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Abstract 
W<-' dis1~11~s our propl)sal l.h11 L thr. i11frarncl structure of N =\I l{luon :i 1 npllt. 11<lc -~~ a~ 

strong rnupling <:tu1 IJ P. fully extracted from a local considemLio 11 cwar 1: 11s1.rn . 'Chis 
iti r.onsis tr>nL wi t h field hi'< ry and correctly reproduces tl1 > iuf.rnrcd divcrgc11u!S 
of the l'our-gl 11ou n.n 1plil1 1dc• nl. strong coupling calculated rncr.11Lly hy !\ ld<iy an I 
Maldacena. 

1 Introduction 

In I. II · rn<:e11I P<\JH'r Ill, Alday iu1d Mn.ld acmm made a suhslfluLial progrrss in n.p11lyi11g 
idrms of Ll1P Ad. I 'FT c:orrespontleuce [21 Lo stu<ly scatteri ng arnplil.udns or gluous a. I. 
s l.n))lg 1·0111)ling. One of Lhe crucial ingrcdi<1nLs or [I J is di111r.r1siomil rPgulmil:ation on Uw 
gravity dui1I side. The iruporl.<lll • or it i:-; rnol,iVl\L <I hy he fac:~ LlmL ffit\Jly !fold theory J()­

su ll.s on rl uou amplit11cles hav · hf'cn ohLaillf:d in dimensional rcgu larizaLion sdlr>nhl and i~ 
is rn~ <!Ssnry o usr Lhr same rcgular\7:nt.fo11 if one iutcnds Lo providr au 11munbigu(111:; toUl­
pMhmu brlwr,en th<' graviLy ;UJd licfd I.hem· sitlcs. In p11rLic11Jal', Aklay i.u Maldacena (1] 
cumpuLrnl Lh " four-ghw n ampLituclc al strong coupling and round a pr..rfec·I, agn• •1ueul. wiLh 

Jar infrared H ructurn in fie ld Lhcory. !n addition, Lh y also found ;u1 agreemenl. wiLh the 
cou.jecturc of Bern , Dixou and Smirnov [3] (, e also an arliei paper [4J) regardmg I.he 
all-loop itcrnLivc slruc: l,urr of gluon am plit.ud !S. ·url.hcrmore, the~ nnRl.vsis of 111 madtl 
a prndicticrn for LhC' st;ro11g coupli11g brlmvior or the cusp a11omnlom1 dir1 l · 11~io11. Tl1cir 
resuJt agrr. cl wil.11 [5], [6] wJ1cr th srunc behavior was esLnblislrnd by difforenl, methods. 

H is wrll -kuown that in ticid t huury, gluon au1plituclos h ~LV L< sn t,isfy Sf!V(!ml Nmsis-
1.ency tondif, ions suclt as unitarity outs, infrarc:d b havi c>r, collim:ar a.ud soft gluon Ii.mies. 
h is ver interesting to uudcrsland whaL Lhey are Lrnnslnted ou lhc Ac!S side to. T be 
simplei;L limi L Lhn;t on• ·iu1 consider is Lhe iurrarcd divcrgenc<'.'l . 1ri fi.e lrl t. heoq they iu·isc 
from a very sperinl seL of Feymnan diagra11L'>. T his makes them sm.nltlabl ' t<1 i1ll orders 
iu perturbation Lhmry [3, 7- 9) . This suggc•st.~ 1·,hat on the AdS side the infrnrnd str11d 11re 
also ;.u: i se~ from 11011w v 'CY :>pccial minimal worldi.;hcets whosfl st11dy dl.)es 11<Jf, rcquirr Lh • 
cornplcte iu1swcr for the n-glnon amplitud<l. ht [LO) it was proposed th.at lh' infrared be­
havior cau be cornplclely derivetl from lhe worlrlshee!, who~P boundary is morrwnla of two 

ncigb bm-in l{ gl11m1s u1eeti11g at a r·usp. We> show that this is consistent with t lte i.nfrarc·d 
strnctun: 011 the fw ld LheClry side. When [Lppli .d Lo t he case uf four gluons, this proposal 
givt>s the sa111f' l\Jlswer as I. IP i'llfrru:rd dive.rgcJTL contri b11t.i o11 to tho four-glnon ;unpliL11d1-: 
found in [1]. 

