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Abstract

The Standard Model of particle physics describes the interaction of elementary particles using
a local gauge symmetry. This symmetry prevents us from writing mass terms for fundamental
particles and we must rely on a mechanism to spontaneously break this symmetry to give mass
to elementary particles. The Higgs mechanism introduces a scalar field which takes up a finite
vacuum expectation value. After the spontaneous symmetry breaking, a spin-0 particle – the
Higgs boson – remains in the spectrum and has specific interactions with the other elementary
particles of the Standard Model.

After many years of searching for the Higgs boson, the ATLAS and CMS collaborations
at CERN announced the discovery of a new boson in July 2012. Their analyses were based
on diphoton and four-lepton events. These two clean decay channels of the Higgs boson are
signatures of the loop-induced decay to a photon pair and the direct decay to a pair of Z bosons,
respectively. So far, the measurements of the properties of this new boson coincide with the
expectations for the Standard-Model Higgs boson.

To assess its identity, we need to measure its coupling to other fundamental particles of the
Standard Model. At a collider such as the LHC the access to the couplings is challenging because
of the hadronic environment. Therefore, we need reliable theoretical predictions for signal and
background processes. To achieve this goal, we need to compute higher-order corrections in
quantum chromodynamics (QCD) for the processes of interest. In this thesis, we will present the
work done on two different processes.

After reviewing the theoretical framework, we present the phenomenological analysis we have
performed for the process in which a Higgs boson is produced along with a W boson, and decays
into a bottom-antibottom pair. We study the effect of next-to-leading order QCD corrections
to both initial- and final-state in the context of the “boosted regime”, which provides a way to
measure the coupling of the Higgs boson to bottom quarks at a hadron collider.

Then we turn to the production of two off-shell photons with different virtualities, which
represents a first step towards the diboson production process. We present the computation of the
QCD corrections up to next-to-next-to-leading order of the differential cross section for a gauge-
invariant subset of the full correction, namely by computing diagrams that are proportional to
the number of light quark flavors. There we focus on the treatment of virtual and real amplitudes
before showing differential distributions of interest.
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Zusammenfassung

Das Standardmodell der Teilchenphysik beschreibt die Wechselwirkung der Elementarteilchen auf-
grund einer lokalen Eichsymmetrie. Diese Symmetrie verbietet es fundamentale Teilchen mit ein
Massenterm auszustatten. Um das in der Natur vorgefundene Spektrum beschreiben zu können,
ist es folglich notwendig einen Mechanismus einzuführen, welcher erlaubt diese Symmetrie spon-
tan zu brechen. Der Higgs-Mechanismus erlaubt dies durch Einführung eines skalaren Feldes,
welche einen endlichen Vakuumerwartungswert annimt. Nach der spontanen Symmetriebrechung
bleibt ein Spin 0 Teilchen – das Higgs-Boson – im Spektrum übrig, welches spezifische Wechsel-
wirkungen mit den anderen Elementarteilchen des Standardmodells aufweist.

Nach einer vieljährigen Suche nach dem Higgs-Boson haben die ATLAS und CMS Kollabo-
rationen am CERN im Juni 2012 die Entdeckung eines neuen Bosons verkündet. Ihre Analysen
basierten auf Streu-Ereignissen mit zwei Photonen und vier Leptonen. Diese zwei klar messbaren
Zerfallskanäle für das Higgs-Boson sind die Signaturen des schleifen-induzierten Zerfalls zu einem
Photonen-Paar, sowie respektive des direkten Zerfalls in ein Z-Boson-Paar. Bis anhin stimmen
die gemessenen Eigenschaften des neuen Bosons mit den Vorhersagen des Standardmodells für
das Higgs-Boson überein.

Um die Identität des neuen Bosons festzustellen, müssen wir seine Kopplungen mit anderen
fundamentale Teilchen des Standardmodells messen. An einem Speicherring wie dem LHC ist
der Zugang zu diesen Kopplungen wegen der hadronischen Umgebung eine Herausforderung. Wir
brauchen deswegen zuverlässige theoretische Vorhersagen, sowohl für Signal- als auch für Hin-
tergrundprozesse. Zu diesem Zweck müssen wir Störungsrechnungen zu höheren Ordnungen in
Quantenchromodynamik (QCD) für die Prozesse von Interesse durchführen. In dieser Doktorar-
beit werden wir die unternommene Arbeit an zwei verschiedene Prozesse präsentieren.

Nachdem wir den theoretischen Rahmen erörtert haben, werden wir die phänomenologische
Analyse präsentieren, welche wir für den Prozess, bei dem ein Higgs-Boson zusammen mit
einem W-Boson produziert wird und danach in ein Bottom-Antibottom Quark Paar zerfällt,
durchgeführt haben. Wir werden die Konsequenzen der QCD Korrekturen in nächst-zu-führender
Ordnung sowohl zu Anfangs- und Endzustand im Kontext des sogenannten “boosted Regime”
studieren, welches eine Möglichkeit darstellt, die Kopplung des Higgs-Bosons zum Bottom-Quark
an einem Hadron-Speicherring zu messen.

Danach werden wir die Produktion von Photonen mit nichtverschwindenden und unter-
schiedlichen Virtualitäten besprechen, welche ein erster Schritt in die Richtung des Diboson-
Prozess darstellt. Wir präsentieren die Rechnung der QCD Korrekturen bis zur nächst-zu-nächst-
zu-führenden Ordnung für eine eichinvariante Teilmenge der vollen Korrekturen, nämlich jene
proportional zur Anzahl der leichten Quark-Flavors. Wir werden uns auf die Behandlung der
virtuellen und reellen Amplituden fokusieren bevor wir einige Distributionen zeigen.
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Résumé

Le Modèle Standard de la physique des particules décrit l’intéraction des particules élémentaires
au moyen d’une symétrie de jauge locale. Cette symétrie nous interdit d’introduire des termes de
masse pour les particules fondamentales et il nous faut utiliser un mécanisme pour briser cette
symétrie spontanément et donner une masse au particules élémentaires. Le mécanisme de Higgs
introduit un champ scalaire qui acquiert une valeur moyenne finie dans le vide. Après la brisure
spontanée de symétrie, une particule de spin 0 – le boson de Higgs – reste dans le spectre et
possède des intéractions spécifiques avec les autres particules élémentaires du Modèle Standard.

Après de nombreuses années de recherche du boson de Higgs, les collaborations ATLAS et
CMS du CERN ont annoncé en juillet 2012 la découverte d’un nouveau boson. Leur analyse
était basée alors sur les évènements à deux photons et à quatre leptons. Ces deux modes de
désintégration propres du boson de Higgs sont les signatures respectives de la désintégration en
deux photons induite par une boucle et de la désintégration directe en une paire de bosons Z.
Jusqu’ici les mesures des propriétés de ce nouveau boson cöıncident avec celles qu’on attend du
boson de Higgs du Modèle Standard.

Afin de confirmer son identité, il convient de mesurer ses constantes de couplage aux autres
particules fondamentales du Modèle Standard. L’extraction de ces constantes de couplage avec un
collisionneur comme le LHC est rendue difficile en raison de l’environnement hadronique. Il nous
faut donc des prédictions théoriques fiables pour les processus signaux et de fond. À cette fin,
nous devons calculer les corrections d’ordres supérieurs en chromodynamique quantique (QCD)
pour les processus d’intérêt. Cette thèse est dédiée à l’étude de deux processus différents.

Après avoir passé en revue le cadre théorique, nous présenterons l’analyse phénoménologique
que nous avons faite pour le processus dans lequel un boson de Higgs est produit en association
avec un boson W, et se désintègre en une paire de quark-antiquark bottom. Nous étudierons
l’effet des corrections QCD au premier ordre à l’état initial comme à l’état final dans le contexte
du “régime boosté”, qui offre la possibilité de mesurer la constante de couplage du boson de Higgs
aux quarks bottom sur un collisionneur de hadrons.

Ensuite nous traiterons la production d’une paire de photons à virtualités non nulles et dis-

tinctes, ce qui représente un pas dans la direction du processus diboson. Nous présenterons le

calcul des corrections QCD au deuxième ordre pour un sous-ensemble invariant de jauge de la

correction totale, à savoir celles proportionnelles au nombre de saveurs de quarks légers. Nous

nous concentrerons sur le traitement des amplitudes virtuelles et réelles avant de présenter des

distributions pertinentes.
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Introduction

The Standard Model of particle physics describes the electromagnetic, weak and strong in-
teractions between matter particles (fermions) through the exchange of messenger particles
(bosons). It is formulated as a gauge theory with gauge group SU(3)c × SU(2)L × U(1)Y
with color, weak isospin and hypercharge as respective associated charges. It has been
progressively formulated in the second half of the 20th century and is up to now one of the
most precisely tested theories; its last missing piece having recently been discovered.

The strong part of the interaction is mediated by gluons which are colored and can
thus interact among themselves. This part of the gauge group is not spontaneously broken
and gluons are massless. Due to confinement, no colored particle is observed directly and
partons (quarks and gluons) always hadronize in mesons and baryons yielding a typical jet
structure in the detector. The strong interaction is not directly observable in our everyday
life but it is responsible for the existence of nucleons (protons and neutrons) and nuclei
(through residual nuclear interactions).

The electroweak part is spontaneously broken to U(1)em which corresponds to the usual
electromagnetic interaction mediated by the massless photon and described by quantum
electrodynamics (QED). The broken degrees are observed as massive W and Z bosons ob-
served for the first time by the UA1 and UA2 experiments at the SPS collider (CERN).
The massive W bosons manifest themselves in particular through the phenomenon of ra-
dioactive decay.

Spontaneous symmetry breaking is achieved by a scalar (spin-0) field acquiring a non-
zero vacuum expectation value – measured to be approximately 246 GeV – which gen-
erates mass terms in the Lagrangian density. This is the essence of the Brout-Englert-
Higgs-Guralnik-Hagen-Kibble mechanism [3–8]. By introducing a Yukawa coupling of the
fermions to this scalar field, the vacuum expectation value also gives masses to quarks and
leptons. The excitations of this scalar field from its vacuum expectation value should also
be observable as a particle: the Higgs boson. In 2012, after many years of research, the
ATLAS and CMS collaborations announced that they had observed a new particle at a
mass around 125 GeV whose properties are consistent with those of the Higgs boson of
the Standard Model [9, 10]. Previously the experiments around the Tevatron at Fermilab
and around LEP and the Large Hadron Collider (LHC) at CERN had managed to exclude
various mass ranges.

The assessment of the Standard-Model-likeliness of the Higgs boson observed at the
LHC will rely on careful measurements of its properties, in particular of its coupling to the
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2 Contents

Figure 1: Branching ratios of the decay channels for the Standard-Model Higgs [11].

other elementary Standard Model particles. The branching ratios of the decay channels for
the Standard-Model Higgs are shown in figure 1. One sees that the branching ratio for a
decay into bottom quarks is very large in the case of a 125 GeV Higgs boson, but also that
many other decay channels are in principle accessible, allowing to measure the couplings
of the Higgs to these other particles. For example, we show in figure 2 the limits from
the CMS analysis of different channels in the (κV , κf )-plane assuming that all couplings to
vector bosons are scaled by κV and all couplings to fermions are scaled by κf .

In the meantime, some decay channels like H → γγ or H → ZZ∗ → 4l have reached
sufficient statistics to allow a discovery claim from them alone [13, 14]. As a showcase
example we show the four-lepton mass distribution measured by ATLAS in figure 3 where
a clear mass peak over the background is visible around 125 GeV. The study of the chan-
nels where the Higgs boson decays to a pair of vector bosons, like H → WW ∗, ZZ∗, Zγ∗,
have smaller branching ratios, but are in principle easier as one can require the presence
of leptons in the final state, which permits to reject unwanted backgrounds efficiently;
furthermore the production cross sections partly compensate the lower branching ratios.
They require however the careful assessment of the underlying “non-Higgs” initiated dibo-
son production. The observation of the H → bb̄ channel is however much more challenging,
as bottom quarks are produced abundantly at the LHC and overwhelm by many orders of
magnitude the tiny signal from Higgs-related physics. Using the so-called Higgsstrahlung
process, where the Higgs boson is produced in association with a vector boson, specific
observables and kinematical regions can however offer a window into this channel.

Significant progress assessing the properties of the new boson at a hadron collider
depends crucially on the capability to make precise predictions for the processes involved
in the signal (where the Higgs boson is involved) and the background (where the Higgs
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Figure 2: Limits on common vector/fermion strength modifiers for the Higgs couplings [12].

Figure 3: Distibution of the four-lepton invariant mass [13].
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boson is absent). As was shown on multiple occasions in the last decades when higher-
order corrections from the strong interactions were computed, their size is not negligible and
taking them into account significantly improves the theoretical uncertainty. The first step
when moving one order higher in the perturbative expansion of a process is to compute the
inclusive cross section, i.e. in which we do not choose specific kinematics for the final state.
This allows us to make estimates on the number of events to be expected in an experimental
setup. In a second time, one usually wishes to perform the same computation differentially,
i.e. in which we are able to select at specific kinematics of the final state. It provides a
powerful way to select events that have the properties one is looking for, for example by
requiring certain cut criteria to be met. The computation of differential cross sections is
a highly non-trivial task as we need to consistently handle the divergences arising in the
perturbative expansion and ensure their cancellation order-by-order to yield a finite result.

Of course, the completion of the spectrum of the Standard Model is only one of the many
endeavors of high-energy physicists. It might be that experiments announce the observation
of a discrepancy between the measurement and the prediction from the Standard Model
tomorrow, but this is only possible if the theoretical predictions reach a high-enough level
of precision.

We will not touch upon the wealth of models beyond the Standard Model that are on
the market. In order to perform predictions that are experimentally testable one needs
to compute the Standard Model “background” to these processes, which is yet another
motivation to perform precise higher-order computations in particle physics.

This thesis is structured as follows: In part I we set up the framework of the Stan-
dard Model (chapter 1) and present the methods of perturbation theory used in this thesis
(chapter 2). Part II presents the phenomenological discussion of the decay H → bb̄ for the
Higgsstrahlung process when next-to-leading order perturbative corrections from quantum
chromodynamics to decay (chapter 4) as well as production (chapter 5) are considered
at a fully differential level. The third and last part focuses on the computation of the
differential next-to-next-to-leading perturbative quantum chromodynamics corrections for
the production of a pair of off-shell photons with different virtualities. We first tackle
the double-virtual part (chapter 8) in the general case before specializing to the part pro-
portional to the number of light quark flavors and handling the double-real contribution
(chapter 9) and we present numerical distributions of interest obtained from their im-
plementation (chapter 10). Parts II and III have their own introduction and conclusion
chapters and we will present the outlook at the end of the thesis.



Part I

Theory and methods
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Chapter 1

Particle physics in a nutshell

In this chapter we shall review the relevant features of the Standard Model of particle
physics focusing on the elements that are of importance for the results presented in this
thesis. It is not meant to be self-contained, but rather is based on multiple sources, which
provide a more detailed treatment of the matter [15–21].

1.1 The Standard Model

As collision energies of nuclear physics grew and a zoo of particles started to appear,
physicists started to look for organizing patterns in the new particles in the spirit of
Mendeleev’s periodic organization of the elements with increasing atomic mass according
to their recurrent chemical properties. Soon, it became clear that protons and neutrons
are not the elementary building blocks of nature and modern particle physics was born.

Starting as an attempt to bring order in the chaos of the particle zoo, the quest for a
description of the fundamental constituents of matter and their interactions at the sub-
atomic scale during the second half of the 20th century – culminating with the discovery of
the Higgs boson in 2012 – has yielded a coherent description known as the Standard Model
of particle physics (SM): matter fields (fermions) interact through vector fields (bosons)
that are the expression of a local gauge-symmetry.1

In this model, matter particles – excitations of fermion fields – are subdivided into
quarks and leptons, depending on whether or not they couple to the strong interaction
that we shall describe in the next section. They come in three families of increasing mass
with each family containing a quark doublet and a lepton doublet, see figure 1.1. All
ordinary matter is made out of particles of the first family: as we learned in high school,
the proton is made up of two up and one down quarks,2 and the neutron is composed of
two down and one up quarks. The electrically charged particles from the second and third

1Note that gravity is not treated in the framework of the SM. There is in fact so far no consistent
quantum field theory of gravity.

2As we will see below, this is only part of the composition of the proton. The other components will
be relevant when we want to describe proton-(anti)protons collisions (see sections 1.2 and 2.4).

7



8 Chapter 1. Particle physics in a nutshell

Figure 1.1: Fields of the SM with their respective masses and charges [22].

families decay through the weak interaction to particles of the first family.
While the SM is highly successful to describe most of the phenomenology of high-energy

physics, we should remember that it cannot accommodate all of the observed phenomena
and that it falls short of yielding a (satisfactory) explanation for some features of nature.
Neutrino oscillations, which were confirmed in 2001 [23] and solve the solar neutrino prob-
lem, are not possible in the SM strico sensu, where neutrinos are exactly massless. The
SM also does not explain why there are precisely three families or why the typical scale
of gravity lies many orders of magnitude away from the electroweak scale (the hierarchy
problem). And we are not even touching on the issue of dark matter and dark energy: ac-
cording to the interpretation within the standard model of cosmology of the measurement
of the homogeneity of the cosmic microwave background, ordinary matter makes up for
less than 5% [24,25] of the total amount of energy in the universe!

To tackle these issues one needs to go beyond the SM with typical examples being
supersymmetry and warped extra-dimensions. These models predict the existence of states
that can be looked for in collider experiments or that have an indirect effect on measured
quantities. It is therefore essential to make precise predictions within the standard model,
to be able to make out discrepancies, should there be any. As the saying goes: “Today’s
discovery is tomorrow’s background.”

We will now present the two complementary components of the SM: quantum chromo-
dynamics and the electroweak theory.

1.2 Quantum chromodynamics

The strong interaction affects only particles with a color charge: quarks and gluons. Quarks
were initially proposed independently by Gell-Mann [26] and Zweig [27, 28] as an elegant
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way to classify the hadronic states. They were then included in the parton model of
the proton which was formulated by Feynman [29] based on the observation of Bjorken
scaling [30]. Measurements of the momentum carried by partons in deep-inelastic scattering
experiments (lepton-hadron collisions) showed that a substantial amount of momentum
was not accounted for and had to be carried by an extra particle that was not interacting
through the weak interaction. Gluons – discovered at the end of the 1970’s at DESY –
went in to complete the parton model and are none other than the gauge field associated
with the color symmetry.

The interaction is described by a Yang-Mills theory [31] for the non-abelian symmetry
group SU(Nc), where Nc denotes the number of colors. The coupling is denoted gs. Quarks
come in Nf flavors which are all equivalent for what concerns the strong interaction.3

They are described by spinor fields qi, where i = 1, . . . , Nc denotes the color index in
the fundamental representation. Gluons are described by vector fields Aaµ, where a =
1, . . . , N2

c − 1 denotes the color index in the adjoint representation.4 We define the field
strength tensor and the covariant derivative5

F a
µν ≡ ∂µA

a
ν − ∂νAaµ − gsfabcAbµAcν , Dµ ≡ ∂µ + igsT

aAaµ, (1.1)

where the fabc’s are the (totally antisymmetric) structure constants.
The N2

c − 1 generators of the fundamental representation of SU(Nc) form the basis of
a Lie algebra and can be represented by Nc × Nc matrices6 that satisfy the commutation
relations [

T a, T b
]

= ifabcT c. (1.2)

The structure constants are common to all representations of SU(Nc) and in particular
define the adjoint representation through the (N2

c−1)×(N2
c−1) matrices defined entry-wise

through

(ta)bc = ifabc. (1.3)

When computing colored amplitudes one will at some point need to compute the trace
of these color matrices. We shall use the most widely used normalization as well as the
Casimir invariants for the fundamental and adjoint representations of SU(Nc):

Tr
(
T aT b

)
= TF δ

ab, TF ≡
1

2
, (1.4a)

T aT a = CF , CF ≡
N2
c − 1

2Nc

(1.4b)

tata = CA, CA ≡ Nc. (1.4c)

3It is common to designate the Nf flavors as massless, when dealing with QCD and to add the top as
an extra flavor, or to consider its effect only within loops. Note that the evolution of PDF to relatively
low energy where the mass of the bottom quark has to be taken into account, care needs to be taken as
to what “Nf” represents.

4See reference [32] for a detailed discussion of group theory in the context of particle physics.
5As usual, repeated Lorentz and color indices are summed upon.
6For Nc = 3, the 8 generators are proportional to the Gell-Mann matrices.
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We will discuss practical tools for the computation of the color-part of a diagram in sec-
tion 1.2.2.

Note that in an abelian theory (such as QED, which is the gauge theory of U(1)) the
field strength tensor does not involve the term which is quadratic in the fields. This implies
that the gauge field is not self-interacting, whereas it is in a Yang-Mills theory as we will
see below. Another way to see it is that the gluon fields themselves carry a color charge.

We would like to stress that we have allowed ourselves a small abuse of notation in
the definition of the covariant derivative: the derivatives are hiding an Nc × Nc identity
matrix, as do the definitions of the Casimir invariants.

With these notations, we can write down the classical Lagrangian density of the theory:

Lcl. = −1

4
F a
µνF

a,µν +
∑
q

q̄i
(
i /D −mq

)
qi. (1.5a)

Unfortunately, the theory is not quantizable in this form. We need to add a gauge-fixing
term and Fadeev-Popov ghosts χa described by the Lagrangian densities

Lgauge-fixing = − 1

2ξ
(∂µAaµ)(∂νAaν) (1.5b)

Lghost = ∂µχa∗
(
∂µδ

ab + gsf
abcAcµ

)
χb. (1.5c)

In these terms, ξ is the gauge parameter for the gauge fixing (we chose a covariant gauge
fixing) and specific values correspond to the choice of a gauge; this ensures that gluons
have only two polarizations, as they are massless spin-1 particles. The ghosts are complex
scalar fields that obey fermion statistics. They interact with gluons, but only appear as
internal particles (in loop diagrams) and are needed to maintain the gauge invariance.

The complete Lagrangian density LQCD = Lcl. + Lgauge-fixing + Lghost can now be quan-
tized allowing us to extract the Feynman rules for QCD that we shall list in the following
next section.

To close this section, we would like to comment about confinement and asymptotic
freedom, two characteristic features of QCD. Confinement forbids free colored particles.
Qualitatively, it can be understood through the fact that the strong interaction grows with
distance. Trying to take apart a quark-antiquark pair will result in more and more energy
to be stored in the strong field, which at some point will be sufficient to create a quark-
antiquark pair from the vacuum and creating again two bound states. When computing
low-energy processes, the non-perturbative effects get more and more important, making a
perturbative treatment in QCD useless. Fortunately for us, as we will see in section 2.3.1,
QCD also exhibits asymptotic freedom – as first pointed out by Gross, Wilczek and Politzer
in 1973 [33, 34] – which means that in the high-energy limit the strong coupling becomes
vanishingly small. In terms of perturbation theory this means that the higher the energy
we work at, the more convergent the perturbative QCD series become.
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1.2.1 Feynman rules of quantum chromodynamics

In this section, we list the Feynman rules of QCD in a covariant gauge.

Propagators

=
i(/p+m)δij

p2 −m2 + i0
(1.6a)

=
iδab

p2 + i0

(
−gµν + (1− ξ)p

µpν

p2

)
(1.6b)

=
iδab

p2 + i0
(1.6c)

The +i0 specifies which of the poles need to be taken. In the following chapters it will be
dropped when there is no doubt possible.

The polarization sum of the gluon is the expression in parenthesis.
The choice ξ = 1 is known as Feynman-’t Hooft gauge.

Vertices All momenta are ingoing.

= −igsT aijγµ (1.7a)

= −gsfabcpµ (1.7b)

= −gsfabc
 +gµν(pρ1 − p

ρ
2)

+gνρ(pµ2 − p
µ
3)

+gρµ(pν3 − pν1)

 (1.7c)

= ig2
s

 +fabef cde(gµρgνσ − gµσgνρ)
+facefdbe(gµσgνρ − gµνgρσ)
+fadef bce(gµνgρσ − gµρgνσ)

 (1.7d)
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1.2.2 Computation of color factors

We present here a diagrammatic method that can be used to simplify or compute the
color-factor of a given amplitude in QCD (we will keep the number of colors general to
Nc). In this we follow the presentation made in reference [35]. All computations of cross
sections involve squaring a given (sum of) matrix element(s). This will close in particular
the color indices so that we need to compute a trace of a product of color matrices, which
encodes the information about the color flows. This problem decouples from the rest of
the computation as color and Lorentz indices do not talk to each other. The amplitude
is then written as a color factor times a “color-free” amplitude. Note however, that this
method cannot be applied directly when 4-gluon vertices are present, but one needs to use
a trick [35]. This is however not needed for the computations we perform here.

We use the same diagrammatic representation as the one that we interpret with the
Feynman rules and use the following rules:

1. All colorless objects as well as the cut of the amplitude are irrelevant and can be
dropped.

2. Fundamental (quark) → , Adjoint (gluon, ghost) →

3. Simplify vertices:

= − 1

2Nc

, =
Nc

2
, =

CA
2

.

4. Simplify propagators:

= CF , =
1

2
, = CA .

5. Use:

= 0, = Nc, = N2
c − 1.

6. Repeat 3 – 5 until it is no longer possible.

The proof of these steps is straightforward when looking at the color part of the Feynman
rules of section 1.2.1.

In the next series of equations we work out a simple example following the steps cited
above: ∣∣∣∣∣

∣∣∣∣∣
2

1
=

∣∣∣∣∣
∣∣∣∣∣
2

2
=

4
= CF

5
= NcCF . (1.8)



1.3. Electroweak theory 13

1.3 Electroweak theory

The formulation of quantum electrodynamics (QED) initiated by Dirac [36] and culmi-
nating in the formulation of a gauge theory of the electromagnetic interaction by Tomon-
aga [37, 38], Schwinger [39], and Feynman [40–42] has had formidable successes in the
description of the related phenomenology: theoretical predictions including perturbative
corrections agree with experimental measurements to a level of thirteen significant digits!

On the other hand, the β-decay of nuclei, the decay of the muon, as well as the decay
of strange hadrons (i.e. hadrons containing strange quarks) were described through Fermi
theory [43, 44]. A posteriori, the 4-fermion interactions of this model can be seen as the
low energy limit of the electroweak (EW) interaction, where the W-boson exchange is not
“resolved”.

