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Abstract

The integrability conditions for the equations determining con-
formal transformation of Einstein’s spaces are given in compact and
convenient form. The case when Riemannian spaces have the Stackel
form is considered.

1 Introduction

Let V, and V,, be a n — dimensiona.l Riemannian spaces with the metric
tensors gap(), ap(z) respectively and

Gop(2) = gap(z) exp 2w(z), a,fB,7,6=1,...,n > 3. (1)

These spaces V, and V, are called the conformal ones. The relation (1)
defines the conformal transformation V,, — V;,. Function w(a:) is called the
conformal factor.

The problem of conformal map arises when the problem of integration
of the equations for the massless fields (wave equation, Weyl’s equation
etc.) is studied. Moreover the conformal map is known as a method of
constraction of new exact solutions of the Einstein’s equations [ 1 ].

That is why the problem of investigation of Riemannian spaces confor-
mal to Einstein’s spaces has attracted considerable interest. For the first
time this problem was formulated by Brinkman [ 2 ]. Let us recall the
main Brinkman’s results. Let V;, be an Einstein’s space
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Rop = Ajap, ~ A=const, R=nA (2)

here Rag,RO,pfy,s, R are components of Ricci tensor , Rieman tensor and
scalar curvature respectively for the space Vi, and Rog, Rag.,g, R are those
tensors for the space Vy. —Rag = RVanp=Thp, — Frvmt

We denote:

1 o
Wap = Wa;f — W,aW,g + §gaﬁ(vw)2, (Vw)2 =9 ﬂva(w)vﬂ(w)’ (30‘)

1 Rgop _ _1_ 2 _ A 9
Tap= — (Rap - 5————) , W= 2(Va.:) —_2(n— 1)exp w

n—1
(n-1) b
where w, are the partial derivatives and w;q = Vaw are the covariant
derivatives in V,. It is easy to show that

Rap = Rap + (1 = 2)wap + gapg " wrs,
R=(R+2(n- 1)g"w.s) exp (—2w).
We can write (2) in the form
W6 — Wow,g + Woap + Tap = 0. (4)

Brinkman has shown that integrability conditions of eq. (4) have the

form '
wsC’apy = Sapy (5)

Sapy = Tayip = Tapn

where Cygys are the components of Weyl tensor.
2 Compact Form of Integrability Conditions
Let us transform eq. (5) in the next manner. From Bianchi identities

Raﬁ'yé;a + RaﬁSa;'y + Raﬂa—y;s =0. (6)

one can obtain
R’ apyie = Rapyy — Bavip: (7)
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. Using egs. (3) one can present the right hand part of the eq. (7) in the
orm

Ropry = Ravyp =

(n-2) [( w0 5 _ng)‘zi - 25);7 - (T 3 _%‘E; 2)) J

=(n- 2)( 85— Lot & gaﬂRn—gavR,ﬂ> _

2(n—1)(n-2)
= g e _ 9o Ry ~ g R,
(0=2)(~Supy + G ) &
It follows from (8) that
Baprie = ~(0=DSapy = 3 s(Reton = Rpger). (9)

From the identities (6) it follows that

o 1
(B% - 56313);& =0.

Hence
: . 1
T%g.0 = ————
b = Gm =1y Lo (10)

In terms of T, 53 Weyl tensor can be written as

Caﬂ—y& = Raﬂ-ys + ga—yTps - g,,ng,y - gﬂ5Ta7 — gﬂ'yTab', ( 11)

then
© C%ysi0 = Rpysi0 + Ty — Tooys + 95T, — 9o T (12)

Using egs. (5) and (10) one can take out from (12) next correlation

o — p« 1
‘ C%nia = R Bybia + Spys — m(gﬂvR,S - gﬁb‘R.‘v).' (13)

That is why
Cgaﬂ'r;ﬁ = "(n - 3)501,@1 . (14)
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\

and Brinkman’s conditions can be presented in the form

1
‘.".5060:/3'7 = _mcsaﬂv;&

finally
Vs (06057 exp(n — 3)w) = 0. (15)
If dimension of the space V,, equals to 4, eq. (15) has the form

V8 (Csapyexpw) = 0. (16)

3 Tetrade Form of Integrability Conditions

To simplify the conditions (16) we use the null complex tetrade formalism
(notation used here is the same as in [ 3 ]). Let us choose the vectors of
the tetrade in the form

eda = (las oy Moy My), eq = (1%, n%, m*,m%),
01 0
€Ax€R = 1AB = (1) g g ABcp=1,23.4 (17)
00 -
Let us denote
Capop = €4ebelebCopys , 4= €4Van

Then conditions (16) take a form

(eiegege%CABCD exp w) = 0.

