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Abstract: The understanding of the primordial mechanism that seeded the cosmic structures we
observe today in the sky is one of the major goals in cosmology. The leading paradigm for such a
mechanism is provided by the inflationary scenario, a period of violent accelerated expansion in
the very early stages of evolution of the universe. While our current knowledge of the physics of
inflation is limited to phenomenological models which fit observations, an exquisite understanding
of the particle content and interactions taking place during inflation would provide breakthroughs in
our understanding of fundamental physics at high energies. In this review, we summarize recent
theoretical progress in the modeling of the imprint of primordial interactions in the large-scale
structures of the universe. We focus specifically on the effects of such interactions on the statistical
distribution of dark-matter halos, providing a consistent treatment of the steps required to connect
the correlations generated among fields during inflation all the way to the late-time correlations
of halos.
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1. Introduction

Cosmological observations reveal a universe filled with structures over a wide range of scales.
The last three decades of research in the field of cosmology have seen a huge development in our
understanding of how these cosmic structures were formed throughout the history of the universe.
The current standard cosmological model can make a consistent timeline of the dynamical evolution of
the universe over the course of 13 billion years. During the earliest known stage of cosmic evolution,
an accelerated expansion phase known as cosmic inflation [1–4], primordial perturbations are believed
to have formed, providing the seed for the formation of all structures at later times. In the inflationary
scenario, these perturbations come from quantum fluctuations of scalar fields in an expanding
background [5]. As they are produced, they are stretched to very large scales, outside of the causal
horizon, where they remain frozen. In subsequent stages of the cosmic evolution, these perturbations
reenter the horizon, providing small inhomogeneities over the whole universe. The inhomogeneities
grow due to gravitational instability and form the cosmic structures that we observe today.

The characteristics of the primordial perturbations have been best constrained by the statistical
analysis of the temperature anisotropies in the Cosmic Microwave Background (CMB), the relic light
that decoupled from all interactions in the moment in which electrons and protons combined to
form neutral hydrogen atoms, 380,000 years after inflation. Observations of the CMB temperature
anisotropies require that (i) superhorizon, (ii) nearly scale-invariant, (iii) very close to Gaussian and
(iv) adiabatic perturbations are produced in the early universe [6]. These features are strong hints that
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an inflationary mechanism indeed took place1. Despite the great success of observing such features,
it is somewhat underwhelming to realize that the constraints from the CMB power spectrum are far
from restrictive on inflationary models. Indeed, hundreds of models of inflation exist which can satisfy
these constraints.

A deeper understanding of the physics of inflation would fill our knowledge of the universe up
to 10−30 seconds after the Big Bang. The theoretical and observational challenges pertaining such
a search are somewhat hard to tackle. Other observational windows into the primordial universe,
such as primordial nucleosynthesis (happened around 3 min after the Big Bang) and recombination
(∼380,000 years), are governed by the laws of nuclear and atomic physics which have been established
and extensively tested on Earth over the last century. On the other hand, the processes involved
during inflation are still modeled using mostly simplified phenomenological mechanisms, because
the typical energy scale at which inflation takes place is far above the TeV scale, thus inaccessible to
experiments on Earth. Moreover, the inflationary environment most probably does not involve fields
and interactions of our standard model of particle physics, the elementary particles we are made of
being generated at a later stage of cosmic evolution. The bright side is that any new discovery is a clear
window on new physics, being able to explore energies as high as 1014 GeV, just a couple of orders
of magnitude away from the Planck energy scale, thus providing us the best hope of experimentally
probing quantum gravity.

A strong prediction which is common to all inflationary constructions is the production of
primordial gravitational waves. Unfortunately, we have not been able to observe them yet. The Planck
data, combined with the BICEP/Keck array measurements, constrain primordial gravitational waves
perturbations to have amplitude 6.4% smaller than scalar ones [9]. While a minimal number
of gravitational waves is necessarily produced by any model of inflation, lower bounds can be
unobservably low. For instance, if the amplitude of tensor fluctuations scales as the fourth root
of the energy scale of inflation [10], as expected for a large class of models of inflation, primordial
gravitational waves might be as far as ∼40 orders of magnitude away from current limits2.

Beside the existence of primordial gravitational waves, a great deal of information is still hidden
in the statistics of scalar perturbations. Indeed, the characteristics listed above concern only the power
spectrum, which tells us about the underlying free-field theory of the inflaton. On the other hand,
attempts at building inflationary models from string theory and even particle physics perspective
are usually characterized by a very rich particle content and interactions (see [11,12] for reviews).
Current limits on higher-order statistics impose interactions among fields to be rather weak, at least
on the inflationary direction in field space [6]. Nevertheless, there is still plenty of room to explore
possibilities. Moreover, even in the simplest model of single-field inflation a minimal coupling to
gravity is present. This is usually called gravitational floor of interactions and it is a “must observe”
feature of all inflationary models. Although the detection of such an imprint is still at least two
orders of magnitudes away from the sensitivity of current experiments, it does represent a guaranteed
discovery which should be a main focus in cosmological searches.

Given the importance of such a search, there has been a growing effort in finding new observables
that can constrain inflation. A promising observational probe of inflation is the study of structure
formation at large scales and late times. Primordial perturbations provide the initial conditions
with which matter overdensities grew under the effect of gravitational instability and formed all
the structures in the universe. It is, therefore, natural to hope to extract information about inflation
by studying how matter is distributed in the universe. This task is complicated by the fact that
gravitational instability is a non-linear process and most of the information on initial conditions
is washed out once away from the linear regime. This is the reason CMB searches for primordial

1 We should not forget however that alternative models to inflation are also able to pass these tests (see for instance [7] for a
recent comparison of ekpyrotic models [8] with Planck data).

2 This limit is calculated by imposing the minimal reheating temperature which realizes successful Big Bang nucleosynthesis.
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non-Gaussianities have dominated the efforts of the last two decades: at the last scattering surface,
perturbations are still mostly linear. However, recent developments in large-scale structure (LSS)
theory and observations have demonstrated that LSS can provide better constraints than the CMB in
the near future. A recent analysis showed the first such example: using Baryon Acoustic Oscillations
data from the BOSS collaboration [13], the authors of [14] have put constraints on primordial
features that are stronger than CMB ones [6]. For primordial non-Gaussianity, results from eBOSS
collaboration have given the most recent constraints on local-type primordial non-Gaussianity [15]
and are expected to reach CMB sensitivity including the full set of data in the next few months. In the
close future, the recently funded SPHEREx mission is one of the most promising examples of this great
potential [16], along with Euclid [17], LSST [18] and SKA [19]. A strong feature of LSS observations
is the fact that they explore a tridimensional volume, as opposed to the bidimensional photon last
scattering surface probed by the CMB. The number of modes available to constrain the statistical
distribution of perturbations is therefore greatly enhanced. Moreover, a variety of different probes
can be exploited: the statistical distribution of galaxies can be mapped through spectroscopic and
photometric surveys, while weak gravitational lensing can trace the dark-matter distribution directly.
In addition, galaxy-intrinsic alignments can also provide constraints on primordial scalar and tensor
perturbations [20–22]. Higher-redshift probes include the 21-cm neutral hydrogen line [23–28] and
intensity mapping with other emission lines [29,30]. While experimental efforts on these directions are
still not as developed as for lower-redshift ones, their potential is huge given that they explore various
ranges in redshift and therefore observed volume.

Plan of the review. In this review, we want to summarize recent theoretical progress in the
modeling of the imprint of primordial interactions, taking place during inflation, in the clustering
of dark-matter halos. We follow primordial perturbations in chronological order from the very
early universe to the present day, considering their impact in the statistics of rare objects and of the
lowest order clustering statistics. Particular attention is devoted to reviewing the latest theoretical
developments in characterizing interactions taking place during, or right after, inflation as a source of
primordial non-Gaussianity. We will therefore start by providing a quick overview of the inflationary
mechanism with a focus on the generation of primordial perturbations in Section 2. The following
Section 3 investigates interactions taking place during inflation and their observable signature in the
three-point function of the primordial curvature perturbation. Section 4 is a bridge connecting the
primordial curvature perturbation to perturbations in the dark-matter density field. We then proceed
with the two main sections of the review: the imprint of primordial interactions in one- and two-point
statistics of dark-matter halos, Sections 5 and 6 respectively. We conclude by providing an overview of
observational prospects in Section 7.

Not in this review. Before we begin, we find it useful to briefly stress what this review will not be
about. On the inflationary side, this review will deal with interactions among fields, or self-interactions,
which generate a non-zero three-point correlation function of primordial perturbations, neglecting all
higher-order correlations which are also generated. This choice is partially justified by the fact that we
expect most models to respect a perturbative expansion, and therefore higher-order correlations to
be increasingly suppressed. On the other hand, there are various examples in which the study of the
four-point correlation function is interesting and can lead to observable imprints. Another limitation
on the inflationary side is that, even restricting to interactions generating three-point correlations only,
the list of models investigated here is not exhaustive. On the LSS side, the main limitation of this review
is that it does not deal with the real observable, i.e., galaxies and clusters of galaxies. While luminous
galaxies are the main observable tracers of the dark-matter statistical distribution, dark-matter halos
provide the building blocks for their formation. Their study is therefore a crucial step for connecting
theoretical predictions from inflation to observable imprints in LSS. It is clearly not the last, nor the
only step: indeed, this review will not deal with several interesting issues, such as, for instance, the
way in which galaxies populate halos. Even within the modeling of dark-matter halos, we will restrict
mostly to the analytic treatment of the evolution of perturbations, from inflation all the way to the
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present universe, although short paragraphs will be devoted to recent numerical progress in the study
of structure formation. A further limitation is that we will not make any computation in redshift
space, which is where galaxies are observed. Finally, we will not investigate the three-point correlation
function of halos (nor galaxies), which is a natural observable for primordial three-point functions.

2. Inflation and Primordial Perturbations

It is a remarkable achievement of the generic inflationary scenario to provide a mechanism to
generate primordial perturbations, which source the formation of structure in the universe, considering
that it was not designed for it, but to solve the well-known hot Big Bang problems [1–3]. There are
countless good introductions to inflation and the production of primordial perturbations, including
textbook material [31–36] and reviews [11,37–39]. The reader is encouraged to look at these references
for a detailed analysis. Here we will give the main physical intuition without enter any technical detail.

2.1. Background Evolution

A good simple model to start with is a single scalar field, called generically the inflaton, coupled
to gravity through the metric gµν and slowly rolling down its potential. Its vacuum energy drives the
accelerated expansion of the universe. The corresponding action reads

S =
MP
2

∫
d4x

√
−gR +

∫
d4x

√
−g
[
−1

2
gµν∂µφ∂νφ−V(φ)

]
, (1)

where MP is the reduced Planck mass, the first term is the Einstein–Hilbert action and
V(φ) is the slow-roll potential. The background evolution is studied by assuming a flat
Friedmann–Lemaître–Robertson–Walker (FLRW) metric

ds2 = −dt2 + a2(t)dx2, (2)

where a(t) is the scale factor, for which the equations of motion are

H2 =
1

3M2
P

(
1
2

φ̇2
0 + V(φ0)

)
, (3)

Ḣ = −
φ̇2

0
2M2

P
, (4)

φ̈0 + 3Hφ̇0 + V′ = 0. (5)

Here the prime on the potential V indicates derivation with respect to the background field φ0,
while the dot denotes the time derivative with respect to cosmic time t. The expansion rate H = ȧ/a,
known as the Hubble parameter, is determined by the first equation, while the evolution of the
background field φ0 is determined by the third equation and the two are connected by the second
equation. Inflation can be achieved when the potential V dominates over the kinetic energy of the
inflation. Consequently, Ḣ ≈ 0 and the scale factor grows exponentially. Observations of the CMB
require a minimum duration for inflation to solve the horizon and flatness problems. This is usually
quantified in number e-folds N

N(φ) ≡
∫ ae

a
dln a =

∫ te

t
H dt (6)

here measured from a time t during inflation until the end of inflation, te. In this parametrization,
inflation is required by CMB to run for O(60) e-folds [6] and as a consequence the Hubble parameter
has to stay almost constant within a typical Hubble time H−1. The slow-roll conditions therefore are

ε ≡ − Ḣ
H2 � 1, η ≡ ε̇

εH
< 1 (7)
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and must be satisfied during inflation. Using Friedmann equations, we can impose the slow-roll
conditions on the shape of the potential as well

εV ≡
M2

P
2

(
V′

V

)2

< 1, ηV ≡ M2
P

∣∣∣∣V′′V

∣∣∣∣ < 1. (8)

Within the approximation of perfectly constant rate of expansion, the scale factor grows
exponentially in time a ∝ eHt and the space-time is called De-Sitter (DS) space-time.

2.2. Quantum Fluctuations of the Inflaton

Let us now turn to perturbations. The inflaton field sets a “clock” for the amount of the expansion
that the universe goes through during this phase and this amount is dictated, as a lower limit, by
observations. A quantum-mechanical clock cannot be infinitely precise though, as a consequence
of Heisenberg’s uncertainty principle, instead it has a variance. The inflaton is therefore subject to
spatially varying fluctuations, such that

φ(x, t) = φ0(t) + δφ(x, t). (9)

These spatial fluctuations determine small differences in the time at which inflation ends, so
that the universe inflates by different amounts in different regions. This physical phenomenon is at
the basis of the generation of the primordial perturbations throughout the density distribution in
the universe.

Because of the quantum nature of these primordial perturbations, the full computation would
involve the quantization of the coupled fluctuations of the inflaton and the metric. For this review,
it is sufficient to only show the case of a perturbed scalar field in DS without coupling to gravity.
Counter-intuitively, this treatment captures most of the crucial points of the full coupled system and it
is somewhat technically simpler. We also ignore terms suppressed by the slow-roll parameters for now,
so that for example, the inflaton is effectively massless, being the second derivative of the potential
constrained by Equation (8). The action for the perturbed massless free field at second order reads

S =
1
2

∫
dτd3x a2

[
(∂τδφ)2 − (∂iδφ)2

]
, (10)

where we have defined conformal time τ as dt ≡ adτ. Please note that τ ∈ (−∞, 0). The equations of
motion in Fourier space for this action read

δφ′′(k, τ) + 2Hδφ′(k, τ) + k2δφ(k, τ) = 0, (11)

where H is the Hubble parameter in conformal time. The generic solution to this differential
equation is3

u(k, τ) = c1
H√
2k3

(1 + ikτ)e−ikτ + c2
H√
2k3

(1− ikτ)eikτ . (12)

To quantize the perturbations, we promote the field δφ and its conjugate momentum δπ ≡
∂L/∂δφ′ to operators and write canonical commutation relations

[δφ̂(x, τ), δπ̂(y, τ)] = iδ(x− y), (13)

[δφ̂(x, τ), δφ̂(y, τ)] = 0, [δπ̂(x, τ), δπ̂(y, τ)] = 0. (14)

3 Here we used the approximation of perfectly DS space-time, which implies τ = −1/Ha. Corrections are proportional to
slow-roll parameters, which indeed we are neglecting at this stage.
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It is useful to decompose the field defining time-independent creation and annihilation operators
in Fourier space

δφ̂(k, τ) = u(k, τ)ak + u∗(−k, τ)a†
−k, (15)

δπ̂(k, τ) = a2u′(k, τ)ak + a2u′∗(−k, τ)a†
−k, (16)

with commutation relations

[ap, a†
−q] = (2π)3δ(3)(p + q), (17)

[ap, a−q] = 0, [a†
p, a†
−q] = 0, (18)

which follow from the fact that a2u(k, τ)u′∗(k, τ)− c.c. = t -independent constant. We would like
now to fix the initial conditions c1 and c2. The first constraint comes from the normalization conditions

|c1|2 − |c2|2 = 1 (19)

and the second from choosing the vacuum state. To do this, we notice that on sub-horizon scales, i.e., for
kτ � 1, the system changes on time scales much shorter than the typical time scale of expansion, H−1.
In this limit, the first term of the solution Equation (12) approaches the vacuum mode of Minkowski
space-time and hence defines a preferable set of mode functions and a unique physical vacuum, usually
referred to as Bunch–Davies state [40]. With this choice of initial conditions, the solution reads

u(k, τ) =
H√
2k3

(1 + ikτ)e−ikτ . (20)

While well within the horizon, kτ � 1, this solution is highly oscillatory, in the opposite limit, on
superhorizon scales, the amplitude asymptotes to a constant. This is the essential feature of models
of inflation, because it states that patches of the size of the horizon or bigger evolve classically with
spatially modulated amplitude given by the different values of δφ at horizon exit for that patch.
Consequently, the “inflation clock” stops at slightly different times in different patches of the universe,
or, in other words, the inflationary e-folding has space-dependent variations of size

ζ ≈ Hδt ≈ H
δφ

φ̇0
, (21)

where the approximate equality indicates again corrections suppressed by slow-roll parameters. An
analysis extended to the coupled inflaton-metric fluctuations would show that ζ can be defined as a
Gauge-invariant quantity, called comoving curvature perturbation, which is conserved on superhorizon
scales and it is directly related to the temperature anisotropies we observe in the CMB, ζ ≈ −5∆T/T.
Correlation functions of this quantity therefore characterize perturbations produced during inflation.
The power spectrum Pζ is defined as

〈0|ζ(k1, 0)ζ(k2, 0)|0〉 = (2π)3δ(3)(k1 + k2)Pζ(k1). (22)

Combining Equations (21), (15) and (20) we get

Pζ =
H2
∗

8π2M2
Pε∗

(
k
k∗

)ns−1
, (23)
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where it is customary to define a dimensionless power spectrum as Pζ(k) ≡ k3/2π2Pζ(k). Here ∗
indicates that the quantities are computed at horizon crossing, kτ∗ = 1, and we reinstated slow-roll
suppressed parameters in the last factor, giving the power spectrum a spectral index

ns − 1 ≡
dlnPζ

dlnk
= −2ε− η. (24)

The amplitude As = H2
∗/8π2M2

Pε∗ and spectral index ns of the power spectrum have been
measured by Planck [9] to be

As = (3.044± 0.014)× 10−10, (25)

ns = 0.9649± 0.0042. (26)

It is remarkable to notice that the deviation of ns from 1 is statistically significant, indicating the
first direct measurement of time dependence in the inflationary evolution. On the other hand, since
there is no direct constraint on the slow-roll parameter ε, the value of the Hubble parameter during
inflation, which is related to the energy scale of inflation, is still unknown. A measurement of the
primordial gravitational waves power spectrum would break the degeneracy.

3. Interactions from Inflationary Models

In the previous section, we have shown how a simple phenomenological model of inflation with
a single scalar field driving the accelerated expansion is able to produce primordial perturbations
with characteristics that match CMB observations. Constructing an inflationary setting featuring
these predictions is not as hard as it would seem: indeed, a wide range of viable inflation models are
available in the market. For this reason, it becomes crucial to extract information about higher-order
primordial correlators, which would indicate that the statistics of ζ is not Gaussian and that non-linear
interactions are taking place during or after inflation. As we briefly show in this section, the nature of
these non-linear couplings is encoded in the higher-order correlators.

