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Abstract 

The integrability conditions for the equations determining con­
formai transformation of Einstein's spaces are given in compact and 
convenient form. The case when Riemannian spaces have the Stackel 
form is considered. 

1 Introduction 

Let Vn and Vn be a n - dimensionai Riemannian spaces with the metric 
tensors Uaf3( x ), Üaf3( x) respectively and 

Üap( x) = Uaf3( x) exp 2w( x ), a,/3,ï,8 = 1, ... ,n > 3. (1) 

These spaces Vn and Vn are cailed the conformai ones. The relation (1) 
defines the conformai transformation Vn --1- Vn. Function w( x) is call_ed the 
conformai factor. 

The problem of conformal map arises when the problem of integration 
of the equations for the massless fields ( wave equation, Weyl's equation 
etc.) is studied. Moreover the conformai map is known as a method of 
constraction of new exact solutions of the Einstein's equations [ 1 ]. 

That is why the problem of investigation of Riemannian spaces confor­
ma! to Einstein's spaces has attracted considerable interest. For the first 
time this problem was formulated by Brinkman [ 2 ]. Let us recall the 
main Brinkman's results. Let Vn be an Einstein's space 
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Ra{3 = A[J0 p, A = coilst, R = nA (2) 

here Raf3, R0t{3-yfJ, R are components of Rk5i tensor , Rieman tensor and 
scalar curvature respectively for the space Vn, and Rap, Raf3-y61 Rare those 
tensors for the space Vn. -RafJ = R-Ya-rfJ = r:f3,-y - r:"Y,/3 + · · · ). 

We denote: 

1 ( Rg0tf3 ) 
T0t[J = n - 2 R0t{3 - 2(n - 1) ' 

1 2 A 2 
W = 2(V'w) - 2(n _ l) exp w 

(3b) 
where w 

0 
are the partial derivatives and W;ai = V' aW are. the covariant 

derivati~es in Vn· It is easy to show that 

Ra[J = Ro{J + (n - 2)w0t{J + 9o{J9'Y
8
w"Ys, 

R = (R + 2(n- l)g'Y8w-rs)exp(-2w). 

We can write (2) in the form 

w 0t•{J - W 0tw {3 + W 9a{3 + T 0t{3 = O. 
' ' ' ' 

(4) 

Brinkman has shown that integrability conditions of eq. (4) have the 

form 
w,5C

6 
a/3-r = S0t{J-y 

S0tfJ-r := T0t-r;f3 - Taf3;-r 

where C0tf3-yS are the components of Weyl tensor. 

/ 

2 Compact Form of Integrability Conditions 

Let us trausform eq. (5) in the next mauner. From Bianchi identities 

RafJ"YS;a + Ra{JSa;-y + R0t{Ja-y;6 = O. 

one can obtain 

(5) 

(6) 

(7) 
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Usiug eqs. (3) one can present the right hand part of the eq. (7) in the 
form 

Ra/3;"( - R°''Yi/3 = 

(n - 2) [ (Top+ 2(n -~(~ - 2)) ;7 - ( T"" + 2(n -~{~ - 2)t] = 

= ( n _ 2) (r. a. _ T. .a + 90t{3R,'Y - 9œyR,13) _ 
0t,.,,'Y °''Y,,., 2( n - 1 )( n - 2) -

= (n - 2) (-sa/J'Y+ 90t/3R,"( - 90t"(R,f3) . (8) 
2(n - l)(n - 2) 

It follows from (8) that 

Ru 0t/3"f;u = -(n - 2)S°'/3'Y - 2(n ~ 1) (R,"(90tf3 - R,/390t'Y). (9) 

From the identities (6) it follows that 

Hence 

T°' - 1 
f3;0t - 2( n - 1) R,p. (10) 

In terms of T°'p Weyl tensor ca.n be written as 

(11) 

then 

ca fJ'Y6;a = Ra/3"(6;a + T/36;"( - T/3"(;6 + 9f36T;;a - 9f3'YT6;a· (12) 

Using eqs. (5) and (10) one can take out from (12) next correlation 

C°' ROI s 1 ( f3'Y6;a = fJ'Y6;a + fh6 - 2(n _ l) g13'YR,s - Df36R,'Y). (13) 

