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1 Introduction

Quantum information theoretic approaches have been uncovering several profound proper-
ties of quantum field theory. In these approaches, nice features of mutual information and
relative entropy, such as positivity or monotonicity play a crucial role in deriving these re-
sults [1-10]. Furthermore, these properties can be used to constrain the dual gravitational
dynamics and spacetime structure through holography. For example, positivity of relative
entropy implies bulk linearized equations of motion [11-13] and constraints bulk matter
theory [14-18].

Mutual information I(A, B) in quantum field theory measures the correlations between
two regions A and B. More precisely, this quantity gives an upper bound on correlations
between A and B [19],
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where O4 and Op denote bounded operators on the region A and B respectively.
In [20, 21, 25] the mutual information of vacuum in two dimensional conformal field theory
was computed in the limit where the distance between A and B is large.! This was done by
expanding the four point function of the twist operators using their OPE, and gathering the
leading order contributions in this limit. This calculation is generalized to CFT in higher
dimensions [22, 23], by introducing the notion of a higher dimensional twist operator [22].
A nice feature of this formalism is that it makes the relation between 2d calculation and
it’s higher dimensional counterpart transparent.

In the first part of this paper, we calculate the mutual information of an arbitrary
excited state |V) in generic conformal field theory in the small subsystem size limit. We
derive this by computing a correlation function involving twist operators and operators
representing the excited state. The result is given by,
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where O is the lightest non vacuum operator in the CFT,? and A is the conformal dimension
of it. (la,«) and (Ip, ) denote (radius, location) of the subsystem A and B respectively.
Note that we can uniquely specify the locations «, 8 since we are considering the small
subsystem size limit. The result is essentially given by square of the connected two point
function of the operator O evaluated on the excited state |V).

Relative entropy S(p||o) measures the distance between two density matrices p and o,
and is defined by

S(p|lo) = trplog p — trplogo. (1.3)

When the subsystem A is a single connected region, the relative entropy Sa(pv||pw) be-
tween two reduced density matrices py, py of excited states |V), |W), py = trac|V) (V]
py = trac|W)(W| was computed in the small subsystem limit, both in 2d CFT [27] and
CFT in higher dimensions [28] by using the replica trick introduced in [29].

In the second part of this paper, we derive a general formula for the relative entropy
Saup(pv||pw) in the small interval limit [4,lp — 0. We do this by reading off the form of
the modular Hamiltonian of the excited state KXVU p from the mutual information result of
the first part.

The organization of this paper is as follows: in section 2, and section 3, we discuss
the mutual information of an excited state in the small subsystem size limit in 2d CFT.
In section 4 we generalize this result to higher dimensions. In section 5, we derive an
expression of the relative entropy S(pv||pw) of the disjoint subsystems in the same limit
by using the results of the previous two sections.

!This is equivalent to the small subsystem size limit |A|,|B| — 0 with the distance between them
kept fixed.

2In this paper, we assume that this operator O is a scalar. It should be straightforward to generalize
this to other cases where O has spin.



2 Mutual information in 2d CFT

In this section, we focus the on the mutual information,
I(A:B):SA—i-SB—SAUg, (2.1)

of an excited state in 2d CFT. We consider a CFT defined on a cylinder S' x R, and take
the subsystems A = [I1,ls], B = [I3,14] on a time slice S of the cylinder.
We compute the mutual information (2.1) by using the replica trick,

1
I(A: B) = lim 71 (A: B), (2.2)
n—1n —
with
I,(A: B) =logtr pi g — logtr p — logtr p'5. (2.3)

Each term in (2.3) can be expressed by a path integral on an n-sheeted cylinder with the
cut on the subsystem. By the exponential map w = e'*, each cylinder sheet is mapped to
the plane, and employing the orbifold description of the theory on the n sheeted plane ¥,,,
one can express them as the correlation functions involving the twist operators o, 5, [26],

tr plaup = (Vi(00)on(21)0 —n(22)0n(23)0 —n(24)V0(0)), Vi = V®n> (2.4)

tr plh = (Va(00)on(21)0-n(22)Va(0)), trpg = (Va(o0)on(23)5-n(22)Va(0)), (2.5)
where
2=l zp =2, g =,z =l (2.6)
By using these, we obtain,

(Vin(00)an(21)0—n(22)0n(23)5—n(24) Vi (0))
(Vi(00)on(21)G—n(22)Vn(0)) (Vi (00) o (23)5—n(24) Vi (0))

