/N corrections that
appear in higher orders in perturbation theory. We claim only that the exact result, after summing

all loop corrections, must be quantized.
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2.7 Discussion and conclusions

In this chapter, we have shown that in a unitary conformal field theory in d > 3 dimensions with
a unique stress tensor and a symmetric conserved current of spin higher than 2, the three-point

function of the stress tensor must coincide with the three-point function of the stress tensor in

d—2
2

either a theory of free bosons, a theory of free fermions, or a theory of free -forms. This implies
that all the correlation functions of symmetric currents of the theory coincide with the those in the
corresponding free field theory.

Our technique was to use a set of appropriate lightcone limits to transform the data of certain
key Ward identities into simple polynomial equations. Even though we could not directly solve for
the coefficients in these identities like in three dimensions, we were nevertheless able to show that the
only solution these Ward identities admit is the one furnished by the appropriate free field theory.
This was the key step that allowed us to defined bilocal operators which were used to show that the
three-point function of the stress tensor must agree with a free field theory. This in turn fixed all
the other correlators of the theory to agree with those in the same free field theory. These results
can be understood as an extension of the techniques and conclusions of [17] from three dimensions
to all dimensions higher than three.

We stress that our classification into the bosonic, fermionic, and tensor free field theories depends
somewhat sharply on our assumption that a unique stress tensor exists. Other free field theories
with higher spin symmetry exist in d > 3 dimensions, such as a theory of free gravitons. This
theory, however, does not have a stress tensor, and we make no statement about how the correlation
functions of such theories are constrained, and analogously for theories with many stress tensors.
On the other hand, we may consider the possibility of multiple stress tensors. It was argued in [17]
that the result holds if there are two stress tensors instead of just one. This argument carries over
to our result totally unchanged, and so our result also holds in the case of two stress tensors. We
do not comment on the possibility of more than two stress tensors.

Moreover, we have not computed correlation functions or commutators for asymmetric currents
and charges. In [32], it was shown that if one considers the possible algebras of charges in theories
that contain asymmetric currents in four dimensions, a one-parameter family of algebras exists. This
may suggest the existence of nontrivial higher-spin theories, though our result indicates that at least
the subalgebra generated by the symmetric currents must agree with free field theory.

We also stress that the tensor structure is not well understood in all dimensions. In even dimen-

d—2

5--form field, which does not exist in odd dimensions.

sions, it corresponds to the theory of a free
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In odd dimensions, the structure may not exist, and even it does, there may not exist a conformal
field theory which realizes it. Our argument only tells us that if there is a solution of the conformal
and higher-spin Ward identities corresponding to this structure, then it is unique. If the structure
exists, we only know for a fact that it contains an infinite tower of higher-spin currents for d > 7
and in this case, the theory, if it exists, has the correlation functions we claimed. In d = 5, it is
not known if all the higher-spin currents must be present. Assuming they are present, our results
also flow through in d = 5. Even then, the tensor structure in odd dimensions could fail to have
a good microscopic interpretation for many other reasons. For example, the four-point function of
the stress tensor in this sector may not be consistent with the operator product expansion in the
sense that it may not be decomposable as a sum over conformal blocks - i.e. it may be possible to
continue all the correlation functions to odd dimensions, but not the blocks. We have not explored

this question.

2.8 Appendix A: Form factors as Fourier transforms of cor-
relation functions

In this appendix, we will explicitly calculate the Fourier-transformed, lightcone-limit three-point
functions F?, Ff, and FV cited in section 2.2. Let’s start with the bosonic case. We want to
compute the relevant Fourier transformation of the three-point function (¢(x1)¢*(x2)js(x3)). The

explicit form of js(x3) is given in [43] as:

s s s+g—4
Js = cha%as"“qﬁ*, ck = Gl (k)g(fj_"’f) (2.8.1)
k=0 2 ( 42 )
Wick’s theorem and translation invariance of the correlatiors yields that::
(@(21)" (@2)js(w3)) = Y ci(05(d(w1)9" (3)) (95 (B(w3)9" (w2))) (2.8.2)
=D cil0i{d(e1)¢" () (05 (@) (22))) (2.8.3)

Then, we may Fourier transform term by term with respect to ] and x,. Recalling that the

propagator of a scalar field is ($2)¥ and that in the lightcone limit, # = 25 and 7 = 7, we
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obtain:

07 05 (1) 9" (w3)) (P (w3) ™ (22))

.S s—1 7 — — dptaT iptay 1 1
— 4 (pf) (p;) /d:U1 dx e'P1 %1 P2 T2 P = S (2.8.4)
(2203 + ¥13) (23353 + U33)
s F\s—i [, T\
e 1 1
— 1 (pll d(Z;Q) /dl,l—dxgelpfml elp;zz - ) (285)
(.1313) B - % N 3113 R
Tyz+ ¥ Toz +
13 13
9 z 1 . — 1
(pl /dx elpl T 7[{_2 /de—e'Lp;rrz —a—=3 (286)
(z3)4~ L —x) % (x5 —z) %

Here, we have defined £ = =5 — g—% Depending on the parity of d, each integral has either a pole
of order % at T or a branch point at . Our prescription for evaluating this integral is as follows:
First, we shift ] and z; by Z so that the singularity is at 0, and then we will move move the
singularity from 0 to sign(p)ie. Then, the integral can be evaluated by Schwinger parameterization.

For example, suppose pf and p;' are positive. Following our procedure, the x; integral becomes:

o P 1 PR & 4+ 1
/ dryePi™n — — = Pr TP e/ dyeV ——— (2.8.7)
— 00 ($; _ (E)T ( — ze) 2

— eiriatpie / dy/ ds

Py g Tt o—is(y—ic) (2.8.8)

e erpl % d=4 _ge
= F(df)/o ds2md(s — pi e PiYgta e (2.8.9)
2mic'?i 2 pH) = (2.8.10)
=———(p 8.
r(42)

This function is indeed nonsingular, as required. The x5 integral has exactly the same form, and so
gives the same answer. Hence, we obtain that the Fourier transform of {¢¢*j;) is indeed proportional
to Y ci(py )i (p3)* ¢, where the proportionality factor is a nonsingular function. The, noting that
the coeflicients c¢; are the coefficients for the hypergeometric function with appropriate arguments,

we obtain the answer cited in the text:

d d
P = (00%) o (f)'2F (2 § = 5.5 = Lo 1o} (2:5.11)

The fermionic and tensor cases can be tackled in exactly the same way. There are only two differences.
First, the propagator in the free fermion and free tensor theories are (xQ)% and (z?%) _Td, respectively,

as compared with the free scalar propagator (332)2;2(1 Second, the coefficients in the expression for
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Jjs are different, as can be checked from the expressions in [44] [45] or in [43]. The end result is that

the arguments of the hypergeometric function are different in the way claimed in the text.

2.9 Appendix B: Uniqueness of three-point functions in the
tensor lightcone limit

Our goal in this section is to show that the free tensor solution for the lightcone limit of three-point
functions explained in section 2.2 is indeed unique, at least in the lightcone limit.

Note that Lorentz symmetry constrains the propagator of spin j field to be of the form

(- (@)id—;(0)) o (). (29.1)

Generically, according to [37], the most generic conformally invariant expression one can write down
for a three-point function of symmetric conserved currents with tensor-type coordinate dependence

is:

L 1
(Js1dsadss) = —3=3 a3 4= Z ((A%%Jj,c + AoBape) (PraPo) Q%
T12 T3 13 gpc

(PasPs3) © (PisPs) *a*b“lQ;“—C+S2Qg+"—c—81+sa) (2.9.2)
where the g b and fq . are free coefficients, and the A; are defined as:

A = Q1Q2Q3 + [Q1PagP3y + Q2 Pi3P31 + Q3 P12 Pai], (2.9.3)

A2 = 8P12P21P23P32P13P31. (294)

Here, the P and @ invariants are defined as in [46] and [47]. However, for the choice of polarization
vector € = €~ there is a nontrivial relation:
_1 a:f2m;3xf3

A1|H77

As = —2A? =
ek 1 ‘e:‘:e*’ el =e 4 Z%Q.’E%&’E%‘g

’LZE

(e7)3. (2.9.5)

Therefore, in the case e# = €~ the expression for this three-point function greatly simplifies. Instead
of having two sets of undetermined coefficients ¢, and d,, one can combine the A;’s into a single
prefactor alA% + as Ao, where the «; are arbitrary and can be chosen to be convenient; to produce

exact agreement with the canonically normalized free-tensor theory, we will choose oy = 1 and
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Qg = Q(TI_Q). Now, we take the lightcone limit, which corresponds to the point where

P3P, PP
P23P32 = O, Ql - — ( 1831 + 12 21) (296)
Q3 Q2
in Pj;,Q; space. Then, the three-point function reduces to
o A2+ Ay/(2(d — 2)) =2 . 61-2-a fy53—aSs—s1-+a
<J31J32J33t> = e Y Ca (PiaPay)" (PiaPay) " T2 QR QT (2,9.7)

Lo Loz Ty3 a=0

Now, the ¢, can be fixed demanding that all currents are conserved. The result is given by the

following recurrence relation, with ¢y = 1:

cla+1) (s1—2—a)(s1 + %% —a)(sz +a+ 42)

c@)  (a+D(a+ G2 +2)(s1+s3+ 52 —2—a)

This solution exactly coincides with the free tensor solution, as required.

2.10 Appendix C: Uniqueness of (s22) for s > 4

Define

((sidsadss)) (2.10.1)
T190 20030201302 o

<j$1j$2j$3> =

Using the previous defined V' and H conformal invariants, we can write the most general expression

for a conformally invariant correlation function as follows:

((jsjaja)) = Vit {G1H12,2H12,3 +az (ViVaH12HT 5 + ViV3H{ 3 Hy 3) + a3V Hy o Hy 3Ho 5+
+ay (VPVEHT o + VPVS HY 5) + asViPVaVaHi 2 Hy 3+
+ ag (V13V2H1,3H2,3 + V13VsH1,2H2,3) +ar (V13V2V§52H1,2 + V13V22V3H1,3) +

asVi'HZ 5 + agVitVoVaHy 5 + amvf*vgvﬂ . (2.10.2)
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The coefficients can be solved by imposing charge conservation. For example, in d = 4 we obtain:

ar(s —3)(s—1)(s —2)?  as(s—5)(s—3)s(s—2) as(s—3)(s—2)

M TTTRG )+ 4) 8(s+1)(s+4) 8(s+4) (2109
e _a4is+—42)2 a7(s4z81J)r(i)— 2) (125(23;42))7 (2.10.4)
O T e R e 2103)
w <s1 2—&413?:31) T 16>< +4) a27<(ss+_ 42>)’ o

- a7(842;<i)+(812>:; 1+12>_ ’- (sﬁfl(is <;+5)4> %((st 42>)’ e
v e o
- e

Therefore, ((jsj2j2)), depends only on three parameters. The bosonic light-cone limit of this function

is zero if
a7(s—=2)(s—1) ay(s—5)s
= - . 2.10.10
0 4(s+1) s+1 ( )
The fermionic light-cone limit of this function is also zero if
as = %. (2.10.11)

Therefore, ((s22)), depends only on one parameter or in other words it is unique up to a rescaling®

((sdada))s o< Vi72 [ HEVE + (HasVa + Ve (Hu + 2ViVs))® + Hiz (Hig + 2ViVs) (Hag +2V2V5) |,

(2.10.12)
In arbitrary dimension d > 3, the full expression is:
((jsgaja)), = Vi2 [(H%Vl + Hy3Va + HioVs + 2VaVaVp) 2 + (- 2)H12H13H23}
_ 1
=V [A% M) Ao (2.10.13)

This formula coincides with the expression that was proposed in [37], and we have proven that this

structure is unique.

61n [36] it was proven that there are only three structures for ((22s)) in d=4.
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2.11 Appendix D: Transformation properties of bilocal op-
erators under K _

In this appendix, we will prove 2.5.5 and 2.5.6 by computing the action of a finite conformal trans-
formation on them. The same results can be proven using the infinitesimal transformations, e.g. by
using equation (3) of [48] and supplying the correct representation matrices for the Lie algebra of
the Lorentz group. One can then check that the two computations agree by expanding our results

to first order in b (remembering that only b~ is nonzero for K_).

2.11.1 Fermionic case

Consider a special conformal transformation

Tt — bHg?
1—2(b-x)+ b2z

h =yt = (2.11.1)

Under K_, the parameter b* = b~ 5" . We know that F_ has the same transformation properties as
the contraction of free fields 1y_1) on the lightcone. Since K_ sends the lightcone into the lightcone,
V__ transforms the same way as ¢y_1 under K_. Using the well-known expression for the finite

conformal transformation of a Dirac spinor (e.g. [49])

ay A-1/2
Y(y) = p (I =buz, "y ) (z) (2.11.2)
B ay a-1/2
v =5, P(z)(1 = by y"y") (2.11.3)
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we may therefore compute:

F_(y1,y2) ~ ¥ (y)r ¥ (y2) (2.11.4)
ur (A2 gy (A2
- Tii a%z 1) (1= b (1) v )y (1 = bu(@2),y" 7" )p(z2)  (2.11.5)
oy A—1/2 Dy A-1/2
=00, s V(1)
X [7+ - b+($1)wy’}’+7+ - 7+b+($2)ﬂ+7'/ + b+(xl)u7y7+7+b+($2)MV+W”W(~T2)
(2.11.6)
ur 1A712 gy |22
= 673:1 8%2 Pa)y (a2) (2.11.7)
= QY27 (21)QY2 7 (2) F_ (21, ) (2.11.8)

The cancellations occur because vy = nT+ = 0. This is exactly equation 2.5.5.

2.11.2 Tensor case

We'll start with the four-dimensional case for ease of notation and then at the end, we’ll describe how
one can generalize the computation to all dimensions. Consider a special conformal transformation

xH — g2

N_) [ —
Y T 00 1) + 022

(2.11.9)

Under K_, the parameter b* = b=6". We know that V__ has the same transformation properties
as the contraction of free fields F_,F" on the lightcone. Since K_ sends the lightcone into the

lightcone, V__ transforms the same way as F_, F" under K_. We therefore compute:

Vo (g, u) = % o % o g;?g;; ;ﬁ;mgnaﬁFw(m)FAp(xz) (2.11.10)
=1 —=b"a)) "1 —-b"a)™" (1 b a]) P F_o(v1)F_p(z2) (2.11.11)
=(1-ba)(1-b z3)V__(21,22) (2.11.12)
= Q1) Q(20) Vo _ (21, 22) (2.11.13)

In the above manipulations, 7/ = A — s = 0 is the twist of F', and in the second to last line, we
used that xf = :c2+ (because the points x1 and x5 are — separated by hypothesis). This immediately
implies 2.5.6 in the four-dimensional case. In general dimensions, the twist of ' will not be 0, but

rather A — s = d/2 — s, and we will have a corresponding number of extra factors of dx/dy to
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contract with the additional indices of F. This will make the exponent of the {2 factors equal to

4 — 1 instead of 1.

2.12 Appendix E: Proof that O, exists

In this appendix, we will prove that an operator O, whose correlation functions agree with the
corresponding free field operator Oy rrce defined in 2.6.11 exists in the operator spectrum of every
conformal field theory with higher-spin symmetry. As usual, we will consider the bosonic case, since
the tensor case works almost in precisely the same way. To prove our statement, we will show that

in the free theory, for any ¢ < NV

Ay N(T1, 20, g) = <¢2¢2 P2 Oq,fm> £0 (2.12.1)
N————

q copies

Here, ¢ = 3", ¢7, which is known to appear in the OPE of two stress tensors. Thus, if we prove
2.12.1, then we would know that O, ¢r.. appears in the operator product expansion of 2¢g copies
of the free field stress tensor js. Then, just as knowing the OPE structure of products of free
field stress tensors allowed us to obtain conserved currents from products of the quasi-bilocal fields,
we can obtain O, in the full theory by defining it to be the operator appearing in the operator
product expansion of 2q copies of js in the full theory whose correlation functions coincide with the
correlation functions of Oy free in the free theory. Thus, it suffices to prove 2.12.1.

First, note that we can immediately reduce to the ¢ = N case. This follows from the structure
of the Wick contractions in A, . To see this, note that every term in Oy free involves exactly ¢
of the N bosons, each of which appears twice for a total of 2¢ fields. Since ¢? is bilinear in the
the fields, the product of ¢ copies of ¢ will also contain 2¢ fields. Hence, we will need all the ¢
fields to be contracted with the Oy fre. fields in order to obtain a nonzero answer. Thus, for each
term in Og free, none of the N — ¢ flavors not appearing in that term will contribute, and so we
can partition the terms in A, ny according to which of the ¢ flavors appear. Since the correlation
function is manifestly symmetric under relabelings of the N ¢; fields, this implies that each group
of terms in this partition will equally contribute to the total correlation function an amount exactly

equal to A, 4. Hence, Ay n = (N

)Aq q» so it suffices to show A, , is nonzero.
q b 9

Then, note that since Oy, free contains exactly two copies of each of the ¢ ¢; fields, each of the
q factors of ¢? must contribute a different ¢; field for the contraction to be nonzero. Since Oq, free

is manifestly invariant under arbitrary relabelings of the ¢; fields, we may relabel each term so that
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the first copy of ¢? contributes ¢?, the second copy of ¢? contributes ¢3 and so on. That is, we have

Agq = q'<q§%(m1)q§%($2) . (bg(xq)oq,free(xqﬂw (2.12.2)

The correlator on the right-hand side can be easily computed by direct evaluation of the Wick
contractions. To illustrate, consider the result given by the term in Oy frce corresponding to setting
the internal indices i = ji, = k for all k € {1,2,...,¢}. The contribution of this term is, up to a
sign, given by:

ﬁ i (2.12.3)
k=1
This is a rational function whose numerator is an integer. All other terms in the correlation function
will be generated by permuting the powers of the partial derivatives that appear. Hence, each term
in the overall sum will depend differently only each z;, and the overall sum cannot cancel because

the numerators have no x; dependence. Thus, the correlation we wanted to show is nonzero is indeed

nonzero, completing the proof.

2.13 Appendix F: The free Maxwell field in five dimensions
Consider the theory of a free Maxwell field in d dimensions. The Lagrangian is

1 1
L= fZ(FW)Q - ?g(aA)Q (2.13.1)

where £ = ﬁ. As was noted in [50], this theory is a conformal field theory with higher spin

symmetry, but it is non-unitary in dimension d > 4. We claim that this theory is an example of a
conformal, non-unitary theory where the three-point function of the stress tensor does not coincide
with one of the three free structures described in the body of the chapter. This can be checked by
explicit calculation. The canonical stress energy tensor is not trace-free, and it may be improved

using the procedure of [51]. The result is

T~ =40, APO, A, + 0P A~0,A" — 40, APO,A™ + 4 (d - D a0, (94)+

1
YTy [4@(8A)8+A_ +4a A", (DA) + 4ad, AP, A” + 4a.AP9,0, A~ +

+ 16bA,02 AP + 160, A,0, A? — 2aA~ A~ — 2aaﬂA*a,,A*} -

= 223:‘3 (044,047 4+ 4,034°], (2.13.2)
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where a = 2 —d/2,b = d/4 — 1. Now, the three point function (T__T__T__) can be evaluated by

Wick contraction, and the result can be decomposed as follows:

(T-_T__T__)=c,(T-_T__T__) + cf(T,,T,,T,,>f +e(T-_T__T__),, (2.13.3)
where ¢; = %, cf = —%, cy = %. This demonstrates that unitarity is a necessary assumption

for our result; the three-point function of the stress tensor is not the same as the result for an

appropriate free field theory. It is a superposition of the three possible structures.
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Chapter 3

Towards a Weinberg-Witten
theorem for conformal field

theories in d =4

3.1 Introduction

In this work we explore the general relationship between conformal field theory and conserved
currents in four spacetime dimensions. We focus on asymmetric currents whose transformation
properties under the Lorentz group have a net chirality. We demonstrate that a class of such
currents automatically saturate the average null energy condition independent of any tuning of OPE

coefficients. We comment on possible implications of these results.

3.1.1 Free conformal fields

The most well understood quantum field theories are those which are free. In conformal field theory
we can abstractly state the signature of free theory in terms of the existence of certain conserved cur-
rents in the spectrum of local operators. Every conformal field theory contains a traceless conserved
energy momentum tensor whose associated conserved charges generate the conformal symmetry. In

a free field theory there are also conserved currents that carry more spin then the energy momentum
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tensor. For instance in the theory of a free scalar field these take the form
> <« >
Ja,Ayn, =904, 04, - 0a,¢— traces . (3.1.1)

The charge algebra generated by these currents enlarges the conformal algebra, and the full system
of resulting Ward identities then imply that the resulting system has energy momentum tensor

correlators coinciding with those of a free field theory [17] [38] [29] [40] [28].

3.1.2 Elementary free fields

A parallel way of understanding free conformal field theories is that their spectrum of local operators
can be constructed from elementary building blocks: the free fields themselves.! Again conformal
symmetry greatly constrains the possibilities.

In general in conformal field theory, the state operator correspondence implies that local operators
are in unitary representations of the conformal group. Free fields are the special class of these
representations whose support in Fourier space is on the light-cone, i.e. those operators annihilated
by 82. A complete list of such fields may be constructed [52] [53]. Aside from the free scalar,
there are spinning free fields hq,...o; Which are totally symmetric on their spinor indices and obey a
generalized Dirac equation

0" hpeya, =0 . (3.1.2)

In addition, there are complex conjugate fields with dotted as opposed to undotted indices. The

dimension of these fields is fixed in terms of their spin from the conformal unitarity bound

Alhgy.a,) = % +1. (3.1.3)

Note that the fields hq, ...q,

; are gauge invariant local operators. Thus, in a Lagrangian model, it

may be more appropriate to view them as free field strengths. For instance the ordinary free gauge
field is given by its self-dual field strength F,5 (as well as its complex conjugate). The remaining
operators should be viewed as field strengths for higher-spin free fields.