The EW theory is a Yang-Mills theory based on the gauge group SU(2)×U(1). Glashow
formulated the theory in 1961 [45]; while Salam [46] and Weinberg [47] independently
applied the idea of spontaneous symmetry breaking to it. Fermions have now two types
of charges: weak isospin, that couples to the gauge boson W i

µ, i = 1, 2, 3 with coupling g
and hypercharge that couples to the gauge boson Bµ with coupling g′. Note that due to
the V-A structure of the weak interaction, only left-handed fermions couple to the W iµ’s,
while right-handed fermions only interact through Bµ. The covariant derivative is

Dµ ≡ ∂µ − ig
1

2
τiW

i
µ − ig′

Y

2
Bµ, (1.9)

where τi denotes the Pauli matrices and Y is the hypercharge. We would like to stress
that we have allowed ourselves a small abuse of notation in the definition of the covariant
derivative: the derivatives and Bµ are hiding a 2× 2 identity matrix.

The couplings g, g′ and e (from QED) are actually in relation to each other:

e = g sin θW = g′ cos θW , (1.10)

where θW is called the weak mixing angle. Any two of the parameters is sufficient to
parametrize the interaction, but the usual choice is e or g and the weak mixing angle θW .
This relation shows that the weak interaction is not really weak, but has a coupling of the
same order as the electromagnetic interaction. What makes it “weak” is the mass of the
associated gauge bosons.

If it were to stick to this form, this model would have serious flaws to be phenomeno-
logically meaningful:

1. Due to the requirement of gauge invariance, we cannot write mass terms for the gauge
bosons.

2. Since left-handed fermions transform as a doublet under SU(2) whilst right-handed
fermions transform as two singlets it is also forbidden to write a mass term for them.

These problems are solved by the implementation of a mechanism that spontaneously
breaks the symmetry that we shall present in the next section.
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To conclude this section we would like to make a last remark which is of importance
when implementing event generators for electoweak processes (as we will do in chapter 5).
Mass eigenstates and weak eigenstates are not exactly aligned and are related through
the Cabibbo-Kobayashi-Maskawa (CKM) matrix. It borrows its name from Cabibbo, who
formulated the idea for two families [48], as well as Kobayashi and Maskawa, who extended
the idea to three families [49]. An interesting fact is that with three families, there is room
for CP violation in the SM, which is not the case if only two families exist. The violation of
CP has been shown to happen experimentally. For our purposes however, the two-family
formulation is sufficient as the top quark is not present in the proton. One only needs to
remember that the process ud̄→ W+ and cs̄→ W+ should come with a weighting factor
0.975 while the process us̄→ W+ and cd̄→ W+ with a weighting factor 0.222.

1.3.1 The Higgs mechanism

We will now present the mechanism that is used in the SM to break the SU(2) × U(1)
symmetry, the celebrated Higgs mechanism. The mechanism is also known under the
longer name Brout-Englert-Higgs-Guralnik-Hagen-Kibble mechanism, as all these authors
independently came to similar conclusions around the same time [3–8].

The field content (quarks, leptons and the four gauge bosons) are supplemented with
four real scalar fields in the form of an isospin doublet with hypercharge Y = +1,

ϕ ≡
(
ϕ+

ϕ0

)
=

1√
2

(
ϕ1 + iϕ2

ϕ3 + iϕ4

)
, (1.11)

with Lagrangian density

LHiggs = (iDµϕ)†(iDµϕ)− V (ϕ), (1.12)

where V (ϕ) is the Higgs potential,

V (ϕ) = µ2ϕ†ϕ+ λ(ϕ†ϕ)2. (1.13)

When µ2 > 0, the potential has a minimum in the origin and the symmetry is not
broken. However, if for some reason µ2 < 0 (while λ > 0), the potential develops a
minimum at

ϕ†ϕ = −µ
2

λ
, (1.14)

and the field takes up a finite vacuum expectation value. Any choice of ϕ satisfying
equation (1.14) will break SU(2) × U(1), but since we want to keep the photon massless
the vacuum expectation value should have no electric charge, so we choose:

ϕ0 =
1√
2

(
0
v

)
. (1.15)
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Inserting ϕ0 in the covariant derivative of equation (1.12) and defining the fields

W±
µ ≡

W 1
µ ∓W 2

µ√
2

Zµ ≡
gW 3

µ − g′Bµ√
g2 + g′2

Aµ ≡
gW 3

µ + gBµ√
g2 + g′2

, (1.16a)

we can read out the masses of the fields:

mW =
1

2
vg, mZ =

1

2
v
√
g2 + g′2, mA = 0. (1.17)

We see that the photon remains massless while the other gauge bosons get a mass. It is
also possible to obtain the relation

mW

mZ

= cos θW . (1.18)

As a last step, we reexpand the Higgs field around its vacuum expectation value via

ϕ(x) =
1√
2

(
0

v +H(x)

)
. (1.19)

This describes a scalar boson H with self interactions and a mass

mH = v
√

2λ. (1.20)

Formally speaking, the breaking7 of SU(2) × U(1) → U(1) generates four (massless)
Nambu-Goldstone bosons [50, 51]. Three of these are absorbed in a redefinition of the
three massive vector fields – as their third polarization – while the last one remains free as
the photon stays massless, and remains in the spectrum as the Higgs boson. This observa-
tion was made by Higgs which lent his name to the postulated new particle and so began
the long quest for the Higgs boson. In July 2012 the ATLAS and CMS collaborations at
CERN announced the discovery of a new boson whose properties match those of the SM
Higgs boson. Following this discovery, Englert and Higgs were jointly awarded the physics
Nobel prize in 2013.

To end this section, we present how the Higgs field can be recycled to give a mass to
the fermions, thus solving the second problem cited above. In the following we denote the
component of a left-handed doublet with the highest (lowest) third component of the weak
isospin U (D). This can be repeated for each family of quarks and leptons. The Higgs field
is a isospin doublet and thus

LDYukawa = yD

[(
UL
DL

)
ϕDR + D̄Rϕ̄

(
UL
DL

)]
(1.21)

is an SU(2) singlet and can be added to the Lagrangian density. When substituting 1.19
will give a mass term and interactions only for the component with the lowest isospin.

7Note that the U(1) before the spontaneous symmetry breaking is associated to the hypercharge,
whereas the U(1) remainng afterwards is associated to the electric charge.
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In general, we would be forced to include another Higgs field to give mass to the other
fermions. In the case of SU(2) however this can be achieved with the charge conjugate of
the Higgs field:

ϕc ≡ iτ2ϕ
† (1.22)

using the term

LUYukawa = yU

[(
UL
DL

)
ϕcUR + ŪRϕc

(
UL
DL

)]
(1.23)

For a fermion f , we get the relation8

mf =
yfv√

2
. (1.24)

The expansion (1.19) allows us to extract the coupling strengths of the Higgs boson to
the vector bosons (equation (1.12)) and fermions (equations (1.21) and (1.23)). We will
list them along with the other Feynman rules for the EW theory.

While the vacuum expectation value of the Higgs field allows us thus to give mass terms
to the quarks and leptons, besides the W and Z bosons, the Higgs boson fulfills another
important role within the SM. Should we compute the scattering amplitude of W+W− →
W+W− in the absence of a Higgs boson, which would then consist of s- and t-channel
exchange of a photon or a Z boson as well as the 4-W boson vertex, we would find that
it grows indefinitely as we take the limit s → ∞, thus destroying perturbative unitarity.
Adding the diagrams where a Higgs boson is exchanged, with the specific couplings dictated
by the EW theory, solves this problem and restores perturbative unitarity.

1.3.2 Feynman rules of the electroweak interaction

We will only state the Feynman rules that we will make use of in our computations. For
a complete list of the Feynman rules, see for instance reference [16].

Propagators

=
i(/p+mf )

p2 −m2
f + i0

(1.25a)

=
i

p2 + i0

(
−gµν + (1− ξ)p

µpν

p2

)
(1.25b)

=
i

p2 −m2
Z + i0

(
−gµν + (1− ξ) pµpν

p2 − ξm2
Z

)
(1.25c)

=
i

p2 −m2
W + i0

(
−gµν + (1− ξ) pµpν

p2 − ξm2
W

)
(1.25d)

8Note that the normalization of the Yukawa coupling can be chosen differently!
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=
i

p2 −m2
H + i0

(1.25e)

The +i0 specifies which of the poles need to be taken. In the following chapters it will be
dropped when there is no doubt possible.

The polarization sum of each of the vector boson types are the parenthesis of the
respective propagator.

The choice ξ = 1 is known as Feynman-’t Hooft gauge.

Vertices

= −ieqfγµ (1.26a)

= − ig

cos θW
γµ

1

2

(
cfV − c

f
Aγ5

)
(1.26b)

= − ig√
2
γµ

1

2
(1− γ5)Vff ′ (1.26c)

= −imf

v
(1.26d)

=
igmZ

cos θW
gµν (1.26e)

= igmWg
µν . (1.26f)

In the last couple of equations, we have flavor-dependent constants. For the photon and
the Z boson vertices, they are listed in table 1.1. For the W boson vertex, f and f ′ must
have a charge difference of 1. Furthermore, if they are leptons Vff ′ ≡ 1, while if they are
quarks, Vff ′ is the corresponding CKM matrix element.
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f qf cfV cfA

νe, νµ, ντ 0 +1
2

+1
2

e, µ, τ −1 −1
2
−1

2
+ 2 sin2 θW

u, c, t +2
3

+1
2

+1
2
− 4

3
sin2 θW

d, s, b −1
3
−1

2
−1

2
+ 2

3
sin2 θW

Table 1.1: Constants involved in the Feynman rules of the EW theory. Antiparticles have
the opposite values.

1.3.3 Treatment of γ5

When dealing with the EW interaction, we will be confronted with the issue of using γ5 in
a way which is consistent with dimensional regularization (DREG). We will present shortly
what options are available.

In four dimensions, we are used to γ5 having two main properties:

1. Anticommutativity: {γ5, γ
µ} ≡ γ5γ

µ + γµγ5 = 0 for µ = 0, 1, 2, 3.

2. Trace property: Tr(γµγνγργσγ5) = 4iεµνρσ, where εµνρσ is the totally antisymmetric
Levi-Civita tensor with ε0123 = +1.

When going to d 6= 4 dimensions, using the cyclicity of the trace and property 1, we get
the equation

(d− 4)Tr(γµγνγργσγ5) = 0, (1.27)

which implies that the trace must vanish identically, contradicting property 2.
There are two options to solve it and they are equivalent in their results that we shall

now present briefly together with their advantages and caveats.

’t Hooft-Veltman prescription The most straightforward approach consists in giving
up completely the anticommutativity and keep instead the trace property. It was first
suggested by ’t Hooft and Veltman [52], and equivalent to defining projectors to split the
space-time in 4 and (d− 4) parts [53].

First, we need to make sure that the Feynman rules are written in a form that is slightly
more symmetrical by replacing the axial-vector coupling

γµγ5 7→
1

2
(γµγ5 − γ5γ

µ) . (1.28)

Then, we replace each occurence of γ5 through

γ5 7→
i

4!
εµνρσγµγνγργσ, (1.29)
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where the indices associated with the Levi-Civita tensor are then restricted to 4 dimensions.
This procedure is quite straightforward and easy to implement, but it involves the

computation of a lot of traces, and is not really practicable for processes that are not
particularly simple.

Larin prescription Another approch proposed by Larin [54] makes the computation
more efficient and allows to anticommute γ5.

First, one anticommutes γ5 and uses γ2
5 = 1 until it occurs only once per trace.

Then, one uses the replacement

γµγ5 7→
i

3!
εµνρσγνγργσ, (1.30)

for the axial-vector coupling.
This leads to much less traces to be evaluated than with the ’t Hooft-Veltman pre-

scription. The price to pay is that one needs to take into account a finite renormalization
constant Z5 that depends on the exact vertex under consideration: pseudoscalar (that
we are not concerned with), axial-vector non-singlet (as in the case of W bosons which
is flavor-changing), or axial-vector singlet (as in the case of the Z boson, which is not
flavor-changing).
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Chapter 2

Calculation tools in perturbation
theory

In this chapter we summarize the main theoretical tools that will be used in this thesis
and give some examples when relevant.

2.1 Decay rates and scattering cross sections

The computation of decay rates and scattering cross sections in perturbation theory re-
quires the consideration of both the kinematics of the process under study as well as its
dynamics. The former is embodied in the phase-space dΦ of the process which parametrizes
the allowed configurations of the final state which be elaborated upon in section 2.2 and
the flux factor from the initial state. The latter consists of the squared sum of the matrix
elements of all the subprocessesMi participating to the process at the perturbative order
under consideration that we will detail upon in section 2.3.

For a A→ 1 + · · ·+ n differential decay rate, we have

dΓA→1+···+n =
1

2mA

dΦn(A→ 1 + · · ·+ n)|MA→1+···+n|2, (2.1)

where A denotes the initial state which consists of just the decaying particle with mass mA

while 1 + · · ·+ n denotes the whole n-particle final state. The (semi-)inclusive decay rate
ΓA→1+···+n is obtained by integrating the differential decay rate over (part of) the phase
space. The total decay rate of a particle is simply the sum of the inclusive partial rates:

ΓA =
∑
F

ΓA→F , (2.2)

where the sum runs over all allowed final states (with any number of particles). A final
state is allowed if it has the same overall quantum numbers as A and it is kinematically
allowed. For example, the decay rate of the top quark contains the decay channel t→ W+b

21
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whereas the decay rate of the W+ boson does not contain the channel W+ → tb̄ because
mt > mW +mb.

We will mostly consider A+B → 1 + · · ·+n differential scattering cross sections which
take the form

dσA+B→1+···+n =
1

F
dΦn(A+B → 1 + · · ·+ n)|MA+B→1+···+n|2, (2.3)

where F ≡ 4
√

(pA · pB)2 −m2
Am

2
B is the collinear flux factor. Again the (semi-)inclusive

cross section σA+B→1+···+n is obtained by integrating the differential cross section over (part
of) the phase space.

In both cases |M|2 means that we have summed over the final-state spins/helicities
and colors and averaged over the initial-state spins/helicities and colors.

2.2 Phase space

The phase space constrains the final-state particles of a process to be on-shell with positive
energy, i.e. to fulfill p2

i = m2
i , and ensures the conservation of the overall momentum [55]:

dΦn (I → 1 + · · ·+ n) =

[
n∏
i=1

ddpi
(2π)d

(2π)δ(+)(p2
i −m2

i )

]
(2π)dδ(d)

(
pI −

n∑
i=1

pi

)
, (2.4)

where I denotes the total initial state and the ‘(+)’ superscript means that we only use
the positive-energy solution of p2

i = m2
i .

Note that we chose to directly work in d = 4 − 2ε dimensions instead of 4 as we will
use dimensional regularization (see the next section).

2.2.1 Phase-space decomposition

Multi-particle phase-space integrals become increasingly difficult to parametrize as the
number of particle grows. Fortunately it is possible to organize the computation of the
phase space in such a way that a phase space is broken down as a product of phase spaces
with lower multiplicity [55].

This can be achieved in many different ways and they do not need to reflect the actual
kinematics of the internal particles. The most illuminating example is the decomposition
of the general n-particle phase space through

dΦn(I → 1 + · · ·+ n) =

Q2
+∫

Q2
−

dQ2

2π
dΦn−1(I → 1 + · · ·+ (n− 2) +Q)×

× dΦ2(Q→ (n− 1) + n), (2.5)
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where the integration limits Q2
± are obtained through the kinematics of the remaining pro-

cess, which can be thought of (up to the factor of 2π) as a concatenation of the production
of n − 2 particles along with a particle of mass

√
Q2 which subsequently ‘decays’ to two

particles.
Using this decomposition recursively together with the phase space volume for the decay

of a particle of mass M into 2 massive particles of mass m1 and m2,

Φ2(M ;m1,m2) =
210−4d(

√
π)3−d

Γ((d− 1)/2)

(√
β4

1 + β4
2 + 8β2

1 + 8β2
2 − 2β2

1β
2
2

)d−3

Md−4, (2.6)

where we defined βi ≡
√

1− 4m2
i /M

2, it is in principle possible to compute the volume
of any n-particle phase space. This provides a way to check the implementation of a
parametrization of the phase space. In particular, the volume of the phase space for the
decay of a particle of mass M into n massless particles is [56]

Φn(M ; 0, . . . , 0︸ ︷︷ ︸
n

) =
21+d−dn(

√
π)2+d−dnΓ(d/2− 1)n

Γ((d/2− 1)(n− 1))Γ((d/2− 1)n)
M−d+(d−2)n.

2.3 Matrix elements

In this section, we shall take a closer look at the specific tools and techniques related to
matrix elements.

Matrix elements are expressed as Feynman diagrams [57], which stand for their math-
ematical expressions and are interpreted using the specific Feynman rules1 of the process
(see sections 1.2.1 and 1.3.2). Computations using Feynman diagrams are representing a
perturbative expansion in a small parameter. In the case of QED, the parameter is

α ≡ e2

4π
∼ 10−2,

while in QCD the parameter is

αs ≡
g2
s

4π
∼ 10−1.

Naively speaking, we expect perturbative corrections in QED to be much milder than in
QCD because each order added comes with a factor of α� αs (at typical energies).

The computation starts with the leading-order (LO) diagram that is the basic process
under consideration. Then when one further power of the coupling constant is present, we
speak of a next-to-leading order (NLO) correction; and in general if k powers are present
we speak of a NkLO correction. When going one order higher in perturbation theory, two
kind of diagrams will appear: diagrams involving one more loop (virtual), and diagrams
involving one more external parton (real). For example, if studying the production of a Z

1See e.g. reference [58] on the derivation of the Feynman rules for a given Lagrangian density.



24 Chapter 2. Calculation tools in perturbation theory

(a) LO (b) NLO QCD

(c) NLO QCD, NLO EW (d) NNLO QCD

Figure 2.1: Examples of diagrams appearing at various perturbative orders in QCD and
EW theory for the process e+e− → Z → bb̄.

boson at an e+e−-collider and its subsequent decay to a bottom-antibottom pair the dia-
gram shown in figure 2.1a is the LO diagram. When computing the NLO QCD correction
to this process, we encounter the real diagram shown in figure 2.1b. Mixed NLO QCD
and NLO EW corrections will contain diagrams like the double-virtual one of figure 2.1c.
Finally figure 2.1d showcases a typical real-virtual NNLO QCD diagram.

The number of diagrams that one has to evaluate grows very fast as we move to higher
orders (see e.g. chapter 8) and one typically has to rely on an automated procedure
to generate them. For the computations we have performed we have used the program
QGRAF [59] which simply requires the external particles, propagators and vertices as input
and gives the diagram together with the momentum flows. It is then possible to turn these
into mathematical expressions and perform the usual algebraic manipulations like taking
traces of strings of γ-matrices using e.g. FORM [60, 61].

Unfortunately, starting already at NLO, the expressions are divergent. In the next
sections we shall illustrate how this arises and how these divergences are taken care of.

2.3.1 Ultraviolet divergences and renormalization

The first kind of divergences that we encounter are characteristic of loop integrals and
are called ultraviolet (UV) because they appear when the momentum in the loop becomes
large. Let us see it appear for a simple loop integral – the (massless) bubble shown in
figure 2.2. Performing a Wick rotation of the momenta to make them Euclidean

k0
E = ik0 ⇒ d4k = id4kE, k

2 = −k2
E, (2.7)
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Figure 2.2: Massless scalar bubble.

and looking at the integrand in the limit |kE| → ∞, which means we can ignore the external
momentum p, we get

∫
d4k

(4π)4

1

k2(k + p)2
∼

∞∫
0

d|kE|
|kE|

(2.8)

which diverges. In order to quantify the divergence we need to introduce a regulator.
The most straightforward option is to introduce a cut-off Λ for the magnitude of the loop
momentum, i.e. integrate up to Λ. In the example above,

Λ∫
0

d|kE|
|kE|

= ln Λ, (2.9)

and we call the divergence logarithmic.

The main issue of the cutoff-regularization is that it violated the Lorentz invariance of
the integral and care has to be taken when interpreting the result. Fortunately, there are
other regularization schemes available that do not violate Lorentz invariance. One of them
is the Pauli-Villars regularization, where massive auxilliary fields are introduced to cancel
the divergence [62].

The modern method of predilection that we shall use in this thesis was introduced by
’t Hooft and Veltman and is called dimensional regularization (DREG) [52]. In DREG,
the dimension of space-time is taken to be d = 4 − 2ε, which means that the contraction
of the metric tensor is now

gµµ = d. (2.10)

Using this, one is able to compute the modified traces of γ-matrices. The divergences are
now appearing as poles in ε. We shall stick to conventional DREG, where the trace of
the identity matrix is 4, the number of spin states of fermions is 2, massless gauge bosons
have d− 2 helicities, and massive ones have d− 1. Phase-spaces (section 2.2) and external
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momenta are also taken in d dimensions. For the example cited above2∫
ddk

(4π)d
1

k2(k + p)2
= Γ(ε)f(p2, ε), (2.11)

where f(p2, ε) is finite at ε = 0. The Laurent series of the Γ-function shows a pole in ε.
The modification of the dimension will affect the (mass) dimension of the fields as

we want to keep the action S =
∫
ddxL dimensionless. It is then easy to see from the

kinetic terms that fermions and vector bosons will have dimension (d− 1)/2 and (d− 2)/2
respectively. In order to keep the gauge coupling dimensionless we need to introduce a
scale via the substitution

g → gµε. (2.12)

This scale will be relevant when we perform renormalization [63].
We have now regularized our matrix elements dimensionally and we can proceed with

the renormalization program. For a thorough treatment of the renormalization, the reader
is invited to consult references [21, 53].

The 1-loop bubble presented above will come multiplied by a coupling g2µ2ε as an
(infinite) contribution to that of the normal propagator.3 All we need to do is to find
a consistent way to remove this infinity. This is achieved by adding a counterterm to
the Lagrangian density of the theory under consideration, which exhibits the same pole
structure as the dressed propagator with opposite sign when interpreted with the Feynman
rules, such that the addition of both of them will have no poles left. This needs to be
achieved for all the propagators and vertices of the theory that exhibit divergences.

The Lagrangian density L – such as the QCD Lagrangian density (1.5) – can then be
expressed via the bare fields,

qb =
√
Zqq, Abµ =

√
ZAAµ, χb =

√
Zχχ, (2.13)

and the bare parameters,

mb
q = Zmqmq, ξb = ZAξ, gbs = Zggsµ

ε. (2.14)

In fact, each vertex, such as the gluon-ghost-ghost or the 4-gluon vertex could be
renormalized independently, this would spoil the gauge invariance and in turn destroy the
Slavnov-Taylor identities [64, 65], the equivalent of the Ward identities for non-abelian
theories.

The pole structure of the renormalization constants Zi is dictated by the poles we need
to remove. The choice of the finite part is not crucially important (as long as it is done

2The steps of the calculation involve Feynman parameters which we will present in section 2.7.2 and
properies listed in the appendix A. This integral actually also contains an infrared divergence, but as we
will see in the next section, DREG can handle both.

3Both of them are combined to give by summing the geometric series of 1-particle irreducible diagrams
and give the dressed propagator at 1-loop [17,21,53].
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in such a way that the Slavnov-Taylor identities are preserved). Putting no finite part in
the renormalization constant (i.e. keeping it to 1) is known as the minimal subtraction
(MS) scheme [63]. The most common scheme for massless theories nowadays is the modified
minimal subtraction (MS) scheme, where along with the pole a universal finite part coming
from the loop measure is also included. It consists in making the replacement [66]

µ2 → eγE

4π
µ2
R. (2.15)

When dealing with massive quarks (as we will do in chapter 4), another commonly used
renormalization scheme is the on-shell (OS) scheme, which ensures that the pole of the
propagator remains at the physical mass p2 = m2 and has a unit residue.

We will perform the renormalization in detail for the case of the Higgs decay to massive
bottom quarks in chapter 4.2.3. For the other processes presented in this thesis, we will
not present the renormalization explicitly.

A legitimate question is whether moving to more loops, the same procedure can be
applied. This will of course be dependent on the theory we use. For renormalizable
theories like the SM [67, 68], we can use the same renormalization constants and just
compute them to some higher order in the coupling. A non-renormalizable theory would
require the addition of genuinely new counterterms at every order, spoiling the predictive
power of the theory.

When dealing with a quantum field theory such as the SM, we are bound to make a
perturbative expansion up to some order in the coupling constant. At tree-level, we recover
the classic theory with no quantum effects. From 1-loop on, the quantum effects become
important. In a heuristic way, the virtual particles in the loop modify the classical behavior
to make it quantum. The truncation of the perturbative series has the effect that the
higher-order terms, that would be present if we were able to compute the non-perturbative
solution, are missing. The renormalization scale µR allows us in a way to quantify the
“error” that we make by truncating the series: in the later chapter, we will present plots
where we vary the renormalization scale around a central value. If the variation is large,
the perturbative series is still missing some significant pieces. Going one order higher will
in general make the dependence on µR milder (the envelope will shrink), showing that the
perturbative series is converging.

As the bare coupling does not depend on the renormalization scale, one can write a
renormalization group equation (RGE) for the strong coupling, which will describe how it
depends on µR:

das
d lnµ2

R

= asβ(as), as ≡
αs(µ)

π
(2.16)

where we have now taken the limit d → 4 as the β-function is finite. One usually needs
the first coefficient of its expansion in as,

β(as) = −4π
∞∑
k=0

βka
k+1
s . (2.17)
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Figure 2.3: Typical presentation of an IR divergence.

As our tree-level diagrams in parts II and III shall not involve the strong coupling constant,
even at NNLO we shall only need the first coefficient

β0 =
11Nc − 2Nf

12
. (2.18)

Before we close this discussion of renormalization we would like to make a last remark.
Retaining only the first term in the expansion of the β-function, we can have the LO
running of the coupling between the scales Q2

0 and Q2

αs(Q
2) =

αs(Q
2
0)

1 + β0αs(Q2
0) ln Q2

Q2
0

. (2.19)

In QCD, since Nf < 17 and thus β0 > 0, the coupling decreases with increasing energy: the
theory exhibits asymptotic freedom as first pointed out by Gross, Wilczek and Politzer [33,
34]. This conclusion is not altered by retaining higher-order terms as well. Performing the
same kind of analysis on the coupling of QED would show that α increases with energy.