Plan of the section. We start by briefly introducing the basic points of the in-in formalism and
connect it to the deviation from Gaussian statistics of the primordial perturbation ζ in Section 3.1, we
then review different types of interactions as produced by various models, or classes of models, of
inflation in Section 3.2 and we conclude with remarks about the current status and future prospects of
detection of primordial non-Gaussianity, Section 3.3.

3.1. Interactions as Non-Gaussianities

The computation of correlation functions in inflation is somewhat different than the usual
quantum field theory methods applied to particle physics. In the latter case, scattering amplitudes
are considered to be non-interacting at some very early and very late times, far enough from the
interaction region. In this way, the boundary conditions are taken to be vacuum states of the free
theory on these limits, respectively called in and out states. On the other hand, during inflation the
universe undergoes accelerating expansion and correlation functions are to be computed at fixed time.
As we have seen in the previous section, only modes with wavelengths much smaller than the horizon
can be approximated as living in a flat Minkowski space. This is the limit where the Bunch–Davies
vacuum has been defined. Boundary conditions are therefore defined only at very early times, when
most of the wavelengths are well within the horizon. The formalism to compute correlation functions
in cosmological settings is called the in-in formalism [41–45]. A generic form for an in-in correlator is

〈Q̂(τ)〉 = 〈Ω|Q̂(τ)|Ω〉, (27)

where Q(τ) represents the operator of the product of n-curvature perturbation ζs so that Q̂ =

ζk1 ζk2 ...ζkn and Ω is the in state, the vacuum of the interacting theory. Please note that more in



Galaxies 2018, 7, 71 8 of 67

general, there could be combinations of both ζ and γ, the tensor perturbation, in Q̂. In this review,
we only focus on ζ, but tensor perturbations are equally important in constraining the inflationary
scenario [46–50].

The time τ at which the correlator is computed is usually either at horizon crossing for the modes
of interest or at the end of inflation. The strategy to compute correlators such as the one in Equation (27)
is to evolve Q(τ) back to initial time τi where the vacuum state is defined. To do that, the interaction
picture is used, in which the background time dependence is determined by the quadratic Hamiltonian
H0, while interactions arise as corrections to H0 through the interaction Hamiltonian Hint. Equation
(27) is therefore evaluated formally as

〈Q̂(τ)〉 = 〈0| T̄ ei
∫ τ
−∞(1−iε) Ĥ I

int(τ
′)dτ′ Q̂I(τ) T ei

∫ τ
−∞(1+iε) Ĥ I

int(τ
′′)dτ′′ |0〉, (28)

where T and T̄ are time and reversed time-ordering symbols and Q̂I and Ĥ I
int are evaluated using

interaction picture operators. The iε prescription allows projection of the interacting vacuum state, Ω
to the free one. The above expression can be expanded as a power series in Hint. Interactions are then
organized as usual using Feynman diagrams. As an example, let us take the three-point correlator of ζ

expanding Equation (28) to first order

〈ζk1 ζk2 ζk3〉 ≈ −i
∫ 0

−∞
dτ〈0| [ζ̂k1 ζ̂k2 ζ̂k3(0), Ĥint(τ)] |0〉, (29)

where Hint = −L3 +O(ζ4) and L3 is the perturbed Lagrangian up to cubic order in ζ and we have
taken the superhorizon limit kτ → 0. This is how interactions connect to non-Gaussianities through
the perturbed action: they generate higher-order correlators, such as the bispectrum in Equation (29).

In this review, we exclusively consider non-Gaussian signatures which come from a non-zero
three-point correlation function, or more frequently used, its equivalent in Fourier space,
the bispectrum

Bζ(k1, k2, k3) ≡ 〈ζk1 ζk2 ζk3〉. (30)

It is customary to decompose Bζ as

Bζ(k1, k2, k3) = (2π)3δ(3)(k1 + k2 + k3)
(2π2)2

(k1k2k3)2P
2
ζ (k∗)S(k1, k2, k3), (31)

where we assumed statistical homogeneity and isotropy and we evaluate the dimensionless power
spectrum, Pζ at pivot value, neglecting the small-scale dependence (k/kp)ns−1 from now on. All the
momentum dependence goes therefore in the function S , which encodes all the crucial information
about the bispectrum. This information can be categorized into three features:

• the shape of the bispectrum, which is usually expressed through the dependence of S on the ratio
of the momenta, for instance k2/k1 and k3/k1.

• the running of the bispectrum, which refers to the dependence of S on the sum of the amplitude
of the wave numbers K = k1 + k2 + k3.

• the amplitude of the bispectrum, usually denoted as fNL and defined as

S(k1, k2, k3)
k1=k2=k3
−−−−−→ 18

5
fNL(K), (32)

where, as we can see, fNL can generically depend on K.

3.2. Interactions in Models of Inflation

Having made the connection between interactions and non-Gaussianities, we now classify
models of inflation by the interactions, and consequently non-Gaussianities, they produce during
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inflation. All these models satisfy the minimal current constraints on inflation that we outlined in the
previous Section 2. Therefore, the only way to discriminate among them is to observe some degree of
non-Gaussianity in the CMB temperature anisotropies or in the LSS.

In the phenomenological example we outlined in Section 2, inflation is run by a single, scalar
field. Even in this simple case, non-Gaussianities through various types of interactions are produced,
leading to a rich phenomenology in correlation functions of the curvature perturbation ζ. On the other
hand, it is reasonable to think that inflation was populated by many fields. The case of more than one
field during inflation is clearly even richer, as it includes all the features of single-field models plus the
possible interactions among the fields. These fields might have very diverse functions: (i) contribute to
the background, some/all of which (ii) generate primordial perturbations, or some might simply (iii)
spectate, i.e., they do not give a substantial contribution to neither the accelerated expansion nor the
perturbations. Here we are interested in the effects that a multi-field scenario has on the correlation
functions of the curvature perturbation ζ, and consequently on structure formation, thus we will
restrict to the study of perturbations. We distinguish between two cases: first, the case of massive
particles present during inflation, which decay right after horizon crossing and therefore their signature
is left in the curvature perturbation during inflation. Second, the case in which perturbations from
massless particles survive even on superhorizon scales and imprint non-Gaussianities after inflation.

3.2.1. Interactions in Single-Field Models

In this section, we review different ways to produce non-Gaussianities in single-field models.
They range from very small (though never zero), i.e., of order of the slow-roll parameters ε and η, to
possibly larger amplitudes when relaxing the assumption of minimal interaction of the inflaton with
gravity. The list that follows is not complete, but rather it gives a schematic idea of the class of models
that can generate non-Gaussianities in single-field inflation.

Gravitational Floor

The example in Equation (29) was not selected casually: it is the case of non-linearities produced
by the lowest-order interaction of the inflaton with gravity. Therefore, it is called gravitational floor:
every model of inflation is expected to have this minimal amount of interaction and non-Gaussianity
produced. The integral in Equation (29) was first performed in the seminal paper by Maldacena [47]
and we redirect directly to it for details on the computation. The dimensionless bispectrum that results
from the computation reads

SGF(k1, k2, k3) =
ε

2

[
−
(

k2
1

k2k3
+ 2 perms.

)
+

(
k1

k2
+ 5 perms.

)
+

8
K

(
k1k2

k3
+ 2 perms.

)]

+
η

2

(
k2

1
k2k3

+ 2 perms.

)
, (33)

where K = k1 + k2 + k3. By taking the limit where all the momenta are equal and using Equation (32)
we extract the amplitude f GF

NL = 55/9 ε + 15/9 η. The running of this shape is typically small, given
that it is of order the running of the slow-roll parameters.

The squeezed limit of the bispectrum, i.e., the limit where one of the momenta is soft, provides the
single-field consistency relation

lim
k3→0

Bζ(k1, k2, k3) = (1− ns)Pζ(k1)Pζ(k3). (34)

Extensions and generalizations of this statement have been made in several subsequent
efforts [47,49,51–54]. This relation is valid for any single-field model of inflation, not necessarily
slow-roll, since it can be demonstrated on the sole assumption that the curvature perturbation
ζ is constant on superhorizon scale, i.e., that it is adiabatic. It follows from the fact that a
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long-wavelength perturbation, if adiabatic, corresponds to a local rescaling of the background
experienced by short-wavelength ones. The direct consequence of Equation (34) is that any detection
of non-Gaussianity for a bispectrum computed in the squeezed limit indicates that perturbations were
generated by more than one field during or after inflation.

The consistency relation can be extended to finite long wavelengths by an expansion in klong/kshort

lim
k3�k1

Bζ(k1, k2, k3) = Pζ(k1)Pζ(k3)
∞

∑
n=0

bn

(
k3

k1

)n
, (35)

where b0 = 1− ns and b1 is also fixed by symmetries, corresponding to a local constant gradient
rescaling of short modes. Owing to the consistency relation, all powers of the expansion are integer.
Interestingly, the presence of additional fields introduces non-analytic scalings, as we will show below
for the case of quasi-single-field inflation.

Higher-Derivative Kinetic Terms

A first extension of the model presented in the previous section, Equation (1) is done by writing
the most general Lorentz-invariant Lagrangian as a function of the inflaton φ and its derivative [55]

S =
MP
2

∫
d4x

√
−g +

∫
d4x

√
−gP(X, φ), (36)

where X ≡ −1/2gµν∂µφ∂νφ. In the context of an effective field theory of inflation, the form of P(X, φ)

is constrained by the following considerations:

• Non-derivative operators, such as φn/Λn−4, being Λ the largest energy scale where the
effective description holds, contribute directly to the inflaton potential and are therefore strongly
constrained by the background [56].

• Derivative operators of the form Xn/Λ4n−4 do not suffer this limitation. However, a simple
estimation of the amplitude of the leading correction to the slow-roll Lagrangian, X2/Λ4, gives

fNL ≈
φ̇2

0
Λ4 . (37)

Non-Gaussianities of order unity are therefore generated when φ̇0 ≈ Λ2, which is the regime
where the effective description breaks down. In other words, the effective Lagrangian becomes
unstable to radiative corrections. Non-Gaussianities of order unity of this type therefore represent
a particularly well-motivated target for observational searches, because φ̇0 is already a relevant
energy scale for the dynamics of the inflationary background, being the scale related to the
breaking of exact DS background evolution.

Following these considerations, the only way to escape the breakdown of the effective description
and to have sizeable non-Gaussianities is to write down a UV-complete model. One such example is
provided by the Dirac–Born–Infeld (DBI) model [57,58], for which

P(X, φ) = −
√

1− 2 f (φ)X
f (φ)

+
1

f (φ)
−V(φ), (38)
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where f (φ) is the (squared) warp factor of the AdS-like throat related to these models4.
The dimensionless bispectrum for a generic P(X, φ) model can be written in a rather
model-independent way [60]

SHD(k1, k2, k3) = Sλ + Sc +O(ε, η), (39)

where the subscript HD stands for “Higher-Derivative” terms and

Sλ =
(

1
c2

s
− 1− 2λ

Σ

)
6 k1k2k3

K3 (40)

Sc =
(

1
c2

s
− 1
) [
− 4

K

(
k1k2
k3

+ 2 perms.
)
+ 2

K2

(
k1k2

2
k3

+ 5 perms.
)
+ 1

2

(
k2

1
k2k3

+ 2 perms.
)]

(41)

and we have defined the following quantities [55]

c2
s =

PX
PX + 2XPXX

, (42)

Σ = XPX + 2X2PXX =
H2ε

c2
s

, (43)

λ = X2PXX +
2
3

X3PXXX , (44)

where PX denotes the derivative of P with respect to X and we stopped at the third derivative because
we limit to the bispectrum and we quoted only the leading order in slow-roll parameters. In P(X)

models, cs is the speed of propagation of the scalar perturbations and can be typically different then
unity, thus leading to sizeable bispectra. The bispectrum amplitude for these models indeed is given by

f λ
NL =

5
3

(
1
c2

s
− 1− 2λ

Σ

)
(45)

f c
NL = − 5

12

(
1
c2

s
− 1
)

(46)

As it is clear from Equation (39), models with large non-Gaussianity, as the DBI model, need
to have c2

s � 1 and/or λ/Σ � 1. In the specific case of the DBI model, by combining Equation (38)
into Equations (42) and (39), Equation (45) vanishes so that only Sc contributes with a sizeable
non-Gaussianity.

This bispectrum peaks in the equilateral triangle configuration, where all the momenta are similar.
The physical intuition for this fact is straightforward: modes that are much longer than the others,
once out of the horizon, cannot interact with those within the horizon. Large interactions can occur
only when all momenta are similar and therefore exit the horizon at the same time. The running of this
bispectrum is small.

Features during Inflation

The presence of features in the primordial power spectrum is frequently linked to a sizeable
bispectrum. From the observational point of view, a feature represents a breaking of scale invariance
of the primordial spectrum within a range of scales. From the point of view of building inflationary
models based on quantum gravity, or string theory, constructions, scale invariance is often a result of
various mechanisms, while features can appear rather naturally [61,62]. These features can be broadly
classified into two categories: sharp features or periodic oscillations. Sharp features in the potential or

4 One should bear in mind that there is a degree of fine-tuning needed also for this model [59].



Galaxies 2018, 7, 71 12 of 67

in the internal field space can arise from a variety of models [63–67] and they can also be studied in
the context of the effective field theory of inflation [68]. Such features typically show up primarily in
the power spectrum and constrains can be put with observations both of the CMB [9] and LSS [14], so
non-Gaussianities can be used as a cross-check.

Sharp feature. The feature causes the inflaton to momentarily exit the attractor phase and
consequently the slow-roll parameters to vary over a few e-folds. If we characterize the feature by its
relative height µ∼∆V/V and width σ, it can be easily shown on general grounds that observations of
the power spectrum from the CMB constrain the ratio µ/ε . 1 [9]. The slow-roll parameter η on the
other hand can change a lot if the change in ε occurs within a short time. If we take ∆ε∼∆(φ̇2

0)/H2∼µ

and ∆t∼∆φ/φ̇0∼σ/
√

V(c + ε) we get

∆η ∼ ∆ε

Hε∆t
∼ µ
√

µ + ε

σε
. (47)

For most models with a sharp feature, the calculation of the bispectrum requires to use numerical
solutions. Here we quote an approximated shape [61]

Ssharp(k1, k2, k3) ∼
µ
√

µ + ε

σε
sin
(

K
k∗

+ ϕ0

)(
K
k∗

)n
e−

K
mk∗ , (48)

where 1/k∗ is the oscillatory frequency in Fourier space corresponding to the feature. The exponential
cuts off long-wavelength modes which are much longer than k∗ and feature is smoothed with a
power n to be fit with numerical results, along with m. The most important property of this type of
non-Gaussianity is the running of the bispectrum, which is explicit in the dependence on K.

Resonant running. A different type of features might be generated by an oscillatory component
in the background evolution, as predicted, for instance, by axion-monodromy inspired models of
inflation [69,70]. In these models, the inflaton potential is characterized by an oscillatory term added
to the usual slow-roll one

V(φ) = V0(φ) + Λ4 cos
(

φ

f

)
, (49)

where here Λ is some high energy scale and f is the axion decay constant. As we have already seen,
each mode oscillates during inflation with decreasing frequency as it is stretched by the accelerated
expansion, until it reaches H where it becomes frozen. Therefore, for any oscillatory feature with
frequency ω > H, we might expect a resonance between couplings and modes which sources
non-Gaussianities [71,72]. This type of non-Gaussianity, differently from the other cases analyzed
before, is generated on sub-horizon scales. It can be shown that the parameter space for this type of
resonance can be large, since

ω

H
> 1⇒

√
2ε

f MP
> 1, (50)

being ε the slow-roll parameter and f � MP is predicted in string theory constructions with
sub-Planckian decay constants [73,74]. The corresponding dimensionless bispectrum for this type of
models reads

Sres = sin
[

α ln
(

K
k∗

)]
+

1
α ∑

i 6=j

ki
k j

cos
[

α ln
(

K
k∗

)]
+O

(
1
α2

)
, (51)

where α =
√

2ε/ f MP is constrained to be large by Equation (50) and k∗ is the pivot scale at which the
amplitude of the dimensionless power spectrum is defined. As with the sharp feature case, this type of
non-Gaussianity has sizeable running.
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Non-Bunch–Davies Vacua

The choice of the vacuum state during inflation is not unique. To address the ambiguity from
basic principles one would need to know the full theory at the highest energies, where we expect the
free-field approximation to break down, as well as the physics preceding inflation. Notwithstanding
this, the issue can be addressed phenomenologically: any deviation from the attractor solution of
the inflaton, such as the ones related to sharp features studied above, lead generically to a deviation
from the standard Bunch–Davies vacuum. This is because the Bunch–Davies vacuum is chosen out
the asymptotic limit of kτ � 1 of the attractor solution. Non-Gaussianities produced by choosing
different prescriptions for the vacua are rather model-dependent and have been explored in several
papers (see [71] for a summary and list of references). A common feature of non-Gaussianities
resulting from non-Bunch–Davies vacua is the fact that they are enhanced in the folded triangle limit,
i.e., for k1 + k2 − k3 = 0. The intuitive explanation can be understood looking at Equation (12):
in the Bunch–Davies case, only positive frequencies are considered and therefore the second term
proportional to c2 is neglected. Negative frequencies are instead produced when deviating from the
attractor solution, and the leading-order deviation in the in-in calculation of the bispectrum of ζ has
therefore at least one contribution from them. Effectively, this translates into sending one of the three
momenta from k→ −k.

Solid Inflation

Solids can be described in the context of field theory [75] by introducing three scalar fields φI

whose background values are identified with spatial coordinates

〈φI(x)〉 = xI (52)

and they are time-independent. Using this framework, Reference [76] showed that inflation can be
driven by a particular type of solid which has approximate dilation symmetry and exact rotational and
translational internal symmetries. These symmetries allow consistent building of a solid that stretches
during the accelerated expansion by many orders of magnitude. Even though the treatment of this
model is done in the context of an effective field theory, the time-independence of the background
fields implies that there is no breaking of time-translational invariance as in conventional effective field
theory approaches of inflation. The computation of cosmological perturbations also shows peculiarities:
for instance, adiabatic perturbations during inflation are absent [76].

