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1. Overlap Hypercube Fermions

For free fermions, perfect lattice actions are known analyticgly [1]. Treesponding lattice
Dirac operator can be truncated to represent a free Hypercube FefHiQ, which still has ex-
cellent scaling and chirality propertig [2]. The HF is gauged by fat linkes the shortest lattice
paths. Finally the links are amplified by a factor 1 to restore criticality and minimise the viola-
tion of the Ginsparg-Wilson relation. Due to the truncation and the imperfecigg procedure,
the scaling behaviour and the chirality are somewhat distorted. Chiralityecaarbected again by
inserting the HF in the overlap formuld [3] (at lattice spacig

DOV:§(1+A/\/ATA), Ai— Do—g, p>1, (1.1)

whereDg is some lattice Dirac operator withg = yngyg (y5-Hermiticity).

e Thestandard overlap fermiois obtained by inserting the Wilson operatiog = Dy, which
is then drastically changed. We denote the resulting standard overlagiapesDo, v .

e Here we study the case where the HF is inserted in the overlap forfndla Db.1) Dyr.
This yields the operatdd,,_yr, which describes theverlap HE

In both cases, one arrives at exact solutions to the Ginsparg-Wilsdione and therefore at an
exact (lattice modified) chiral symmetrj} [4).However, in contrast t®y, Dyr is approximately
chiral already, hence its transformation by the overlap fornDig, — Dgy_nF, iS Only a modest
modification. Therefore, the virtues of the HF are essentially inherited bgviesdap HF [J].

Here we are going to show mostly quenched results with the standard gaiogesa3 = 5.85
(i.,e.a~0.123 fm). For details of the overlap HF construction — as well as its localitychvis
superior compared tDo,_w — we refer to Ref.[[8].

In Fig. 1 we illustrate the locality at strong

gauge coupling: g8 = 5.7 the standard over- 2 'Standgryeg;grﬁg: B57. 018 e - ]
lap operator is still barely local, if one chooses 01 "8, \ Overlap HF, B=5.6, u=1.7 & 4
the optimal valugp = 1.8. Similarly we op- 001 | %- . ]
timiseu = 1.6 for the HF (ato = 1) andwe ~ %[ el ten 1
still find a clear locality ai = 5.7, which v *™/ o *;ijga%% ]
is in fact stronger than the one observed for | tx *e
Dov-w at8 = 6 (and optima) [{]. 107 | e,
If we proceed toB3 = 5.6, the locality col- 16-08 | , , , LR,
lapses foDgy_w, hence in that case the stan- 0 5 10 15 20 25

r

dard overlap formulation does not provide &igyre 1: The locality of different overlap fermions,

valid Dirac operator. On the other hand, ifneasured by the maximal impact of a unit soufgeon

we insert the HF ati = 1.7 we still observe gy over a distance = ||x—y||1. At the same value g8,

locality. Thus the overlap-HF formulationthe overlap HF is clearly more local, and its locality per-

provideschiral fermions on coarser lattices. Sists up toB = 5.6, where the standard overlap fermion
collapses.

2. Applicationsin the p-Regime

We first present results in theregime, which is characterised by a box lengtly> 1/my, so
that the p-expansion of chiral perturbation theoryHT) is applicable. We considgr = 5.85, a

1The correctness of the axial anomaly in all topological sectors hasvee#ied for the standard overlap operator
in Ref. [§], and for the overlap HF in Ref][6].

138/2



Overlap HF in QCD

Wolfgang Bietenholz

lattice of size 13 x 24 and (bare) quark massesafy = 0.01, 0.02, 0.04, 0.06, 0.08 and O1.
We computed 100 overlap HF propagators and first evaluatdd three different ways: (1) From
the pseudoscalar correlat@®P), whereP = s (2) From the axial correlatofAsA4), where
Ay = Pyays (3) From(PP—SS, whereS= (iy. The subtraction of the scalar density is useful

at smallmy to avoid the contamination by zero modes.
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Figure 2: On the left: The pion mass evaluated in various ways. On gig:rthep-meson mass.

The results are shown in Fig. 2 (left): they follow well the expected bebaeio?, [ my, in partic-
ular for (PP—S§, with a linearly extrapolated interceptatmy pp_sdmq = 0) = 0.0001(15). The
hierarchy at smaling, Mypp > Mzaa > Mrpp_ss agrees with the literatur¢ J10]. Our smallest
pion mass has Compton wave length /2, so we are at the edge of theegime.
Fig. 2 (right) shows our results for the vector meson mass, with a chiragotation to
m, = 101739) MeV (quenched results tend to be above the phygiaabss).
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Figure 3: The PCAC quark mass and the renormalisation con&igat my/mpcac.

In Fig.[3 (left) we consider the quark mass obtained from the axial Warditgle
Mpcac = [§<04AT(X)P(0)>]/ 2[5 (PT(x)P(0))] .

We observe also here a nearly linear behaviour, with a chiral extrapokatampcac(mg = 0) =
—0.0002964). Remarkablympcac is close tomy, which isnotthe case foDoy_w [L]]. Conse-

0.1

(2.1)

quently the renormalisation constafx = mq/mpcac is close to 1; it has the chiral extrapolation
Za =1.17(2). This is in striking contrast to the largi factors obtained for the standard overlap
fermions [1B[ 1] 12]. According to Ref. [14] the fat link may be heléulthis favourable feature.

