AXIOMATIC FIELD THEORY

Huzihiro Araki
Kyoto Univergity
Kyoto, Japan

Meajor progress in axiomatic field theory in recent years has been achieved in three different
areas:

(i) Algebraic approach. A general study of particle statistics (including parastatistics) and
field commutation relations based on the assumption of commutativity of observables at spacelike

distance haa been guccessfully carried through by Doplicher, Haag, and Robertsi uging an alge-
braic method. Their work was not reported on at this conference.

(ii) Constructive field theory. This is an attempt to construct a quantum field theory for a

given interaction such as ¢4 and W4 in & mathematically satisfactory manner, thereby establish-
ing the existence of nontrivial models satisfying the basic axioms of quantum field theory and
enabling a further mathematical study of the physical properties of these models such as broken
symmetry. Recent remarkable progress wase reported in the mini-rapporteur talks of Jaffe and
Wightman.

(iii) Properties of scattering amplitudes. There has been remarkable progress in the nnatl-

ysis of on-mags -shell n-point amplitudes by Bros, Epstein, and Glaser. 3 This subject along with
some recent work on the Pomeranchuk theorem was discussed in the mini-rapporteur talk of
Martin (4788, 312, 313, 314). In addition, a parametric dispersion representation, which con-
tains only physical absorptive parts and follows from axiomatic analyticity for pion-pion scatter-
ing, was reported by Khuri (§787), and a connection between acaling, light-cone singularities and
the asymptotic behavior of the Jost-Lehmann-Dyson spectral function was discussed by Vladimirov
(#917) and Stichel. 4

In addition to achievement in the above three areas, important progress in renormalization
has been made by Epstein and Glaser. 5 This work was not reported on.

In the area of mathematical aspects of quantum field theory. E. Mihul reported her work
on the Bargman -Hall -Wightman theorem and on the extended tube, and Swieca (#637) discussed
the unitary implementability of special conformal transformatione for free fields.

In the following, areas (ii) and (iii) listed above are discussed in somewhat more detail.

I._Comnstructive Field Theory

One considers & Hamiltonian
H=H,+ I-ll +H..
where Ho is a free Hamiltonian, HI is an interaction Hamiltonian, and l-IC is an (infinite) counter -
term. Typically, one starts out from a cutoff Hamiltonian, proves the self-adjointness and semi-
boundedness of the cutoff Hamiltonian, defines a Heisenberg field ¢(;,t) = eitHé(;)e'itH (in a
cutoff theory), proves a finite propagation property, goes to the limit of no cutoff, and proves the

Wightman axioms one by one. For super -renormalizable interactions, i. e., for those interactions
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which produce egsentially only a finite number of divergent graphs, such a program can be carried
through by treating the divergences exactly, and remarkable progress has been achieved over the
past several years, where outstanding contributions have been made by Glimm and Jaffe.

At the time of this conference. all the Wightman axioms including the existence of a mass
gap between the vacuum and the rest of the energy momentum sgpectrum had been established for
Pldw)z theory (a theory with an interaction Hl = f:P( $(x)):dx where P is a polynomial which is
bounded below such as xd>4 - aéz. X > 0, and the space-time dimension is 2) for small coupling
constant. Jaffe predicted that the (Yukawa)2 theory will be in similar shape within 12 months
because of recent results on the Euclidean formulation for Fermions. 6.7 (The Euclidean for-
mulation in general will be discussed below.) Another recent breakthrough is a proof of the posi-
tivity of the Hamiltonian for (‘254)3 theory. Rapid progress was also predicted for this interaction
as well ag the (‘x’ukawza\).i theary.

One of the most recent technical developments, which has been of vital importance for the
rapid progress in the past year and is responsible for the optimistic future predictions, is con-
cerned with the go-called Euclidean method. In particular. relations among Euclidean field theory,
clagsical statistical mechanics, and quantum field theory were emphasized by Wightman and will
be explained below in some detail.