Most interestingly for this review, the three-point function of scalar perturbations drastically
violates [77] the standard single-field consistency relation of Equation (34). The dimensionless
bispectrum is calculated to be [76]

SSI(k1, k2, k3) =
5

8π4
FY
F

1
ε c2

L

(
τe

τc

)−4εc2
T/3 Q(k1, k2, k3)U(k1, k2, k3)

k1k2k3
, (53)

where F and FY are free parameters of the solid Lagrangian, ε plays the role of the slow-roll parameter,
cL and cT are the speeds of longitudinal and transverse phonons of the solid, respectively, τc is the
conformal time at which the longest modes of observational relevance today exit the horizon, while τe

is the conformal time at the end of inflation. The functions Q and U are given in Equation (7.4) and
(7.13) of [76], respectively. It is important to notice that Equation (53) is computed for not-too-squeezed
momenta, i.e., for klong/kshort >

√
ε. The squeezed limit was investigated in detail in [77], at leading

order in slow-roll expansion it can be written in a much more compact form as

lim
k3→0

Bζ(k1, k2, k3) ' −
20
9

FY
F

1
ε c2

L
(1− 3 cos2 θ) Pζ(k1)Pζ(k3), (54)
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which should be compared to the consistency relation of Equation (34). Here θ is the angle between q
and k. The fact that the angular dependence is that of a quadrupole and the overall amplitude not
being constrained to be small are clear signals of the breaking of the consistency relation, even though
solid inflation propagates only a single scalar mode.

3.2.2. Multi-Field Interactions during Inflation

In this section, we provide a schematic summary of the interactions between massive particles
and the inflaton taking place during inflation, which lead to non-Gaussian signatures in the correlation
functions of ζ.

Massive particles might be spontaneously created in the expanding space-time during inflation
through non-perturbative effects [78–80].

Their production is particularly interesting as a probe to ultraviolet completions of inflation
motivated by string theory constructions [12]. We must specify that they are massive since their mass
cannot be arbitrarily light: to avoid back-reaction on the inflationary background, their typical mass
must be of order H or higher.

On the other hand, the production rate is exponentially suppressed as a function of mass in
De-Sitter space-time, roughly as e−m/H . Therefore, very massive particles, m� H, decay exponentially
fast after horizon crossing and their effect can be integrated out from the dynamics of ζ.

In this case, inflation is effectively single-field, so that for instance, the inflationary consistency
relation of Equation (34) must be satisfied. Particles with mass of order H instead produce characteristic
non-local signatures in the correlation functions of ζ and will generically violate the single-field
consistency relations.

Here we want to stress that we are not only restricting to scalar fields: indeed, a tower of high-spin
states can arise in string theory constructions [81,82]. While the effect of massive scalar fields have
been thoroughly investigated in the context of quasi-single-field inflation [12,54,83–92], higher-spin
particles studies arose more recently [87,88,91,93–97].

Massive Particles in De-Sitter

In the De-Sitter background space-time of inflation, particles can be classified as unitary irreducible
representations of the De-Sitter group Spherical Overdensity (SO) (1,4). Particles are characterized
by their spin and mass, and the condition of unitarity imposes three allowed categories [98,99] for
particles with spin s ≥ 1

principal series complementary series discrete series
m2

H2 ≥
(

s− 1
2

)2
s(s− 1) < m2

H2 <
(

s− 1
2

)2 m2

H2 = s(s− 1)− t(t + 1)

for t = 0, 1, 2, ..., s − 1. Similarly, scalar particles with mass m ≤ 3/2H belong to the principal
series, while lightest particles belong to the complementary series. Massless scalar particles are
conformally invariant in DS. Notice that particles with spin s ≥ 1 are required to have a minimal
mass, m2 ≥ s(s − 1)H2, unless they belong to the discrete series5. For these values, the system
acquires an additional gauge invariance and the corresponding fields are called partially massless
fields [101]. Partially massless fields produce sizeable tensor-scalar-scalar bispectra and the scalar
trispectra [91,93,95]. In the case of study here, i.e., the scalar bispectrum, partially massless fields
do not contribute, as their lack of a longitudinal degree of freedom kinematically prevents them to
oscillate into a single scalar field.

5 Light particles with spin are allowed in inflationary set ups which breake DS isometries, as shown in [100].
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As we already anticipated, massive particles decay at late times. The DS group acts as conformal
group on the three-dimensional Euclidean space for the super-Hubble fluctuations, so that the
asymptotic scaling at late times of a scalar particles is

lim
η→0

σ(η, x) = σ+(x)η∆+
+ σ−(x)η∆− , (55)

where ∆ = 3/2± iµ and

µ =

√
m2

H2 −
9
4

, (56)

where the massless case m = 0 corresponds to a conformally coupled field that does not decay at late
times. We will investigate this case in the next section. Similarly, for a spin-s field we get

lim
η→0

σi1...is(η, x) = σ+
i1...is(x)η

∆+
s −s + σ−i1...is(x)η

∆−s −s, (57)

where η is conformal time and ∆±s = 3/2± iµs is the conformal weight of the field and

µs ≡

√
m2

H2 −
(

s− 1
2

)2
(58)

will be a crucial parameter in the non-Gaussian shapes, as we will show shortly. For finite mass fields,
the decay scales as the conformal weight and can be distinguished in real values of µs, for which
the wavefunction oscillates logarithmically in conformal time, and imaginary µs, for which particles
belong to the complementary series and survive longer at late times.

Effective Approach to Interactions of Massive Particles

The interactions of the massive particles described above in the context of inflation has been
investigated using the effective field theory of inflation in [88]. This extends earlier works focusing
only on scalar fields. At tree-level, Reference [88] distinguished three diagrams, illustrated in Figure 1,
which represent three different ways in which spin-s fields can be exchanged in the three-point
correlator 〈ζζζ〉.

Figure 1. Tree-level diagrams (a–c) for single- double- and triple-exchange respectively contributing to
the three-point correlator 〈ζζζ〉. The diagrams represent the exchange of spin-s particles σ (dashed
lines) with the curvature perturbation ζ (solid lines). Figure from [88].

The corresponding dimensionless bispectrum for these three diagrams can be written in the
following compact form

SMP(k1, k2, k3) = α
(κ)
s Pζ(k∗)−1 L(κ)s (k̂1, k̂2, k̂3) I

(κ)
s (µs, cπ , k1, k2, k3) + 5 perms., (59)

where (κ) = (a), (b) and (c) represents the three diagrams, α
(κ)
s are dimensionless parameters, L(κ)

s are
functions of the angles between momenta (typically Legendre polynomials) and I (κ)s are complicated
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integrals whose expressions can be found in [88]6 and cπ is the sound speed of the Goldstone boson in
the effective field theory of inflation. Although in a compact form, the importance of Equation (59)
is manifest: SMP depends on the mass and spin of the particle which mediates the exchange, so it
provides a promising way to detect new particles at the high energies at which inflation takes place [87].

To get a more explicit idea of this type of bispectra, let us restrict to the squeezed limit
of the single-exchange diagram (a). Looking at the squeezed limit is relevant because of the
single-field consistency relation, Equation (34), which implies that in this limit non-Gaussianity of order
O( fNL) & 0.1 is only sourced by the presence of multi-field scenarios. In this limit, the bispectrum
splits into an analytic part and a non-analytic part. The analytic part reflects local effects of massive
particles with a scaling similar to the case of single-field models, Equation (33) and it does not contain
information on the spin and mass of the particle at leading order,

lim
k1�k3

San
MP(k1, k2, k3) ∝

k1

k3
. (60)

The non-analytic part for scalar particles has been derived in the context of quasi-single-field
inflation [83]. It must be distinguished into two cases: for massive particles belonging to the principal
series, µ ≥ 0 it reads

lim
k1�k3

Snon−an
QSF (k1, k2, k3) ∝

(
k1

k3

)1/2
cos

[
µ ln

(
k1

k3

)]
, (61)

while for particles belonging to the complementary series for which µ becomes imaginary, the scaling
changes to

lim
k1�k3

Snon−an
QSF (k1, k2, k3) ∝

(
k1

k3

)1/2−ν

, (62)

where ν = −iµ is real. The case of higher-spin particles proceeds analogously: massive particles
belonging to the principal series, µs ≥ 0, have a squeezed limit of the form

lim
k1�k3

Snon−an
HS (k1, k2, k3) ∝

(
k1

k3

)1/2
Ls(k̂1, k̂3) cos

[
µs ln

(
k1

k3

)
+ φs

]
, (63)

for even spins, where the Ls is the Legendre polynomial of order s and φs is a phase that is uniquely
fixed in terms of µs and cπ [88]. This oscillatory scaling is the distinctive feature of this type of
interactions and it tells information about the mass and spin of the particle involved in the exchange.

For particles belonging to the complementary series for which µs becomes imaginary, the scaling
changes to

lim
k1�k3

Snon−an
HS (k1, k2, k3) ∝

(
k1

k3

)1/2−νs

Ls(k̂1, k̂3), (64)

where νs = −iµs is real. In the case of odd spins, for symmetry reasons the squeezed limit of the
non-analytic part is suppressed by at least an additional power of k1/k3, therefore the leading piece is
always the analytic one of Equation (60). Both in the case of scalar and higher-spin massive particles,
the least suppressed scaling in powers of the squeezed ratio is the limiting case of m = s(s− 1) and
corresponds to a constant shape S ∝ (k1/k3)

0.

6 Please note that there is a conversion factor of (k1k2k3)
2 between I (κ)s and those defined in [88]. For instance, I (a)

s =

(k1k2k3)
2I (s).
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3.2.3. Multi-Field Interactions after Inflation

Massive particles necessarily decay after horizon crossing during inflation, as seen in the previous
section. This is not the case for massless particles: they survive at late times and typically have
a non-linear evolution in multi-field space on superhorizon scales, which generate isocurvature
perturbations (see [39] for recent lectures on the topic). Observations of the CMB constrain the amount
of isocurvature perturbations to be very small [9]. Nevertheless, there are several mechanisms with
which isocurvature perturbations can be converted to curvature ones after inflation and evade CMB
constraints [102–109]. We will not go into details of specific realizations of this conversion mechanism.
Instead, we will summarize the results obtained in the framework of the δN-formalism [110–112],
which is rather model-independent. It will quickly become clear that the shape of this type
of non-Gaussianities is generic and goes under the name of local non-Gaussianity. Local-type
non-Gaussianities are the most studied in the literature (see [102,113–115] for the earliest studies)
and can be realized by a wide range of models. The name local comes from the fact that it can be
expressed as a simple Taylor expansion around a Gaussian field at position x,

ζ(x) = ζG(x) +
3
5

f loc
NL

(
ζ2

G(x)− 〈ζ2
G〉
)
+O

(
ζ3

G

)
. (65)

The corresponding dimensionless bispectrum in Fourier space is of the form

Sloc(k1, k2, k3) =
6
5

f loc
NL

(
k2

1
k2k3

+
k2

2
k1k3

+
k2

3
k1k2

)
(66)

and it has the nice feature of being already factorizable and simple to implement as optimal estimator
in observed quantities. Moreover, it is a distinctive signature of multi-field models, since it peaks in
the squeezed limit, where single-field models are necessarily producing very small non-Gaussianity as
implied by the consistency relation Equation (34).

The δN-Formalism

In the single-field model we introduced in Section 2, the comoving curvature perturbation ζ

is constant on superhorizon scales. Let us consider the gauge in which the inflaton perturbations
are zero and only fluctuations on the metric are present. In this gauge, the spatial metric is simply
given by a2e2ζ . Each comoving superhorizon patch in the universe will have its own frozen value of
ζ which determines the local evolution in space, independently of the other disconnected patches,
through the scale-dependent scale factor. It can be shown that this is equivalent to say that each patch
evolves as a separate universe each with slightly different number of e-folds, δN, at different positions.
This interpretation is dubbed δN-formalism.The generalization of this picture to the case of multi-field
inflation is well summarized in [61], here we broadly follow its steps.

Let us consider a set of scalars φi = φ0i + δφi during inflation. We are interested in the behavior
of the perturbations of these fields on superhorizon scales, looking at different causally disconnected
patches. We choose an initial spatially flat slice where scalar metric fluctuations are zero. Please
note that modes we are interested in are already superhorizon on this slice, so we will evolve them
classically. Moreover, we assume their statistics to be Gaussian. We now select uniform density
final slices, i.e., slices with the same energy density at each point of them. We define N0(φ0i) as the
number of e-folds between the initial and final slices for the unperturbed field φ0i, while the one for
the perturbed fields will be N(φ0i + δφi(x)). The curvature perturbation ζ can be expressed as a Taylor
expansion of the variation of N around the initial values φ0i as

ζ = δN = N(φ0i + δφi(x))− N0(φ0i) (67)

= Niδφi +
1
2

Nijδφiδφj + ..., (68)
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where the subscripts on N denote partial derivatives with respect to φi and indices are summed using
the Einstein convention, with i = 1, ..., N, being N the number of fields. Correlation functions of ζ are
then related to correlation functions of δφi, which we assumed to be Gaussian distributed massless
fields. We have computed the mode functions of each of these fields in Equation (20), their power
spectrum is

〈δφi(k1)δφ(k2)〉′ =
H2
∗

2k3
1

δij, (69)

where the prime indicates that we are leaving the usual delta function implicit and H∗ is the Hubble
parameter at horizon exit. Consequently, using Equation (67) we can express the bispectrum of the
curvature perturbation as

〈ζ(k1)ζ(k2)ζ(k3)〉′ = NijNi Nj
H4
∗

4

(
1

k3
1k3

2
+

1
k3

1k3
3
+

1
k3

2k3
3

)
(70)

and it can be easily shown that the corresponding dimensionless bispectrum S is the local one of
Equation (66) and

f loc
NL =

5
6

NijNi Nj

(N2
l )

2
. (71)

The fact that this shape is local should not come as a surprise: this bispectrum is sourced by
local interactions of fields on superhorizon scales. Several multi-field models can be described using
the δN-formalism, such as the curvaton model, the modulated reheating and preheating scenarios
(see [116] for a review).

3.3. Final Remarks of This Section

We have identified three main features that we can extract from the bispectrum of the curvature
perturbation ζ: shape, running, and amplitude. Among these three, the amplitude, parametrized via a
single parameter fNL, is the easiest to constrain from data and it tells us already a lot about what is the
source of non-Gaussianity, as shown schematically in Figure 2.

Figure 2. A schematic representation of current and future limits on the primordial non-Gaussianity
amplitude parametrized by fNL. Credits to [88].

The limit of fNL∼O(1) is particularly important for interactions generated by non-trivial
higher-order kinetic terms in single-field inflation: it would signal that interactions come at an
energy scale which coincides with φ̇0, which is the scale at which the exact DS background evolution
is broken. These are non-Gaussianities typically peaking on equilateral shapes of the bispectrum
(i.e., with k1 ≈ k2 ≈ k3). Furthermore, a positive detection of an order unity fNL for squeezed bispectra
(i.e., with k1 � k2 ≈ k3) would rule out single-field models of inflation in one shot. The ultimate goal
is to measure fNL down to the level of slow-roll parameters, fNL . O(0.01). At these limits, inflation
predicts that non-Gaussianity must be there no matter the inflationary model. Experimental sensitivity
seems to be still far from this goal.
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Current best limits on non-Gaussianity are set by observations of the bispectrum of CMB
temperature anisotropy from the Planck satellite [6]

f loc
NL = −0.9± 5.1, f equil

NL = −26± 47, f orth
NL = −38± 24. (72)

at 68% confidence level. While these limits refer directly to Equation (66) for the local shape, the
equilateral and orthogonal constraints come from templates, rather than one of the shapes presented
above. This is because the analysis from data require optimal estimators of the bispectrum which need
to sum over all modes available in the survey. This implies that only factorizable shapes, such as the
local one of Equation (66), are usable in practice [117,118]. For this reason, templates need to be used
for CMB constraints in place of the realistic predictions we have outlined above and the two can be
related using so-called “fudge-factors”. This has been applied also to LSS [119–121]. We will only
briefly mention this issue in Section 6.3.2 in the context of N-body simulations.

In this section, we have shown that interactions during and after inflation necessarily take place
even in the minimal scenario of single-field models through minimal coupling with gravity. This
implies that there is a gravitational floor for detectable non-Gaussianities in the CMB and LSS and
therefore a guaranteed signal. In non-minimal scenarios, consistency relations and constraints from
current observations allow classification of interactions from realistic models of the early universe and
in some cases even open the possibility to use inflation as a cosmological particle collider [87] and
explore new physics at energies as high as 1014 GeV. Such powerful predictions are rare in cosmology,
and should be a primary target for experimental searches.

4. From Primordial Interactions to Matter Overdensities

In this section, we briefly review how non-Gaussianities are transferred from the primordial
curvature perturbation to the distribution of dark matter and its correlation functions. We will show
how non-Gaussian initial conditions affect directly the mass density probability function and generate
additional terms in the correlation functions of dark matter at different positions. We will argue that
these effects are typically very small and their search is complicated by the fact that we do not have
direct access to dark-matter correlation functions7.

The initial conditions for structure formation are set by connecting the primordial curvature
perturbation ζ to the Newtonian potential Φ via a transfer function, T(k). At the linear level and using
the Poisson equation, we can write the useful relation

δL(k, z) =M(k, z)ζ(k) where M(k, z) =
2
5

k2T(k)D(z)
Ωm,0H2

0
, (73)

which defines the linear (L) matter overdensity. Here D(z) is the linear growth factor normalized to
unity at present day and Ωm,0 and H are the matter density and Hubble parameter today, respectively.
The linear relation is reliable as long as the matter overdensity δ is much smaller than unity. In this
regime, one can solve the (Newtonian) dynamical equations perturbatively (see [127] for a review
and [128–142] for an approach using effective field theory). Even pushing perturbation theories to
their limits, theoretical predictions describing the evolution of matter are valid only in the weakly
non-linear regime, that is for k . 0.2 h/Mpc at redshift 0, even in the case of Gaussian initial conditions.
Consequently, for all practical purposes, it is convenient to smooth small-scale perturbations with
a window function WR, being R the smoothing scale, and we indicate the smoothed field as δR.
Commonly used window functions in LSS are spherically symmetric functions, such as top-hat filters

7 Weak lensing [122] and temperature anisotropies in the 21 cm background from the pre-reionization epoch [123–125] can be
used to trace DM directly, although the latter might also be biased [126].
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in real space or Gaussian windows. Consequently, the linear density power spectrum smoothed on a
scale R is given by

PR(k, z) =M2(k, z)W2
R(k)Pζ(k) (74)

and its variance

σ2
R(z) =

∫ d3k
(2π)3M

2(k, z)W2
R(k)Pζ(k). (75)

To avoid clutter, we will condense the transfer function and the smoothing window into
MR(k, z) ≡M(k, z)WR(k) and drop the redshift dependence unless needed.

4.1. The Density Probability Distribution

The probability distribution function (PDF) of the smoothed density field at early times is usually
assumed to be Gaussian at each fixed point in space x,

P(δR)dδR =
1√

2πσR
exp

(
−

δ2
R

2σ2
R

)
, (76)

i.e., the value of the smoothed density field δR at each x is drawn from a Gaussian distribution. We
know however from the previous section that small initial non-Gaussianities are always present, even
in the minimal case in which only a single-field and gravity are present during inflation.