From the list of conformal free fields we may construct a plethora of higher spin conserved
currents. For instance, the expected higher spin currents transforming as traceless symmetric tensors

as in (3.1.1) are easily found and take the form hd™h with all spinor indices symmetrized.

1In some applications, the actual operator spectrum may be the singlet sector of a global symmetry of the larger
operator spectrum described here.
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More curious however is the presence of currents transforming in chiral representations of the
Lorentz group. In general for any n,m > 1, the representation theory of the conformal group permits
conserved current operators transforming under sl(2) x sl(2) as symmetric tensors on n and m chiral
and antichiral spinor indices. They obey the conservation equation

888y

Bag-anBdzdm

=0, (3.1.4)
and their scaling dimensions are fixed in terms of their spin as
1

The more familiar symmetric currents are those for which n = m. Henceforth we refer to such
currents by their representation (n, m). If n # m we sometimes refer to these currents as asymmetric
or chiral, and call |n — m| the chirality.

The charge algebra generated by the zero modes of an asymmetric current contains charges
transforming in chiral representations of the Lorentz group. The most familiar and important
example of this is the supercurrent (2,1) (as well as complex conjugate (1,2)). Other examples are
more exotic.

In the context of free field theory it is easy to construct asymmetric currents. The unitarity
bounds (3.1.3) and (3.1.5) imply that any primary operator which is a bilinear constructed out of
conformal free fields is conserved current. Therefore using a single higher spin conformal free field

we can construct a series of currents

Jayanizjanin = Sym{ai}»{di} [hmma_j Oy 161 0oy 8a.7+nfinhaj+n+1“'0tn+2j} J (3.1.6)

where the Sym notation means that we symmetrize over the «;, the ¢; indices. Thus we see that

the signature of higher-spin free fields of spin j is a tower of higher spin currents of chirality 2j.

3.1.3 The Weinberg-Witten theorem

Although the representation theory of the conformal group permits free fields of arbitrary spin (j, 0).
There is a crucial physical requirement that bounds the spin. This is assumption of current algebra.
This means that the generators of the conformal algebra must be expressed in terms of the integrals

of a local conserved energy momentum tensor. The Weinberg-Witten theorem [18] states that that
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this assumption is incompatible with the existence of free fields of spin j > 2. This leaves only the
familiar scalar (j = 0), Weyl spinor (j = 1), and vector (j = 2) as viable free fields.

It is instructive to reproduce this result in the language of conformal field theory. We work in
the operator product limit and consider those terms in the OPE of the energy-momentum tensor 7'
and a higher-spin free field i that may contribute to the Ward identities of the conformal algebra.
There are exactly three such terms
Toyaninas (@)hs,5,0) ~ SYMiay (60 Llﬁ (A(sgg 51 T Tanas + BOLE T €y 5,76, 41 Tagas

+ O e eq, b, €anp Trcr Tata) Moo, (0)] (3.1.7)

where in the above, A, B, C' are coefficients, and the Sym notation means that we symmetrize over
the «;, the &; and the §j indices independently to match the properties of the left hand side.

The expression (3.1.7) takes into account only the general Lorentz transformation and scaling of
the operators but not the more powerful constraints of conservation of T and the equation of motion
of h. These are differential constraints which must be satisfied on each of the structures appearing
in the OPE limit by adjusting the coefficients A, B, C'. A straightforward calculation shows that for
7 > 2 no solution exists aside from the trivial choice A = B = C = 0. For small spins, nontrivial

solutions exist. Specifically:

e For the free vector, j = 2, there are two linear constraints on A, B, C’; there is a solution.

e For the free spinor, j = 1, the structure C' does not exist and there one linear constraint on A

and B; there is a solution.

e For the free scalar, ;7 = 0, the structures B and C' do not exist and the constraints are

automatically satisfied.

We can now conclude the argument forbidding free conformal fields of spin j > 2. Indeed for these
fields, we find that their OPE with the energy momentum tensor does not contain the correct singular
terms to reproduce the conformal Ward identities. This is a contradiction and implies that such
higher-spin free fields do not exist in any conformal field theory that contains an energy-momentum

tensor.

3.1.4 Constraining conserved currents and summary of results

The fact that the spin of free fields is bounded in conformal field theory places strong restrictions

on the chirality of conserved currents that may occur in free field theory. Specifically, since one may
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not utilize the higher-spin free fields with j > 2 it follows that the net chirality of any conserved

current in free field theory is bounded by twice this value, namely four:

Joy - anéy--a,, € Free Theory Operator Spectrum = |n —m| < 4 . (3.1.8)

This leaves the status of general asymmetric conserved currents unclear. If higher-spin currents with
chirality |n —m| > 4 do not occur in free field theory, do they occur in any theory? If they do occur
one would like to exhibit such a field theory. If they do not occur, one would like to understand a
general argument.

In this work we address these questions using only the general constraints of conformal invariance,
causality and unitarity. Specifically we focus on a series of currents in Lorentz representation (n, 1),
working up from the familiar vector current (1, 1) and supercurrent (2, 1) to the more exotic conserved
currents of increasing chirality.

In Section 3.2 we first construct the most general three point function <TJ J > where J is a
conserved current in this series and 7' is an energy momentum tensor. Starting from the most
general conformally invariant expression for operators with these spins, we systematically impose
the constraints of conservation of all currents and the conformal Ward identities on 7. We find that
for all such currents admit solutions satisfying these constraints. Unlike the higher spin free fields,
chiral currents are compatible with the current algebra generated by the energy-momentum tensor.

In Section 3.3 we move on to study the compatibility of these correlators with the Average Null
Energy Condition [54] [55]. This constraint on conformal field theory follows from causality. The
version that we will use follows the pioneering analysis of Hofman and Maldacena [19] [20]: we view
€-J as creating a state by acting on the vacuum, where ¢ is a polarization tensor. Then we measure
the expectation value energy, £(0, ¢), on the sphere at null infinity in this state. The average null

energy condition states that this average energy is point-wise non-negative:

(£(0,9)) =20 . (3.1.9)

In our application, these expectation values are determined in terms of the three point function
and <j TJ > and imply constraints on the OPE coefficient. Strikingly, we find that as the spin is
increased we do not find more constraints on the OPE coefficients, rather we find that as soon as
n > 2 (i.e. beyond the supercurrent) the additional polarizations lead to energy correlators which

vanish at a point on the sphere. This is in particular true of the extreme polarizations carrying
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maximal angular momentum:
(J__._-|EO0,0)| ] 55..0) =0, (3.1.10)

provided n > 2. In other words: asymmetric currents (n,1) with n > 2 automatically saturate the
bound (3.1.9) as a consequence only of conservation conditions and conformal invariance. No tuning
of OPE coefficients is needed to saturate the bound.

Saturation of the average null energy condition (3.1.9) is a strong indication that the theory is
free. For instance in [21] it was argued that theories that saturate this bound when the state is
created by the energy-momentum tensor implies free energy correlators. We expect that similar
conclusions follow from our results. This gives a simple direct argument that conserved currents of
large chirality do not occur in any conformal field theory. The existence of such a current implies
that the theory is free, however according to (3.1.8) these currents are absent from valid free field
theory spectrum.

Further conclusions and ongoing directions of investigation are described in Section 3.4.

3.2 Building and constraining three point functions

We begin with the first task described above - to construct the most general expression consistent
with conformal symmetry for the three point function of a stress tensor T', a conserved current J,
and its complex conjugate J. Then, we will impose conservation of T, conservation of J, and the

conformal Ward identities.

3.2.1 Conformal building blocks for three point functions

Three point functions in conformal field theory are completely fixed by conformal symmetry up to
a set of constants because there are no cross-ratios one can write with only three points. In four
dimensions, one can write the three point function of generic operators O; as the product of (a)
a scalar kinematical factor IC, and (b) a linear combination of independent tensors 7; that depend

only on the spins of the operators. The only freedom is in the coefficients ¢; that multiply the 7;.

(O1(21)O02(22)O3(x3)) = K(21, 22, 23) Z ¢iTi(z1, 2, 73) (3.2.1)
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Roughly, the “tensor structures” 7; span the possible irreducible Lorentz representations that can ap-
pear in the tensor product of the three operators, although it is not usually convenient to enumerate
them in such a way that the representations are manifest.

The task of determining K and the possible 7; for generic three point functions was carried out
by Elkhidir, et. al. in [56]. In that paper, they used the embedding formalism to lift three point
functions from four to six dimensions, where the conformal group acts linearly as the six-dimensional
Lorentz group. With this simplification, they computed K for a generic three point function and
found that each tensor structure 7; can be written as a product of certain elementary “building
blocks”. We summarize these results now:

Let O;, i € {1,2,3}, be primary operators of conformal dimension A; and spin s;. The O; live
in irreducible representations of the Lorentz group, which we label with a pair of integers (a;,b;)
to denote the representation that has a; completely symmetric undotted indices and b; completely
symmetric dotted indices. The a; and b; are related to the spins s; of the representation by (a;+b;)/2.

Let us write the index structure of the three operators as follows:

(Oar.agaran, — (O2)g 5. 5.5, (O3 vein. i, (32.2)

Then, the kinematical factor is:

1
K= (A1+s1)+(D2+s2)—(Az+s3)  (Ar+s1)+(Az+s3)—(Az+s2) (As+s2)+(Asz+s3)—(A1+s1) (323)
L2 T3 Ta3

In our problem, we are not interested in the most general operators. We will ultimately wish to take
01 to be the stress tensor Ty, aya,a,, O2 to be a conserved current Jﬂl...BkB which transforms in the
(k, 1) representation for k > 6, and Os to be its complex conjugate jwl,,_%, which transforms in
the (1,k) representation. Then, Ay =4, s; =2, Ay = Az =2+ L and sp = s3 = (k+1)/2. The
kinematical factor then reduces to:

K= L (3.2.4)

6 .6 .2k
L12213223
A similar simplification occurs for the tensor structures 7; of such correlators. Only a subset of the

most general set of building blocks are relevant. This subset is defined as follows?

2Relative to [56], we have defined the I;; and J; tensors to be the values one obtains after projection from six to
four dimensions instead of the six-dimensional expression. Also, our definition of the J; differs by a factor of 1/2.
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Iz = (712) 84 I = *(wlz)ag

I3 = (713)~a I31 = —(213) 04
Iog = (w23).4 I3p = —(723) 84
132 I2 T2 y T13 3

J1723 _ 1;2 13 (( xQ)aa _ ( x2)aa> J1732 _ —J1723
23 12 13

J TioT13 (xIQ)ﬁB B ($13)Bﬂ I —_J

2,31 = —3 5 5 2,13 = —J2.31

23 T2 T3

5 = —J312

_ iyl ((xu)w B (3313)w) J

x%z T3 2t
In the above expression, one should consider the names of the indices on the right-hand side to
correspond to the indices with the same names in 3.2.2. (The subscripts don’t matter since ultimately
we will be symmetrizing all the indices of the same type.) Then, every possible tensor structure 7; can
be written as a product of these building blocks such that the right number of «, &, 3, B ,7, 7y indices
appear, as exhibited in 3.2.2. Then one symmetrizes all subsets of indices which were symmetric
in the original three point function. That is, one should symmetrize all the «;, all the d&;, etc. So
the task of writing a general three point function is reduced to enumerating all possible ways of
combining the structures above appropriately.

To perform this enumeration properly (i.e. without including redundant structures), one has to
account for the fact that these building blocks are not automatically independent. There are two
relations. First, as we have explicitly pointed out above, the J; ;. are antisymmetric in the last two
indices, i.e. J; jr and J; x; are not independent. Thus, in the following, we will suppress the last two
indices. J; is understood to be the structure in the left column of the table above. Second, there is a
cubic relation that reduces J;J2J3 to sums of products of I;; and J; tensors where no term contains
all three J’s. This means that we should not write 7; that have all three J’s in it.

Before proceeding, we emphasize that these are not all the building blocks required to construct
general three point functions. There are more building blocks K; j; and f(m-k which we have not
defined. Each K carries two undotted indices, and each K carries two dotted indices. It turns out
that there is a relation that reduces the product of any K with any K to a sum of products of I;;

and J; tensors. This means that each tensor structure can be written in such a way that it contains
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either K’s or K’s, but never both. Since the 1I;; and J; each have one dotted and one undotted index,
this implies that neither K nor K can appear in a three point function that has an equal number
of total undotted indices and dotted indices (i.e. a; + as + ag = by + ba + b3). As mentioned, all the
correlation functions we study are of this type. If one wanted to study correlation functions that
did not have this property, however, one would need to account for tensor structures that involve K
or K tensors.

To illustrate this procedure, we give some examples. Consider the three point function (TVV)

of the stress tensor and two conserved U(1) currents:

<Ta1a2d1d2(‘rl)vﬂﬁ'($2)v’vﬁ(x3)> = chz’]; (325)

The kinematical factor is K = x5 212255 . The possible T; are:

Ti = LializIo I (3.2.6)
T2 = hizlziJ1J2 (3.2.7)
Ts = lialazlz1 (3.2.8)
Ta = Lizlai 1324 (3.2.9)
Ts = Ioslso J; (3.2.10)
To = Li2l21 1 J5 (3.2.11)

These were determined by programming a computer to exhaustively enumerate all possibilities for
this index structure modulo the relations mentioned above. As one can verify by using the definitions,
each of these structures contains the correct number of indices of each type. For instance, we can

expand the first structure as follows:

Ti = halizloiIs1 = (212) 86, (13) 76, (—212) 4, 5 (—213)ans (3.2.12)

In the above, the symmetrizations on the a; and ¢&; are implicit. These symmetrizations must be
imposed by hand.

The ¢; appearing in 3.2.5 will be constrained by demanding that T is conserved, V is conserved,
and the conformal Ward identities are satisfied. We will describe how this can be done shortly.

We give another, more involved, example. Consider the three point function of the stress tensor

T, a current transforming in the (1, 6) representation, and its complex conjugate, which transforms
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in the (6,1) representation:

<T0¢1042d1d2(ml)Vﬁl...,BG,B(x2)V’Y‘Yl A6 .’L‘3 > K:ZCZ i (3.2.13)

Now the kinematical factor is K = 21515253 2. The possible 7; are:

T = 112113]331[342J2 (3.2.14)
T = Iy 15313, I, (3.2.15)
Ts = 112113[21-731];3?2 (3.2.16)
Ta = Lizl3 15,71 7> (3.2.17)
Ts = I12I231311352J1 (3.2.18)
To = Lzl 15,7, (3.2.19)
Tr = InsI5,J7 (3.2.20)
Ts = Lol 15,7173 (3.2.21)
To = Iyl Isi I3y J3 (3.2.22)
Tio = 3515, I3y JoJ3 (3.2.23)

Again, the 7; have the right index structure to match the left-hand side of 3.2.13 and the ¢; will be
constrained by conservation of T', conservation of J, and the conformal Ward identities.

Later on, it will also be helpful to have expressions for the two point functions <J(x1)j(x2)>. In
this case, the only allowed building blocks are I15 and I3;. Hence, we see that any two-point function
(0103) vanishes unless the O; transform in conjugate representations. Dimensional analysis then
fixes the kinematical part. Generically, for an operator J that transforms in the (a, b) representation,
we have

_ C “
(J(x1) I (22)) = Wffzfm (3.2.24)
12

where C'; is a constant. If we rewrite this equation as follows:

<J,814,,ﬁm,6"14,,ﬁ'n(xl)j“/lu.'yﬂ’*/lu.’?m(x2)> = 2A+a+b (H xﬁz%) (H xrﬁ,&) (3225)

i=1

where C’ is related to C; by a sign that may be inferred from the preceding two equations, then

actually it is known that unitarity implies that (—i)™*"C", > 0 [57].

59



3.2.2 Working in the OPE limit

Conceptually, imposing the conservation conditions and the conformal Ward identities is straight-

forward. Requiring conservation of 7" means that we impose the equation
I N T anindn (1) - 2) =0 (3.2.26)

This will generate a number of linear relations among the ¢;. Requiring conservation of J means

that we impose the equation

8551<. Ty sal@2) > =0 (3.2.27)

This will generate additional linear relations among the ¢;. Requiring that the three-point function
satisfies the conformal Ward identities means that we contract T" with all possible conformal Killing
vectors £, and integrate x; around a small sphere surrounding one of the operators and then
demand that the result generates the action of the corresponding charge Q¢ on that operator [58].

For instance, if we integrate around the point where J is inserted, we obtain:

/S (e TIT) = (ilQe, 11) (3.2.28)

This also generates linear relations among the c;.

In practice, performing these calculations with the full three point functions constructed in
the previous section is cumbersome. When imposing the conservation equations, there are a large
number of components that one must check. When imposing the conformal Ward identities, the
relevant integrals are difficult to calculate.

Fortunately, one can leverage the conformal symmetry to simplify the calculation by working in
the limit where T and .J are very close to each other, and .J is taken to infinity. No information
is lost in this limit, as there is enough freedom in the conformal group to send the three positions
in any three point function to arbitrary locations. One can physically understand this limit as
taking the operator product expansion (OPE) of T' and J and extracting just the component that
is proportional to J, which is the only component that could contribute to the resulting two-point
function with J. In fact, since the configuration where 3 is strictly taken to infinity is in the orbit
of any configuration of three points under the action of the conformal group, we do not have to work
beyond leading order in this OPE expansion.

If we expand to lowest nonvanishing order in x5, the building blocks reduce to the following
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expressions:

Lia = (z12)a (3.2.29)
Inz = (223),4 (3.2.30)
Lz = (213)44 (3.2.31)
J1 = (T12) s (3.2.32)
Jo = (212) 55 (3.2.33)
Ty =2 (@) 1) @10 ) (3.2.31)

The expression for J3 is more complicated than the others because at leading order in x2, it is zero.
One has to work to the next-to-leading-order to obtain a nonzero expression. The expression quoted
above is the result after applying a rearrangement identity to the subleading term, which somewhat
simplifies subsequent expressions.

We would like to extract the part of the OPE between T and J that is proportional to J. If
we take the x1 — xo limit of the full tensor structures, we will obtain expressions where the two
point function between J and J has been evaluated. We wish to “factor out” this two point function
to make manifest the exact form of the OPE. Luckily, this is a simple task, since in the x1 — x5
limit, x13 & x23. This allows us to read the two point function directly by extracting any piece that
involves 3. For example, consider the structure 7; that contributes to the (TVV) correlator 3.2.5.

Using the dictionary above, we find that

1

IC017—1 = WI12113121I31 (3235)
12013223
T1—T c
S 6 .8 18 (x12)5d1(I23)"/d2(x12)a15($23)a2"y (3.2.36)
L12%23

Again, we emphasize the right-hand size of the expression above does not indicate the symmetriza-

tions, which must be imposed by hand. The two point function of V' is given by 3.2.25:

(Vix (22)Vps(23)) = %($23)px(—$23)xp (3.2.37)

Ta3

Comparing the two point function to the OPE limit of K71, we can easily identify the two point
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function in the latter expression:

T1—ws c1/C
Key T 2252 — 1x/6 7 (212) 86, (212) 0, 5 Vanaa (72) Vys (23)) (3.2.38)
12

This implies that in the OPE of T with J, the following term appears at leading order in the 1 — 2

limit, which we will define to be 7;:

Tz c/C

Ty sin o (£1) Vg (2) 225 — %(zlz)ﬁal(fﬂm)mgvaza? (z2) + ... (3.2.39)
12

=(—c1/CV)Ti+ ... (3.2.40)

We give another example involving J3 to illustrate how that structure appears. Consider the struc-

ture Tg the contributes to 3.2.5. In the OPE limit, it becomes:

C
KeeTs = 67(?2]12[21J1J3 (3.2.41)
12713723

T T C .

L (212) i (—T12) 0, 5 (T12) e (— (T23) 5 (B23) 5 (212)¥Y) (3.2.42)
12723
_ Z%/Cv - XV, (22) V- 3.2.43
R (212) 8 (%12) 4, 5 (T12) azary (T12) X (Vay (22) Vi (23)) (3.2.43)

This implies that in the OPE of T with J, the following term appears at leading order in the z1 — o

limit:
T1—T2 Cﬁ/CV XX
Ty andide (xl)vﬂﬁ'($2) —_— = 71,8 ($12)ﬁd1 (xlg)alﬁ'(xlg)azdz (xlg) Vxx(wg) + ... (3.2.44)
12
= (—e/CV)T; (3.2.45)

To simplify the notation, in the z; — x5 limit of <TJ J >, we define rescaled coefficients k; = +¢;/C},
where the sign depends on whether the OPE limit of the corresponding 7; appears with a minus
sign when all x;; are placed in canonical order and the two point function is factored out. So for
instance, in the (TV'V) correlator we have k; = —¢;/cy and kg = —cg/Cy but ks = ¢3/Cly, as one
can check explicitly. Hence, after taking the 1 — xo limit, we are left with a sum of simple OPE
structures

T(w1)J(x2) =2 kiTi (3.2.46)

where the 7; are the OPE limits of the tensor structures.

We now make a few comments about the general structure of the 7; for three point functions of
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the form (7'JJ) which will be invoked in subsequent sections.

First, there are always an even number of (z12)yy’s in the numerator of the T:. This follows from
a counting argument on the number of J3. If there are no Js, then the expansions of the building
blocks tell us that every index is free. So the four indices of T plus the a 4 b indices of J have to be
distributed between exactly two z12’s and J. If there is one J3, we can see that the number of free
indices of J is reduced by 2, but those two indices are contracted with an x15. The extra two free
indices that are now left over, in addition to the four from T, leave 6 indices that cannot be carried
by J, which are therefore distributed over 3 x15. With the z15 with dummy indices, this makes 4
Z12’s in the numerator. The generalization to arbitrary numbers of Js is apparent.