2.3.2 Infrared divergences and subtraction

After renormalization has been performed UV divergences of loop amplitudes (arising
when the loop momentum becomes very large) have been taken care of. When the loop
momentum becomes very small, or in the case of real emission when a particle becomes
unresolvable another type of divergence can occur, which are logically called infrared (IR).
We used the word unresolvable for reasons that will become clear shortly.

Let us illustrate the typical IR divergence with the real emission diagram shown in
figure 2.3. A particle (unprimed) of mass m emits a massless particle (primed). The blobs
denote the rest of the diagram that we are not considering right now. Choosing some
reference frame, say the lab frame, this diagram will have a propagator of the form4

(p+ p′)2 −m2 = 2p · p′ = 2EE ′ (1− β cos θ) , (2.20)

4We are delibarately taking a scalar theory as it exposes the feature we want to illustrate. The gener-
alization to a realistic theory like QCD does not alter the feature.
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where β ≡ |~p|/E, and θ denotes the opening angle between the momenta p and p′ in this
reference frame. The IR divergences appear whenever this propagator vanishes, which is
the motivation to write it in this factorized form. Since E2 = ~p2+m2, when m > 0, we have
E > 0 and β < 1 and thus the only way for this propagator to vanish is if E ′ = 0, i.e. the
emitted particle is actually “not there” any more. We say that it becomes soft and speak
of soft divergence. If m = 0, β = 1 and the propagator vanishes if either particles become
soft (E = 0 or E ′ = 0), or if they become collinear, i.e θ = 0. This type of divergences
is called collinear divergence. We will come across these divergences at various places in
parts II and III.

Once again, we need to introduce a regulator for these divergences. For loop diagrams
in the same spirit as in the UV case, we can introduce an infrared cutoff λ, or give massless
particles a small mass m′. The usual choice nowadays is however again to regularize using
the dimension of space-time d = 4−2ε as for the UV case, and IR divergences appear once
again as poles in ε.

Strictly speaking, we should introduce two different regulators εUV > 0 and εIR < 0.
All poles in εUV are treated by renormalization, whilst the εIR poles cancel between the real
and virtual contributions. In the following we will however not make a distinction between
both regulators. Loop integrals wil thus have both UV and IR divergences extracted
(section 2.7.2), and only the IR part will remain after renormalization.

We now turn to the treatment of the IR divergences. We will focus on the case of real
amplitudes but it can also be applied in the case of virtual amplitudes, see section 8.4.1.
Over the years different approaches have been developped for the NLO case: the most
common being Catani-Seymour dipole subtraction [69], antenna subtraction [70, 71], and
Frixione-Kunszt-Signer subtraction [72]. The antenna approach has been extended to
NNLO [73] and can handle radiation off initial state particles too [74].

The approach we will use relies on parametrizing the phase space on the unit hypercube
and extract the singularities of factorized parameters with the help of the expansion in +-
distributions (see e.g. reference [75]) defined via

1

x1+nε
= −δ(x)

nε
+
∞∑
k=0

(−nε)k

k!

[
lnk x

x

]
+

(2.21)

where the +-distribution is defined via

1∫
0

dx

[
f(x)

x

]
+

g(x) ≡
1∫

0

dx
f(x)

x
(g(x)− g(0)). (2.22)

The critical point of this is choosing a parametrization which factorizes all the sigularities.
An integral such as

I ≡
1∫

0

dxdy
xεyε

(x+ y)2
(2.23)
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has an overlapping one at y = x = 0 (i.e. the integrand is singular only when both variables
vanish) so equation (2.21) cannot be used straightforwardly. One way to overcome this
difficulty is called sector decomposition [76–78]. We decompose the integration domain into
sectors: I = I1+I2, such that for I1 x > y and for I2 y > x and perform a reparametrization
in each integral:

I1 =

1∫
0

dx

x∫
0

dy
xεyε

(x+ y)2

y=zx
=

1∫
0

dx

1∫
0

dz
x2εzε

x(1 + z)2
(= I2). (2.24)

The singularities being factorized, it is then possible to use equation (2.21), yielding the
result

I =
1

2ε
− ln 2 +O(ε). (2.25)

The main drawback of this method is that when the decomposition has to be performed
with many variables, the number of integrals to evaluate explodes.

More recently, another method was developped, called non-linear mappings [79,80]. It
consists in making a non-linear mapping to factorize the singularities avoiding the split-
ting of the phase space into sectors. Taking the example above, we make the following
substitutions:

I =

1∫
0

dy

∞∫
0

dz
yε

(z + (1 + z)y)2

(
z

1 + z

)ε
: x =

z

1 + z

=

1∫
0

dy

∞∫
0

dw
y2ε

y(1 + w + wy)2

(
v

1 + vy

)ε
: z = wy (2.26)

=

1∫
0

dy

1∫
0

dv
y2ε

y(1 + yv)2

(
v

1− v + yv

)ε
: w =

v

1− v
,

which has now a factorized singularity at y = 0 and of course yields the same result as
before, but avoiding creating more integrals. Unfortunately finding the “right” transforma-
tion is not easy (in this case there is no advantage from using non-linear mappings instead
of sector decomposition) and the method requires a significant amount of intuition. The
original publication [79] provides many examples worked out in detail.

Although we have presented the method of non-linear mappings in the context of in-
frared divergences, it can as well be applied in the case of loop integrals, when the integral is
represented using Feynman parameters (section 2.7.2) as we will see explicitly in chapter 8.

2.4 Hadronic cross sections

As we will compute cross sections for proton-proton collisions at the LHC, we review here
the main elements specific to the presence of hadrons in the initial state.
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2.4.1 Factorization and extraction of collinear counterterms

As the proton is not a point-like object but made of quarks, antiquarks, and gluons,
we need a way to describe the distribution of momentum among these. This is achieved
through parton density functions (PDFs) fi(x, µF ) which quantify the probability of finding
a parton i (which can be a quark, an antiquark or a gluon) with a momentum fraction
x in the proton. The PDF depends on µF , the factorization scale, which is introduced
to separate the hard process (at small distances) from the soft-collinear process (at long
distance): the emission of an extra parton with small transverse momentum pT < µF is
described by the hadron structure and thus the PDF, while if pT > µF the parton is taken
as part of the hard interaction and thus the partonic cross section.

Starting with the non-subtracted partonic cross section dσ̂(s12, µR), we introduce the
scale µF to bring the soft/collinear divergence into the bare PDFs f bi (x) in a given fac-
torization scheme. As in the case of renormalization (section 2.3.1), the MS factorization
scheme, which we shall stick to, includes only the poles in ε in the bare PDF. On the other
hand, the DIS factorization scheme takes also the finite part. The behavior of the cross
section in the collinear and soft limits is universal and we only need to compute the split-
ting kernels describing them once. The splitting process described by the Altarelli-Parisi
splitting kernels Pij(z) is the splitting of j in a parton i which takes a momentum fraction
z of the momentum of j and a another parton (which is not denoted as it is unambiguous)
carrying the remaining fraction 1− z. The MS-factorized PDFs can be written

fi(x, µF ) =
[
Γij ⊗ f bj

]
(x, µF ), (2.27)

where the sum over j is implicit and we have used the definition of the convolution of two
functions (A.6). The function Γij is called collinear counter term and can be expanded in

a perturbative series in as ≡ αs(µR)
π

, up to order n,

Γij(z, µF ) =
n∑
k=0

aks

(
µ2
R

µ2
F

)kε
Γ

(k)
ij (z) +O(an+1

s ) (2.28)

The first three orders read (see e.g. reference [81]),

Γ
(0)
ij (z) = δijδ(1− z) (2.29a)

Γ
(1)
ij (z) = −1

ε
P

(0)
ij (z) (2.29b)

Γ
(2)
ij (z) = − 1

2ε
P

(1)
ij (z) +

1

2ε2

([
P

(0)
ik ⊗ P

(0)
kj

]
(z) + β0P

(0)
ij (z)

)
, (2.29c)

where β0 is the first coefficient of the expansion of the QCD β-function (see section 2.3.1
and appendix A) we have used the coefficients of the perturbative expansion of the splitting
kernels defined through

Pij(z) =
∞∑
k=0

ak+1
s P

(k)
ij (z). (2.30)
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It is common to take the renormalization scale and the factorization scale to be identical.
Keeping them separate allows to derive the evolution of the PDF (see next section) and
make estimates for the uncertainty coming from the variation of µF .

Note that it is costumary to invert equation (2.27) to get the PDF countertems that
cancel with the remaining IR divergences of the cross section (see e.g. [82]),

f bi (x) = [∆ij ⊗ fj] (x). (2.31)

This is achieved by solving order-by-order in as

[∆ij ⊗ Γjk] (z) = δikδ(1− z). (2.32)

Expanding ∆ij in as (for µR = µF )

∆ij(z) =
n∑
k=0

aks∆
(k)
ij (z) +O(an+1

s ) (2.33)

the first three orders read

∆
(0)
ij (z) = δijδ(1− z), (2.34a)

∆
(1)
ij (z) =

P
(0)
ij (z)

2ε
, (2.34b)

∆
(2)
ij (z) =

1

2ε
P

(1)
ij (z) +

1

2ε2

([
P

(0)
ik ⊗ P

(0)
kj

]
(z)− β0P

(0)
ij (z)

)
. (2.34c)

The validity of the factorization of short- and long-distance effects has been proven for
deep-inelastic scattering (DIS) and the Drell-Yan process5 [83]. It turns out to be working
at a very good level of accuracy for other SM processes.

The hadronic cross section for a process after factorization takes the form

dσh1h2→X(s, µR, µF ) =
∑
i,j

1∫
0

dx1dx2fi/h1(x1, µF )fj/h2(x2, µF )dσij→X(s12, µR, µF ), (2.35)

where the sum indices i, j run over the flavors of the partons in each hadron. The hard
partonic cross section dσij→X is evaluated at the center-of-mass energy s12 = x1x2s, where
s = (ph1 + ph2)

2 is the center of mass energy of the two protons. We can compute the
partonic process in its center of mass frame, but it is important to remember to boost the
momenta back in the lab frame, which moves with momentum x1ph1 +x2ph2 . At the LHC,
both hadrons are protons, while at the Tevatron one of them used to be an anti-proton.

5Hadron-hadron collision producing a lepton-antilepton pair through Z boson or an off-shell photon γ∗

exchange
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2.4.2 Evolution and measurement of PDFs

We will now derive the differential equation describing the change of the PDFs depending
on the factorization scale in the same spirit as we presented the RGE for the strong coupling
constant. As bare PDFs do not depend on µF ,

∂f bi (x)

∂ lnµ2
F

= 0, (2.36)

inverting equation (2.27) order by order, we can write the Dokhshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equations, which were derived independently by these
authors from either side of the iron curtain [84–86]:

∂fi(x, µF )

∂ lnµ2
F

= [Pij ⊗ fj] (x, µF ). (2.37)

The DGLAP evolution equations thus allow us to know how a change in scale affects the
PDFs using the splitting functions that can be computed perturbatively. Heuristically, one
can imagine that depending at what “resolution” one looks at the proton, the distribution
of momenta between the partons will vary and the proton will look different, and the
DGLAP evolution equations tells us how. The solution of this system of integro-differential
equations can be achieved order-by-order using Mellin transforms, see e.g. reference [20].

It is possible to extract the PDFs at a high enough scale by comparing cross sections
computed at this scale with the data as then we are in the perturbative regime, where
the proton can be seen as a bunch of partons that do not interact with each other. DIS
experiments on a fixed target or at a lepton-proton collider such as HERA at DESY were
the primary sources of data for PDF determination by measuring the scattering for various
values of the momentum transfer Q0. In order to pin down the gluon PDF, one needs to
consider as well processes with a jet in the final state and it is also possible to use hadron-
hadron data from e.g. the Tevatron and the LHC. Making a parametrization ansatz that is
fitted to a data set taken at a certain value Q0 one gets the PDFs at this scale {fi(x,Q0)}
that we can then evolve using the DGLAP evolution equations (2.37) to the scale of interest
to obtain {fi(x,Q)}.

The various collaborations fitting PDFs (MSTW, CTEQ, NNPDF,...) use different
parametrizations and different datasets and will thus yield different sets of PDFs. For
searches, like the search for the Higgs boson, it is essential to make predictions using
different sets in order to obtain a reliable error [87]. Fortunately, the library LHAPDF [88]
provides a unified framework for the implementation of event generators involving hadron
collisions that can then be run with different sets at different scales.

2.5 Jets

In this section, we shall discuss the treatment of colored particles (partons) in the final
state. This applies both to e+e−and hadronic initial states, although in the hadronic case
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we have the additional possibility of radiation off the initial state partons, and the handling
of this issue will thus be more critical. We will come back to this in the context of our
analysis of the QCD corrections to the Higgsstrahlung process in chapter 5.

The presence of colored partons6 in the final state has two main consequences, which
makes crucially important the definition of an object that can be related to the partonic
process.

The first is due to the confinement of QCD. A typical final state will involve quarks,
leptons, gauge and Higgs bosons, see e.g. figure 2.1, just after the process at some high
scale. Going down to lower scales (larger distances) the partons will develop “strings” of
color field betwen them. At some point the energy stored in the field is large enough to
produce quark-antiquark pairs out of the vacuum. The confinement of QCD can then get
fulfilled as the color charges of the individual partons are cancelled out in the formation
of hadrons (mesons made out of a quark and an antiquark, and baryons, that consist of
three (anti)quarks). Thus, even a simple partonic process like e+e− → qq̄ will produce a
multitude of tracks in a detector, because both quarks will produce a fair share of pions,
protons and neutrons. This process is called hadronization and is highly non-perturbative
in nature and there are different models for hadronization on the market.

The second is schematically speaking the reverse process of factorization, that we have
presented earlier in this section. Owing to their color charge, through which the coupling
is enhanced by the associated color factors, partons tend to radiate off other partons,
specifically at low relative transverse momentum, which is actually nothing else than the
expression of soft/collinear IR divergences we have discussed in section 2.3.2 and lie at
the center of parton shower event generators. As the calculations presented in this thesis
are done at fixed-order, the main topic of concern is how to deal with the divergences.
Fortunately for us Kinoshita, Lee and Nauenberg showed that for observables that are
inclusive enough, the SM yields finite results [89, 90]. We must thus be able to combine
the radiation off the parton at small angle with the corresponing virtual contributions, and
the IR divergences will cancel out.

The object which allows both experimentalists and theorists to deal with these features
is called a jet. The layman definition of a jet would be a collimated spray of particles in
a given direction. In practice, many definitions of a jet are available. They all rely on an
algorithm which decides how particles will be grouped together to eventually become a jet.
Some of these algorithms have only one step, while other recombine particles successively
until some criterion is met, but each of them are referred to as a jet algorithm.

The first definition of a jet was made by Sterman and Weinberg in 1977 [91]: they
defined a jet using two parameters describing the energy fraction deposited in a cone
of a given opening angle. In chapter 5, we will make use of the Cambridge/Aachen jet
algorithm [92,93], which needs one parameter R, which works as follows:

6In fact, leptons and photons exhibit the same behaviour, the only difference being the coupling strength
and the absence of enhancing color factor. The effects are however milder, and the implementation of
isolation cuts will take out the divergences.
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1. Compute the distance

∆Rij ≡
√

(yi − yj)2 + (φi − φj)2, (2.38)

where yi and φi denote respectively the rapidity and the azimuthal angle of i, for
each pair of partons (i, j) in the final state.

2. Find the pair (k, l) with the minimum ∆Rkl of the set {∆Rij}.

3. If ∆Rkl ≤ R:

• Then: replace partons k and l by a combination of both (adding their 4-
momenta) into one parton and go to step 1.

• Else: the algorithm terminates.

A jet algorithm needs to be IR safe to be useful for our purposes, i.e. the configuration
of jets is not changed by the addition of a soft or collinear parton to the final state.
Observables based on jets obtained from an IR-safe jet algorithm will fulfill the inclusivity
condition and thus yield finite results.

Reference [94] gives a nice and transparent review of the most used jet algorithms. The
library FastJet [95] contains many jet algorithms in a unified format which makes them
particularly easy to implement. We have used it in the study presented in chapter 5.

2.6 Loop integrals I: Reduction to master integrals

In section 2.3.2, we discussed the extraction and treatment of divergences from diagrams
that involve extra external partons. Once we have a suited parametrization for the di-
mensionally regularized phase space (section 2.2) one generally generates these numrically
and implements the cuts that one wants. We will now turn to the other class of diagrams,
namely those involving particle loops.

In this section we will focus our attention on the general treatment of loop integrals
appearing in an amplitude and what methods and tools allow to reduce these to a signifi-
cantly smaller subset of integrals called master integrals. We shall illustrate the techniques
by taking the approaches presented in references [17, 35, 83] The computational tools to
evaluate the master integrals will then be presented in the next section.

We deal at this level with loop amplitudes, i.e. squared sum of all the loop diagrams
that are of the perturbative order under consideration. At NNlLO, this will consist of the
interference of the Nl-loop diagrams with the tree-level diagrams, the interference of the
(Nl − 1)-loop diagrams with the 1-loop diagrams, and so on. We will restrict ourselves to
the interference of the Nl-loop diagrams with the tree-level diagrams as the other involves
a product of expressions with less loops and are thus instrinsically simpler. Using the
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Feynman rules (sections 1.2.1 and 1.3.2) , we obtain a sum of terms of the form∫ ( Nl∏
i=1

ddki

)
Nµν...({ki, pj}, . . . )

f({pj})
∏

k Pk({ki, pj},mk)
(2.39)

where we denote the external momenta with pj while the loop momenta are written ki.
The denominator is split between a function f that involves only the external momenta,
and that does not play a role in the reduction, and a product of propagators that involves
loop momenta and the masses of the particles propagating:

Pk({ki, pj},mk) =

(∑
i

akiki +
∑
j

bkjpj

)2

−m2
k, aki, bkj ∈ {0,±1}. (2.40)

On the other hand the numerator will in general be a tensor in all the momenta and
contains also the coupling constants, the color factors, the space-time dimension etc. We
will now show how to express them from scalar integrals.

2.6.1 Tensor integrals and Passarino-Veltman reduction

Depending on the process that one is computing it can be useful or necessary to keep indices
open, i.e. to have a rank-n tensor in the loop momenta in the numerator. Straightforward
examples are the electron self energy in QED,

Ie = γνγµγνI
µ
e , Iµe = e2

∫
ddk

(2π)d
kµ

k2(k + p)2
, (2.41)

where we have a rank 1 tensor, and the self energy of the photon again in QED,

Iµνγ = e2

∫
ddk

(2π)d
Tr
[
γµ/kγν(/p+ /k)

]
k2(k + p)2

, (2.42)

which will be of rank 2. We made use of the shorthand notation /k = γµk
µ.

The Passarino-Veltman reduction [96] consists in making an ansatz for the result with
the available Lorentz structures, i.e. 4-vectors and the metric tensor gµν . In both the cases
we just mentioned, there is only one vector available to construct the tensor structure: pµ.
Hence we can make the ansatz:

Iµe = Aep
µ, (2.43)

Iµνγ = Aγg
µν +Bγp

µpν . (2.44)

We stress here that the coefficient functions are scalar functions, i.e. they can only depend
on invariant quantities, of which there is only one available here. The next step consists
in contracting on both sides with the same Lorentz structures to obtain scalar equations.
In the case of the electron we have one equation:

pµI
µ
e = Aep

2, (2.45)
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while for the photon we have a system of two equations:

gµνI
µν
γ = Aγd+Bγp

2 (2.46a)

pµpνI
µν
γ = Aγp

2 +Bγ(p
2)2. (2.46b)

In both cases, we can invert the system to express the coefficients expressed from the
contracted integral. The latter will not have any tensor anymore and can be expressed
from p2 and the denominators k2 and (k + p)2. The only scalar product is expressed from
the other invariants via

k · p =
1

2

[
(k + p)2 − k2 − p2

]
. (2.47)

There only remains to evaluate the scalar integrals found.

We can thus reduce in principle any tensor integral into scalar integrals using the
Passarino-Veltman reduction. This becomes however increasingly difficult when many
vectors are available, as we need to build all the possible Lorentz structures.

We can apply the same method to integrals over the phase space of particles, instead
of over a loop momentum. We will make use of this in chapter 8.

2.6.2 Scalar integrals and topologies

By applying the steps described above we are left with a large number of scalar integrals in
the loop momenta. We will now use a set of propagators {Di}Npi=1 to represent each scalar
integral through a monomial in these propagators. This is achieved by expressing the scalar
products in the numerator through some linear combination of the propagators, as we have
done during the step of Passarino-Veltman reduction. Beyond 1-loop, the set {Di}Npi=1 will
involve Np propagators that do not appear in the denominator, but are necessary to express

all scalar products. A given set of propagators {Di}Npi=1 defines a topology class T .

It is of course in principle possible to choose the set of propagators to accomodate all
scalar integrals we want to reduce into one topology class. This is however seldom a good
strategy as this will result into many possible “names” for the same integral. We prefer
on the other hand to have as few different propagators as possible and define multiple
topology classes. The 2-loop integrals that we will encounter in chapter 8 are a generic
example: there we define a planar topology class P and a crossed topology class X , which
share all but one propagator, which has the effect that only one of the scalar products is
decomposed in a different way.

In practice, the diagrams are generated automatically and interpreted through the
Feynman rules to mathematical expressions. The generator will assign the loop momenta
of the diagrams, but we can remap them using transformations that do not alter the
measure of the loop momenta, i.e. for which the determinant of the Jacobian of the
transformation is 1. For example, (k, l) 7→ (k + p1, l + p1) or (k, l) 7→ (k + l, l + p1) are
allowed transformations whereas (k, l) 7→ (k, l + 2k) is not.
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Each diagram from the topology class T can then be expressed as a sum∑
i

fi({pj})T (n1,i, . . . , nNp,i, q1, . . . , qN−1) (2.48)

where N is the number of external momenta pi, and we have defined

T (n1, . . . , nNp , q1, . . . , qN−1) ≡
∫ ( Nl∏

i=1

ddki

)
Np∏
i=1

D−nii (q1, . . . , qN−1). (2.49)

Note that q1, . . . , qN−1 may be any N − 1 independent of the N external momenta pi. We
will make use of this fact to further organize the reduction.

2.6.3 Identities between integrals

In the previous section, we have brought scalar integrals in the form

T (n1, . . . , nNp , q1, . . . , qN−1)

Due to their invariance under translations and boosts, integrals with different values of the
indices are related by identities. Integration-by-parts identities (IBPs) [97, 98] are due to
the invariance of the integral under infinitesimal shifts of the loop momentum. They are
named this way because they take the form∫

ddk
∂f(k)

∂kµ
= 0. (2.50)

In our notation we can write the Np ×Nl identities:

∂

∂kµj

[
ηµi T (n1, . . . , nNp , q1, . . . , qN−1)

]
= 0, (2.51)

for i = 1, . . . , Np, j = 1, . . . , Nl and where ηi,νη
ν
i = Di. Following the usual product

rule the derivative will act on ηµi (provided that the latter contains the momentum kµj )
as well as on each of the propagators Di containing kµj . The scalar products are then
expressed through the propagators and the equations (2.51) become a set of algebraic
relations between integrals of the same topology with shifted indices.

In the same spirit we can state 1
2
(N − 1)(N − 2) Lorentz-invariance identities (LI) [99]

which come from the invariance of loop integrals under infinitesimal boosts of the loop
momentum:(

qµj q
ν
k − qνj q

µ
k

)∑
i

(
qi,ν

∂

∂qµi
− qi,µ

∂

∂qνi

)
T (n1, . . . , nNp , q1, . . . , qN−1) = 0, (2.52)

for j, k = 1, . . . , N − 1, j < k. Proceeding in the same fashion as for the IBPs, the
equations (2.52) become a set of algebraic relations between integrals of the same topology
with shifted indices.
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2.6.4 Off-shell classes and zero topologies

At this stage it is in principle possible to move directly to the reduction of all scalar
integrals of the topology T . For absolutely general choices of the momenta q1, . . . , qN−1,
i.e. assuming they are all massive q2

i 6= 0 and different, the reduction will turn out to be
computationally impossible.

Before proceeding to the reduction of each topology, we thus need to identify the (dis-
tinct) off-shell classes relevant to our process by deciding which momenta are massless.
This step is evidently going to depend on the process under study, and we shall elaborate
more on this in the computation of qq̄ → γ∗γ∗ in chapter 8. Each integral will then fall
into one of these off-shell classes, and this allows us to

1. Simplify the IBPs and LIs, by setting the corresponding invariants to zero,

2. Identify the zero topologies, which are set of integrals that vanish because they are
scaleless.

Let us illustrate with an example: When treating the 2-scale 1-loop box (N = 4, Nl =
1, Np = 4) we can write the general scalar integral of the topology B

B(n1, . . . , n4, q1, q2, q3) ≡
∫
ddk

1

Dn1
1 Dn2

2 Dn3
3 Dn4

4

, Di ≡ (k + q1 + · · ·+ qi−1)2. (2.53)

This topology can be divided in two off-shell classes that we shall denote suggestively by

q2
1 = 0, q2

2 = 0, q2
3 6= 0⇒B(. . . , q1, q2, q3) ∈ Bortho

q2
1 = 0, q2

2 6= 0, q2
3 = 0⇒B(. . . , q1, q2, q3) ∈ Bpara

because the massive legs are next respectively opposite to each other. A topology from
the off-shell class Bortho missing the propagators 3 and 4, i.e for which n3, n4 ≤ 0, is a zero
topology. As n3 = n4 = 0, the only external momentum involved is q1, which is light-like
(p2

1 = 0) and the integral vanishes.
It suffices to check that the integral vanishes when the indices are set to zero. The

generalization of the statement to negative values is achieved through the use of Feynman
parametrization (section 2.7.2): We spell out the case for our example when n3 = 0 and
n4 = −1, focusing on the relevant part,∫

ddk
(k + q1 + q2)2

[k2]n1 [(k + q1)2]n2
∝
∫
ddk

k · q2

[k2]n1 [(k + q1)2]n2
≡ I,

where we expanded the Minkowski square and kept only the term that does not give back
the zero topology with n3 = n4 = 0. The Feynman parametrization combining the two
propagators reads,

I =
Γ(n1 + n2)

Γ(n1)Γ(n2)

1∫
0

dx(1− x)n1−1xn2−1

∫
ddk

k · q2

[k2 + 2xk · q1]n1+n2
. (2.54)
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We shift the momentum by defining k 7→ k − xq1 and hence

I =
Γ(n1 + n2)

Γ(n1)Γ(n2)

1∫
0

dx(1− x)n1−1xn2−1

∫
ddk

k · q2 − xq1 · q2

[k2]n1+n2
. (2.55)

The term linear in k vanishes because it is antisymmetric. The remaining integral is
completely scaleless and hence I = 0. The essential feature is that the shift does not
generate a mass term in the denominator. The above can be generalized to include the
other numerator or any polynomial in the loop momentum straightforwardly.