These non-Gaussianities source higher-than-two reduced smoothed cumulants, defined as

SJ(R) ≡
〈δJ

R〉c
〈δ2

R〉
J−1
c

, (77)

where 〈δN
R 〉c is the connected n-point moment. Please note that in the linear regime, σR ∝ D(z)

and therefore SN ∝ 1/DN−2, which means that for N ≥ 3, higher-order cumulants are increasingly
suppressed by powers of the linear growth factor D. As a working example, let us compute the
lowest-order cumulant which is non-zero in the presence of non-Gaussianity, the skewness

σ4
RS3 = 〈δ3

R〉c =
∫ d3k1

(2π)3
d3k2

(2π)3
d3k3

(2π)3 BR(k1, k2, k3) (78)

where
BR(k1, k2, k3) =MR(k1)MR(k2)MR(k3)〈ζ(k1)ζ(k2)ζ(k3)〉. (79)

It is easy to recognize the inflationary three-point function as a source of the skewness. The
minimal amount of skewness produced in the initial conditions can be computed by making use
of Equation (33) and gives σRS3,GF = A(R)ε + B(R)η, being A and B mild functions of the scale R
and with amplitude A, B ∝ O(10−4) for R ≈ 3Mpc/h. Similar values apply also for the local-type
non-Gaussianities of Equation (66). To get the physical intuition of how the PDF changes, it is enough
to take the simplest approach and perform an Edgeworth expansion on the smoothed field δR, or more
commonly the so-called peak height ν = δR/σR, to get

P(ν)dν =
e−

ν2
2

√
2π

[
1 +

σRS3(R)
6

H3(ν) +
σ2

RS4(R)
24

H4(ν) +
(σRS3)

2

72
H6(ν) + ...

]
dν, (80)

where HN are Hermite polynomials. Please note that as a consequence of how the reduced cumulants
scale with the linear growth factor, the combinations σS3 and σ2S4 are redshift independent in the
linear regime. More details on this expansion, and its refinements, can be found in several analyses
dating back to the 90 s [143–147].
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The generic effect of a positive (negative) skewness on the PDF is to produce more overdense
(underdense) regions in the matter distribution. As perturbations grow from the initial time to later
times, gravitational instabilities generate a positive skewness in the PDF which eventually dominates
over primordial contributions. The effect of the skewness from gravitational evolution can be easily
computed within perturbation theory to be S3 ≈ 34/7 at lowest order [127], which is much larger than
the one sourced by primordial bispectra respecting the current constraints from the CMB.

Beside studies in N-body simulations, the PDF of the matter density field is not a direct observable.
Nevertheless, a PDF with non-Gaussian initial conditions has a direct impact on the abundance of
clustered objects and on the clustering statistics. This is what we discuss in the following Section 5.

4.2. Dark-Matter Correlation Functions

Primordial perturbations are transferred to the matter density field via Equation (73) and
correlation functions are necessarily affected. The matter N-point correlation functions reads, at the
linear level,

〈δL(k1, z) · · · δL(kN , z)〉 =
(

N

∏
i=1
M(k, z)

)
〈ζ(k1) · · · ζ(kN)〉. (81)

It is immediately clear from Equation (81) that a bispectrum, or higher-order correlations, of ζ

source at least the corresponding matter field correlator. As remarked above, gravitational evolution
also sources secondary non-Gaussianities though, and these eventually dominate on the primordial
ones. In the next section, we will show that the most promising observables for disentangling secondary
non-Gaussianities from primary ones involve biased tracers of the matter field, rather than directly
probing the dark-matter field. Nevertheless, let us review a few essential points about dark-matter
correlation functions with non-Gaussian initial conditions, while we redirect the interested reader to the
latest analyses in the context of the effective field theory for a wide range of non-Gaussianities [138].

In standard Eulerian perturbation theory (EPT) (see [127] for a review), one follows the evolution
in time of the matter density contrast δ at position x. In the weakly non-linear regime, the Fourier
mode of the density field reads

δ(k, z) = δL(k, z) +
∫ d3q

(2π)3 F2(q, k− q)δL(q, z)δL(k− q, z) +O(δ3
L), (82)

where we simply denote δ as the unsmoothed, non-linear matter field and F2 is the PT kernel

F2(q1, q2) =
5
7
+ µ

(
q1

q2
+

q2

q1

)
+

2
7

µ2 (83)

and µ is the cosine between q1 and q2. For the present analysis, it is not essential to smooth the matter
field, so we work only with the unsmoothed δ. A contribution from a non-zero primordial bispectrum
therefore arises already on the matter power spectrum at the 1-loop order and reads

PNG(k, z) =
∫ d3q

(2π)3 2F2(q, k− q)M(k, z)M(q, z)M(|k− q|, z)Bζ(−k, q, k− q), (84)

where notice that here we have used the statistical homogeneity and isotropy to write the momentum
dependence of Bζ . The full 1-loop power spectrum is defined as

P1−loop(k, z) = PG
L (k, z) + PG

22(k, z) + PG
13(k, z) + PNG(k, z), (85)

where P22 and P13 are the 1-loop contributions to the Gaussian case [127]. It is interesting to notice
that this term scales as D(z)3, while 1-loop terms from purely Gaussian initial conditions scale as
D(z)4. The non-Gaussian correction is suppressed at large scales, since the kernel F2 vanishes in
that limit. On the other hand, at small scales late-time non-linearities become quickly important
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as mildly non-linear scales k ∼ 0.1 h/Mpc are approached. Moreover, in [138] it was shown that
the 2-loop Gaussian terms are comparable to the non-Gaussian ones at 1-loop even in the mildly
non-linear regime. Therefore, deviations from the Gaussian case are hardly reaching the percent level
for non-Gaussianities within current constraints.

The matter bispectrum is sensitive at tree-level to primordial corrections as well as to gravitational
non-linearities,

Btree(k1, k2, k3, z) =M(k1, z)M(k2, z)M(k3, z)Bζ(k1, k2, k3) + [2F2(k1, k2)PL(k1, z)PL(k2, z) + 2 perms.] . (86)

Extensions to higher loops have been computed in the context of perturbation theory (see [138,148]
for a treatment in the effective field theory of LSS). It is customary to define a reduced bispectrum

Q3(k1, k2, k3, z) =
B(k1, k2, k3, z)

[P(k1, z)P(k2, z) + 2 perms.]
, (87)

which is time- and scale-independent in the Gaussian case at tree-level in perturbation theory for
equilateral configurations, so it is the appropriate quantity to study different types of non-Gaussianities.
Several studies have tested theoretical predictions against N-body simulations [149–151]. The prospects
for observing the imprint of non-Gaussianities in the matter bispectrum are also rather weak for two
main reasons: first, the dark-matter field is not directly observable, with the exception of the case
of weak-lensing bispectrum measurements, for which, however, it was shown that the sensitivity
to primordial non-Gaussianity is around two orders of magnitude away from current limits [152].
Secondly, the amplitude of late-time non-linearities largely surpasses the primordial contributions
on all scales of interests for future observations. Moreover, similarly to the case of the one-loop
power spectrum, the contribution from the two-loop Gaussian bispectrum is larger than the one-loop
non-Gaussian one [148].

5. Imprints of Primordial Interactions on One-Point Halo Statistics

As anticipated in the previous Section 4.1, any higher-order correlation function generated during
or right after inflation sources non-Gaussian terms on the PDF of the dark-matter field. At early times,
this is the only source of non-Gaussianity on the matter distribution and it implies a deviation from an
equally probable abundance of overdense and underdense regions. Even as gravitational evolution
generates secondary non-Gaussianities, the trace of the initial conditions can be disentangled to a
certain degree by looking at very massive halos, whose formation is highly sensitive to the tails of the
initial PDF. Massive halos are also more likely to be associated with peaks of the early time density
field as shown in multiple studies in N-body simulations [153–155], confirming that they are sensitive
to the initial PDF. The pioneers in the analytic treatment of non-Gaussianities in the mass density
PDF and in the abundance of DM tracers date back to the 1980s [156–162]. Almost as early, numerical
methods have been used to test predictions and provide fits to data [163–168]. Since then, the growing
interest in primordial non-Gaussianity has pushed for multiple developments in both directions.

Plan of the Section. This section has two main goals: (i) broadly summarize the theoretical
advances by providing a background with the earliest attempts and then focusing on some of the most
recent progress (Section 5.1) and (ii) presenting the most recent numerical attempts at testing current
predictions and providing with semi-analytic or fully fitted phenomenological models in Section 5.2.
We then conclude with a few remarks in Section 5.3. This plan is far from being exhaustive and will
inevitably refer the reader to the available literature for many details.

5.1. Analytic Approaches

To extract most efficiently information about the early PDF of the matter field, which would give
constraints on primordial non-Gaussianity, a consistent theoretical framework of halo formation
is needed. In practice, however, what we really measure is number counts of biased tracers,
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such as galaxies and clusters of galaxies. It is, therefore, sufficient to have a working model
for the number density of halos of a certain mass per unit volume, known as the halo mass
function. Since the earliest attempts of modeling the abundance of bound objects in the presence
of non-Gaussian initial conditions, this search has progressed side to side with models of the simpler
Gaussian case: for instance, several attempts tried to extend the Press and Schechter (PS) mass
function [169] to local-type non-Gaussianities in the initial conditions [170–175]. This extension
was also studied for higher-order primordial non-Gaussianities [172,176,177] and a range of other
bispectrum shapes [178]; the excursion-set approach [179–183], which was introduced to solve
problems suffered by the PS model, was thoroughly also investigated with non-Gaussianity in the
initial conditions [173–175,184–195]. Lastly, the peak model [196], which was recently combined with
the excursion-set approach in the Excursion-Set Peaks (ESP) model [197,198], has been applied to
non-Gaussian peak statistics [199–204]. Recently, methods based on spherically averaging cosmic
densities have been shown to successfully disentangle primordial non-Gaussianities with late-time
ones [204].

5.1.1. The Press-Schechter Mass Function

The PS model [169] is a good framework to make simple analytic computations, hence we use it
here to show the main physical intuition on the problem and then briefly mention extensions which
improve it. It is based on the fundamental assumption that collapse is spherical [205]. Let us first take
the case of Gaussian initial conditions. The PDF for the density field δR smoothed on a scale R ∝ M1/3,
where M is the halo mass, is a simple Gaussian with zero mean and variance σ2

R. In the PS approach
the halo mass function reads

dn
dM
≡ n̄(M) = − ρ̄

M
dF>δsc(M)

dM
=

√
2
π

ρ̄

M2 νe−ν2/2 dlnν

dlnM
, (88)

where ρ̄ is the mean matter density, F>δsc is the level excursion probability that the density field
smoothed on a scale M has overcome the threshold for spherical collapse, δsc ≈ 1.6878, and ν(M, z) =
δsc/σR(z) is the peak height9. Here we have corrected for a factor of 2 which accounts for the
cloud-in-cloud problem, that is, the fact that the PS mass function does not include the possibility that
overdense regions can be contained in bigger, underdense, ones. Excursion-set models solve this
problem [179–183]. The halo mass function of Equation (88) represents the differential number density
of halos per unit mass and volume and it is an exponentially decreasing function of ν, i.e., more
massive halos are rarer. Even though the linear theory value of the threshold for spherical collapse
is used, δsc, the calculation is fully non-linear [205]. A feature of Equation (88), and common to all
universal mass functions10, is that it is entirely specified by a function of ν only,

n̄(M) =
ρ̄

M2 ν f (ν)
dlnν

dlnM
, (89)

where f (ν) is called multiplicity function and we have dropped a subscript νR to avoid clutter, but the
smoothing on a scale R, corresponding to a halo of mass M, is understood. In the PS case we have

fPS(ν) =

√
2
π

e−ν2/2. (90)

8 This value corresponds to a universe completely dominated by matter. Small corrections need to be taken into account when
including the late-time domination of dark energy.

9 The smoothing scale R is directly related to the mass of the halo M, we will use them interchangeably.
10 As we discuss in Section 6.1.2, the assumption of universality of the mass function, although well tested in N-body

simulations with Gaussian initial conditions, is cause of concern in the presence of primordial non-Gaussianity [206,207].
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The PS mass function of Equation (88) provides a decent fit to data in the intermediate halo mass
regime, but poorly predicts the high-mass regime. Nevertheless, an estimation of the non-Gaussian
mass function was first given in [161] by performing a saddle-point approximation on an Edgeworth
expansion on F>δsc and computing the ratio of the non-Gaussian-to-Gaussian multiplicity functions

RMVJ(ν, fNL) ≈ exp
(

ν3

6
σS3

) [
−σν2

6ν∗

dS3

dlnν∗
+

ν∗
ν

]
, (91)

where ν∗ = δsc
√

1− S3δsc/3 is introduced to enforce the normalization of the halo mass function. The
non-Gaussian mass function was then obtained by multiplying Equation (91) to the Gaussian PS mass
function. Alternatively, Reference [170] directly expanded the PDF, Equation (80), to calculate F>δsc

and then the ratio

RLV(ν, fNL) ≈ 1 +
1
6

σS3(ν
3 − 3ν)− 1

6
d(σS3)

dlnν

(
ν− 1

ν

)
, (92)

where here we only considered the skewness. Combining the two predictions to better match numerical
simulations, Reference [172] got

RDS(ν, fNL) ≈ exp
(

ν3

6
σS3

) [
1− ν

2
σS3 −

ν

6
dS3

dlnν

]
, (93)

where ν∗ from Equation (91) was expanded to first order in fNL. Earliest checks of these predictions
against N-body simulations showed that they tend to overestimate the effect of non-Gaussianity at
increasing mass and redshift [208–210].

These formulas can be extended in case of primordial non-Gaussianity from trispectra of ζ. In
this case, the kurtosis S4 needs to be added [172,176,177].

5.1.2. The Excursion-Set Approach

Press-Schechter models are known to suffer the cloud-in-cloud problem. The excursion-set
approach solves this issue and provides an elegant method to count regions above a certain threshold.
The goal of this approach is precisely to find regions that are sufficiently overdense on a given
smoothing scale, but not on larger ones. To perform this check, one needs to consider the density field
δ at any given point as a function of the smoothing scale. This function looks similar to a random
walk, the starting point being the limit of infinitely large smoothing scales, where the overdensity is
zero. In this case, the critical density for collapse defines another curve, typically independent of the
point of space, namely a “barrier” for the random walk. In the spherical collapse model, this barrier is
constant and flat (in R), B(R) = δsc, but one may consider more involved, and more realistic, models.
The cloud-in-cloud problem is solved by identifying the largest smoothing scale on which the walk
first crosses the barrier. The excursion-set ansatz therefore relates the abundance of halos of mass M to
the fraction of random walks that first cross a barrier B(R) on the scale R, the halo mass being the one
contained inside a sphere of radius R,

M =
4π

3
R3ρ̄. (94)

With a similar meaning to the multiplicity function, the first crossing fraction f (s)ds is defined as

M
ρ̄

dn(M)

dM
dM = f (s)ds (95)

where it is customary in this framework to use the variance s = σ2
0 (R) as the reference variable for the

random walk. As we said, the excursion-set ansatz consists of requiring that δ < B(s) for all s < S.
This is an infinite set of conditions and, in a generic case, calculating the first crossing distribution
can be very complicated. Let us assume that when the walk is strongly correlated, we can instead
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impose the condition on the one preceding step, i.e., that δ < B(S− ∆s) for ∆s → 0. We can then
Taylor expand in δ and B and get the following condition:

B(S) ≤ δ ≤ B(S) + ∆s
(

dδ

ds
− dB

ds

)
(96)

with dδ/ds ≥ dB/ds at s = S, which is a condition on the ‘velocity’ of δ being greater than the tilt of
the barrier [197,211,212]. This implies that now we have to deal with a bivariate distribution on δ and
its velocity δ′ ≡ dδ/ds, P(δ, δ′), but with the simplification of having only one condition to impose,
rather than an infinite number of them. The first crossing distribution reads

f (s)ds '
∫ +∞

B′
dδ′

∫ B(s)+∆s(δ′−B′)

B(s)
dδ P(δ, δ′), (97)

' ∆s
∫ +∞

B′
dδ′p(δ′, B)(δ′ − B′). (98)

If we now take the limit ∆s→ 0 and change the integration variable δ′ → v = δ′ − B′ we get the
general formula

f (s) =
∫ +∞

0
dv v p(v + B′, B). (99)

As an example, we can compute Equation (99) for Gaussian initial conditions and a constant
barrier, B(s) = δsc. In this case, it is convenient to work with the following change of variables

δsc → ν ≡ δsc/
√

s v→ x ≡ 2γ
√

sv (100)

and we have defined

γ2 ≡ 〈δδ′〉2
〈δ′2〉〈δ2〉 . (101)

We obtain therefore the following first crossing distribution, as a function of ν,

f (ν) =
e−ν2/2
√

2π

1
γν

∫ +∞

0
dx x pG(x− γν; 1− γ2) (102)

where the subscript G indicates the Gaussian distribution and we have used the conditional probability
pG(x, δsc) = pG(δsc)pG(x|δsc).

There are several efforts that extend the excursion set to non-Gaussian initial
conditions [173–175,184–189,191–195], some of which also relax the assumption of spherical
collapse and consider, for instance, ellipsoidal barriers motivated by the fact that the tidal shear of
the local density field contributes to the threshold for collapse. Here we will review the main results
of [187,188,213], which build up on results obtained for the Gaussian case [214–216]

1. They formulated the excursion set using top-hat filtering in real space, which is the preferred filter
to compare with data and simulations [187]. Such a choice of filter introduces non-Markovianity
of the random walks, i.e., walks are correlated not only with their direct predecessor, but with the
whole preceding path (see also [217,218] for another approach).

2. They gave a physical explanation of the correction to the spherical threshold for collapse δsc →√
qδsc which is commonly used to improve fits to simulations (see [182,219–221] for the earliest

applications ) and showed how it is expected that the factor depends on the halo finder used [215].
3. Non-Gaussianities also introduce non-Markovian corrections, they were able to include them in

their framework using the results from the Gaussian case with non-Markovianity [187].
4. They extended the formalism to a generic moving barrier B(σ) in [188].
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These findings are summarized in the following prediction for the non-Gaussian
multiplicity function

fMR(ν) = (1−√q κ)
√

qν fPS(
√

qν)

[
1 +

1
6

hNG(
√

qν)

]
+

κ
√

qν
√

2π
Γ
(

0,
qν2

2

)
(103)

where q = 1/(1 + DB) being DB the diffusion coefficient of the barrier, which advocates 2. of the
previous list,

κ(R) = lim
R′→∞

〈δR′δR〉
〈δ2

R′〉
(104)

is the correction due to the use of top-hat filtering (addressing 1.), Γ(0, x) is the incomplete Gamma
function and

hNG(ν) = ν3σS3 − ν

(
3σS3 + σU3 +

d(σS3)

dlnν

)
+

1
ν

(
σV3 +

d(σS3)

dlnν
− d(σU3)

dlnν

)
+O

(
1
ν3

)
(105)

is the correction due to non-Gaussianity (addressing 3.), being U and V first and second derivatives of
the skewness S3, respectively.