Second, every 7; scales like xf24 regardless of the spin or dimension of J. This is obvious since
we are extracting the terms in the T'J OPE proportional to J, and hence we need the dimension
of what is left over to match the dimension of T. It can also be seen from a counting argument
based on the structure of the kinematical factor and the fact that every building block has conformal
dimension —1.

Third, the 7; are manifestly independent, as can be checked by taking definite values for all the
indices for any generic three point function. We know a priori that nothing should be lost at leading
order in the OPE if all we are interested in is the three point function <TJ J >, but this is an explicit
check of that argument.

Fourth, the OPE limit is reversible. Again, we knew on general grounds that nothing was lost
in the leading order, so it is comforting that one can reconstruct the full three-point function from
explicit expressions in the OPE limit just by inspection, e.g. a factor of (12)as can only from a Jy,

structures that involve contractions between x5 and J are given by J3, and so on.

3.2.3 Constraints in the OPE limit

The procedure in the previous section essentially “decoupled” all the v and # indices, although it is
now less manifest how to impose the various constraints on the three point functions. Now we will
explain how to do so.

Conservation of T is still straightforward to impose in the OPE limit. We simply compute:
8?1alTala2dld2($1)J(l‘2) — Zkiai&lalﬁ (3247)

and demand that every component vanish. This is most easily accomplished with a computer, as

expanding out all the implicit symmetrizations and checking various components is difficult to do
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by hand. There are no derivatives on J here, so this procedure essentially amounts to just taking
derivatives of the z;; in spinor indices, which is a completely straightforward task. One potential
pitfall are various signs and factors of 2 that can easily be neglected if one is unfamiliar with doing

calculus in spinor indices. For instance, we have the following relations:

8‘5“0‘:1355- = —2égég V8% = —2vtw, Toar®® = —x”xuég madajéo‘ = —x“xuég
(3.2.48)
and so on.

Conservation of J is not much harder. We compute
057 T anr g (21) I (w2) = > ki T; (3.2.49)

Now one might worry about derivatives on J since J does depend on za, but these terms are
irrelevant since they will be subleading in x15; recall that this OPE is ultimately to be inserted into
a correlation function with .J(z3), so derivatives on .J(x3) act only on factors of xa3.

Imposing the conformal Ward identities requires a little more setup. As mentioned earlier, we
would like to contract the stress tensor 7)., (1) with a conformal Killing vector £” and integrate
over a little sphere surrounding x2. If we write 212 ~ = as a shorthand (i.e. suppress the position

subscripts), the conformal Killing vectors are:

Lorentz transformations: (op) Ty = 2 Tpo — 26T pp (3.2.50)
Translations: (&) Ty = —Tp (3.2.51)

Special conformal transformations: (&) Ty = 22,0" Ty — 2°T)p (3.2.52)
Dilatations: €T, =x"T,, (3.2.53)

We wish to parameterize x!'y = en*, where n is a unit normal vector that will vary over the surface

of the sphere. So the different generators actually scale differently with e.

The measure on the surface of the S2 is

/ dyt = é / dQn* (3.2.54)
53 53

where n is the unit normal vector.
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Putting this all together, we would like to evaluate

e y dOnt[(€.) Ty J (w2) (3.2.55)

Immediately, we can see that neither translations nor special conformal transformations are going
to impose any constraints at leading order. Every 7; has an even number of 15 in the numerator,
and therefore an even number of n*, and there is one n* from the measure. Then, translations
and special conformal transformations contribute 0 and 2 copies of n*, respectively, so for those
generators, there are an odd number of n* in the integrand. Since the integral over the sphere of an

odd number of unit normals n* is zero, these do not contribute. The Lorentz transformations and

dilatations do contribute, however, and the charges that correpond to them are familiar:

k l
1 ; 1 i = Xj
Lorentz transformations: i[Q¢, J5 5 5, 5 ](x2) = 5 Zl(am,)gi + ' 1(‘7;“/)2]. Tt eoxnxsa (2)
i= j=
(3.2.56)
Dilatations: i[Q¢, J](x2) = AyJ(z2) (3.2.57)

So now, all that has to be done is to evaluate the integrals corresponding to Lorentz transformations
and dilatations and demand that they evaluate to the right hand side of the above equations. Doing
this can be a little subtle, especially when imposing the Ward identity for Lorentz transformations to
fields of high spin. Sometimes it is hard to tell without substituting explicit values of all the indices
if two expressions are equal in spinor indices since Schouten identities can relate two expressions
that superficially look unequal. It is typically helpful after integration to convert all Lorentz indices
into spinor indices and then use various Schouten identities to shuffle all the spinor indices into a
canonical order, e.g. one can minimize the number of 3 and ﬂ indices appear on J. This task is best

accomplished on a computer.

3.2.4 An example: the free fermion

At this point, it may be helpful to illustrate the entire procedure, from start to finish, with a simple
example from free field theory that can be worked out by hand, and where the answers are already
known, e.g. from [35]. We will consider the theory of a single free fermion 3. It has dimension
A = 3/2, which saturates the unitarity bound.

The kinematical factor for <T¢1ﬁ> is given by plugging in Ay =1, Ay = A3 = 3/2, s = 4, and
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s9 = s3 = 1/2 into equation 3.2.3. The result is

1
K= ———— (3.2.58)
33?295?395232

The possible tensor structures 7; are easily found:
Ti = Jils (3.2.59)
To = Jil215 (3.2.60)

In the OPE limit, these become:

’Cclﬂ — klﬂ = klxl_26(1'12)a1d1 (xlg)a2d21/)g (3261)
ICCQB — kJ27_’2 = k2$1_26($12)a1d1 (l‘lg)gdzwal (3.2.62)

Again, remember that here the necessary symmetrizations are implied. These have to be performed
by hand.
Imposing conservation of T' imposes no constraints on the k; - i.e. both 7; are identically con-

served. Imposing the Dirac equation 8§ﬂw3(x2) sets k; = 0. That is, one finds that T3 is identically

satisfies the equation of motion but 7; does not. Precisely, one finds:

. _ k. .
0Pk Th = —@ <3¢/3($12)a1a2 (212) ands (212)°°

+ 23505 Doy (212)aza, + x%ﬁgll/}al(wlz)aaaz) + (a1 ¢ a2)  (3.2.63)
One can be convinced that this is really not zero by taking some definite values for z15 and some

definite indices. Then one imposes the Ward identities for dilatation and Lorentz transformations.

Now there is only one structure. We start with dilatation. We would like to integrate:

e [ dmP e T, s = ¢ / dOntn" T, (3.2.64)
53 53

where £” here is the conformal Killing vector for dilatations. Since only the second structure survives,

we have, after converting everything back to spinor indices and substituting 1o = en:

1 1

. . 3 3
*/ ko2na1a1na2a2wa2 (xg)naldlngd2 = 7/ dQ*kQJﬁ(fL'Q) = *WQkQJB(xQ) (3265)
4 Jss 4 Jga 2 4
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The overall factor of 1/4 is because there are two contractions in vector indices which we have
converted to contractions in spinor indices. These two are different by a factor of —2 as we see in the
second entry of 3.2.48. On the right hand side, the factor of 3/2 is a result of expanding the implied
symmetrizations in the lower indices before contracting with the n’s with upper indices. The last
equality is trivial since the integrand is constant as a function of x;, so we can just multiply by
the surface area of the 3-sphere, 272. Note that all factors of € have canceled out. Then, the Ward
identity reads:

3 5 3 2

1" kadg = Aytpg(za) = iwlg(acg) = ko = = (3.2.66)

With no freedom left, we expect the Lorentz transformations to be identically satisfied, and they are.
Again, paying attention to the factor of —2 induced by conversion from vector to spinor contractions,

we find that, cf. 3.2.50:

1 .
63 . dQn“(xpT,w — xUTMP)wB = —564 i dQn*r (nxxTa1a2d1d2 — naszalelX) ’(/)ﬁ (3267)
SE S€
1 .
- —964 3 dSm™ ™ (nXX¢6¥2 (xQ)naldlanz - nazdzwx(x2)na1d1nﬂf<)

(3.2.68)

After expanding out the symmetrizations and performing all contractions, we will need the integral:

/S3 nadnBB = 77‘(‘260‘560.(8 (3269)

€

where € is the antisymmetric tensor in two indices. Applying this integral and simplifying, we obtain
the final result:

¢ 53 dQn#(xﬂTHU - xJTup)wﬂ = €xB€arxYVas t €azpCarxPx (3.2.70)

This is indeed what we want, as a bit of algebra shows that the generator of Lorentz transformations

indeed acts this way:

. , 1
i[Qc,, V8] = (07 )azan (Gp)xxg(%p)%% = €xB€aniWVar T €arBanxPx (3.2.71)

Although the free fermion example is very simple, all the essential features of the calculation for
much larger representations is present. The only difference is that there will be more structures and

integrals that involve more copies of n, but these are not serious obstacles for a computer.
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3.3 Imposing Hofman-Maldacena bounds

When we carry out our procedure for currents of high chirality, we actually find there are solutions.
Conservation of T, J, and the Ward identities is not enough to exclude these operators from the
spectrum of a conformal field theory. We therefore seek an additional, independent constraint on
the (T'J.J) correlator. The Hofman-Maldacena bounds [19] [20] are one such constraint. In this
section, we will review the statement of these bounds and describe how we implement them.
Roughly, the Hofman-Maldacena bounds express the intuitive fact that the expectation value of
the energy (suitably defined) in any state should be positive. We will begin by giving some general
theoretical background about the bounds, then explain how we extend Hofman and Maldacena’s
calculation to higher-spin fields. We will find that for certain polarizations of the (6,1) current, the
one-point function of the energy vanishes identically. We argue, based on [21], that this strongly
suggests that theories containing such a current are free. An interesting observation about this
finding is that the vanishing of the eigenvalues actually depends only on the conservation of 1" and

J. The conformal Ward identities are not necessary to see the vanishing of these eigenvalues.

3.3.1 Background

The Hofman-Maldacena bounds are a quantum-mechanical generalization of the classical Null En-
ergy Condition, which states that T__ is always positive in classical field theory. In quantum field
theory, however, such naive bounds are violated by vacuum fluctuations, and so one can only hope for
a “less local” version of the Null Energy Condition. The Hofman-Maldacena bounds are a statement
of this form.

First, we are instructed to consider the integrated energy flux per unit angle at infinity in some
direction n:

T—00

E(t,rn) = lim 7"2/ n'To;(t, 1) (3.3.1)

—0o0
If we change to lightcone coordinates y* = t + z and take 7 = 2, this expression can be rewritten

as:

+ —\2 poo
= lim (y;y> / dy~T__(y*,y~,%) (3.3.2)

yt—o0 —o
The simplest version of the bounds posit that the expectation value of £ in any state |¢) is positive.
The physical interpretation of this construction is that one puts a calorimeter that measures 7T__
very far away from the origin and then creates an excitation localized around the origin with some

operator. The integral over y~ represents the fact that the calorimeter is collecting energy for the
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entire history of the spacetime. We expect the calorimeter to record a non-negative energy.

In the context of this work, we would like to use these bounds to constrain the three-point
function <T JJ > that we have been studying. The natural idea is to consider a state created by
J, say, a state of definite energy, and then compute the expectation value of £ in that state. We
will demand positivity of this expectation value for every possible polarization of J. In the case of
the (6,1) current, there are many possible polarizations but only one degree of freedom left after
imposing all constraints in the previous section. It therefore seems that there is not enough freedom
to satisfy the Hofman-Maldacena bounds. We will find that the way out is that for many of the
polarizations, the expectation value of £ actually vanishes. As we will elaborate, this strongly
suggests that the theory is free. Before carrying out this calculation, we make two comments:

First, we point out that the Hofman-Maldacena bounds are a particular realization of the Av-
eraged Null Energy Condition [54] [55], which states that one actually does not have to take y™ to
infinity for the expectation value of £ to be positive on any state. That statement is itself a special
case of the Quantum Null Energy Condition [59] [60] [61], which pertains to integrals of T__ over
more general curves. None of these more sophisticated statements will be explored in this work,
although they are of considerable interest in other settings.

Second, note that one can bring the calorimeter to future null infinity in any direction, not just
y* =t + 2. We only made that choice since we will only study one point functions of £ and so we
have the freedom to rotate our coordinates into that direction. In principle if one wanted to study

multi-point functions of £, one would need to keep the angles generic.

3.3.2 Implementing the bounds

Calculating the expectation value of £ is a bit subtle because it requires one to compute an out-of-
time-order correlation function. As mentioned, we would like to calculate the one point function of
£ in a state of definite positive energy ¢ > 0 created by our current J, since that is the quantity
which is related to the three-point functions we’ve been trying to constrain. Explicitly, we want
to compute <J (—q)&J (q)>, where the operators must appear in that specific order so that we are
actually computing the expectation value of £ in the state J(q)|0) and therefore can invoke the
Hofman-Maldacena bound. If we expand out the Fourier transforms and rearrange, we find this

correlation function is related to the position-space correlators we have computed earlier by:

(J(~)€T(q)) = / dy~ / e (J(@)T-_ (™, y* = o0, §)J(0)) (3.3.3)
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In the equation above, we have chosen the momentum to be totally timelike. This is allowable since
there is a boost that sends any timelike momentum to a momentum of that form. After having
fixed that, we may use the spatial rotations to put 7 = Z as mentioned earlier. We emphasize these
choices are completely general; we do not lose any information about the one-point function by
making them.

As mentioned, ensuring that the operators are in that particular order is essential. We enforce
the ordering with a particular ie prescription. The simplest way to see the correct prescription is
by starting in Euclidean signature and Wick-rotating into Lorentzian signature. As is well-known,
correlation functions in Euclidean signature are “automatically time-ordered” in the sense that (a)
the Euclidean path integral automatically gives time-ordered correlation functions and (b) out-of-
time-order Euclidean correlation functions don’t make sense since they’re formally infinite. The

second statement can easily be seen from rewriting a general correlator as follows:

0101 (8, 71) ... O, (tE, 7,)[0) = (0] 01(0, & )e T .. eHtn 0,(0, Z, )e i |0) (3.3.4)

= (0|01 (0, &) 2 —11) | HT =D O, (0, Z,)[0) (3.3.5)

If the operators are not in time order, some exponential factor in the middle appears with tf —tﬂl >

H(t7—t%) jg unbounded, and the correlator is formally infinite.

0, which means that e

If we start with such a correlation function in time order, however, one can imagine giving each of
these Euclidean times an imaginary part proportional to any desired Lorentzian time, tf =¢j —H't]L =
Z(t]L — i€j). From the Lorentzian point of view, then, as long as €; > ¢; for all i < j, the expression
will be ordered as written regardless of the values of the t]L. By taking the ¢; — 0 after computing
the correlation function, one obtains the out-of-time-order Lorentzian correlator.

Hence, we should take the expression for the three-point function (7__(y)J(z).J(0)) that we've
developed and give the time coordinate of y a small negative imaginary part —ie and the time
coordinate of x a larger negative imaginary part —2ie. Then, we will perform the integrals in 3.3.3,
and these ie terms will tell us how to pick the appropriate contour. After integrating, we can set
€ — 0 to obtain the desired out-of-time-order Lorentzian correlator.

The next step is to multiply 7__ by r? = ((y* — y7)/2)? and take y© — co. When we write

out the tensor structures for each correlator, we will find that this limit actually kills off many

components of the three-point function which are otherwise nonvanishing at finite separation. At
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this point, it is helpful to make some of the kinematical details more explicit. Let’s write

ot = (20 — 2ie, 2, 2%, %) (3.3.6)
v = (y° —ie,y',y% v (3.3.7)
so that the lightcone coordinates are:
yt = (y° —ie) £y (3.3.8)
¥ = (20 — 2ie) + 23 (3.3.9)

The dictionary between vector and spinor indices is:

—yo+ys Y1 —iyo P+ oyt —iy?
YnTos = = (3.3.10)

yi+iys  —yo—ys y iy -y
It will be helpful to rename our indices since the symmetry that is preserved by the integrations and
Fourier transformations are the rotations in the (1, 2)-plane, i.e. rotations in the plane transverse to

the (4, —) plane. A clockwise (positive) rotation by 8 in the (1, 2) plane leaves y,j and y,; invariant

but rotates y,5 by e~ and y,; by €. So we will give the spinor components the following new
names:
Yy i+ Yy
Yo, = * (3.3.11)
Y+ Y-
S0, e.g. we have:
=y i =—y_ =y (3.3.12)
Yii =Y-+ Y Y
yQQ = y+; = —y_,’_ = y7 (3313)
Tllii = T——-i-—i— =T _ = T++ (3314)

and so on.

Now, we expand our correlation function <T 11 W5, 55 (T) T (0)> in our basis of tensor

structures, which are expressed in terms of the buliding blocks I;; and J;. In the frame we’re
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considering,

112 = (y - m)ﬁd (3315)
123 = ZE‘A/B (3316)
iz = yya (3.3.17)
(y — (E)2y2 (y — x)ozo'c Yaa
Ji23 = - = 3.1
1,23 2 W—2)? 2 (3.3.18)
Cao2e? ((y—2)s,  xs
Ja31 = Y y2) ( = x)ﬁf + % (3.3.19)
Jogs = TV (T v (3.3.20)
3125 T\ G2 2 3.

It is easy to see that in the y™ — oo limit, we will obtain the following simplifications:

lim Y-t _ lim £:—i, lim Yt lim v =— 1
yt—o0 2 yt—o0 y2 Yy yt—o0 (y - l’)2 yt—o0 (y - 1’)2 (yi — "Ef)
(3.3.21)
lim 7@ —2)4 = lim £ =—— lim 7@ —2)4 = lim (y—a)* =— 1
yt—o0 y2 (y—z)t—o00 y2 Y- ’ yt—o0 (y — LL‘)2 yt—o0 (y — .’L')2 (y_ — l’_)
(3.3.22)

Note that if the numerator of any of these expressions had different indices, the limit would evaluate

to zero. This enables us to make the following simplifications on the J;:

(y — )y x”

Ji23 = — 2 - —7) (3.3.23)
— )22 555‘? T

Jo.31 = (y yz) o _if + % (3.3.24)
222 (. s—oF

J3,12 = W <3;Y2’Y + % (3325)

Note that .J; always takes that form since it carries ad indices, which are fixed to be —4 in this
correlation function.
These equalities together enable one to write explicit expressions for the tensor structures in the

yT — oo limit that can readily be integrated. For instance, consider the tensor structure 7z for the
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(6,1) current 3.2.15. We compute, with the definite indices on T

+ N2
Jim <y2y) KI2,I5312, T2, (3.3.26)
. vyt -y 1

= llgl ( 2 ) ( — l’)6 6,12 (y - x)ﬁlJr(y - x)ﬁQJ}x—yB(_y)—"h (_y)—"yz H(_x)Bsz

yt—o0 Yy Yy i=3
(3.3.27)
! . 85,075,040 ﬁxm (3.3.28)
— — »—\3(2—)312 Vi L0,

4 (y T ) (y ) T 1 P2 771772 bl

Restoring all the i€e’s, one can perform the y~ integration using the residue theorem, and then
evaluate the Fourier transform in z. This Fourier transformation can be performed using standard
techniques for evaluating one-loop Feynman diagrams for any particular choice of indices. It is
typically most convenient to write the Fourier factor i1z’ = giaa"/2giqz™/ 2. then integrate over
x1 and xo (the directions transverse to the (+,—) plane) by, e.g., Schwinger parameterization® or
Wick-rotating the corresponding Euclidean integral carefully, and finally evaluate the 2™ and 2~
integrals using the residue theorem. In addition, one can infer from the residual SO(2) invariance
in the (1, 2)-plane mentioned earlier that the integrals identically evaluate to zero for certain choices
of indices. If the numerators do not have the same number of — and — indices as + and + indices,
the integral must vanish since there are no SO(2) invariants one can write with those indices. So
numerators are always products of z+, = and z_ - L= 2?2 + 22, any combination of which can
be simply handled using textbook methods.

With all the integrals in hand, one now has to impose that the three-point function is positive
for any choice of polarization for J. For operators of low spin, the relevant inequalities are easy to
work out by inspection, but for higher-spin fields it is convenient to organize the data a bit more
systematically. Let A and A* be polarization tensors for J and .J, not necessarily conjugate to each
other. Due to current conservation, we may take them to be transverse to the timelike direction.
We construct the matrix M (A, A*) = (A-J|E|A* - J) in a convenient basis of polarization tensors.

Then, the Hofman-Maldacena bounds imply that all eigenvalues of this matrix are non-negative.

3.3.3 Results and interpretation

On general grounds, one expects the matrix M for the one-point correlator of £ in a state created

by the (k,1) representations to have k + 2 nonzero eigenvalues. The conserved current J which

3cf. appendix G of [62]
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transforms in the (k, 1) representation has 2(k + 1) possible polarizations, but k of them are not
transverse to the momentum carried by J. We know such polarizations cannot contribute to the
correlation function, since the conservation condition 0 - J implies that p - J = 0. Our main finding
is that one actually has fewer nonzero eigenvalues than anticipated. Starting with the (2,1) repre-
sentation (the supercurrent), M has only four nonzero eigenvalues for any k > 2. This is the result
of delicate cancellations between various structures induced by the particular relations imposed by
conservation of T and J.

To illustrate, consider the current JB1 8253 that transforms in the (3,1) representation. We
expect five nonzero eigenvalues, but in fact, one is zero. Before imposing any constraints, there
are ten structures, and our procedure yields that the polarization that sets all indices of J to carry
negative SO(2) charge (i.e. the polarization where all indices are set to — and —) is an eigenvector

with the following eigenvalue:

(T[] T )
(AN PFEREY

3 3 1
=mq <16(k2 + k10) — 3*2/%‘7 - 8k8> (3.3.29)

But the OPE computation of the constraints imposed by the conservation of 7" and the conservation
of J imply that k; = %(kl—l%), ks = 3(ks—k1), and k1o = —%kl —ko. Substituting these values back
into the eigenvalue equation, we find that the eigenvalue is identically equal to zero. We emphasize
here that we actually did not have to use the constraints implied by the conformal Ward identities
here. Conservation of 7" and J was enough.

