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Abstract

We demonstrate that in non-Abelian N = 1 supersymmetric gauge theories the NSVZ relation is valid
for terms quartic in the Yukawa couplings independently of the subtraction scheme if the renormalization
group functions are defined in terms of the bare couplings and the theory is regularized by higher covari-
ant derivatives. The terms quartic in the Yukawa couplings appear in the three-loop S-function and in the
two-loop anomalous dimension of the matter superfields. We have obtained that the three-loop contribu-
tion to the B-function quartic in the Yukawa couplings is given by an integral of double total derivatives.
Consequently, one of the loop integrals can be taken and the three-loop contribution to the S-function is
reduced to the two-loop contribution to the anomalous dimension. The remaining loop integrals have been
calculated for the simplest form of the higher derivative regularizing term. Then we construct the renormal-
ization group functions defined in terms of the renormalized couplings. In the considered approximation
they do not satisfy the NSVZ relation for a general renormalization prescription. However, we verify that
the recently proposed boundary conditions defining the NSVZ scheme in the non-Abelian case really lead
to the NSVZ relation between the terms of the considered structure.
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1. Introduction

The exact NSVZ B-function [1-4] is the equation which relates the B-function of AV = 1
supersymmetric gauge theories to the anomalous dimensions of the matter superfields (yy) ;'
and gives the exact B-function for the pure V' = 1 supersymmetric Yang-Mills (SYM) theory,'
o2(3C; = T(R)+ C(R) (vp) /1)

2r(1 — Cra/2m)

B=- (1
Here r = 844 is the dimension of the gauge group; C(R);/ = (TAT4);/ with T4 being the
generators of the gauge group in the representation to which the chiral matter superfields belong.
T (R) is defined by the equation tr(TAT5) = T(R)848, and C; = T (Ad)).

The NSVZ relation is closely connected with the A/ = 2 non-renormalization theorem [5-7]
(which states that the divergences in ' =2 SYM theories exist only in the one-loop approxi-
mation [8-10]). There are also NSVZ-like equations in the softly broken A/ = 1 supersymmetric
theories [11-13].

Originally the NSVZ relation has been obtained from various general arguments based, e.g.,
on the structure of instanton contributions [1,3,5], anomalies [2,4,14], non-renormalization of the
topological term [ 15]. However, straightforward perturbative calculations indicate that the NSVZ
relation is not valid in the DR subtraction scheme [16—18] and in the MOM subtraction scheme
[19]. This is caused by the scheme dependence of the NSVZ relation [20,21]. The NSVZ scheme
can be related to the above mentioned schemes by finite renormalizations [16—18,22]. Note that
the possibility of making these finite renormalizations is highly non-trivial, because the NSVZ
relation leads to some scheme independent consequences [19,21]. Nevertheless, in the case of
using the dimensional reduction the NSVZ scheme should be tuned in each order of the pertur-
bation theory, and there is no simple prescription giving it in all orders (see, e.g., [22]). Such a
prescription [23] can be given in the case of using the Slavnov higher derivative regularization
[24-26] in the supersymmetric version [27,28]. Presumably, with the higher derivative regular-
ization the renormalization group (RG) functions defined in terms of the bare coupling constant
satisfy the NSVZ relation in all orders independently of the subtraction scheme. This occurs
because the B-function seems to be determined by integrals of double total derivatives.” The
factorization into integrals of total derivatives and double total derivatives has first been noted in
[31] and [32], respectively. Subsequently, for various supersymmetric theories it has been ver-
ified by numerous calculations in the lowest orders of the perturbation theory [33-38,6,7] and
even proved in all orders in the Abelian case [39,40]. Similar factorizations into integrals of dou-
ble total derivative have been proved in orders for the Adler D-function [41] in N'=1 SQCD
[42,43] and for the anomalous dimension of the photino mass in the softly broken A= 1 SQED
[44]. In both cases they allow all-order proving of the NSVZ-like relations for the RG functions
defined in terms of the bare coupling constant.

For the scheme-dependent RG functions (standardly, [45]) defined in terms of the renormal-
ized coupling constant the NSVZ scheme can be obtained in all orders in the Abelian case by
imposing simple boundary conditions to the renormalization constants [19,21,23]. The NSVZ
scheme for the photino mass anomalous dimension has been constructed by this method in [46].

I Note that so far we do not specify the definitions of the renormalization group functions. They will be discussed in
details later.
2 In the case of using the dimensional reduction [29] such a factorization does not take place [30].
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For non-Abelian gauge theories, regularized by higher derivatives, the NSVZ relation for the
RG functions defined in terms of the bare couplings has not yet been derived by the tools of the
perturbation theory. However, at the qualitative level, the appearance of the NSVZ g-function
has been explained in [47], where the NSVZ equation was rewritten as a relation between the
B-function and the anomalous dimensions of the quantum gauge superfield, of the Faddeev—
Popov ghosts, and of the matter superfields. This allows to suggest that for the higher covariant
derivative regularization in the non-Abelian case the NSVZ relation is also valid for the RG
functions defined in terms of the bare couplings and has the form

P00 (3¢~ T(R) ~ 2Caye(an, 2o) ~ 2Cayv (a0, o)
aé 27
+ CRY yplan, h0), /). @

Consequently, the prescription giving the NSVZ scheme for the RG functions defined in terms
of the renormalized couplings in the non-Abelian case is

Zo(at, 1, x0) = 1; Zp(a, 1, x0)i! =875
Ze(a, hxo) =1,  Zy=2Y?z7", 3)

where xq is a fixed value of x =InA/u with A and u being a dimensionful parameter of the
regularized theory and a normalization point, respectively.

Certainly, it is necessary to verify these statements by explicit perturbative calculations. Tak-
ing into account that the B-function is scheme-dependent starting from three loops, and the
anomalous dimensions are scheme-dependent starting from two loops, for non-trivial checking
of the above statements one has to compare the three-loop S-function with the two-loop anoma-
lous dimension. The complete three-loop calculation is rather complicated, so that in this paper
we consider only a part of it. Namely, we consider only the terms quartic in the Yukawa cou-
plings. The purpose of this paper is to verify that the S-function is given by integrals of double
total derivatives and check Eqgs. (2) and (3) for the terms of this structure.