From here one can lead

egez‘ef) (G4PCP gxp w) + _(eﬁ;a‘egez,e% + eieg;aegesp+

+€A6360.a€D + eAeBeCeD a) C’ABCD 0.
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or

A
(C*Bepexpw) 4 - (YN a*CnBop + YV 84 Cancp+

N
T ¢*Capnp + ’yNDACABCN) =0, A

AC .
18% = efefife§.

(18)

Using the well known notations of Newman-Penrose formalism

K=17311, P=7314 €= 7211+ 7341)/2,
o =313, K=Y 7= (Va2 + V342)/2,
A=17244, T=7312, = (7204 + 71314)/2,
V=742, T=7u41, B=(7213+7343)/2.
and
D=1°V,, A=1°V,, 6§=m%V,, §=mV,,

we present the conditions (16) in the form

—lIloéw + U16w + 66Uy — AVo + Yo(4y — p) — 2%41(B + 27) + 3T¥20 =0
—Wobw + ¥y Dw + Dy — §¥g + ¥p(4a — ) — 2¥ (e + 2p) + 3¥gk = 0,
~100 + Bpbw + ¥y — ATy + Vv +281(7 ~ 1) - 307 + 2Ws0 = 0,
—U6w + Y9Dw — 691 + DYy + T + 2‘1’1(& - 7l') —3Uyp + 23k = 0,
\I’zéw - V3w — 6§03 + A\I’g —2Uyv + 3Vsu + 2‘113(T - ﬂ) —Vy0o = 0,
Uobw — U3Dw — D3 + §Wy — 203 A + 3Wam + 2U5(p —€) — Uyk = O’
\Ilgéw - V0w — {\Il,; + AV3 — 3¥v +2U3(2u + v) + Uu(r — 46) = 0,
Uadw — UVyDw 4 63 — DU, — 3T, + 2W3(2W + a) + ‘I’4(p - 46) = 0,
Here ¥g... ¥, are the tetrade componeni:s of Weyl tensorL: S

Yo = ~Ci313, ¥1 = —C1213, V2 = —C1342, ¥3 = —Ch242, ¥4 = —C424.

4 Conformal Null Stackel Spaces

To demonstrate the effectiveness of the obtained relations we consider the

problem of classification of the conform St .
ackel’ - .
stein’s equations s spaces satisfying the Ein-

Rop = Agap, A = const.
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Let us remind the main statements of the theory of Stackel spaces (see for

example [ 4-6 |).
The space Vj, is called the conformal Stackel one if the equation

§75:5;=0 (20)

can be integrated by the method of complete separation of variables. In
this case the privileged coordinate set {u'} exists where §* has the form

i =S (TR @), 4= A,
" wr =,

gij = exp( —2w)gij ’

BT = 6060y,

p. g = 1505l u,u,r=N+1,...,4
with fixed number N, 0 < N < 4. One can verify that quantities
{i = 6, (21)
satisfy the Killing equations
Yia = 0.

Let us calculate the number No:

No= N —rank || Y'Y ill.
P 9

If the signature of Vi has the form (4, —>—» —) then Np can be equal to 0
or to 1. The Stackel spaces are called the non null ones when No =0 and

the null ones when No = 1. We present all types of null Stackel spaces for
all sets (N.No).
1. (3.1) - type

¢ =g, ¢*=0.
2. (2.1) - type
as(u®) ba(u) 1 0
s 1| ba(v®) co(u?) + ca(u®) —fa(u?) O
=% 1 — fa(u?) 0 o |’
0 0 0 -1
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® = ¢y(u®) + ¢a(u).
3. (L.1) - type
w wt o 0
1 1 w 0 0 0
g ==
P 0 0 £2W2 0 !
0 0 0 E3W3

w! = ta(u?) — ta(ud), = t1(u!) —t3(«%), w3 = ta(u?) —t;(u?),

= L(u?)W? 4 ()W,
® = 4’1("1)W1 + ()W + ga(P)WB, e, = 1.