It has long been known that the vacuum expectation values of products of fields in quantum
field theory (VEV) can be continued analytically to Schwinger points, i.e., points with pure im-
aginary times and real space coordinates. The VEV at Schwinger points is called a Schwinger
function. Symanzik8 has developed a Euclidean field theory which yields Schwinger functions of
a Minkowski quantum field theory as the expectation values of commuting fields with respect to a
positive measure. |)ecisive progress has been achieved in the past year by Nelson[)-“ who in-
troduced the Markoff property to Euclidean field theory and showed that this property together
with properties discussed by Symanzik permit the reconstruction of a Minkowski quantum field
theory from a Fuclidean field theory. Thus one can first construct the Euclidean field theory or
Schwinger functions for a given interaction and then study the corresponding Minkowski guanturn
field theory. This is the so-called Euclidean method.

The Schwinger functions for a cutoff interaction are obtained by the Gell-Mann-Low formula,

i.e., the infinite t limit of
-1 . ,
Zt.a f¢(x1i o"(xnldu(éi. /‘t.f - fduum.

where ¢(x) in this expression is a commuting Fuclidean field.

t 12
du(é) = exp[-J déo f d§1V(d>(f5H] duo(uﬂ,
0 -1/2

V(d) is an interaction such as d4 and duo(él is the Gaugsian measure for free fields. The model
without a spatial cutoff is obtained in the limit ¢ = @. Thus one is interested in the limit of a
state given by a measure exp{-j,\ H(dz(g))dg]duo(oﬁw ag the rectangle A (in space-time) becomes in-
finite, which makes the correspondence with classical statistical mechanics more than mere
analogy. Such a limit is used to obtain an equilibrium state in classical statisticat mechanics
Since abstract characterizations of equilibrium states by a variational principle and by other

equivalent conditions are known for classical statistical mechanics in an infinite volume, and
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gince new techniques for predicting the existence of phase transitions are being developed, one
can expect similar developments for quantum field theory. A study along these lines is contained
in Refs. 12 and 13.

Apart from the connection with statistical mechanics, the power of the Euclidean method
can be geen in Nelson's symmetry:

(QO, exp[-tHIJ&O) = (&0. exp[»lﬂt]d’o),

where 4’0 ig the free vacuum and Hl denotes the cutoff full Hamiltonian, ¢ being the space cutoff.
Such a symmetry between the (time) parameter t and the space cutoff f is quite remarkable and
is a simple consequence of the Feynman-Kac formula

(®,. exp[~tHl ]00) = Z

0 t.1

Guen-a14 was the first persan to notice an important application of this symmetry, which
started a fullacale use of the Euclidean method by many authors. 6,7,12,13.15-19 Some of the
advantages of the Euclidean method are the availability of the Feynman-Kac formula, Euclidean
symmetry, the symmetry of Green's function due to unrestricted commutativity of fields, and the
availability of a perturbation expansion using the Feynman propagator (k2 + mZ) - which greatly
gimplifies earlier estimates.

We include in the list of references those quoted by Jaffe and Wightman in connection with

P(d))z theory, 19-24 (¢4) theory, 22-24 and (Yukawajz theory. 25-28

II. Analyticity of n-Point Amplitudes on Mass -Shell

Analyticity of the 2 particle-2 particle amplitude A + B - C + D (for particles setisfying
stability conditions) in a neighborhood of the physical region except for the energy cut wag estab-
lished some time ago by Bros, Epstein, and Glaser on an axiomatic basis, and the analyticity
domain was improved by Martin on the basis of unitarity and positivity. 29 The recent result of
Bros, Epstein, and Glaser3 i8 concerned with n-point amplitudes on mags shell and shows that
the physical amplitude is the sum of a finite number of boundary values of analytic functions.

(The fact that an n-point amplitude is not always a boundary value of a gingle analytic function in
the neighborhood of some Landau singularities had been recognized earlier in perturbation
theory. 30-32)

The most apectacular progress has been achieved for the 5-point amplitude: 4+ 5«1 + 2
+ 3. Itis proved in this case that above & certain incident center-of-mass energy (4.8 times the
common mass in the equal mass case, the calcutation of 4.8 being due to Martin), the amplitude
at any physical point i the boundary value of a single analytic function, holomorphic in a "ocal
tube' in all (5 complex) variables. To describe the resuit, let E.. E,. Ey. be the center -of-mass
energies of the final particles t, 2, 3 and 512’ SZS' SM be the (squared) two-particle subenergies
of the final particles:

S =(E1+E + E )z 32, etc.

