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The known results about unitarity violation in QED are revised. Taking into
account the peripheral processes in high energy ions collisions with production
of arbitrary number of pairs of charged leptons and pions, we confirm the known
result about violation of unitarity in frames of QED. Namely the total cross section
of production of an arbitrary number of pairs of charged particles grow more
rapidly than any power of logarithm of the center-of-mass energy. Contribution
from production of a single neutral meson (scalar and pseudo-scalar) is discussed.

An interpretation of this fact is expected to have the similar base as the QED
problem — the absence of the total cross section in scattering of a charged particle
on the Coulomb centrum. The relevant conditions cannot be realized in the Nature.

Explicit expressions for production of a finite number of pairs cross sections
are presented.

The decays 7 — mm(n')v and 7 — wnr were calculated in the framework of
the extended NJL model. The intermediate vector p(770) and p’(1450) mesons
are taken into account. The radial excited states of mesons are described by the
second-order polynomial form factor.

The decays ™ — n(n')mv allowed due to quark mass differences are also
described. In these decays the scalar mesons ao(980) and a¢(1450) are also taken
into account.

In contrast to other works the calculations of 7 lepton decays in the framework
of the NJL model do not require attraction of any arbitrary parameters.

1. INTRODUCTION

We consider cross sections of production of pairs of charged fermions
and pions in high energy collisions of two charged fermions. The problem
of violation of unitarity arises for an object which is the sum of arbitrary
number of pairs. Namely it turns out that this “generalize” cross section
grows with center-of-mass energy +/s faster than any power of the
logarithm of energy L = log(s/m?).

Dynamics of inelastic processes in peripheral collisions consisted in
creation of set of hadrons with small invariant mass, separated by rapidity
gaps. Description of subprocess can be performed in terms of realistic
models of strong interactions such us bag model, CHPT, Nambu-Jona-
Lasinio model.
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The NJL model allows us to describe the processes of the 7 lepton
decays without introduction of any arbitrary parameters. Firstly, such
calculations were fulfilled in the works [11] where decays 7 — 37w
and 7 — myv were described. Here we consider in the framework
of the extended NJL decays 7 — wm(n')v and 7 — 7wn(n')v taking
into account intermediate vector mesons p(770), p(1450) and scalar
mesons ag(980), ag(1450). For description of first radial-excited state
the polynomial form-factor of second order over transversal momentum
is used.

2. GENERAL FORMALISM

Consider first the two-photon mechanism of fermion pair creation at
charged ions collision

Yi(Z1, P) + Ya(Za, Py) = Y1(Z1, P{) + Ya(Za, Py) + py-(q+) + p—(q-),
s= (P + P)* >> Mj,, (1)

where M o are the ions masses.
Phase volume in the final state (one pair is created):

o - @m0t P dPpy P gy
"7 (2m)2 2E]| 2B} 2E_ 2E,

with Sudakov parametrization of 4-momenta [1]

(p1+p2 =) =Py —ar —q-), (2)

Q12 = a19p2 + Bropt + qis, qr = aapo + Bapr + qu L, (3)
takes the form
I 1dB , o doy
dl'f = ————d°qid"qu—d*q_, 4
'S G s ¢ ez dd 4)

with @ = 8_ /). Here and further we imply p;, p to be light-like 4-vectors
constructed from the 4-momenta P;, P of the initial ions.
The matrix element is

(4ra)?
a3
where ¢ = p1 — p}, @2 = p2 — p and

M= (3) (sN1) (sN2) (56, (5)

l_ N
N = EU(p’l)pzu(pl)y
l_ N
Ny = EU(p’z)plu(pz)y
1 _ Ly
o= gu (Q—)O/wv (Q-‘r)pl]p%
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v~ @ tm -t m
0= O;wp/fpz = D1 TPQ + D2 diply (6)
1 2
dig = (¢- — q2)* —m?. (7)
Quantities N;o describe the subprocesses Yo — Yioy*. Quantity @
describe the subprocess v* +~v* — uj.
The sums on spin states of module squared of these quantities are

SUINP =3 INP =2 Yjef =2urz =0, (®)

with

1 — — —2
Z:D—Q_[m2+(qQ*q+)Q][m2+q_]+

Lo L L a2 -2 2 9 22y, 9 =2
+D—2+[m +(qy —q4))m +Q+]+D7D+[—(m +qZ)(m* +q5)+

Here we use dy = ——D_, dy = — =D, with
T

D_ = [(qy — §4)* +m?] + 2[q% + m?, (10)
Dy =3[(7y — §_)* +m?] +z[q +m?].