I,(A: B)=log (2.7)

3 Small interval expansion

3.1 Substituting the OPEs
The objective of this section is to find the leading behavior of the mutual information (2.1)

in the small subsystem limit, l1o =11 —lo — 0, 34 =3 — 14 — 0 with I3 kept fixed. To
see the leading behavior, we use the OPE of the twist operators [20, 21, 25],

n/2

0n(21)Fn(22) = (0n(21)G-n(22)) { 1 +ch D)) T 4y, (3)
with
TI(z9) = [@(22) @ 120-D0(29) ® I®(nfj+1)]
sym
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where O is the lightest non vacuum state of the seed theory with the conformal dimension

A, therefore Ap = 2A, and we have defined
By (p1,p1 + ) = IPPY @ O(20) @ TPV~ @ O(2) @ 18—P179), (3.3)

There is a similar OPE for 0,,(23)6_,,(z4).
Substituting these OPEs into (2.7), we get,

I(A: B) = (l12)**(I34 QAZCT“ Clo o (Vi (00)T(22) TP (24) Vin (0)), (3.4)

onG—n UnU n

in the small subsystem size limit, ly2,l34 — 0. Notice that since

Yoo, mi= Y Cl Bim, k), (3.5)
J (m,k)=1,m#k

it can be written in terms of B(j, k),

I(A: B) (3.6)

n n

1 j )
= (el Y Do gt G (Va(o0) Bay (pr,3) B (2. k) Va(0)).
(4:p1)=1.5#p1 (k.p2)=1k#p2

3.2 Computation of I,,(A : B)
The strategy to compute (3.6) is, first computing the sum with respect to j and k

B(j, B(k,
Ly = § : § - B.,(p1,5) Bz, (p2, k) Vi (0)) €207 0B r2)
k=1,k#p1 j=1,j#p2

n n
k7
> > L (3.7)
k=1,k#p1 j=1,j#p2

while keeping p1, pg ﬁxed then perform the sum with respect to p1,ps. The precise form
of the summand Ip1 'p, depends on the value of the indices, for example k = jp or k # jo.
We classify them and perform the sum carefully in appendix A.

After these calculations, we get following expression of I,,(A : B),

1
I,(A:B) = Z(ZIQ)QA(134)2A Z Ipypo + lel,m

P17£D2
1 n
= §(l12)2A(134)2A [(0aOg) = (OO > Clpi—k)?, (38
k=1,k#p1
here we introduced the simplified notations,
Clpr —p2) = Cr 2P {0,05) = (V(0)0(22)O(24)V (0)), (D) = (V(50)OaV (0)).

OnlG—n
(3.9)
and we have omitted terms which are not surviving the final n — 1 limit in (2.2).



The n — 1 limit of (3.8) can be easily taken by using the formula [20, 21],

n 1
fam= Y Cm—kP=Y — s o EBRTEA D g

k=1,k+#p i=1 (2nsin %k)Zm 21AT(2A +3/2) 7

3
I

therefore we get,

2
I(4,B) = (14)**(15)** (0aOp) — <Oa><05>] : (3.11)

2T'(2A + 3)

Here we introduced radii [ 4, g of the subsystems 214 = l19,2lp = l34.

4 Mutual information in higher dimensions

In this section we discuss the higher dimensional generalization of the above 2d calculation,
by using higher dimensional twist operators ¥4 developed recently in [22-24].

We will see that the result (3.11) remains to be true in this case, once we interpret
l4,lp as radii of the regions A, B.

4.1 Setups

We start from a d-dimensional conformal field theory on a cylinder S?~! x R. We define
the standard metric on this manifold,

ds® = dt* + (d6* + sin® 0dQ3_,), (4.1)

where d93—2 denotes the metric on the d-2 dimensional sphere S%2,

We choose the subsystem to be the union of two disjoint cap like regions A U B on
the spatial manifold S9! at t = 0. We again assume that two regions A and B are small,
therefore we can define radii [ 4,[p of the regions.

As in two dimensions, the trace of the reduced density matrix tr p’j ;5 of an excited
state |V) is given by the path integral on the n-sheet cover of S x R with the cut on
the subsystem AU B.

It is again useful to map the replica manifold to the n-sheet plane CE@ B(]Rd) with the
radial coordinate r, by the conformal map ¢t = logr. On the n-sheet plane, two regions A
and B are mapped to regions in r = 1 sphere, the excited states are located at r = 0, co.
By using state operator correspondence, we obtain,

n
A
tr pﬁluB - ZATJB <1_Il V(Ooj)v(oj)>cf4ngB(Rd)v (42)
]:
where ZXS p denotes the partition function on the n-sheet plane C’SL) B (RY).