12 2t Ey) - 2E4(E; +E

2 + ES) + m
In addition, two angular variables 8 and ¢, are necessary to describe completely the scattering

process. For fixed Ei‘ EZ‘ E3, analyticity in the angular variables 6 and ¢ has been known”' 34
for some time. (In the quoted literature, an integration of the cross sections over all possible

E1, EZ‘ E3 at a given total incident energy is done to obtain the analyticity of the production
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amplitude from the gize of the ellipse of analyticity of the elastic amplitude 4+ 5 - 4 + 5. How-
ever, Omnes and Martin noticed that analyticity of the amplitude in the angular variables as a

diatribution in E,, E 15 abtained by integrating over an arbitrarily small cell in E,, EZ' E

and using the Schwar: inequality.) Bros. Glaser, and Epstein obtained analyticity in al; vamablze
E EZ’ E . 8, ¢ in a region which is described by the following inequalities in the neighborhood
of phymca] pointa:

ImS,

{(Ejz ) mjz)ilz i eEJ} m, ¢ [(Ejz ) mjz)ilz

2 -1
+ ((Ej -rn:i (El +EZ+ E3) ]} Im(Sizi- 5234-531) <0,

Wl >

where (j,k,1) is any cyclic permuiation of (1,2,3) and € = +1, Here Ei is the real part of the
particle energy. As all Ei‘ Ez. E tend to infinity, the second set of constraints on the relative
magnitude of lmSiZ, ImS,,, ImS,, becomea weaker and weaker.

11I. Generalizations of the Pomeranchuk Theorem

The problem is to compare differential cross sectiona (and integrated cross sections) for
line reversed processes
A+B-~C+DandC+«+B~A+D.
At fixed momentum transfer, Cornille and Martin proved that if the phases of amplitudes
for both processes (defined by continuity assuming no physical region zeros) grow geparately less

fast than log 8, then

=1

nm{—(s “AB*(,D/dt &, t)=

B*AD}
if in addition, this limit exists. (The case of a slowly varying momentum transfer can also be
treated, but with great complications.) If the phases are bounded by (counst) log 8 (a fact which

can be proved from firat principles for elastic scattering if the amplitude haa no zeros at physical
points), then Cornille and Martin prove that the limit is finite.

In the case of elastic scattering (A =C, B = 1)), it is shown that (1) widths of the diffraction
peaks are asymptotically equal if the width of one amplitude has a nonzero limit and (2) if one
amplitude exhibits persistent shrinking (i. e. , monotonously tends to zero) and (do/dt)(t = 0} 2 const.
(do/dt)(s,t), then the ratio of widths tends to 1. Here the width A(8) of an amplitude F(s,t) is de-

fined by I\s, A(S)) = aF(8,0) where « is any fixed constant such as 1/2.

1V. Parametric Dispersion Representations

Starting from an analyticity domain in the iwo Mandelstam variables, Auberson and Khuri
(#787) derive a parametric dispersion representation for equal mass elastic scattering amplitudes,

which is symmetric in the three Mandelstam variables and contains only physical absorptive parts

V. Scaling, Light-Cone Singularities and Asymptotic Behavior of
the Jost-J.ehmann-Dyson Spectral Function

The fact that scaling follows from certain light -cone singularities has been discussed by
many authors. Vladimirov presented some work done in collaboration with N. N. Bogolubov,

A. N. Tavkhelidze (#917) showing that a certain asymptotic behavior of the Jost-Lehmann-Dyson



spectral function implies scaling and light-cone singularities. Stichel presented his worl(4 show-

ing that scaling implies a certain asymptotic behavior of the Jost-Lehmann-Dyson gpectral function.
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