[t is useful to note that the quantity Z can be written in a more elegant
equivalent form

9 52 _
q149 rr 2
7 = - R,
DDy (D-Di)

(11)
R(T1. @500 1) = (@1 = 20,7 (05— 2050 ) = 2qd)[m” + 2],
The quantity R possesses the Bose symmetry:
R=R((,72:7-.04)=R(G2.q1;7_.7)=R(q1.02:7.7-). (12)

Consider now the subprocess of charged pions pair creation v* +v* —
— w7~ Corresponding quantity ¢™ has a form

1 [s’a_piz  s*a B %

o" = S D + D, —s]. (13)
After some algebra we find
~_ TIR
’ DyD- (14)
s (r7)?R?
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3. ONE PAIR CREATION CROSS SECTION

Differential cross section has a form

Pl py  (Fig.1)
1
u do ==Y |Mdrly. 15
q o =g 2 IMPdly (15)
< Using the expressions for the phase volume
of the final state and matrix element we
® % obtain
4(Z125)? 71 dq7s
P2 Py doe = SRS B ATIATs b )
Fig. 1. ™ B ids
with
1
dx d*q
Fe zj—? q*<1>‘1, a = i, T,
rxr ™
0
i aids T 2
Ot = 2xT — R, 17
o — (xz)*R?
- (DyDo)

For the case of very small values of (f%Q the replacement [1]
@ aT+ MIBL, 45— @5+ Mjaj (18)

must be done. Further we restrict ourselves to the case (f%Q ~ ME,.
To perform the integration over the transverse component of pair
momenta d>¢ _ we apply the Feynman trick of joining the denominators

1 1
J rq J dyd*q de
mDyD_ | w[D_y+D;y? | D’
0 0

1

d*q_ yiydy

| ooy =25 19)
0

D =m? + §iat + 73y

Here we use D_y+ D,y = (j’z + D withqd =q¢_ —x§| — y7,. Performing
the shift of variables and averaging on the azimuthal angles we obtain

i =2 2
FH = qiq59",

-2 -2

(20)
F™ = q 1q2¢ﬂ”
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with

- fefuz

K =8D? 4+ 2D[75(1 —4Y) + ¢1(1 — 4X)] + 27375(1 —4X)(1 — 4Y),

(21
X=z(1-2), Y=y(l-y).
For the cross section of one pair production we obtain
99 dof Z17Z5)2a* ar=2 -
- AT . 8)) (22

where we insert the boost integral L =1In iQ = | dB/p1. Here with the
m

logarithmic accuracy we can put the value of m of order of mass of the
particle of some pair.

4. MANY PAIRS CREATION CROSS SECTION

By analogy to the case of one pair production we have for phase
volume of 2 pairs production (Fig. 2, a)

™ dpidp ¢, &Gy d*q"
Ly = —— 2D TG 849>89 4 gy,
27 s(2m)1425 8y B w w ow e

d2i dz 2
e S L B < B <.

(23)
dyi = mox(1— ;)

Here x; are the energy fractions of the negative charged particle from
the created pairs and 7; are the corresponding transverse momenta.
Matrix element of two pair production process is

8s(4ma)?

57 g
71705(q")?