That is why 

(14) 

1 
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and Brinkman 's conditions can be presented in the form 

1 6 
( n _ 3) C 0t/3"(;61 

finally 

Vs ( C6 0t/3"( exp ( n - 3)w) = O. (15) 

If dimension of the space Vn equals to 4, eq. (15) has the form 

(16) 

3 Tetrade Form of Integrability Conditions 

To simplif~ the conditions (16) we use the null complex tetrade formalism 
(notation used here is the same as in [ 3 ]). Let us choose the vectors of 
the tetrade in the form 

a (la Ot a - °') eA = ,n ,m ,m , 

<Ao•B = qAB = (~ A,B,C,D = 1,2,3,4. (17) 

Let us denote 

,A= eA_"Va. 

Then conditions (16) take a form 

(eA.e~~6ebCABCD expw) ;a= O. 

From here one can lead 
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or 

(CABCD expw) ,A - (IN AACNBCD +IN BACANCD+ 

+IN cAC ABND +IN DAC ABON) = o, ÏA Be = e~eïl e~. (18) 

Using the well known notations of Newman-Penrose formalism 

K, = /311' p = ')'314, € = (1'211 + "/341)/2, 

cr= ')'313, µ = ')'243, 1' = ( /212 + /342)/2, 

). = /244, T = ')'312, a = ( /214 + /344)/2, 

li= /2421 1r = /241, {3 = ( Ï213 + "{343)/2. 

and 
D = zav ~, 6. = naY' ~, /: = mett'7 ~, "' - m-ett'7 

" " Q V" V - V a, 

we present the conditions (16) in the form 

-'1ioô.w + ilf16w + t5ilf1 - ô.qlo + 'Ifo(41 - µ) - 2ilf1(.B + 2r) + 3ilf2cr = O, 

-ilfo6w + ilf1Dw + Dilf1 - lwo + 1Po(4a -11") - 2'1i1(é + 2p) + 3q;2,,., = 0, 

-'1i1Âw + '1i26w + t5'1i2 - ÂIP1 + '1iov + 2ilf1{îi - µ) - 3'1i2r + 2'1i3 cr = 0, 

-'1i16w + 'iI!2Dw - 6'iI!1 + D'iI!2 + 'Ifo>. + 2'If1(a - 11')- 3'If2p + 2'If3t.: = O, 

'If2Âw - 'lT3ow - o'iI!3 + Ll'If2 - 2W111 + 3'iI!2µ + 2W3(T - (3) - 'iI! 4 cr = 0, 

'iI!26w - 'iI!3Dw - D'iI!3 + 6'1i2 - 2W1>. + 3'iI!27r + 2W3(p - e) - W41\: = 0, 

W3Ô.W - W40W - 0'1i4 + ÂW3 - 3W211+2'1i3(2µ + ï) + '1i4(T - 4/3) = o, 
'iI!36w - \I!4Dw + 6W3 - DW4 - 3W2>. + 2'1i3(211' +a)+ '1i4(p - 4e) =O. 

Here '1io ... W4 are the tetrade components of Weyl tensor~ 
(19) 

4 Conformai N ull Stackel Spaces 

To demonstrate the effectiveness of the obtained relations we consider the 
problem of classification of the conform Stackel's spaces satisfying the Ein­
stein's equations 

A= const. 
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Let us remind the main 8tatements of the theory of Stackel spaces (see for 

example [ 4- 6 ]) . . 
The space 'in is called the conformal Stackel one if the equat1on 

g-ii S ·S · = O 
,1 ,J 

(20) 

can be integrated by the method of complete. separation_i~f variables. In 
this case the privileged coordinate set { u'} exists where g 

3 
has the form 

gii = exp( -2w )gii, 

hµ.r - fiµ. or hw 
·V - V V V 1 

h
µ,p - cµ. hvp 
V - Vv V ' 

p,q=l, ... ,N, µ,11,T = N + 1, ... ,4 

with fixed number N, O < N < 4. One eau verify that quantities 

yi = o~ 

satisfy the Killing equations 

p 

y (i i j) =o. 
p 

Let us calculate the number No: 

N0 =N-rank llY'Ydl· 
p q 

(21) 

If the signature of Vn has the form ( +, -, -, - ) then No can be equal to 0 
or to 1. The Stackel spaces are called the non null ones when No= 0 and 
the null ones when No= 1. We present all types of null Stackel spaces for 

all sets (N.No)· 
1. (3.1) - type 

933 =o. 

