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Abstract

We discuss the temporal and spectral properties of self-amplified spontaneous emis-
sion (SASE) utilizing an energy-chirped electron beam. A short temporal pulse is
generated by using a monochromator to select a narrow radiation bandwidth from
the frequency chirped SASE. For the filtered radiation, the minimum pulse length
is limited by the intrinsic SASE bandwidth, while the number of modes and the
energy fluctuation can be controlled through the monochromator bandwidth. Two
cases are considered: (1) placing the monochromator at the end of a single long
undulator; (2) placing the monochromator after an initial undulator and amplifying
the short-duration output in a second undulator. We analyze these cases and show
that tens of femtosecond x-ray pulses may be generated for the linac coherent light
source.
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1 Introduction

The generation of femtosecond x-ray pulses is critical to exploring the ultra-

fast science at an x-ray free-electron laser (FEL) facility based on self-amplified

spontaneous emission (SASE) [1,2]. Since the pulse length of typical electron
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bunches that drive the SASE FEL is on the order of 100 femtosecond, many

schemes have been proposed to reduce the pulse length of x-ray pulses gen-

erated from the electron bunches that drive the SASE FEL [3–11]. Among

them, a number of optical schemes are based on x-ray manipulations (such as

compressing and slicing) of a frequency chirped SASE [3,4,7]. In this paper,

we study the temporal and spectral properties of a frequency chirped SASE

and show that the minimum x-ray pulse length in these optical schemes is

determined by the SASE bandwidth and the amount of energy chirp allowed

by the accelerator and the FEL performance. In particular, we consider two

approaches that use a monochromator to control the radiation pulse for the

linac coherent light source (LCLS) and discuss the expected pulse length, the

energy fluctuation, and the number of x-ray photons.

2 Statistical Properties of a Frequency Chirped SASE

In this section, we briefly discuss the statistical properties of a frequency

chirped SASE, based on the one-dimensional FEL analysis of Ref. [12]. Con-

sider an energy-chirped electron bunch passing through a planar undulator

having period λw = 2π/kw and rms undulator strength parameter aw. The jth

electron has energy γj (in units of its rest mass) and arrives at the undulator

entrance at time tj. Suppose that the electron energy chirp is linear and is

specified by

γj − γ0

γ0

= α
tj
Tb

, (1)

where γ0mc2 is the central energy of the electron bunch, and Tb is the full

pulse length of a flat-top electron bunch. Due to the resonance condition, the
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undulator radiation has a linear frequency chirp given by

ωj = kjc =
2γ2

j kwc

1 + a2
w

≈ ω0 + utj , (2)

where u = 2αω0/Tb, and ω0 = k0c = 2γ2
0kwc/(1 + a2

w).

In the exponential growth regime before saturation, the electric field of the

frequency chirped SASE at the undulator distance z is

E(z, t) ∝ ∑

j

eikjz−iωj(t−tj)g(z, t− tj, u) . (3)

To the first order in u, the Green’s function can be approximated by

g(z, t− tj, u) ≈ exp


(
√

3 + i)ρkwz − 3

4

(
1 +

i√
3

)
σ2

ω

(
t− tj − z

vg

)2



× exp
[
−iu

2

(
t− tj − z

v0

) (
t− tj − z

c

)]
, (4)

where ρ is the FEL scaling parameter [13], σω is the SASE bandwidth [14,15],

σω

ω0

=

(
3
√

3

kwz
ρ

)1/2

, (5)

vg = ω0

(k0+2kw/3)
is the group velocity of the radiation wave packet, and v0 =

ω0/(k0 + kw) is the average electron velocity. We note that in addition to the

dependence of frequency on arrival time, ωj ≈ ω0 + utj, the frequency chirp

also appears in the Green’s function since the gain process depends on the

electrons within one radiation slippage length.

Equation (3) determines the temporal and the spectral properties of a fre-

quency chirped SASE. Treating the arrival time tj as a random variable, we can

average over the stochastic ensemble to obtain the coherence time [16,17,12]

τcoh =
∫

dτ

∣∣∣∣∣∣
〈E(z, t− τ/2)E∗(z, t + τ/2)〉

〈|E(z, t)|2〉

∣∣∣∣∣∣

2

=

√
π

σω

, (6)

which is independent of the electron energy chirp. Fourier transforming Eq. (3),

3



we obtain the radiation field in frequency domain Ẽ(z, ω). The range of spec-

tral coherence is given by [12]

Ωcoh =
∫

dτ

∣∣∣∣∣∣
〈E(z, ω − Ω/2)E∗(z, ω + Ω/2)〉

〈|E(z, ω)|2〉

∣∣∣∣∣∣

2

= |u|
√

π

σω

= |u|τcoh , (7)

where we have assumed uτcoh À 2π/Tb for a long electron pulse. Because of the

noisy start-up, the frequency chirped SASE is organized into M independent

longitudinal modes in both time and frequency domains, where

M =
Tb

τcoh

=
|u|Tb

Ωcoh

. (8)

The relative radiation energy fluctuation is given by M−1/2.