My = M3, (24)

The relevant cross section

do (Z123)%ab <L2>
2 52 2 _ 142 (1) > 2) (25)
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o T
o ©

q

q

92
a b
Fig. 2.
with
o) x 6 (g2, q2) = Jd(@’)%(@%, @)@ T2, (26)
0

For n pairs production (Fig.2,6) we will obtain the enhancement
factor L™ /n!. Let us write it in the form

Ln dj s \J
nl J Qmijntl (W) ’ 27)
C

where contour C' is the line in the j plane Rej=0,0< 0 < 1, —0c0 <
< Imj < co. We obtain for the cross section of n pair production

o9 doy (21Z2042>2J dj (i)J _a2 ! X
7192 d(ﬁd(jg T 2mij2 \m2 4725
C

5. SUM ON PAIRS NUMBER
Let us introduce the function W;(1,2) = W;(73,73) defined as

2 9\ 2

U;(1,2) = 6(1,2) + (4?—23) 6(1,1) x 6(1',2) + (;—2) o(1,1')x
x (1,2 x ¢(2',2) + ..., (29)
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where we imply ¢(1,1’) x ¢(1’,2 bfd’ a1 (@))e(@))? @5)d(d")>.

This function obeys the integral equat1on

2
mj(1,2):¢(1,2)+%2j¢(1,1')xxpj(v,z). (30)

[t was shown ([2, 3]) that this function has a cut in j-plane which starts
in some point jo on the real axis. For the case jo > 0 it results in violation
of unitarity in QED. Really the “generalized” cross section 3(1,2) — sum
of cross sections of production of any number of pairs:

$(1,2) = (Z‘Z”Q)QJ 4 (i)jqu(m), 31)

T 2mij2 \m?2
c

will grow with center-of-mass energy /s as

$(1,2)(s) ~ Xo(1,2) (Sio) N (32)

The cross section obtained grows with energy 2E = /s more rapidly
than any power of L = In(s/m?) and is the consequence of long-range
behavior of the Coulomb field. We remind that in the theory of strong
interaction the total cross section growth is restricted by Froissart
boundary o(s) ~ oo L? which is the consequence of the short like character
of the strong interaction forces [5]. The “remedy” from this “disease” of
QED is in fact the absence in the nature of the kinematical situations with
the arbitrary large impact parameters d and the related orbital quantum
number [ related by lh = dF.

To find the start point of a cut in the j-plane we may consider the
homogeneous integral equation for the discontinuity of function ¥, i.e. its
difference from the value on the opposite branch of the cut AY;

1 o?

1
—d(z1,2) X AV (2, 22), — = —5=,

A (21, 12) = 1
swnae) =g R AnY

(33)

2
Ti=4dq;.

This equation can be solved for the case z; > m?. Really [3] one can look
for the solution in the form

) - 1 | A
A\If](xl,mg)fc(h)\/m = (34)

with pure imaginary value of A. Using this anzatz and the explicit form
of ¢H, ¢™ we obtain after some algebra

w2sin(mA)  Pi(N)
32cos?(mA) A(1 =A%)’

h' =

1=, [,
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pr— %(5 —4)%), P* =11 — 12)2. (35)

For completeness we give a rough estimate of the order of total cross
sections of some processes in ~+ collisions with bound state production
by photon exchange mechanism:

8

O-’Y’y%PsPs _ %7‘2(1 + 26082 ¢0>’ O.’y'y%A,rA7r (47"5 )2 ’Y’YﬁPsPs
Tr
yYy—PsAr __ 71.0[8 3_9 yy—m'Ps __ 7 1 9 2
o =1 ( cos® ¢g), © = 732772#( + 2cos” ¢p),
(36)
Te = i, T = i
Me My

They are really very small quantities of order 10~% nb.

6. DISCUSSION

The quantities h = 202 /72, ¢(§},75) obtained in [2, 3]

1 1

I X+Y -5XY

o7 = | do [ay (37)
0 qu+YQQ+m

differ from our results h = o2/(472) and ¢(¢%, ¢3) given in (21).

In paper [3] the short explanations of manipulations with one-loop
expression of light-light scattering tensor was done to arrive at the form
cited above. We underline, nevertheless, that the result (21) can be used
in the problem of fitting the experimental data directly.