The paper is organized as follows. In Sect. 2 we consider the A" = 1 SYM theory with matter
superfields regularized by higher derivatives and introduce the notation. The supergraphs defin-
ing the terms quartic in the Yukawa couplings in the three-loop S-function and in the two-loop
anomalous dimension are calculated in Sect. 3. In particular, in this section we demonstrate
that the considered contribution to the S-function can be presented as an integral of a double
total derivative in the momentum space. Moreover, we obtain that the considered parts of the
RG functions defined in terms of the bare couplings satisfy the NSVZ relation independently
of the subtraction scheme with the higher covariant derivative regularization. In Sect. 4 for the
simplest form of the higher derivative regulator we calculate the integrals giving the part of the
two-loop anomalous dimension quartic in the Yukawa couplings. The explicit expression for the
anomalous dimension obtained in Sect. 4 is used in Sect. 5 for checking the prescription (3)
which gives the NSVZ scheme for the RG functions defined in terms of the renormalized cou-
plings. In particular, we calculate the considered parts of the RG functions defined in terms of
the renormalized couplings. One can see that the part of the anomalous dimension quartic in the
Yukawa couplings is scheme independent and coincides with the result obtained earlier in the DR
scheme (see [16] and references therein), while the part of the S-function quartic in the Yukawa
couplings is scheme dependent. Then we demonstrate that under the prescription (3) the NSVZ
relation is really valid for the considered contributions to the RG functions (defined in terms of
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the renormalized couplings). In the Appendixes we present explicit expressions for individual
superdiagrams and describe in details the calculation of the loop integrals.

2. The N' =1 SYM theory regularized by higher derivatives

In this paper we will consider the general N'=1 SYM theory with matter in the massless
limit. In terms of superfields [48,49] it is described by the manifestly supersymmetric action

1 1 . .
S = FRetr/d“xcﬂ@ WeW, + Z/d4xd40¢*’(ezv),-]¢j
14
0

1 .
+ (8 / d*xd*0 15" i + c.c.), (4)

where V is a real gauge superfield and ¢; are chiral matter superfields in a certain representation
R of the gauge group G. The supersymmetric gauge field strength W, = D?(e =2V D,e?V)/8 is
also a chiral superfield; ey and Ag ¥ are the bare gauge and Yukawa couplings, respectively. We
assume that the theory is gauge invariant, so that

3" (T 42T + 257 (T =0, 5)

where (T4);/ are the generators of the representation R. The generators of the fundamen-
tal representation are denoted by 4. By definition, they satisfy the normalization condition
tr(t4¢8) =548 /2.

For calculating the coupling constant renormalization it is convenient to use the background
field method. In the supersymmetric case the background gauge superfield V, such that ¢? =
¢®" ¢ is introduced by the substitution €2V — ¢®" 2V 2.

We regularize the theory (4) by the BRST invariant version of the higher covariant derivative
regularization following Ref. [50]. In particular, we add to the action (4) terms with the higher
degrees of covariant derivatives, so that

V2v2
16A2

1
S+ 8= FRetr/d“x d*o eQeQW“e_ﬂe_QR< —

) eQeQWae—ﬂe_Q
s Adj

1 + oF v2iy?
+Z/d4Xd49 (i)J“eSZ e F(— 16A2)egeﬂ¢>
Lo oa 2, ijk
+ (8 d*x d20 27 ¢, +c.c.), ©)

where the supersymmetric and gauge covariant derivatives are defined by
V. =eiQ+efﬂ+DaeQ+eQ+; @gl =eQeQD(1€79€79 (7)
with €2V = ¢2" ¢2. The regulator functions R(x) and F (x) should have sufficiently rapid growth

at infinity and satisfy the conditions R(0) = 1 and F(0) = 1. The gauge fixing term invariant
under the background gauge transformations has the form

V'V _9
VvV, 8
)Adj ®

S, __ t/d4 d49V2VK<——
of = Ftr X 5
16&0¢Z 16A

where & is the bare gauge parameter, and the background covariant derivatives are given by

V. =e_9+ Daeﬂ+; 6,3 =eﬂbge_9. ©)]



V.Yu. Shakhmanov, K.V. Stepanyantz / Nuclear Physics B 920 (2017) 345-367 349

The regulator K (x) also satisfies the condition K(0) = 1 and should have sufficiently rapid
growth at infinity.

Also it is necessary to introduce the Faddeev—Popov and Nielsen—Kallosh ghosts and the
Pauli—Villars determinants for regularizing one-loop divergences, which remain after adding the
higher derivative terms. The details of these constructions can be found in [50]. The quantum
corrections considered in this paper do not involve these fields, so that we will not discuss them
in details. We only note that the actions for the Pauli—Villars superfields are quadratic in the
chiral matter superfields. This implies that there are no Yukawa interaction terms including the
Pauli—Villars superfields.

Having in mind the exact results derived with the higher derivative regularization for Abelian
supersymmetric theories, it is natural to suggest that the NSVZ relation in the non-Abelian case
is satisfied by the RG functions defined in terms of the bare couplings if the theory is regularized
by higher covariant derivatives. According to [47], the NSVZ equation can be rewritten in the
form of the relation (2) between the B-function and the anomalous dimensions of the quantum
gauge superfield, of the Faddeev—Popov ghosts, and of the matter superfields. Eq. (2) implies
existence of the relation between the Green functions of these superfields, which can be written

as
d
d_l _ 1
dlnA( % )

1 d
2w dIn A

3G, -T(R)
ao,A=const; p—0 o 2

(— 2C,InG. —CrInGy + C(R),'j(ln G¢)ji/r>

a,)\:const;q—ﬂ)' (10)
This equation admits a simple graphical interpretation [47]. Namely, let us consider a supergraph
without external lines. If we attach to it two external lines of the background gauge superfield,
then the sum of the diagrams obtained in this way contributes to the function d~' — o, ! From
the other side, various possible cuts of the original supergraph propagators give a set of diagrams
contributing to the two-point functions of the quantum gauge superfields, of the Faddeev—Popov
ghosts, and of the matter superfields thatis to Gy, G, and (G¢),~j , respectively. Eq. (10) relates
them to the above described contribution to the function d~! — o, I

In this paper we verify that Eq. (10) is valid for terms proportional to ké. Such terms are
present in the functions d —1and (Gd,)ij , which are related to the two-point Green functions of
the background gauge superfield and of the matter superfields, respectively. Namely,

1 d* . 4
r®—s@=- / ZP 149 ¢ 0, — ) (0. p)G (o, 2o, A/ p)i

e T4 | 2m)*
1 dp 4 2 -1
— —1tr 2d*0V(©,—p)3° T2V (6. p)d~ (@, ko, A/p) + ...
87 )

Y

The functions G, and Gy are related to the Green functions of the Faddeev—Popov ghosts and of
the quantum gauge superfield. Their definitions are given in [47], but in this paper these functions
are not essential, because they do not contain terms of the considered structure.