4.2 Higher dimensional twist operators

In this section we briefly review the concept of a higher dimensional twist operator [22]. A
higher dimensional twist operator ¥4 of a region A is a non local operator defined in the
n copies of the original CFT (below this theory is denoted by CFT®"), and satisfies

(Z(l))n
A7n)<XZA>CFT®”7 (4.3)

(X) (
A

cm =
where X is a product of local operators of the CFT on C’E‘"). Note that we can naturally
interpret X to be an operator of CFT®",

In the small subsystem size limit |A| — 0, one can expand the twist operator by a set
of local operators of CFT®" on the region A [22],

Z(”)
(Z(l ; {k;} ®] 1 Ok (ra), (4.4)
A k

(n)

Furthermore, the coefficient Cﬁg]-} is given by the correlation function on C

n
A9

When the original theory is defined on a conformally flat space, these coefficients are
related to correlation functions on S' x H4 1, where H%~! is d — 1 dimensional hyperbolic

space [23]. If we pick up the first few terms in the small subsystem size expansion (4.4),

we get
z R "
s il KA DI C R B (1.6
(Z47) (p1.J)=1i#p:

where is By, (p1,7) is defined by
By, (p1,§) = I*P7D @ O(ra) @ I207P7D @ O(ra) @ 177, (4.7)

and O is the lightest non vacuum operator with the conformal dimension A. From the con-

formal map of interest, we can specify the subsystem size dependence of the coefficient [23],

C;A:ll J (QZA) Cp1,j7 (48)

and épm is independent of /4.

4.3 The expression of I,,(A, B)

By using the twist operators ¥4, ¥ g, we can write tr p{;(AU B) in term of the correlation
function in CFT®"

tr pl (AU B) = (V¥ (00) X 4X gV E™(0)) cppen- (4.9)



There are similar expressions of trp(;(A),trpy,(B). By substituting them into the
definition (2.3) of I,,(A, B), and by using the expansion (4.6), we get

I.(A, B) (4.10)

Al 4lp)%A " n ~ - . _ .
- ( 4) Z Z C(m,j)c(pz,k)<V® By, (p1,7)(00) By (2, k)VE(0)).
(p1,J)=1,p1#7 (p2,k)=1,p27#k

Note that this expression of I,,(A, B) is essentially same as that of the 2d counter-
part (3.6). This in particular means that (3.8) still holds in the higher dimensional case,

once we do the replacement C'(p; — j) — C’( . In [23] it was shown that

P1,5)
- T'(3/2)0(2A + 1)
2 —
Z C(phj) = (n—1) 24A1_‘(2A +3/2)° n—1, (4.11)
kzl)k7£pl

therefore the result (3.11) remains to be true in higher dimensions.

5 Relative entropy of two disjoint intervals

In this section we discuss the relative entropy Saup (pv||pw) of two disjoint subsystems
AU B in the small subsystem size limit. We take py, piw to be the reduced density matrices
of two excited states |V),|[W) on AU B. We calculate the relative entropy by finding the
form of the modular Hamiltonian K% 5 from entanglement first law, §S = (K% 5 dp).
Similar trick was used in [28] to derive the first asymmetric part of the relative entropy
Sa (pv||pw) of a connected region A.

5.1 Summary of entanglement entropy

Here we summarize the result of the entanglement entropy Saup of an exited state |I¥) on
AU B in the small interval limit. By using mutual information I(A, B) we can write this,

Saup = Sa+ Sp —I(A, B). (5.1)

S4 is the entanglement entropy of the region A, and in the small subsystem size limit
l4 — 0, it is given by (see for example [28]),

r)raAa+1)

S = (WIKYW) — ca BE(W|04W)? + -+ =2 7 5.2
alow) = (WIESIW) — ca B2 (W]01W) TS res L)
where - - - denotes the terms of O(I?2). K9 is the modular Hamiltonian of the vacuum, O

is the lightest non vacuum operator, and A is the conformal dimension of the operator O.
There is a similar expression for Sg(pw). When the original state is not pure but a

mixed state

0= pulw){wl, (5-3)
w
then the entanglement entropy of ¢ in this limit is given by

Sa(o) =tr [K%U} —cA PP tr [0OAP +---. (5.4)