Similar phenomena take place as well in process of production of
an arbitrary number of gluon jets in high energy hadron collisions. It
was shown in frames of Quantum Chromodynamics (QCD) [6] that the
violation of unitarity result is

s JBFKL o
E(s) ~ (—) . JjeFkL = Ne—4In2 = 0.5. (38)
S0 s
For the case of production of a single pseudoscalar particle by two
virtual photons the eigenvalue equation has a form
|
AT (21, 72) = h—wF(aﬁl,m) x AWT (z, 22), (39)
with z; = q"’?/mi, myq is the constituent quark mass in the triangle fermion
loop, describing the decay mg — v*~* calculated in NJL frame and

F(z),z) = [In? 2 — In” z]. (40)

xry —T
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Unfortunately, the conform-invariance induced anzatz used above cannot
be applied here. A similar problem arises in the case of production of
a single scalar meson, such as o,ag, fo in frames of NJL model. We
hope to return to this problem in future. We note in conclusion that
eigenvalue problem can be solved in the separable approximation for
function F(z,y) = ¢(x)i(y). In any case the unitarity violation problem
remains as well in this case.

7. THE PROCESSES 7 — wnwv AND 7 — wnv

Lagrangians

For the description of the processes with intermediate W~ and p,
and w mesons in the ground state we need the part of the standard NJL
Lagrangian [7] which describes interactions of mesons and gauge bosons
with quarks

AL =7 [ia —m+ gETWTiWi + gUIaOi + igﬁfym'iﬂ'i + &Ti’p\i] q,

(41)
where ¢ = (4,d) with u and d quark fields; m = diag (m,, mq), M, =
= 280 MeV is the constituent quark mass, mg — m, ~ 3.7 MeV L
gew is the electroweak constant; W, aoi, 7%, and p* are the electroweak,
scalamp, pion, and p meson fields, respectively; g, is the pion coupling
constant, g, = my/fx, where fr =93 MeV is the pion decay constant;
g, is the vector meson coupling constant, g, ~ 6.14 corresponds to the
standard relation g%/(47r) ~3; go = gp/\/é is the scalar meson coupling
constant; 7o+ = (11 F iTg)/\/§, I =diag(1,1) and 71 93 are Pauli matrices.
The integrals through the quark loops take the form

Ay
N, 4 N, A2
Ii(m) = —i—= J( dk = < {AZ—m%og(—é—&—l)], (42)
m

(2m)t | (m?2 —k2)  (4m)2
Py e Yo
o) = iz | -

m2 — k2)2
N,

2 2y —!
) (o) ]

where N. =3 is a number of quark colors and A4 =~ 1250 MeV is a
4-dimensional cut-off parameter in the standard NJL model [7].

'We take into account the quark mass difference only in calculation of 7 —
— n(n')mv decays.
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For description of the radial excited mesons interactions we use the
extended version of the NJL Lagrangian [8, 9]

ALY = é(k/){A”ﬂmr(p) — Apysem (p)+

+ A, (p) — Ap/Tiﬁi(p)}q(k), p=k—k, (44)

~ sin(a+ ag) 12\ sin (@ — ap)
A = gm sin (2a) 9w (k ) sin (2a)

_ cos(a+ap) 12\ cos (o — ap)
A = gm sin (2ayp) gmf (k ) sin (2ap)

_ sin(B+ o) 12\ sin (8 — Bo)
Ap = 9p, sin (20) +9pf (k ) sin (280)

cos (B + Bo) 12\ cos (8 — fo)

A,y =g, — 2 TP0) cos\P—Po)
7= I i (280) + 90t (k ) sin (2/3p)

The radially excited states were introduced in the NJL model with the

help of the form factor in the quark-meson interaction:

f (1&2) - (1 - d|ki2\) o (A2 - \1&2\) ,

k
Kt =k — (—p?)p, d=1.788 GeV ™,
p
where k and p are the quark and meson momenta, respectively. The cut-off
parameter Az = 1.03 GeV. Thus, the divergent integrals have the form

(45)

Aj 2\
. d*k (f(k*
I = <N J @) (1(n2( = k)Q))m |

where n is a number of vertexes with form-factor, d = 1.788 is the slope
parameter.

The coupling constants g, = g, and g, = g are the same as in the
standard NJL version. The constants g,, = 10.56 and g, = g,,/v6, and
the mixing angles ap = 58.39°, a = 58.70°, By = 61.44°, and § = 79.85°
were defined in [10].