If Eq. (10) is valid, then the NSVZ scheme is given by the prescription (3). Therefore, we will
also be able to verify Eq. (3) for the considered terms. Note that this check is non-trivial, because
we consider the scheme-dependent contributions to the NSVZ relation.
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Fig. 1. We consider diagrams which are obtained from the first two graphs by attaching two external lines of the back-
ground gauge superfield. The last graph vanishes in the massless case.

Fig. 2. Here we marked chiral ends of propagators for the graphs which do not vanish in the massless case.

3. Terms quartic in Yukawa couplings in the NSVZ relation

In this paper we are interested in terms quartic in the Yukawa couplings (without the gauge
coupling constant) in the NSVZ relation (2). Below we will see that for calculating them, it
is also necessary to know terms quadratic in the Yukawa couplings without the gauge coupling
constant. All terms mentioned above correspond to one two-loop graph and two three-loop graphs
presented in Fig. 1. However, in the massless limit the last graph vanishes. Really, in the massless
theory each propagator has a chiral end and an antichiral end. Each vertex connects either three
chiral ends or three antichiral ends of the propagators. However, one can easily see that it is
impossible to satisfy both these requirements in the last graph. The other graphs nontrivially
contribute in the massless case. The arrangement of chiral and antichiral vertices for these graphs
is presented in Fig. 2.

As we have explained above, to obtain the diagrams contributing to the 8-function from the
graphs presented in Fig. 2, it is necessary to attach two external lines of the background gauge
superfield V by all possible ways. This gives three two-loop diagrams presented in Fig. 3 and
eight three-loop diagrams presented in Fig. 4. Their contribution should be compared with the
part of the anomalous dimension of the matter superfield which comes from the diagrams ob-
tained by all possible cuts of the graphs presented in Fig. 2. Certainly, it is necessary to take into
account only the 1PI graphs, which are presented in Fig. 5, because the effective action encodes
the sum of 1PI graphs. Note that cutting a matter line in the (vanishing in the massless limit)
third graph in Fig. | gives the only superdiagram presented in Fig. 6. One can easily check that
in the massless limit it vanishes and, therefore, does not contribute to the anomalous dimension.

Let us start with calculating the diagrams presented in Figs. 3 and 4. More exactly, we will
calculate their contribution to the S-function defined in terms of the bare coupling constant,

, A
(7 0,20, 8/ p) — ") | =020 (12)
p=0 oy

d
din A

The differentiation with respect to In A in this expression should be made at fixed values of the
renormalized gauge and Yukawa couplings, while the result should be reexpressed in terms of
the bare ones. Note that it is also necessary to take the limit p — 0, where p is the external
momentum, in order to get rid of the finite terms proportional to A~X, where k is a positive
integer.
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(1) (2) (3)

Fig. 3. Diagrams giving the two-loop contribution quadratic in the Yukawa couplings to the S-function. The wavy lines
correspond to the background gauge superfield V.

(1) (2) (3) (4)
(5) (6) (7) (8)

Fig. 4. These diagrams give the three-loop contribution quartic in the Yukawa couplings to the S-function.

The results for contributions of all diagrams presented in Figs. 3 and 4 to the effective action
in the limit of the vanishing external momentum are collected in Appendix A. Their sum appears
to be transversal as it should be due to the background gauge invariance. We have also verified
that it is given by an integral of a double total derivative. In particular, the contribution of the
considered supergraphs to the expression (12) can be written as’

AB(ap, ho) 2w ; d d*k d*q ;. 0 D
— 5 = CR) T A E M0 Ajmn o
o r dinA J Q2m)* 2m) dq, dq

1
X
(kZFk q%F, (g + k)ZFq+k>

4

o d d*k d*l d%
—i—TC(R),J -

gmkgkbkgdkg“d(______
dinA J Qm)* 2m)* 2m)* “ I\ ok, 0k 3q, dgH

a 0 88)

a 0 1

+2)\iab)\*‘ )»Cde)»* A ,
0 T0jacT0 TO0Me 3g, dqr | K22 q2Fy (q +k)*Faax I2Fi (L + k) Fii

(13)

where the derivative with respect to In A is calculated at fixed values of the renormalized Yukawa
constants.* To write the complete B-function, it is necessary to add the one-loop contribution

3 For simplicity, we do not include the one-loop contribution into this expression.
4 Note that Eq. (13) is not contributed by the Pauli—Villars superfields, because, for the considered regularization [50],
there are no triple vertices which include the Pauli—Villars superfields.
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Fig. 5. These diagrams give the one and two-loop contributions to the anomalous dimension of the matter superfields
quadratic and quartic in Yukawa couplings, respectively.

Fig. 6. This superdiagram is obtained after cutting a matter line in the third graph in Fig. 1. It is easy to see that it gives
vanishing contribution to the anomalous dimension in the massless case.

and the contributions of the other supergraphs, which have not been considered in this paper. The
result can be presented in the form
AB(ag, o)

Peolo) _ (3¢, -1m) + 290 1 o) + 069, (14)
o T ao
where O («g) denotes terms proportional to ¢ (including the ones which appear in the two-loop
approximation) and O(Ag) denotes terms with higher degrees of the Yukawa couplings in higher
orders. The two-loop part of the result agrees with the expression obtained in [33,34] for the
particular case F(x) = 1+ x™ and for a different version of the higher derivative regularization,’
which has been subsequently written as an integral of double total derivative in [35].

The expression (13) does not vanish because of singularities of the integrand. This can be
illustrated by a simple example,

d*q 9 g, N 1
(2ﬂ)4&]—ﬂ(q—4f(q )) = —Wf(o), (15)

where we assume that the function f(g?) is non-singular and has a sufficiently rapid fall-off at
infinity. Calculating one of the loop integrals in Eq. (13) by the help of similar equations, we
obtain the considered part of the S-function in the form

d*k 1

Aﬂ (0(0, )"0) 1 ( ) [ imny %
% Cdinal 0 Tyt pd F
d*k d*l 1
)\l(lb}\’ )\’kcd)\’

+ Okab Ojed | oyE | 2m)s K FZIAF?

d*k  d* 1
Faniabyx. pedey ] 16

0jac”070bde | 2m)d Q)4 KA F2 12 Fy (k +1)2 Fryy (10

Note that this integral is well-defined due to the differentiation with respect to In A which should
be made before the integrations. This will be demonstrated below.