This effect persists and becomes increasingly dramatic as one moves up in spin, since more and
more eigenvalues which are nonzero a priori have to experience such miraculous cancellations all at
once. For instance, in the case of the current that transforms in the (6, 1) representation, four eigen-
values cancel in this way, with expressions similar to the above but with more complicated rational
numbers multiplying all the coefficients. It turns out that this particular “extremal polarization”
happens to be a zero eigenvalue of all the (k,1) currents for 3 < k < 6. The extra zero eigenvalues
as k increases are the “next-to-extremal eigenvalues”, where there is one + index on the J, two +
indices, and so on.

A proof that this occurs for general k is still being worked out at the time of this writing, but
qualitatively, such a result seems inevitable. The tensor structures for a k > 4 current are generated
from the k& = 4 structures by multiplying each structure by the appropriate power of I3 - i.e. the
number of independent conformal structures saturates at ten for the k = 4 current, and in some sense

all the tensor structures “look the same”. Hence, one expects the various constraints to have the
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same content, in some sense. This is visually apparent in some ways; for instance, when 3 < k < 6,
it always happens that conservation requires kg = —k;.

When zero eigenvalues are present, we believe the theories are free. This inference is suggested
by work by Zhiboedov, who argued in [21] that if the stress tensor takes a certain form, the vanishing
of the energy one-point correlator implies that theory is effectively free in the sense that the two-
point energy correlator (€(71)E(M2)) o 6(1 + 7y - Ng) and that all higher-point functions of energy
correlators vanish identically. This is precisely what happens in free theories; qualitatively, these
expressions physically mean that the stress tensor creates a state of two noninteracting particles,
and hence the “S-matrix” that this correlation function suggests is trivial (of course, there is no
actual S-matrix in a CFT). Our result therefore strongly suggests that the theory which contains
these asymmetric currents are free. At the time of this writing, the details of this implication are
still being worked out.

Another possibility our results motivate is that states created by symmetric higher-spin currents
might also have vanishing eigenvalues. This would strongly suggest that the arguments of [29]
and [28] might be drastically simplified. In those works, the Ward identities generated by the
higher-spin currents on each other were used to constrain theories containing symmetric higher-spin
currents. If we show that these currents have zero eigenvalues in this context, it would imply a
similar result that relies only on the Ward identities that the stress tensor generates. At the time
of this writing, we have not yet performed the computations that pertain to this conjecture.

Finally, we cannot yet comment on whether or not the these currents of large chirality actually
imply that the theory is actually inconsistent with conformal symmetry. The fact that a zero eigen-
value strongly indicates that the theory is free leads one to believe that such a current cannot exist
since there is no free theory that contains such a current, but this is merely intuition. Completing

the analysis to determine whether this intuition holds is work in progress.

3.4 Conclusions

Although many tantalizing questions remain to be addressed, we have already demonstrated a num-
ber of interesting calculations. First, we found a simple proof that translates the Weinberg-Witten
theorem to the setting of conformal field theory. Higher-spin free fields, i.e. operators in the (k,0) or
(0, k) representations that saturate the unitarity bound and therefore satisfy a Dirac equation, do not
admit three-point functions with the stress tensor consistent with their equation of motion. Then,

we turned our attention to conserved currents, which carry at least one dotted and one undotted
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index. For these fields, we imposed the conservation conditions and the conformal Ward identities;
this represents not only the effective application of recent results classifying the general structure of
three-point functions of generic operators, but also demonstrated that, in opposition to our intuition
from the Weinberg-Witten theorem, asymmetric higher-spin currents in conformal field theory can
consistently couple to the stress tensor, at least at the level of the conformal Ward identities. Finally,
our analysis of energy one-point functions in the context of the Hofman-Maldacena bounds suggest
that these asymmetric currents can only live in free theories since certain polarizations which are
transverse to the momentum nevertheless induce vanishing one-point energy correlators. Surpris-
ingly, this is implied purely from the conservation conditions, and do not require the conformal Ward
identities.

Going forward, it will be interesting to continue pursuing the Hofman-Maldacena calculations
in a variety of ways. A more thorough analysis may lead us to exclude the asymmetric higher-
spin currents altogether. Examining the Hofman-Maldacena bounds in states created by higher
spin symmetric currents may simplify and shed additional physical intuition about existing results
about such currents. Furthermore, the manifestations of the Average Null Energy Condition in
other contexts provides endless directions for future work. The progress presented in this chapter
represents only a promising first step; the techniques we have developed are extremely general and
appear to have a lot of power in constraining the space of conformal field theories, and it will

therefore be exciting to continue exploring and applying them in the near future.
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Chapter 4

On C7 and (' in the Gross-Neveu

and O(N) models

4.1 Introduction and summary

The essential data characterizing a d-dimensional conformal field theory (CFT) includes the scaling
dimensions of conformal primary operators and their operator product coefficients [63,64]. In general,
the normalizations of operators may be chosen arbitrarily; therefore, the normalizations of their
two-point functions are not physical observables. Exceptions to this are provided by the conserved
currents: their insertions into correlations functions of other operators are determined by the Ward
identitites which fix the normalizations of the currents. Therefore, the coefficients of the two-point
functions of conserved currents are physically meaningful. The most commonly encountered ones
are C'y, which refers to the conserved spin-1 currents Jj, a =1,... dim(G), associated with a global

symmetry of the theory with group G, and Cr, which refers to the stress-energy tensor T}, [35]:

u($12)

(i) faa)) = Co 5 S, (111)
(T (1) T (2)) = CTW , (4.1.2)
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where

T, Ty
L (x) =6, —2 22 ,
1 1
1, V,Ap(x) = §(I/LA($)IVP(9C) + I,Lp(x)f,,)\(x)) - E‘SW‘SAP' (4.1.3)

These quantities have various applications: C; determines the universal charge or spin conductivity
[65,66]; Cr appears in many contexts, including some properties of the Rényi and entanglement
entropies [67,68]. For example, Cr determines the leading response of the entanglement entropy
across a sphere to small variations in its shape [68]; in particular, in d = 3 it determines its limiting
behavior for entangling contours with cusps [69]. Cr is also one of the natural measures of the number
of degrees of freedom, and in two dimensions it satisfies the famous Zamolodchikov theorem [70]. In
higher dimensions there are counter-examples to the monotonicity of Cr [22,71,72], but it is still
interesting to study its behavior under RG flow.

A number of results about C; and Cr are available for CFTs in d > 2 [65, 66, 72-74]. Of
special interest to us is the work by Petkou [74], who used large N methods and operator product
expansions to determine the leading 1/N corrections to C; and Crp for the critical scalar O(N)

model with quartic interaction (¢‘¢?)?. Defining

C C
Cy = CJO(l + T 0(1/N3)) :
C C
Cp = cT0(1 o+ 0(1/N3)) : (4.1.4)
Petkou found [74]
oy _ 8(d—1) om i1
CJI - d(d_2)7l1 ) ( . 5)
Com(d)  d?+6d—8
O(N) _ _ O(N) O(N)
oM 2( o +d(d2—4)>771 . (4.1.6)
Here
2T (d — 2) sin(r4
00 _ (d—2)sin(rg) (4.17)

T4 - 2T(Z 1 1)

is the 1/N correction to the dimension of the fundamental scalar field ¢¢, and

Con(d) = ¥(3 — )+ 6(d — 1) ~ (1) ~ (D) (118)
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where ¢(z) = I'(z)/T'(x) is the digamma function. In d = 3, these results yield

o) o) 64
C5Mama =Y (1= 55 + 00/
(4.1.9)

f0) 10 40
CFMazs = 75 (1 TN T OWNQ)) '

The critical O(N) model with the quartic interaction (¢?¢?)? is weakly coupled in 4—e dimensions
[75], and the results (4.1.5), (4.1.6) agree with the € expansions found from conventional perturbation
theory [72,76]. In recent works [22,23,77] it was shown that, for sufficiently large N, the O(N) model
has another weakly coupled description in 6 — e dimensions. It involves an additional scalar field o

with the action

. 1 1 - 1
/dd:lc <;(8ﬂ¢1)2 + 5(8“0)2 + igloqﬁl(bi + 6gga3> . (4.1.10)

In section 4.3 we will use this cubic O(N) symmetric theory to develop the 6 — ¢ expansion of C}
and Cr, providing additional checks of the large N results (4.1.5), (4.1.6). In particular, for d = 6
the large N result (4.1.6) yields [22]

P ams =1, (4.1.11)

which precisely reproduces the contribution of a 6d canonical scalar field. More generally, in even
dimensions d, generalizing the arguments leading to (4.1.10), we expect to find a (non-unitary) free
theory of N canonical scalars ¢* and a A = 2 scalar with local kinetic term ~ 0(82)%’20. For

instance, for d = 8 this was recently discussed in [78]. Here
Ot ams = —4. (4.1.12)

This implies that the ratio of the Cr of a free 4-derivative scalar to that of a canonical scalar is —4.
The value of C?l(N) for general even d is given in [79] and in eq. (4.3.54).
In section 4.4 we will derive formulae for C; and Cr in the d-dimensional Gross-Neveu (GN)

model [80], which has the action
San = —/dd$ (z/_w“c?m/zi + g(zﬁﬂ/ﬂf) : (4.1.13)

We will take ¢" with i = 1,2,... N to be a collection of N Dirac fermions, and we will denote
N = NTrl, where Trl is the trace of the identity operator on the vector space on which the Dirac

matrices act. Since this factor can be absorbed into the expansion parameter IV, one may keep it
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arbitrary in intermediate steps of the calculation, and set it to the desired value at the end. For
instance, for the case of N 2-component Dirac fermions in d = 3, one should take Trl = 2, i.e
N =2N. In 2 < d < 4, it is natural to take 1 to be 4-component fermions, i.e. N = NTrl = 4N.
This allows us to smoothly connect to the GNY model in d = 4—e¢ described below. The 4-component
fermion notation also appears naturally in d = 3 in the condensed matter applications of models
involving fermions, see for instance [81-85].

The perturbing operator O(z) = £ (¥;%")? in (4.1.13) has dimension A = 2(d — 1) in the free
theory. In d = 2 the GN model is asymptotically free, while for d > 2 it is free in the IR and has an
interacting UV fixed point (it is unitary for 2 < d < 4). For this interacting CFT we will find, after

lengthy calculations,’

CH = —MH?N, (4.1.14)
CFY = —ang™ (ng(g) + 7 (+d2;(fz) 1)> : (4.1.15)

where

_ I(d—1)(d—2)?
it = AN(2 — 94 + 1)r(4)2 (4.1.16)

is the 1/N correction to the dimension of the fundamental fermion field v?, and

g) . (4.1.17)

Con(d) = 9(2 — )+ 9(d — 1) — (1) - v

In d = 3, we find

64 ,
gy +OW/NY) |

C5¥lama = 055 (1- 55

) (4.1.18)
CF¥la-a = O (14 gy + 00/

We will derive these results using a large N diagrammatic approach similar to that used in
[65,66,89-92] (for a review, see [93]). We will also use the diagrammatic method to rederive the
formulae (4.1.5), (4.1.6) for the scalar O(N) model, finding complete agreement with the bootstrap
method of [74]; these calculations are presented in section 4.3.3. The diagrammatic approach has
also been used to calculate C'j; and Cp; in 3-dimensional QED [65,66]. A paper [94], which is

a follow-up to the present one, uses the diagrammatic approach to calculate the Cj; and C7q in

d-dimensional conformal QED and compare the results with the € expansions. An important feature

IBesides their intrinsic interest, formulae (4.1.5), (4.1.6), (4.1.14), (4.1.15) may have applications to the higher-spin
AdS/CFT dualities which relate the d-dimensional O(N) [11] or Gross-Neveu models [12,13] to Vasiliev theories [86,87]
in AdSg4+1 (for a review, see [88]).
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of the diagrammatic approach, which we will uncover, is the necessity of a divergent multiplicative
“renormalization” Zr for the stress-energy tensor (for the conserved current such a renormalization
is not needed). Despite this renormalization, the anomalous dimension of the stress-tensor is, of
course, exactly zero.

The interacting Gross-Neveu CFT has different perturbative € expansions near 2 and 4 dimen-
sions. In 2 + € dimensions, where the theory has a weakly coupled UV fixed point, it involves the
original GN formulation (4.1.13) with the quartic interaction. There is an alternate, Gross-Neveu-
Yukawa (GNY) formulation of the theory [95,96] which contains an additional real scalar field o

with a Yukawa coupling to the N Dirac fermions:

Sany = /ddx (—1132-((79 + gro)’ + %(8#0)2 + 53104> : (4.1.19)

This theory, which may be regarded as the UV completion of the GN model, has a weakly coupled
IR fixed point in d = 4 — €. Using these tools, we develop the 2 + € and 4 — € expansions of Cr and
Cy for the GN. In the large N limit these expansions agree with (4.1.14) and (4.1.15), providing
their important perturbative checks. In particular, we see that for d = 4, the large N result (4.1.15)
yields

CFY =1 = ; : (4.1.20)

which precisely reproduces the contribution of a 4d free scalar field.? More generally, in even
dimensions d, generalizing the arguments leading to (4.1.19), we expect to find a (non-unitary) free
theory of N Dirac fermions and a free scalar with A = 1 and local kinetic term ~ 0(32)%’10. For

instance, in d = 6 we find

CF N a=6 = —2, (4.1.21)

which implies that C7 = —6/52 for the 4-derivative scalar field in d = 6 (in units where Cr = 6/(557)
for the ordinary 2-derivative scalar). The ratio of the Cr of a free (d — 2)-derivative scalar to that
of a canonical scalar is given in all even dimensions in eq. (4.4.28). Interestingly, it is always an
integer.

Using the 2 + € and 4 — € expansions, in section 4.4.5 we carry out two-sided Padé extrapolations
and find estimates for Cr and C in d = 3 for small values of N. The values of Cp we find are

typically just 1 — 2% above those for the theory of free fermions. Our estimates suggest that, as the

d : fer _ _d_ —
@ e and a free fermion C75" = Trl 352 [35]. In d = 4, we

2Recall that in dimension d a free scalar has CF =

then have C}C/(Ncgfr) = SLN
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d = 3 theory flows from the interacting GN fixed point to the free fermion theory, C'r decreases for
all N. There is a supersymmetric counter-example to the d = 3 “Crp-theorem” [71], but we find that
the inequality C¥V > CIF applies both to the GN and the scalar O(N) models in d = 3. However,

as we discuss in section 4.4.2, for the GN model with large N it is violated for 2 < d < 2.3.

4.2 Change of (C'; and C'y under double-trace perturbations

In this section we work out the general structure of the change in the C'; and Cr coefficients under
RG flows in large N theories, which are induced by double-trace operators O2. Both the critical
scalar and the GN model are of this type, and in later sections we will carry out specific calculations
for these models.

Before proceeding, let us introduce some useful notation that we will use in the rest of the chapter.
To deal efficiently with the tensor structures in stress-energy tensor and current correlators, it is

convenient to introduce an auxiliary null vector z#, satisfying
22 =225, =0. (4.2.1)

We work in flat d-dimensional Euclidean space, so such a null vector is complex, but we will never
need to specify an explicit form of z#. It is convenient to define the stress-energy tensor and current

projected onto the auxiliary null vector
T(l’) = ZMZVT,LLV ’ J(l') = ZMJ# . (422)

From (4.1.2), we see that the two-point functions of T" and J take the simple form

4CT l’;l
(T@)TO) = s
a a —2CJ 373
(J(x)J*(0) =6 b(xz)dq = (4.2.3)
where we have introduced the notation . = 2#z,. Using the Fourier transform
/ o o (4.2.4)
2m)? (p?)  4o7iT(a) (a2)5 -
; d
/ddx e (Am)eT(¢ —a) 1 (4.2.5)
(z2)e 4°T(«) (p2)e—’
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we find in momentum space

71'% —d d =
B DTl = Cr gt ) ),

Are-1) L,
L) = 0 ) D, (1.26)

where I1,,,,(p) = 6., — pupy/p* and
Luap(p) = %Hw(p)ﬂxp(p) - %(HMA@)HW(}?) + 10, (p)Ia(p)) - (4.2.7)

Therefore,

_ . mre—-4)  p
= T2d—2r(d+2) (p2)27% )
d
7T2F(2 - %) pz 5ab
298T(d)  (p2)2-%

(T(p)T(—p))

(J(p)J*(—p)) = Cy

(4.2.8)

where p, = zFp,,.
Let us consider a general CFTy in d Euclidean dimensions, and assume that it admits a large
N expansion with the usual properties. Given a single trace operator O(z) of dimension Ao in the

spectrum of the CFT, we can consider the double-trace deformation
Sy = Scrr, + A / dzO(x)?. (4.2.9)

When Ap < d/2, the deformation is relevant and there is a RG flow from CFTy to a new CFT
where AR = d — Ap + O(1/N) [97,98]. When Ao > d/2, the deformation is irrelevant, but one
may show that there is a large N UV fixed point, where AZY = d — Ap + O(1/N), and the RG
flow leads to CFTy in the IR. A well-known example of the IR fixed point is the scalar O(N) model,
i.e. the theory of N massless scalar fields ¢* perturbed by the (¢'¢?)? operator; we will discuss the
calculation of Cp in this theory in section 4.3. A well-known example of the UV fixed point is the
Gross-Neveu model (4.1.13); it will be discussed in section 4.4. To be definite when writing powers
of N, we will assume below that the unperturbed CFTj is vector-like, i.e. Co ~ N and (TT)¢ ~ N.

The 1/N expansion in the perturbed CFT may be developed with the aid of a Hubbard-

Stratonovich auxiliary field. We may rewrite the perturbed action as
d 1 d,. 2
Sy = SCFTO Jr/d zo0 — ﬁ/d xo©. (4.2.10)
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The equation of motion of ¢ imposes ¢ = 2A0 and leads to the original action. However, by
performing the path integral in the CFT(, one may derive an effective action for o. At large N, we

have

<6_ fddmaO>0 ~ el dlzd®y Lo(z)o(y)(O(z)O(y))o+O (%) , (4.2.11)

so the quadratic term in the o effective action is

Slo] = -1 [ dhadiy o(2)o)(O@O0W)0 — — [ dlwo? (4.2.12)
2 4\

d )4/2 _
= —;/(;lwp;da(p)a(—p) (Co (4 )4A££\d(/A20)AO)(p2)AO_d/2+21)\> . (4.2.13)

where we have used

CO (47r)d/2F (d/2 - AO) ddp ip(x—y) [, 2\Ao—d/2
= = PR . 4.2.14
(0@ = =I5 = Co =0 [ L p2) (12.14)
When Ap < d/2, we see that the second term in (4.2.13) can be dropped in the IR limit (and when
Ao > d/2, it can be dropped in the UV limit), and so at the perturbed fixed point we get the

two-point function of o, at leading order in 1/N, to be

Gg(p) _ <0’(p)0’(—p)> _ 4807 (AO) (pQ)d/Q—AO = ég(p2)d/2—Ao (4215)
Co(4m)4/2T (d/2 — Ao)
or, in coordinate space,
~ (d/2—Ap)sin((d/2 — Ap)m)T'(d — Ap)T' (Ao) _ Cy
Go(r,y) = T+ Cp|z — y[2(d=20) T |z —ylddo) (4.2.16)

This shows that the scalar operator o ~ O now has dimension d — Ap + O(1/N). At the perturbed

fixed point, we may hence omit the last term in (4.2.10) and work with the action
Scrit = SCFTO + /ddeO . (4217)

A 1/N diagrammatic expansion can be obtained using this action and the effective o propagator
(4.2.16) (with the prescription that the planar bubble diagrams contributing to (co) should not be

included as they are already taken into account by the effective propagator).
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The two-point function of the stress-energy tensor may be then computed as

@O = [ DT 1) 70,
1

= (T(z)T(0)) + = /ddzldd,zQGa(zl,22)<T(x)T(0)O(zl)O(22)>O (4.2.18)

2

+% / ddzlddZQdd23ddZ4Ga(Zl, ZS)GU(ZQ, 24)<T({,C)O(Z1)O(ZQ)>0<T(0)O(23)O(Z4)>0 + O (l/N) s

where to obtain the “Aslamazov-Larkin term” [99] in the last line we have used the large N approx-
imation to rewrite the 6-point function as a product of 3-point functions. Note that since Cp ~ N,

both of the contributions above are of order N°. By conformal invariance, we may write

1 x,)4
= / d921d920G o (21, 2) (T(2)T(0)O(21)O(22))o = 1<TTOO>(3§2)3+2 :

%/ddzl o d2 Gy (21, 23)Go (22, 22) (T (2)O(21)O(22))0(T(0)O(23) O(24) )0 = I<TOO>2(££Zj)/Zd)Jr2
(4.2.19)
and so
T 4
(T(2)T(0))exit = (4Cr0 + Iirr00) + LiT00)Y2 + O(1/N)) (352;3” . (4.2.20)

Thus, we see that the change in Cr to leading order in 1/N receives contributions from both
integrated 4-point and 3-point functions in the unperturbed CFT. While (TOO) has a universal
form that only depends on Ap due to the conformal Ward identity, the 4-point function (TTOO)
does not have a universal form. Therefore, unlike the sphere free energy [98,100], we do not expect a
simple universal formula for the change in Cr that only depends on the dimension of the perturbing
operator.