(46)

8. THE PROCESSES 7 — wwv AND 7 — wnv

The amplitude of the 7 — 7~ 7%, decay is described in the NJL model
by the Feynman diagrams given in Fig.3

L —i/@T, () /m?
m2 —p? —i/p*T,(p?)
EMC C ' 1 2 m2

oy Crenll/90)0”] ) (=l (47)

m?, —p* —i/p? Ty (p?)

T= GF‘Vud‘fal(pQ)m?) (
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()-8

where Z = (1 — 6m2/m?2 )~! is the additional renormalizing factor pion
fields that appeared after the inclusion of a;—= transitions. This function
describes the creation of pions at the ends of the triangle quark diagram
with taking into account the possibility of creation of these pions through
the intermediate axial-vector a;(1260) meson. The first term of this
amplitude corresponds to the triangle diagram without a;—m transitions,
the second term corresponds to diagram with a;-= transition on the one
of the pion lines and the third term corresponds to the diagram with
transitions on both pion lines.

The NJL model allows us to describe the processes of the 7 lepton
decays without introduction of arbitrary parameters. Firstly, such
calculations were fulfilled in the work [11, 12] where decays 7 — 37w
and 7 — myv were described. Here we consider in the framework of
the extended NJL decays 7 — nw(n")v, 7 — wwv, 7 — 7n(n’)v taking
into account intermediate vector mesons p(770), p(1450) and scalar
mesons ag(980), ao(1450). For description of first radial-excited state the
polynomial form-factor of second order over transversal momentum is
used.

The W~ — p~ transition was defined in [13]

Cw GFQA(Q” " =), (49)
p
B cos (8 + Bo) cos (B — Bo)
Cwp == < sin (26) t sin (260) ) ’ °0

where T" = 0.54. The vertex p'n7 is described by the term

Co cos (B + Bo) cos(ﬁ—ﬁ@ﬁ
pme sin (2530) Ir sin (280) Ip

gp2> —1.68.  (51)

After using the expression for the decay width we get B(r~ —
— 7 7y;) = 24.76%, when the world average found in PDG [14] is
(25.51 4 0.09)%. With the help of the method used here we can obtain
also a qualitative prediction for branching of the process 7 — 77/ (1300)v.
This value approximately equals 0.2%, which does not contradict modern
experimental data regarding the decays 7 — 4mv. This prediction can be
useful result for future experimental measurement.
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9. THE DECAY 7 — wnmv

Fig. 3. The diagrams describing the decay 7 — wmv

Table 1
CLEO ALEPH BELLE NJL
B, %|25.32+0.15|25.471 £ 0.097 £ 0.085(25.24 £ 0.01 £0.39(24.76

10. THE DECAY 7 —» wnv

The expression for the amplitude describing the decay 7 — mwv
(see Fig.4):

T = GF‘Vud‘D(l — VS)V#T(TWP + Tp/)elwmpﬁpgw”ﬂ'. (52)

The Tw, term corresponds to the contribution given by the contact
diagram and the diagram with an intermediate p(770) meson. Using the
factor for W — p transition, we can get the expression that coincides with
one given by the vector meson dominance model:

Cp_ 1=illy/my 2

Ty, = 2 - ms. (53)
g, m2 —p? —im,l, "

The contribution of the amplitude with an intermediate p(1450) meson
reads 9

p
Ty =CpCwy ; :
m?, —p* —i/p? Ty (p?)

(54)

Fig. 4. The diagrams describing the decay 7 — wnv
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The vertex constants C), and C), are defined from the extended NJL model
Lagrangian

c, sin (8 + o)\ sin (8 —Bo) \~ 71

9_7: = (gplm> I3 + <9pzm) 137+

sin (8 + Bo) sin (8 — Bo)
sin (260)  sin (Bo)

+ 290,95, Ig’ (55)

Cy  sin(B+ o)  cos(B+ Po)
Gr Ier sin (28) 9 sin (280) s+
sin (8 — o)  cos(B—Bo)
Ip: sin (280) Ip: sin (28)
sin (B4 fo)  cos (B — o) ,¢
97 i (280) Ip: sin (2530) I+
cos (B+ Bo)  sin(B - Bo)
e sin (2080) Ger sin (28)
Using these formulas we get values for the branching Byji(t —
— mwr) = 1.85%. The CLEO [15] measurement equals (1.95 + 0.08)%
and the ALEPH [16] is (1.91 £0.13)%.