The last term in (5.1) is the mutual information, in the small subsystem size limit
la,lp — 0, it is given by (1.2) which we reproduce here,

2
1A, B) = ()" 1) FEECA D | 5 00 li0) — (WIOAWNWIOWY| -

2T (2A + 3)
(5.5)
By defining
L(3reAa+1)
— (1 2A l 2A 2
cap = (la)*=(IB) Tor@eA T3 Y
M} = (W|040B|W) — (W]OAIW)(W|Op|W), (5.6)
we can write it as
IW(A,B) = cap(la,lp)(MY5)* + - - - . (5.7)

5.2 Modular Hamiltonian

If we slightly deform the reduced density matrix of |W), pw — pw + dp, then the entan-
glement entropy changes as

6Sap = (K4 p op), Ki,p=—logpw, (5.8)

K}L/KJB is the modular Hamiltonian of the state |W). It is convenient to divide it into
three parts
Kip=KY +Kj + Klip, (5.9)

and we define each part of the right hand side of (5.9) by

054 = (Kadp)  0Sp = (Kadp), (5.10)
—0I (A, B) = (K5 0p). (5.11)

By taking the variation of (5.4) with respect to the deformation of py and combine it
with (5.10), we get,

5S4 = (K%6p) — 2cal5 (Oa)w (0Oadp) = (KXY dp),  (Oa)w = (W[0OAW).  (5.12)

Since the above equation holds for any deformation of the reduced density matrix dp,
we can read off the expression of the modular Hamiltonian KZV,3

KW = K —2c422(0)wOu + - (5.13)

in the small interval limit, [4 — O.
By using a similar argument for (5.5), we obtain

KNy = —2MY5eap | 0405 — (Op)wO4 — (Oa)wOp| + - (5.14)

3We thank S.Leichenauer for discussion on this.



5.3 Relative entropy of two disjoint interval

By putting everything together, the relative entropy Saugp(pv||pw) is now given by

Saus(pv|lpw)
= AKY ) — ASaup

= (AL - a8a) + (A(KY) - ASp) + ((KY5) + AI(4, B))

= Salpvllow) +Sn(pvllow) +eas[(MYa— M2 20l (10)y (00w ] (5.15)

Sa(pv||pw) denotes the relative entropy of the region A [27, 28], which is given by
Salpvllpw) = calZ (V|04|V) = (W|OAW))* + -, (5.16)

in the small subsystem size limit. We have a similar expression for Sg(py||pw).
The last two terms of (5.15) involve both region A and B. Note that the last term is
asymmetric under the exchange of two states |V) <» |W).

6 Conclusions

In the first part of this paper, we derived a general formula for the mutual information
I(A, B) of an arbitrary excited state in the small subsystem size limit. In the context
of holography, this result should agree with the mutual information [ (A, E) of the bulk
quantum field theory of the regions A, B which are enclosed by the corresponding boundary
subsystems and the bulk RT surfaces [31, 32], according to the FLM conjecture [30]. It
would be interesting to check this statement concretely. When the CFT state is vacuum,
this was explicitly confirmed in [23] by calculating the mutual information on the dual
geometry, ie, anti de Sitter space. To reproduce our result (1.2) by a bulk calculation, we
need to generalize their work to the asymptotically AdS space with the back reaction of
the scalar condensate dual to (O).

In the second part, we derived a formula for the relative entropy Saugp(pv||pw) of
disjoint subsystems in the small subsystem size limit. We did this by reading off the form
of the modular Hamiltonian from the entanglement first law. It will be an interesting future
work to study the relative entropy numerically.
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A Some details of the calculation of I,,(A, B)

In this appendix we explain the detail of the calculation of I,,(A, B) defined by

I,(A: B) (A.1)
1 n n . ‘
= J(l)™ Y CoamICEEPD (V,(00) Buy (pr, ) B (p2: k) Vi 0))-
(4.:p1)=L.j#p1 (k,p2)=1k#p2
To do this we first compute the sum,
. . . B(j, B(k,
Lim= 2. 2 (Val00)Buy(p1,5)Bay(p2, )V (0)) Cod? 0
Jj=1,k#p1 k=1,k#p2
= > > L (4.2)

Jj=1,k#p1 k=1,k#p2

for fixed p1,p2, by classifying the possible forms of the summand Ig’llpr, then performing

the sum with respect to p1, ps.

