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Introduction and Summary 

The 28 GeV Proton Synchrotron of CERN (CPS) is now 
15 years old. Initially planned as an accelerator for 
25 GeV physics, the CPS is developing into the key ele- 
ment of an accelerator complex comprising recently built 
machines such as the 28 GeV Intersecting Storage Rings 
(ISR), the 800 MeV PS Booster (PSB), and the 300 GeV SPS 
now under construction. 

= 0.4 Tm-’ quadrupole, a*B/ap* = 12 Tm-’ sextupole, and 
a3B/ap3 = 70 ~m-~ octupole. The multipole field errors 
could, within 25 cm, be reduced to ABn 5 +0.3 G. 

The highest single conductor current for compensa- 
tion of saturation at 28 GeV plus the highest sextupole 
and octupole correcting multipoles would amount to 
= 2 kA. 

The CPS should thus accomplish a fourfold task: to 
accept from the PSB a high-intensity beam of 4-5 x lOI* 
p/pulse -- to be increased later to 1013 p/pulse; to ac- 
celerate and to distribute this beam to the ISR and the 
25 GeV physics experimental areas; and to serve from 
1976 onward as a reliable high-intensity 10 GeV injector 
for the SPS. 

Computation of PFW systems yielding 
harmonic multipole fields within the aperture 

of combined function accelerator magnets 

The method consists in finding the multipole field 
tangential component Bt (T) along the pole contour and 
expressing its roportionality with the line current 
density j, (Am-‘): 

In order to perform these tasks with success, a 
number of complex injection and slow and fast extraction 
systems have been developed which occupy a considerable 
part of the straight sections. In return, many initial- 
ly mounted correcting lenses have had to be withdrawn 
from these straight sections. 

The problem OE poleface windings (PFW) is intimate- 
ly related to a successful future high-intensity injec- 
tion and acceleration in the CPS. The PFW system has 
initially been foreseen to compensate remanent field and 
vacuum chamber eddy current effects at injection and to 
provide a certain compensation at saturation, i.e. a 
limited good field region at medium intensities when in- 
creasing the energy up to 28 GeV. 

Expressions will now be derived for the line cur- 
rent density j, and for the line currents along the in- 
cremental contour length bs - IQ = j, * As as well as 
for the horizontal projection Ih 

AX 
-- such as to yield 

multipole fields of the type: 

The pole contour may be a hyperbola or part of a 
circle or straight line: 

Recent investigations of the status of the actual 
PFW’s revealed the following: 

y-A 
(x + a) 

i) The now 15 year-old components and impregnation of 
the PFW do not meet today’s radiation resistance re- 
quirements, even at present intensities of 1.5-2 x 10” 
p/pulse. Replacement of the most irradiated PFW units 
will continue until 1975, when a general replacement of 
the entire PFW system will have to be envisaged. 

y = yo + Jr2 - (x - ~0)' (4) 

y = kx . (5) 

Hyperbolic pole profile 

In accordance with Fig. 1 one obtains for a dipole 
field Bo: 

ii) The future complex CPS operation implies full con- 
trol of the working point at injection, during acceler- 
ation, and at extraction. Chromaticity of the entire 
aperture and not only of the beam central part should 
be under control and collective instability phenomena 
controlled and compensated. 

B = Be sin CL = - BOY 
t 

JY2 
(6) 

+ (x + a)* 

In addition to injection and saturation error com- 
pensation one would aim at a PFW system allowing inde- 
pendent adjustment of QH and Qv and of their first- 
second- [aQH(V)/ap, a*QH(V)/aps], and perhaps higher- 
order derivatives. Compensation of high-intensity beam 
instabilities requires sextupole and octupole fields; 
higher-multipole fields could be useful for straight- 
ening the QH-QV curves at high-intensity acceleration. 

An adequate PFW system should thus be capable of 

IR = - BOY * As 
(7) 

‘Jo Y* + (x + a)* 

and for the more interesting current Ih corresponding to 
the horizontal projection of IQ: 

Ih = - B. Ax c 
PO(X + aj2 ’ 

creating independent quadrupole, sextupole, octupole, 
and higher-order fields, or any of their linear combin- 
ation. 