When the loop momenta are not decoupled, one applies the same strategy in two steps:
one first combines the propagator associated to one loop momentum treating the other loop
momenta as if it were external, integrate it, and then combine the result (which this time
will involve a mass term containing the other loop momenta) using Feynman parameters
with the remaining propagators. This will again produce no mass term and the integral
vanishes.

Using the Heaviside function

Θ(x) ≡
{

1, x > 0
0, x ≤ 0

,

and defining the shorthand,

Θ(n1, . . . , nk) ≡
k∑
i=1

Θ(nk),

we can list the zero topologies in a compact way: For our example of the off-shell class
Bortho, the zero topologies can be found to be

Z[Bortho] = {Θ(n1, . . . , n4) < 2,Θ(n1, n4) < 1,Θ(n3, n4) < 1}, (2.56)

where a given integral vanishes as soon as one of the constraints is fulfilled. For the first
one we end up with a tadpole, where we can shift away any momentum; the other two can
only depend on a massless vector.

2.6.5 Reduction with AIR

We have now treated all the ingredients which enter in the reduction of scalar integrals to a
subset of master integrals as it can be performed with the program AIR [78] which is based
on an algorithm by Laporta [100] and implemented in Maple [101]. The algorithm diago-
nalises and solves a large system of algebraic equations produced by applying integration
identities (IBPs and LIs) on selected ‘seed’ integrals.

Seeds Before starting with the reduction, AIR generates the list of seed integrals from
which the identities with numerical integer values of the indices will be generated and on
which Laporta’s algorithm will be applied. The set of seeds should contain all the scalar
integrals appearing in the process for this off-shell class.
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Iterative identification of the master integrals While it is in principle possible to
run AIR with the most general set of indices for each off-shell class, this is computationally
extremely demanding due to the extremely large number of identities generated. Instead,
we construct the basis of master integrals by successively allowing more propagators in
the integrals that we reduce. After each iteration, we identify which integrals AIR uses to
express all the generated seed integrals from. The identified potential master integrals from
the iteration with up to n propagators are declared as master integrals for the iteration
with up to n + 1 propagator. This allows AIR to recognize directly these master integrals
which it will not try to reduce further. All the combinations of declared master integrals
are saved in a cache and do not interfere with the rest of the reduction, which ensures that
the reduction deals with expressions as simple as possible, as only new master integrals
will appear explicitly.

Starting at two loops, it is not possible to express all integrals out of a set of master
integrals containing only simple propagators. The ordering criterion used by AIR makes it
favor integrals containing numerators (i.e. with negative indices) on the right-hand side
which we then choose as master integrals. It is however possible to choose a different base
by translating them into integrals containing dotted propagators (i.e. with a 2 as entry).

The details of the treatment will be illustrated in the reduction of the integrals involved
in the process qq̄ → γ∗γ∗ in chapter 8. Relevant information for the practical use of AIR

can be found in the original publication [78].

We have compared the speed of the reduction when including or not the LIs and found
out that they do not lead to a speeding up of the reduction process. In intermediary steps,
however, they avoid taking up spurious “master” integrals that are actually reducible.

2.7 Loop integrals II: Computation of master inte-

grals

Once the set of master integrals of a given topology has been identified, we are left with the
task of evaluating them. Besides the direct integration with the use of Feynman parameters
that we will describe below, we can use the method of differential equations that we will
shortly present with an example computation now.

2.7.1 Differential equations

The usual way to evaluate such integrals is to write down and solve a system of differential
equations where the differentiation is done in the scales involved in the problem. We shall
now shortly illustrate following the presentation of reference [99] how this is performed by
computing the 2-scale 2-loop triangle integral that we will encounter in chapter 8. Other
pedagogical examples can be found in references [102,103].

The integral under consideration is shown in figure 2.4. As the integral is a scalar it
can only be a function of the external momenta squared. In the case under consideration,
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Figure 2.4: 2-scale 2-loop triangle.

only p3 and p24 are non-light-like and independent (we have p1 + p3 + p24 = 0), and the
result will depend only on the independent variables s3 and s24.

In order to set up a differential equation, we need to know how derivatives act on the
integral. To achieve this, we note that the partial derivatives are given by

∂

∂pµ3
=
∂s3

∂pµ3

∂

∂s3

+
∂s24

∂pµ3

∂

∂s24

(2.57a)

∂

∂pµ24

=
∂s3

∂pµ24

∂

∂s3

+
∂s24

∂pµ24

∂

∂s24

. (2.57b)

Computing the partial derivatives and inverting the system (2.57b), we get

(s24 − s3)2 ∂

∂s3

= −2s24

(
pµ3

∂

∂pµ3

)
+ (s3 + s24)

(
pµ24

∂

∂pµ24

)
(2.58a)

(s24 − s3)2 ∂

∂s24

= (s3 + s24)

(
pµ3

∂

∂pµ3

)
− 2s3

(
pµ24

∂

∂pµ24

)
. (2.58b)

The differential operators on the right hand side will act on the master integral by raising
the propagator containing the corresponding momentum. We then make use of the relevant
identities (section 2.6.3) to come back to the master integrals and simpler integrals, i.e.
with fewer propagators – which we already computed, assuming we work our way up in
complexity. This yields a system of inhomogeneous coupled partial differential equations:

s3
∂

∂s3

=
d− 4

2

2s3 − s24

s3 − s24

− 3d− 8

2

1

s3 − s24

(2.59a)

s24
∂

∂s24

= −d− 4

2

s24

s3 − s24

+
3d− 8

2

1

s3 − s24

(2.59b)

This system is then solved using the standard methods for solving systems of differential
equations. In particular, we need to specify the boundary conditions for s3 = 0 and s12 = 0,
which are instances of the simpler 2-loop 1-scale triangle that we will compute in the next
section.

In the example that we just computed, the result reads [99]

= A4
(−s3)−ε

(s24 − s3)ε
+ A3

2ε

1− 2ε

(−s24)1−2ε

−s3
2F1

(
1− ε, 1; 2− 2ε;

s24

s3

)
, (2.60)
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where we substituted ε = 4−d
2

. The computation of the constant A4 will be sketched in the
next section to illustrate the use of Feynman parameters. The constant A3 can be obtained
by computing the 2-loop sunset diagram. We refer the reader to [99] for the value.

In practical applications, the results are usually expanded in the dimension parame-
ter ε. The expansion of the hypergeometric function 2F1 yields harmonic polylogarithms
(HPLs) [104]. This expansion can be performed using the Mathematica [105] package
HypExp [106,107]. HPLs on the other hand are implemented in the package HPL [108,109],
and their numerical evaluation can be achieved e.g. with the library CHAPLIN [110].

2.7.2 Feynman parameters

For simple loop integrals, it is sometimes more straightforward to compute them by intro-
ducing Feynman parameters. They permit to combine multiple denominators in a single
one at the expense of introducing an integration. The basic identity reads:

1

AB
=

1∫
0

dx
1

[xA+ (1− x)B]2
, (2.61)

while the most general version for arbitrary powers is given in appendix A and can be
proved recursively as an exercise in variable substitution.

We turn to the evaluation of the 1-scale 2-loop triangle

≡
∫

ddk

(2π)d
ddl

(2π)d
1

(k − p1)2(k + p2)2l2(l − k)2
. (2.62)

We will proceed as follows:

1. Introduce a Feynman parameter for the two propagators involving the loop momen-
tum l according to the formula (2.61)

2. Integrate over the loop momentum l using the standard formula (A.4)

3. Introduce Feynman parameters for the propagators containing the loop momentum
k according to the formula (A.3)

4. Perform the integration over all the Feynman parameters introduced

In the case at hand we can readily identify the bubble integral and Feynman-parametrize
it:

B(k2) ≡
∫

ddl

(2π)d
1

l2(l − k)2

(2.61)
=

1∫
0

dx

∫
ddl

(2π)d
1

[l2 − 2xk · l + xk2]2
. (2.63)
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Performing the shift l 7→ l + xk, and using formula (A.4) with n = 2 and d = 4 − 2ε, we
get

B(k2) =

1∫
0

dx

∫
ddl

(2π)d
1

[l2 − x(x− 1)k2]2
(A.4)
=

iΓ(ε)

(4π)2−ε

1∫
0

dx
[
x(x− 1)k2

]−ε ≡ Bε

(k2)ε
.

(2.64)

We now plug this in

= Bε

∫
ddk

(2π)d
1

(k2)ε(k − p1)2(k + p2)2
(2.65)

= Bε
Γ(2 + ε)

Γ(ε)

1∫
0

dydz

∫
ddk

(2π)d
(1− y − z)ε−1

[k2 + 2yk · p1 − 2zk · p2]2+ε , (2.66)

where we have already made use of the δ-function to eliminate one of the Feynman param-
eters. We now perform the shift k 7→ k − yp1 + zp2, and writing s34 = 2p1 · p2 using again
formula (A.4) with n = 2 + ε, we end up with

= Bε
(−1)2+εi

(4π)d/2
Γ(2ε)

Γ(ε)
(−s34)−2ε

1∫
0

dydz y−2εz−2ε(1− y − z)ε−1. (2.67)

Performing the integration over the Feynman parameters y and z,7 the final result reads

= A4(−s34)−2ε, (2.68)

where A4 is a ratio of products of Γ-functions with different argument that originate from
the evaluation of the hypergeometric functions pFq evaluated at argument 1. Its explicit
value can be found in reference [99].

2.7.3 Multiple polylogarithms

In practice, the brute force integration of integrals involving many Feynman parameters,
as in the case of multi-loop integrals with more than one external momentum, especially
when they are not massless, is a formidably difficult task. When many scales are involved
(be it kinematical invariants or masses) one will end up with complicated functions of a
myriad of ratios of these scales. However, performing the integration “one step at a time”
with recursively defined functions as those we will discuss in this section allows for a more
transparent and algorithmic method.

7This involves some tricks like inversion relations and change of variables that are not completely
straightforward.
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At 1-loop, logarithms and classical polylogarithms, defined recursively through

Lin(z) ≡


z∫

0

dt

t
Lin−1(t), n > 1

− ln(1− z), n = 1

(2.69)

suffice to express the results when only a few scales are involved. For instance, the 1-loop
H → bb̄ amplitude involves only two scales (mH and mb) and can be expressed with the
use of logarithms and dilogarithms up to the finite part (chapter 4).

At higher-loop orders and in many-scale problems, new transcendental functions appear
such as multiple polylogarithms (MPLs) [111,112]. Although it is known that they do not
cover all cases [113], the latter are sufficient to cover a large number of the phenomenolog-
ically relevant ones. An MPL of weight n is defined recursively via

G(a1, . . . , an; z) ≡
z∫

0

dt

t− a1

G(a2, . . . , an; t), n > 1, (2.70)

with G(; z) ≡ 1 (i.e. when no coefficients are left), and ai, z ∈ C. They contain the classical
(poly)logarithms:

G(0, . . . , 0︸ ︷︷ ︸
n

; z) =
1

n!
lnn z (2.71a)

G(0, . . . , 0︸ ︷︷ ︸
n−1

, 1; z) = −Lin(z) (2.71b)

Using this definition, the problem of computing integrals over Feynman parameters is
solved recursively. After the k-th integration yielding an MPL, one performs the variable
substitutions and partial fractions necessary to bring the integral in the form where equa-
tion (2.70) can be used to perform the (k+ 1)-th integration and so on. Most of the effort
is now shifted to finding the suited variable transformations of variables and bringing the
variable one wishes to integrate upon next in the last entry of the MPL. For a more detailed
presentation of the computational tools we refer the reader to reference [114].

This method has been applied for the computation of the 3-mass 2-loop triangle master
integrals in reference [115] and in the computation of the master integrals we will need in
chapter 8 [2].

MPLs exhibit a shuffle algebra [116]: the product of two MPLs of weight n1 and n2

with the same argument is the sum of the MPLs with coefficient obtained through all
shuffle combinations of the coefficients, which are the permutation of the coefficient list of
both functions that preserve the order of the elements of each list of coefficient separately.
Expressed in formula, this reads

G(a1, . . . , an1 ; z)G(an1+1, . . . , an1+n2 ; z) =
∑

σ∈Σ(n1,n2)

G(aσ(1), . . . , aσ(n1+n2); z), (2.72)
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where Σ(n1, n2) denotes the set of all shuffles of n1 + n2 elements, i.e. the subset of the
symmetric group Sn1+n2 defined by

Σ(n1, n2) = {σ ∈ Sn1+n2|σ−1(1) < . . . < σ−1(n1) & σ−1(n1 + 1) < . . . < σ−1(n1 + n2)}.
(2.73)

For example, for a product of two weight 2 MPLs G(a, b; z) and G(c, d; z) we need to
consider all permutations of (a, b, c, d) which have a before b and c before d:

G(a, b; z)G(c, d; z) = G(a, b, c, d; z) +G(a, c, b, d; z)

+G(c, a, b, d; z) +G(c, a, d, b; z) +G(c, d, a, b; z). (2.74)

2.7.4 Symbol and coproducts

We present here a very short introduction to the technology used to organize and simplify
the computation of multi-loop Feynman integrals following the presentation made in [117].

MPLs are not independent and exhibit many functional relations among themselves,
which can obscure the form of the results, for example by making cancellations not explicit.

The symbol method and its refined version, the coproduct method, allow to show equal-
ity of two functions up to some pieces without having to make explicit use of the functional
identities (which are not all known in the general case). Although the computation of the
symbol or coproduct of a given expression is algorithmic, the inverse problem – i.e. finding
a simpler function having the same symbol/coproduct – is highly non trivial and is still an
open problem. There are however some guidelines regarding what types of function can be
expected [118].

Leaving aside a completely rigourous treatment, we will now illustrate the main com-
putational steps needed to use the coproduct. First, the coproduct of a product of MPLs
is the product of the coproducts:

∆(F (w) ·G(z)) = ∆(F (w)) ·∆(G(z)). (2.75)

Second, the coproduct can be written as sum,

∆ =
∑
p+q=n

∆p,q (2.76)

where ∆p,q maps MPLs of weight n to a tensor product of functions with weight p resp. q.
Third, the coproduct can be iterated on each component of the tensor separately and the
order in which this is achieved is not important. Finally, in order to account for the fact
that even zeta values ζ2n are proportional over the rational number to the n-th power of
ζ2 = π2/6 the coproduct treats the real number π in a special way 8 (conjecture from [117])
by defining:

∆(π) ≡ π ⊗ 1. (2.77)

8The symbol of any function proportional to iπ or ζn will vanish, whereas the coproduct will retain
part of the information.
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The definition of the coproduct allows to show that for an MPL G(z) of weight n

S(G(z)) = ∆1, . . . , 1︸ ︷︷ ︸
n

(G(z)) mod π, (2.78)

where mod π means that the coproducts of π are set to zero.
As an example of the application of the coproduct, we will ‘find’ the inversion relation

for Li3 (in what follows z stands for z+ i0 to avoid making the notation too cumbersome):

Li3(1/z) = Li3(z) +
1

6
ln3 z − iπ

2
ln2 z − π2

3
ln z (2.79)

We will use without proof, the formulae,

∆(ln z) = 1⊗ ln z + ln z ⊗ 1 (2.80)

∆(Lin(z)) = 1⊗ Lin(z) + Lin(z)⊗ 1 +
n−1∑
k=1

1

k!
Lin−k(z)⊗ lnk z︸ ︷︷ ︸
=∆n−k,k(Lin(z))

(2.81)

We first compute

∆2,1(Li3(1/z)) = Li2(1/z)⊗ ln(1/z) (2.82)

∆1,2(Li3(1/z)) =
1

2
Li1(1/z)︸ ︷︷ ︸

=− ln(1−1/z)

⊗ ln2(1/z). (2.83)

Then from either one of these, say the second one, we compute

∆1,1,1(Li3(1/z)) = − ln(1− 1/z)⊗ ln(1/z)⊗ ln(1/z). (2.84)

We then use the fact that

− ln(1− 1/z) = − ln
1− z
−z

= − ln(1− z) + ln(−z) = − ln(1− z) + ln z − iπ, (2.85)

to rewrite (2.84) as

∆1,1,1(Li3(1/z)) = − ln(1− z)⊗ ln z ⊗ ln z + ln z ⊗ ln z ⊗ ln z − iπ ⊗ ln z ⊗ ln z (2.86)

= ∆1,1,1(Li3(z)) +
1

6
∆1,1,1(ln3 z) +

i

2
∆1,1,1(π ln2 z), (2.87)

where in the last equation we identified each summand of (2.86) (note that we kept π in
the coproduct, as it has weight 1 9). Before we continue, let us define

X ≡ Li3(1/z)−
[
Li3(z) +

1

6
ln3 z +

iπ

2
ln2 z

]
. (2.88)

9We would like to point out at this stage that with the symbol, the last term would be missing,
illustrating the bigger loss of information that symbol calculus bears with it.
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Once more we compute the coproducts

∆1,2(X) = 0 (2.89)

∆2,1(X) = −1

3
π2 ⊗ ln z = −1

3
∆2,1(π2 ln z) (2.90)

The first coproduct did not give us more information, whereas the second did catch a
missing piece of the identity (2.79). Now the only terms that can still be missing are real
numbers of weight 3: π3 and ζ3. By evaluating the both side of the identity at a given
point, say z = 1, we see that they do not appear.

The treatment we just presented shows the philosophy behind the coproduct calculus.
Let us stress that the gymnastics we just went through in this example is artificial, and
that the usual goal is to simplify expressions, for example by seeing how (2.79) makes
various terms cancel each other, without having to explicitly use the identity.

For the renormalization of the parton density functions (PDFs), only a subclass of
the MPLs it needed (see e.g. [81]), called harmonic polylogarithms (HPLs), for which the
coefficients satisfy, ai ∈ {−1, 0, 1} and with a normalization that differs by a factor of
(−1)#{ai=+1}. The technology of symbol and coproduct can of course be used on these
functions.



Part II

QCD corrections for WH production

49





Chapter 3

Introduction

Although the LHC has started its operation only a couple of years ago and at half the
design energy, it has already provided plenty of information on the existence of a Standard
Model (SM) Higgs boson. With the 5 fb−1 luminosity collected with

√
s = 7 TeV at the

end of 2011, ATLAS was able to exclude the presence of a SM Higgs boson in the range
133 GeV < mH < 230 GeV and 260 GeV < mH < 437 GeV [9], and CMS in the range
129 GeV < mH < 525 GeV [10], in both cases at 99% confidence level. Furthermore,
adding 6 fb−1 of the 2012 run at

√
s = 8 TeV, it has been possible to discover a new

boson with mass around 125 GeV [119,120] which has then been corroborated in different
channels.

It remains in principle to establish whether this boson is indeed the SM Higgs by
studying in detail all its decay modes. A light Higgs boson decays predominantly into a
bb̄ pair, see figure 1. If it is directly produced in gluon-gluon fusion (the process giving
the largest cross section) this signal is overwhelmed by the huge QCD dijet background.
This is why the decay modes that have led to the discovery are those which do not involve
hadronic final states, like H → γγ [121, 122], H → WW [123, 124] or H → ZZ [125–127].
Although they are suppressed with respect to the dominant bb̄ mode, it is still possible to
extract a signal from the background.

There is however another possibility to study the bb̄ decay of the Higgs boson, namely
when it is produced in association with a massive vector boson (W or Z boson): the
Higgsstrahlung process. In this case there are various possibilities to disentangle the signal
over the large V bb̄ background originating from other processes, some of which have been
already used at the LHC [128–130]. Among them, one of the most promising strategies
makes use of the fact that at the LHC, especially at

√
s = 14 TeV, it is possible to produce

particles with transverse momenta well above their masses, pT � m. This is the so-called
boosted regime, in which one can reconstruct heavy particles decaying hadronically, because
their decay products are likely to fall inside one jet with a large radius, a fat jet.

Recent proposals for finding a boosted Higgs boson decaying into a bb̄ pair are based
on the investigation of the substructure of each fat jet [131,132]. Within these approaches
the Higgs boson candidate is a multi-jet system which should contain not only the Higgs
boson decay products, but also QCD radiation associated to them. It is therefore crucial
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to have predictions for the Higgsstrahlung process that implement gluon radiation, both
from the initial and final state which we will cover in the next chapters.

Higher-order corrections to the Higgsstrahlung process, where the Higgs boson decays
into a bb̄ pair, have been known since a long time. NLO QCD corrections to Higgs boson
production in association with a vector boson have been computed in references [133–135]
and implemented in the program MCFM [136]. NLO EW corrections are available as well [137]
and implemented, together with NLO QCD corrections, in the program HAWK [138]. NNLO
results exist for the total cross section [139] for both WH and ZH processes, while a fully
differential code is available for WH up to NNLO QCD for the production only [140] and
including NNLO QCD corrections both to production and decay in the case of massless
bottom quarks [141]. In all but the last reference, the decay of the Higgs into a bb̄ pair is
implemented at LO only. Concerning decay into a bb̄ pair, NLO corrections for massive
bottom quarks have been computed in references [142, 143], while for massless bottom
quarks a fully differential calculation is available at NNLO [144]. NLO corrections have
been interfaced to parton showers in the MC@NLO framework in reference [145]. Furthermore,
starting from version 2.5, Herwig++ [146] implements NLO corrections to Higgs boson
production [147] and decay, both matched independently to parton shower.

This part of the thesis will be dedicated to the study of the Higgstrahlung process at
NLO in QCD in the case where the Higgs boson decays to a pair of massive bottom quarks.
In chapter 4, we compute the fully differential decay rate of a Higgs boson to a pair of
massive bottom quarks at NLO in QCD. This decay rate is then implemented in our event
generator for Higgsstrahlung, which also takes into account the NLO QCD corrections
related to the initial state. This event generator is then used to study the impact of the
full NLO corrections on the fat-jet analysis in chapter 5.



Chapter 4

Higgs decay to bottom quarks

In this chapter, we present the computation of the fully differential decay rate of a Higgs
boson to a pair of massive bottom quarks at NLO in QCD. Most computations of this
chapter were performed as part of the author’s Master’s thesis project and the relevant
pieces were taken from the Master’s thesis [148].

Notations Throughout this chapter we work in DREG [52] with d ≡ 4− 2ε and we will
use the following notations:

M ≡ mH , m ≡ mb = mb̄, β ≡
√

1− 4m2

M2
, y ≡ m

v
, (4.1)

where v = 246 GeV is the vacuum expectation value of the Higgs field.
In the parametrization of phase space integrals, we use the notational shortcut x̄ ≡ 1−x

for parameters in the unit interval.

4.1 Leading order

The phase space of the LO decay rate (as well as the one of the NLO virtual, that has the
same kinematics) is the special case of equation (2.6) for two equal masses:

Φ2(M ;m,m) =
Ω3−2ε

25−4επ2−2ε
β1−2εM−2ε. (4.2)

There is only one diagram for H → bb̄ at LO which is shown in figure 4.1. Using the
corresponding Feynman rule (section 1.3.2), we obtain directly

|MT |2 = 2Ncy
2µ2εM2β2, (4.3)

and obtain readily:

ΓLO
H→bb̄

(2.1)
=

Ncy
2

8π
β3M. (4.4)
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Figure 4.1: LO diagram of H → bb̄.

4.2 Next-to-leading order

At NLO, we have to take into account the emission of an extra gluon, as well as the virtual
1-loop contribution. Furthermore the couplings need to be renormalized in order to absorb
the UV singularities that will appear (see section 2.3.1).

4.2.1 Real

Phase space

We now need to consider the phase space for one massless particle (the gluon, g) together
with two equal-mass particles (the bottom quark b and antiquark b̄). We work in the
center-of-mass frame of the Higgs. Using the factorization property (equation (2.5)), we
have,

dΦ3(M ; 0,m,m) =

Q2
+∫

Q2
−

dQ2

2π
dΦ2(M ; 0,

√
Q2)dΦ2(

√
Q2;m,m) (4.5)

The first term is easy to compute, since we are in the center of mass frame of the Higgs,
and we get,

dΦ2(M ; 0,
√
Q2) =

(2π)2−dΩd−1

4M
Ed−3
g , (4.6)

where

Eg =
M2 −Q2

2M
,

is the energy of the gluon in this frame. We remark on the way that this part of the phase
space vanishes in the soft limit 1:

Eg → 0⇔ Q2 →M2. (4.7)

1Actually, Q2 is nothing else than the invariant mass squared of the bb̄ system.
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The other term is more involved since there is now an explicit dependence on an angle
as we are interested in the differential phase space. We choose this angle to be the angle
between the bottom quark and the gluon:

pb · pg = EbEg − |~b|Egt, t = cosϑbg ∈ [−1, 1] (4.8)

Changing the integration over t to an integration over sbg ≡ (pb + pg)
2 using the trick of

multiplying by,

1 =

s+bg∫
s−bg

dsbg δ
(
sbg − (pb + pg)

2
)
,

we get the relations,

t =
m2 − sbg + 2EbEg

2|~b|Eg
, Eb =

s+ sbg −m2 − 2EgM

2M
, (4.9)

by solving the δ-functions.

Focusing on the term (1− t2)−ε, we see a polynomial of the second degree in sbg,

−Q2s2
bg +Q2(2m2 +M2 −Q2)sbg −m2(M4 +m2Q2 −M2Q2). (4.10)

Since we want to have a real solution for sbg, we require the discriminant to be positive or
zero. This defines the limit of the integration over Q2:

Q2
− = 4m2, Q2

+ = M2. (4.11)

We can then factorize the polynomial (4.10) using its zeros in,

−Q2(sbg − s−bg(Q
2))(sbg − s+

bg(Q
2))

Making a linear parametrization (which we will use for the matrix element later on),

Q2 = Q2
− + x1(Q2

+ −Q2
−) = 4m2 + x1(M2 − 4m2), (4.12a)

sbg = s−bg(x1) + x2(s+
bg(x1)− s−bg(x1)) (4.12b)

and plugging it all in equation (4.5) we obtain the final result,

dΦ3(M ; 0,m,m) =
Ω3−2εΩ2−2ε

210−6επ5−4ε
β5−6εM2−4ε×

× dx1dx2 x
1/2−ε
1 x̄1−2ε

1 (x2x̄2)−ε(1− x̄1β
2)−1/2. (4.13)
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Figure 4.2: NLO diagrams of H → bb̄g.