Equation (103) is not generalized to account for moving barriers ( improvement 4. in the list
above), such a generalization can be found in [188], where they also used an improved method based
on the saddle-point approximation proposed by [191]. Another series of papers analyzes drifting
diffusing barriers in the context of the excursion-set approach [193], also including an extension to a
class of primordial trispectra [195]. In general, the introduction of a consistent barrier for collapse is a
non-trivial task because it requires a detailed modeling of halo formation, which at present day is not
understood, being a fully non-linear process.

5.1.3. The Excursion-Set Peaks Model

It is rather natural to think that to some degree of approximation, virialized halos at late time
may have formed out of maxima of the initial density field [196]. This amounts to saying that if
we trace back halos of a certain mass M to the initial conditions, they sit on a peak of the initial
density field. The corresponding Lagrangian patch is called “proto-halo” and it defines the halo
Lagrangian scale R ∝ (M/ρ̄)1/3. This assumption has been extensively analyzed in numerical N-body
simulations and shown to work rather well for a wide range of masses [153–155,222]. Several authors
have developed the technical tools to deal with local density maxima in the presence of non-Gaussian
initial conditions [159,196,199,200,203,204]. Here we want to collect all their progress and include it
in the effort of combining the peak model and the excursion-set approach. Only recently it has been
realized that the two methods can be unified into one ESP model by imposing that peaks of the density
field at a given smoothing scale satisfy a first crossing condition, in such a way as to have a first
crossing distribution for peaks [197]. A full review and detailed description of the peak model and its
extension to the ESP is nicely presented in [207]. Here we highlight the main results.

The Gaussian Case

We can generally define the number density of points that are local maxima of the Gaussian field
δ(x) as a point process,

npk(x) = ∑
xpk

δD(x− xpk), (106)

where δD is the 3-dimensional delta function. The continuous field δ(x) can be Taylor expanded around
a peak position xpk,

δ(x) ≈ δ(xpk) +
1
2 ∑

i,j
[∇i∇jδ(xpk)](x− xpk)i(x− xpk)j, (107)
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where we imposed the peak condition on the first derivative, ∇iδ(xpk) = 0. In a similar manner, we
can Taylor expand ∇iδ(x) around the peak as

∇iδ(x) ≈ [∇i∇jδ(xpk)](x− xpk)j. (108)

Using Equations (107) and (108), we can express the delta functions of Equation (106) as

δD(x− xpk) ≈ |det [∇i∇jδ(x)]|δD(∇δ(x)), (109)

provided that the hessian ∇i∇jδ is definite negative, to ensure to be looking at maxima, and
non-singular in xpk.

The identification of proto-halos inserts a scale into the problem, as we want to model the
clustering of halo centers, and not their internal substructure. We therefore need to smooth the DM
field on the Lagrangian size Rs. Moreover, we may impose a high enough threshold on the value of
the density at the peak, i.e., a peak height, to make sure that we are dealing with regions sufficiently
dense as to favor virialization, in the spirit of [223].

As a result, the number density of peaks of height ν′ at position x can be expressed in terms of the
smoothed field δs and its derivatives as [196]

npk(ν, Rs, x) =
33/2

R3∗
|detζ(x)| δD(η(x)) θH(λ3(x)) δD(ν(x)− ν′), (110)

where R∗ =
√

3σ1s/σ2s is the characteristic radius of the peak and we have conveniently defined the
normalized peak density and its derivatives as

ν(x) =
1

σ0s
δs(x) (111)

ηi(x) =
1

σ1s
∇iδs(x) (112)

ζij(x) =
1

σ2s
∇i∇jδs(x) (113)

and we will adopt the following notation for the variance of the smoothed density field, (linearly
extrapolated to present day) and its derivatives,

σ2
j =

1
2π2

∫ ∞

0
dk P(k)k2(j+1)W2

R(k). (114)

We have imposed explicitly that the stress tensor −ζij is definite negative through the positivity
of λ3, its lowest eigenvalue.

The number density npk can be used, in principle, to compute any N-point correlation functions
among the peaks of the density field by ensemble averaging products of npk,

ρ
(N)
pk (ν, Rs, x1, ..., xN) = 〈npk(ν, Rs, x1)× ...× npk(ν, Rs, xN)〉, (115)

and in the Gaussian initial conditions considered here, multivariate normal distributions are assumed
to perform the ensemble average. The case of N = 1 is the averaged peak number density

n̄pk = 〈npk(ν, Rs, x)〉 =
∫

dν d3η d6ζ npk(ν, Rs, x)P1(ν, η, ζA) (116)



Galaxies 2018, 7, 71 28 of 67

being A = 1, ..., 6 since ζ is symmetric and the joint probability distribution P1 is given by

P1(y)dy =
1

(2π)5|detM| 12
e−Q1(y)dy, (117)

where M is the corresponding covariance matrix. Owing to rotational invariance, we have regrouped
the set of variables into the following vector

y ≡ {ν, J1, 3η2, 5J2, J3}, (118)

where J1 = −tr(ζij) is the peak curvature, J2 = 3
2 tr(ζ̄2

ij) and J3 = 9
2 tr(ζ̄3

ij), being ζ̄ij = ζij + δij J1/3
the components of the traceless part of the Hessian. We can then factorize the exponential into the
following form

Q1 =
ν2 + J2

1 − 2γ1νJ1

2(1− γ2
1)

+
3
2

η2 +
5
2

J2
2 (119)

and we define the correlation

γ2
1 =

〈δJ1〉2

〈δ2〉〈J2
1 〉

=
σ4

1s
σ2

0s σ2
2s

. (120)

This decomposition allows the writing of Equation (117) in a more compact way as a product of a
bivariate GaussianN in the variables ν and J1 and 3- and 5- degrees of freedom χ-squared distributions
in 3η2 and 5J2 respectively,

P1(y)dy = N (ν, J1)dν dJ1 χ2
3(3η2)d(3η2) χ2

5(5J2)d(5J2)dJ3 P(Ω), (121)

and P(Ω) represents the probability distribution of the five remaining d.o.f.. Since they are all angular
variables, they do not generate bias factors because the peak (and halo) overabundance can only depend
on scalar quantities (see e.g., [224,225]). The variable J3 is uniformly distributed and constrained to
satisfy J2

3 ≤ J3
2 by the fact that ζij is symmetric.

We now want to apply the excursion-set ansatz to the statistics of peaks of the density field. This
amounts to impose to select only those peaks which are found at a certain scale R which have a smaller
height on the next larger smoothing scale, i.e.,

B(Rs)

σ0s
≤ ν ≤ B(Rs)

σ0s
+

∆Rs

σ0s

(
dB
dRs
− dδ

dRs

)
, (122)

where we just adapted Equation (96) to the variable Rs, with the condition that δ′ − B′ ≤ 0, where
now the prime indicates derivative with respect to Rs. Hence, the corresponding ESP discrete number
density can be written as

nESP(ω) = − µ

σ′0sν
θH(µ) npk(y). (123)

where we have defined the variable µ = B′ − δ′ and extended the vector of variables to ω = (y, µ).
Combining Equations (97) and (116) we get [201]

n̄ESP(ν, Rs)∆Rs =
33/2

R∗

∫
d6ζ

∫
d3η

∫ B′

−∞
dδ′

∫ B−∆Rs(δ′−B′)

B

dδ

σ0s
|detζ|δD(η)θH(λ3)P1(ω)

=
∫

d6ζ
∫

d3η
∫ ∞

0
dµ

µ

σ0s
npk(y)P1(ω) (124)



Galaxies 2018, 7, 71 29 of 67

and using a similar approach to Equation (A1), we can calculate the ESP multiplicity function to be

fESP(ν) =
M
ρ

n̄ESP
dRs

dν
(125)

= − e−ν2/2
√

2π

1
σ′0sν

V
V∗
G(1)1 (γ1, γ1ν) (126)

where V = m/ρ̄, σ′0s = dσ0s/dRs and G(1)1 (x) is defined in Appendix A.1.
The multiplicity function of Equation (125) is a theoretical prediction of the halo mass function

which does not depend on any free parameter. Its limits of applicability are directly related to the
assumptions it is based on, namely

• Halos form out of peaks of the Lagrangian density field,
• The barrier for collapse is described as a sole function of the density field.
• Walks are correlated enough on large scales such that we can impose the up-crossing condition

on the one preceding step only, rather than the full walk.

The most important extension to be worked out on this model is the inclusion of the effect of tidal
shear on the gravitational collapse of halos. The formalism has been written down in [207] for a generic
collapse barrier which depends on the tidal field shear field. The next step would be to understand the
particular form which this barrier should have, for the model to provide a prediction on the halo mass
function. As argued in [207] and in Section 6.2.3, this extension is particularly relevant for primordial
non-Gaussianity.

The Non-Gaussian Extension

The goal is now to embed a non-Gaussian initial PDF for peaks and therefore a non-Gaussian ESP
mass function. The important point here is that in order to compute a non-Gaussian probability through
an expansion similar to Equation (80), we need to expand all the variables in ω = {ν, J1, µ, 3η2, 5J2, J3}.
This expansion takes the name of Gram–Charlier expansion and it has been developed in several
papers [199,203,226,227].

For generic non-Gaussian initial conditions we define PNG = PG[1 + δPNG] and the
Gram–Charlier11 expansion up to third order in δ gives

δPNG =
1
6
〈ν3〉GCH300(ν, J1, µ) +

1
6
〈J3

1 〉GCH030(ν, J1, µ) +
1
6
〈µ3〉GCH003(ν, J1, µ)

+
1
2
〈ν2 J1〉GCH210(ν, J1, µ) +

1
2
〈νJ2

1 〉GCH120(ν, J1, µ) +
1
2
〈ν2µ〉GCH201(ν, J1, µ)

+
1
2
〈νµ2〉GCH102(ν, J1, µ) +

1
2
〈J2

1 µ〉GCH021(ν, J1, µ) +
1
2
〈J1µ2〉GCH012(ν, J1, µ)

+ 〈νJ1µ〉GCH111(ν, J1, µ)− 〈νη2〉GCH100(ν, J1, µ)L(1/2)
1

(
3
2

η2
)

− 〈J1η2〉GCH010(ν, J1, µ)L(1/2)
1

(
3
2

η2
)
− 〈µη2〉GCH001(ν, J1, µ)L(1/2)

1

(
3
2

η2
)

− 〈νζ2〉GCH100(ν, J1, µ)L(3/2)
1

(
5
2

ζ2
)
− 〈J1ζ2〉GCH010(ν, J1, µ)L(3/2)

1

(
5
2

ζ2
)

− 〈µζ2〉GCH001(ν, J1, µ)L(3/2)
1

(
5
2

ζ2
)
+

25
21
〈J3〉GC J3 (127)

11 For cumulants up to fifth order it can be demonstrated that the Gram–Charlier expansion coincides with the Edgeworth
expansion. It is worth noticing that, especially for large non-Gaussianities, the Gram–Charlier expansion might not converge,
see for example [228].



Galaxies 2018, 7, 71 30 of 67

where we define the Hermite polynomials

Hijk(ν, u, µ) =
1

N (ν, u, µ)

(
− ∂

∂ν

)i (
− ∂

∂u

)j (
− ∂

∂µ

)k
N (ν, u, µ). (128)

the generalized Laguerre polynomials

L(α)
n (x) =

x−αex

n!
dn

dxn (e
−xxn+α) (129)

and the correlations 〈·〉GC as

〈νizjtkη2q Jl
2 Jm

3 〉GC =
(−1)q+lq! l!
(3/2)q(5/2)l

1
n̄ESP

〈
nESP(y)Hijk(ν, J1, µ)L(1/2)

q

(
3
2

η2
)

L(1/2)
l

(
5
2

J2

)
Jm
3

〉
,

(130)
where we have assumed m ≤ 1 and the average is weighted by the ESP mass function to ensure that
only peaks of the density field are selected. The non-Gaussian correction to the mass function is

δn̄NG
ESP ≡

∫
dω nESP(ω)δPNG(ω) =

∫
dω nESP(ω)PG(ω)

[
1
6 〈ν3〉GCH300(ν, J1, µ) + ... + 25

21 〈J3〉GC J3

]
. (131)

Here we notice an important feature of the expansion: each Hermite, or Laguerre, polynomial that
multiplies the Gaussian mass function and PDF, when integrated over ω defines itself a bias parameter
for the Gaussian case, for instance

σ3
0 b300 =

∫
dω nESP(ω)H300(ν)PG(ω). (132)

Hence we have found that each term in Equation (131) defines a third-order bias multiplied by
the corresponding “skewness” of the type 〈X3〉GC. If we were to include terms involving the kurtosis,
they would generate fourth-order bias Gaussian parameters and so on. We refer to the Appendix A.2
for the full expression for δnNG

ESP, which is rather lengthy, but straightforward to calculate. Here we
quote only the first three terms

δn̄NG
ESP ⊃

1√
6

{
b300S(ν3)

3 + b030S(u3)
3 + b003

√
6S(µ3)

3 + ..., (133)

where we define the skewnesses as

S(X)
3 = 2 fNL

g(σ0, σ1, σ2)

σ4
0

∫ d3k1

(2π)3
d3k2

(2π)3 χ(k1, k2)M(k1)M(k2)M(k12)
[
Pφ(k1)Pφ(k2) + 2 cyc.

]
(134)

where g and χ vary for each variable X considered.

5.2. Numerical Approaches

In parallel with analytic approaches, N-body simulations have been exploited both to test
theoretical predictions and to find semi-analytic or fully fitted phenomenological formulas to be used
in real data. The earliest fits to the non-Gaussian mass function from simulations with non-Gaussian
initial conditions [208,209] focused on local-type non-Gaussianity with an amplitude of O( fNL) ∼
100 s. In [209] they fitted the multiplicity function as

f (σ) =

[
D + B

(
1
σ

)A
]

exp
(
− C

σ2

)
, (135)



Galaxies 2018, 7, 71 31 of 67

where A, B, C, and D each follow the functional form

P(z, fNL) = p1(1 + p2z + p3z2)(1 + p4 fNL) P = A, B, C, D. (136)

This fit showed agreement within ∼10% of the measurements.
In [193,229], the halo mass function from excursion-set theory with a drifting diffusive barrier

was tested against N-body simulations. Their prediction is an extension of Equation (103) to include
a stochastic barrier with linearly drifting average up to next-to-leading order. The idea is to allow
for stochastic deviations from the usual spherical collapse threshold value δsc, parametrizing the
deviation with two quantities: the rate β at which the collapse threshold deviates on average from the
spherical collapse δsc and the amplitude DB of a constant scatter around the average collapse threshold
at a given mass scale. They compare their model with measurements of the halo mass function in
simulations with local-type non-Gaussianity in the initial conditions, first fitting β and DB and then
calibrating them on the Gaussian simulations. Using the first fit, their prediction agrees within 5% with
simulations. When calibrating on the Gaussian simulations, they find dependence of the parameters
on non-Gaussianity, indicating that the stochastic nature of the barrier is correlated with it.

An important study of the large-scale density field was performed in [230] using N-body
simulations to understand whether measurements of the moments of large-scale structure can yield
constraints on primordial non-Gaussianity. They found that most of the information is included in the
variance of the galaxy density field, because of the effect of the scale-dependent bias, which we will
discuss in the next Section 6. The result on the variance was recently further refined in [231], where
they use maxima and minima counts of the halo density field of N-body simulations to show that
primordial non-Gaussianity of the local-type could be constrained at the level of fNL ≈ 10 with the
Euclid survey using this method. Although these figures are not competitive with direct constraints
from the power spectrum of galaxies (see for instance [17]), the estimate of [231] is still preliminary
and should be refined.

In [232], N-body simulations with primordial non-Gaussianity generated by a range of two-field
models of inflation were run. The measurements were compared to semi-analytic estimations
of the non-Gaussian mass function based on the Edgeworth expansion. The type of primordial
non-Gaussianity they consider is such that cumulants of higher-order than the skewness are more
important than in the single-field local case. Their comparison with data shows that different
prescriptions for the scaling of higher moments give appreciably different results. The analysis
of multi-field inflation in N-body simulations proves an important point on being careful when
truncating the Edgeworth expansion. Given that recent theoretical progress has demonstrated that the
local-type non-Gaussianity for single-field models is not observable [53,233–239] (see discussion in the
next Section 6.1.3), this type of searches should be investigated further.

5.3. Final Remarks of This Section

In this section, we have focused on the effect of primordial non-Gaussianity on the probability
distribution of dark-matter halos. We have showed how the strongest effects are in the tails of the
probability distribution. For this reason, studies on the very high-mass tail of what observed in a
galaxy survey, such as extreme-mass clusters [240,241] and x-ray detected clusters [242–244], have
been investigated as well. Similarly, very large voids probe the low-density tail of the PDF. Early
studies of N-body simulations showed that this could be a promising venue for large values of
fNL of the local type [245]. On the theoretical side, calculations within the context of the extended
Press-Schechter mass function were performed in [175,246,247] and later using the excursion-set
formalism [190]. It is also possible to directly constrain the dark-matter density field using weak-lensing
measurements [171,186,248–251].

Despite almost 40 years of research into the possibility of constraining primordial non-Gaussianity
using the probability distribution of dark matter, and dark-matter tracers, in the universe, it remains
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a great challenge to obtain competitive figures as compared to other probes, such as the CMB and
correlation functions of dark-matter tracers (see the following Section 6). The main reason for this is
that most of the relevant information is in the high-mass tail of the halo (or possibly other tracers)
distribution, where we lack the statistics to have high signal-to-noise ratios. Moreover, current limits on
non-Gaussianity constrain the correction to the probability distribution to be very small: for instance,
a local-type non-Gaussianity of order unity implies a correction at the subpercent level in the halo
mass function.

6. Imprints of Primordial Interactions on Two-Point Halo Statistics

The interactions taking place during inflation that we introduced in Section 3.2 manifest
themselves as non-trivial correlation functions of the primordial curvature perturbation, which
provides the seed for structure formation. We have focused in particular on three-point correlation
functions: the natural choice for looking for these primordial correlations in the large-scale structures
of the late universe would be the three-point correlation function of galaxies, which is sourced by the
primordial correlator at tree-level in a similar way as for the dark-matter case of Equation (86).