The main result of the section is

Theorem.  Let us consider null conformal Stackel spaces which are not
conformally flat. If these spaces are Finstein’s ones then they admit the
Killing vectors (21). Proof We give the proof for the type (2.1). Others

types are considered in the similar manner,
Let us introduce the vectors of complex isotrop tetrade

1
l:=(0,0,1,0),  n; =(1,0,-a3/2,0), i = —=(f2,1,-Q,iVG).
( ) (1, 3/2,0) m r—zG(fZ iVG)

2 = a3z fr+bs, G =—detg¥ = —(03f22+2b3f2+62+63), P=IngG.

Then

D =08~ fo0,,A = %ao + (R = a3f2/2)0; + 83,6 = — /G20, — %33.
' (22)
and

K,=E=p=0'=0,
a=f= f( F/VG +iPy),

v=—iks/2V2,  y=-is/4VG,  (23)
A=2y+pu.

r= —-P,2/4;

T=7T=a+ a,
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The components of Weyl tensor have the form

Yo=¥; =0,
Uy = ——[G(~2P33 + P3?) — 4f,® + 6iP3 f,V/G), (24)
24G
U, VG(29 303P3 — 3Pafs +2f2)
T 8/2 G[ Ce=

+i(=4Q3f; — 2P23G + P2 P3G)],
v, = -S—IE[G(2&3 + 4sPa + 2P3; — P3?) + 404

+iVG(2a,3f2 + 40,23 — 6Q,3P2)].

Let us consider egs. (19). Using (22), (23) and (24) one can present them
in the form

\I’sz =0 )
‘I’z&(d + (5‘1’2 - 3‘1’21’ =0 N
Uobw — UgDw 4 6Ty +3Uyr =0 | (25)

UoAw — ¥gbw — §U3 + AUy + 3Uu +2¥3(r—3) =0 ,
UsAw — Vybw — 6¥y — 3Vov + 2W3(2u + 7) + Yu(r -48) =0 ,
V3w — UyDw + §¥3 — 3U) + 2¥3(27 + @) = 0
O'ne has to consider next cases:
3. ¥y = Dw=0.

1.9, =0, Dw#0. 2. U;#0, Dw=0,

1. ‘I’g = 0 Dw ;é 0.

From (25) it follows that U3 = ¥y = 0 = Vj is conformally flat space.
2. ‘I’z # 0 Dw = 0.

From (23) and (25) it follows that

Ua(6 4 8)w+ (6 +6)¥; = 0.

Since from (22)

6+$=~V2Gal Y
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then w; = 0 and from Dw = 0 it follows wp = 0. Therefore Y * = 6;; (p=
p x

0,1) are Killing vectors.
3.T2 = Dw = 0.
From ¥y = 0 it follows that f; = 0. Then

w = w(ul,u?,ud), r=g=0, a=—a (26)
Substituting (26) into eqs. (25) one can find
w = lp(u?)z? + &(u?, u®).
From Einstein’s equations it follows that I, = 0 = {‘ = 6;', are the

Killing vectors.
The theorem is proved.

References

[1] Petrov A. Z. The new methods in general relativity. Moscow, Nauka,

1966.
[2] Brinkman H. W. Ann. Math. 91, 1924.

[3] Chandrasekhar S. The mathematical theory of black holes. Clarendon

Press Oxford, Oxford University press, New York, 1983.

[4] Bagrov V.G., Obukhov V.V. J.Math. Phys. 1992, 33, 6, 2279-2289.

[5] Bagrov V.G., Obukhov V.V. Theor. and Math. Phys. 1993, 36.
[6] Shapovalov V.N. Sib. Math. Journ. 1979, 20, 1117-1130.