Figure 4.3: NLO 1-loop diagram of H → bb̄.

Matrix elements

Two diagrams contribute to H → bb̄g at NLO. They are shown in figure 4.2. Using the
corresponding Feynman rules (sections 1.3.2 and 1.2.1), we obtain (sij = (pi + pj)

2 and
Q2 = sbb̄)

|MR|2 = 26π2NcCFy
2g2
sµ

4ε× (4.14)

×
[

(sbb̄ − 8m2)sbb̄ +M4 − ε(M2 − sbb̄)2

(sbg −m2)(sb̄g −m2)
− 2m2(M2 − 4m2)(M2 − sbb̄)2

(sbg −m2)2(sb̄g −m2)2

]
= 28π2NcCFy

2g2
sµ

4ε1− x̄1β
2

β2x̄2
1

[
2− x̄1(1 + x1 + x̄1ε)

κ(x1, x2)
− 2(1− β2) (1− x̄1β

2)

κ(x1, x2)2

]
,

(4.15)

where we inserted the parametrization of the real emission phase space and defined

κ(x1, x2) ≡ 1− (1− 4x1x2x̄2) β2. (4.16)

We expect the real emission to become singular when the gluon becomes soft, Eg(sbb̄(x1)) =
0, equation (4.6), i.e. at x1 = 1. We see that indeed the expression (4.15) is singular for
x̄1 = 0. This singularity is factorized and can thus be extracted with the method of
+-distributions (see section 2.3.2).

4.2.2 Virtual

The phase space of the NLO virtual process is the same as for the LO.
There is only one 1-loop diagram contributing to H → bb̄ at NLO, see figure 4.3. This

time we need only the interference term between the LO and the NLO 1-loop:

|MT +MV |2 = |MT |2︸ ︷︷ ︸
O(1)→LO

+MVM∗
T +MTM∗

V︸ ︷︷ ︸
O(αs)→NLO

+ |MV |2︸ ︷︷ ︸
O(α2

s)→NNLO

(4.17)
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Again, using the Feynman rules (sections 1.3.2 and 1.2.1) and performing the traces in
d dimensions using FORM [60, 61], we get,

MVM∗
T = i21+2επ−2+2εNcCFy

2g2
sµ

4ε
[
β2(1 + β2)M4I1,1,1

0,m,m(0, pb,−pb̄) (4.18)

−(1 + β2)M2
(
I1,1

0,m(0, pb) + I1,1
0,m(0,−pb̄)

)
+ 2(1− β2 + εβ2)M2I1,1

m,m(pb,−pb̄)
]
,

where we introduced the shorthand notation for the scalar loops,

Iν1,...,νnm1,...,mn
(p1, . . . , pn) =

∫
ddk

[
n∏
i=1

((k + pi)
2 −m2

i + i0)νi

]−1

. (4.19)

At this stage, we need to make a remark concerning the +i0 prescription: it is taken
as an infinitesimal imaginary number in the upper complex plane. It allows to select the
poles within the integration contour unambiguously: we shift the pole over or under the
real axis in a consistent way by imposing m2 → m2 − i0. In our case it amounts to take
β2 → β2 + i0. At the end of the calculation, when it is no longer needed, we can forget it.
The essential point is its sign, so we do not need to worry about the rest of the expression:
e.g.

√
β2 + i0 =

√
β2 + i0× (something positive)→

√
β2 + i0.

This prescription also settles the issue of how to deal with a logarithm of a negative
number (branch choice):

a > 0 : ln(−a± i0) = ln(a)± iπ. (4.20)

The other part is,

MTM∗
V = i21+2επ−2+2εNcCFy

2g2
sµ

4ε
[
β2(1 + β2)M4I1,1,1

0,m,m(0, pb,−pb̄)∗ (4.21)

−(1 + β2)M2
(
I1,1

0,m(0, pb)
∗ + I1,1

0,m(0,−pb̄)∗
)

+ 2(1− β2 + εβ2)M2I1,1
m,m(pb,−pb̄)∗

]
.

With the above in mind it becomes clear that,(
Iν1,...,νnm1,...,mn

)∗
= Iν1,...,νnm1,...,mn

(+i0→ −i0). (4.22)

Since,

MVM∗
T +MTM∗

V =2Re (MVM∗
T ) , (4.23)

we finally obtain,

2Re (MVM∗
T ) = 2Re

{
i21+2επ−2+2εNcCFy

2g2
sµ

4ε
[
β2(1 + β2)M4I1,1,1

0,m,m(0, pb,−pb̄)
− (1 + β2)M2

(
I1,1

0,m(0, pb) + I1,1
0,m(0,−pb̄)

)
(4.24)

+2(1− β2 + εβ2)M2I1,1
m,m(pb,−pb̄)

]}
.

We now turn to the evaluation of the scalar loops: To evaluate I1,1,1
0,m,m(0, pb,−pb̄), we

use an IBP, equation (2.50), coming from,

f(k) =
kµ

k2((pb + k)2 −m2)((pb̄ − k)2 −m2)
, (4.25)
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which leads to,

(d− 4)I1,1,1
0,m,m(0, pb,−pb̄)− 2I2,1

m,m(pb,−pb̄) = 0. (4.26)

The evaluation of the three bubble integrals using Feynman parametrization (sec-
tion 2.7.2), equations (A.3) and (A.4), yields, 2

I2,1
m,m(pb,−pb̄) = −iπ2−εΓ(1 + ε)M−2−2ε

1∫
0

dx xK(x)−1−ε (4.27a)

I1,1
0,m(0, pb) = I1,1

0,m(0,−pb̄) = iπ2−εΓ(ε)m−2ε 1

1− 2ε
(4.27b)

I1,1
m,m(pb,−pb̄) = iπ2−εΓ(ε)M−2ε

1∫
0

dxK(x)−ε, (4.27c)

where,

K(x) ≡ x(x− 1) +
1− β2

4
− i0.

Putting everything together, equation (4.24) becomes finally,

2Re (MVM∗
T ) = 22NcCFy

2g2
sµ

4εM2−2ε(4π)εΓ(ε)Re

−β2(1 + β2)

1∫
0

dx xK(x)−1−ε

+2(1 + β2)

(
1− β2

4

)−ε
1

1− 2ε
− 2(1− β2 + εβ2)

1∫
0

dxK(x)−ε

 (4.28)

4.2.3 Renormalization

Renormalization consists in absorbing the UV divergences arising from higher order cor-
rections into the physical parameters of the theory (section 2.3.1). We follow here a line
similar to reference [149].

The fermion propagator is modified to the dressed one (by resummation of the 1-
particle-irreducible diagrams) and finally to the field-strength renormalized propagator,

i

/p−m0

→ i

/p−m0 − Σ(/p)
=

iZψ

/p−m
(4.29)

2The integral I2,1m,m is actually still reducible to tadpole and bubble master integrals, but we computed
it directly.



4.2. Next-to-leading order 59

where Σ(/p) is the self-energy of the quark , to be computed in section 4.2.3. From the last
term, we see that Σ(m) can be understood as the mass difference between the bare and
the physical masses, when the fermion is on-shell:

Σ(m) = m−m0. (4.30)

Expanding the self energy around /p = m, we have,

Σ(/p) ' Σ(m) + (/p−m)
dΣ

d/p

∣∣∣∣
/p=m

, (4.31)

which implies,

/p−m0 − Σ(/p) ' /p−m0 −

(
m−m0 + (/p−m)

dΣ

d/p

∣∣∣∣
/p=m

)
(4.32)

= (/p−m)

(
1− dΣ

d/p

∣∣∣∣
/p=m

)
, (4.33)

which in turn implies, using equation (4.29),

Z−1
ψ = 1− dΣ

d/p

∣∣∣∣
/p=m

(4.34)

The most often used renormalization scheme is the modified minimal substraction (MS)
scheme where only the 1

ε
-pole and finite part of,

(4π)εΓ(ε) =
1

ε
− γE + ln 4π +O(ε), (4.35)

is substracted. This results in a pole of the propagator not lying at the physical mass
m and with residue different from 1, which makes the interpretation of the propagator
difficult. We decided to use the on-shell (OS) scheme instead, where the whole finite part
is taken. We now turn to the computation of the self-energy.

Bottom quark self-energy

The quark self-energy is described in QCD at O(αs) by the diagram of figure 4.4. Using

Figure 4.4: Quark self-energy at O(αs).
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the Feynman rules (section 1.2.1, there is no external propagator!), we obtain for a massive
quark,

Σ(/p) = −iCFg2
sµ

2ε

∫
ddk

(2π)d
γµ(/p+ /k +m)γµ

k2 [(p+ k)2 −m2]
(4.36a)

= mA(p2) + /pB(p2)

A(p2) ≡ CF
αs
4π
µ2ε(4π)εΓ(ε)(4− 2ε)

1∫
0

dx
[
m2x− p2x(1− x)

]−ε
(4.36b)

B(p2) ≡ CF
αs
4π
µ2ε(4π)εΓ(ε)(−2 + 2ε)

1∫
0

dx(1− x)
[
m2x− p2x(1− x)

]−ε
, (4.36c)

where we used the basic properties of γ-matrices [35].
We will need the derivative of Σ(/p) for /p = m:

d

d/p
p2

∣∣∣∣
/p=m

= 2m,
d

d(p2)

[
m2x− p2x(1− x)

]∣∣∣∣
p2=m2

= εm−2
[
m2x2

]−ε 1− x
x

. (4.37)

Higgs boson wave function Since the Higgs has no color charge and thus cannot
couple directly to gluons, we can only have corrections through quark loops and these do
not appear at NLO. We can thus set

ZH = 1. (4.38)

Gluon wave function The gluon wave function gets corrections through quark, gluon
and ghost loops.

Zg = 1 +O(g2
s). (4.39)

Since the presence of a gluon already implies a factor g2
s , the correction will be of O(g4

s)
and we can forget them at NLO. We shall set Zg = 1 throughout the computation.

Bottom quark wave function

We start with the evaluation of Zψ. Equation (4.34) tells us that,

Zψ = 1 +
dΣ

d/p

∣∣∣∣
/p=m

= B(m2) + 2m2 d

d(p2)

[
A(p2) +B(p2)

]∣∣∣∣
p2=m2

(4.40a)

= 1 + 2CFg
2
s

(
m

µ

)−2ε

(4π)εΓ(ε)

1∫
0

dx x−2ε

[
−1 + x+

(
2

x
+ 1− 3x

)
ε

]
+O(g4

s)

(4.40b)
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Bottom quark mass and Yukawa coupling

We proceed by evaluating Zm from equation (4.30), which gives us,

m0 = m− Σ(m) =
[
1− A(m2)−B(m2)

]
m (4.41)

so that we can read out,

Zm = 1− A(m2)−B(m2) (4.42a)

= 1 + 2CF
αs
4π

(
m

µ

)−2ε

(4π)εΓ(ε)

1∫
0

dx x−2ε [−1− x+ xε] +O(g4
s). (4.42b)

As for the Yukawa coupling since y = m/v we expect that Zy = Zm.
At NkLO, diagrams of order g2k

s do not need to be renormalized since any corrections
would be of order g2k+2

s . For our NLO computation, we thus only need to renormalize the
tree-level amplitude.

4.2.4 Total decay rate

Putting all the pieces together, we obtain the differential decay rate for the H → bb̄ at
NLO in QCD. The renormalization cancels the UV divergence of the virtual diagram.
Upon integration over the phase space of the real emission, the IR divergence of the real
is equal and opposite to the IR divergence of the virtual leaving only a finite decay rate,
that is independent of the renormalization scale µ:

ΓNLO
H→bb̄

ΓLO
H→bb̄

= 1 + CF
αs
π

{∫
dx1dx2

r(x1, x2)− r(1, x2)

x̄1

− 1− 3βL− ln

(
4β4

1− β2

)
+

1 + β2

2β

[
L2

2
+ 2L(2L+ ln β) +

2π2

3
+ Li2

(
−2β

1− β

)
(4.43)

−Li2

(
2β

1 + β

)
+ Li2

(
1− β
1 + β

)]}
,

with

r(x1, x2) ≡ 2
√
x1(1− x̄1β2)

1 + x2
1 + 2x1(1− 2x2)2 + β2x̄1(1− x1(1− 2x2)2 + 4x2

1x2x̄2)

κ(x1, x2)2
,

(4.44)

and κ as defined in equation (4.16).
The total decay rate (4.43) is found to be in excellent numerical agreement with the

result available in the literature [142,143] although the parametrization we have used makes
the integration somewhat cumbersome.
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Chapter 5

Higgsstrahlung at NLO

We present here our implementation of an event generator to investigate the effect of NLO
QCD corrections to both production and decay on present and future Higgs searches. The
corrections to production and decay are treated separately in the code: first a Higgs and
a vector boson (decaying to leptons) are produced, and then the Higgs boson decays to
bottom quarks. We lose no information about spin correlations as the Higgs boson is a
scalar particle. Having our own fully differential code give us the opportunity to study NLO
QCD corrections to production and decay separately and assess their relative importance.
We stick to a fixed-order calculation since its outcome can be interpreted more easily than
the corresponding one from Monte Carlo event generators.

5.1 Setup

The production process was computed up to NLO in the following fashion: we generated
the relevant matrix elements for the process depicted in figure 5.1 with QGRAF [59] and
interpreted these with the Feynman rules (sections 1.3.2 and 1.2.1) using a housemade set
of routines coded in FORM [60, 61]. The finite width of the vector boson has been taken
into account by allowing the mass of the decaying vector boson to follow a Breit-Wigner
distribution centered around mV of width ΓV . These were checked against the results in the
literature. For the decay, we implemented the differential decay rate whose computation
has been detailed in chapter 4

For definiteness, we present the results in the case of Higgs boson production in asso-
ciation with a W boson. The adaptation to the production in association with a Z boson
is straightforward in that it just amounts to change some parameters like the vector bo-
son mass and couplings, as well as the PDFs that are needed as the initial state has two
identical quarks (section 1.3.2).

Denoting by dσpp→WH the differential cross section for WH production and by dΓH→bb̄
the differential decay rate for a Higgs boson decaying into a bb̄ pair we have the perturbative
expansions

dσpp→WH = dσ
(0)
pp→WH + dσ

(1)
pp→WH , dΓH→bb̄ = dΓ

(0)

H→bb̄ + dΓ
(1)

H→bb̄ , (5.1)

63



64 Chapter 5. Higgsstrahlung at NLO

Figure 5.1: LO diagram for the Higgstrahlung process with the vector boson decaying
leptonically.

where dσ
(1)
pp→WH is of relative order αs with respect to dσ

(0)
pp→WH (and similarly dΓ

(1)

H→bb̄ with

respect to dΓ
(0)

H→bb̄). Using the narrow width approximation, which is reasonable for a light
SM Higgs, we can combine NLO corrections to production and decay as follows

dσpp→(H→bb̄)W =

(
dσ

(0)
pp→WH ×

dΓ
(0)

H→bb̄ + dΓ
(1)

H→bb̄

Γ
(0)

H→bb̄ + Γ
(1)

H→bb̄

+ dσ
(1)
pp→WH ×

dΓ
(0)

H→bb̄

Γ
(0)

H→bb̄

)
×Br(H → bb̄) ,

(5.2)

where Γ
(0)

H→bb̄ is the LO total H → bb̄ decay rate (equation (4.4)), Γ
(1)

H→bb̄ the corresponding
NLO correction (equation (4.43)) and Br(H → bb̄) is the branching ratio for the decay
H → bb̄.

Before describing the phenomenology we briefly give some details of the calculation.
To handle IR divergences of the production we use a fully local subtraction method both
for production and decay. We first compute real and virtual matrix elements in d = 4− 2ε
dimensions. We then suitably parametrize the phase space for the emission of a single real
gluon, expand each denominator occurring in the real matrix element in powers of ε using
the expansion in +-distributions (section 2.3.2), and cancel all the resulting 1/ε2 and 1/ε
poles point by point in phase space either against virtual corrections, or against the PDF
counterterm provided by the MS factorization scheme (section 1.2.2).

For the production process, we use, depending on the computation order, the LO or
NLO MSTW2008 PDFs [150] interfaced through the library LHAPDF [88], the latter cor-
responding to αs(mZ) = 0.120179, which is evolved up to the relevant scale for the NLO
corrections. We consider both W+ and W− production, keeping the full spin correlations
when letting them decay into a lepton and a neutrino. Concerning the Higgs boson decay,
all matrix elements for H → bb̄ are computed for massive bottom quarks, using the OS
renormalization scheme with a pole mass mb = 4.24 GeV (the detailed treatment is pre-
sented in chapter 4). We have checked that our production code agrees with MCFM for both
total numbers and differential distributions. Furthermore, in the following we will consider
the production of a SM Higgs boson of mass mH = 125 GeV, with Br(H → bb̄) = 0.578
taken from references [11,151,152].1

1In fact, since we will be concerned mainly on K-factors and shapes of distributions, the actual value
of Br(H → bb̄) will not be relevant for the main issues discussed here.
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5.2 Higgs searches with the fat-jet method

Proton-proton collisions at the LHC with
√
s = 14 TeV at high luminosity are a natural

place to look for a boosted Higgs boson: one has the possibility to cut on a high-transverse
momentum Higgs boson, and still have a number of events that makes it possible to sig-
nificantly distinguish the signal from the background. Therefore, we first give theoretical
predictions for observables that are of use at the LHC with

√
s = 14 TeV when searching

for a boosted Higgs boson associated to a W boson, using the strategy of reference [131].

In the following we describe the set of kinematical cuts we employ for this analysis.
First of all, we put some basic constraints on the decay products of the W boson, namely
that the charged lepton has a transverse momentum plT > 30 GeV and a pseudorapidity
|ηl| < 2.5, and that the total missing transverse momentum fulfils pmiss

T > 30 GeV. We then
require that the reconstructed W boson have large transverse momentum pWT > 210 GeV.
This value is approximately equal to the minimum transverse momentum that a boosted
Higgs boson recoiling against a W boson must have, at tree level, so that the bb̄ pair
resulting from its decay falls into a cone of radius R = 1.2. The latter is the value of jet
radius R considered in reference [131].

Specifically, a Higgs boson decaying into a bb̄ pair is searched for by clustering each
event into fat jets using the Cambridge/Aachen algorithm [92, 93] (section 2.5) from the
software package FastJet [95] with R = 1.2, and examining the substructure of each jet
to see if it contains the Higgs boson decay products.

Once we have identified a fat jet j, in order to establish whether it can be considered
a Higgs candidate, we follow the procedure proposed in reference [131], which we briefly
recall:

1. Undo the last clustering inside the fat jet j, thus identifying two subjets j1 and j2

ordered according to their invariant mass, m2
j1
> m2

j2
;

2. Require a significant mass drop m2
j1
< µm2

j and impose max{p2
T,1, p

2
T,2}∆R2

j1,j2
>

ycut m
2
j , in order to suppress asymmetric splittings.

If both conditions are fulfilled then j is a candidate Higgs jet and the procedure terminates.
Otherwise set j = j1 and we go back to step 1. The fat jet is then kept as a Higgs candidate
only if both j1 and j2 have b-tags.

Finally, again following reference [131], one should apply a filtering procedure, which
consists in reclustering the candidate Higgs jet with a radius Rfilt < R, and then choosing
the candidate Higgs mass as the invariant mass of the hardest (i.e. with the highest pT )
nfilt subjets. Since our calculation is pure NLO for both production and decay, a fat jet
will contain at most three subjets. As suggested in reference [131], we choose nfilt = 3, and
therefore we can skip the filtering step at this stage.

The first relevant observable we consider is the transverse momentum pT,j of the can-
didate Higgs jet. In particular, we wish to perform an analogous study as the one done
in reference [140], including NLO corrections to both Higgs boson production and decay.
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As in reference [140], we require the candidate Higgs jet to be the one with the highest
transverse momentum and to be central, |ηj| < 2.5.

In figure 5.2 we show plots for the fat-jet pT -spectrum corresponding to two different
event selection procedures. In the first case no constraint is imposed on any extra jet, whilst
in the second case we impose a jet-veto condition, requiring that there are no further jets
with pT > pT,veto ≡ 30 GeV and |η| < ηveto ≡ 3 (again according to what is done in
reference [131]).

The perturbative stability of our predictions is investigated by simultaneous variation
of renormalization and factorization scales for the production process in the interval

mH +mW

2
≤ µ

(p)
R

!
= µ

(p)
F ≤ 2(mH +mW ). (5.3)

Since we know from the study of reference [153] that, for the fat-jet analysis described
above, no infrared problems are expected from QCD corrections to the decay process, we
have decided to fix the renormalization scale for the decay at µ

(d)
R = mH .

At LO the distributions with and without an extra-jet veto obviously coincide. On
the contrary, as observed already in reference [140], there are substantial differences for
NLO distributions. Without a veto on an extra jet, if one excludes the lowest pT -bin,
NLO corrections to production are positive, giving roughly a constant K-factor of about
1.3 at large pT,j. The addition of NLO corrections to decay does not alter significantly this
K-factor, reducing it to 1.2 (see figure 5.2, red and dark-blue bands). The fact that the
K-factor is only slightly decreased when adding NLO corrections to decay suggests that the
observable we consider is sufficiently inclusive with respect to extra gluon radiation from
the bb̄ system. In other words, in the boosted regime we are considering, final-state QCD
radiation is well contained inside the fat jet, and therefore we observe no large virtual
corrections unbalanced by real radiation. After imposing the jet veto, NLO corrections
become negative, and increase in size when the jet transverse momentum increases. This
is due to virtual contributions that do not cancel fully against initial-state real radiation,
giving a (negative) logarithmic left-over as large as αs ln2(pT,j/pT,veto). We observe that,
also in this case, the addition of NLO corrections to decay causes only a mild reduction
of the K-factor, around 10% and roughly constant over the whole fat-jet pT -range (see
figure 5.2, purple and light-blue bands).

A remark is in order concerning the behaviour of the fat-jet pT -spectrum in the low-
est pT -bin. There one notices a significant decrease in the cross section in going from
LO to NLO, as well as a larger variation when varying renormalization and factorization
scales. This bin corresponds in fact to the situation in which one imposes symmetric pT
cuts on both the Higgs boson and the W boson. As observed in references [154, 155] and
explained in reference [156], symmetric cuts can cause instabilities in the QCD perturba-
tive series. However, such instabilities could be removed by performing a resummation of
large logarithms appearing in the distribution in the transverse momentum of the HW sys-
tem [156]. The physics underlying such resummation is implemented in all parton shower
Monte Carlo’s, which should then be used for Higgs searches including the symmetric-cut
region. Performing such a resummation is beyond the scope of this work and we restrict our
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Figure 5.2: The transverse momentum distribution of the candidate Higgs fat jet at the
LHC with

√
s = 14 TeV, corresponding to the kinematical cuts described in the text.
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LO NLO (prod.) NLO

σinc [fb] 1.53+0.02
−0.03 1.87+0.05

−0.05 1.80+0.06
−0.07

σ0−jet [fb] 1.53+0.02
−0.03 1.19+0.04

−0.06 1.12+0.06
−0.08

Table 5.1: Cross section for Higgs boson production in association to a high-pT W boson
selected according to the cuts described in the main text, for 230 GeV < pT,j < 500 GeV,
with (σ0−jet) and without (σinc) a veto on an extra jet.

subsequent analyses to the asymmetric-cut region pT,j > 230 GeV, where our fixed-order
predictions seem to be reliable. Finally, table 5.1 lists an example of the cross sections
we obtain for the integrated pT spectrum for µ

(p)
R = µ

(p)
F = mH + mW and of µ

(d)
R = mH ,

together with the corresponding renormalization and factorization scale uncertainties.

From the plots in figure 5.2 it looks like the net effect of QCD corrections to Higgs boson
decay is just that of reducing the production rate of a candidate Higgs fat jet. However, the
fat jet considered there can have an arbitrary invariant mass, whilst in general one measures
the fat-jet invariant mass distribution, given a set of kinematical cuts, and looks for a mass
peak. Therefore, it is useful to investigate the impact of NLO corrections to Higgs boson
production and decay over the reconstruction of a mass peak based on the fat-jet analysis
described above. At NLO there are two effects that can potentially spoil this reconstruction.
The first is the emission of a parton from the initial state that is subsequently clustered
within the fat jet. The second is the loss of gluon radiation from the bb̄ pair originating
from the decay of the Higgs boson that does not get caught in the fat jet. Both effects are
studied through the plots shown in figure 5.3 where the differential distribution dσ/dmj in
the invariant mass of the fat jet is plotted. The renormalization and factorization scales
are fixed to their central value µ

(p)
R = µ

(p)
F = mH + mW and µ

(d)
R = mH . The first NLO

curve in figure 5.3 (green, dashed) corresponds to the fully inclusive situation in which the
only selection requirement is that there is a candidate Higgs jet, with no cut whatsoever
on the jet transverse momentum. This curve is shown to illustrate how the fat-jet selection
technique works in practice. We first observe that the fat-jet method is pretty robust under
radiative corrections, in that, even without requiring a high-pT W boson, only around 30%
of candidate Higgs events fall outside the mass window 110 GeV < mj < 140 GeV (a
typical bin size for boosted Higgs searches at the LHC, see [128]). The region to the right
of the peak corresponds to situations in which initial-state radiation is clustered inside
the fat jet, thus artificially increasing the invariant mass of the latter. To the left of the
peak we see a long tail corresponding to events in which a gluon emitted from the bb̄
system originating from Higgs boson decay escapes the fat jet. This effect is entirely due
to NLO corrections to Higgs boson decay, and its contribution to degrading the resolution
of the mass peak is comparable to that coming from NLO corrections to the production
process. In fact, most events outside the mass window 110 GeV < mj < 140 GeV have
mj < 110 GeV. These events extend down to mj = 2mb, corresponding to the situation in
which the bb̄ pair recoils against a hard gluon. The other two curves correspond to events
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Figure 5.3: The distribution in the invariant mass of the candidate Higgs jet, without
any kinematical cuts (green, dashed), fully inclusive with respect to all other jets (blue,
dashed), and with a jet-veto condition (red, solid).
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passing the same kinematical cuts as in figure 5.2, and with an additional cut on the fat-jet
transverse momentum pT,j > 230 GeV. We first observe that this cut reduces considerably
the fraction of events with mj < 110 GeV which is around 10% both with and without
the jet veto. A further remark is in order concerning the curve (solid, red) obtained by
imposing the additional constraint of vetoing all extra jets with pT > 30 GeV and rapidity
|η| < 3. In this case, as expected from the study of reference [140] and figure 5.2, the
peak height is reduced because of the suppression of real emission and the dominance of
negative uncancelled virtual corrections. Among the effects of the jet veto there is also
that of eliminating events in which a gluon emitted by the bb̄ system escapes the fat jet.
For the red solid curve this is visible in the figure for mj < 60 GeV and has a negligible
impact on the resolution of the mass peak. We finally remark that the fact that the mass
peak survives depends crucially on both the jet-veto condition and the procedure used to
identify a candidate Higgs jet. We have observed that decreasing pT,veto can lower the
number of selected events in such a way that a peak is not visible any more. The same
remark holds for alternative procedures for defining a candidate Higgs jet, which need to
be tested against final-state QCD radiation as well. An example of how the latter can
affect significantly the outcome of a Higgs search analysis is discussed in the next section.