o+

1, (56)

11. THE DECAY 7~ — n(n')m v

At present, the decays 7= — n(n')m—v are not well studied in
experiments [14]. The experiment gives us only upper limit. The processes
77 = n(n’)m~v are the second class decays. These decays are going due
to quark mass differences. For calculation of these decays we should first
calculate two non-diagonal transitions 7% — 7 and W~ — ay within the

- —
W ao
+ A
=
v ——

Fig. 5. The diagrams describing the decay 7~ — n(n')n v

Table 2

CLEO ALEPH NJL
B, % | 1.95+0.08 | 1.914+0.13 | 1.85
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Table 3
By 107 | BZ"-107° | B{A-107°
NJL 4.35 0.38 4.72
PR | 1.58—5.70 | 10.7—65.9 ~ 26
NS 3.6 ~ 10 3-10
EXP - — <99
Table 4
B 1078 B 1078 B 1078
NJL 1.11 1.98 3.09
PR | 0.14-3.4 6—18 —
NS <248 | <10+ (20—120) < 140
EXP - — <72

NJL model. These transitions go through quark loops containing « and d
quarks (see Fig.5).
We use the amplitude for 7 — 7mv with the 7% — n(n’)

Tveﬂn(n/)mi<<li\/q_i+p(p2)> BW,(p )+ﬂp 2BW (p )) X

b p
X (pﬁ— —pi‘,(,,/))lufn(n')’ (57)

For the processes with the intermediate vector meson we get contributions
to branching fractions

By (r — nmv) = 4.35-107°, (58)
By(r — n'mv) = 1.11-1078, (59)
The W~ — a, transition takes the form
V3
—— 9w |Vud|(ma — mu)p" W, ay (60)
4q,

The amplitude with the intermediate scalar meson (see Fig.5) takes
the form

Ts = 2Zmy(ma — muy)€n ) (BWy, (pQ) + 5a0n(n’)nBWa6 (pQ))p“lﬂﬂ'fn((Z/l)),
where BW(ay) (P ?) is the Breit-Wigner formula for the ag(aj) meson
with mg, = 980 MeV, m, = 1474 MeV, 'y (mg;) = 265 MeV taken
from PDG [14] and Fao(mao) = 100 MeV calculated in the NJL model
which coincides with the upper PDG limit [14]. For the estimation of the
contribution of the radial-excited a; (1450) to the 7 decays we should use
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the extended NJL model [8-10]. The amplitudes Auy—n(n)= can be found
in [17, 18]. The transition W~ — a~(1450) takes the form

3
Cway = 7—98w|Vual(ma — mu) x

4g,
cos (¢ +¢o) | ,cos(¢ — ¢o)
r
x ( sin (2¢) + sin (2¢9)
where ¢o = 65.5° and ¢ = 72.0° are the mixing angles.
Thus, we get the B4,y )~ parameter:

i \/6 Aa/ )m
/BCL(]’V](’V]/)‘IT =€ CWa(’] 47 0_)777(77). (63)

My

>p”WMa0_, (62)

The values Bapnr = —0.24 and Boypr = —0.26 do not contradict the ones
given in [19, 20]. The contributions to the branching fractions from the
amplitude (61) are
Bs(r — nav) = 0.37 - 1075, (64)
Bs(t — n'nv) = 2.63-1078. (65)
The expression for the total width is

m2
_ GjlVual® J
3847m?2

2 2
m m
n(n’) T

X (|Tv\2(25 + m2)A(s, mg](n,), m2) + \TS|23m3(m3](n,) —m? )2) . (66)

g
—3)\1/2(5,77’12(

r
s n(n

" m2)(m2 — 5)%x

™

Note that there is no interference between the vector and scalar
intermediate state contributions. Thus, for branchings we get

B(r~ = nnv) =4.72-107°, (67)
B(r~— = n'm"v)=23.74-107%, (68)
Let us note that our estimations for scalar contributions are much less

than ones in previous works. One can see comparison in Tables 1,2
and 3, 4.
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