So far we have ignored the issues of regularization, but in fact the result (4.2.20) by itself is not
well-defined, since the contributions Ii\7ro0) and Iiropy2 are divergent and require regularization.
The usual dimensional continuation does not work in this case, because the vertex in (4.2.17) is
critical for all d within the 1/N expansion. One may use a simple momentum cutoff, however this
makes the integrals hard to compute in general d. A regulator that is often employed, and which
we will use in this chapter, is to formally shift the dimension of o by a small parameter A that is
taken to zero at the end of the calculation [89-91,101]. Explicitly, we take the propagator in the
regularized theory to be

Go(p) = Co(p*)? 2072, A =0, (4.2.21)
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This makes the vertex dimensionful, Syertex = 2 [ 0O, where we introduced an arbitrary renor-
malization scale u to compensate dimensions. Then, the integrals (4.2.19) in the regularized theory

take the form .

— A (1) (0)
Lirroo) = (¢?1?) (AI<TTOO) +Lirrooy + O(A)) ;

(4.2.22)
oA (1
Lirooy: = (z°u®) <AI((71‘)OO>2 + Igg)ooy + O(A)> .

Importantly, we see that the two contributions carry a different power of the renormalization scale,

since they involve two and four vertices respectively. Then, we find

L (1)
Iirrooy + Lirooy: A (I<TTOO) + I(TOO>2)
(4.2.23)

1 1 0 0
+ log(pi22%) (I§T>TOO> + 21<<T>OO>2) + o0y T Iitoo): + O(A).

Absence of an anomalous dimension for T requires 1 ((’ll")TOO) + 27 81)00)2 = 0, so that the logarithmic

term vanishes. We will see in the explicit examples below that this is indeed the case, as expected.
However, we see that the 1/A pole cannot cancel by itself, since it involves a different combination
of the coefficients (unless both contributions are finite by themselves, but in all examples we studied,
this does not appear to be the case). A resolution of this issue is to allow for a divergent “Z-factor”

renormalization of the stress tensor so that the poles are cancelled

T(2) = Zp T(x), Zr=1+ % (ZA“ + Zhy + O(A)) +O(1/N?). (4.2.24)

The pole coefficient Zp; is fixed by cancellation of the 1/A divergence in (4.2.23). In addition, we
will find that a non-trivial finite shift Z/.,, is required in order for the conformal Ward identity to
hold. This peculiar stress tensor “renormalization” is presumably due to the unusual features of the
regularized 1/N perturbation theory, at least within the regularization scheme we employ. Putting
everything together, one arrives at the following final answer for the shift in Cr to leading order at

4 <ZZOO) (’100> 7\7 T1 ( / )' ( . )

As we will see below, the shift proportional to Z7.; is essential for reproducing the result of [102] for
the scalar O(N) model, and also for matching the 4 — € and 2 + € expansions for the GN model.
One may study in a similar way the current two point function (JJ). Assuming for simplicity

that the perturbing operator is neutral under the symmetry generated by J, following analogous
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steps as above, one ends up with

<Ja(x)‘]b(0>>crit - /DU<Ja(aj)Jb(0)e_f”O>0
= (J*(x)J°(0))o + ? /ddmdnga(zl, 20)(J%(2)J*(0)0(21)O(22))o + O(1/N)(4.2.26)
This yields

1 z,)?
(J%(2)J°(0))erie = 6% (—2CJ0 + (2?p?)2 (Afg.lf?m()) + I((S)JOO) + O(A)>> Ex2§d :

(4.2.27)

In this case, since the only contribution is given by the integrated 4-point function, the absence of
the anomalous dimension of J requires that I ((})JOO> = 0. Therefore, no “Z-factor” is needed, at
least to this order in the 1/N expansion (examining the Ward identities for .J, we will find that a
finite shift analogous to the one in (4.2.24) is not needed either).® Then, the final result is

1
Cr = Cio—51F500) + OU/N). (4.2.28)

4.3 Scalar O(N) model

4.3.1 Scalar with cubic interaction in 6 — ¢ dimensions

In this section, we will consider a theory of N scalar fields ¢ transforming under an internal O(N)
symmetry group and a scalar o in 6 — ¢ dimensions described by the action (4.1.10). Dimensional
analysis implies that the interactions are relevant for d < 6, so we expect that there should exist
a nontrivial infrared fixed point. We are interested in the case where d = 6 — €. For small ¢ and
sufficiently large N, this fixed point indeed exists, and the coupling constants at that fixed point

have been computed to € order by [22,23,77]. The answer they obtained at leading e-order was:

= Ge(dm)? . Ge(4m)3
o \/(N —44)C(N)? + o) g2 = \/(N —44)C(N)2 11 (1+6¢(N)), (4.3.1)

where ((N) is the solution to the cubic equation

840¢% — (N — 464)¢% +84¢C+5=0, (4.3.2)

30ne may study a different model where double-trace perturbations include the product OO* of an operator that
is charged under the symmetry associated to J and its conjugate. In this case, an Aslamazov-Larkin contribution will
be present, and one will need a “Z j-factor” analogous to the Zp discussed above.
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which asymptotically tends to ¢ = N/(840)+... at large N.* Such a solution exists for N > 1038 [22].
The solution for the fixed point couplings (4.3.1) is valid for finite N, but its explicit form is

somewhat cumbersome. Expanding in powers of 1/N, one gets:

Ge(4m)3 22 726
= 1+ —=4+—=+... ), 4.3.
9 N ( trtaE Tt ) (4.3.3)
Ge(4m)3 162 68766
= —— 1+ — R 4.3.4
92* 6 N ( N N2 ) ( 3 )

Our goal is to compute the two-point function of the stress-energy tensor and of a conserved spin-
1 current at order €, and in particular compare with the large N results (4.1.5), (4.1.6) obtained
in [102].

The spin-1 current corresponding to the global O(N) symmetry of the model is given by
Ji(x) = ¢'t§;0,07 . (4.3.5)

Here, the matrices t* are the generators of the internal O(N) symmetry group. Since the two point
function of this current is proportional to d,,, we may as well pick a convenient generator. We will

choose:

J(z) = 2T, (z) = 2"(¢'0,ud* — $?0,0") . (4.3.6)

To the first non-trivial order in the e-expansion, we find
(J(p)J(=p)) = Do + D1 + Dy + O(€°), (4.3.7)

where the necessary diagrams are shown in Fig. 4.1. The solid lines here denote the ¢ propagators,

P1 _
h P P1 P2
P1 P
J(p) J(=p) J(p) J(=p)  J(p) J(—p)
+ +
Do p1 Py pTn p T D2
DU D1 D2

Figure 4.1: Diagrams for C'; up to order e.

the dotted line the o propagators, and the arrows here simply denote the flow of momentum. The

4The other roots correspond to fixed points with unstable directions (in the RG sense) that are not related to the
O(N) theory with (¢*¢?)? interaction.
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explicit integrands for Dgy, D1, Do and the result of the integrations are given in Appendix E. After
p g , , g g pp

Fourier transforming to position space and dividing by the free field contribution Dy, ® we obtain

the result

coM Dy + Dy 5 ) 5 220 1 )
B e e U I () -1 S N o
o Do s TO@ ) o =14 e 3y e O (s ) ) H O,

(4.3.8)

where in the second step we have substituted the large N expansion (4.3.3) of the critical coupling.
One may check that this precisely agrees with the 6 — e expansion (4.3.46) of the large N result
(4.1.5) obtained in [102].

Let us now move to the calculation of C. The stress-energy tensor may be split into its ¢ and

o contributions, T' = 212”1}, = Ty + 1,, where

. . 1d—-2 oo
LV % i - e
Ty =" (0,6'0,6" — 71 0u0u(6'61)) |
1d—2
T2 _ = 2
T, =2tz ((%0'8,,0 o G )). (4.3.9)

Here we have dropped terms proportional to d,, (including terms involving the interactions), since

we work with the projected stress tensor along the null vector z*.

<T¢‘)T¢> = + + =NDy+ Ng%(Dl + DQ)
\\ 2
2<I7T0> = /. = QNngQ
PR I T PR 2l
\ ’ \ AN PRAERN ’ 1 \
(T,T,) = @& ®»+ e ®»+ e - »+ @ ! »
\ ’ N ’ N ’ N ! ’
\\ // \\ // \\ // \\ I //
~_ _ - ~_ _ - ~o _ - ~ b -

= Do+ sNgiDi + g3(1Dy + D)

Figure 4.2: Diagrams for Cp up to order e.

We may wiite (T(p)T(~p)) = (Ts(p)Ts(~p)) + (T (p)To (=p)) + 2(Ts (p) T (—p)), and the dia-

51t is important to divide by Dg and take the e — O after performing the Fourier transform. This is because the
leading order behavior of the I" functions arising from the Fourier transform (which are regularized by expanding in
d = 6 — €) are proportional to €/2 for the second-order diagrams D; and D2, but to € for the one-loop diagram Dyg.
Effectively, this results in an “enhancement” of D and D2 by a factor of 2 relative to Dyg.

89



grams contributing to each term are shown in figure 4.2. The explicit integrands and results are

given in Appendix E. Putting everything together, the final result is:

CTQ(N) 1 %Dl + D2 9 9
-4 __ 14+ = == | (3N
cor + ¥ NDq (3Ngi, + 93.)
o 7 3Ngi, + g3,
=1+ N + ( 160873 (6)) N
1 798 10192 1
14— —— 400 = O(2). 4.3.10
+N+€( IN N N T (N4>>+ (<) (4.3.10)

Again, we find that this agrees with the 6 — ¢ expansion (4.3.53) of Petkou’s result (4.1.6).

4.3.2 1/N expansion

The 1/N expansion of the O(N) model can be developed using the Hubbard-Stratonovich transfor-
mation, as reviewed in section 4.2. After introducing the Hubbard-Stratonovich auxiliary field and
dropping the term quadratic in ¢ in the IR limit, we effectively have the following action, expressed

in terms of bare fields:
1 . 1 o
et = 5 [ a2 ((005) + Z0sia}). (43.11)
The propagator of the ¢} field reads

(66(p) ¢ (—p))o = 6% /p*. (4.3.12)

After integrating over the fundamental fields ¢, the auxiliary field o develops a non-local kinetic

term with an effective propagator

(00(p)oo(—p))g = Con/(P?)E 724, (4.3.13)
where
Coo = 2d+1(4w)¥r(%) sin (%l) : (4.3.14)

and we have already introduced a regulator A [89-91,101], as described in section 4.2. This regulator
essentially works analogously to € in dimensional regularization, but there are some subtleties, which

we will discuss in this section.
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In order to cancel the divergences as A — 0 we have to renormalize the bare fields ¢g and og:
¢ =2, ¢, o=2%y, (4.3.15)

where Z4 and Z, have only poles in A (using a “minimal subtraction” scheme), and read

1Z¢1 2 1Zc;1
Zy =14+ ——— 1/N Zy=14+—
=1+ +O(1/N7), + A

NA +O(1/N?). (4.3.16)

The full propagators of the renormalized fields in momentum space read

G ool = @317

i J(—p)) =i~ d
(9" (p)¢’ (—p)) RS )’

where we introduced anomalous dimensions Ag and A, and two point constants C’¢ and C’g in the

momentum space. All of them can be represented as series in 1/N:
d
Ap=5 -1+ PN A, =2 P00 (4.3.18)

where 700N = n?(N)/N + ng(N)/N2 + O(1/N?), kON) = H?(N)/N + HS(N)/NQ + O(1/N?3) and

. Cp  C Y A G
Co=14 7+ 375 TOUN®),  Co=Cont =+

N " N? +O(1/N?). (4.3.19)

Recalling that we may drop all terms proportional to d,,, since z* is null, the stress-energy tensor

and the O(N) current are:

: . 1d—2 o
T(I) = Z”ZV (a“(ﬁ%ay(b% — 4d_161la’/(¢6¢6)) 5

T (&) = 264 (t) 7 0, (4.3.20)
In momentum space:
1 dpr 2\ i i
T(p) = 5 (271_)d (2plz(p1z +pz) + sz)¢0(p +P1)¢0(_p1) )
a 1 dp; . i a\ij 1J
J (p> = 5 (27T)dl<2p1z + pz)(bO(_pl)(t ) ¢0(p + pl) ) (4321)
where ¢ = %.

For the Ward identity calculation performed below, we will first need to find C‘¢1, m and Zg.
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T(p) = (2p1(p1z +p2) +ep2)d’  TUp) = i(2p1. + p.) (1)
pHprsj pHprNg
Figure 4.3: Momentum space Feynman rules for T'(p) and J*(p).

To compute them we have to consider the one loop diagram for the renormalization of the (¢¢)-

propagator, see figure 4.4.

P1
/“.\
’ \
———————
p ptpt P

Figure 4.4: One loop correction to the (¢(p)¢’(—p)) propagator.

Computing this diagram, we find the result (4.1.7), and

sin(Z4)I(d — 2)
CaT(d 112

- 1
Copp = —=(3d*> — 12d + 8
o1 = =5l ) SYEESE

(4.3.22)

As discussed in section 4.2, in order to cancel 1/A poles in correlation functions involving T and

J, one may introduce “Zp” and “Z;” factors as
T, = ZrTy, J™=2,75, (4.3.23)

which admit the following decomposition:

1,27
Zr =1+ (52 + 25 ) + O(N?), 2y =1+

~v(a ¥ (Z

AN Z31> +O(1/N?).  (4.3.24)

The explicit form of these factors can be obtained from Ward identities. Let us consider Zp first.
For this, we can examine the three point function (T*"¢'¢?). Its structure is fixed by conformal

nv

symmetry and current conservation to be [35]

ren 7 j —C 1 i
(T @) @) (o0)) = e s ((X28)0(Xa)s = 0 (X20)?) 67, (4.3.25)
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where

(x12)1/ . (-T13)V
1y 2ty

(X23), = (4.3.26)

The structure constant Crgg is not arbitrary and is related to Cy by the Ward identity. To show

this, we note that for the infinitesimal scaling transformation €, = ex,:
(0:0" (x2) ¢ (3)) = *€/dd9 P72 (T35 (21) 0 (22) ¢ (w3)), (4.3.27)

where 7 = |21 — 22| and 6.¢"(z) = e(Ay + 2,0,,)¢" (z). Perfoming the integral in the limit r — 0 we
find

1 dA
Cros = SjﬁcW (4.3.28)

where Sy = 21%/? /T'(d/2) and Cy is the two-point function constant in coordinate space; it is related
to C~'¢ in momentum space (4.3.19) through the Fourier transform®. Taking the Fourier transform

of (4.3.25) and using (4.3.28) we find”

p?

(T™"(0)p(p)p(—p)) = (d — 2A¢)C¢W : (4.3.29)

where we took the stress-energy tensor at zero momentum for simplicity. Now, to fix Z; we compute

(4.3.29) using a direct Feynman diagram calculation:

(T (0)p(p)d(—p)) = Z1Zy(T'(0)¢0(p)Po(—p)) - (4.3.30)

To 1/N order we have four diagrams
(T(0)¢0(p)do(—p)) = Do + D1 + D2 + D3 + O(1/N?), (4.3.31)

which are shown in figure 4.5 and given explicitly in Appendix E.

6Notice that it is important that we define Cyq in (4.3.14) in momentum space. Thus, Cy in the coordinate space
will depend on A. This dependence will affect the loop calculations in coordinate space.
"Here we fix some field, say ¢ = ¢!, and do not write the O(N)-index explicitly.
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p -
Dy = T(0) D= T(0 < Dy = T(0 < Dy = T(0 -<{
p

Figure 4.5: Diagrams contributing to ( p)do(—p)) up to order 1/N.

Computing these diagrams and using (4.3.29) and (4.3.30), we find

O(N
Ty = 2 v ' = LU G (4.3.32)
d+2’ (d+2)(d—4)’
where n?(N) is given in (4.1.7). These renormalization constants will be of great importance for the

Cr calculation.
To find Z;, we again consider the three-point function (J2¢'¢’), which is fixed by conformal

invariance and current conservation [35]

(e 1) (2)9 5)) = e (o), (13.33)

($%2$%3)%71($§3)A¢7%H

and again the structure constant C'j44 is exactly related to Cy by the Ward identity. To show this,

we perform an infinitesimal O(N) rotation of fields J.¢’ = £(t*)**¢*, and we get
(6. (22) (23)) = & / A2, (T (1) () (1)) (4.3.34)
where r = |z — z2|. Using (4.3.33) and performing the integral in the limit » — 0 we find
1
Cirgp = §C¢. (4.3.35)
d
Taking the Fourier transform of (4.3.33) and using (4.3.35), we get

(T (0)¢" (p)¢? (—p)) = i(d — 2A¢)é¢(pz);ﬁ(t")“ , (4.3.36)

where again we took the current at zero momentum to simplify the calculation. Now to fix Z;, we

can compute (4.3.36) by a direct perturbative calculation

(T (0)6 ()¢ (—p)) = Z Zo( T (0)0) (D) B (—)) . (4.3.37)
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and to 1/N order we have three diagrams
(J(0)¢}(p)$3(—p)) = Do + D1 + Dy + O(1/N?), (4.3.38)

which are shown in figure 4.6. Computing these diagrams and using (4.3.36) and (4.3.37), we find

Do = J(0) Dy = Jo0)e =7 Dy = J0)el ¥

PNy J J

Figure 4.6: Diagrams contributing to (J%(0)¢}(p)#)(—p)) up to order 1/N.
Zy=1+0(1/N?). (4.3.39)
Therefore Z is trivial to order 1/N and will not affect the Cj; calculation.

4.3.3 Calculation of Cﬁ(N) and C’?l(N)

There are three diagrams contributing to the 1/N correction to C, depicted in figure 4.7. The

Dy = J(p) J(=p) Di= J'(p) J'(=p)  Dy=J"p) T (=p)
Figure 4.7: Diagrams contributing to (J%(p)J*(—p)) up to order 1/N.
current two-point function up to order 1/N is then
(J*(p)J*(=p)) = Do + Dy + Dy + O(1/N?). (4.3.40)

The sum of Dy and D3 corresponds to the contribution denoted 15500y in section 4.2. The explicit
integrands and results for each diagram are given in Appendix E. To compute these diagrams, we
use standard techniques to perform tensor reductions and partial fraction decompositions of the

integrand, which are discussed in Appendix A. This results in a sum of simpler scalar integrals
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which involve either the product of two elementary one-loop integrals of the form

@m)ip(p+p1)?  (4m)42T()T(B)T(d — a — f)

/ ddpl 1 F(% - a)l“(% B ﬁ)r(a + 6 — %) (p2)d/2—a—6 = l(a,ﬂ)(pZ)dﬂ—a—B’

(4.3.41)

or the two-loop “kite” diagram with the topology of Dy and general power of the middle line

d?p1dip, 1
K(a) = . 4.3.42
(@) / (2m)2¢ p2(p + p1)?p3(p + p2)?(p1 — p2)?° ( )

The result for this integral as a function of d and a can be obtained, for instance, by using the

Gegenbauer polynomial technique [103,104]. Putting all contributions together, the final result is

d d 2
af oy 7b (2 -5) om 18(d—1) o) 2 Pz
—p)) = ——=——7— 1l— ———= 1/N 4.3.4
) = g O (1 et 0N g s
where 7710(N) is given in (4.1.7) and
om) tr(tetb)
=——. 4.3.44
C’JO (d _ 2)53 ( 3 )
Using that in this case Z; = 1+ O(1/N?), we find
-1
com _ _8ld=1) om (4.3.45)

This agrees with the result of [102], who derived it using the conformal bootstrap technique. We

can verify that C;; is negative throughout the range 2 < d < 6, as shown in figure 4.8. The value

O
Ci

_64
9n?

2t

Figure 4.8: Plot of CJol(N), which is negative throughout the range 2 < d < 6.
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in d = 3 is given in eq. (4.1.9), and from (4.3.45) one can also get

€2 32 € 5¢ 7€
C?fN)ld:2+e =—-24+¢€+ 57 C?l(N)ld:4fe = _T - g, CO(N)|d 6—e — —g + ? (4346)

We note that the d = 6 — € expansion precisely agrees with the result (4.3.8) that we derived above
from the cubic model.

Let us now turn to the calculation of Cp. There are four diagrams contributing to (T'T") to order

NO
(T(p)T(=p)) = Do + D1 + Dy + D3 + O(1/N), (4.3.47)

including the three-loop diagram of Aslamazov-Larkin type [99], which was not present in the cal-

culation of Cj, as shown in figure 4.9. After tensor reductions, one obtains a large sum of scalar
=T(p) <> T(—p) ‘
_ p)‘T(p) q

Figure 4.9: Diagrams contributing to (T'(p)T(—p)) up to order N°. The last one is the three-loop
Aslamazov-Larkin diagram.

T(-p)

integrals that, in addition to (4.3.41) and (4.3.42), involve three-loop ladder scalar integrals with
various powers of the propagator lines. The evaluation of this type of integrals is discussed in detail
in Appendix 4.6, and the results for the individual diagrams are listed in Appendix E. After a very

laborious computation, we obtain

AT
EOTD) = g
o) 1140 G 4Comy(d) 2 (d® + 10d> — 48d + 32) Pt
¢ (1_N(A(d+2)+"1 (—as2 (d—D)(d—2)d[d+2) ) (1/N2))(p2)2§’
(4.3.48)
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where Co)(d) = ¥(3 — 4) + o(d — 1) — (1) — (2) and 7™ is given in (4.1.7), and

™ = s (4.3.49)

As we have already discussed, the 1/A-pole is present, but there is no log(p*/u?) term, as expected
since the stress-energy tensor is exactly conserved and cannot develop an anomalous dimension. In
order to get an expression free of the 1/A poles, we have to use “renormalized” stress-energy tensor

T3t = Z7T,,, where Zp was derived above and given in (4.3.32). Therefore, we obtain

(T (p)T™*"(—p)) = ZF(T(p)T(—p))

(2 - 9) com (1 pP ™) (4CO(N) (d)  2(d®+6d—8)
N \ d+2 ' (d—2)d(d+2)

= a0 ar(d+2) 70

)+0(1/N2)> r:

(p?)* 2
(4.3.50)

Note that, as desired, the 1/A pole was cancelled. This is a non-trivial consistency check of our
procedure, since the Z factor was obtained above from an independent Ward identity calculation.