5.3 Higgs searches at the LHC with
√

s = 8 TeV

In this section we shall present our analysis on the impact of QCD radiative corrections
to production and decay for the search strategy described by CMS to look for a high-pT
Higgs radiated off a vector boson at the LHC with

√
s = 8 TeV.

Rather than performing a fat-jet analysis, CMS uses a simplified procedure aimed at
identifying a boosted hadronic system that could be considered as a Higgs candidate [128],
which we summarize shortly. First, they impose cuts on the decay products of the W boson.
For a W boson decaying into a muon and its associated neutrino (the case we consider in
the following), they require plT > 20 GeV and |ηl| < 2.4, together with a constraint on the
missing transverse energy pmiss

T > 35 GeV. The Higgs candidate is a dijet system consisting
of two central (|η| < 2.5) b-tagged jets with pT > 30 GeV, reconstructed with the anti-kt
algorithm [157] with R = 0.5. Then, high-pT events are selected by imposing a cut both
on the transverse momentum of the reconstructed W boson pWT > 160 GeV and on that
of the dijet system pT,j > 165 GeV, and requiring the latter to be central (|ηj| < 2.5).
Finally, the W boson and the Higgs candidate are required to be almost back-to-back in
the transverse plane, by imposing ∆φW,j ≡ |φW − φj| > 3, where φi denotes the azimuthal
angle of i, and no extra jets are allowed with pT > 20 GeV and |η| < 2.4.

Among these conditions, the requirement on ∆φW,j, is particularly sensitive to initial-
state radiation, in particular soft and collinear gluon emissions along the beam. We wish
therefore to investigate if our predictions for the ∆φW,j distribution are stable against
higher-order corrections. We do this via simultaneous variations of renormalization and
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Figure 5.4: The differential distribution in the azimuthal angle ∆φW,j between the recon-
structed W boson and the candidate Higgs jet, corresponding to the selection cuts described
in the text.

factorization scales for the production process

mH +mW

2
≤ µ

(p)
R

!
= µ

(p)
F ≤ 2(mH +mW ), (5.4)

and independent variation of the renormalization scale for the decay

mH

2
≤ µ

(d)
R ≤ 2mH . (5.5)

Figure 5.4 shows the ∆φW,j distribution, obtained after imposing the cuts described above.
First of all, one notices that most events are concentrated in the bin ∆φW,j > 3, so that
we expect that bin to be wide enough to ensure a sufficiently inclusive cancellation of large
real and virtual corrections arising from the region close to ∆φW,j = π. This is confirmed
by the fact that, if one considers production only (the histogram labelled “NLO prod.”),
the K-factor we observe in that bin is moderate (around 0.8). Indeed, the cut on ∆φW,j is
only one of the effects that are responsible for this K-factor, the others being the cut on the
jet pT and the jet-veto condition, which can also put constraints on initial-state radiation.
We remark that, if the constraint on ∆φW,j were moved closer to π while keeping all other
cuts fixed, one would expect large logarithmic contributions αns lnm(π−∆φW,j) arising from
multiple initial-state soft-collinear emissions. These could be resummed, either analytically,
or using Monte Carlo event generators. When adding final-state radiation, one observes
that the height of the distribution in the rightmost bin is further depleted. However, due to
the fact that, for ∆φW,j < 3 the NLO distributions for corrections to production only and
production and decay basically coincide, this depletion cannot be ascribed to a restriction
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on final-state radiation imposed indirectly through the cut on ∆φW,j. The reduction of
the cross section is mainly due to the loss of QCD radiation from the bb̄ system. Due to
the jet-veto condition, any gluon that is not clustered inside the two b-jets that constitute
the Higgs candidate is likely to be soft, and therefore ∆φW,j will be close to π. It is
this restriction on final-state radiation that causes an imbalance between real and virtual
corrections, giving a large negative contribution.

A further source of large virtual corrections, which contribute significantly to the size
of the observed K-factor, is the presence of a term αs ln(mb/mH) in the virtual corrections,
coming from the OS renormalization of the coupling of the bottom quark to the Higgs.
To investigate the impact of this term, we use a different prescription to combine NLO
corrections to production and decay, by strictly expanding equation (5.2) at order αs:

dσexp

pp→(H→bb̄)W =

{
dσ

(0)
pp→WH ×

[
dΓ

(0)

H→bb̄

Γ
(0)

H→bb̄

(
1−

Γ
(1)

H→bb̄

Γ
(0)

H→bb̄

)
+
dΓ

(1)

H→bb̄

Γ
(0)

H→bb̄

]

+ dσ
(1)
pp→WH ×

dΓ
(0)

H→bb̄

Γ
(0)

H→bb̄

}
× Br(H → bb̄) . (5.6)

We see that the curve corresponding to this last prescription (purple, labelled “NLO
exp.”) is significantly higher than the curve corresponding to equation (5.2) (blue, la-
belled “NLO”). The difference between the two prescriptions can be understood as an
indication on the convergence of perturbation theory. In this respect, we have checked
that all the results we have obtained in the previous section using the fat-jet procedure
are, within scale uncertainties, insensitive to a change of prescription, thus indicating that
this procedure is inclusive enough with respect to final-state radiation to ensure good con-
vergence of the perturbative expansion. In the following, whenever relevant, we will use
both prescriptions.

We now present the distributions studied in the previous section, this time relative to the
candidate Higgs selected according to the CMS procedure, and for LHC at

√
s = 8 TeV.2

For the mass distribution, we will also compare the mass spectrum corresponding to the
CMS analysis with that obtained with the fat-jet analysis described in section 5.2. In this
case mj will label the invariant mass of the fat jet.

Figure 5.5 contains distributions in the transverse momentum pT,j of the candidate
Higgs dijet system. Each band corresponds to a simultaneous variation of renormalization
and factorization scales for the production process

mH +mW

2
≤ µ

(p)
R

!
= µ

(p)
F ≤ 2(mH +mW ), (5.7)

while renormalization scale for the decay is kept fixed at µ
(d)
R = mH . If one does not

include NLO corrections to the decay, one observes a 20% reduction in the cross section
with respect to LO. This reduction is driven mainly by the jet-veto condition, and as

2We have checked that our considerations do not change in the case of LHC at
√
s = 7 TeV.
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Figure 5.5: The distribution in the transverse momentum pT,j of the candidate Higgs dijet
system, corresponding to the selection cuts described in the text.
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expected gets mildly more pronounced as the dijet transverse momentum increases. The
inclusion of NLO corrections to Higgs boson decay causes a further decrease of the cross
section. We interpret this result as a sizable loss of QCD final-state radiation by the two
jets that constitute the Higgs candidate system, likely due to the fact that the b-jets have
a small radius and the typical perturbative jet pT -loss increases with decreasing radius, as
explained in reference [158], and the lost radiation undergoes a jet-veto constraint. This in
turns causes a poor convergence of the perturbative series, as one observes by comparing
the “NLO” (blue) and “NLO exp.” (purple) curves. We have checked that this does not
happen if one performs a fat-jet analysis with the same parameters as in section 5.2, where
one observes instead a K-factor of around 0.6 for pT,j > 250 GeV, although in this case the
pT,j distribution drops abruptly, as expected, for pT,j < 200 GeV. We have also checked
that for larger pT values (pT,j > 350 GeV) the CMS and fat-jet procedure give comparable
pT,j spectra. Another remark concerns the first bin (160 GeV < pT,j < 165 GeV), where the
distribution is unstable against scale variations (it becomes even negative if one includes
corrections to Higgs boson decay), again due to the fact that this bin corresponds to
symmetric transverse momentum cuts, in which the W boson and the b-dijet system recoil
against a soft-collinear gluon. This bin is not included in the CMS analysis, and will not
be considered in all our subsequent studies.

We then present in figure 5.6 the distribution in the invariant mass of the candidate
Higgs system dσ/dmj. We consider here four distributions, the first (solid, red) obtained
with the CMS selection procedure, the second (dashed, blue) corresponding to the fat-
jet selection procedure explained at the beginning of section 5.2, with the same selection
cuts as CMS for the leptons, the W boson and the candidate Higgs system, the third
(dashed, green) corresponding to the CMS procedure but where only NLO corrections to
the production process are considered, and the fourth (dotted, purple) again corresponding
to the CMS procedure and obtained using equation (5.6).

From the plots we see that the mass distribution resulting from the CMS procedure
(red, solid), catches more candidate Higgs events than the fat-jet one, as expected due to
the lower pT -cut on the selected b-jets. However, the mass distribution does not display
a mass peak in the expected position. In fact the value of the distribution at mj =
125 GeV is negative (see inset plot of figure 5.6) if one uses equation (5.2), and only slightly
positive if one uses instead equation (5.6) (the purple dotted curve labelled “CMS exp.”).
Regardless of the actual value of the distribution at mj = 125 GeV, this clearly indicates
that radiation from the bb̄ pair originating from Higgs boson decay is not naturally included
in the candidate Higgs system. On the contrary, the fat-jet procedure (blue, dashed) gives
correctly a peak at mj = 125 GeV, although with a reduced height with respect to that
of the shifted peak resulting from the CMS procedure. This result does not change if one
uses the alternative prescription of equation (5.6). The third curve (green, dashed) shows
the mass distribution obtained by considering NLO corrections to production only.

We notice that the peak is in the expected position, with a height that is roughly five
times larger than that of the peak corresponding to the fat-jet procedure. In this respect,
we remark that the parameters we have chosen for the fat-jet analysis are identical to
those of section 5.2. In principle one should redetermine their optimal value after a full
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Figure 5.6: The distribution in the invariant mass mj of the candidate Higgs jet obtained
with the procedure adopted by CMS, with and without NLO corrections to Higgs decay,
and with the fat-jet procedure described in section 5.2.

simulation of signal and background, including parton shower effects (for instance using
the recent developments of reference [147]).
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Chapter 6

Conclusion

We have implemented NLO corrections to Higgs boson production in association with a
leptonically decaying W boson and to its subsequent decay into a bottom quark-antiquark
pair, in a numerical code that returns weighted events, fully differential in the decay prod-
ucts of the Higgs boson and of the W boson. We have then looked at how NLO QCD
corrections to Higgs boson decay affect various observables that are relevant for Higgs
searches at the LHC. In particular, we have analyzed two different experimental setups,
one with

√
s = 14 TeV and the other with

√
s = 8 TeV.

In the first case, the Higgs boson is produced in a boosted regime, with its transverse
momentum larger than its mass, and detected using the fat-jet technique proposed in
reference [131]. With our study in section 5.2, we assess that the Higgs candidate obtained
with the fat-jet procedure is stable against radiative corrections. Its mass distribution is
peaked at the expected value of the Higgs boson mass and the resolution of the peak is
reasonably good (see figure 5.3). We remark that the height of the peak is sensitive to
the jet-veto condition that one imposes on any jet besides the candidate Higgs fat jet, the
stronger the veto the stronger the suppression of the peak. In our case the height of the
peak obtained after imposing a jet-veto condition is roughly a third of that we get if we
are fully inclusive with respect to all jets.

The second experimental setup we have considered corresponds to the event selection
done at that point by the CMS experiment, but for the LHC current energy

√
s = 8 TeV.

CMS chooses configurations in which both the Higgs boson and the W boson have high
transverse momentum. Then they do not perform a full fat-jet analysis, but rather consider
as a Higgs candidate a system of two b-jets satisfying a set of transverse momentum and
rapidity cuts. Again we have checked how relevant distributions are influenced by QCD
corrections to Higgs boson decay. We have found that such corrections have a big impact
both on the candidate Higgs transverse momentum spectrum and on its invariant mass
distribution. In particular, for the latter it turns out that the effect of an extra jet-veto
and the loss of QCD radiation from the bb̄ system give a displacement of the mass peak
from its expected position, with a poor peak resolution. This suggests an instability of
the CMS procedure against radiative corrections from the final state, and reveals how
important it is to have NLO information on the Higgs boson decay as well. We remark
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that the use of a parton shower event generator will give a smoother mass distribution, but
will not significantly improve the mass resolution of the peak, which is mainly affected by
the large pT loss of the selected b-jets. For comparison we have also studied the jet-mass
distribution for a candidate Higgs jet obtained with the same fat-jet procedure considered
for the LHC at

√
s = 14 TeV. Also in this case the procedure seems stable under radiative

corrections, and we are able to reconstruct a mass peak in the expected position.
The study we have performed gives some new information on the impact of higher-order

corrections on the Higgsstrahlung process. An analogous study for the ZH production
process can be achieved by changing the couplings and PDFs used.

More studies are needed both to improve the accuracy of the calculation, including for
instance NNLO corrections to both production and decay, such as the one presented in
reference [141]. Furthermore, it is necessary to devise procedures to cure the instabilities
we have found in our analysis.



Part III

QCD corrections for γ∗γ∗ production
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Chapter 7

Introduction

In this part, we shall present the investigation performed on the QCD corrections to the
γ∗γ∗ production process. This is a first step towards the study of the general class of
diboson processes which, as the name suggests, involve two EW vector bosons in the
final state, that may be different. This process is interesting from the theoretical point
of view because it can involve multiple scales: besides the kinematical invariants, the
masses/virtualities of the final state bosons enter the game and make the treatment all
the more challenging. It is also particularly relevant from the experimental point of view
because it is a background process for Higgs searches for example in the “golden channel”
where the Higgs decays to a pair of Z bosons or when looking for a Higgs decaying to a pair
of W bosons as in both cases the vector bosons are kinematically driven to have different
virtualities (one being in general on-shell due to the resonance enhancement). Therefore
precise and reliable estimations of the contribution to the background of these processes
including perturbative corrections beyond the LO in QCD constitute a priority.

Currently, the computation of this process are known differentially up to NLO in
QCD [159–165]. The status of the NNLO corrections to diboson production is the fol-
lowing: The full result is known since a couple of years for γγ production [166]. For the
equal-mass case, which is relevant for WW and ZZ production, the 2-loop master inte-
grals have been computed in references [167, 168], and the inclusive ZZ production has
just been published [169]. For unequal masses, which encompasses Wγ(∗), WW∗, W(∗)Z(∗),
Zγ(∗), and ZZ∗ production, the 2-loop master integrals have been published [170,171] while
this work was in progress, furthermore all the 2-loop QCD helicity amplitudes are also
available [172,173].

In the following chapters, we will present the ingredients entering the computation of
the cross-section corrections at NNLO in QCD for a gauge invariant subset of the diagrams
involved in the process pp→ γ∗γ∗, namely those coming from Nf massless quark flavors.

In chapter 8, we concentrate on the 2-loop virtual amplitudes and express these in terms
of master integrals using established reduction methods. We shall present the organization
of the reduction in the general case and then spell out the result for the Nf piece which
consists of diagrams with a light quark loop. We evaluate the latter with direct integration
methods along the lines of reference [115]. We tackle the corresponding piece for the double-
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real radiation in chapter 9, where we shall present the implementation of a subtraction
method after we parametrize the phase-space hierarchically which makes all IR singularities
appear in a factorized form. Finally in chapter 10 we present some distributions obtained
when combining both virtual and real corrections in an in-house event generator.



Chapter 8

Virtual corrections

In this chapter we present the steps of the computation of the 1- and a gauge-invariant
subset of the full 2-loop correction to the qq̄ → γ∗γ∗ process, where both photons are
off-shell with non-related virtualities. We will detail the treatment of the 2-loop case: the
one-loop computation goes along the same lines, but involves less subtleties.

We will focus on the computation of the unrenormalized 2-loop contribution. The
renormalized 2-loop virtual contribution that has been implemented for the numerical
results presented in chapter 10 can be written in terms of the bare one as

dσqq̄V V = dσU ;qq̄
V V −

β0|Nf
ε

asdσ
qq̄
V . (8.1)

After we present the generation and reduction framework in the general case, we will
restrict the discussion to a subset of the full amplitude in the last section.

8.1 Generation

The diagrams relevant to the 0-, 1- and 2-loop amplitudes are generated using QGRAF [59].
The 1-loop diagrams contain one more internal gluon propagator than the tree-level process.
Out of the 12 diagrams, 4 vanish due to color, leaving 8 diagrams. The 2-loop diagrams
have one more loop and can thus have an extra (heavy or massless) fermion, gluon, or
ghost loop. Out of the 198 diagrams, 54 vanish due to color (section 1.2.2), leaving 144
diagrams.

At NLO, the amplitude is obtained by computing the interference of the 1-loop dia-
grams with the 0-loop diagrams. At NNLO, the amplitude is obtained by computing the
interference of the 2-loop diagrams with the 0-loop diagrams, and by the squared sum
of the 1-loop diagrams. We map these expressions to integrals within standard topologies
according to their propagator structure, we reduce each integral to a set of master integrals
using the Laporta algorithm [100] and we evaluate the master integrals analytically. In
what follows we describe these steps in more detail.
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Figure 8.1: This diagram belongs to the X topology class.

8.2 Mapping to topologies

In what follows, we will detail the treatment of the 2-loop case: the 1-loop computation
goes along the same lines, but involves less subtleties.

The loop momenta k and l are assigned by QGRAF but we are free to transform them
using transformations that do not alter the measure of the loop momenta, i.e. for which
the determinant of the Jacobian is unity.

The invariance under such transformations is used to organize the calculation and
classify the diagrams into topology classes that depend exclusively on the denominator
structure. For each diagram, we generate the image under all authorized transformations
and match the result with the standard form for each of the topology classes P of planar
diagrams or X of non-planar diagrams. In the implementation, a diagram from the X
class as the one shown in figure 8.1 is characterized as follows: it is not possible to find a
transformation of the loop momenta which reduces the number of propagators containing
both k and l to one.

At this stage each diagram is written as (section 2.6):

N({k, l, q1, q2, q3})
Dn1

1 (q1, q2, q3) · · ·Dn9
9 (q1, q2, q3)

where for both classes (q1···n ≡ q1 + · · ·+ qn),

D1 = k2, D2 = (k + q1)2, D3 = (k + q12)2, D9 = (k − l)2.

D5 = l2, D6 = (l + q1)2, D7 = (l + q12)2, D8 = (l + q123)2, (8.2)

while, depending on the topology class,

P : D4 = (k + q123)2, X : D4 = (l − k + q123)2. (8.3)

and N is a polynomial of all the possible scalar products of independent external 1 and
loop momenta which comes from the translation of the diagram with the Feynman rules of

1We stress that the momenta q1, . . . , q3 can be any three of the four independent momenta.
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QED and QCD (sections 1.2.1 and 1.3.2). We use the Feynman gauge ξ = 1 for the gluon
propagator and the polarization sum for a photon with 4-momentum p reads∑

λ

(εµλ)∗(p)ενλ(p) =− gµν +
pµpν

p2
, (8.4)

where the second piece does not contribute because of the Ward identity for the off-shell
photon. We evaluate the chains of γ-matrices in d = 4− 2ε dimensions using a housemade
set of routines coded in FORM [60, 61]. All the scalar products in N are expressed in terms
of the denominators. The relation is obtained by inverting (8.2) and (8.3). For the class-
independent products:

k2 = D1, l2 = D5,

2k · q1 = D2 −D1 − q2
1, 2l · q1 = D6 −D5 − q2

1,

2k · q2 = D3 −D2 + q2
1 − q2

12, 2l · q2 = D7 −D6 + q2
1 − q2

12,

2k · l = D1 +D5 −D9, 2l · q3 = D8 −D7 + q2
12 − q2

123,

while for class-dependent product:

P : 2k · q3 = D4 −D3 + q2
12 − q2

123,

X : 2k · q3 = D1 −D3 −D4 −D5 +D8 +D9 + q2
12.

which allows to rewrite N as a polynomial in the denominators and the invariants s, t, u,
s3, s4. Each term can then be expressed as a sum

T :
∑
i

fi(s, t, u, s3, s4)T (n1,i, . . . , n9,i, q1, q2, q3) (8.5)

where for the topology class T ∈ {P ,X} we have defined the topology T :

T : T (n1, . . . , n9, q1, q2, q3) ≡
9∏
i=1

D−nii (q1, q2, q3). (8.6)

We have now brought all terms into scalar integrals, which are characterized by integer
indices and three independent momenta.

Before moving to the presentation of the reduction, we would like to stress that there is
still in principle some level of arbitrariness with this setup due to the residual invariance of
the result under transformations of the loop momenta (in particular swapping): different
naming of the same inherent topology with different momenta can occur. For example,

P (n1, . . . , n9, p1, p2, p3) = P (n1, n4, n3, n2, n5, n8, n7, n6, n9, p4, p3, p2),

as can be seen by substituting p1 = −p2−p3−p4 and applying the transformation (k, l) 7→
(−k,−l) in the left hand side expression. This has no influence on the final result, but can
impair computational efficiency as it would make us reduce two equivalent off-shell classes
(section 2.6.4). If two general off-shell classes are connected as in the example above,
we only need to perform the reduction on one of them and we can get the other one by
transformation.
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(a) Portho (b) Ppara

(c) Xortho (d) Xortho′ (e) Xpara

Figure 8.2: Mass classes of 2-loop 2-scale topologies. Thick external lines denote the
non-light-like momenta.

8.3 Reduction with AIR

The reduction of the integrals to master integrals is performed with AIR [78] which is
based on Laporta’s algorithm [100]. The description of the ingredients necessary is done
in section 2.6.5. We list here the specific ingredients needed for the case under study.

Off-shell classes The integrals are assigned to one of five off-shell topology classes rel-
evant to our process:

q2
1 = 0, q2

2 = 0, q2
3 6= 0⇒P (. . . , q1, q2, q3) ∈ Portho

q2
1 = 0, q2

2 6= 0, q2
3 = 0⇒P (. . . , q1, q2, q3) ∈ Ppara

q2
1 = 0, q2

2 = 0, q2
3 6= 0⇒X(. . . , q1, q2, q3) ∈ Xortho (8.7)

q2
1 6= 0, q2

2 6= 0, q2
3 = 0⇒X(. . . , q1, q2, q3) ∈ Xortho′

q2
1 = 0, q2

2 6= 0, q2
3 = 0⇒X(. . . , q1, q2, q3) ∈ Xpara

The off-shell classes are shown pictorially in figure 8.2, where the thick lines correspond to
non-light-like external momenta.

The reduction of each off-shell class is performed separately, with the IBPs (and LIs)
specific to this off-shell configuration.

Zero topologies Using the notation of section 2.6.4, a topology vanishes as soon as
one of the constraints is fulfilled (note that when we use Θ̄, the condition requires also
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Θ(n5, n6) = 0):

Z[Portho] = {Θ(n1, . . . , n9) < 3,Θ(n1, . . . , n4, n9) < 2,Θ(n5, . . . , n9) < 2, (8.8)

Θ(n1, n2, n3, n5, n6, n7) < 1,Θ(n2, n3, n4, n6, n7, n8) < 1,

Θ(n1, n4, n5, n8) < 1,Θ(n3, n4, n7, n8) < 1,

Θ(n1, n4, n9) < 1,Θ(n3, n4, n9) < 1,Θ(n5, n8, n9) < 1,Θ(n7, n8, n9) < 1},
Z[Ppara] = {Θ(n1, . . . , n9) < 3,Θ(n1, . . . , n4, n9) < 2,Θ(n5, . . . , n9) < 2, (8.9)

Θ(n1, n2, n3, n5, n6, n7) < 1,Θ(n2, n3, n4, n6, n7, n8) < 1,

Θ(n1, n2, n5, n6) < 1,Θ(n3, n4, n7, n8) < 1,

Θ(n1, n2, n9) < 1,Θ(n3, n4, n9) < 1,Θ(n5, n6, n9) < 1,Θ(n7, n8, n9) < 1},
Z[Xortho] = {Θ(n1, . . . , n9) < 3, (8.10)

Θ(n1, . . . , n4, n9) < 2,Θ(n1, n2, n3, n5, . . . , n8) < 2,Θ(n4, . . . , n9) < 2,

Θ(n4, n5, n8, n9) < 1,Θ(n4, n7, n8, n9) < 1,

Θ̄(n1, n4, n9) < 1, Θ̄(n1, n7, n8) < 1, Θ̄(n3, n7, n8) < 1, Θ̄(n3, n7, n9) < 1},
Z[Xortho′ ] = {Θ(n1, . . . , n9) < 3, (8.11)

Θ(n1, . . . , n4, n9) < 2,Θ(n1, n2, n3, n5, . . . , n8) < 2,Θ(n4, . . . , n9) < 2,

Θ(n3, n4, n7, n8) < 1,Θ(n4, n7, n8, n9) < 1,

Θ̄(n1, n2, n4, n7) < 1, Θ̄(n1, n2, n4, n8) < 1, Θ̄(n2, n3, n8, n9) < 1,

Θ̄(n1, n2, n3) < 1, Θ̄(n1, n2, n4) < 1, Θ̄(n2, n3, n9) < 1, Θ̄(n4, n9) < 1},
Z[Xpara] = {Θ(n1, . . . , n9) < 3, (8.12)

Θ(n1, . . . , n4, n9) < 2,Θ(n1, n2, n3, n5, . . . , n8) < 2,Θ(n4, . . . , n9) < 2,

Θ(n3, n4, n7, n8) < 1,Θ(n3, n4, n9) < 1,

Θ̄(n1, n2, n4, n7) < 1, Θ̄(n1, n2, n4, n8) < 1, Θ̄(n2, n3, n8, n9) < 1,

Θ̄(n1, n2, n3) < 1, Θ̄(n1, n2, n4) < 1, Θ̄(n2, n3, n9) < 1, Θ̄(n4, n9) < 1}.