Now, let us compare Eq. (16) with the corresponding contribution to the anomalous dimen-
sion, which comes from the diagrams presented in Fig. 5. Calculating them, we obtain

5 For the considered terms the difference of the regularizations is not essential.
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d*k 2
(2m)* k2 F (k + p)? Fieyp

Gy (0. 2o, p/N) ;' =8+ 150250 — 2508 jac 6™ Mpae

d*k  d* 8

+ O(ag) + O(Y). (17)
Qm)* Qu)* k2F2 (k+ p)2Fiey p 12 Fy (k + 12 Fiyy 0

Taking the logarithm of this expression and making the differentiation with respect to In A in
the limit of the vanishing external momentum, we construct the anomalous dimension defined in
terms of the bare couplings,
d(InZg);'  d(nGy),'
dinA ~  dhnA

From this equation we obtain the considered part of the anomalous dimension in the form of the
sum of loop integrals,

Ays(ho) i’ = L adabyx /ﬂi
¢ J dlnA 0 Ojtlb (27_[)4 k4sz
d*k  d4 2
Qm)* 2m)* KA FEIAF?
d*k  d* 8
Qm)* Qu)* KA FI2F (k+1)2Fy )

Vo (o, ho) ;' = (18)

p=0'

iaby % ked y
= A0 Aokabr0  M0jed

iaby * cdey *
=20 A0jacto Mobde 19)
The complete expression for the anomalous dimension also contains terms proportional to o
(starting from the one-loop approximation) and terms, proportional to Ag (starting from the three-
loop approximation),

¥Ye (@0, 20)i7 = Ays(ho)i’ + O(ag) + O(AY). (20)

The expression (19) should be compared with Eq. (16). Exactly as in Eq. (16), the derivative
with respect to In A should be calculated at fixed values of the renormalized Yukawa couplings .
Moreover, it is easy to see that the integrals coincide up to the multiplicative factor,

AB(ao, o) 1 ' '
———— = —5—-C(R)i/ Ays(h0),". 21
o 2r
This implies that the NSVZ relation (2) (and, therefore, Eq. (1)) is satisfied by the RG functions
defined in terms of the bare coupling constant for the considered groups of diagrams in the case
of using the higher covariant derivative regularization.

4. Explicit expression for the considered part of the anomalous dimension

Let us calculate the considered contribution to the anomalous dimension explicitly for the
simplest regulator function

F(K*/A?) =1+Kk>/A2. (22)

According to Eq. (21), then we will also obtain the explicit expression for the (considered terms
of the) B-function defined in terms of the bare couplings. Moreover, this calculation allows
demonstrating that in the previous section we really deal with the well-defined expressions.
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First, we should express the bare Yukawa couplings in terms of the renormalized ones. Due
to the absence of divergent quantum corrections to the superpotential [51] the renormalization of
the Yukawa couplings is related to the renormalization of the matter superfields. Consequently,
it is natural to choose the substraction scheme in which

' (Z,

In this paper we calculate a part of the anomalous dimension which does not contain the gauge
coupling constant. That is why we are interested only in terms independent of «. In the one-loop
approximation such terms in the renormalization constant of the matter superfields have the form

—1)2 —1/2 —1/2

ayE = ammr(z, ! (2%~ (23)

(Zg)j =81 — 4—k’mnkj‘mn<ln n gl) 0@ + 00, (24)

The finite constant g; appears due to arbitrariness of choosing the subtraction scheme in the con-
sidered approximation. Substituting Eq. (24) into Eq. (23) we relate the bare Yukawa couplings
to the renormalized ones,

8
+ O(ar) + 0 (0. (25)

T : ' ' ' A
Mk =ik — (A’J’"ki‘nabk"“" + A A )\mjk’\:wb’vab) (ln w gl)

By the help of this equation we express the anomalous dimension (19) (see also (20)) in terms of
the renormalized Yukawa couplings, on which the derivative with respect to In A does not act,

~ d ; d*k 2 A1
o) it = ——— [ Afabyx “nr _ pyiabyx )chdk
Vqﬁ(OC() 0)] din A ( jab (27_[)4 k4F2 kab Ged _(2]1)4 k4F2
d4l 1 1 A d4k d4l
=i In = 4 1)} = 8377, A {f
X { (27‘[)4 1AF? 47‘[2< n 81 jac bde (27_[)4 k4F2 (27[)4
I
1 1
In — )} 0 0(19). 26

X Fklel(k+l)2Fk+l 8]_[2(11 + &1 )+ () + O(X°) (26)

The term in this expression proportional to Ai“bkz abkk“{)\jf «q €an be easily calculated for an

arbitrary function F (k2 /Az), such that F(0) = 1 and F~!(c0) = 0. For this purpose we note
that the corresponding integral can be presented in the form

4 4
(;17[];4 k41Fk2{ (;nl)“ 141:}2 4;2<]n—+g1>] 641 4(1n—+g1)2

) - s (n )

The second term in Eq. (27) is independent of A. To see this, we take into account that the
function Fj depends on k%/A?, so that the derivative with respect to In A can be converted into
the derivative with respect to Ink (with the opposite sign). Therefore,

o0
d d*k 1 1 A | dk d 1 1
—— (m2 ]z__ ¢4 (o,
dlnA[ Q2m)* k4 F? 8n2<nu+gl) 8n2/kdlnk<FkZ> 82

0

(28)



V.Yu. Shakhmanov, K.V. Stepanyantz / Nuclear Physics B 920 (2017) 345-367 355

Consequently, the expression (26) for the considered part of the anomalous dimension can be
rewritten as

. 1 A
V(@0 20)j" = 75K+ T a2 (1n wt 31)

1
167
d d*k 1
InA J Qn)*i4 F2

d*l 1
{ Q) FI2Fy (k + 1) Fiq
where we take into account that the derivative with respect to In A does not act on the renormal-
ized Yukawa couplings.
For the function F(k*/A?%) = 1+ k?/A? the remaining integral is calculated in Appendix B.
The result obtained there has the form

4

8)\mb)\* )‘Cde)‘ltde y

jac

8;2(1“—+g1)}+0<a)+0(x6), (29)

d d*k 1 d*l 1 1 A
1.4 2{ iF 2 2 2(1n—+g1)}
dln A Q)+ k F Qm)* FrlFy (k 4+ 1)* Fiyy " 8x
: [ : (1 AL )] (30)
=——|-—(In— .
64t L2 w8
This implies that the anomalous dimension defined in terms of the bare couplings is given by the
expression
: 1 by, A
Yo (0, Xo) ;' = 4—)~m Mg = de(ln +81)
1
N A R [— 1+ 2(1n 24 gl)] +0@) + 000, 31)