In this paper we present the computations for such 
a system which would consist of n conductors along the 
pole contour, supplied from n + 1 separate power sup- 
plies. By varying the currents in the n conductors and 
the return current balance, a very convenient practical 
layout can be obtained. 

We have succeeded in approximating the required 
theoretical line current distribution along the pole by 
only 4 or 5 discrete conductors carrying optimized cur- ^~ ,^ rents and yielding the required multipoles: a dB/dp = Fig. 1 
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Table 1 For a quadrupole field with the gradient G (Tm-“) 
one has in accordance with Fig. 1: 

Bt = Bx cos a + B sin a - G [’ 
(x + a)’ - cx 

Y (x + a)4 + 2 I 
(9) 

Ih - 
Ax G ca 

ua(x + aI2 ’ 
(10) 

The expressions for I yielding a sextupole, octu- 
pole, and decapole field P a e: 

‘h = 
(a’B/ap*)Axc (x2 + Pax)(a + x)' + c2 

wa (x + a)” ] . (11) 

For an octupole and decapole field one has 

‘h = 
(aJB/ap”)Ax 3X2C - cy2 - x”y + 3xy3 

61-10 x+a 1 (12) 

and 

‘h = 
(x + a)’ l 4x3c - (x + a)3 4x1~’ _ 

(x + ajb 

_ (x + a)4 cx' + (x + a)' 6x2c3 - c5 
(x + a)6 1 . (13) 

Circular profile part 

Equations 14 to 18 give Ih for dipole, quadrupole, 
sextupole, octupole, and decapole field configurations: 

‘h 
x-hxBo.2LLYL 

DO x - xl) (14) 

Ax(aB/ao) 
‘h= PO C 

y-It= x - leg 1 (15) 
Ih = 

Ax(a2mP2) 
21.10 C 

zxy _ (x2 _ y2) . y - YO 
x - xg 1 (16) 

‘h = 
Ax(a3BlaP3) 

6~0 
3x2y _ y3 _ cx3 _ 3xy2) . Y- (17) 

x - xg 1 
and 

‘h * 
Ax(a+B/apU) 

241~~ C 
4xy(x2 - y*) - 

- (x4 - 6x2y2 + y") e 
I 

. (18) 

Straight-line profile part 

The corresponding expressions for Ih are given 
below: 

‘h 
= Ax * B. * k no (19) 

Ih = 2Ax(aB/aP) . kx 
PO 

(20) 

Ih = AX(a2B’ap2) [zxy + k(x2 - y2)-, 
2110 

‘h = 
AX(aaB/aps) 

6~0 [3x2y - y3 + k(x3 - 3xy2)] 

(21) 

(22) 

Ih = Ax(,a;;;ap4) [4xy(x2 - y2) + k(x4 - 6x2y2 + y4)].(23) 

43” 
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Fig. 2 

Conductor No. 1 (A) 

1 920 
2 775 
3 663 
4 570 
5 500 
6 442 
7 393 
0 350 
9 31s 

10 285 
11 260 
12 236 
13 216 

t 

Conductor No. 1 (A) 

14 19s 
1s 184 
16 170 
17 158 
18 147 
19 137 
20 128 
21 120 
22 113 
23 106 
24 100 
2s 94.5 
26 89 
27 84.6 

J 

It should be noted that the multipole field expan- 
sion according to Eq. (2) is strictly valid within a 
circle of radius r equal to the half gap height at 
equilibrium orbit. In the CPS the corresponding radius 
is r - 5 cm. 

To check the validity of the exposed method, the 
current distribution for a quadrupole field of 0.49 ‘Rn-’ 
has in accordance with Fig. 2 been approximated by 27 
rectangular 30 mm2 conductors along the CPS pole con- 
tour. The corresponding currents are given in Table 1. 
The current pattern with the two return currents on the 
horizontal axis has been checked by the computer pro- 
gram MAGNET of Ch. Iselin; the result was a 0.40 + 0.02 
Tm- r field gradient within -8 cm < x < 8 cm. 