It came as a breakthrough the finding that the two-point function of halos on large scales contains
a great deal of information about the class of primordial interactions whose bispectrum shape peak in
the squeezed limit. The discovery of a characteristic scale dependence at large scales in the linear bias
of halos came as a surprise since it was a generic prediction of clustering models with Gaussian initial
conditions that the bias at large scales was scale-independent. As we will show in this section, there
are two main features that make this observable so promising to constrain primordial interactions:
firstly, the presence of primordial non-Gaussianity manifests the strongest on the largest scales. In this
regime, non-linear biasing, non-linear gravitational interaction, and redshift space distortions have
negligible effects. Secondly, it manifests as a peculiar scale dependence, which is not produced by
any other phenomenon on those scales. The particular scaling depends on the primordial bispectrum
shape that generates it, hence a good constraint on the scale dependence could discriminate among
different models of inflation.

This finding opened an entire new stream of research on the effects of PNG on the power spectrum
of galaxies and it provides one of the most promising observables in LSS as of today. This section is
devoted in reviewing recent efforts both on the theoretical side and on the numerical side.

Plan of the Section. We start by introducing the imprint of local-type non-Gaussianity on the
halo power spectrum (almost) as it was discovered, with a derivation using the peak-background split
ansatz in Section 6.1. We then proceed by generalizing to any model of primordial non-Gaussianity in
Section 6.2, describing different methods for modeling structure formation and halo clustering in the
presence of such an effect. We then overview the current status of numerical analyses in Section 6.3,
complementing the analytic part. We conclude with final remarks in Section 6.4.

6.1. The Breakthrough: Scale-Dependent Bias from Local PNG

In [208], the effect of primordial non-Gaussianity in the halo power spectra was measured using
N-body simulations with non-Gaussian initial conditions of the local type. The measurements exhibit
a strong 1/k2 scaling at large scales. First physical interpretations and predictions were given in the
context of the high peak approximation [252–254], multivariate bias expansions [255,256], and using
a peak-background split (PBS) ansatz [257–262]. As a first step into the study of this topic, in this
section we provide a pedagogical derivation for the case of local-type primordial non-Gaussianity in
the context of the peak-background split ansatz, loosely following [257].

6.1.1. Derivation with the Peak-Background Split Ansatz

The peak-background split approach [196,223] gives a very clean physical interpretation of the
effect and it provides a rather model-independent prediction. The starting point of a peak-background
split ansatz is separating long- and short-wavelengths modes of the density field δ. A typical short
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mode can be thought of as the Lagrangian radius of a proto-halo, i.e., the scale relevant for the
formation of virialized objects. The long modes act as a local rescaling of the amplitude of short
ones. The basic assumption for being able to perform such a separation is that the two regimes are
decoupled. This is the case for Gaussian distributed fields. Here, we want to consider the case of
non-Gaussian initial conditions, which by definition introduce coupling between long and short modes
already at the primordial level. This coupling is manifest when considering the local ansatz for the
primordial perturbations,

ζ(x) = ζG(x) +
6
5

fNL(ζ
2
G(x)− 〈ζ2

G〉). (137)

If the initial conditions are non-Gaussian, as in Equation (137), the separation of scales has to be
performed not at the level of the density field δ, but on Gaussian primordial fluctuations

ζG = ζ` + ζs, (138)

where ` indicates long modes and s short ones. Applying the split to Equation (137) we get

ζ = ζ` +
6
5

fNLζ2
` +

(
1 +

12
5

fNLζ`

)
ζs +

6
5

fNLζ2
s + const. . (139)

On sufficiently large scales, the relation

δ`(k) =M(k)ζ`(k) (140)

holds, while the short-wavelengths modes of the density field are affected, at first order, as

δs ≈M
(

1 +
12
5

fNLζ`

)
ζs, (141)

which can be interpreted as a local modulation of the amplitude of matter fluctuations by the long
modes proportional to fNL,

σs −→ σs

(
1 +

12
5

fNLζ`

)
≡ σ̂s. (142)

As a result, the local number density of halos of mass M is not a function of δ` only, but also of
this local modulation σ̂s and, more in general, on all cumulants of the density field. The expansion in
Lagrangian space for the halo overdensity reads, at first order in δ`, as

δh(x) ≈ −
1

n̄h

∂n̄h
∂δ`

δ`(x) +
∂lnn̄h
∂lnσ̂s

∂lnσ̂s

∂δ`
δ`(x) + ... ,

≈ − 1
n̄h

dn̄h
dδ`

δ`(x) +
12
5

fNL
∂ζ`
∂δ`

∂lnn̄h
∂lnσ̂s

δ`(x) + ... . (143)

From this expression we can define the first-order bias in Fourier space in the presence of
primordial non-Gaussianity

b1(M, k) ≡ bG
1 (M) + ∆bNG

1 (M, k) = bG
1 (M) +

12
5

fNL

M(k)
bNG

1 (M) (144)

being

bG
1 ≡ −

1
n̄h

∂n̄h
∂δ`

(145)

the usual Gaussian Lagrangian bias and

bNG
1 ≡ ∂lnn̄h

∂lnσ8
, (146)
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the amplitude of the so-called scale-dependent bias. Here σ8 is the variance of the density field for a
smoothing at R = 8 Mpc/h, the typical reference amplitude of matter fluctuations. This result is
general, at first order, as we did not make assumptions other than the scale separation in ζG.

The characteristic feature of this additional bias contribution at first order is that it scales as
∆bNG

1 ∝ 1/k2 at large scales, sinceM(k) ∝ k2 in this limit. It implies that the two-point correlation
function of halos at large separations should show a clear enhancement, or suppression if f loc

NL is
negative, with respect to the Gaussian case. In Fourier space, we therefore have

Phh(k) = (bG
1 + ∆bNG

1 (k))2Pmm(k), (147)

where here we should remember that also the matter auto-power spectrum has non-Gaussian
corrections, according to Equation (84). Also, here we have not evolved the density field from
its Lagrangian position. The Eulerian expression for Phh has the only difference in the linear bias,
which changes into the Eulerian linear bias bE

1 = 1 + bG
1 . A detailed explanation of the matching from

Lagrangian to Eulerian treatment with primordial non-Gaussianity can be found in [263]. As first
argued in [257], the amplitude of this non-Gaussian correction depends on the halo formation history,
suppressing the amplitude of recently formed halos and enhancing it if they are formed early. We will
not discuss the effect here and defer the reader to the available literature [257,264].

6.1.2. Universality of the Mass Function

The amplitude bNG
1 of Equation (146) cannot be directly measured from galaxy surveys, as we

do not have multiple realizations of the universe with varying σ8. The simplest way around this
problem is to assume universal mass functions of the form of Equation (89), as in the case of the Press
& Schechter mass function, Equation (88). In this case, the logarithmic derivative of the mass function
with respect to the normalization amplitude σ8 takes the simple form

∂lnn̄h
∂lnσ8

=
∂lnn̄h
∂lnν

∂lnν

∂lnσ8
= − ν

n̄h

∂n̄h
∂ν

= δscbG
1 . (148)

The above expression also assumes spherical collapse. In this way, the linear bias in the presence
of local-type PNG can be characterized via a single bias parameter bG

1 .
The assumption of universality of the mass function has been thoroughly investigated for

Gaussian initial conditions in the last decade (see for instance [265–267]), but not as precisely
for non-Gaussian initial conditions. Indeed, studies of N-body simulations have shown that the
assumption is not as reliable as needed by the increasing precision required by data. We expand on
these studies in the next Section 6.3.1.

6.1.3. The Single-Field Consistency Relation

Single-field models of inflation generate a minimal amount of non-Gaussianity, as explained in
Section 3.2.1. The minimal interaction of a single scalar field with gravity produces a minimal amount
of non-Gaussianity, Equation (33), of order O( fNL) ∼ O(ε, η) . For squeezed configurations of the
bispectrum, the inflationary consistency relation Equation (34) states that all single-field models of
inflation are constrained to have small non-Gaussianity, O( fNL) ∝ ns − 1. This non-Gaussianity can be
connected to a local-type one by an appropriate matching [47], so that one would be tempted to state
that we are expected to see a minimal amount of non-Gaussianity in the scale-dependent bias. However,
following an interesting debate [53,233–239,268,269], it has been shown that the single-field consistency
relation is equivalent to the statement that long-wavelength perturbations are not physically coupled
to small-scale ones and therefore there is no scale-dependent bias for single-field models of inflation.
The argument follows from studying how to connect the result of [47], which was computed in
comoving gauge at the epoch of inflation, with actual observations of galaxy number counts at the
present day. The positive side of this finding is that any detection of a scale-dependent bias on large
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scales of the type of Equation (144) would rule out the possibility that primordial perturbations were
generated at early times by a single field.

In fact, the statement is not only restricted to local-type non-Gaussianity, but to all squeezed
limits of inflationary bispectra: one way to show it is to remove the unphysical contributions from
any bispectrum by calculating it in Conformal Fermi Coordinates [270,271]. An example in which this
subtraction is done for the resonant running model of Equation (51) is found in [272].

6.2. Analytic Approaches

After warming up with the effect of local PNG on the clustering of halos in the previous section,
here we discuss how to extend it to any type of primordial interaction. We will begin by introducing
a framework which allows for minimal assumptions on the physics of halo formation and collapse
using an effective field theory approach to LSS. This treatment is extremely powerful in characterizing
the most promising signatures from the early universe. Subsequently, we proceed with applying a
few well-motivated ansatzes on the physics of structure formation at late times thereby increasing
the predictive power of the theory, but losing control of theoretical errors. The trade-off between
model-independence and predictivity plays a major role in constraining PNG using the power spectrum
of tracers from galaxy surveys.

6.2.1. The Squeezed Limit of the Primordial Bispectrum

The finding that the presence of a coupling between long and short modes in the initial conditions
modulates the local number density of halos and therefore their clustering at large scales has great
importance: it implies that there is a specific kinematic regime of the initial conditions in which halo
clustering at large scales is particularly sensitive to early universe physics. This kinematic regime is the
squeezed limit of the bispectrum, which is precisely the triangle shape by which the power spectrum
on short modes is modulated by long ones.

By defining long and short modes for a bispectrum triangle as

k1 = ks −
k`

2
, k2 = −ks −

k`

2
, k3 = k`, (149)

we can expand the primordial bispectrum of ζ for k` � ks and get

Bζ(k1, k2, k3) =
∞

∑
J=0

A2J(ks, k`)L2J(k̂s · k̂`) Pζ(ks)Pζ(k`) +O
(

k2
`

k2
s

)
, (150)

where LJ are Legendre polynomials which appear only with even orders since in the squeezed limit
k1 ≈ −k2, removing the degree of freedom for odd number of exchanges of ks into −ks. The factor
AJ(ks, k`) encodes information about the primordial interaction we want to describe. Tables 1 and 2
gathers the values of A2J for the models introduced in Section 3.2, excluding interactions involving
features: these cases generically break scale invariance and need to be handled with extra care. We
expand on this in the next paragraph.

Table 1. List of values of A2J from the squeezed limit expansion of Equation (150) for interactions
produced in single-field models of inflation.

Interactions in Single-Field Models A0 A2

Gravitational Floor (Equation (33)) 2ε + η 0

DBI (Equation (39))
[

7
3

(
1
c2

s
− 1
)
+ 3

4

(
1
c2

s
− 1− 2λ

Σ

)] (
k`
ks

)2 5
6

(
k`
ks

)2 ( 1
c2

s
− 1
)

Solid Inflation (Equation (54)) 0 − 40
9

FY
F

1
ε

1
c2

L



Galaxies 2018, 7, 71 36 of 67

Table 2. List of values of A2J from the squeezed limit expansion of Equation (150) for interactions
produced in multi-field models of inflation. We have parametrized the amplitude of interactions
involving the exchange of massive particles using αs and rs, where s indicates the spin of the particle,
for principal and complementary series, respectively. Full expressions for these amplitudes can be
found in [88].

Interactions in Multi-Field Models A0 A2J

Local (Equation (66)) 12
5 f loc

NL 0

Massive particles

Even Spin (Principal Series) α0

(
k`
ks

)3/2
cos

[
µ ln

(
k`
ks

)]
α2J

(
k`
ks

)3/2
cos

[
µ2J ln

(
k`
ks

)
+ φ2J

]
Even Spin (Complementary Series) r0

(
k`
ks

)3/2−ν
r2J

(
k`
ks

)3/2−ν2J

Odd Spin (Principal Series) αs

(
k`
ks

)2
O
[(

k`
ks

)5/2
]

Odd Spin (Complementary Series) αs

(
k`
ks

)2
+ rs

(
k`
ks

)5/2−νs
O
[(

k`
ks

)5/2
]

Notice that as long as we are constraining non-Gaussianity using the halo power spectrum only,
any information on the angle between ks and k` is lost. One needs to look at the bispectrum [273–288]
or, alternatively, to galaxy shapes [20,21] and intrinsic alignments [22] to be sensitive to it.

Scale-Invariant Primordial Bispectra

The coefficients AJ of the expansion contain information on the specific inflationary model from
which the interaction giving rise to the bispectrum generates. It is instructive to start from the sub-class
of models we defined in Section 3.2 which are scale-invariant. It is straightforward to show that

AJ(ks, k`) = aJ(k`/ks)
∆ (151)

for scale-invariant bispectra. We can then explicitly write the modulation of a specific long mode k` on
the local power spectrum around a small Lagrangian patch centered in q as

Pζ(ks|q) =
{

1 +

[
a0 +

3
2

(
ki
`k

j
`

k2
`

− 1
3

δij

)
ki

skj
s

k2
s

a2 + ...

]
ζ(k`)

(
k`
ks

)∆
eik` ·q

}
Pζ(ks), (152)

where in the second term in the square brackets we have wrote explicitly the second-order Legendre
polynomial L2(l`, ks), factorizing out short modes, and the ellipses indicate higher-order terms in J.
Here it is important to stress that the modulation is imprinted in the initial conditions for structure
formation, at the Lagrangian position q, as compared to the Eulerian position at which we usually make
observations of the (galaxy) density field, x [256,273,289]. Equation (152) suggests a generalization of
Equation (142) by defining operators such as

ψ(∆)(q) =
∫ d3k

(2π)3 k∆ ζ(k) eik·q (153)

for J = 0 and

ψ
ij
(∆)(q) =

∫ d3k
(2π)3

3
2

(
kikj

k2 −
1
3

δij
)

k∆ ζ(k) eik·q (154)

for J = 2. The integration accounts for the collective contribution from all long modes and has
generically support for k` < Λ, where Λ is an arbitrary scale splitting long from short modes.
Higher orders can be calculated by using J-th-order trace-free projection operators with respect to k`.
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These fields can be evaluated at the Eulerian position x by expanding around x(q, τ) = q + s(q, τ),
being s the Lagrangian displacement, in perturbation theory

ψ(x(q, τ), τ) = ψ(q) + si(q, τ)∂iψ(q) + .... (155)

Using a similar reasoning as in the local case, we then have a scale-dependent bias term in the
halo auto-power spectrum of the form

Phh(k)|J=0 =

(
b1 +

a0

M(k)
bψ(∆) k∆

)2
Pmm(k) (156)

for the case of J = 0 at leading order. Here bψ(∆) is the bias parameter corresponding to the operator of
Equation (153), which is a generalization of Equation (146). Using a similar argument on the separation
of scales leading to the expression of Equation (146), the rescaling of the short-wavelengths modes by
the long ones in this case reads

δs −→
[
1 + εk−∆

]
δs, (157)

where we have defined ε = a0ψ(∆). Consequently, we get

bψ(∆) =
∂lnn̄h

∂ε

∣∣∣∣
ε=0

. (158)

The peak-background split is extremely powerful to derive expressions for bias parameters based
on the response of the local number density of halos to the variation of a particular physical quantity.
These relations are inherently renormalized, physical quantities that can be directly used to compute
n-point correlation functions of halos and tracers in general. To use them as predicted parameters, a
specific modeling of halo formation needs to be implemented, as we discuss in the next section.

The local-type non-Gaussianity corresponds to a0 = 12/5 fNL and ∆ = 0. For any ∆ > 0 the
enhancement on large scales is reduced. For instance, non-Gaussianity from DBI inflation has ∆ = 2,
as indicated in Table 1. In this case, the non-Gaussian contribution to the halo power spectrum is
scale-independent and thus degenerate with the linear bias b1. This can be understood by looking at
Equation (153): ψ(2) ∝ ∇2ζ is directly proportional to the matter density. Similarly, higher values of ∆
give contributions which are degenerate with bias parameters related to higher-derivative operators of
the form ∇∆−2δ. The intermediate range 0 ≤ ∆ ≤ 2 is explored by models with massive particles of
various spins produced during inflation, as discussed in Section 3.2.2.

The second term in Equation (156) is the leading-order correction to the linear bias in the presence
of generic scale-invariant primordial bispectra. For J > 0, the correction comes at higher orders: for
instance for J = 2, the operator ψ

ij
(∆) needs to be multiplied by some operator Oij in order to appear

in the bias expansion of Equation (143), simply because the halo overdensity δh is a scalar quantity.
We make this statement more precise in a few paragraphs.

Let us first discuss how to extend the squeezed limit expansion of the bispectrum of Equation (150).
The extension is motivated by the fact that the limit is strictly valid until the modes k we observe do not
affect the local formation of halo. This can be diagnosed by checking how the variance σ2 smoothed on
the small-scale Rs is affected by k, and it approximately coincides with modes at the peak of the matter
power spectrum, k∼0.02 h/Mpc. Given that observational data hardly constrain modes much larger
than k∼10−3 h/Mpc, it is important to understand how much we can exploit from analytic methods
before resorting to N-body simulations.

If we restrict to the scale-invariant case, we can perturbatively add terms in higher powers of
k`/ks and get

Bζ(k1, k2, k3) =
∞

∑
J,N=0

a2J,2N

(
k`
ks

)∆+2N
L2J(k̂s · k̂`) Pζ(ks)Pζ(k`), (159)
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where N runs also only on even powers. Since the correction comes in the same form as the leading
term at each order in J, we then just must add operators of order δ2N to the bias expansion. For instance,
for J = 0 we get for the halo auto-power spectrum

Phh(k)|J=0 =

[
b1 +

(
a0,0 bψ(∆) + a0,2 bψ(∆+2)k

2 + ...
) k∆

M(k)

]2

Pmm(k). (160)

As mentioned in the squeezed limit case, these higher-order terms are potentially degenerate
with other bias terms: in addition with bias operators from higher-derivative terms present even
with Gaussian initial conditions, in this case there is degeneracy also when combining lower-order
scale-dependent bias from non-Gaussian initial condition with Gaussian ones. For instance, if we
combine ψ(∆) with a bias generated by the operator ∇2δ, we get a contribution approximately of the
same order as bψ(∆+2) . Moreover, the transfer functionM(k) also contributes in this expansion when
considering the full matter bispectrum in the squeezed limit [290] with terms which become relevant
at the matter-radiation equality scale, keq.