Seeds The set of seeds should contain all the scalar topologies appearing in the process
that have been obtained as discussed in the last section.

We find for the process at hand, that independently of the off-shell class, the maximum
number of propagators is 7, while the minimum number of propagators is 3. Furthermore
the sum of the absolute values of the negative indices ranges from 0 to 4 for all off-
shell classes. Some integrals of the off-shell classes Portho and Xortho′ present one dotted
propagator, while the other classes only have simple propagators. Finally, no integrals of
the off-shell classes Xortho or Xpara have propagators in the fifth and sixth position. They
can however have negative indices at these positions.

Once the reduction is completed, the amplitude can be written as a sum of rational
coefficients of the invariants multiplying the master integrals.

In the next section, we present the results for a gauge-invariant subset of the full
amplitude.
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Figure 8.3: Diagram contributing to the 2-loop Nf -piece of the process qq̄ → γ∗γ∗.

Figure 8.4: Diagram not contributing to the 2-loop Nf -piece of the process qq̄ → γ∗γ∗.

8.4 Double-virtual Nf amplitude

We present in this section the first results for a gauge-invariant subset of the diagrams
having an internal massless quark loop inserted, like the one shown in figure 8.3. These
are in one-to-one correspondence with the 1-loop diagrams where the gluon propagator is
replaced by its one-loop self energy diagram, and they are multiplied by a factor Nf , which
denotes the number of massless quark flavors.

Note that diagrams involving a quark loop that is connected to one or both external
photons – like the one shown in figure 8.4 – do not belong to the Nf -piece as they are
proportional to the electromagnetic charge of the individual quarks in the fermion loop.

For the process under study, it is possible to bring all diagrams to integrals of the form

P (n1, . . . , n9, p1, p2, p3), or P (n1, . . . , n9, p1, p2, p4),

where the coefficients n1, n3 and n4 are negative or vanish. This defines a subclass of Portho
which is faster to reduce as it involves less propagators.

After reduction, we find that we can express the 2-loop Nf -piece through twelve master
integrals. Six of them are:

P (0, 1, 0, 0, 0, 0, 0, 1, 1, p1, p2, p4) = (8.13a)
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P (0, 1, 0, 0, 1, 0, 1, 0, 1, p1, p2, p4) = (8.13b)

P (0, 1, 0, 0, 1, 0, 0, 1, 1, p1, p2, p4) = (8.13c)

P (0, 1, 0, 0, 0, 0, 1, 1, 1, p1, p2, p4) = (8.13d)

P (0, 1, 0, 0, 1, 0, 1, 1, 1, p1, p2, p4) = (8.13e)

P (0, 1, 0, 0, 1, 0, 1, 1, 2, p1, p2, p4) = (8.13f)

and the other six can be obtained by setting p4 → p3 in the above.

The coefficients of the master integrals for the Nf -piece of the unrenormalized 2-loop
amplitude can be found in the appendix B.

The integrals of interest depend on four scales, one of which can be factored out so that
we can work with the ratios u, v, w:

p2
1 = 0, p2

2 = 0, p2
3 = m2

3, p2
4 = m2

4,

s = (p1 + p2)2, t = (p1 + p3)2,

u =
p2

3

s
, v =

p2
4

s
, w =

t

s
.

(8.14)

It can be convenient to write u and v in terms of two new variables z, z̄:

z, z̄ =
1

2

(
1 + u− v ±

√
λ(u, v, 1)

)
,

u = zz̄, v = (1− z)(1− z̄),
(8.15)

where λ(a, b, c) = a2+b2+c2−2ab−2ac−2bc is the Källén function. The same parametriza-
tion was used for the three-mass triangle integrals in ref. [115], except that now there is
one more scale (w). We work in the Euclidean region where p2

i ≤ 0, i = 1, . . . , 4, and thus
u, v, w are positive. Moreover, in analogy to the case of the three-mass triangles, we first
compute the integrals in the region where λ(1, u, v) < 0 and thus z and z̄ are complex
conjugate to each other. In this region the functions are well defined and have no branch
cuts in the complex z plane.

The analytic expressions contain the functions Pw(z),Q±3 (z) and R±3 , besides ordinary
logarithms and classical polylogarithms. The full expressions of these functions and of the
master integrals needed are given in reference [2].
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8.4.1 Computation of the master integrals

In this section we describe briefly how we computed the master integrals using the tech-
niques presented in section 2.7 and illustrate some of the steps with an example. From the
computation philosophy point of view, the approach is the same as in reference [115], also
known as symbolic integration. A more detailed treatment can be found in reference [114].

The general procedure is the following. We represent the integrals in the Feynman
parametrization (section 2.7.2) and expand the integrand in the dimensional regulariza-
tion parameter ε. Since the integrals diverge as ε → 0 and in addition some of the sin-
gularities overlap, we will factorize these singularities with the method of non-linear map-
pings [79] and perform the expansion in ε with the help of +-distributions (section 2.3.2).
We then perform the integration order by order working with multiple polylogarithms
G(a1, . . . , an; t), which we have defined along with their main properties in section 2.7.3.
After the (trivial) integration over the first Feynman parameter, we write all the gained
(poly)logarithms in the integrand as (a sum of) multiple polylogarithms (MPLs) where
the Feynman parameter which we want to integrate next has to be in the last argument,
in order to be able to use the recursive definition (2.70). Note that all the denominators
in the integral need to be linear, i.e. of the form t± a, where a is a linear function of the
remaining integration variables. This is the case for the integrals we consider.Moreover,
the MPLs in the numerator have to be written as a sum without products of MPLs left.
This can be achieved using the shuffle algebra of MPLs (2.72) [116].

Using partial fractioning and the shuffle algebra, we can express the MPLs in the form
where we can make use of equation (2.70). We then repeat these steps for each Feynman
parameter of the integral. The main challenge in the later steps consists in rewriting the
MPLs such that the next Feynman parameter we integrate is again the last argument. In
order to find the functional equations among MPLs which allow us to perform this task,
we make use of the Hopf algebra structure of these functions and its coproduct [117,174].
An algorithm to obtain the right form is given in [175].

Let us illustrate the steps mentioned so far with one of the two boxes appearing in the
Nf part of the two-loop amplitude as an example:

B2a = = e2γEε

∫
ddk ddl

(iπd/2)2

1

(k + l)4(k + p1)2(k + p13)2(k + p134)2l2
, (8.16)

where pi...j = pi + · · · pj.
First we need to parametrize the integral and factorize the singularities. Note that the 2-

loop integrals relevant for the Nf piece of the NNLO correction to qq̄ → γ∗γ∗ are practically
1-loop boxes with inserted bubble integrals. We integrate the bubble sub-integral out using
the formula∫

ddl

iπd/2
1

[l2]νa [(k + l)2]νb
= (−1)

d
2 (k2)

d
2
−νa−νb Γ(νa + νb − d

2
)Γ(d

2
− νa)Γ(d

2
− νb)

Γ(νa)Γ(νb)Γ(d− νa − νb)
, (8.17)

which is obtained using equations (A.3) and (A.4), and obtain one-loop boxes with one of
the propagators raised to an ε-dependent power. More precisely, the 2-loop integrals can
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be written as

(−1)
d
2 e2γEε

Γ(νa + νb − d
2
)Γ(d

2
− νa)Γ(d

2
− νb)

Γ(νa)Γ(νb)Γ(d− νa − νb)

1∫
0

(
4∏
i=1

dxi

)
fp(ν1, ν2, ν3, ν4, d), (8.18)

where νa and νb are the powers of the propagators of the bubble integral and fp(ν1, ν2, ν3, ν4, d)
is the usual Feynman parametrization of the 1-loop box integral for arbitrary powers νi of
propagators in d dimensions

fp(ν1, ν2, ν3, ν4, d) ≡
(−1)

d
2 Γ(ν − d

2
)∏

i Γ(νi)
δ

(
1−

∑
i

xi

)
xν1−1

1 xν2−1
2 xν3−1

3 xν4−1
4 (8.19)

× (x1 + x2 + x3 + x4)ν−d(sx2x4 + tx1x3 +m2
3x2x3 +m2

4x3x4)
d
2
−ν .

In the case of B2a, the propagator between the legs p1 and p2 is raised to the power
1 + ε:

fp(1 + ε, 1, 1, 1, 4− 2ε) =
(−1)2−εΓ(2 + 2ε)

Γ(1 + ε)
δ
(

1−
∑

xi

)(∑
xi

)3ε

× xε1(m2
4x3x4 +m2

3x2x3 + x1x3t+ x2x4s)
−2−2ε.

(8.20)

Performing the following mapping,

xi 7→
xi∑
j xjAj

, (8.21)

where the Aj are not specified for the moment, we obtain for the right hand side of
equation (8.20),

(−1)2−εΓ(2 + 2ε)

Γ(1 + ε)

δ (1−
∑
xi)A

1+ε
1 A2A3A4 (

∑
xiAi)

3ε xε1

(sA2A4x2x4 + tA1A3x1x3 +m2
3A2A3x2x3 +m2

4A3A4x3x4)
2+ε . (8.22)

It is possible to remove all the kinematical dependencies from the denominator by solving
the system of equations [176]

A2A4 = 1/s, A1A3 = 1/t, A2A3 = 1/m2
3, A3A4 = 1/m2

4. (8.23)

We obtain the solution for s > 0:

A1 =

√
m2

3m
2
4

st2
, A2 =

√
m2

4

sm2
3

, A3 =

√
s

m2
3m

2
4

, A4 =

√
m2

3

sm2
4

, (8.24)

and end up with

(−1)2−εΓ(2 + 2ε)

Γ(1 + ε)

δ (1−
∑
xi)A

1+ε
1 A2A3A4 (

∑
xiAi)

3ε xε1
(x2x4 + x3(x1 + x2 + x4))2+2ε . (8.25)
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The δ-distribution can be solved choosing for example

x3 = y1, x2 = (1− y1)y2, x4 = (1− y1)(1− y2)y3, x1 = (1− y1)(1− y2)(1− y3),
(8.26)

where the Jacobian of the transformation is (1− y1)2(1− y2). Writing ȳi = 1− yi we arrive
at

(−1)2−εΓ(2 + 2ε)

Γ(1 + ε)

A1+ε
1 A2A3A4 (

∑
xiAi)

3ε ȳ−ε1 ȳ1+ε
2 ȳε3

(ȳ1y2ȳ2y3 + y1)2+2ε , (8.27)

where for the moment we did not make the change of variables in the sum (
∑
xiAi)

3ε for
better readability. We obtain overlapping singularities for y1 = 0 and either y2 = 0, y2 = 1
or y3 = 0. These can be factorized completely by the following non-linear mapping

y1 7→
y1y2ȳ2y3

y1y2ȳ2y3 + ȳ1

. (8.28)

The Jacobian is cancelled entirely and we end up with an integral free of overlapping
singularities. Putting everything together using equation (8.18) with νa = 2 and νb = 1,
we obtain:

B2a =− (−1)4−2ε c
2
Γ

ε

Γ(1− 2ε)Γ(2 + 2ε)

Γ(1− ε)2Γ(1 + ε)2

1∫
0

(
3∏

n=1

dyi

)
y−1−2ε

2 y−1−2ε
3

× A1+ε
1 A2A3A4 ȳ

−ε
1 ȳ−ε2 ȳε3 (ȳ1y2A2 + y1y2ȳ2y3A3 + ȳ1ȳ2y3A4 + ȳ1ȳ2ȳ3A1)3ε ,

(8.29)

where

cΓ ≡ eγEε
Γ(1 + ε)Γ(1− ε)2

Γ(1− 2ε)
. (8.30)

Substituting the expressions for the Aj’s (8.24) and using the variables u, v, w we obtain
finally the following parametrization for B2a:

B2a = −c
2
Γ

ε

Γ(1− 2ε)Γ(2 + 2ε)

Γ(1− ε)2Γ(1 + ε)2
(−s)−2−2εu−εv−εw−1−4ε

×
1∫

0

(
3∏
i=1

dyi

)
b2a(y1, y2, y3)y−1−2ε

2 y−1−2ε
3 ,

(8.31)

where the function b2a(y1, y2, y3) is free of singularities and given by

b2a(y1, y2, y3) ≡ ȳ−ε1 ȳ−ε2 ȳε3(w(uȳ1ȳ2y3 + vȳ1y2 + y1y2ȳ2y3) + uvȳ1ȳ2ȳ3)3ε. (8.32)
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The two singularities are located in the variables y2 and y3 in a factorized form as intended.
We now perform the expansion in ε with the help of the +-distribution, equation (A.10),
and our integral becomes a sum of four finite integrals

1∫
0

(
3∏
i=1

dyi

)
b2a(y1, y2, y3)y−1−2ε

2 y−1−2ε
3 = Iδδ2a + Iδ+2a + I+δ

2a + I++
2a , (8.33)

with

Iδδ2a =

1∫
0

dy1
b2a(y1, 0, 0)

4ε2
,

Iδ+2a = −
1∫

0

dy1dy3
b2a(y1, 0, y3)− b2a(y1, 0, 0)

2εy1+2ε
3

,

I+δ
2a = −

1∫
0

dy1dy2
b2a(y1, y2, 0)− b2a(y1, 0, 0)

2εy1+2ε
2

,

I++
2a =

1∫
0

dy1dy2dy3
b2a(y1, y2, y3)− b2a(y1, 0, y3)− b2a(y1, y2, 0) + b2a(y1, 0, 0)

y1+2ε
2 y1+2ε

3

,

(8.34)

which can be integrated order by order in ε.
Let us do some of the integrations explicitly to give a taste of the integration using

MPLs. The integral Iδδ2a is trivial and can be integrated directly without having to expand
the integrand in ε. The integration over y1 in Iδ+2a can be performed without any trouble,
but let us illustrate the use of MPLs. Using equations (2.71a) and (2.70), we find that the
finite (ε0) of Iδ+2a is given by

Iδ+2a |ε0 = −1

2

1∫
0

dy3
3 ln (−vy3 + wy3 + v) + ln (1− y3)− 3 ln (v)

y3

= −1

2

1∫
0

dy3

3G
(

v
v−w ; y3

)
+G(1; y3)

y3

, (8.35)

= −3

2
G

(
0,

v

v − w
; 1

)
− 1

2
G(0, 1; 1).

All the other integrals can be performed in the same manner.
Note that at one point we will face a denominator of the form

ux− vx− x2 − u+ x (8.36)
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whose roots are given by z and z̄ defined by equation (8.15), allowing us to factorize them
and to perform partial fraction with these.

The result will be a quite lengthy expression with many MPLs which are not all inde-
pendent. With the help of the symbol or its enhanced extension, the coproduct , we can
map the expressions into a tensor algebra, where all the functional equations are just simple
algebraic identities, and simplify the expression significantly (section 2.7.4). Afterwards,
we have to find an (simpler) expression with the same symbol. We will perform this step
by constructing a priori a basis of functions in each weight and use this basis as an ansatz
with arbitrary coefficients. By comparing the symbol of the integral with the symbol of
our basis, we can determine values of the coefficients and obtain a result expressed through
the functions of our basis.

The basis is not unique and we will use this freedom to construct the basis out of so-
called single-valued polylogarithms. These functions are combinations of MPLs where all
the individual discontinuities cancel. In reference [115] a single-valued basis was presented
for the three-mass triangle integrals and a general algorithm for its construction. These
functions will return as a subset of the basis functions for the integrals needed for this
work.

The construction of a single valued basis was carried out following the procedure pre-
sented in [115]. The details of the computation can be found in references [2, 114].

8.4.2 Catani poles

Inserting the expressions for the master integrals in the amplitude we checked that the poles
of the 1-loop (starting with ε−2) and 2-loop Nf -piece (starting with ε−3) amplitudes satisfy
the results given by Catani [177]. We review here shortly the steps of this verification.

The renormalization of the coupling (section 2.3.1) consists only in replacing the bare
QCD coupling constant as = αs

π
according to

absSε = as(µ)

[
1− β0

ε
as(µ) +O(a2

s(µ))

]
, (8.37)

where

β0 ≡
11CA − 4TRNf

12
Sε = (4π)εe−εγE (8.38)

are respectively the first coefficient of the QCD β-function (of which only the Nf -piece is
relevant to our study) and the typical phase-space volume factor in d = 4− 2ε dimensions
and γE is the Euler-Masceroni constant. Corrections of higher order in the as are not
needed for the 2-loop result as the underlying tree-level process does not involve QCD
vertices. The renormalization of the bare 2-loop amplitude yields terms of O(a3

s), that are
beyond the order needed. The renormalization of the bare 1-loop amplitude however will
contribute to O(a2

s):

M2-loop =Mb
2-loop −

β0

ε
Mb

1-loop (8.39)
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After this renormalization, the poles of each order are described by the operators I1

(for the O(as) and O(a2
s) coefficients) and I2 (for the O(a2

s)) for which explicit results are
given respectively in sections 3 and 5 of reference [177] for the problem at hand, of which
we only need the piece that is proportional to Nf .

At O(as) we should have for the poles of the 1-loop renormalized,

M1-loop|poles = asI1M0-loop. (8.40)

with2

I1 = −CF
[

1

ε2
+

3 + 2L

2ε

]
+O(ε), (8.41)

where

L ≡ ln

(
µ2

s

)
. (8.42)

Picking the invariants3

t = −731.5762320546179, u = −218.5257231465692, s3 = 1, s4 = 4, (8.43)

discarding the couplings, setting µ2 !
= s = s3 + s4 − t − u = 955.1019552011871, Nc = 3

and compting with 32-digits precision with Maple [101], we obtain for the difference of the
left- and right-hand side of equation (8.40)(

0.04

ε2
+

1.81 + 3.71i

ε

)
· 10−27.

Repeating the same procedure at O(a2
s) with the same phase-space point for the Nf

part of the renormalized 2-loop matrix element, for which

M2-loop,Nf |poles = a2
s I2|NfM0-loop. (8.44)

with

I2|Nf = −CFNf

8

[
1

ε3
+

4 + 6L

9ε2
− 65 + 9π2 + 60L

54ε

]
, (8.45)

Using the same point and procedure as above the difference of the left- and right-hand side
of equation (8.44) reads(

0.0009

ε3
− 1.357− 0.157i

ε2
+

5.460− 0.227i

ε

)
· 10−26.

The last numerical check shows that the numerical evaluation of complicated functions
such as the master integrals (8.13) is not showing numerical instabilities.

2Note that Catani expands in αs

2π instead of as = αs

π .
3We drop the units for this numerical check.
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Chapter 9

Real corrections

In this chapter we will concentrate on the real-emission contributions at NLO and NNLO
of the production of two off-shell photons with unrelated virtualities. The notations used
are detailed in appendix A.

9.1 Single real amplitude

9.1.1 Quark-antiquark initial state channel

Let us now focus on the NLO real partonic cross section contribution from the sub-process
qq̄ → gγ∗γ∗. Although it is not proportional to Nf , it will contribute to the Nf part of
the NNLO correction via the renormalization of αs. The matrix element has IR singular-
ities when the extra (potentially unresolved) gluon, g, becomes soft or collinear to one of
the initial state partons p1, p2. These singularities translate into ε-poles that have to be
extracted analytically in order to achieve their cancellation among the different pieces of
the computation.

The differential cross-section is given by

dσqq̄R =
1

2s12

dΦ12→gγ∗γ∗|M12→gγ∗γ∗|2, (9.1)

where |M12→gγ∗γ∗|2 is the qq̄ → gγ∗γ∗ matrix element squared, summed over spin and
colour and averaged over initial state quantum numbers. The phase space measure can be
decomposed as

dΦ12→gγ∗γ∗ =
s12dz

2π
dΦ12→gQdΦQ→γ∗γ∗ , (9.2)

where

Q ≡ p1 + p2 − pg. (9.3)

97



98 Chapter 9. Real corrections

In order to control the collinear behavior of the gluon it is pertinent to parametrize its
momentum as

pg = z̄λ̄ p1 + z̄λ p2 + z̄
√
s12λλ̄ eT , (9.4)

Q = (1− z̄λ̄)p1 + (1− z̄λ)p2 − z̄
√
s12λλ̄ eT , (9.5)

where eT is the unit vector transverse to p1, p2 in d = 4− 2ε dimensions.
Using parametrization (9.4) we obtain

dΦ12→gQ =
1

8π

dΩd−2

(2π)d−2
z̄dλ

(
s12z̄

2λλ̄
)−ε

, (9.6)

where we use dΩd−2 to denote the differential solid angle generating eT . The collinear limits
of the matrix element squared are universal, in the sense that they are independent of the
process under consideration and can be computed for any parametrization [178]. Here,
the two collinear limits pg ‖ p1 and pg ‖ p2 correspond to λ → 0 and λ → 1 respectively,
and in these limits the matrix element squared diverges and has the following asymptotic
behavior

|M12→gγ∗γ∗ |2 ∼
−2g2

s

z

Pqq(z)

−s12z̄λ
B1(z) +O(λ0), as λ→ 0, (9.7)

|M12→gγ∗γ∗ |2 ∼
−2g2

s

z

Pqq(z)

−s12z̄λ̄
B2(z) +O(λ̄0), as λ→ 1, (9.8)

where the splitting kernel is given by

Pqq(z) = CF

(
2z

z̄
+ (1− ε)z̄

)
, (9.9)

and

B1(z) ≡ B(zp1, p2), B2(z) ≡ B(p1, zp2), (9.10)

are the shifted Born matrix element squared. The soft limit is also universal and commutes
trivially with the collinear limits. As can be checked explicitly, subtracting the soft limit
is not necessary in the present case, as the sum of (9.7) and (9.8) reproduces the universal
soft limit as z → 1.

We thus obtain a simple subtraction procedure at NLO which allows us to separate the
hard and collinear terms

dσqq̄R = dσqq̄H + dσqq̄C1
+ dσqq̄C2

, (9.11a)

with

dσqq̄H =
1

2s12

dΦ12→gγ∗γ∗

[
|M12→gγ∗γ∗ |2 − 2g2

s

Pqq(z)

s12z̄λ

B1(z)

z
− 2g2

s

Pqq(z)

s12z̄λ̄

B2(z)

z

]
, (9.11b)

dσqq̄C1,2
=

1

2s12

dΦ12→gγ∗γ∗

[
2g2

s

Pqq(z)

s12z̄λ

B1,2(z)

z

]
. (9.11c)
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The integral over the hard differential cross section dσqq̄H is finite, and can therefore
be taken in d = 4 dimensions. Note that the massive phase space dΦQ→γ∗γ∗ implicitly
depends on λ and z via the definition of Q, see equation (9.3), and has also to be taken at
λ = 0, 1 in the counter-terms. It follows that the momenta of the off-shell photons entering
the subtraction terms are different from those entering the real matrix element squared.
Explicitly writing the full dependence on the photon momenta, we have

dΦ12→gγ∗γ∗B1(z) ≡ s12dz

16

dΩd−2

(2π)d
z̄dλ

(
s12z̄

2λλ̄
)−ε

dΦQ|λ=0→γ∗γ∗B(zp1, p2, pγ∗1 , pγ∗2 ),

with pγ∗1 + pγ∗2 = Q|λ=0. We will use this shorthand notation for all subsequent limits.

The integrals over the collinear counter terms dσqq̄C1
and dσqq̄C2

contain all the ε-poles.
But since the shifted born matrix elements squared B1(z) and B2(z) and their respec-
tive massive phase spaces do not depend on λ, the integration over λ can be carried out
analytically, extracting the ε-poles∫

λ

dσqq̄C1,2
= −1

ε
as

(
µ2

s12

)ε
Cε
B1,2(z)

2zs12

dΦQ→γ∗γ∗dzz̄
−2εPqq(z), (9.12)

where

Cε ≡
eεγEΓ(1− ε)

Γ(1− 2ε)
. (9.13)

However, the resulting integrated counter terms are still singular at the z → 1 (soft) limit,
see (9.9). In order to extract this last singularity we use an expansion in +-distributions
(section 2.3.2), which leads to the result∫

λ

dσqq̄C1,2
= as

(
µ2

s12

)ε
GNLO
qq (z)dσB1,2(z)dz, (9.14)

where the shifted Born differential cross section is defined as

dσBi(z) ≡ Bi(z)

2zs12

dΦQ→γ∗γ∗ , (9.15)

and the integrated NLO splitting kernel is

GNLO
qq (z) = CεCF

[(
1

ε2
+

3

2ε

)
δ(z̄) + 4D1(z̄) + z̄ − 2(1 + z) ln z̄

]
− P

(0)
qq (z)

ε
,

with P
(0)
qq (z) being the Altarelli-Parisi splitting kernel

P (0)
qq (z) = CF

[
2D0(z̄)− (1 + z) +

3

2
δ(z̄)

]
. (9.16)

Note that this splitting kernel is related to Pqq(z) but not identical. This form makes
manifest the cancellation of the ε-poles against the PDF counter term (2.34b) and the
1-loop virtual amplitude (section 8.4.2).
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Figure 9.1: Three of the six diagrams contributing to the double-real in the large Nf limit.
The other three diagrams can be obtained by crossing the two photons.

9.1.2 Quark-gluon initial state channels

The sub-processes that contribute to the NLO real hadronic cross section qg → qγ∗γ∗,
gq → qγ∗γ∗, q̄g → q̄γ∗γ∗, gq̄ → q̄γ∗γ∗, are treated in a similar fashion. For example,
looking at the sub-process qg → qγ∗γ∗ we parametrize, as before,

pq = z̄λ̄ p1 + z̄λ p2 + z̄
√
s12λλ̄ eT . (9.17)

The matrix element squared is finite at the soft limit (z → 1) and the limit p1 ‖ pq (λ→ 0).
It is only singular at λ→ 1, with the asymptotic behavior

|M12→qγ∗γ∗|2 ∼
−g2

s

z

Pqg(z)

−sz̄λ̄
B2(z) +O(λ̄0), as λ→ 1 (9.18)

where the corresponding splitting-kernel is

Pqg(z) =
z2 + z̄2 − ε

4(1− ε)
. (9.19)

This leads to an integrated collinear counter term∫
λ

dσqgC = as

(
µ2

s12

)ε
GNLO
qg (z)dσB2(z)dz (9.20)

with

GNLO
qg (z) = −P

(0)
qg (z)

ε
− 2zz̄ − 2(z2 + z̄2) ln z̄, (9.21)

where the Altarelli-Parisi splitting kernel is given by

P (0)
qg (z) =

1

4

(
z2 + z̄2

)
. (9.22)

For these channels, the cancellation of the ε-poles only involves the PDF counter terms
(2.34b), and not the virtual contributions.
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Figure 9.2: Example of a diagram that is not included for the double-real Nf amplitude.