138/3



Overlap HF in QCD Wolfgang Bietenholz

At last we considerF,; = %"}\(O\P|n)| ,

by using eithePP or PP— SS see Fig[J4. The ZZ i . |
extrapolation tang = 0 yieldsF, pp = 1115(2.5) il . G B 5 7 |
MeV, resp. Fppp_ss=104(9) MeV, which P
is above the physical value (taken to the chi-« oo 1
ral limit) of 86 MeV [[§]. In particular the be- eoer 1
haviour of the(PP— S$ result at smaling mo- ooy <PpTSSI e ]
tivates us to reconsidé; at yet smaller quark 0021 1
masses, which takes us to theegime. O o0 oos 006 008 01 o

amq
3. Applicationsin the e-Regime Figure4: The pion decay constant from a direct eval-

uation in thep-regime, using the overlap HF.

In the e-regime [16] the correlation length
exceeds the box length/th; > L, and the observables strongly depend on the topological sector.
Our motivation to study this unphysical situation is that it allows for an evaluatidine Low En-
ergy Constants (LEC) of the chiral Lagrangian with their values in infinitarme (unfortunately,
quenching brings in logarithmic finite size effedts|[17]).

Random Matrix Theory (RMT) conjectures the densipé"s)(z) of the lowest Dirac eigenval-
uesA in thee-regime [1], where:= A%V, n=1,2,... numerates the lowest non-zero eigenvalues
andv is the fermion index, which is identified with the topological chaige [4]. Thesgectures
hold to a good precision for the lowasand|v|, if L exceeds a lower limit (a little more than 1 fm)
[L9]. Then the fit determines the scalar condengatEig. [ (left) shows our results fde;) with
Dov—w andDoy_nr, iInV = (1.48 fm)3 x 2.96 fm. The RMT conjectures work best in the sectors
lv| = 0,1,2, and they provide precise values &rfor Doy_Hr We obtainZ = (268(2) MeV)3.
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Figure 5: On the left: the lowest Dirac eigenvalue (re-scaled \EXH) compared the the RMT predictions
at the optimal value af. On the right: preliminary results for the axial correlaapanm, = 0.001, Q003 and
0.005 in the sectory’| = 1 and 2, and fits to the formulae of quenchgelT.

In quenched(PT, the axial vector correlator depends in leading order only on the LB
Fr [B]]. The prediction foAs(t)A4(0)) (with Ay (t) := Tz P(X,t)ysy.Y(X.1)) is a parabola with a
minimum att = T /2, whereF2/T enters as an additive constant. In a previous study we observed
thatL should again be above 1 fm, and that the history in the secter0 may be plagued by
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spikes [2]L]; “Low Mode Averaging” was then invented as a remédy. [R2{he non-trivial sectors

> can hardly be determined, big; can be evaluated. In Fif]. 5 (right) we show preliminary results
from threem, values in thee-regime, in the sectdv| = 1 and 2, with 10 propagators in each case.
Inserting the RMT result foE, a global fit yields barE,&O) = (96+ 10) MeV, which is renormalised
with Zs = 1.17 toF; = (1054 13) MeV, in agreement with other quenched result$ [22[26, 12].

Overlap-HF indices on 12°x 24 at B =5.85 with 800 confs Susceptibility in V = (1.48 fm)3 X 2.96 fm, 510 confs.
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Figure 6: Histogram of overlap HF indices, and results for the top@algsusceptibility.

For 800 overlap HF indices we obtained the histogram in[Fig. 6 (left). Thbldgeak reminds
us of the question if parity could be brok¢n|[23], but the current statistimicourse not conclusive
for this point. Fig[p (right) shows our results for the topological susc#ipticcompared to the
continuum extrapolation of Ref [P4], which usBd,_w. There is no contradiction, although our
susceptibilities are somewhat larger. TBg,_nr result is closer to the value of Ref. [24] (for
exactly the same configurationsft= 5.85, with (|Voy_w — Vov_Hr|) =~ 0.8) [25].

4. Conclusions

The overlap HF operator provides better locality, and therefore claralibn on coarser lat-
tices than the standard overlap operator. In paegime we gave results fang, m, and Fr.
Compared to the standard overlap fermiopcac is closer to the bare quark masg, henceZa
is much closer to 1. In the-regime the confrontation with RMT yields a precise valueXpand
from the axial correlation we extracted a preliminary resultfgrwhich agrees (within the errors)
with the chiral extrapolation of the direct measurement ingregime. In thes-regime one may
consider as an alternative solely the 0-mode contributions to the mesorétators [25[|8[ 25].
Finally we add that a topology conserving gauge action could be helpfuhtegime [2]7].

We are indebted to M. Papinutto and C. Urbach for valuable eroal tools. We also thank them and
B. Alles, L. Del Debbio, S. Durr, H. Fukaya, K.-I. Nagai, K. &g, L. Scorzato, A. Shindler, H. Stiiben and
U. Wenger for useful communications. This work was supgdrtethe Deutsche Forschungsgemeinschaft
through SFB/TR9-03. The computations were performed ohBlkep690 clusters of the HLRN “Nord-
deutscher Verbund fur Hoch- und Hochstleistungsrechnei’RN) and at NIC, Forschungszentrum Julich.
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