2 Infrared Behavior in N = 4 Super Yang-Mills Theory 

The infrared behavior of the gluou amplitudes in N = 4 Super Yang-Mills Theory is 
known to all orders in perturbation theory and has a nice exponential structure [3, 7 -9]. In 
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our review below, we will follow section IV of [3]. We will assume that we have performed 
the color decomposition and study the leading-color partial amplitudes. First, let us 
define 

(1) 

In this equation, A~~ce and A~L)(€) are the tree-level and L-loop n-gluon amplitudes respec­
tively. The dependence on€ indicates that /vf~L) is evaluated in dimensional regularization. 
Furthermore, let us define 

00 

Mn(E) = 1 + L,aLM,\Ll(E), (2) 
/,=I 

where 
(3) 

), is the t'Hooft coupling and / is the Euler constant. For any neighboring pair of gluons 
i, i + 1 with momenta k; and k;+ 1 we introduce 

Si,i+I = (k; + k;+1) 2
, i = 1, · .. , n, Sn,n+l ::= Snt· (4) 

The leading-color all-loop infrared behavior of Mn(€) can be expressed as follows 

00 

lnMn(E) ~ L,a1j(ll(t)f~I)(lt). (5) 
l=I 

Here f~1 )(t) represents the infrared behavior at one loop and has the following additive 
structure 

where 
-(!) 1 ( µ" ) < In (si,i+I,€) = -- ---

2E2 -Si,i+l 

The function j<lJ(E) has a perturbative expansion in€ 

f(l)(E) = fJI) + fi')E + fJ1
)E2 +. · · · 

(6) 

(7) 

(8) 

The leading term JJ1l is known to coincide, up to a constant, with the cusp anomalous 
dimension l'(t), 

;(l) - 1 (!) (9) 
JO - 41' . 

Substituting J~1 l(E) into eq. (5) we obtain that the right hand side has the following 
functional dependence 

(10) 

for some function F which goes to zero for finite negative € as si,i+I goes to zero. To find 
another implication of the general infrared behavior (5) let us consider the terms of order 
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t 0 . It follows from eqs. (6), (7) and (8) that up to an additive constant In Mn(t) contains 
the the terms of the~ form 

ln:H,,(t)l,o ~ --J(>.) 2.:tn2 -~1- - -g(>.) Lin -~l- , 
1 " ( 2) 1 " ( 2) 

16 i = I -8;,i+I ..J. i= L -8i,i+l 
(11) 

where 
00 00 

J (>.) = 4 E >.' IJ'l = 2= >.',,(/) (12) 
l=l l=l 

is the all-loop cusp anomalous dimension and 

oo I (l) oo 

g(>.) = 2 2=).. {l - 871'e_,. 2= IJ'l. 
l=l l=l 

(13) 

Note that the definition of g(>.) depends on the infrared scaleµ. As we changeµ, µ --t µ"', 
we have 

g(>.) --+ g(>.) + 2J (>.)In"'· (14) 

On the other hand, the coefficient in front of the ln2 (-.7.:+>) term is always the cusp 
anomalous dimension. 

3 Infrared Behavior and Cusps in AdS 

In [1], Alday and Maldacena developed an approach to study the strong coupling limit 
of N = 4 gluon amplitudes using string theory in AdS space. As explained in [1 J, scat­
tering of open string states happens at large proper AdS momenta. Therefore, similarly 
to the flat space case [11], the scattering amplitude to the leading order is determined by 
the appropriate classical solution 

(15) 

where S is the action evaluated on the classical solution, which is just the area of the 
worldsheet . The prefactor was determined in [12]. Furthermore, similarly to the flat 
space case [11], A depends only on the momenta of the scattered particles and not on 
any other additional data like the helicity structure. All information about the momenta 
is encoded in the boundary conditions . To describe it, it is convenient to use the T-dual 
coordinates [13] (see [l] for details). In this coordinates, the metric is also AdS 