Possible practical solutions: 
optimized 4-S conductor PFW systems 

yielding the required saturation compensation 
and the correcting quadrupole, sextupole, 

and octupole multipoles 

The quantitative requirements to be met by a new 
CPS PFW system can be summarized as follows: 

i) Compensation of saturation up to the highest energy 
of 28 GeV, corresponding to a main 1.42 T magnetic field 
on the equilibrium orbit. 

From Fig. 3, showing the measured n = n(x) curve 
for the CPS magnet, one can express the saturation 
effect within -5 cm C x < S cm as: 

Saturation * 0.4 Tm-’ t 6 Tm-’ + 25 Tme3 t . . . . (24) 

I” 

! 
I *: ?Ydd-H- _- 

( Fig. 3 
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The PFW system should also be capable of: 

ii) providing a 3B/3p = C.38 * 0.02 Tm-’ quadrupole for 
iQ shift; 

iii) providing an additional S2B/3z2 = +4 Tm-’ sextupole 
for chronaticity regulation, and 

iv) an additional octupole 3’S/3p3 = 45 Tnw3 for in- 
stability damping. 

If possible, higher-order multipoles should also be 
produced. 

It is clear that PFW configurations such as the one 
shown in Fig. 2 have to be discarded in view of the pro- 
iiihitive costs and problems of operation that the large 
number of power supplies would entail. 

However, using the optimizaticn computer program 
MIKT i developed by K. Halbach, which determines the 
individual conductor currents for a given field pattern 
within an aperture and minimizes the remaining field 
errors, and applying the reasoning by the same author,’ 
we arrived at elegant solutions consisting of only 4 or 
5 conductors per pole contour, still respecting the 
rather stringent requirements (i) to (iv). 

The solution to the problem of selecting the number 
of conductors and the corresponding spacing between then 
was facilitated by examining Fig. 4, showing the field 
patterns produced by five individual conductors, fed by 
“unit currents” of 1GC A. The left-hand return conduc- 
tor R effect is also shown (the right-hand conductor 
zr, ssreened by tile pole, does not contribute to the 
field pattern). The required saturation compensation, 
quadrupole, sextupole, and octupole fields should be 
produced by optimized superposition of the individual 
conductur field patterns. 

Byi@ 4 nE‘D i.uT~~~Y FOR S,“‘?‘E dx”I3”cm~ 
^C /5 

-6 -5 -4 -3 -2 -7 0 r 2 z c 5 6 xc-) 

Fig. i, 

4,. x-34,. ‘C 

VARIANT 2 

Vii;. 5 
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Table 2 

Four conductor variant parameters 

Correcting Quadrupole 
multipole 0.4 (Tm-1) 

2156 
790 
494.8 
278.1 

41.9 

Sextupole Octupole 
12 (Tm-‘) 70 (TIII-~) 

Saturation Saturation Saturation 

f4 (Tm-2) 14 (Tm-‘) + 
45 (TT!-~) 

1 (A) 1 (A) 

1724.0 2003.0 
S28.2 769.9 
991.2 1019.9 

1120.6 1238.8 

210.1 193.9 

Table 3 

Five conductor variant parameters 

Saturation 
~45 (Tme3) , 

828.0 i 
741.6 
827.8 
928.1 

148.3 

‘~~;~~~~;~ Quadrupole Sextupole OctupOle 
0.4 (Tm-‘) 12 (Tm-*) 70 (TIII-~) 

Conductor 1 (A) 1 (A) 1 (A) I (A) 1 (A) I (A) 1 (A) 

1 2074.4 -4133.0 810.7 305.3 1683.0 2204.2 826.5 
2 804.8 -489.7 -85.9 526.6 689.8 634.6 471.4 
3 600.0 195.7 -30.3 b87.3 752.5 i 733.0 667.8 
4 446.4 728.2 57.6 831.0 1073.7 ~ 1110.8 868.1 
5 371.6 1130.7 368.0 1069.0 1445.9 1682.5 1305.6 

Return 381.5 -239.3 -19.0 352.9 432.1 420.5 340.7 
balance 

ilach individual field pattern can be characterized Expressed in other words, this additional degree of 
by its half-width between approximately the 0.25 and freedom can, in extremis, allow the current in any con- 
0.75 amplitude points. ductor to return either to the right or left conductors 