The right hand side of this equation depends on the renormalized Yukawa couplings A and
In A /. Certainly, it should be expressed in terms of the bare Yukawa couplings Ao by the help
of Eq. (25). This gives the final result for the considered part of the anomalous dimension,

1 1
y¢(ao,xo);zm,\;)ab,\gjab = 4x'“bxojacxcd6x0bde+0(a0)+0(,\) (32)

We see that all In A/ disappear. This can be considered as a check of the calculation correct-
ness. Moreover, the finite constant g, which (partially) determines the subtraction scheme in
the one-loop approximation, does not enter the expression for y (o, Ao) ji . This follows from
the statement that the RG functions defined in terms of the bare coupling constant are scheme
independent for a fixed regularization [23].

The result for the B-function defined in terms of the bare couplings can be easily found by the
help of Egs. (14), (21), and (32). Namely, for the regulator (22) in the considered approximation
we obtain

B (@0, 20) 1 |
e Loy rin) - i (i
1
T Ja 5 e ) + O(@0) + 0GRF). (33)

Finally, it should be mentioned that the explicit result obtained for the considered part of the
anomalous dimension demonstrates that we really deal with the well-defined expressions.
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5. The NSVZ scheme

In this section we construct the RG functions defined in terms of the renormalized couplings
assuming that the regulator is chosen in the form (22). The terms of the considered structure in
the NSVZ relation are scheme-dependent, so that the NSVZ relation is satisfied only in special
subtraction schemes which presumably include the one given by the boundary conditions (3).
Therefore, the purpose of this section is to verify this statement by an explicit calculation.

As a starting point, we integrate the RG equation (18). The result has the form

(InZy),;' = —ix'“bx]ab@n A +g1)
4 u

1 A A
AL YPLLN (1n2 I PO PN )
307 kab jed o + 281 m + &

1674

+ 0@+ 00, (34)
where g1, g2, and g are finite constants. Fixing these constants one fixes the subtraction scheme.
To obtain the considered part of the anomalous dimension defined in terms of the renormalized

Yukawa couplings, first, it is necessary to express In Zy in terms of the bare Yukawa couplings
Ao by the help of Eq. (25),

A A A
___jiabyx jedey ( 2 w2 g ms 4 gz)
jac bde w w w

(InZy) i =—— ! Adabyx. 1n§+
¢)j 4270 "0jab m 81

1 A A
——_pdabyx ked)x <ln2— 2¢1In = +2 2—~)
32 7 Okab 0jcd P +281 P +281 — &2

A A A
de 2 2
e Ao ‘)»Obde(ln; +1In E+2glln; +2g7 —gz)
+ O(ag) + O(A ). (35)
Then the contribution to the anomalous dimension
d(ln Z¢)j
A= — 36
Vol ) din (36)

is calculated by differentiating Eq. (35) with respect to In  at fixed values of the bare Yukawa
couplings Ag. This gives

~ : 1 1 A
V¢(“’k)/’l—4 2)\'lab)"0jab 6 4)‘1ab)‘0kab)‘de)‘0]cd(ln +g1>

1 A

N T)Lmb)\ojackgde)\%de( =2 2g1) + 0(a0) + 0(A8). (37)
The right hand side of this equation should be expressed in terms of the renormalized Yukawa
couplings again using Eq. (25),

~ i L iap 1 b d 6

)/¢(05, )\.)]l = m)\.ld )\'}kab — T}\.la )\.jac)\.c EAZde + O(Q) =+ 0()\. ) (38)
We see that this expression does not explicitly depend on In A /u that confirms correctness of
the calculation. Let us also note that the expression (38) is independent of the finite constant g;
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which determines the subtraction scheme in the lowest approximation. This implies that the terms
of the considered structure in the anomalous dimension are scheme independent. Consequently,
Eq. (38) should coincide with the corresponding result obtained in the DR scheme (see [16]
and references therein). Our notations A%/ k o, Vo (a, 1), E (o, A) are related to the corresponding
notations of Ref. [16] Yijk, g, v(g,Y),and B,(g,Y) as follows:

2
ik _ %Yijk; w8 ~ B = P8V oy

o Yola,A) =2y (g, Y); Bla, 1) = e

Using these equations one can easily verify that the terms of the considered structure in Ref. [16]
agree with Eq. (38).

Now, let us proceed to calculating the B-function defined in terms of the renormalized cou-
plings. We start with integrating the RG equation

d (i) _ _ B, 20) 40)

dIn A (x% ’

taking into consideration the one-loop result (see Ref. [50]), the two-loop terms quadratic in the
Yukawa couplings, and the three-loop terms quartic in the Yukawa couplings. Then we obtain
the equation relating the bare coupling constant to the renormalized one,

L é + %(302 - T(R))(ln% + bl) + 1wy [ )v“b)\jab(ln —|—b2)

(o 7)) 2r
ZA 7 cdey *
P Cd(ln ﬁ+2g11nﬁ+b3>+ = LY
A LA A ;
x(—ln——i—ln —+2g11n—+b3>]+0(a)+0()» ), (41)
1 1 1

where b;, by, b3, and 53 are arbitrary finite constants determining the subtraction scheme in
the considered approximation. Certainly, in the three-loop approximation there are also terms
proportional to « (a part of the two-loop contribution), o?, and @A?. However, in this paper we
do not consider them.