Figure 1: The boundary of the worldsheet of the n-gluon amplitude. For simplicity, we 
removed the factors of 271' multiplying each k;. 
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·' _ R2 dy1.cly1
' + dr' d., -- 2 , JI· = 0,' . , 3, 

1' 
(lG) 

where R is thP radi11s of AdS space>. The boundary conditions an' imposPd at r = 0. In the 
T-rlual coordi11nlcs tlir fact that a state has n10111Pntum /,;I'· trnnslat.c•s into th!' statement 
that. it. has a wi11rling 

(17) 

TIH 011 , the boundary condit.i!lns are such that as r -+ ll the worlclshed dc'scTibing the 
n-parl'.idc amplituclc ends on the vectorn 2;rk1t', ... , 2;rk~. The orc\m-ing of t\w vc>ctors 
corrcspcincls to t.hc particular color ordered aiuplitudc. From momentum conservation it 
follows that. the ah!lvc YPctors form a closed loop. 

Since N = 4 gluon amplitudes are infrared clivPrgent they have to he n'gulated. In 
order to he able to compare the string and field theory results, one has to use' tlw same 
regularization scheme. The most convenient is to use dimf>nsional regularization . The 
regulatc-'d AdS met.ric looks as follows [l] 

l 2 c;,:- ( dy~J + clr2) 
( S = V CDAD r2+' ' (18) 

where 

(19) 

The parametrization of An in terms of the IR scale /t is chosen to match the field theory 
side. In notation (18), the worldsheet action becomes 

kzj\k3 

+I \+. +1\ 
Figure 2: The graphical representation of the infrared divergences. Each cusp represents 
the boundary of the minimal worldsheet. 

S = J>.ncn I £,=o, 
2;r r' 

(20) 

where £,=0 is the Lagrangian evaluated at t = 0, that is using the metric (16) where the 
AdS radius is set to unity. 

Let us now consider the boundary of the worldsheet corresponding to the n-gluon 
amplitude as in Figure 1. The boundary consists of n vectors 27rkj, . .. , 2;rk~. We will 
denote by C, the cusp where the vectors 2;rkf and 2;rkf+ 1 meet. In this note, we propose 
that the infrared behavior of the n-gluon amplitude at strong coupling is fully captured 
by the local behavior of the worldsheet near the n cusps. To be more precise, we propose 
that the infrared divergences have the structure as in Figure 2. That is, 1 

" 
Jn iVln rv iSdiv(t) = L iS;,;+1(t) . (21) 

i = l 

1 In r.q. (21), it does not matter whether we write In A,, 01 In III,, since the <lifferr.nce between them, 
In A'.:" is independent of>. and, thus, is sub leading at strong coupling. 
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The summation is over all the pairs of neighboring gluons or, equivalently, over all cusps. 
The i-th term in the right hand sides in eq. (21) and in Figure 2 represents the area Si,i+I (f) 
of the minimal worldshect whose boundary is just the two vectors 271'kl' and 271'k:~ 1 • As a 
trivial consistency check, we note that eq. (21) has the same additive structure as cqs. (5), 
(G) 011 th lirld t.hror ' side. 

Sinco cq. (2 l) nnd Figurc1 2 haw f\11 additiv<! strn ·tur •, ii i: s 11 llicic11 t Lo i;iu,g](' 11111 
ouly one cusp C, find consid(:r tl1e prol>l!!m of fimli11g a u1foi111a l worlds h · t whi ·h en Is on 
Lhe vcdors 2rrA::' and 271'kl~ 1 . We want Lo point, out l.liat 11r cal ulnticm is universal and 
do s uot. depend on global str11 ·Lurr of th nmpliLudc. Without loss of gr.nornliLy. wCl c:a n 
11sHum Lhal Lhr worldshN•L is l ·ntr<l iu Lhc subspace parametrized by (y0 , !/J , y2 , r) aud 
set y3 = 0. 2 It is convenient to introduce the light-cone coordinates in the (y0 , yi) plane 

Y- = Yo - Y1, Y+ = Yo + Y1 · (22) 

We need to find a solution that turns into two intersecting lines whose directions are 
specified by ki and k;+ 1 as r --t 0. We can choose the coordinate system in such a way 
that one of the vectors, say ki, is located in the (y_, Y+) plane. Moreover, we can chose 
ki to lie along the Y+ direction. We parametrize it as 