The number of individual conductors is related to 
RL or Rr. 

this width and to the choice of field pattern spacing Figure 5 shows the two PFW variants with four con- 
and overlapping. We have chosen conductor spacings of ductors (upper part) and five conductors (lower parts). 
4-b cm, corresponding to the field pattern half-width 
in Fig. 4. Tile field patterns thus overlap sufficiently 

Variant 1 would consist of only four scnductxs 

to produce the desired field and are not so close to- 
alon,: the pole contour the cross-sections being 58 :j 6 

gecher to have nearly redundant effects. 
ml* , 46 x 6 m*, 37 .< 4.5 IIX*, and 33 :< L.5 run*, respec- 
tively. 

Another important feature is the freely variable 
pole excitation or free repartition of the total return 

Variant 2 would consist -. of rl”r ,~industors cf 

current between R, and R-. This allows the optimized 
40 r b mm’ and 40 1 4.5 ITZI’ . 

superposition of 2 dipol;? and quadrupole field (from the Care has been taken to l.oc;lte tile cond,uctors with 
hyperbolic pole shape) upon the fields from the PFF adequate insulation olrtsiic t’lti zr.-;e!cp~’ rof t::e differ- 
cznduc tars . The total ?FW field can, by this additional ent CPS vacua chambers. 
degree G>f freedolm, be m.:de co correspond mere clo,+ely 
clnd ,.;itl; ;tss curre!:t to t’ie de;ir,*d field config:lrn- 
ti0r.s. 

Tables 2 dml 3 ;ilpL-kari:?e tiiii :::.iin para::rtrrs for 

the prCpc.;(sd .~ariant.; 1 .,:I?. .!. 
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Fig. 8 

Figures 6 to 9 show the remaining field errors on 
the nidplane for the case of saturation compensation, 

Since every conductor in Fig. 5 has been simulated 

quadrupole, sextupole, and octupole fields, as obtained 
by 3 to 6 point sources of equal current, the results 

by the computer program MIRT. 
are closely reflecting the true case of finite size 
conductors. 

Annex I 
Computation of the CPS magnet pole contour length As 

.lssur:ing an ideal hyperbolic protile given by 
EC.. (3), one can write: 

ds = dx ,‘T CZ = dx;i_ + (K + a)4 . 

Scbstitriting 

(:c c’ a)* = tg hci 

one obtains 

. . 

:< 2 
=-c 

I 
(1 + tg2 ffj 

‘/ 
:< 2 L (tg ‘%)h 

* da = 

9. 

i;- = -v‘!c 
i 

dlz 

<sin 2-j 
32 * 

Xi 

I Tile s,l>stitlltior I :,in 211 : t yields 
x2 

.: s e -& iit 
x : . . .:ir r 

) p!“q-qc * 

:i L 

.A fllrtil<‘r s*l;?, 
7 

tituti\jn I - t’ :: v’ ~i.el~i:, 
-.: _, 

:i = pi,- dv 
x:. . .x1 

(1 - V*) ,'gj (2 _ "2) 

I: I 

(A.lj 

(A.21 

(‘4.3) 

(A.r*j 

(‘1.5) 

~CT”PoE NE* ZRRCW FbR 46 rm-3 

4*, I 
Fig. 9 P 

The solution of Eq. (A.5) is the following combination 
of elliptic integrals: 

x* 

AS = “7 x1.. .x2 
1 - 0.5 sin’ u * tg I$ + 

X! 

with 

x; 
+ 0.5 * F(S,K) - E(O,K) (A.6) 

l-c I 

I r -l 
cos 4 = t =,i;i* 2 jarctg (x z aIz] 

(A.7j 

and K = l//2, i.e. 45’. 

F($,K) and E((>,K) are elliptic integrals of the 
first and second kind, to be found in Jahnke and Emde.’ 
It is, of course, simpler to compute the incremental 
pole contour length from: 

,I.s z J(x; - Xi)’ c (y* - jr:)2 (A.8; 
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