Al I, p,:p1 # p2 case

This case is further classified into four possibilities, {(j=p2), (k=p1)}, {(j #p2), (k=p1)},

1 =p2),(k#p1)}, {(G # p2), (k#p1)}.

{(7 =p2),(k=mp1)}. When {(j =p2), (k =p1)} the summand in (3.4) is given by

72r = C(py —p2)2<0a05>2,

pip2

here we introduced the simplified notations,

Clp1 —po) = C, 7 = CBB) 1 (0,04) = (V(00)O(22)O(24)V (0)).
{(G = p2), (k #p1)}. When {(j = p2), (k # p1)}, The summand is given by
1725 = C(p2 — p1)C(k — p2){0a0p)(0a)(Op),

with
(Oa) = (V(00)O(22)V(0)),  (Op) = (V(00)O(24)V(0)).

The sum with respect to k is given by,

Z Igf];l; = Z C(p1 — p2)C(k — p2)(0a0p)(0a)(Op)
k=1,k#p1,p2 k=1,k#p1,p2

n

= O —p2) | Y Clh—p)~Clor—p2)| (0a05)00) (0).

k:17k¢p2

,10,

(A.3)

(A.4)



{(G # p2), (k =p1)}. Similarly, when {(j # p2), (k = p1)}

n

S = Com)| S CU-p)-Clor-p) | (a0 (0005, (A8)

J=L,j#p1,p2 Jj=1,j#p1

{(5 # p2),(k # p1)}. Let us finally consider the {(j # p2), (k # p1)} case. It is useful
to further separate this case into j = k, and j # k. The j = k result is given by

ST = S Clk—p)C(k—p2)(0.05)(0u)(05).  (A9)
kzl’k#plpr kzl,k#phpQ

The j # k result is

DR DR (A.10)

j:17.];ép1 k‘:]ﬂk‘#plmj

Yo Y ClG - p)COk — p2)(0a)HO5)?

J=1.j#p1 k=1,k#p1,j

K > com)( > cwm) > Clk—p)Ck—p2)

J=1j#p1 k=1,k#p2 k=1,k#p1,p2

(0a)*(0p)*.

C(Plpz)( o ocli-m+ > C(kpl)C(Plpz))

J=1.j#p1 k=1,k#ps

Net result for I, ,,. By putting (A.7), (A.8), (A.9), (A.10) together, we get,

= XY B = Clou =2 [10.05) — (00)(05)]

j=1,k#p1 k=1,k#p>

( > C(kp1>0<kp2))+0p1 ( Z Clk=p2)+ Y cum)]

k=1,k#p1,p2 k=1,k#p2 Jj=1.j#p1

+

X [{0a03) — (0u)(0)] (0} (O5)

= Olr — )2 [(0a05) ~ (00)(05)]

+ Y Ck—p)C(k—p2) [<oa05> OO (OO, 1 1. (A.11)
k=1,k#p1,p2

In the last line we only picked up terms which are proportional to (n-1) after the final

analytic continuation. Terms which are ignored in the last line are proportional to (n—1)2
in I,,(A : B). For example

> > Clpr—p2)Ck—p2) = f(n,A/2)* o (n—1)%, n— L (A.12)
p1=1,p1#p2 k=1,k#p2

where f(n,A) is defined in (3.10),

— 11 —



A.2 I, p,:p1 = p2 case
When j =k,

n

Yo Ih = > Clor—k)*(0a0p)*. (A.13)
k=1.k#p1 k=1,k#p1

j # k result is

S50 = 3 S CG-p)Ch—p1)(0a05)(0.)(05)  (A.14)
J=1,j#p1 k=1,k#j,p1 J=1,3#p1 k=1,k#j,p1
2

- Y Clk—p) | — > Cli—p1)* | {0a05){0u){Op).
k=1,k#p1 k=1,k#p1
Therefore
Lipi = . Clon = k)2[(0a03) — (0a)(05)] (CaOp). (A.15)
k=1,k#p1

Again we only picked up terms surviving n — 1 limit.

A.3 The final result
By combining (A.15) and (A.11), and using the identity

2

Y Y Clk-p)Clk—p2)=n| > Clk—p)| =>_> Clp—k)? (A16)

p1#p2 k#p1,p2 p1=1,p1#k k p1#k

we get the expression of I,,(A : B),

1
I,(A:B) = Z(hz)A(l?A)A Z Ipps + Zf’phm

P17£DP2 P1
- %(112)A(l34)A [(0aOp) = (Oa)(Op))? k:%:# Clpr — k). (A.17)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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