At the next step, we solve Eq. (41) for the renormalized coupling constant & and write the
result in terms of the bare gauge and Yukawa couplings by the help of Eq. (25). In the considered
approximation the result is written as

t_t 1 (3c T(R))(l A+b) ~C(R) [ ! A (1 A+b)

11 v 2 A _ a2

o oy 27 2 n ! 2 ' 0jab n 2
1 . A N

M Kk G a (2 PR 2 g1 - B3)

27
1 A A A
_ acde % (ln— 22 4 2byIn 2 4 2byg — b )]
162470 0 "Obde P + " +2b; " +2byg1 — b3
+ O(a0) + O(1H). (42)

Differentiating 1/« with respect to In o at fixed values of the bare gauge and Yukawa couplings,
we obtain the S-function defined in terms of the renormalized constants,

Bla, 1) d /1
ZZ z_dlnM(E)

(43)
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A part of this B-function corresponding to the terms of the considered structure, which is obtained
from the derivative of Eq. (42), has the form

Bla, 1) 1 1 T
S = (30— TR + Z—C(R)#[— mkéf Mjab
1
* T6x 4)"lab)“0kab)“de)‘()]cd<1n +b2) o a6 Mopae
A
x (1+21n—+2b2)]+0(a0)+0(,\) (44)
n

As usual, the right hand side should be expressed in terms of the renormalized Yukawa couplings
by the help of Eq. (25). This gives the final result for the considered part of the B-function,

Bla,n) 1 1 y U w
- _—E<3C2—T(R))+%C(R)l [ yr L
1
= ,Cd(bz _gl> = /aCACdekzde<1 +2b2—2g1)]
+ 0(@) + 0\9). (45)

We see that this expression contains the constants b, and g; and is, therefore, scheme-dependent.
Note that it is written in an arbitrary scheme, so that the result obtained in DR-scheme should be
a particular case of Eq. (45). (The results obtained with various regularizations can be related by
a specially tuned finite renormalization or, equivalently, by a special choice of the finite constants
defining the subtraction scheme.) The DR result has been obtained in [16]. It can be written in
the notation of this paper via Eq. (39) as

2 2
Be(a, h) = ——(3C; = T(R)) + ——C(R);/[ — : Alab
Por(e 1) =—72(3C2 2y CR | = gz han

+ 647[4 ()\lab)\zab)\ktd)\-jcd + 6k1abkjac)\’cd€)\’zd6)]
+0@@®) + 0@@®29). (46)
Comparing Egs. (45) and (46), we see that they coincide for
1
by —g1=-. 47
2-81=7 (47)

This implies that our results agree with the results of [16], certainly, taking into account that the
regularizations and the subtraction schemes are different. Also it is easy to see [16] that for the
finite constants satisfying Eq. (47) the NSVZ relation is not valid.

Next, let us verify that the prescription (3), proposed in [47], really gives the NSVZ scheme.
First, we compare Egs. (38) and (45) and note that the NSVZ relation is not valid in an arbitrary
subtraction scheme (which is defined by the coefficients b and g).

Then, let us impose the boundary condition Zg(a, A, x0);/ = &;/. Substituting In A/ by the
fixed value x( in the expression (Z¢)ij we solve the above equation for the finite constants
g1 etc. In the lowest approximation this gives g = —x¢. Similarly, we find the constants by,
b, etc. from the boundary condition Z, (¢, A, x9) = a/ag = 1. Namely, we solve the equation
1/o =1/ with In A/ = x¢ for the constants b. The result has the form by = b, = —xg. This
implies that in the scheme defined by the prescription (3)

by —g1=0. (48)
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Consequently, in the scheme (3)

E(Ol, ) _ 1 1 Jj 1 iaby *
=y (3G TR+ 5 CRI| = x5,
1.
+ 16n4)‘lab)‘§ac)‘we)‘2de:| +0() + 0()\6)
1 1 - : 6
= ——(3C2 - T(R)) — —CR)i’' Vg (o, )i’ + O() + O(A°). (49)
2 2nr

Thus, under the condition (3) the NSVZ relation is satisfied for terms of the considered structure.
This confirms the guess made in [47].

6. Conclusion

In this paper we have verified the relation between the two-point Green functions of N =1
SYM for the contributions quartic in the Yukawa couplings in the case of using the higher covari-
ant derivative regularization. For this regularization it was demonstrated that (in the considered
approximation and for the terms of the considered structure) the NSVZ relation is satisfied by
the RG functions defined in terms of the bare couplings as it was suggested in [47]. Exactly as in
the Abelian case, this follows from the factorization of the loop integrals into integrals of double
total derivatives in the momentum space. Consequently, it is possible to calculate one of these
integrals and relate the three-loop contribution to the B-function to the two-loop contribution to
the anomalous dimension. For the RG functions defined in terms of the renormalized couplings,
we have checked that the prescription proposed in [47] really gives the NSVZ scheme. It should
be noted that this check is not trivial, because the considered terms in the NSVZ relation are
scheme dependent. Thus, we confirmed the proposals made in [47] by the explicit calculations.

Appendix A. Explicit expressions for the diagrams
In this section we present the results for all supergraphs shown in Figs. 3 and 4. In the

Minkowski space the result for any supergraph contributing to the two-point Green function
of the background gauge superfield can be written in the form

d4P 4 in2 1 ik
ar= [ G0 [V 00V (-p 0l T ()i
F V(. 0 V(= p. 00 Lonine(P) ﬂ"k], (50)

where AT is the corresponding contribution to the effective action. Due to the background gauge
invariance the non-invariant terms cancel each other in the sum of all superdiagrams,

> @I honiny(p) ™ = 0. (51)

all supergraphs

The sum of the invariant terms determines the function d~! — oy ! according to Eq. (11). To
write the result in the most convenient form, we note that (74);/ (T 8);! (Iinv)j l”‘ is the invariant
tensor. In this paper we consider simple gauge groups, for which it should be proportional to
848  Therefore,

ik — %BAB (Tc)ij(TC)kl(IinV) ik. (52)

(T (T (Einy) i

Jl
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Thus, from Eq. (11) we obtain

167 . )
d N0, 0. A/p) =yt = —— (T TN Y Ln(p) i (53)
r all supergraphs

We are interested in the derivative of this function with respect to In A in the limit of the vanishing
external momentum. That is why we can calculate the functions (iny) j1* and (Inon.iny) js'* in the
limit p — 0. Certainly, in this case expressions for individual supergraphs are not well-defined.
However, the sum of invariant contributions differentiated with respect to In A is well-defined
due to Eq. (12).