From (4.3.50), we thus find

2C d d2+6d—8
o) _ 1O(N)( o (d) + ) 7 (4.3.51)

Cry = =2 d+2 " (d—2)d(d+2)

which exactly agrees with the result of [102]. We note that we may also write this result in a simpler

form as

(4.3.52)

COMN) _ o ON) 26N (d) d+4
T1 M d+2 dd+2))’

where Uo()(d) = 9(3 = §) +9(d — 1) — (1) — ¥(

A plot of C?l(N) in 2 < d < 6 is given in figure 4.10. The value in d = 3 was already given in

[JIsH

).

(4.1.9). From (4.3.51), one can also get

O(N
CTl( )|d:2+e =-1+ I 71 ld=d—c = 12 " 36 T1 )|d:676 =1- T + 988 (4.3.53)

3¢ Lom) 5 7€ Lo Te 232

We note that the result for ngl(N) expanded in d = 6 — € precisely agrees with the the calculation
in the cubic model, see (4.3.10). This constitutes a new perturbative check of the formula (4.3.51)
for C’%N). Note that the leading term in d = 6 — € is just the contribution of the free scalar field

o in the cubic model. As discussed in the Introduction, for all even d, the critical O(XN) model is
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O (N)
Cri

S NS NS

40
9m?

Figure 4.10: Plot of Cp.

expected to reduce to a free theory of N ordinary conformal scalars, plus a A = 2 scalar with kinetic

term ~ 0(82)2 20, see eq. (4.3.13). From (4.3.51) it follows that

(D@ -2 e I (4.3.54)

a
C,O(N) 2
(4 + 1)1 —1) d_3 d_p

T1 |even d =

Interestingly, this is an integer for all even dimensions [79].8 The formula (4.3.54) is the ratio of the

Cr of a free (d — 4)-derivative scalar to that of a canonical scalar. This means that

(=1)2+d(d — 4)(d — 2)!
(d—1)(5 + 15 - 1187

Céd—4)—dcriv. scalar (4355)

|even d —

It would be interesting to check this result via an explicit calculation using the action for a higher

derivative scalar.

4.3.4 Padé approximations

For any quantity f(d) known in the e = 4 — d and € = d — 2 expansions up to a given order, we can

construct a Padé approximant

Padéy, (d) = 20T Adt Al & 4 Ayd”
N T ¥ Brd + Bod? + ...+ Bpd®

(4.3.56)

where the coefficients A;, B; are fixed by requiring that the expansion of (4.3.56) agrees with the
known terms in f(4 — €) and f(2 + €) obtained by perturbation theory. For the O(N) model the

4 — € expansion can be developed for any integer N using the weakly coupled Wilson-Fisher IR fixed

81n fact, we note that (4.3.54) appears to be equal (for d > 4) to (—1)%/2+1 times the dimension of the irreducible
representation of Sp(d — 4) labelled by the Young tableaux [1,...,1,0,...,0].
——

d/2—3
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point [75]. The 2+ € expansion can be developed using standard perturbation theory only for N > 2,
because this is when the O(N) non-linear o model has a weakly coupled UV fixed point [93,105,106].
For C’ () / C?gie, the e expansions read (the e€/N correction in d = 2 4 € was guessed on the

basis of the large N results and plausible assumptions, and the d = 4 — € expansion can be found

in [76,102]):
—2 € 2 H
24+ £+ 0(€) in d=2+ce,
cOMN O™ gy = ¢ ¥ N (4.3.57)
J,free 1 3(N42)e? o 3 . d=4
— AN +O(e) in =4 —¢.

In this case we find that only the approximant Padé, o is well-behaved, being free of poles and in
good agreement at large N with the result (4.3.45) in 2 < d < 4. We plot Padé, o for different

values of N in figure 4.11, and list a few of its numerical values in d = 3 in table 4.1.

N(CP M/CPER-1)

-0.5¢

-1.0r

-1.5¢

-2.0f

Figure 4.11: Plot of N(CY™ /DY) — 1) for Padép o).

ON)/~ON
CJ ¢ )/CJ.f(ree)

0.981
0%l e
""""""""" Padepz )
0.941 -7 Large N
/// Bootstrap
0.92¢ //
- N
5 10 15 20
0.88f
0.86

Figure 4.12: Plot of CO(N)/CJOgie ind=3
We observe that the results we find are close to the Cy values obtained using the conformal
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N 3 4 5 8 12 20 50
Padéjp o) | 0.9096 | 0.9167 | 0.9234 | 0.9395 | 0.9535 | 0.9686 | 0.9860
—": 0.7598 | 0.8199 | 0.8559 | 0.9099 | 0.9400 | 0.9640 | 0.9856

Table 4.1: List of Padé[p 5 extrapolations for C’JO(N) / CJOSE?% for d = 3. The second line corresponds
to the large N result (4.3.45) in d = 3.

bootstrap [107]. The quoted bootstrap value 09(3)/C§)7§fe)e = 0.9065(27) should be compared with

our Padépy o) result 0.9096, and the bootstrap value C’?(QO)/C?&? = 0.9674(8) with our Padéjs 5

result 0.9686.

For the C’g (N) / C’:,Q(ere)e we use the following e-expansions:

1— L4 30DE L 0(S) in d=2+e,
SACURS S (43
1- 82 + 0(e) i d=4-ec.

The leading correction in d = 4 — € can be found in [72,74,76]. To determine the 2 + € expansion
we used the fact that there is a R?,_; correction to the central charge in the d = 2 sigma model
with general target space curvature [108,109]. After specializing to the case of N — 1 dimensional
sphere, we find that this term ~ (N — 1)(N — 2)g?. The O(N) sigma model has a UV fixed point
ind=2+c¢€for N > 2 [93,105,106]. Setting the sigma model coupling g to its fixed point value

~

~—3, and using the large N result to normalize the correction, we find the result above.
The best approximant we find is Padé[s o; it does not have poles and approaches the large N
result (4.3.51) quite well. We plot Padés o) for different NV in figure 4.13. Also, we give the values

of C?(N)/C’joﬂ,(flr\le)e for different N in d = 3 in table 4.2.

NP ™/C =D

T free

-0.2¢

-0.4¢

-0.61

-0.8¢

-1.0f

Figure 4.13: Plot of N(Cg(N)/C’?’(erC)C — 1) for Padés 9.
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O N) /O (N)
Cr /CF free

i

0.98 IR

----- Pades 2)

094 . Improved-Pades 2)
Large N
Bootstrap
0.92
N
5 10 15 20
Figure 4.14: Plot of Cg(N)/CIQ(fZL ind=3
N 3 4 5 8 12 20 50

Padéz o | 0.9477 | 0.9501 | 0.9543 | 0.9647 | 0.9732 | 0.9819 | 0.9919
1— 20- 10.8499 | 0.8874 | 0.9099 | 0.9437 | 0.9625 | 0.9775 | 0.9910

Table 4.2: List of Padé3 o) extrapolations for Cg () / C:,(?(flr\le)e in d = 3. The second line is the large
N result (4.3.51) in d = 3.

The results we find are close to the Cr values obtained using the conformal bootstrap [110].
The quoted bootstrap values (see Table 3 in [110]) are in good agreement with our Padéjs 5. This
is shown in figure 4.14, where we also include the result of an “improved” Padé3 5 approximant
obtained by imposing exact agreement with the large N result (4.3.51) in 2 < d < 4. Explicitly, this

may be defined as
1
Improved-Padé(d, N) = Padé(d, N) + — (CTl — lim (N(Padé(d, N) — 1))) ) (4.3.59)
N N —o0

which by construction exactly approaches the large N result when N goes to infinity. From figure
4.14, we see that it fits the bootstrap data even better than the regular Padé.
4.4 Gross-Neveu model

4.4.1 1/N expansion

The Hubbard-Stratonovich analysis reviewed in Section 4.2 can be also applied to the Gross-Neveu

model. Introducing the auxiliary field o, and dropping the quadratic term in the critical limit, we
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have the action
1
VN

where i = 1,...,N and N = NTrl. The propagator of the Y¢ field reads

Scrit ferm = /ddx( - &Ozaqﬁé + Uo'lzoiwé) y (441)

(W6 (p)thoj (—p))o = 5;';72). (4.4.2)

The o effective propagator obtained after integrating over the fundamental fields v reads

(00(p)oo(—p))g = Con/ (P) F71H4, (4.4.3)
where
Coo = =21 (4m) T T (S ) sin () (4.4.4)

and we have introduced the regulator A. Note that the power of p? in the propagator is % —1+A
instead of g — 2+ A found in the scalar case. In order to cancel the divergences as A — 0 we have

to renormalize the bare fields vy and og:

V=2, o=z, (4.4.5)
where
1 Zy ) 12, )
Zy =1+ 53 +O(UN?),  Z, =1+ 5T+ O(1/N?). (4.4.6)

The full propagators of the renormalized fields read

(op)o(=p)) = — % (4.4.7)

where we introduced anomalous dimensions A, and A, and two-point function normalizations C’w

and C, in momentum space. Each of them may be represented as a series in 1 /N:

+n8N A, =1 8N xON (4.4.8)

103



where 7N = nSN/N + SN /N2 + O(1/N?), k9N = k$N/N + kSN /N? + O(1/N3) and

5 Cy1 Cy 3 o A Cor | Coo
Cy=1+ i +]W-+Ouﬂv), Co = Coo + N e

+O(1/N?). (4.4.9)
The stress-energy tensor and the current are

1 - . _ .
T = —§(¢0i’7u5u¢6 — Outhoivuiby) 22",

(4.4.10)
J = —24hoi () 57,00
and in momentum space
1 ddpl n . i
T(p) = 3 / W%i(—m)l%(?mz +p2)Y(p + p1),
a ddpl " a\i J
JUp) = — me(—m)(t )57 (P + p1) - (4.4.11)
The diagrammatic representation is shown in figure 4.15.
p1 i D1 1
T(p) = —51(2p1: + p2)7:0; J%(p) = —7:(t);
pP+DprN g p+piNj
Figure 4.15: Momentum space Feynman rules for T'(p) and J*(p).
As in the scalar case, we define
1.0 = Zr T, J =207, (4.4.12)
where
1 /Zm 1 /725
Zr =1+ (S +20) + 0N, Zy =14+ (2 +25,) +O(/NY). (4.13)

By a direct calculation presented in Appendices C and D, we show that Ward identities fix

2™
d+2’

8ngN
(d+2)(d—2)’

Zr = Zh, = (4.4.14)
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where N is defined in (4.4.8) and reads

_ r@-n@E-1?
= re-9HrE+nrg)2 (4.4.15)

For the spin 1 current, we find Z; = 1 + O(1/N?), which means that it does not affect the C

calculation.

4.4.2 Calculation of C&N and CEN

There are again three diagrams contributing to C';/C ;o up to order 1/N, given in figure 4.16. They

are identical to the ones for the critical scalar, except the solid lines are fermionic instead of scalar.

Dy = J%(p) J'(—=p) Dy = J%p) J'(=p) Dy =J%p) J(—p)

Figure 4.16: Diagrams contributing to (J(p)J°(—p)) up to order 1/N.

To compute the diagrams we use the same methods as for the case of the O(N) model (see
Appendices A, B). We find that the 1/A divergence is canceled in the combination D + D, yielding

the result (see Appendix E for the integrands and results for each diagram):

(J*(p)J*(=p)) = Do + D1 + D2 + O(1/N?)

d
T2 -9) an 18(d—1) an 2 p?
= —2=" l—-——r—= 1/N z 4.4.1
2d_3F(d) CJO N d(d _ 2) A + O( / ) (p2)27% ’ ( 6)
where n{*N is given in (4.4.15) and
1
OS = —tr(t“")Trl—; . (4.4.17)
S
Therefore, we find the final result
8(d—1
con_ 8= o (4.4.18)

We see that C’%N for the critical fermion is always negative in the range 2 < d < 4, thus a “Cj-
theorem” inequality C’}JV > 05R does not hold for the flow from the UV fixed point to the free
fermions in the IR.

In d = 3, we obtain the value reported in eq. (4.1.18). In d = 2+ ¢ and d = 4 — € dimensions, we
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Figure 4.17: Plot of C§$N, which is negative throughout the range 2 < d < 4.

find

3 2 3
¢ € el 3e € 1be
Cilimzre = —e+ 7 +0(),  CfNlama—e=—F + 5 + 55

+O(e"). (4.4.19)

We will show that these values are in precise agreement with our C; calculations for the GN and

GNY models performed in sections 4.4.3 and 4.4.4 below.

Dy =T(p) T(-p) Di=T(p) T(=p) Dy=T(p) T(=p)
Dy =T(p) T(-p) + T(p T(—p)

Figure 4.18: Diagrams contributing to (T'(p)T(—p)) up to order N°.

The diagrams contributing to the stress tensor two-point function

(T(p)T(=p)) = Do + Dy + Dz + D3 + O(1/N?), (4.4.20)

are shown in figure 4.18 (see Appendix E for the results). After a very laborious computation, the

details of which are discussed in the Appendices, we obtain the final result

rir(2 - 4
(T)T(-p)) = m
1,1 4p8N ACan(d) 4 (5d? —8d +4) o) Pi
<o (1- 5 (g +0 (8T aosa—naas) +OUN)
(4.4.21)
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where Can(d) = (2 — ) +¢(d — 1) — (1) — ¥(£), nfN is given in (4.4.15) and
ol = —5 . (4.4.22)

As we already discussed, we see that 1/A-pole is present, but the log(p?/u?) term cancels out; this
means that, as expected, the stress tensor does not have an anomalous dimension, because it is
exactly conserved. In order to get a finite expression we have to use the renormalized stress-energy

tensor T),5" = Z7T),,, where Zr is given in (4.4.13) and (4.4.14). Therefore, we obtain

(T (p)T**"(—p)) = Z7(T(p)T(—p))

_ w2 -§) can (et <4CGN(d) Ad—2)
24-20(d +2) 1° N\ d+2  (d—1)d(d+2)

4
p

+ O(1/N? . (4.4.23

) roum®) Ly (wam)

As in the scalar case discussed earlier, it is a non-trivial test of our procedure that the Z; factor

fixed by Ward identities has precisely the correct pole to cancel the 1/A divergence in (T'T). From

(4.4.23), we then find one of our main results

Con(d) d—2
aN _ 4 an [ Can
Oy = —dm ( drz (d—l)d(d+2)> ' (44.24)

GN
CTI

d
2.0 25 3.0 3.5 4.0 4.5 5.0

Figure 4.19: Plot of CEN.

In d = 3, we get the result quoted in eq. (4.1.18). It is interesting that C%\I > 0in d = 3. This
means that the “Cp-theorem” inequality CYY > CIR applies to the large N Gross-Neveu model in
d = 3. However, as plot 4.19 shows, this inequality is violated for 2 < d < 2.3.

Ind=2+cand d=4—¢, we find

€3 2 1le 1762
CF lda=24c = -3+ o), CfNama—e=7— —= — +O(e%). (4.4.25)
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As we show below, these precisely agree with the results obtained using the e expansion in the GN
and GNY models, respectively.

It is also interesting to look at general even dimensions d. In this case, the GN model is expected
to be equivalent to a theory of N free fermions plus a higher derivative scalar with local kinetic term
~ 0(8%)2 1o (see the form of the induced propagator (4.4.3)). The contribution to C7 of such a

free scalar can be obtained from (4.4.24), which has a finite non-zero limit for all even d > 2

(=1)2(d — 2)(d — 2)!
(§+1D(§-1)!

CFY [even a = ) (4.4.26)

From this, after multiplying by the overall free fermion factor (4.4.22), one may read off the Crp

coefficient of the (d — 2)-derivative scalar for all even d:

(=1)2d(d — 2)(d — 2)!

C(d—2)—deriv4 scalar von d = 4.4.27
r S -1 e
Its ratio to Cr of a canonical scalar is
~1)2(d—1)(d - 2)(d - 2)! d—1
(-1)% (Gi )(dd =2t )2 (4.4.28)
2(5 +1)!(g —1)! g_g

Interestingly, this is an integer; in d = 6,8, 10, ... we find —5, 21, —84,...° It would be interesting to
check the formula (4.4.28) by a direct calculation using the stress-energy tensor of the free (d — 2)-

derivative scalar.

4.4.3 Gross-Neveu-Yukawa model and 4 — ¢ expansions of C'; and Cr

In this section we consider the Gross-Neveu-Yukawa (GNY) model [95,96]. It is a theory of N Dirac
fermions 9’ transforming under an internal U (N ) symmetry group and a scalar field 0 ind =4 — ¢
dimensions described by the action (4.1.19). As above, we define N = NTrl, where 1 is the identity
matrix for the Dirac representation. The model has a weakly coupled fixed point in d = 4 — ¢, with

the coupling constants given by, to leading order in € [93],

[1672€
x =A== 4.4.2
g1 N16 ( 9)

24N
(N +6) (N —6) + VN2 + 132N + 36) (4.4.30)

9ox = 167‘(26

9These correspond to & the dimensions of the rank-(d/2 — 2) totally antisymmetric representations of SO(d — 1).
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As before, we will compute C; and Cr up to two-loop level. We have not found such a calculation

in the literature, so our results appear to be new.

P _
e p1 P2
P1 P1
J(p) J(—p) J(p) J(=p) J(p) J(=p)
+ +
Py Py pPTDp1 P T P2
Dy D, D,

Figure 4.20: Diagrams for C; to 1/N order

For simplicity, we will consider the two-point function of the U(1) current
J = 2Pt (4.4.31)

which, in the notation used above in eq. (4.4.10), just corresponds to a particular choice of generator

of U(N) (the one proportional to the identity). The diagrams contributing to
(J(p)J(=p)) = Do + D1 + Dy + O(1/N?). (4.4.32)

are shown in figure 4.20 (see Appendix E for the integrands and results). The arrows are fermionic
arrows, and we have defined our momenta in such a way that the flow of momentum coincides with
the fermionic arrows. As before, the dashed line denotes the o field.

After evaluating the integrals, Fourier transforming to position space, substituting the fixed-point
values (4.4.29) and (4.4.30) of the coupling constants, and extracting the C; coefficient from each
term according to (4.2.3), we obtain:

1 3Ne
GNY __ _ 2
C5 = —Sg (N 72( o) +O(e )) , (4.4.33)

where Sy = 27%2/T'(d/2) is the volume of the (d—1)-dimensional sphere (evaluated here in d = 4—e¢).

Normalizing by the free field contribution, we find

CS}NY 3e 9
1 4.4.34
Cfree av+e) o) (4.4.34)

which precisely agrees, to leading order at large N, with the result (4.4.18) expanded in d = 4 — ¢,
see eq. (4.4.19).
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To study Cr we write T' = Ty, + T, where

1, - ]
Td’ = _§ (%%&/W ;ﬂﬁz%ﬂﬁ ) zHzY ) (4435)

and T, is given in (4.3.9). We have (TT) = (T, Ty) + 2(TyT,) + (T, T5).
At leading order, (TyT,) = 0, while (T,,T,) and (T;Ty) are given by the free field one-loop
integrals. At the next to leading order we have four diagrams, which we call D1, Dy, D3, and Dy;

they are shown in figure 4.21 (see Appendix E for the explicit results).

(TyTy) = ‘ =D + Dy

(TyT5)

(T,

Figure 4.21: Diagrams for C'r in GNY model

After evaluating the integrals, Fourier transforming to position space, and plugging in the ex-

pression (4.4.29) for the coupling constant ¢g; at the fixed point, we get

d (N 1 5Ne
GNY __
— — 4.4.
7 S§<2+d—1 12(N+6)>’ (4.4.36)

To compare to the large N calculation in the previous section, we should normalize this result by

the contribution of N free Dirac fermions. Using (4.4.22), we find

CENY 2 11N — 24 )
=14 = — ————e+0(?). 4.4.37
NeoX T aN T v e T O (4.4.37)

Comparing with (4.4.25), we again find precise agreement with our large N result (4.4.24) expanded

ind=4—c¢e.
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4.4.4 2+ € expansion of C'; and Cr

In this section, we will consider the Gross-Neveu model (4.1.13) in d = 2+ €. The beta function and

the critical value of g at the UV fixed point are [93]

BZGQ_(N_%%‘F(N 2)4g— ( )(N 7)32 3+@(g5)’
I = NZiQH_ (N2_7T2) +2(g\; 2)3 e +0(eh), (4.4.38)

where N = NTrl. From the beta function we can also deduce the relation between the bare and

renormalized couplings (here p denotes the renormalization scale):

(4.4.39)

_ N-2¢" N-2g¢° (N-2?g 4
=pu = - = = +0 :
Jo=H (g—|— 27 € 82 € + 42 €2 +0(g)

The UV fixed point of this model is related to the IR fixed point of the GNY model. One can check
this by comparing the anomalous dimensions of the ¢ and o fields as in [93]. In this section we will
derive C'y and Crp for the critical fermionic theory at to next-to-leading order.

To extract C'y, we may calculate the two-point function of the U(1) current (4.4.31). The leading
order contribution to C is the same diagram D, as in the GNY model, and the contribution of

order g is depicted in figure 4.22. The diagrams contributing to g order are shown in 4.23. 1°

P1 P2

D+ D D+ Do

Figure 4.22: Two-loop diagram contributing to C; to order g

There are three different topologies, and multiple ways of directing the fermion lines within each.
As before, the arrows are fermionic arrows, and we have defined momenta in such a way that the
flow of momentum coincides with the fermionic arrows. Notice that each insertion of J,, carries a 7,,
and we have omitted the diagrams that are zero due to having an odd number of 4’s in the trace.