3 Short X-ray Pulse Generation

A monochromator can be used to select a short portion of the frequency

chirped SASE pulse. Let us assume the monochromator is centered at ωm

with an rms bandwidth σm, the filtered electric field after the monochrmator

is

EF (z, t) =
∫ dω

2π
e−iωtẼ(z, ω) exp

[
−(ω − ωm)2

4σ2
m

]
, (9)

The intensity of the sliced x-ray pulse can be computed as [12]

IF ∝ 〈|EF (z, t)|2〉 ∝ e2
√

3ρkwz exp

[
−t− tm)2

2σ2
t

]
, (10)

where the pulse arrival time is

tm(z) =
ωm − ω0

u
+

1

2

(
z

v0

+
z

c

)
, (11)

and the rms pulse duration σt is given by

σ2
t (z) =

σ2
ω(z) + σ2

m

u2
+

1

4σ2
m

. (12)
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Equation (12) shows that the pulse duration cannot be made smaller than

σω/u, as illustrated in the phase space geometry of Fig. 1. This limitation to

the attainable pulse length is applicable to both pulse slicing and compression.

Another limitation of these optical schemes is the bandwidth of optical ele-

ments. In the case of a monochromator, an extremely narrow bandwidth will

stretch the pulse due to Fourier transform limit, as expressed by the last term

in Eq. (12). The optimal monochromator bandwidth that yields the minimum

pulse duration is

(σm)opt

ω0

=

√√√√ |u|
2ω2

0

. (13)

The corresponding minimum rms pulse duration is

(σt)min =

√
σ2

ω + |u|
u2

. (14)

In principle, for a given SASE bandwidth, one can increase the energy chirp α

and hence the frequency chirp u to select a shorter pulse. The maximum chirp

without significantly degrading the FEL gain is u ∼ σ2
ω [7]. From Eq. (14),

we see that (σt)min ∼ √
2/σω ∼ τcoh, i.e., a single coherent spike may be

selected. However, as shown in the following section, the required energy chirp

for a single spike selection is typically too large for the normal accelerator

operations.

Finally, the fractional shot-to-shot energy fluctuation σW /W after the monochro-

mator can be expressed as [12]

σ2
W

W 2
=

|u|√
u2 + 4σ2

mσ2
ω

≡ 1

MF

, (15)

where

MF =

√
4σ2

mσ2
ω

u2
+ 1 ≈ 2σm

|u|/σω

=
2
√

πσm

Ωcoh

, (16)

when 2
√

πσm À Ωcoh. Thus, MF is the number of spectral modes that pass

the monochromator with a “full” bandwidth 2
√

πσm. The coherence time of
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the filtered radiation can be calculated similar to Eq. (6) as

(τcoh)F =
2
√

πσt

MF

. (17)

4 Application to the LCLS

We now apply these results to pulse slicing schemes proposed for the LCLS

operated at the fundamental wavelength 1.5 Å (i.e., ω0 = 1.2 × 1019 s−1) [1].

The norminal LCLS design has a nearly flat-top electron bunch with a FWHM

duration Tb = 230 fs. Since the SASE intrinsic bandwidth is an important

limiting factor to the attainable x-ray pulse length, we use the time-dependent

FEL simulation code GINGER [18] to determine it along the LCLS undulator.

Figure 2 shows the normalized rms bandwidth σω/(ρω0) and the power in the

normal SASE operations of the LCLS. Near saturation, the minimum rms

bandwidth is (σω)min ≈ ρ = 5 × 10−4, as expected from the 1D formula

(i.e., Eq. (5)). However, in the early exponential growth regime, the SASE

bandwidth is substantially larger than the 1D prediction (∝ z−1/2) due to

the existence of higher-order transverse modes. Note that the coherence time

near saturation is τcoh =
√

π/(σω)min ≈ 0.3 fs and the number of longitudinal

modes is M ≈ 766.

The maximum allowable chirp without significantly degrading the FEL gain

is u ∼ σ2
ω, corresponding to a linear energy chirp α ∼ 35%, which is obvi-

ously too large for the normal acceleration operations. Tracking studies sug-

gest that a maximum energy chirp of 2% across the whole bunch is possible

for the LCLS accelerator, although a 1% energy chirp is more accessible [1].

Thus, we take α = 0.01, u = 7 × 10−9ω2
0 ¿ σ2

ω and consider two cases: (1)

placing the monochromator at the end of a single long undulator in the one-
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stage approach; (2) placing the monochromator after an initial undulator and

amplifying the short-duration output in a second undulator in the two-stage

approach.