Below we present expressions for the functions (Ziny) j1** and (Znoniny) jz* in the limit p — 0
for all supergraphs in Figs. 3 and 4 in the form

Supergraph = V79?11 ;o Vi Ly (p = 0) 1™ + VI Vi Lyoniny (p = 0) 1%, (54)

where the coefficients Ijl"k are written as integrals over Euclidean momentums which are ob-
tained after the Wick rotation. Using these expressions one can verify Eq. (51) in the limit p — 0
and obtain the function (53), which, after differentiating with respect to In A, gives the 8-function
defined in terms of the bare couplings. In the equations presented below the prime denotes the
derivative with respect to the square of the momentum,

d
S FU/A%). (55)

Let us start with the supergraphs presented in Fig. 3. They are given by the following expres-
sions:

Fp=

d*q d*k 1
Qm)* @)t g*F2 K FE (q + k)2 Fyi

(D) =288 10 [((@+KPFF, + 262 g,k

+ P F, F+ 2k2q2quk“F,£Fé)V,-j82H1/2 Vil + 292 F, K2 Fy V/Vk’]; (56)

d*q d*k 1
2m)* 2r)* q*F} kK2 Fy (g + k)2 Fy i

@ =3 (75 +20°FyFy 24 F))?)

x (VoPT V), + 247 F2(V?),/]: (57)

d*q d*k 1
Q2m)* 2m)* g2 F2 k> Fi (g + k)2 Fyii

+F,(v3), /] (58)

(3) = =2 jap

[(@®F) + Fp(vorTL ov),/

To find the sum of these diagrams, it is necessary to take into account the identity
kgjla)\é)ka (T = —E)Léjabﬂéab(TA)kz - (TA)JkAOkabkzab’ (59)

which follows from Eq. (5). Rewriting the expression for the diagram (1) by the help of Eq. (59),
we obtain that the non-invariant terms cancel each other, and the sum of the invariant terms is

1 iab 2 j
S0 (VT 2V,

d*q d*k 9 9 ( 1 ) 60)

Q@m)* (2m)* g% dqy \K2Frq*Fy (q +K)? Fyi/”
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Consequently, the contribution to the function d~! — oy ! from the considered (two-loop) dia-
grams can be written as the integral of the double total derivative
d*q d*k 9 9 ( 1 )

Q2m)* (2m)* 8g* 8qu \K?Fiq*Fy (q + k)2 Fyi/”
The supergraphs presented in Fig. 4 are given by the following expressions:

d*q d*k d*l

Q2m)* 2n)* (2m)*
4

X
q*FZKAFLIYF (g + K2 Foie (k+D? Fie

2 ] .
—TnC(R)ifkgjabkb”b 61)

() =x"2 jad)‘gEk)‘Sbel

x [( — 202K 1V FyF 4 2P Fy F (= 2 (k + 1) + ¢*1% — 2K2q,,1")
+ Fy (= 2%k + D% + g2 — 2k2qﬂl“))V,-j82H1/2 Vil
— 27 F KPR VIV (62)

d*q d*k d*l
Q2m)* 2m)* 2m)*

2= _)‘é)ab)‘Slah)‘](()Cd)‘S jed
1
* PF K FRE (g + k)2 Fya (k+ 12 Fiept
x [(F2 + 22 FF+ 264 D) VI 0T Vi + 2RV AV (63)

(3) = —adkayx  ybed;x / d'q d* d*
0 “0jIb"™0 Oacd (27_[)4 (2]_[)4 (27[)4
2
X
q4qu k2F1<2 lZFI (g + k)4qu+k k + l)szH

x [ (K2 Fy Fok + 202K = g Fy Foi+ a2(q + 02 (K2 = 24°) Fy Fp )

X Vil 02 Mo Vil +247F, (g + K2 FoiVi Vil (64)
d*q d*k d*l
Qm)* 2m)* 2n)*

o 8
GAF2KAFR 12 Fi (q 4 k)2 Fyyi (k412 Fry

@) =2 A6 1 jed

x [( —2¢°K*quk" F) F — K> FFy ((k + q)* — k) — ¢ F) Fi (k + ¢)* — ¢°)
— (k+q)°F, Fk) Vi 92, o Vil — 262 F K2F Vi Vk’]; (65)

d*q d*k d*l
Qm)* 2m)* 2n)*

6= _)‘f)ab)LSkabXéCd)hgjcd
2
 PF P FIF (q 4 0 Fyar (+ D2 Fiyy
x [(F,f +2K2FFy + 2k4(F,g)2) (VI 2V).J + 2k2Fk2(V2)ij]; (66)
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d*q d*k d*l
Q2m)* 2m)* 2m)*

(6) = =A% jad)‘gef)‘écef
4
 PRRFIRF (g + P Fypi (kD2 iy
x [(qu +24°F)F, + 2q4(F(;)2) (VI V). + ZqZFqZ(VZ)ij]; (67)
d*q d*k d*l

(2m)* 2m)* 2m)*
2

X
q>Fy k2 FP 12Fy (q + k)? Fyyx (k+ D)2 Fryg
< [2F + FO(VolT 2v),/ + (V3,1 (68)

(D) = 2" Mpap o 1 jcd

@ = sisers, pdelye [ L4 4k _di
0 ™0jad”™0 Ocef (27_[)4 (27_[)4 (2]_[)4

4
X
GPF2K2FZI2Fi (q 4 k)2 Fyyi (k+ D2 Fry

x [(q2F; +ED(V*pV),/ + Fq(Vz)l.j]. (69)

Various structures formed by the Yukawa constants in these expressions can be reduced to two
basic combinations by the help of Eq. (5). For example, the non-invariant terms are proportional
to

4 ) . 1. , .
1 — )‘é)ab)‘sjad)‘gck)‘gbelvij Vil = Z}‘Bab)‘gkabkgcd)”gjcd(Vz)ij; (70)
) = 2250026 5 jea Vil Vi = M A6 M jea (Vs (71

(3) = 25 )‘zﬁ)jlb)‘gcd)‘gacd vivy!

1 ) def .
= (Ex;)“bxgkabx’gc‘ixg jed = MRS aao” A;';cef)(vz)if; (72)
. . 1. .
@ — Aé)kb)‘éalb)‘gcd)%jcdvi] Vil = _Eké)ab)‘gkab)‘](;w)‘z;jcd(Vz)ij’ (73)

where we take into account that V;/ = ¢ VA(TA)ij .

Using these identities one can verify that all non-invariant terms in the considered three-loop
diagrams cancel each other. This fact can be considered as a test of the calculation correctness,
because the non-invariant terms should vanish due to the background gauge invariance of the
effective action.