The explicit results for the diagrams Dy, ..., D4 are collected in Appendix E. After plugging in

10We did not draw some of the diagrams with the D4 topology because they cancel each other after using the
formula Tr(A BZ D) = Tr(A P B), but diagrams with such a topology do appear in the (T'T) computation. Also,
the second diagram for Dy in the figure has a partner with different orientation of the fermion line, but one can show
that these diagrams are equal, therefore we have a factor of 2 for the integral of this diagram in formula (4.9.16).
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y4I P3 P2

p+p p+ps P2

p+m D+ p2 ®

Figure 4.23: Diagrams contributing to C to order g2.

the critical coupling from (4.4.38) and normalizing by the free field contribution, we find

Do+ Dy + Dy +2D3+ Dy
Dy

GN GN _
CJ /CJ,frcc -

€ 62

:1*N—272(N—2)2+0(€3)' (4.4.40)

This agrees with our large-N formula (4.4.18) for C’%N of the critical fermionic theory, expanded in
d=2+¢to O(?).

The calculation of C'r proceeds similarly to the computation for C'; in the previous section. All
the diagrams have identical topologies, with the difference that instead of J we insert the stress-
energy tensor (4.4.35). The two-loop diagram D; with the same topology as the one in figure 4.22

actually vanishes; see eq. (4.9.19). Computing the three loop diagrams in figure 4.24 (see Appendix
P b3 D2
ptm ptps P2

p+pi P+ D2 ° °
D, + + +
[ ] [ ]

Figure 4.24: Diagrams contributing to Cr to order g2.
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E) and normalizing by the free field contribution, we find the following contribution to CFN/CZE. :

D, D 2D D 3(N -1
o+ D2+ 3+ 4:1+92<( )

Dy S(@n)? 6—‘1-0(62)) : (4.4.41)

Note that this O(g?) term vanishes in d = 2. Therefore, for g = g. the leading correction is of order
€3; this is consistent with the vanishing of the O(€?) term in our large-N result (4.4.25) for Cry.
In order to determine the coefficient of the O(€®) correction to CEN/ C%lf\free at the critical point,
we also need the g2 term, which comes from four-loop Feynman diagrams. We will not perform this
calculation directly, but rather use a shortcut involving the conformal perturbation theory in d = 2.
The GN-model involves the free Dirac fermions perturbed by a marginal operator O = %(1/_)11/12)2

with the scaling dimension Ap =2+ O(g)
S = Shree ferm + g / dQJL' O(I‘) . (4442)
The Zamolodchikov c-function is defined as follows [70,111]:

c(g) = Clg) +4B8(9)H(g) — 68°(9)G(g) , (4.4.43)

where

G(g) = 2M(0(2)0(0) |42 - (4.4.44)

Here w = ' + 22, Ty = Th1 — Too — 2iT12, and

2

Blg) =—(N — 2)3—7T +0(g°). (4.4.45)
We notice that
Cr x C(g) . (4.4.46)

Therefore, to find the g3 term in C7 we have to find the central charge c(g) to order g® and the
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function H(g) to order g. The term 3G obviously does not contribute to this order. Thus, we have

COr(g) o clg) — 48(9)H(g) + O(g") .
Let us find H(g) to order g. Using (4.4.42) we get
H(g) = gw*a® /d2y<Tww(ﬂf)0(0)0(y)>\zzzmg +0(g%).

To compute this integral it is convenient to use dimensional regularization. We have

—Croo 1 2
(T (@000W) = o T (X X0 = 20w X?),

where X, =z, /2% — (x — y),/(x — y)?. Therefore, we find

2CT00(d — A T8 1 T,T,
/ddy<Tw(:c)O(O)O(y)> == 5&0_( QAO)O) T(d+1) (@%)B0 <5uu —d 22 )

In d = 2 we obtain

7'&'(2 — Ao) w>?
1—Ap (a2)Po+1

’/T(2 - Ao) 1
1- Ao (22)Bo-

H(g) = gw*z*Cro0

= gCroo

Since the operator O is marginal, Ap = 2 + O(g), we have H(g) = O(g?). This implies

Cr(g) o c(g) + O(g").

So we can write

0%22/05566 =1 + (C(g) - Cfree)/cfree =1 + 5F/Ffree ’

(4.4.47)

(4.4.48)

(4.4.49)

(4.4.50)

(4.4.51)

(4.4.52)

(4.4.53)

where F' = —sin(nd/2)F, and F is the free energy on the d-dimensional sphere [112]. For a CFT in

d = 2 we have F' = 7¢/6; therefore, ¢(g) = 6F(g)/m. For the free fermion free-energy in d = 2 we

have [112]

free = 12
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corresponding to the standard value for the free fermion central charge, cfo. = N/2. For the change

of the free-energy we find [113,114]

oF=m / G(9)8(g9)dg , (4.4.55)
where from (4.4.44) we have G(g) = N(N —1)/(2(2m)*)+0O(g) and 8(g) = —(N —2)g*/(27) +O(g?).
Therefore, we obtain for (4.4.53)

Thus, in d = 2 the leading correction is of order ¢g3. In d = 2 + € this term, evaluated at the fixed

3

point g* = 2mwe/(N — 2), gives a correction of order e*. Adding this correction to the one coming

from the order g2e¢ term (4.4.41) we finally find

., -y

GN
C1T / free 8(N — 2)2

e+ 0(eh). (4.4.57)
In the large N limit this agrees with (4.4.25), providing a check of our large N calculation. The
negative sign of the correction in (4.4.57) means that in 2+ ¢ dimensions the Cp theorem is violated

for the GN model with all N > 2.

4.4.5 Padé approximations

We have the following € expansions for C¢N/C¢ 7 N oo

_ﬁ_ﬁ—FO(GS) in d=2+c¢€,

CFN/CSifee(d) = (4.4.58)

1 — 50857 + O() in d=4-—c.

In this case we find that only the approximant Padé[; o) has no poles; it approaches the targe N result
well. We plot Padé[p o) for different NV in figure 4.25. We also give the d = 3 values of C N/oGN T free
for different N in table 4.3. Note that N should be a multiple of 4, since when using the GNY

description, we take N = Ntrl = 4N.
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Figure 4.25: Plot of N(CGN/CJ free — 1) for Padéps o).

N=NTr(1) | 4 8 12 16 20 24 100
Padép; | 0.7981 | 0.9016 | 0.9855 | 0.9520 | 0.9618 | 0.9683 | 0.9925
1— 0% [ 0.8199 | 0.9099 | 0.9400 | 0.9550 | 0.9640 | 0.9700 | 0.9928

Table 4.3: List of Padép o) extrapolations for CGN JOSN Tiree 11 d = 3. The second line is the large N
result (4.4.18) in d = 3.

We have the following e-expansions for CFN /CFR  (d)

1= =D s o i d=2+c.
CF/Chee(d) = Y (4.4.59)
T free .

In this case we find that all two-sided Padé approximants have poles. One reason for this behavior
is the non-monotonicity of the function we are trying to approximate. To make our approximation
better, we apply instead the Padé procedure to the following combination

£y = (5 (CF/0FNuld) ~ 1) = 22) /(5 + =25). (1.4.60)

This combination is natural from the point of view of the GNY model. It corresponds to writing
CENY = CENY (14 f(d)), where CGNY = (82 + -2-)/52 is the contribution of the N free fermions

and the single free scalar. We find that f(d) is now a monotonic function at large N, and has the ¢
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expansions

2 2Ne 2N2e? (15N°—69N*+58 N3+4N24+8N)e3 . _
£(d) = T N+2 + (N+2)2 — (N+2)3 8(N_2)2(N12)2 + (9(64) in d=2+e,
5Ne .
—svro vy T O€%) in d=4—e,
(4.4.61)

Applying Padé approximation to this function we find that Padé;; 4 and Padéy ;) do not have poles
for N > 4 and are in a good agreement with the large N result. Now we may return to the function
N(CFN/CFRe(d) —1). We plot Padé,ver = (Padé)y 4 + Padéyy 1)) /2 for different N in figure 4.26.

We also give the d = 3 values of CEN/ C’%ﬁcc for different IV in table 4.4. These values differ from
N(Cr/Clee_1)
0.7

0.6
0.5
0.4
0.3

0.2

0.1

25 30 35 4.0

d

Figure 4.26: Plot of N(C%N/C:,qﬁee(d) — 1) for Padéayer = (Padéyy 4 + Padépy 1))/2.

one by only around a percent even for small N. We also note that the convergence to the large N

limit appears to be very fast.

N=NTr(1) | 4 8 12 16 20 24 100
Padéuer | 1.0147 | 1.0107 | 1.0076 | 1.0057 | 1.0045 | 1.0037 | 1.0008
1+ o5y | 1.0225 | 1.0113 | 1.0075 | 1.0056 | 1.0045 | 1.0038 | 1.0009

Table 4.4: List of Padé,y., extrapolations for C%N / C%ﬁee in d = 3. The second line corresponds to
the large N result (4.4.24) in d = 3.

Note: After the first version of this work was published, we were informed by H. Osborn and
A. Stergiou that, via a direct calculation, they obtained values of Cr for the higher-derivative scalar
fields that agree with (4.3.55) and (4.4.27). The latter agreement provides additional evidence in

favor of our results for the Gross-Neveu model.
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4.5 Appendix A: Tensor reduction

In this appendix we describe the standard tensor reduction for Feynman integrals in general dimen-
sion (see for example [115]). We use this type of reduction because it doesn’t change the dimension
of the integrals, but unfortunately it sometimes adds new denominators to the integrals''. On the
other hand, there is another type of tensor reduction called Davydychev recursion relations [116,117].
This method does not add new denominators to Feynman integrals, but it changes their dimension.
This type of reduction was applied in the papers [65,66] for a very similar computations in d = 3.
Let us first briefly review the main logic. Suppose we are trying to evaluate a m-loop Feynman
integral with loop momenta p;, where ¢ = 1, ..., m, a single external momentum p, and n uncontracted

Euclidean indices:
Pyt .. pi (Numer)

[tin () = / . , (45.1)
P15---sPm (Denom>

where fp = % and the (Numer) denotes some function of (p; - p), (pi - p;) and p?. We would

like to convert this into a sum of scalar integrals only. First, we define the components of the loop
momenta transverse to the external momentum as:

_ o PiD
ph=P s T

(4.5.2)

Using this formula in (4.5.1), we get that the original integral I#1-#» (p) is equal to a sum of integrals

of the following form:
pg.‘ll .. .p;.‘k’l(Numer)

e (p) = / . (4.5.3)
- P1yeesPm (Denom)

k

Now we notice that the tensor I/""""* is transverse with respect to all its indices:

pu IR (p) =0, forall 1=1,..,k. (4.5.4)

At the same time If*""#* can be expressed only from the external momentum p# and the Kronecker
delta 6#. Notice that if k is odd, then the integral is zero, because for instance there must be a term
pHrgrets  gre—1it and I cannot be made transverse to p#t. Therefore, we can focus only on
even k.

In this chapter we are dealing with the cases of k = 2 and k = 4. Let us start with the case of

' This is why in our Aslamazov-Larkin (ladder) type diagrams we have ag index (see (4.6.1)). In order to bring
this index to zero we apply a complicated recursion relation, discussed in Appendix B.

118



k = 2, so we have

1

ke (p) = / pjll-p;‘fl_ (Numer)
0 =
P1s--sPm

= (51L1M2 _ pu1pu2/p2>l(p) , (4.5.5)

(Denom)

where I(p) is some scalar function and ji, jo can be 1,...,m. Now if we contract (4.5.5) with J,,,,

we can easily find

_ 1 (Pj, 1L - Pjp1)(Numer)
I(p) = 1 /plmpm (Denom) . (4.5.6)

Further reduction to usual scalar integrals can be made by using:

1

1
Pil - PjL=Di-pj— ?(pi p)w;-p), (pi-p)= 5((p+pi)2 -p*=p). (4.5.7)

Now consider the case of £k = 4. We have

pglllp?;Lp?st;&fl (Numer)
(Denom)

Iilﬂzﬂslm (p) — /
P1 p

yeesPm

:(5#1#2p#3p#4 + 6#3u4p#1p#2 _ p25#1#25#3#4 _ pﬂlp#2p#3p#4/p2)11 (p)
" (5”1#3])”2}7“4 + 5“2”417”1])#3 7 p25mu35,u2#4 _ pﬂlpu2pH3pH4/p2)IQ(p)

+ (5“1“4]9“2]9“3 - GH2HI I I p2 G GH2IS i i sl /p2)13 (p), (4.5.8)

where ji,...,j4 can be 1,...,m and I, I, I3 are some scalar functions. The particular combination
of tensor structures in front of them are fixed by the fact that they should vanish when contracted
with p,,, (or p,,) and p,,(or p,,). These are the only three structures with four Euclidean indices,
constructed from p* and §*¥, and transverse with respect to all indices, so this decomposition is
general.

Now, if we contract (4.5.8) with 6., 150,545 011150 papas 80 04y 11y 6 s, We get three equations,

which have the solution

1
(@ = 1)(d - 2)p?

8 / (P 125 L) PjorPjus) + (Pjs1Pjs 1) (Do LDjs 1) — A(Djy 1Py 1 ) (Pjy1Pjsr)) (Numer)
(Denom)

I =

(4.5.9)

and I, and I3 can be obtained from I; by replacements jo < j3 and jo < j4 correspondingly.

Further reduction can be made by using formulas (4.5.7) and finally, everything reduces to scalar
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integrals.

4.6 Appendix B: Recursion relations

The most difficult part of the calculation is the three-loop ladder (Aslamazov-Larkin) diagram with
some non-trivial numerator. After the tensor reduction we are required to compute integrals of the

form:

aiaza a
e arag ' as

1
a /m o P (D p1)292 (p1 — p3)292pa®™ (p + p3)295 5™ (p + p2)297 (pg — p3)298 (pg — po)2a0 |
(4.6.1)

where fp = % and p is the external momentum. The indices a; to ag correspond to lines shown
in Figure 4.27. Note that ag, which corresponds to the momentum combination p; — ps2, does not
appear in the figure. It is generated by tensor reductions and it can only be a negative integer in our
calculation. It is not feasible to evaluate such a large number of diagrams individually. Therefore,
we seek to reduce these into a small number of “master integrals” through integration by parts
relations. However, programs such as FIRE [118] does not work well when multiple non-integer
indices are included. We therefore need to implement our own reduction relations.

We would first like to use some recursion relation to reduce to ag = 0.

P3 ay
D1 - ) ay h ag
ayasas | a. p p
L( al a2 a3 | af (Lg) = AD1 —DP3 y = AQ3 asy
o ’ P2 — D3
D+ Dpi D+ po as ay
P+ D3 as

Figure 4.27: Example of a general ladder diagram ( p; — p2 and ag are not included )
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The non-trivial general relation to reduce ag is:

L( ai as as ‘ aq ‘ag) _ (d— a134689)(d_a235789)p2 L( ai azas ‘ Q4

ag + ].)
ag ar asg as (d — 01239 — 1)(d — Q6789 — 1) ag a7 asg as ‘

_ (d = az35789)(5d/2 — a124567 — 2a3s9 — 1)L( a2 ‘ “l ‘ag + 1)

(d — a1239 — 1)(d — agrsg — 1) ag a7 as as
 (d — a134689)(5d/2 — a124567 — 2a3sy — 1)L( ay az az ‘ ay ‘ag n 1)

(d — a1239 — 1)(d — agrsg — 1) agarag | as—1

3d/2 — a123678 — 209 — 1L( ayazaz —1 ‘ ay ‘a9+ 1)
d—agrgg — 1 ag a7 ag as

2— —2a9 — 1

3d/2 — a123678 — 2ay9 L( a1 G2 ag ‘ a4 ‘ag + 1) , (4.6.2)

d—ajazg —1 agaras —1 | as
where apmi... = an + @ + a; + ... The relation (4.6.2) is expected to hold for arbitrary indices.

This relation can be used to reduce all integrals to have ag = 0. We will denote the ladder diagrams

with ag = 0 as L( a1 az a3 ‘ 4 ) = L( a1z a3 ‘ aa ‘O) After the reduction of ag the majority
Qg a7 Ag as Qg Q7 Ay as

of the integrals can be reduced to two-loop integrals of the form

1

K(a1,a2,a3,a4,a5) = / (4.6.3)

2(12

P12 D2 (D + P1)294 (p1 — p2)235 P52 (p + po)20s |

This integral is shown in figure 4.28.

K(ay, as, a3, as,a5) =

Figure 4.28: Diagrammatic representation of the integral K (ay,as,as, a4, as).

There is an extensive literature about different methods for the computation of this type of integrals

[91,92,103,104,119-122]. The other diagrams can be reduced to the diagram of type L( 111 ] @ ),
111" B8

where

azg—n—l—A, 6:g—m+A (4.6.4)

and n and m are some integers. The diagram with a = 8 = g — 2+ A was originally computed
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in [91] and the result reads

(111 | d/2=2+A ) _ (oyd-2-2a (a(l) S fa(A+d/2 —2)\? n82202A-5+2)
»’) 5 d 192(A+d/2—2) d
111 ' d/2—2+A 2275 m a(2A — 4 4 2)

22d0(93a(2 — 1)3a(d —
< Ta?) (;(g;) (d=3) (% +4B(2)— B(d—3) — 33(% 1), (4.6.5)
where
d d
a(a) = 1“(5 —a)/T(a), B(z) = 1(x) + ¢(§ —z). (4.6.6)

We consider this integral as the master integral. All other diagrams of this type can be related to

this master integral using a non-trivial recursion relation!?:

L( 111 | a ) _ (d—(j:gé_—aﬁ))g/cg/i—li;;;ﬁ)j:( 111 | a—1 )

111 ' B 111 B
a0 )
e e (] 2) - (100 2w
011 | «

where «, § can be arbitrary non-integer and the integrals of the type L( ) and etc can

111 3
be reduced to the K(ay, ..., as) integrals.

4.7 Appendix C: Zp factor calculation for the critical fermion

In this appendix we present different methods for the computation of the Z factor for the stress-
energy tensor in the Gross-Neveu model. For what follows, it is important for us to know é¢1, Cn
and 7N, k8N and Zy1, Z,1 defined in (4.4.6), (4.4.8) and (4.4.9). To compute Cyy, 7SN and Zy; we
have to consider the one loop diagram for the renormalization of the (1)) propagator. The diagram

is depicted in figure 4.29 and reads

I2Notice that for some o and § in order to correctly apply this recursion relation one has to take into account O(A)
terms in the integrals.
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// \\
—_—
p p+p P

Figure 4.29: One loop correction to the (1)*(p)t;(—p)) propagator.

D :5?& ddp1 C‘Toi(?—*—pl) (471)
1 ITN (27)d (p%)%flJrA(p_i_pl)Z' e

Using the integral (4.3.41) we find

oN_, _ Td-1(E-1) (4.7.2)

T T T - hrE + )T(g)?

and

21~ sin ()T (431)

572(d2)70(2) 473)

G =

To find C, and A, and Z, to the 1/N order we have to compute the diagrams for the (oo (p)oo(—p))

propagator represented in figure 4.30.

p &, €
----- »----- 4+ --»- >-- 4 - ->--

Dy D, Ds

Figure 4.30: Diagrams contributing to (oo (p)oo(—p)) up to order 1/N.

The expressions for the diagrams are'?

C(TO
(p?)e!
e Iy i e LU Y
d d )
(p?)z " (2m)*T (p+ p1)2(p2)2(p1 — p2) 22 1+4)p3
Coo )Zﬂm / diprdipy  (DTe((p+p) P+ p)pp,) Coo (470
d Pl .
(p?)z" 2m)*T (p+p1)2(p + p2)?p3 (p1 — p2)? (2123
13Note that it is very important that we do not shift the power in the (co)-external lines by A! One can explain this

by noticing that the A shift in a (co)-propagator under a Feynman integral is analogous to changing the dimension
of the integral d — d’ = d — 2A, while keeping intact the power of (oo)-propagator [123,124].

Dy =

)

=
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and
(0(p)a(—p)) = Zs(00(p)oo(—p)) = Zs (Do + Dy + Dy + O(1/N?)) . (4.7.5)

Computing these diagrams one finds

_ 4fsin(rd/2)T (%51) | adsin(rd/2)T (4) 1

Zo1 ey ST T + O(1/N?) (4.7.6)
and
¢, = Co (1 o (Cantd) + f‘lEij) n 0<1/N2>) , (41.7)

where A, =1+, and 7, = 1,1 /N + O(1/N?) and n, = —n°N — xCN.

We recall that the “bare” stress-energy tensor T}, is related to “renormalized” one T)7" as

T;‘zs/n(m) = ZTT,LLV(x) , (478)

where Zp = 14(Z71/A+Zf, ) [N+O(1/N?). Let us first use the three-point function (%" (21 )0 (22)0(23))
to determine Zp at 1/N order. Using conformal invariance and stress-energy tensor conservation

one has the general expression for the three-point function

ren _ _CTUU 1 2
<TH” ($1)0'($2)0'($3)> - (x%Q.I%B)%_l(x%B)AU_%'H ((X23>M(X23>V — E(SMV(ng) ) s (4.7.9)
where
T12)y T13)y
(X23), = (@12)y _ 123) (4.7.10)
Lio 13
and the Ward identity can be used to relate Cr,, with C,
1 dA,
— 4.7.11
CTO’O’ def]_ca’ ( 7 )

where A, is the anomalous dimension of the filed o and C, is the two-point constant of (oo)-

propagator in the coordinate space. Taking the Fourier transform of (4.7.9) and setting the momen-
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tum of the stress-energy tensor to zero one finds, in terms of T' = z#2"T),,

(T (0)o (p)or(—p)) = (d — 2Aa>éa(pz);ﬁ , (4.7.12)

where C,, is the normalization of the two-point function (so) in momentum space. Now we can

compute the three-point function (I*°"(0)o(p)o(—p)) directly using Feynman diagrams. We write

(T (0)o(p)o(—=p)) = Zr Zs(T(0)oo(p)oo(—p)) (4.7.13)

and the diagrams contributing to (T'(0)og(p)oo(—p)) up to order 1/N are shown in figure 4.31.
Note that for some topologies we did not draw explicitly diagrams with the opposite fermion loop

direction, but they have to be included.