2. (2.1) - type 

c(u') b3(u3) 1 

~} ·· 1 b3(u3
) c2(u2) + c3(u3) - f2(u2) 

9'3 = ~ 1 -f2(u2) 0 

0 0 0 -1 
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3. (1.1) - type 

. . 1 (J~l g'' = -
~ 0 

0 

0 ) 0 
0 , 

t:3W3 

W
1 

= t2(u
2
)-t3(u

3
), w2 = t1(u1)-t3(u3), W 3 - t (u2) t ( 1 ) 

- 2 - 1 u ' 

W = l2(u2)W2 + l3(u3)W3, 

êv = ±1. 
The main result of the section is 

Theo1·em. Let us cousider null conformai Stackel spaces which are not 
c~n~ormally fiat. If these spaces are Einstein's oues tl1en they admit the 
Killmg vect01's (21). Proof. We give the proof for the type (2.1). Others 
types are cousidered in the similar manner. 

Let us introduce the vectors of complex isotrop tetrade 

li = ,(0, 0, 1, 0), ni = (1, 0, -a3/2, 0), 1 
mi= ..;u/h. 1, -0, i../"G). 

n = a3f2+b3, 

Th eu 

l'i, = ê = p = (f = 0, 

1 . . r;::; 
a= f3 = 

4
../2(-h/vG + iP,3 ), 

Jl = -P,2/4, V= -ia3j2../2, / = -in,3/4../G, 

T = 11" = O' + Ô 1 ). :::= 21' + µ. 

P = lnG. 

(23) 
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The components of Weyl teusor have the form 

1 2 '2 • r;::;l '1' 2 = 
24

G[G(-2P
1
33 + P,3 )- 412 + 6iP,3f2vG, 

'1'3 = ~ [VG(20 33 - 30 3P3 - 3P,2Î2 + 2f2) 8v2G , , , 

+i( '-40,3j2 - 2P,23G + P,2P,3G)], 

W4 = 8~[G(2a3 + a3P,3 + 2P,22 - P,22
) + 40,l 

+iVG(2à,3j2 + 40,23 - 60,3P,2)). 
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(24) 

Let us consider eqs. (19). Using (22), (23) and (24) one can present them 
in the form 

'l1 2Dw = 0 , 

W2ÔW + ÔW2 - 3W2T = 0 ' 

'l1 2hw - W3Dw + b'l12 + 3W27r = 0 , (25) 

W2 ~w .- \l136w - 6'113 + ~\l12 + 3\l12µ + 2\l13(r - /3) = 0 , 

IJ1 3~w - W4ÔW - 6'114 - 3'1'2v + 2W3(2µ + 1') + W4(r - 4,8) = 0 , 

'1!3bw - '1!4Dw + h'1!3 - 3'1!2>. + 2W3(27r +a)= 0 

One has to consider next cases: 

1. q,2 = 0, Dw of O. 2. '1'2 ::f 0, Dw = 0, 3. '1!2 = Dw = O. 

1. '1!2 = .0, Dw of O. . 
From (25) it follows that '1!3 =\lf4 = 0 ~ V4 is conform~y'fiat space. 

2.'112 =/:- 0, Dw =O. 
From (23) and (25) it follows that 

'1'2(6 + b)w + (ô + §)'1!2 =O. 

Since from (22) 
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then w,1 = 0 and from Dw = 0 it follows w,0 = O. Therefore Yi = 6~ (p = 
p 

0, 1) are Killing vectors. 
3.W2 = Dw =O. 

From W2 = 0 it follows that h =O. Then 

w - w(u1 u2 u3 ) - ' ' ' T = 7r = Ü, a=-a. (26) 

Substituting (26) into eqs. (25) one can find 

w = 12( u2 )x1 + w( u2' u3
). 

From Einstein's equations it follows that 12 = 0 => Yi - 6i are the 
p - p 

Killing vectors. 
The theorem is proved. 
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