4.1 One-stage Approach

In the one-stage approach, the monochromator is place at the end of the

undulator where the frequency chirped SASE reaches power saturation [3].

At this point, the SASE bandwidth also reaches the minimum. We can fur-

ther minimize the sliced pulse length by choosing the optimal monochromator

bandwidth given by Eq. (13), i.e.,

(σm)opt

ω0

=

√√√√ |u|
2ω2

0

= 6× 10−5 . (18)

Since |u| ¿ σ2
ω, the minimum rms pulse duration from Eq. (14) is

(σt)min ≈ (σω)min

u
= 6 fs , (19)

and the minimum fwhm pulse duration is about 15 fs. At this minimum, the

number of longitudinal modes is MF ≈ 2σmσω/u = 9, corresponding to a

fractional energy fluctuation M
−1/2
F = 33%.

In Fig. 3, we plot the sliced rms pulse duration σt and the number of modes

MF as a function of the monochromator bandwidth, given by Eqs. (12) and

(16), respectively. The minimum of σt is broad as it is dominated by the

relatively large SASE bandwidth. Since MF depends nearly linearly on the

monochromator bandwidth, one can change σm over the range (σm)opt < σm <

σω to reduce the energy fluctuation with little increase in the pulse duration.

For instance, at a much larger monochromator bandwidth σm = 4 × 10−4,

Fig. 3 shows that the rms pulse duration is slightly increased to 7.5 fs, but
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the fractional energy fluctuation can be reduced to 1/
√

60 ≈ 13%. Since the

number of x-ray photons passing through the monochromator is proportional

to σmσt ≈ σmσω/u near the minimum pulse duration, a larger monochromator

bandwidth also increases the available x-ray photons for the experimental

stations. On the other hand, choosing a monochromator bandwidth σm ≈ 10−5

will produce a nearly Fourier transform-limited pulse with MF ≈ 2 and a

similar pulse duration.

4.2 Two-stage Approach

In the two-stage approach, the monochromotor is placed after the first undu-

lator to select a short pulse from a frequency chirped SASE in the exponential

growth regime. The short duration radiation is then amplified to saturation in

the second undulator by the same energy-chirped electron bunch [7]. Since the

peak power after the first undulator is much less than the saturation power,

the damage to optical elements of the monochromator is reduced. However,

the SASE bandwidth is also larger than the minimum bandwidth at satu-

ration. For example, Fig. 2 shows that the relative rms SASE bandwidth is

about 2ρ = 1×10−3 at z = 50 m in the LCLS undulator, twice as large as the

minimum bandwidth near saturation. From the analysis of previous sections,

we see that the minimum rms pulse duration sliced at this undulator location

is 12 fs (30 fs fwhw), two times larger than that given in Eq. (19). After its

microbunching is destroyed in a bypass chicane, the chirped electron bunch is

brought into the second undulator to amplify the short radiation pulse until

it reaches the full saturation power. Note that for effective FEL interaction

in the second undulator, the radiation pulse after the monochromator should

overlap with the resonant part of the chirped electron bunch having the appro-
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priate energy. Thus, the relative time delay between the optical and electron

paths at the entrance of the second undulator can not be much longer than

10 fs.

5 Conclusions

In this paper, we present the statistical properties of a frequency chirped

SASE FEL, which form the basis for any optical manipulation of such a ra-

diation pulse. We apply this analysis to the pulse slicing schemes using a

monochromator and determine the minimum pulse duration, the number of

modes and the energy fluctuation. Two pulse slicing configurations for the

LCLS are discussed. In the one-stage approach, a shortest x-ray pulse (∼ 10

fs) can be selected at the FEL saturation because the SASE bandwidth reaches

the minimum. Increasing the monochromator bandwidth just below the SASE

bandwidth only slightly lengthens the selected pulse, but significantly reduces

the energy fluctuation and increases the x-ray photons for experiments. In the

two-stage approach, the selected pulse is somewhat longer than that obtained

from the one-stage approach because the slicing occurs at a larger SASE band-

width before saturation, but it can be amplified in the second undulator to

reach the same peak power as a saturated FEL.
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Fig. 1. Longitudinal phase space of a frequency chirped SASE.

Fig. 2. GINGER simulation of SASE power (solid) and bandwidth (dashed) as a
function of the undulator distance z in the LCLS undulator.
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Fig. 3. RMS pulse duration σt (solid) and the number of modes MF (dashed) as a
function of the rms bandwidth σm of the monochromator placed at the end of the
LCLS undulator (σω/ω ≈ ρ = 5× 10−4) for a (full) energy chirp of 1%.

12