271'ki = ZJ (0, 1, 0) (23) 

in the (y_, Y+, y2) coordinates. The parameter z1 is arbitrary as long as it is non-zero and 
finite. Similarly, we parametrize the vector ki+ 1 as 

(24) 

where a is the tangent of the angle between the lines when they are projected to the 
(y_, Y+) plane and z2 , like z1 , is an arbitrary non-zero finite parameter.From eqs. (23) 
and (24) it follows that 

(271') 2si,i+l == -QZ1Z2. (25) 

The solution to all orders in f with the appropriate boundary conditions was found in [10] 
to be 

(26) 

To continue, it is convenient to change the variables from (y_, Y+) to (Y_, Y+) so that the 
(L, Y+) components of 271'k; and 271'k;+ 1 become (0, 1) and (1, 0). The transformation is 
the following 

Y- = az2Y-, Y+ = z1Y+ + z2Y_. (27) 

In these new variables we get 

r(Y_,Y+) = Jl + f/2v'2/YY+. J-(27r)2s;,;+J, Y2(L.Y+) = v'az2Y_. (28) 

Substituting eqs. (27), (28) into the action (20), we obtain 

. . . ( __ J>.vcv v'f+'E (- )2 . . )_,12 [1 dY_dY+ 
iS,,.+1 f) - 411' (1 + t/2)1+</2 (271' s,,,+1 lo (2LY+)l+</2 · (29) 

2In principle, one can choose a coordinate system in which two light-like vectors lie in a two-plane. 
The choice of the coordinate system is a matter of convenience. The physical conclusions studied below 
are, of course, independent of this choice. 
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Assuming that f < 0 and performing the integral, we find that 

whcrr C( f) is given by 

/ 12' 
- --G(F), 
(- :;,,.+1 )• 

CE = _Fn (27r) - ' /f+f 
( ) 2</2 ( 47rc- 1')</2 (1 + E/2) L+</2 -

(30) 

(31) 

Eq_ (30) rcpresrnts onr final answer for Si,i+L (f) to all orders inf. Note that it depends 
only on the kinematic invariant si,i+l and not. separately on a, z 1 and z 2 . Fmthermore, 
note that eq. (30) is consistent with the general properties of the infrared behavior of 
N = 4 gluon amplitudes reviewed in the previous section. It is of the form (10), where 

the function F (A (-1;'_:+, ) ' , f.) is given hy 

F -X -- E =--
( ( 

/J,2 ) ' ) 1 
-s;,;+1 ' 2H 

(32) 

To compare eq. (30) with eq. (11) on the field theory side we have to expand C(t) to 
the linear order iu €. Up to a constant, this yields the following t-independent term in 
iS;,;+1(t) 

where 

and 

--f(-X)ln2 
- - - -g(-X) In -- , 1 ( µ2 ) 1 ( µ2 ) 

16 -Si,i+l 4 -Si,i+I 

v'A 
g(-X) = -(1 - In 2). 

27f 

(33) 

(34) 

(35) 

Since the general structure of the infrared divergences implies that the coefficient at 

ln2 (_L_) is the cusp anomalous dimension, we find that it behaves as v'A at strong 
- Si,t+l 

coupling which is in agreement with [l, 5, 6]. 
As the last consistency check, let us compare (30) with the infrared divergent con­

tribution to the strong coupling limit of the four-gluon amplitude which was obtain by 
Alday and Maldacena in [1]. In the case of the four-gluon amplitude we have only two 
independent kinematic invariants which are usually denoted by s and t, 

(36) 

As the result, eq. (21) becomes 

(37) 

where S,(t) is given by 

iS,(t)=-J__v'A J µ
2

' - ~v'A (l-ln2)J µ
2

' +O(t0
) 

t 2 27r (-s)' £ 47r (-s)' 
(38) 

and St(t) is given by the similar expression with s replaced with t. Quite remarkably, 
eqs. (37) and (38) exactly coincide with the infrared behavior of the four-gluon amplitude 
computed in [1] which represents a non-trivial check of our proposal. 
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