Beyond Scale Invariance

In the previous paragraph we have made the approximation of a scale-invariant primordial
bispectrum, which excludes non-Gaussianities generated by features during inflation, or any case
in which a particular scale is involved in the primordial interaction which generates the bispectrum
(or higher-order correlators). The effect of models with features on the scale-dependent bias was first
investigated in [291]. The results above can be generalized to the case of features, here we consider
a simple example to illustrate the calculation. Let us consider a simplified form of the sharp feature
shape of Equation (48) by defining

S(k1, k2, k3) ≈ A sin
(

K
k∗

)
, (161)

being A some overall amplitude and k∗ the scale of the feature. Here we are neglecting the constant
phase of the oscillations, the power law and damping factor of Equation (48) as they are not relevant
for the argument. Let us also suppose that this bispectrum is generated by a single-field model of
inflation, e.g., a sharp feature on the potential (see [68] for a treatment in the context of the EFT of
inflation). According to what discussed in Section 6.1.3, when expanding in the squeezed limit, terms
of order (k`/ks)0 and (k`/ks) are not observable. Let us suppose therefore that we have made the
calculation in CFC and removed such terms. The squeezed limit at leading order will then look like

S(ks, k`) ≈ A′
[

1
3

ks

k∗
cos

(
2ks

k∗

)
− k2

s
k2∗

sin
(

2ks

k∗

)]
k2
`

k2
s

(162)

where we have also integrated over the angle between ks and k`. We have now to distinguish two
regimes: the ultra-squeezed limit, in which k` � k∗, can be described by the scale-invariant ansatz
of Equation (151) with ∆ = 2. On the other hand, as k` approaches k∗, the product of k2

s /k2
∗ × k2

`/k2
s

from the second term of Equation (162) becomes order unity. It is straightforward to show that going
to higher orders does not help, and indeed each order becomes equally important. The method
therefore fails unless we can resume the expansion. In [272] it was shown in the case of resonant
running corresponding to the shape of Equation (51) that this can be done under certain assumptions
on the dependence of halo abundance on the statistics of short modes. We consider such methods in
the Section 6.2.3.
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6.2.2. The Bias Expansion

The extension of the scale-dependent bias signature from local-type non-Gaussianity to a wider
range of models provides the basic information to write a generic bias expansion with which we can
systematically compute correlators of the halo density field. Here we highlight the main steps required
to include PNG to the bias expansion, while we defer details on the Gaussian terms to the recent
review [263].

A perturbative bias expansion connecting the distribution of halos (or tracers in general) to the
dark-matter field relies on the assumption that the formation of halos takes place over a very long
period of cosmic time, but it is affected by a relatively short range of spatial scales. In other words,
if we assume that the halo formation process develops within some scale R∗, which is typically the
Lagrangian radius of the halo, and we study the halo distribution on much larger scales, then we can
effectively write this process as local in space (but non-local in time). In this picture, the equivalence
principle applied to the “free-falling” small region of size ∼ R3

∗ imposes that only second derivatives
of the gravitational potential appear in the expansion. Therefore, we can write the expansion

δh(x, τ) = ∑
O

bO(τ)[O](x, τ), (163)

where bO are bias parameters related to the operators O which are all the scalar combinations that
can be made, order by order, out of the matter density field δ and the tidal field12 ∂i∂jΦ. Because
of non-locality in time, i.e., the fact that the halo formation process happens over a long range
of time, the terms of the expansion will in general include convective time derivatives [289,292].
The square brackets indicate that the operators need to be renormalized, as typically, excepting
the simple linear term, they involve products of fields evaluated at the same point, generating
ultraviolet divergencies [225,293–297]. Moreover, small deviations from locality can be accounted for
perturbatively in terms of higher-derivative terms such as ∇2δ to be added to the expansion.

The final ingredient to be added to this expansion is stochasticity, i.e., the impact of small-scale
perturbations on the formation of galaxies [298–300]. We can include these effects using techniques
from the effective field theory approach, introducing stochastic fields in the expansion which do not
correlate with long-wavelength mode fields. Stochasticity in the presence of PNG becomes especially
relevant in the case in which non-Gaussianity is sourced in the initial conditions by a superposition of
two or more fields (see Sections 3.2.2 and 3.2.3) . These models are characterized by large trispectra,
which are not discussed here, therefore we will neglect stochasticity. A complete treatment, including
the case of primordial non-Gaussian initial conditions, can be found in [263], while original papers
date back a few years earlier [301,302]13.

The assumption of separation of long- and short-scales is no longer valid in the case of primordial
non-Gaussianity: indeed, we have seen above that more operators derived from ζ, or equivalently Φ,
itself are allowed in the expansion. The coupling in this case takes place at the Lagrangian position q,
since it is imprinted in the initial conditions of structure formation. Following [263] we quote here the
full bias expansion with PNG up to order J = 2 in the scale-invariant approximation of Equation (151)

δh(x) = b1δ(x) + b∇2δ∇2δ(x) + a0 bψψ(q) + a0 b∇2ψ∇2
qψ(q)

+ b2δ2(x) + bK
(
Kij
)2

+ a0 bψδψ(q) δ(x) + bψKψij(q)Kij(x) + stochastic terms +O(a4, δ3,∇4δ),
(164)

12 In the context of structure formation, it is conventional to work with the gravitational potential Φ, which in matter
domination is simply related to the curvature perturbation by Φ = 3/5ζ.

13 See also [303] for a recent treatment in the context of quasi-single-field inflation.
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where we defined the tidal field

Kij =
2

3ΩmH2 ∂i∂jΦ−
1
3

δijδ. (165)

The first line is leading order in δ and the non-Gaussian correction ψ, where we have considered
the leading order in Equation (155), while the second line is second order. We do not include terms
which are second order in ψ given that from current CMB observations we expect PNG corrections to
be small [6]. We have only implicitly listed stochastic terms: at first order, one needs to introduce an
additional field, εψ with respect to the Gaussian case, which has only ε [289]. We have truncated the
expansion on three different levels:

• The squeezed limit expansion aJ with J > 2. This corresponds to contributions from higher-spin
fields. As highlighted in Section 3.2.2 a particular feature of this interaction is that the primordial
bispectrum has dependence on the angle between the long and short mode. This information
though is integrated over in the halo power spectrum. Moreover, we have suppressed powers of
aJ as we expect aJs to be small from current constraints.

• At third order in the density field. Since most of the effect of PNG is at large scales, where δ� 1,
the series expansion can be safely truncated at third order. As smaller and smaller scales are
probed, higher orders need to be introduced.

• Higher-derivatives terms. At large enough scales k � 1/R∗, higher-derivatives terms such as
b∇4δ∇4δ can be neglected, as they typically scale as R4

∗k4δ [263].

Up to the order considered, Equation (164) is the most generic bias expansion for the halo density
field. The unknowns in this expansion are the bias parameters bO: similarly to other effective field
theory expansions, these need to be measured from data, in this case either via direct observations
of the galaxy statistical distribution or by analyzing N-body simulations of the universe. A series
of recent efforts have focused on extracting these parameters from high-resolution simulations for
Gaussian simulations [304–307], while analyses on universes with primordial non-Gaussianity are
still missing.

6.2.3. Models of Halo Clustering

The results of the previous paragraphs do not rely on a specific modeling of halo formation
and clustering. On the assumption that on large enough scales, the formation of structures is well
described by the sole action of gravity, it is possible to describe the statistics of tracers with a finite set
of operators, with related bias parameters. Given a set of initial conditions, the perturbative treatment
of the clustering of halos (or tracers in general) allows the adoption of a rather agnostic stance about
the small-scale details of the late universe evolution, and predictions have a calculable theoretical error
at each order in the expansion. The drawback of this approach is that it has to rely on observations:
the parameters of the expansion are free to vary and Equation (164) clearly shows that, especially in
the case of non-Gaussianity in the initial conditions, there are many of them to fit to observations or
N-body simulations.

For this reason, a certain degree of modeling can be combined to the perturbative expansion to
provide reliable priors on the bias parameters. Chronologically, models of halo and galaxy formation
and clustering date back even before the first perturbative methods were applied, with the models
of spherical collapse first introduced in the 70 s. Since then, progress has developed into two main
directions: the excursion-set approach and the peak model, which we briefly introduced in the
previous Section 5. The common underlying idea of these models is to build a correspondence between
low redshift halos and their progenitors at early times based on a few simple, but well-motivated,
assumptions on the statistics and physical processes of the initial conditions of structure formation.
They are therefore inherently Lagrangian models, as opposed to the Eulerian expansion of Equation (164).
The advantage of the Lagrangian description, in the context of primordial non-Gaussianity, is
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that no additional operators must be introduced with respect to the Gaussian case. There are
several efforts in the literature to model the two-point correlation function of tracers including
primordial non-Gaussianity, using thresholded regions [252,260,308], the excursion-set approach
[201,260,308–311], the peak model [201] (see also [263] for an overview). As in the previous Section 5,
we choose the example of the Excursion-Set Peaks model to derive the non-Gaussian contribution to
the halo power spectrum and conclude by making the connection with the generic bias expansion of
Equation (164).

Excursion-Set Peaks

To compute the non-Gaussian correction to the power spectrum of peaks, we make use of the
effective ESP bias expansion developed in several recent papers [201,203,207,312,313]. The basic idea
is to write the peak overdensity field δL

ESP as an effective perturbative expansion constructed from the
rotational invariants of the system, namely the components of the vector ω defined in Equation (118)

δL
ESP(q) = cνν(q) + cJ1 J1(q) + cµµ(q) + cηη2 + cJ2 J2(q) + cJ3 J3 + cν J1 ν(q)J1(q) + ..., (166)

where ci are bias parameters and we have not respected any particular order in the expansion, but rather
just shown that any combination of the invariants enter the expansion. To refine the expansion and
make it useful to calculate correlation functions, we have to (i) find a way to predict bias parameters
and (ii) ensure to remove all zero-lag terms such as for example 〈δL

ESP(q)δ
L
ESP(q

′)〉 ⊃ c2
ν that are

generated when using the expansion to compute correlators of δL
ESP. The way to go is to write the

expansion in terms of an entire set of orthogonal polynomials On[ω(q)]

δL
ESP(q) = ∑

n 6=0
σ[n]bL

nO∗n(ω(q)) (167)

where the indices n = {i, j, k, `, m, n} correspond to the six variables of ω, σ[n] is an abbreviation for
σ[n] = σi

0σ2`
1 σ

j+2m+3n
2 ςk

0, where we have defined

ς2
j (R) ≡ 1

2π2

∫ ∞

0
dk k2(j+1)PL(k)

(dW(kR)
dR

)2
(168)

as the variance of the up-crossing variable µ = −dδ/dR and O∗ is the dual of O. The polynomials
On[ω(q)] are found by looking at the probability distributions of the rotational invariants, namely

• The trivariate Hermite polynomials Hijk(ν, J1, µ) are associated with the trivariate normal
distribution N (ν, J1, µ)

• The Laguerre polynomial L(1/2)
i

( 3
2 η2) is associated with the χ2-distribution with 3 degrees of

freedom of η2 and J2
• The polynomials of the form

Fij(5J2, J3) = (−1)i

√
Γ
( 5

2
)

23jΓ
(
3j + 5

2
) L(3j+3/2)

i

(
5
2

J2

)
Lj(x3), (169)

where L are Legendre Polynomials and x3 = J2
3 /J3

2 .

It is straightforward to verify that indeed these polynomials satisfy the orthogonality conditions
and that they are a complete basis for the variables of the system [203]. The coefficients bL

n are
renormalized bias parameters which can be measured through 1-point ensemble averages [203]

σi
0 σ2`

1 σ
j+2m+3n
2 ςk

0 bL
ijk`mn =

1
n̄ESP

〈
n̄ESP Hijk(ν, J1, µ) (−1)`L(1/2)

`

(
3η2

2

)
Fmn(5J2, J3)

〉
, (170)
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where the presence of the moments σ0, σ1, σ2 and ς0 ensures that the expansion is written in terms of
the physical variables δ, η and ζ rather than the normalized ones (cfr. Equations (111)–(113)). Putting
everything together, we can write down the effective ESP expansion up to second order in δ

δL
ESP(q) = b100δR(q)− b010∇2δR(q)− b001

dδR
dR (q)

+ 1
2 b200(δ

2
R(q)− σ2

0 ) +
1
2 (b020

[
∇2δR(q)

]2 − σ2
2 ) +

1
2 b002

[(
dδR
dR

)2
(q)− ς2

0

]
−b110(δR(q)∇2δR(q) + σ2

2 )− b101

(
δR(q)

dδR
dR (q) + γνµ

)
+ b011

(
∇2δ(q) dδR

dR (q)− γJ1µ

)
+χ1

[(
∇δR)

2(q)− σ2
1
]
+ 3

2 ω10

{[
∂ijδR − 1

3 δij∇2δR

]2
(q)− σ2

2

}
+O(δ3

R)

(171)

where we have adopted the notation

bL
ijk000 = bijk (172)

bL
000`00 = χ` (173)

bL
0000mn = ωmn (174)

following previous literature. Let us make a few comments on this expansion. As compared to the
Eulerian expansion of Equation (164), there are two crucial differences: first of all, this effective ESP
expansion is done in the initial conditions in Lagrangian space, therefore it does not account for
any non-linearity generated by gravitational evolution. The perturbative treatment in the context
of Lagrangian space, as well as the connection to Eulerian space can be done using the formalism
of Integrated Perturbation Theory [276,314–317]. This particular formulation of perturbation theory
is specifically suited to embed the ESP framework. For this review, working with Equation (171) is
enough to get the intuition of the physics at play. Secondly, Equation (171) does not include any
tidal shear, i.e., scalar combinations of the field Kij defined in Equation (165). In the presence of
non-Gaussianity, including the tidal shear in the modeling of the ESP is tightly connected with the
universality of the mass function and the way one models the scatter in the collapse barrier, so we
dedicate the following paragraph to discuss it properly. For the time being, let us assume that the
collapse is spherical and that we can neglect the tidal shear in the expansion of Equation (171).

We want now to compute the non-Gaussian correction to the power spectrum of peaks as predicted
by the ESP model. To get a contribution from the primordial bispectrum of ζ in the power spectrum,
we need at least terms proportional to 〈δ3

R〉. At leading order, this is possible only by combining a
first-order bias term with a second-order one, so that in Fourier space, we get

∆PNG
ESP(k) =

cL
1 (k)
MR(k)

PR(k)
∫ d3q

(2π)3 cL
2 (q,−q−k)

MR(|k + q|)
MR(q)

PR(q)
k q

|k + q|2 S(k, q, |k+q|), (175)

where

cL
1 (k) = b100 + b010k2 − b001

dlnWR(k)
dR

(176)

and

cL
2 (k1, k2) = b200 + b020 k2

1 k2
2 + b002

d lnWR(k1)

dR
d lnWR(k2)

dR

+ b110(k2
1 + k2

2)− b101

[
d lnWR(k1)

dR
+

d lnWR(k2)

dR

]
+ b011

[
k2

1
d lnWR(k2)

dR
+ k2

2
d lnWR(k1)

dR

]
+ 2χ1(k1 · k2) + ω10

[
3(k1 · k2)

2 − k2
1k2

2

]
(177)

are the first- and second-order ESP bias parameters in Fourier space. Please note that from now on
we will neglect all the zero-lag correction terms from the calculation, leaving implicit that we subtract
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them whenever needed. The expression of Equation (177) allows computation of the leading-order
non-Gaussian contribution for any given primordial bispectrum.

It is instructive to take the squeezed limit k→ 0 of Equation (177) to make the connection with
Equation (156) of the previous Section 6.2.1. For scale-invariant primordial bispectra of the type
Equation (151), we get

∆bNG
ESP(k)

k→0
=

a0

MR(k)
bNG

ESP k∆, (178)

where we defined

bNG
ESP =

∫ d3q
(2π)3 q−∆cL

2 (q,−q)PR(q)

= σ2
−∆b200 + σ2

2−∆b020 + ς2
−∆b002 + 2σ2

1−∆b110

− 2(σ2
−∆)

′b101 + 2(σ2
1−∆)

′b011 − 2σ2
1−∆χ1 + 2σ2

2−∆ω10, (179)

where primes denote derivation with respect to R. At first sight, this result seems at odds with the
model-independent prediction from the peak-background split ansatz of Equation (158). Nevertheless,
in [227] it was proven that the two expressions are equivalent

bψ(∆) ≡
∂lnn̄h

∂ε

∣∣∣∣
ε=0

=
2

∑
i=0

∂lnn̄h
∂lnσi

σ2
i−∆

σ2
i

+
∂lnn̄h
∂lnγνµ

(σ2
−∆)

′

γνµ
+

∂lnn̄h
∂lnγJ1µ

(σ2
1−∆)

′

γJ1µ
+

∂lnn̄h
∂lnς0

ς2
−∆

ς2
0
≡ bNG

ESP (180)

for any deterministic barrier for collapse. In the case of local PNG and in the approximation of spherical
collapse, one recovers the well-known results, bNG

ESP = δsc b100, where now the linear bias is a direct
prediction of the ESP model. Although this result holds in general for universal mass functions, in this
case it is true also for the ESP mass function, Equation (125), which is clearly not universal, since it
depends non-trivially not only on νc but also the spectral moments σi. As argued in [201,202], the ESP
mass function recovers the result for universal mass functions due to the fact that spectral moments
appear only in ratios such as νc/σ0 or γ1 = σ2

1 /σ0σ2.

Tidal Shear, the Collapse Barrier and Primordial Non-Gaussianity

The results above can be used to predict the halo power spectrum at late redshift under the (strong)
approximation that all halos form around peaks of the early matter density field that overcome a flat
spherical collapse barrier. Several analyses [154,155,193,194,210,222,318–324] of N-body simulations
show that the collapse barrier is not really flat, but mass-dependent, and has significant scatter around
the mean. The ESP model was therefore extended to allow for a non-spherical barrier with log-normally
distributed scatter,

B(σ0) = δsc + β σ0 (181)

being β the log-normally distributed variable and the parameters of the distribution are fitted to
what found in the N-body analyses. This phenomenological barrier was shown to fit rather well
simulations with Gaussian initial conditions. In parallel, it was realized that non-Gaussian bias
amplitude prediction for universal mass functions, bNG

ESP = δsc b1, did not reproduce well some N-body
simulation measurements, systematically underestimating the signal (see discussion in the next
paragraph Section 6.3). Attempts at improving the agreement by considering ellipsoidal collapse
barriers, to have moving barriers, but without scatter, have been proposed [258]. In the context of the
ESP model, in [202] it was argued that the phenomenological barrier of Equation (181) might improve
the fitting to simulations. However, for this barrier, the equivalence of Equation (180) does not hold.
Since the PBS result was derived in full generality, the ESP prediction of the non-Gaussian bias using
the barrier Equation (181) is not consistent. The validity of the PBS prediction was also directly verified
in N-body simulations [206], as we will show in the next section.
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These considerations bring us to the tidal shear. It has been long known that the local tidal shear
has an impact on the collapse threshold [220]. As remarked above, tidal shear is completely missing
from the ESP model as we presented it up to now. As shown in [323], a significant part of the scatter
in the collapse barrier is related to the local value of the tidal shear at halo formation. In [263], it
was demonstrated that if tidal shear is properly included in the ESP model, then the prediction of
the non-Gaussian bias amplitude does agree with the PBS result. The crucial difference with respect
to the phenomenological barrier of Equation (181) is that a physically motivated barrier should be
determined by the mean density and tidal shear within the collapse region, and therefore it should not
explicitly depend on σ0. The reason this is particularly important in the non-Gaussian bias prediction
is that according to the PBS derivation, the effect precisely comes from the modulation of the halo
mass function to local changes in σ0. While [263] clarifies this issue and lays down all the necessary
ingredients to model tidal shear in the context of the ESP model, a full implementation is still to be
done. If tidal shear constitutes most of the observed scatter of the collapse barrier, one should expect
that the ESP model successfully predicts the non-Gaussian bias amplitude.