Using identities similar to Eqs. (70)—(73) for the invariant terms, after some transformations
the sum of the expressions Egs. (62)-(69) can be presented as the following integral of double
total derivatives:

d* _d* d4q|:iabk* g ked (_____
Qm)* Qr)* Qu)L70 “OkabTO R0jedfp Bkn  Bg, dgt
0 8] 1

3qu 3q" VK2 F2 q2F, (g + k)2 Fyqk IPF (L + k)2 Fryye

1 : d 0 a 0
Ly )

+ 2)‘6ab)‘(>§jac)‘6de)“3bde (74)
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From this expression we obtain that the contribution of the diagrams shown in Fig. 4 to the
function d~! — ozo_l is

Ry / d4k4 d414 d4q4 [Aéabkgkabkgcdkg _Cd<i 99 i)
r 2m)* 2m)* 27) T€4\ 9k, 0kt dq, dgH
a 9 1

@87“] K2FZq2Fy (q + k)2 Fy i 2F (L + K)2Frii

Summing Egs. (61) and (75) and differentiating the result with respect to In A we obtain Eq. (13).

jab d
+ 2)‘6(1 )‘Ek)jac)‘g e)‘gbde (75)
Appendix B. Calculation of integrals with higher derivatives regularization

In this appendix we calculate the expression

; d d*k 1 [ d*l 1 1<1A+ )} 76)
_ Ll (md
dinA ] Cof E2l) e BPF G+ DR 872\ 8!

entering Eq. (29) for the regulator F(k*/A?) =1+ k>/A>. Then the integral over d*l can be
written as

d*l 1 [ dY (1 1 )( 1 1 )
QM PFk+D2Fyy ) CoA\i2 P2+ A2\ (k+D? (k+D2+A2

=211 — D, (7
where we introduce the notation
a‘l /1 1 1
I = — - ; 78
: /(27()4(12 12+A2)(k+1)2 (78)
d*l 1 1
L= — . 79
? (211)4(12(k+l)2 (l2+A2)((k+l)2+A2)> (79)

The integral /> can be calculated by the standard methods, see, e.g. [52]. The result is given by
the expression

L= ! (1 AL [ ann | ) (80)
=—(In— ——arctanh,| ——— ).
2= g2\ 2 RN A

The integral /7 can be calculated by the method similar to the one considered in [52,53]. Namely,
we use the four-dimensional spherical coordinates

[ =1sinf3 sin6, sinfby; l» =1sinf3 sinb, cosby;
I3 =1sin63 cosby; 14 =1cos 63, (81)
in which the integration measure is given by
00 P 7 2
/ d*l = / dir f d6s sin’ 65 f do, sin6 / do,. (82)
0 0 0 0

If the fourth axis is directed collinear to the vector &, then (k -+ )2 = k2 4+ 2kl cos 03 +12, and the
integrand in the expression (78) depends only on 63. In this case, after the substitution x = cos 63,
the integration measure can be written in the form
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AIm x

g c Re z

Fig. 7. The contour C in the x complex plane which is used for integrating over the angle 653.

00 1
/d4l—>4n/dll3/dx\/l — x2. (83)
0 -1

Consequently, the integral /; can be presented as

I = (84)

1 / a2 f V1 —x2
1673 TRt 2kix+ 2
where C is the contour in the complex x-plane shown in Fig. 7. The contour integral can be found
by calculating the residues at infinity and at xo = — (k> + 1%)/2kl, see Ref. [52,53] for details.
The result is written as

T
f JI— 2 2 for k>1 )
k2 + 2kl x + 12 lzz for [ > k.
Using this equation it is possible to calculate the angular part of the integral I, so that
K2 0
1 A? 1 A?
L= di? + /‘dﬂi
'~ T6n2 / K2+ A2) ' 1672 212+ A2)
0 k2
A (1+k2)+ Ly (1+A2) (86)
=———1In — ——1In — ).
1672k2 A? 1672 k2

From Egs. (86) and (80) we obtain
2 2

20— 1 11A+1(1+A)1(1+k)
—_— = —— In — —_— JR— n R
727802 % 7 8a2 K2 A2

1 4N k?
— W 1 + Farctanh m (87)

Thus, the expression (76) can be presented in the form

1 d d4k1{A

A
= e
st2dma ) eoiees | ki e

A2
+ (1 + 2 >1n arctanh 2 an2 +4A2 (88)
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Let us note that contribution of the last two terms in the brackets vanishes,

d d_ 1 <1+A2)1 (1+k2) 14 282 tanh. |
—_— n — | — ———arctan —_ =
dinh | Coy K F K2 A2 K2 K2 1 4A2

(89)

Really, the expression in the large brackets rapidly tends to O in the limit k — 0, while the
function Fj rapidly increases at infinity. This implies that the integral in Eq. (89) is convergent.
Consequently, the dependence on A can be eliminated by the substitution k,, = A K. Therefore,
the considered integral is independent of A, and its derivative with respect to In A vanishes.

Then, we proceed to calculating the remaining part of the expression (88). It should be noted
that the integral of the first two terms is not well-defined, because it diverges at k = 0. However,
the derivative with respect to In A eliminates this problem, if we perform the integration over
d*k after the differentiation. After differentiating with respect to In A we obtain

1 d / k1 {1 A F(l A+ )}
=— n— — n—
sgr2dinA | CofeE Uk T T T

4 _
o [ (2 ) (L) () e

The integral corresponding to the first term in the brackets can be calculated straightforwardly in
the four-dimensional spherical coordinates taking into account that the volume of the unit sphere
83 is 272,

Ak 1-F) / 1
Qu)* KF 16712 (k2 + A2)3 3272

O

To find a contribution of the second term in Eq. (90), we note that the function F; depends on
k/A, so that the derivative with respect to In A can be converted into the derivative with respect
to Ink,

o
&k 1 d 1 1 d /1 1 1
S i N Ny (i 92
(2n)4k4dlnA<Fk2) 8712/ dk<F,3) 872F2(k=0) 8r? ©2)
0

The contribution of the last term in Eq. (90) in the four-dimensional spherical coordinates takes
the form

o0
dk 1. A d 1 1 Ad
B s — Ry 93
/(2n)4k4nk dlnA( 877 / "% dk ) ©3)
0

It is easy to see that this integral is convergent both at infinity and at k£ = 0. (The derivative of Fy
with respect to In A is proportional to k2 in the limit k — 0.) Therefore, it is possible to replace
the lower integration limit by ¢ — 0. After this, integrating by parts we obtain
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0]

LA 1/‘dk LA A6/ dk?
———In— —_— —_— = —In— —
872F3  k 82 ) kF? 8m2 & 16m2 ) K2(k%2+ A2)3
k € & k &
L AL A (1+A2) T3 (94)
=—In— — —1In — =—.
82 & 16mZ\2(k2+A22 k24 A2 k2 . 3272
Using Eqgs. (91), (92), and (93) we find the result for the integral (76),
j— [ ! (1 Ay )] 95)
=——| -—(In— .
64t L2 8
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