D() D1 D2 D} D4
-—<--- e <--- <« @ <« <« @ <«
_(_ _(_
Q + .<IL + +
- - ->» -
B = S P Boaeeee N SR
Ds Dy Dy Dy

Figure 4.31: Diagrams contributing to (T'(0)oo(p)oo(—p)) up to order 1/N.

Computing these diagrams and equating the expression (4.7.12) with the diagrammatic result for

the expression (4.7.13) we find

2™
d+2’

8ngN

Zr1 = d+2)[d—2)’

Zhy = (4.7.14)
where n{N is given in (4.7.2).

Alternatively, we can consider the three-point function (T, ﬁ,‘i“z/;id—)ﬁ. Unfortunately, as far as we
know, the general form of it in the coordinate space in general d is not known. But from general

analysis and from our diagrammatic results we argue that in momentum space and setting 1" at zero
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momentum, it has the form!*

(T (0)(p)ib(—p)) = iCy (Wﬁf’;w —(d— 20y + 1)(102)?%) . (4.7.15)

On the other hand we can compute (T'(0)tg(p)bo(—p)) directly by Feynman diagrams
(T (0)¢ (P (=p)) = ZrZy{T(0)3bo(p)vo(~D)) , (4.7.16)

where the diagrams contributing to (T'(0)o(p)o(—p)) = Do + D1 + Dy + D3 + O(1/N?) are given
in figure 4.32 and read

Dy = < Dy = T(0 < Dy = T(0 D3 = T(0 Q [

Figure 4.32: Diagrams contributing to (T(0)yo(p —p)) up to order 1/N.

ip i i 2
DO:;?*( z) z;p*i(’yzpz 2¢pz)7

pz 9 2pz)y pz - p2 - (p2)2
p. = 2022 [ dlpy PPy PP Coo
N @m)? (p2)3p2 (p — py)2(E1+A)
b, P [ dlp PP PP pCoo
TN ) o222 (p - p)2E )

Das = (_1)(i)7N4A/ddP1ddp2 p(p_ﬁg)pégoﬁ(%%p'z%(p _pg))
3 =

4717
N (27)%0 (p2)2(p — p2)2(p3) 212 (p2)2(p1 — p2)? ( :

Computing these diagrams and using (4.7.15) and (4.7.16), we find the same result (4.7.14) obtained

above.

M Here we fix some field, say 1 = ¢! and don’t write the flavor index explicitly.
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4.8 Appendix D: Z; factor calculation for the critical fermion

We can consider the three-point function <Jﬁ’(/)i1;j>, which is fixed by conformal invariance and

current conservation [125,126]

(Ti(@)y' (w2);(3)) =
(0(1) Mqtcm b )( 2 bl (4.8.1)

d d 1_d
wa(l’m) 2(233)2 wa(x12x13)2 a3/ (a35)Rv+i3

The Ward identity gives a relation between the structure constants C leZ 5 an nd C(sz 7

(0" (22) 15 (23)) = —e / AT 2, (T (20)9 (22) 5 (23)), (4.82)

where r, = (1 — x2),, [diQ = Sq = 272 /T(d/2) and 6.¢° = €(t*)i*. Performing the integral

in the limit » — 0 we find

oW 1o _ %

s Cros = 5. (4.8.3)

Taking the Fourier transform of (4.8.1) and using (4.8.3) we get for J*™% at zero momentum

(T )0 o)y () = Gy (d - 28 + 1) —Fo Do Yo (484)

(p?)e=dvts  (p2)EAuts
Now to fix Z; we compute (J%)v) using Feynman diagrams

(T O (p)y (=) = Za Zo (I O ()0 (—p) (48.5)

and to 1/N order we have three diagrams contibuting to (4.8.5), which are shown in figure 4.33.

The diagrams read

Figure 4.33: Diagrams contributing to (J*(0)¢{(p)to;(—p)) up to order 1/N.
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Do = (-2 B - (ffp) e
Dy = i\,m / ddm Wl ;Z)zf;%ol 5 ()5 (4.8.6)
and
(J*(0)}(p)oj(—p)) = Do + Dy + Do + O(1/N?). (4.8.7)
Computing the diagrams and using (4.8.4) and (4.8.5) we find
Z;=1+0(1/N?). (4.8.8)
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4.9 Appendix E: Integrals and results

Integrals for C; for the O(N) scalar theory in 6 — € (figure 4.1)

Explicitly, the diagrams are:

Dy — / d'py (p1z + 2p:)°
(2m)¢ pi(p +p1)?
AT - T(§ - 1)?  p?
24d—-1T(d—2) (p2)2-35"’

o [ d¥prdip, (2p12 + p2)?
Dy =297 2d N2 2 2.2
(2m)2¢ (p7)%(p + p1)%(p1 — p2)*p3
_ g2 16 —6d+d* p?
~ N 6)(d - 4) pt
Dy= g / dip1dipy (P12 + 2p.)(p2: + 2p-)
V)@m)2d pp3(p+ p1)2(p + p2)2(p1 — p2)?
5 (32— 60d + 11d% — 2d%) 11 + (8 — 2d)p*I5 p?
! (d—4)%(d—1) pt

Il7

=g (4.9.1)
We perform tensor reduction to get rid of the z indices, converting each integral into a sum of
many scalar integrals with integer indices. Using FIRE [118], which implements integration by parts
relations, we can reduce these into a small number of “master integrals”. In the two loop case, the

master integrals I, and Is can be easily evaluated:

d 1 1

L=1(1,1)(1,2 - 5)W’ I = I(1,1)I(1, DW’ (4.9.2)

where I(«, ) is the integral defined in (4.3.41).
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Integrals for Cr for the O(N) scalar theory in d = 6 — ¢ (figure 4.2)

Explicitly, the diagrams are:

o ddpl (2plz(plz +pz) + Cpﬁ)Q
Po= / @m0 ()2 +p)?
_(@d-2rfr@-9r(d -1 p!

C 28 N(d —1)2(d+ )T(d - 2) (p2)2—%

D, — 2/ dpidps (2p1z(prz + p2) + cp?)?
(2m)** (p1 +p)*(P?)* (1 — p2)°P3
=768+ 864d — 232d* + 36d°® — 6d* + d° p! s
T 6d-6)(d—4)(d—1)23Bd—4) ptv
D, — / d'p1d?ps (2p12(prs + p2) + cp2) (2p2: (P22 + p2) + p?)
(2m)> (p1+p)?pi (P2 + p)?P3(p1 — p2)?

(=768 + 608d + 536d2 — 700> + 238d* — 29d° + d°)I; + (—192 + 192d — 36d)p*L; p!

6(d — 4)2(d — 1)2(d + 1)(3d — 4)

Integral for the anomalous dimension 7 of ¢-field (figure 4.4)

The diagram reads

Dy =69 pE [ d'p Coo
N J 2m) (p2)e =22 (p + py)?

and can be easily computed using the integral (4.3.41).

Integrals for Zp-factor for the critical scalar (figure 4.5)

2p?
Dy = (R
D, — 2022 [ dipy Cro2p?

N 2m) (p2)2(p + p1)2(p3) 222
p, = B2 [ d'p Coo2pi,

N ) @md (p2)2(p)2(p — pr)2E A
Dy = pte [ dipidipy C202p3,

These diagrams can be easily calculated with the use of elementary integral (4.3.41).
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Integrals for Z;-factor for the critical scalar for (figure 4.6)

i2p,

Dy = )2 ()",

D, = 222 [ dipy Cr0i2p, (t%)
N2t )2 (p+p)2(p}) 24

D, — ﬁ dip, Cl0i2p1s (9Y9 . (4.9.6)
N @mT (p2)2(p2)2(p — pr)2E A

These diagrams can be easily calculated with the use of elementary integral (4.3.41).

Integrals for C; for the critical scalar (figure 4.7)

Explicitly, the diagrams are

1 dipy (2p1, +p.)? 1 gl-dg 3t 2
Do — —tr(t“tb)(i)2/ pld ( D1 +p )2 = Lirqay T de P
2 (27T) pi(p1 +p) 2 sin(wd/2)T (5+) (p2)?~2
1 dip,dd Coo(2p12 + p.)?
D=2 tu (t%”)()Qu P1d*py 0(2p1= + pz)

N (27)%¢ (p1 + p)2(p3)2(p1 — p2)?(p3) 2244

1 ow 1 2 (10d3 — 47d* + 56d — 16)
T DO( (A tog(v? /1)) ~ (2€ o (d (d—1)(d—2){d—1)d ). (97)
Dy — Lir (419 (i )gu d?p1dip, C’go(2plz +p.)(2p2- + p2)
2 N 22 (py + p)2p2(p2 + p)2P3(p1 — pa)?2(5 244

= %n?(N)Do (Q(Z - log(pz/MQ)) + (26 om)(d) + (d2£2j)1d53(§§l(;f)1)>) .

Integrals for Cr for the critical scalar (figure 4.9)

Explicitly, the diagrams are:

/ ddpl 2p1z P1z +pz) + sz)
pl(pl +p)

4 _ 1)r(2 - 7)r(§ —1)2 pl
2(47r> (d—1)2(d+ 1)I(d—2) (p2)>~ %
D, = MQA/ ddplddp2 Cch;'0(2plz(plz +pZ) + cpﬁ)z

(2m)2% (py + p)2(p2)2(p1 — p2)? (P2)7_2+A
o) 1 . 11d* — 45d3 + 26d? + 36d — 16

a0 ~2( -tont) -2(cowi0 + )

D, = 122 [ dpidips Coo(2p1:(pra + p2) + cp?) (2022 (s + p2) + cp?)

2 (2m)2d (p1 + p)2p2 (2 + p)2p3(p1 — po)2(5—2+2)

=Dy <2(i ) (%) i <Z ar2comdt (dg—(i;lsd_—lll)didjllc;(tl?2)»

(4.9.8)
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and

Dy = 112 [ d'prd’pad’ps Coo(2p1: (P12 + p2) + cp2) (2p2: (P22 + p2) + cp?)
2 @m0 R (p+ p1)2(p1 — ps)2(P3) 222 (ps + p)2E 2T Vp3(p + p2)2 (p2 — p3)?
_ 0 1_ 22 4 4 2 (d* + 18d° — 93d? + 66d + 56)
- DO((A 2log(p™/n ))(d+2) + (d+2CO(N)(d) CED DI 1)(d+1)(d+2))

d—2
where ¢ = a=1

Integrals for C; for the critical fermion (figure 4.16)

The integrals are

— (=1)(5)%tr(t2¢® dipy Tr(pr=(p+p)7:) () Trlr' —2T(4) p:
DO *( 1)( ) t (t t )/ (27T)d p2(p+p1>2 - 4%(d— )F(d—2) Sln(ﬂ'd/2) (p2)27
D, = 2(=1)(@) tr(t ") 2 / diprdipy  Tr(v=(p+ p)r:ppopy) Coo

N (272 (p+ p1)2(p)2(p1 — p2)?(5 123

d
2

2 _
= D0 = 2(5 ~1oxls/i) 2(Cent) + G503 ) (19.9)
p, — ED@ (e / dipidipy  Tr(7=(p+p,) (P + P71, ) Coo
N (2m)*" (p+p1)2(p + p2)2p3 (p1 — p2)2(2 123
%m Do( (% - log(pQ/lﬂ)) + 2(CGN(d) + d11)> :
Integrals for Cr for the critical fermion (figure 4.18)
The integrals are
4N ddp1 (2p1z + p=)*Te(v: (P + p, )72,
Po= / pi(p+p1)?
:T(4) Pl
T g )(d + l)F(d — 2)sin(nd/2) (p2)2~%
= CDEERIS [ diputy e+ 11
2N (2m)2d (p+ p1)2(p2)2(p1 — po)2(E—1H8)2
3 A2
e NDO( 2 ot 12)) —2(Cont) + d<3_d2)(d4i 1);(;1 : 3 )> L (19.10)

Dy =

(—1) ()5 N2 / d¥pydipy (212 + =) (2p2z + ) Tr (2 (P + ) (P + P,)v=P,P,) Coo
2N (2m)2¢ (p+p1)2(p+ p2)?p(p1 — p2)? (1203

2/ 2 d?z —2d —
- NDO( (%_log(p /n )><Z+§> +2(j+§CGN( )+ (di(i)(dfl)(di)m))'
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The three-loop Aslamazov-Larkin contribution is !°

Dy ~CD2EPN / d?pid*psdps

R (2m)3d
y (2912 + =) (2p22 + =) T (= (P + p,) (P, — PP Tr(v=p, (B, — P) (P + 1)) C2

k. (4.9.11)
d_11A
P2(p+p1)2 (01 — p3)?pa T (p 4 pg)2 B 1) (py — pg)2(p + po) 23
o 1 5 o 2 2 2d(d + 5)
= DO( (5 210802/ (75) + 25 Cen(® + (dfl)(d+1)(d+2)> :
Integrals for C; for the GNY model in d =4 — ¢ (figure 4.20)
- dr. Tr (P + »
Dy — _N/ d k;d (1712’7 (p zﬁ;)v )
@2m®  p*(p+p1)
o d=27 TR - 1) P
o 24+1(d — 1)I'(d — 2) (p2)2—%
D, =2Ng /ddplddp2 I Pyz(p"‘%)%%(% l”z)f{”l)
2m)2d (p+p1)2(p?)*(p1 — p2)*p3
A2 4(d - 3)11&
Ngi 3(d—4) p?’
= Nyg /dd p1d@ps Tr(%(]’j"_p1)(p+]’j2)%p2p1)
2m)2d (p+ p1)2(p + p2)?p3 (1 — p2)?p3
_ n2d=3C A6 +3p°1>) p (4.9.12)

6(d—1) P2

15We used the fact that in D3 the two diagrams with different orientation of the fermion loop are equal due to the
identity Tr(A B¢ D) = Tr(ADPCB) = Tr1(A-BC-D+A-DB-C—A-CB-D).
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Integrals for Cr for the GNY model in d =4 — ¢ (figure 4.21)

These integrals are equal to:

d plddpg 7 2plz +pz) Tr(%(p*ﬁ}’jl)%?l PQ,’%)
Dy =2Ng / (p + p1)2(3)2p3(p1 — p2)?
( — —2d+d2)11 pz
3(d— 4)(3d H(3d—2) p?

Dy— & 2/ dprdipy 1(2P1z + =) (2p2z + ) Te(v= (P + P,) (P + Py) 7= Py P))
(d

(2m)> (p +p1)?pip3(p1 — p2)?p7
—3) (=32 +40d + 12d* — 24d3 + 4d*) I + (24 — 54d + 27d%)p*I5) p*
24(d — 1)2(d + 1)(3d — 4)(3d — 2) P2’
Dy = 284 / d plddpg $2p12(p1z + p2) + ep2) (2paz + p2) Tr(vapp, (=, + 1) (P + )
(P +p1)?p3(p1 — p2)?(p + p2)?p}
—48 + 76d +16d* — 57d® + 18d* — d°)I; + (24 — 54d + 27d?)p°1,)
12(d — 1)2(d + 1)(3d — 4)(3d — 2)
Dy = —Ng? / d?p1dips (2p12(p1z + p2) + cp2)* Te(p, (p, — p,))
(2m)> (p+p1)2(p)*p3(p1 — p2)?
(d—2)%d(d+2)(d+4)L  p!

—2
N _N24(d—4)(d— 1)2(3d —4)(3d —2) p? (4.9.13)

L

Py
p?’

As before, we have a factor of 2 in the diagram D; to account for the fact that the loops may

renormalize either the top or bottom line.

Integrals for C; for the GN model in d = 2 + ¢ (figure 4.22 and 4.23)

We have:
Y dke Te(pr:-(p +p,)v=) B 71=% csc (7 () p?
Do _N/ (2m)? 2(p+p1)12 T 2d(d - 1)F(2d—22) ()%
d?prdp, Tr( 7z(¢+?1)(75+?2)%¢2¢1) e (m Hrg)?  p?
P _gN/ (27)2d (p+p1)2(p+p2)?pip3 9N4 d(1 — d)20(d — 2)2 (p?)3—4 (4.9.14)

2 dd 1dd 2ddp3 Tr(%(p""%)(p +¢3)(P+zﬁ2)%¢2;¢3¢1) _ 2 (d — 2)3]7417?
=0 [ o o Pt Lot =N sy M
D3 = 2N2/ Ap1d"pad’py Tr(fyz(p +137j1)’723é1(17’):3 - pz)p1)Tr(p2(p3 - }'jl))
(2m)3d (p})2(p1 + p)?(p1 — p3)?p3(p2 — p3)?
e / Aprdpsdps TrCr=(p+ P, )1-p, (B — B)(Py — P )1p)
(2m)3d (p?)2(p1 + p)%(p1 — p3)?p3(p2 — p3)?

2 )(d 2) pz
(3d DEd-3) M, (4.9.15)

134



and

R (e
Y (2m)3 i1+ 0)2(p1 — p3)*3(p2 + p)?(p2 — b3 )?
L 2]\/'/ d¥p1d¥pedips Te(v=(p + P ) (P, — Po) Py — Po) (P + )=, P,)
(2m)3d pi(p1 +p)2(p1 — p3)?p3(p2 + p)(p2 — p3)?
2N/ dprdpydips Tr(v=(p + P )Py — P) (=P )= (=p — ) (=§, + P)P,)
(2m)3d pi(pr +p)%(p1 — p3)?p3(p2 + p)(p2 — p3)?
2 ((f1(d) + N fo(d)) My — 12p*(d — 3)2(12 — 17d + 6d2)(11 — 9 + N (3d — 3))Ms) p?

36(3d — 4)2(d — 3)(d — 1)2(2d — 3)(3d — 8)
(4.9.16)

where:

f1(d) = 86112 — 260472d + 307525d> — 176601d> 4 49203d* — 5319d°

f2(d) = 3(=T7776 + 24912d — 30833d* + 18395d> — 5283d* + 585d°) (4.9.17)

After evaluating the traces and performing tensor reduction, each integral becomes a sum of
many scalar integrals of the ladder-type with integer indices. Using FIRE [118] to apply integration
by parts relations, we can convert all of them into a sum of three master integrals, M7, Ms, and M3

as shown in 4.34.

M, = =1(1,1)1(1,2 — d/2)I(1,3 — d)(p?)3¥/>~*
M= ‘QQQ = (1, 1) (p)*>°
My = = K(1,1,1,1,2 = d/2)I(1,1)(p?)*"/*~

Figure 4.34: Master integrals

The first two master integrals are primitive and can be readily evaluated with the use of the integral
(4.3.41). The integral K(1,1,1,1,2 — d/2) (defined in Appendix B (4.6.3)) in the third master

integral can be evaluated using the Gegenbauer Polynomial technique [103,104]. Its expansion in
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d=2+e¢istt

K(1,1,1,1,2 - d/2) =
7 14(y —log(4m)) — 25 84(y — log(4m))? — 300(v — log(4m)) — 7% — 228

= 6n2e2 + 1272¢ + 14472 +0(9).
(4.9.18)
Integrals for Cr for the GN model in d =2 + ¢ ( figure 4.24)
The integrals are
[ dipy JT(e@+p)vp) T T Resc(rl(E)  p
Po= N/ (2m)d 4 (2p12 r) R toP 4@ r@-2) 2§
d d Tr 2 z
B
and
) a4 1dd gdd Tr(va(p+p )P+ P) (P + )Py P Py)
N/ : p ] 3@ +2:)(p2: 4 ) pi(p +p)2p§(p23+ p)*r3(ps +p)32 -0
_ 2372 ddplddp2ddp3 1 Q’I‘r('yz(p+]’j1)%p1<¢ _pz)%)rﬁ(l%(p _3”1))
Dy =g [ R e 4 e
2 ddplddpzddps Tr(v:(p + P )=, Py — 1) Py — P )PoP))
N/ rCoRs ) (#)?(p1 + ) (1 — p3)*P3(p2 — p3)?
5 d 2) (2 —2d + d?)
=9 32(d )(2d 3)(2d — 1)(3d — 4) Mip: (4.9.20)
and

Dy =

92N2 / dp1d?padips (2p1z + p2)(2p2: + p=) Tr( (p+p1)(p+p2)72p2 p1)Tr((p1 _p3)(p2 _]93))

4 (2m)3d pi(p1 +p)%(p1 — p3)?p3(p2 + p)2(p2 — p3)?

2921\72 / d4p1d@padips (2p1z + p2)(2p22 + p2)Tr(7: (;¢ +p) @, — )P ) Tr(vap, (P, — $) (P + 1))
(2)3d pi(p1 +p)2(p1 — p3)?P3(p2 + p)2(p2 — p3)?
292N / d*pyd@pad?ps (2012 + 92) (2p2: + ) TE(v (P + P,) (B, — P,) (B, — Ps) B+ B,)7:1, p,)
(2m)3d pi(p1 +p)2(p1 — p3)?p3(p2 + p)2 (p2 — p3)?
2N / dp1d?padps (2p1z + p=)(2p2- + =) Tr(v:(p + P ) By — Po) (—P,)7=(=p — P,) (=P, + P)p))
(2m)3d pi(p1 +p)2(pr — p3)?p3(p2 + p)? (P2 — p3)?

NV = 1)(d - 2)° (fg,( )My + 24p*(d — 3)2(24 — 118d + 203d? — 144d° + 36d4)M3) \
288(3d — 4)2(d — 3)(d — 1)(d + 1)(2d — 3)(2d — 1)(3d — 8)(3d — 2) Pz

=g

(4.9.21)

16Using the Gegenbauer Polynomial technique for the integral K(1,1,1,1,2 —d/2) we obtain an analytic expression
for any d. This expression includes a hypergeometric function. To expand the hypergeometric function in d = 2 + ¢
we used the program HypExp [127].

136



where

f3(d) = —28800 + 164832d — 368444d” + 406366d° — 234072d* + 67473d° — 7884d° + 81d" (4.9.22)
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