6.3. Numerical Approaches

Having discussed in detail various predictions from analytical approaches, we turn now to
numerical studies. Calibrating the amplitude of the non-Gaussian bias from local PNG has been one
of the main goals in the last decade [119,121,206,208–210,262,325–327]. Extensions to other shapes
than the local case have also been investigated [119,121,254,308]. The importance of this task is clear
from Equation (144): the non-Gaussian bias amplitude bNG

1 is degenerate in scale with fNL, so any
theoretical or numerical uncertainty in its prediction affects the measurement of fNL. Generalizations to
different types of PNG, such as Equation (156), show that we expect the degeneracy to remain, or even
increase, since the non-Gaussian term becomes less and less distinguishable from the Gaussian one as
the scaling in k is weaker for ∆ > 0. The degeneracy can be alleviated by measuring the 1/k∆ scaling
in the power spectrum of tracer populations with different mass and redshift using the multi-tracers
technique originally proposed in [328], optimal weighting [326,329] and shot-noise suppression [330],
but it is nonetheless important to have a handle on the uncertainty of bNG

1 . In this sense, the major
feature of Lagrangian models presented in the previous section, i.e., being able to predict the value
of bNG

1 , loses part of its advantage since the theoretical error is unknown and therefore it cannot be
reliably used in data analyses. In the next paragraphs, we briefly summarize the most recent efforts in
understanding PNG using N-body simulations.

6.3.1. Local-Type PNG

For N-body simulations with local-type primordial non-Gaussian initial conditions, measurements
of the power spectrum at large scales should show the characteristic 1/k2 scaling which is absent in
Gaussian ones. The measurement of the non-Gaussian power spectrum has several contributions,
other than the non-Gaussian bias ∆bNG

1 we are after, as first pointed out in [209,325]. At leading order,
it reads

PNG
hm (k)

PG
mm(k)

= bG
hm + ∆bNG

I ( fNL) + bG
hm βNG

m (k) + ∆bNG
1 (k) +O(bG

2 , f 2
NL), (182)

where PNG and PG are the measured power spectra from simulations with non-Gaussian and
Gaussian initial conditions respectively and the subscripts ’hm’ and ’mm’ indicate the halo-matter and
matter-matter correlations, respectively. Let us go through each term separately:

• bG
hm is the linear Gaussian bias, which can be measured from simulations by measuring the ratio

PG
hm(k)/PG

mm(k) at large scales,

• ∆bNG
I ( fNL) is the scale-independent correction which arises as a consequence of the change of

the halo mass function n̄h in the presence of PNG, which we extensively discussed in Section 5.
This effect grows with increasing halo mass, since the presence of fNL affects the high-mass tale
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of n̄h. For the same reason, the correction has opposite sign with respect to fNL, since the bias
decreases (increases) whenever the halo mass function is enhanced (suppressed) with positive
(negative) fNL,

• βNG
m (k) is the correction due to the change of the matter power spectrum in the presence of PNG,

which can be computed using perturbation theory methods (see [148] for a recent computation)
or directly measured from simulations,

• ∆bNG
1 (k) is the term we want to measure which is proportional to 1/k2,

• O(bG
2 , f 2

NL) indicates that the leading order has corrections from two different directions:
non-linear biasing and higher-order primordial correlators. Next-to-leading-order corrections can
be canceled out combining non-Gaussian simulations with opposite sign fNL [206].

Most studies of the non-Gaussian bias from local-type PNG in N-body simulations have used
the assumption that the mass function maintains universality even for mildly non-Gaussian initial
conditions. Universality simplifies considerably the measurement of the components of ∆bNG

1 (k),
because the non-Gaussian bias amplitude is proportional to the linear Gaussian bias bNG

univ = δscb1. Since
the earliest measurements [209,325], it was noticed though that this prescription did not match the
measurements with the expected precision, and moreover this discrepancy often changed depending
on the halo finding algorithm used. In [209], it was argued that fitted formulas based on the universality
assumption deviate from the measured halo mass function from 10% up to 30% for low mass halos
found using a FoF (Friends-of-Friends) algorithm. Moreover, the fit also degraded as a function
of decreasing redshift, deviating 10% even for more massive halos. In [210], the amplitude of the
measured scale-dependent bias deviated about 25% from the prediction of Equation (148). Later
analyses on both SO and FoF halos confirmed similar discrepancies [121,262,325–327].

To settle this problem, Ref. [206] has compared the measurements of the non-Gaussian bias
amplitude both with the universal prescription of bNG

univ = δscb1 and the peak-background split
model-independent amplitude bNG

PBS = ∂lnn̄h/∂lnσ8, see Figure 3.

Figure 3. Non-Gaussian bias for the three different halo mass bins, rescaled by (k/H0)
2, as a function

of wavenumber k at redshift z = 0. Left panel shows results from a SO halo finder algorithm (AHF
code [331]) and right panel for a Friends-of-Friends algorithm with linking length λ = 0.2. Credits
to [206].

The latter prescription was directly measured from simulations by running a set of Gaussian
simulations with varying matter amplitude σ8 and calculating the numerical derivative of the mass
function n̄h. The measurements clearly show that the PBS prediction works extremely well, while
the universal mass function approximation systematically underestimates the amplitude. To clarify
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this mismatch, they also measured the ratio of the non-Gaussian bias amplitude as predicted by the
PBS split ansatz, bPBS

NG , to the standard universal prediction δscbG
1 as a function of bG

1 for a combination
of three mass bins and at redshifts z = 0, 1 and 2, see Figure 4. The discrepancy between the two
prescriptions is evident at the level of 10% or more for all the halo finder algorithms used.

Figure 4. Comparison between PBS and universal predictions for three mass bins and at redshifts
z = 0, 1 and 2. The different panels show results for different halo finders: SO, Hybrid (combination
of FoF and SO, Rockstar code [332]) and a pure FoF with linking length λ = 0.2. Black dashed lines
indicate the fitted constant value of bPBS

NG /δscbG
1 at bG

1 & 1 for each finder. Credits to [206].

These results call again for a more accurate modeling of the collapse process, which we already
discussed in the context of the ESP model in the previous section. Without invoking a specific
prescription for the collapse barrier, several attempts in the literature have been made to partially
explain these discrepancies. For instance, it is known that FoF halos with linking length 0.2 tend
to have an effective spherical collapse threshold δsc < 1.687 at the high-mass end of the halo mass
function. This would possibly explain why buniv

NG with δsc = 1.687 overestimates bNG at high mass [210].
However, a change in δsc cannot explain the fact that the amplitude bNG

1 changes sign, as a function of
mass, at a different value for the two different prescriptions. The positive outcome of this analysis is
that there is indeed a way to calibrate in a model-independent way the non-Gaussian bias amplitude,
by measuring the response of the halo mass function to a change in the local value of σ0. Besides
running simulations with different σ8 as done in [206], one could also perform this measurement using
separate universe simulations [327].

6.3.2. N-Body Simulations with Generic Non-Gaussian Initial Conditions

While the effects of local-type PNG in the power spectrum of halos have been extensively
investigated in N-body simulations, we know that a plethora of other possible interactions may
arise from inflation, see Section 3.2. In [262], a code to generate initial conditions to run simulations
with equilateral and orthogonal templates was developed and used to analyze power spectrum
and bispectrum measurements. Multi-field inflation was also implemented in N-body simulations,
allowing the making of precise considerations about the stochasticity generated by the presence of
more than one field in the initial conditions [232,301]. The implementation of a generic primordial
bispectrum in the initial conditions of an N-body simulation is not trivial. The main challenge is the
fact that physical bispectrum shapes from inflation are not separable, i.e., they cannot be factorized
as a product of functions of k1, k2 and k3. Separability is a crucial feature for efficient computational
algorithm for simulations not only in LSS [119,120], but also in CMB applications [117,118]. This is the
reason templates are often used in practical applications. In [121], it was argued though that, since
the non-Gaussian contribution on the power spectrum is peaked in the squeezed limit, one should
check that the templates reproduce correctly the physical shape in this limit, even in the case in which
the physical shape does not peak in that limit. For instance, the orthogonal template [333] generates a
non-Gaussian bias which scales as 1/k in the squeezed limit, while typical orthogonal physical shapes
from the effective field theory of inflation [334] generate a scale-independent correction.
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As a consequence of these considerations, [120,121] have introduced methods to implement a
generic inflationary bispectrum in the initial conditions of N-body simulations. For instance, Reference
[121] has introduced the following ansatz

ΦNG
k =

1
2

∫ d3q
(2π)3

BΦ(k, q, |k + q|)Φ∗Gq Φ∗Gk+q

[PΦ(k)PΦ(q) + PΦ(q)PΦ(|k + q|) + PΦ(k)PΦ(|k + q|)]2
, (183)

which, however, is not separable and therefore is computationally expensive. Please note that the
integration is bounded from both above and below, since the simulation has a finite box size and
resolution. The method of [120] is separable, but the power spectrum of Φ receives spurious corrections
at large scales [121].

6.4. Final Remarks of This Section

The last decade has seen an intense theoretical and numerical work in analyzing the effect of
primordial non-Gaussianity in the statistics of biased tracers. The appearance of a scale-dependent
feature at large scales, sourced by certain types of interactions during inflation, has motivated
observational efforts and even pushed the funding of a tailored experiment, SPHEREx [16], which is
scheduled to be launched in 2023. We have argued the importance of two main aspects of this search:
on the inflationary side, a selection of theoretically motivated models with observable imprints; on the
structure formation modeling side, the need for combining effective approaches with model-dependent
ansatz in order to be able to accurately handle the astrophysical uncertainties which hamper our ability
to extract the primordial signature. This procedure becomes more and more important when refining
the prediction to include halo occupation distributions algorithms for the modeling of galaxy statistics,
redshift space distortions and survey-related uncertainties and when considering higher-order statistics
such as the three-point correlation function of halos and galaxies. Another important ingredient, as
for all LSS studies, is the use of N-body simulations. Not only the theoretical modeling has to be
meticulously tested against numerical results, but also an accurate matching of the N-body outputs
against real data needs to be performed. In the case of primordial non-Gaussianity, these two tasks
are complicated by the fact that each inflationary prediction effectively realizes a different cosmology
and therefore requires a different set of N-body simulations to run and test. For this reason, numerical
efforts have concentrated mainly on simple templates for known non-Gaussianities, such as the local
type. More work is surely needed to properly model the large amount of possible interactions, most
of which we have summarized in Section 3.2. Indeed, as remarked in the previous section, the risk
of using simplified templates is to lose constraining power on more complicated, yet well motivated,
inflationary signatures.

7. Observational Prospects

While the focus of this review has been restricted to the theoretical study of the imprint of
inflationary interactions on the statistics of dark-matter halos, the discussion can, and must, be
extended towards several directions. First of all, the imprint of primordial interactions which we
reviewed in Sections 5 and 6 has effects on several observables other than halos and galaxies number
counts, which we summarize in the following list

• Galaxy shapes contain this imprint in the shear and convergence field probed through
weak-lensing [249–251,335] and galaxy-intrinsic alignments [20–22].

• The Sunyaev-Zeldovich (SZ) effect [336] can be exploited to observe dense clusters of galaxies
which constrain the high tail of the density distribution function of galaxies which is sensitive
to primordial non-Gaussianity [337]. The thermal SZ power spectrum [338] and kinetic SZ
tomography [339] have also been used to put constraints on local-type non-Gaussianity.
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• The pairwise velocity distribution of galaxies is an additional probe to galaxy density statistics,
as primordial non-Gaussianities induce a non-zero skewness and higher-order momenta in the
distribution [340–342].

• The scale-dependent bias outlined in Section 6 can be constrained using extrema counts as
predicted by peak theory [231]

• The two-point statistics of voids, when combined with halos, give an order O(1) improvement in
local-type non-Gaussianity constraints [343]

• The covariance of galaxy number counts also helps in combination with number counts and
variance [344]

• Higher-redshift probes have been shown to be promising in constraining non-Gaussianity in
the future: Lyman-alpha forest [345,346], 21-cm power spectra [23–28], CO and CII lines [29,30],
cosmic reionization [347–349] and cross-correlations with CMB measurements [350,351].

• The response of the small-scale power spectrum to a squeezed bispectrum is particularly effective
for the imprint of primordial non-Gaussianity [284,287,352].

This review has also neglected any general relativistic effects. These become important
when probing the largest scales of the galaxy power spectrum, where the imprint of sizeable
primordial bispectra in the squeezed configuration is strongest. Several analyses have computed these
corrections [234,283,353–360] and the importance of these relativistic corrections has been quantified
for forthcoming surveys [361–363].

So far, we have been concerned only with one- and two-point statistics of LSS observables.
Higher-order tracer statistics can directly trace primordial interactions. For instance, the bispectrum
of galaxies is sourced at tree-level by all the non-Gaussian shapes in Section 3.2. Differently than
for the power spectrum, where only the squeezed configurations contribute to the signature, the
full shape of non-Gaussianity can be probed in the bispectrum. Theoretical and numerical work has
been also making progress in this direction in the last decade [273–288,364]. The main challenges
to overcome with the galaxy bispectrum is the fact that gravitational non-linearities developed at
late times dominate over primordial ones. The accurate modeling of these non-linearities requires
introducing many new parameters, as compared to the case of the power spectrum. Nevertheless,
combining power spectrum and bispectrum information can significantly improve constraints, see for
instance the forecast for the SPHEREx mission [16].

Besides improving the modeling and combining different statistics, several optimization
techniques have been proposed. One of the major problems to overcome, common to both CMB
and LSS, is sampling variance. The multi-tracer technique [328,365–367] is based on the assumption
that on large scales halos are biased, but not stochastic, tracers of the dark-matter density field. Recently
it has been argued that similar improvements to the sampling variance can be achieved by selecting
tracers with no bias with respect to the dark-matter density field [368]. One can therefore eliminate the
cosmic variance error by correlating a highly biased population of galaxies against an unbiased one.
Another limitation is caused by the discrete nature of the galaxy distribution statistics. This is taken
into account usually by adding a Poisson shot-noise term to the galaxy power spectrum. This term is
particularly relevant for populations of galaxies with a large mass, due to their low density. These are
also the galaxies which are more sensitive to the imprint of primordial non-Gaussianity, as showed
in Sections 5 and 6. A mitigation of this problem is provided by optimally weighting populations of
galaxies [326,330,369].

The current best constraints on primordial non-Gaussianities as set by CMB observations by the
Planck satellite. Constraints are given in terms of the local, equilateral and orthogonal templates to be
f loc
NL = −0.9± 5.1, f equi

NL = −26± 47 and f orth
NL = −38± 24 at 65% confidence level, respectively. LSS

searches have been also putting constraints since more than a decade [15,244,257,370–382], but they do
not give competitive constraints with these figures for any of the observables listed above. The latest
constraint was put by the eBOSS collaboration [15] and gives −51 < f loc

NL < 21 at 95% confidence level
and the full data analysis of the experiment including quasars might reach the CMB sensitivity. A
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strong effort in forecasting the possible imprint of primordial non-Gaussianity in LSS has been pushing
the limits to order O(1) for local-type non-Gaussianities14 and O(10) for equilateral and orthogonal
ones [16,19,21,30,281,282,286,343,383–416]. Several future surveys such as SPHEREx [16], Euclid [386],
MeerKAT+DES [411] and SKA [19] might achieve these limits.
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Appendix A. ESP Model

Appendix A.1. The Curvature Function of Density Peaks

Without entering into the details of the full calculation (see [196]), the integral Equation (116) can
be simplified into the only integration over J1

n̄pk(ν, Rs, x) =
∫ +∞

0
dJ1Npk(J1, ν) (A1)

where we define

Npk(J1, ν) =
e−ν2/2
√

2π

1
(2πR∗2)3/2 F1(J1) PG(J1 − γ1ν; 1− γ2

1) (A2)

and

F1(x) =
1
2
(x3 − 3x)

[
erf

(
x

√
5
2

)
+ erf

(
x

√
5
8

)]
+√

2
5π

[(
31x2

4
+

8
5

)
e−5x2/8 +

(
x2

2
− 8

5

)
e−5x2/2

]
(A3)

and we used Bayes’ theorem to write N (ν, J1) = N (ν)N (J1|ν) and consequently written the
conditional Gaussian distribution PG(x− µ; s) with shifted mean µ = γ1ν and variance s = 1− γ2

1.
The integral can be computed analytically and gives the final result

n̄pk(ν) =
e−ν2/2
√

2π

1
V∗
G(1)0 (γ1, γ1ν), (A4)

where we define the integrals

G(α)
κ (γ1, γ1ν) ≡

∫ ∞

0
dxxκ Fα(x)PG(x− γ1ν; 1− γ2

1) (A5)

14 See Table 12 of [263] for a summary table of future prospects on f loc
NL.
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and the 0-th order is the curvature function of density peaks [196]

G(α)0 (x) =
1
α4

{
e−

5αx2
2

√
10π

(
αx2 − 16

5

)
(A6)

+
e−

5αx2
8

√
10π

(
31
2

αx2 +
16
5

)
+

√
α

2

(
αx3 − 3x

)
×
[

Erf

(√
5α

2
x
2

)
+ Erf

(√
5α

2
x

)]}
.

Please note that [417] introduced the extra variable α to get a closed form expression for their
2-point peak correlation, while [312] showed that α 6= 1 can be interpreted as a long-wavelength
perturbation in J2(x).

Appendix A.2. The non-Gaussian ESP Mass Function

Performing the transformations Equations (128) for all the terms and defining

n̄NG
ESP = n̄G

ESP(1 + σ4
0 δn̄NG

ESP) (A7)

we finally get

δn̄NG
ESP =

1√
6

{
b300S(ν3)

3 + b030S(u3)
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