9.2 Double-real Nf amplitude

We now consider the double-real contributions to the total cross-section in the large Nf

limit. Among all the double-real corrections, only qq̄ → γ∗γ∗q′q̄′, with the q′q̄′-pair being
attached to an intermediate gluon, is proportional to Nf , via explicit summation over the
flavor of the q′q̄′-pair. In particular, all diagrams where the q′q̄′-pair is attached to a γ∗ will
not be proportional to Nf , because of the different charges of the different quark flavors.
The only matrix element squared we need to consider has a structure similar to the NLO
one, excepted that the gluon is now off-shell and attached to the current g∗ → q′q̄′, see
figure 9.1. In particular, we are not considering diagrams where quarks from the intial
state end up in the final state, such as the one depicted in figure 9.2.

First note that the NLO corrections described in the previous section will also contribute
to the double-real differential cross-section dσRR, via the renormalization of the strong
coupling constant. Howerver, only the qq̄ channel will contribute, as the renormalization
of αs cancels exactly the β0 term of the PDF counter-terms in the case of the quark-gluon
channels.

The double-real differential cross section is then given by

dσRR = dσURR − as
β0|Nf
ε

(
dσqq̄H + dσqq̄C1

+ dσqq̄C2

)
, (9.23)

where the unrenormalized double-real cross section is

dσURR =
1

2s12

dΦ12→qq̄γ∗γ∗|M12→qq̄γ∗γ∗|2, (9.24)

and the NLO hard and collinear counter terms are defined in the previous section. We drop
the qq̄ in the definition of NNLO quantities, since only this channel contributes in the large
Nf limit. Furthermore, we will also drop the primes from the final state quark-antiquark
pair.

In what follows, we will integrate over the phase space of the final state quarks. This
simplifies the extraction of limits, at the cost of losing differential information on the final
state quarks. In particular, the spin correlations in the final state collinear singularity will
be integrated out.

We factorize the phase space as follows:

dΦ12→qq̄γ∗γ∗ =
s12 dz

2π

dsg
2π

dΦ12→g∗QdΦg∗→qq̄dΦQ→γ∗γ∗ . (9.25)
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Figure 9.3: Integration over the qq̄ phase space.

with sg = p2
g being the 4-momentum squared of the parent off-shell gluon, pg = pq + pq̄,

and Q2 = zs12. Performing the dΦg→qq̄ integration, hence losing differential information
on the final state quarks, we can write∫

dΦg∗→qq̄|M12→qq̄γ∗γ∗|2 =
A(ε)

s1+ε
g

|M12→g∗γ∗γ∗|2, (9.26)

whereM12→g∗γ∗γ∗ is the matrix element for the production of two off-shell photons and an
off-shell gluon, and A(ε) is given by

A(ε) = 2g2
sNf

d− 2

d− 1

1

2

Ωd−1

(4π)d−2
. (9.27)

Note that the computation of A(ε) goes along the same lines as the Passarino-Veltman
reduction of section 2.6.1: we make an ansatz from the Lorentz structure possible for the
integral shown in figure 9.3, with the metric gµν and the gluon momentum pµgp

ν
g and we

contract to find the coefficients, the only difference being that we are dealing this time
with a phase space integral, but this has no effect on the computation itself.

Hence in the following section we will consider

dσURR =
1

2s12

s12 dz

2π

dsg
2π

dΦ12→g∗QdΦQ→γ∗γ∗
A(ε)

s1+ε
g

|M12→g∗γ∗γ∗|2. (9.28)

9.2.1 Subtraction in the hierarchical parametrization

In this section, we present a subtraction procedure for dσURR. We parametrize the momen-
tum of the off-shell gluon hierarchically as

pg = z̄λ̄p1 + z̄λ
1− ρz̄λ̄
1− z̄λ̄

p2 + z̄

√
s12ρλλ̄ eT , (9.29)

where eT is again the unit vector transverse to p1 and p2 in d = 4 − 2ε dimensions. We
have the invariants

s1g ≡ (p1 − pg)2 = −s12z̄λ (9.30a)

s2g ≡ (p2 − pg)2 = −s12z̄λ̄

(
1− z̄λρ

1− λ̄z̄

)
(9.30b)

sg ≡ p2
g = (pq + pq̄)

2 = s12
z̄2λλ̄ρ̄

1− z̄λ̄
. (9.30c)
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Using this parametrization, the phase space measure reads

dΦ12→g∗Q = ρ−ε
1

8π

dΩd−2

(2π)d−2
z̄dλ

(
s12z̄

2λλ̄
)−ε

, (9.31)

where dΩd−2 denotes the integral over eT , and (9.28) becomes

dσURR =
1

2s12

s12 dz

2π

dsg
2π

A(ε)

s1+ε
g

ρ−εdΦ12→gQdΦQ→γ∗γ∗|M12→g∗γ∗γ∗ |2. (9.32)

The singular limits of the double real matrix element squared are once again universal
but are asymmetric as a consequence of the asymmetry of the hierarchical parametrization
under the exchage p1 ↔ p2. We have to consider the following singular limits:

• pg = pq + pq̄ ‖ p1: This corresponds to λ → 0, such that pg → z̄p1, and the matrix
element squared has the asymptotic behavior

|M12→g∗γ∗γ∗|2 ∼
−4g2

s

s̃1g

B1(z)

z
Pqq;1(z, ρ) +O(λ0), as λ→ 0, (9.33)

with

Pqq;1(z, ρ) = CF

[
2

z̄
− 2 + (1− ε)z̄ρ

]
, (9.34)

and

s̃1g ≡ −s12z̄λ. (9.35)

• pg = pq + pq̄ ‖ p2: This corresponds to λ → 1, such that pg → z̄p2, and the matrix
element squared has the asymptotic behavior

|M12→g∗γ∗γ∗|2 ∼
−4g2

s

s̃2g

B(p1, zp2)

z
Pqq;2(z, ρ) +O(λ̄0), as λ→ 1, (9.36)

with

Pqq;2(z, ρ) = CF

[
2

z̄
− 2 + (1− ε)z̄

(
1− zρ̄

1− z̄ρ̄

)]
, (9.37)

and

s̃2g ≡ −s12z̄λ̄(1− ρ̄z̄). (9.38)

• pq ‖ pq̄: This is the final state collinear singularity, when the gluon becomes on-shell
(sg → 0), but remains in the hard region. It corresponds to ρ → 1 and the double
real matrix element trivially tends to the NLO matrix element

lim
ρ→1
|M12→g∗γ∗γ∗ |2 = |M12→gγ∗γ∗|2. (9.39)

The corresponding singularity does not come from the matrix element squared but
from the factor s−1

g in (9.32).
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Note that both NNLO splitting kernels, (9.34) and (9.37), tend smoothly to the NLO
splitting kernel (9.9) as ρ→ 1. It can be checked explicitly that no explicit subtraction of
the soft limit is necessary in the case at hand.

We can separate the singularities of dσURR from the hard part by writing

dσURR = dσHH + dσR;C + dσCC1 + dσCC2 , (9.40a)

where the double-hard contribution to the differential cross-section, the two collinear coun-
terterms and the remnant from the NLO renormalization are respectively

dσHH =
1

2s12

s12 dz

2π

dsg
2π

A(ε)

s1+ε
g

ρ−εdΦ12→gQdΦQ→γ∗γ∗

×
[
|M12→g∗γ∗γ∗|2 −

4g2
s

−s̃1g

Pqq;1(z, ρ)
B1(z)

z
− 4g2

s

−s̃2g

Pqq;2(z, ρ)
B2(z)

z

− |M12→gγ∗γ∗ |2 +
4g2

s

−s̃∗1g
Pqq(z)

B1(z)

z
+

4g2
s

−s̃∗2g
Pqq(z)

B2(z)

z

]
, (9.40b)

dσCC1 =
1

2s12

s12 dz

2π

dsg
2π

A(ε)

s1+ε
g

ρ−εdΦ12→gQdΦQ→γ∗γ∗
4g2

s

−s̃1g

Pqq;1(z, ρ)
B1(z)

z
, (9.40c)

dσCC2 =
1

2s12

s12 dz

2π

dsg
2π

A(ε)

s1+ε
g

ρ−εdΦ12→gQdΦQ→γ∗γ∗
4g2

s

−s̃2g

Pqq;2(z, ρ)
B2(z)

z
, (9.40d)

dσR;C =
1

2s12

s12 dz

2π

dsg
2π

A(ε)

s1+ε
g

ρ−εdΦ12→gQdΦQ→γ∗γ∗

×
[
|M12→gγ∗γ∗|2 +

4g2
s

−s̃∗1g
Pqq(z)

B1(z)

z
+

4g2
s

−s̃∗2g
Pqq(z)

B2(z)

z

]
. (9.40e)

For the dσR;C we have also defined the limits of s1g and s2g as ρ→ 1 as

s̃∗1g = −s12z̄λ, s̃∗2g = −s12z̄λ̄. (9.41)

Note that the content of the bracket is identical to the subtracted single-real matrix element
squared (9.11b).

9.2.2 Integrating the collinear counterterms

As for NLO, the shifted Born matrix elements squared B1,2(z) do not depend on λ and ρ
anymore, and hence those variables can be integrated over, giving rise to the ε-poles.

Spelling out the triple collinear counterterms (9.40c) and (9.40d), we get

dσCCi = dzdλ
dρ̄

ρ̄1+ε
ρ−ε(z̄4λ2λ̄2)−ε(1− z̄λ̄)εa2

s

(
µ2

s12

)2ε
Nf

4

(1− ε)e2εγE

(3− 2ε)Γ(2− 2ε)

× dΦQ→γ∗γ∗
z̄

−s̃ig
Pqq;i(z, ρ)

Bi(z)

z
. (9.42)
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The integration over λ and ρ is slightly more complicated than at NLO but the result can be
written in terms of hypergeometric functions 2F1(a, b, c; z̄), where a and b are ε-dependent.
We have used the HypExp [106] package to expand them in ε and then performed a +-
distribution expansion over z̄ to extract the double soft singularity. We note here that
the part of dσCC1,2 that is singular at the soft (z → 1) limit is symmetric, such that the
asymmetry due to the parametrization between dσCC1 and dσCC2 is limited to the regular
coefficients and doesn’t affect the δ- and +-distibution terms. As at NLO, we can write
the results as ∫

λ,ρ

dσCC1,2 = a2
s

(
µ2

s12

)2ε

GNNLO
1,2 (z)dσB1,2(z)dz, (9.43)

where the integrated splitting kernels are

GNNLO
1 (z) =

CFNf

48

{
−δ(z̄)

ε3
+

1

ε2

[
4D0(z̄)− 5

3
δ(z̄)− 2(1 + z)

]
+

1

ε

[
−16D1(z̄) +

20

3
D0(z̄)− 1

18
(56− 21π2)δ(z̄)

−10

3
(1 + z) + 8(1 + z) ln z̄ + 2(1 + z2)

ln z

z̄

]
+32D2(z̄)− 80

3
D1(z̄) +

2

9
(56− 21π2)D0(z̄)

− 1

54
(328− 105π2 − 1116ζ3)δ(z̄)

−4(1 + z2)
Li2(z̄)

z̄
− 16(1 + z) ln2 z̄ − (1 + z2)

ln2 z

z̄
− 8(1 + z2)

ln z ln z̄

z̄

+
40

3
(1 + z) ln z̄ +

10

3
(1 + z2)

ln z

z̄

−1

9
(38 + 74z + (1 + z)(−21π2))

}
+O(ε), (9.44)

GNNLO
2 (z) = GNNLO

1 (z) +
CFNf

48

(
4(1 + z2)

Li2(z̄)

z̄
− 4 ln z − 4z̄

)
+O(ε). (9.45)

The poles of the integrated collinear counter-terms cancel against (i) those of the renor-
malized 2-loop virtual contribution (section 8.4.2), (ii) those of the PDF counter-terms
(2.34c) and (iii) those of the NLO integrated counter-terms (9.14) contributing to NNLO
due to renormalization, see equation (9.23). The Nf -part of the Altarelli-Parisi splitting
kernel is

P (1)
qq |Nf = −NfCF

18

(
δ(z̄)

(
π2 +

3

4

)
+ 10D0(z̄) + 3 ln(z)

1 + z2

z̄
− 11z + 1

)
, (9.46)

and enters together with the Nf -part of β0 to give the PDF counterterm we need, i.e.

∆
(2)
qq |Nf given by equation (2.34c).
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The single hard collinear counter term dσR;C , equation (9.40e), can be integrated over
ρ analytically to expose the final state singularity. Using∫

1

2π

dsg
s1+ε
g

ρ−εA(ε) = −Nf

6ε
as

[
1 +

5

3
ε− ε ln

(
s12z̄

2λλ̄

µ2(1− z̄λ̄)

)
+O(ε2)

]
, (9.47)

it can be easily shown that the singularity arising from the integral over ρ cancels against
the renormalization of the strong coupling constant acting on the hard differential cross
section, leaving the finite contribution

dσH̄ ≡
∫
ρ

dσR;C − as
β0|Nf
ε

dσqq̄H = as
Nf

6

[
−5

3
+ ln

(
s12z̄

2λλ̄

µ2(1− z̄λ̄)

)]
dσqq̄H . (9.48)



Chapter 10

Numerical results

The various contributions to the differential cross section for the Nf part of the process
pp → γ∗γ∗ + X up to the NNLO in the strong coupling expansion that we presented in
chapters 8 and 9 have been implemented in two different programs. The virtual contri-
butions are written in terms of master integrals (chapter 8) which in turn are evaluated
in terms of HPLs. In order to ensure the correct implementation of the master integrals
various analytic and numerical checks were performed against published results in the lit-
erature. We have used the program CHAPLIN [110] for the numerical evaluation of the
necessary harmonic polylogarithms in the physical region. The poles of the 1- and 2-loop
virtual amplitudes, as predicted by [177] were checked both analytically and numerically,
at the implementation level (section 8.4.2). The NLO contribution was checked against
the MCFM [136] implementation.1

The double real contributions were implemented in two different ways, according to
the hierarchical and the symmetric hierarchical parametrizations, see sections 9.2.1 and
reference [2] respectively. Due to the different double-real counter terms, the numerical
results for the double-hard, the single-hard and the integrated triple-collinear counterterm
cross sections are individually different. Only the sum of these contributions is physical,
which provides a strong numerical check of our two implementations.

In the following we present indicatively some differential distributions of interest, in-
cluding their factorization and renormalization scale dependence.

We use the central grid of the MSTW08 PDFs [150] at the appropriate QCD order,
ignoring the uncertainties due to PDFs and the strong coupling constant. The strong
coupling constant is run at the appropriate QCD order (section 2.3.1) while the electro-
magnetic coupling constant is kept fixed to its value at mZ .
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Figure 10.1: Scale variation at LO, NLO and NNLO as a function of the photon virtualities,
here taken to be equal.

10.1 Equal virtualities

The total cross section obviously depends on the virtualities of the off-shell photons. As a
first study, we set the virtualities to be equal and study the scale uncertainty of the NLO
and NNLO K-factors as a function of the common photon virtuality, in figure 10.1. The
renormalization and factorization scales are set to be equal and varied in the interval

m

2
≤ µR

!
= µF ≤ 2m (10.1)

where m =
√
s3 =

√
s4. For photons that are widely off-shell, i.e. with

√
s3,4 > 10 GeV,

the NNLO Nf cross section lies within a percent of the NLO cross section and the NNLO
Nf scale uncertainty is reduced, implying a satisfactory perturbative convergence for the
process. As the limit of on-shell photons m → 0 is approached the cross-section blows
up and so does its scale uncertainty, as expected since we do not impose any final state
cuts on the two photons. The result should not be taken seriously for low virtualities as
large cancellations are expected originating from the IBPs of the reduction that can yield
numerical instabilities, and the evolution of the PDFs and couplings at low energy takes
the finite bottom-quark mass into account.

1The pp → γ∗γ∗ without photon decays is not an out-of-the-box process in MCFM, but it was possible
to compare our result with

√
s3 =

√
s4 = mZ against MCFM’s pp → ZZ with modified couplings of the Z

boson to quarks.
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Figure 10.2: Rapidity distribution of the two off-shell photons with virtualities 30 GeV (a)
and 15 GeV (b). The bottom plots show the bin-by-bin ratio to the LO.
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Figure 10.3: Transverse momentum distribution of the two off-shell photons with virtu-
alities 30 GeV (a) and 15 GeV (b). The bottom plots show the bin-by-bin ratio to the
LO.
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10.2 Unequal virtualities

Next we turn to differential distributions for unequal photon virtualities. We set

√
s3 = 15 GeV,

√
s4 = 30 GeV. (10.2)

In figure 10.2 we present the rapidity distributions of the two photons at each order in αs.
The transverse momentum distributions for the two photons are shown in figure 10.3. The
scale uncertainties are shown as shaded regions in the figures. The renormalization and
factorization scales are kept equal to each other and varied in the interval

10 GeV ≤ µR
!

= µF ≤ 40 GeV. (10.3)

We note that the NNLO Nf contribution does not alter the shape of the transverse mo-
mentum distribution apart from a small upward shift of the central value. The rapidity
distributions at NNLO follow the NLO pattern and again the central value is slightly shifted
upwards. Note that for both distributions, the scale variation of the NNLO is reduced and
for the most part completely contained within the NLO scale variation which shows the
improvement of the perturbative expansion. Table 10.1 lists the inclusive cross sections
we obtain by varying the renormalization and factorization scales around the central val-
ues (10.3). The number in parenthesis indicates the Monte-Carlo error on the last digit
after letting the program run for a couple of minutes on a standard personal computer.
These numbers can be recovered by summing the bins of the transverse-momentum or
rapidity distributions.

LO NLO NNLO Nf

401.12(4)+89.59
−91.55 pb 637.25(15)+26.21

−39.61 pb 648.32(44)+15.03
−28.48 pb

Table 10.1: Inclusive cross sections for γ∗γ∗ production with fixed virtualities 30 GeV and
15 GeV together with the effect of scale variations as described in the text.

Off-shell diphoton production contributes as a background, along with Z pair produc-
tion, to the Higgs boson measurements in the golden channel pp → H → ZZ∗ → 4l. In
that case the invariant mass of the photon pair must be in a window of several GeV around
the Higgs mass of 125 GeV. We therefore set the virtualities of the photons to

√
s3 = 91.19 GeV,

√
s4 = 27 GeV, (10.4)

and obtain the invariant mass distribution of the photon pair shown in figure 10.4. The
renormalization and factorization scales are kept equal to each other and varied in the
interval

29.55 GeV ≤ µR
!

= µF ≤ 118.19 GeV, (10.5)

around the central scale 1
2
(91.19 + 27) GeV.
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Figure 10.4: Invariant mass distribution of the photon pair with virtualities 91.19 GeV.
and 27 GeV.
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We note that the uncertainty that is given by scale variation shrinks as we go from NLO
to NNLO and lies within the NLO scale uncertainty, showing a better convergence behavior.
Although the process we compute is γ∗γ∗ and not ZZ∗ direct production, our choice of
masses is motivated by the fact that the distribution of the invariant mass of the photon
pair varies sharply in the region where

√
s34 ≈ 125 GeV and thus a reliable perturbative

computation needs to be precise enough not to be spoiled by the scale uncertainty, as is
the case for the NNLO Nf distribution.
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Chapter 11

Conclusion

We presented the computation of the NNLO QCD real and virtual corrections of a gauge-
invariant subset of the process pp → γ∗γ∗, namely the contribution due to Nf massless
quark loops. On the one hand, the relevant double-virtual diagrams were generated and
reduced to master integrals which were then computed and simplified using the modern
coproduct technique. On the other hand the double-real diagrams were computed, their
phase space parametrized and singularities extracted. The singularities from the virtual
and real diagrams and the PDF counterterms were computed independently and checked
to cancel each other, which gives us confidence in the computation. The implementation is
differential in the momentum of the off-shell photons and was performed in two independent
codes.

The preliminary study of the effect of this Nf piece on the differential distribution
is mostly the improvement of the behavior under scale variations. We do not observe a
significant alteration of the shape of distribution relative to the NLO result.

The next steps will consist in extending the result to the full NNLO QCD corrections
including gluon and ghost loops. The reduction to master integrals of the full 2-loop
amplitude is well under way and most necessary master integrals have been identified. The
remaining steps lie in the computation of the master integrals needed for this process using
the same techniques as those presented here.

Furthermore, the implementation of processes like direct production of WW, WZ, Zγ∗

that are genuinely interesting in their own right, but are also specifically directly relevant
for backgrounds to Higgs searches, can be achieved in this framework by taking into account
the different vector and axial couplings and combining them with the relevant PDFs.
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Outlook

Two years ago the history of high-energy physics came to a climax with the announce-
ment of the discovery of a new boson at CERN. We need to go back to 1983 and the
announcement of the discovery of the W and Z bosons to see such an electrifying event
happen.

There is a growing evidence that the boson is a Higgs boson, i.e. that it is related to
the mechanism of electroweak symmetry breaking. But the journey is far from over. The
study of the properties of this Higgs boson, to assess or discard its SM-like behavior will
require the comparison of experimental data with theoretical predictions. We can estimate
ourselves to be lucky, because the Higgs lies in a domain where many decay branching
ratios are in principle accessible (figure 1). As the time of a new high-energy lepton collider
still lies far in the future, the efforts are focused on extracting the most information in a
hadronic environment, which is a challenge both experimentally and theoretically. In this
context, the computation of cross sections for signal as well as background processes with
fully resolved kinematics to an order in QCD where the theoretical uncertainty can be
safely assumed under control is critical.

In this thesis we have focused on two different aspects that are of direct relevance for
the investigation of the properties of the Higgs boson observed at the LHC. In the case of
the Higgsstrahlung process, the straightforward outlook is the study of the effect at NNLO
in QCD and the implementation of a fat-jet strategy on the experimental analysis side. For
the γ∗γ∗ production process, the extention to include the fully differential dependence on
the final state quarks is on the way, and the full NNLO computation should be possible in
a near future, with the evaluation of the necessary master integrals using modern refined
techniques like the coproduct. Adapting the couplings, the implementation of a fully
differential diboson production code with corrections up to NNLO QCD lies within reach.

So far, there has been no surprise discovery of new particles (like supersymmetric
partners, or a new vector boson) and the SM seems to provide an excellent description of
the phenomenology we observe at high-energy colliders. Even in the eventuality of nature
being “boring”, higher-order computations reveal very beautiful mathematical structures
that are not yet fully understood, which might hint that the language of Feynman diagrams
might hide superior principles and maybe some work needs to be done on the more formal
side.
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Appendix A

Notations and useful formulae

Units We work in the whole thesis in units where ~ = c = 1. In these units we can
express cross sections through the conversion

1fb = 2, 568 · 10−12 GeV−2.

QCD The number of colors is Nc. CF and CA denote the color factor for the fundamental
and adjoint representation repsectively. We always use the normalization TF = 1/2.

We define

β0 ≡
11Nc − 2Nf

12
, as ≡

αs(µ)

π
(A.1)

DREG The metric tensor is denoted gµν and we use the most-plus sign convention
which is the common choice in high-energy physics. With this metric, the mass such that
p2 = pµpνg

µν = m2. When dealing with divergences in DREG [35, 52, 53], the following
quantities are used:

d ≡ 4− 2ε, Ωd ≡
2πd/2

Γ(d/2)
, Sε ≡ (4π)ε exp(−γEε), (A.2)

where γE ≈ 0.5772156649 is the Euler-Mascheroni constant.

Loop integrals In the evaluation of loop integrals with Feynman parameters, the fol-
lowing formulae are useful [17],

1

Aν11 · · ·Aνnn
=

Γ (
∑
νi)∏

Γ(νi)

1∫
0

dx1 · · · dxn
δ (
∑
xi − 1)

∏
xνi−1
i

[
∑
xiAi]

∑
νi

, (A.3)

∫
ddl

(2π)d
1

[l2 −∆]n
=

(−1)ni

(4π)d/2
Γ(n− d/2)

Γ(n)
∆d/2−n. (A.4)

We note that,

Γ(ε) =
1

ε
− γE +O(ε), Γ(1 + ε) = εΓ(ε). (A.5)
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PDFs We define the convolution of two functions through

[f ⊗ g] (z) ≡
1∫

0

dxdyf(x)g(y)δ(z − xy), (A.6)

and we will make use of the following straightforward identity:

1∫
0

dz [f ⊗ g] (z)σ(z) =

1∫
0

dxdyf(x)g(y)σ(xy). (A.7)

For the extraction of singularities, we use +-distributions which are defined via

1∫
0

dx

[
f(x)

x

]
+

g(x) =

1∫
0

dx
f(x)

x
(g(x)− g(0)), (A.8)

and we introduce the shorthand notation

Dn(x) ≡
[

lnn x

x

]
+

. (A.9)

Using this notation we can write the following expansion in +-distributions:

1

z̄1+nε
≡ −δ(z̄)

nε
+
∞∑
k=0

(−nε)k

k!
Dk(z̄). (A.10)



Appendix B

Coefficients of the master integrals
for the Nf-piece of the 2-loop
amplitude of qq̄ → γ∗γ∗

# coefficients_masters_2LNf.mpl

#

# This file contains the coefficient of each master integral for the

# Nf-piece of the *unrenormalized* 2-loop amplitude.

#

# The naming follows the notation from the publication, i.e. cpbox0011p1p2p3

# is the coefficient of the master Pbox(0,0,1,1,p1,p2,p3).

#

# The functions are given as a rational function of the invartiants s, t, u,

# s3 and s4, that are subject to the condition s + t + u = s3 + s4.

#

# We have factored out Nf*CF*Nc*(asu*Sepsilon)^2

cpbox010000011p1p2p3 := 4*(e-1)*(32*e^5*s3^5*s4^5*t+32*e^5*s3^5*s4^5*u+32*e^5*

s3^5*s4^4*t*u+32*e^5*s3^5*s4^4*u^2-64*e^5*s3^5*s4^3*t*u^2-64*e^5*s3^5*s4^3*u^3

+32*e^5*s3^4*s4^5*t*u+32*e^5*s3^4*s4^5*u^2-16*e^5*s3^4*s4^4*t^3-80*e^5*s3^4*s4

^4*t^2*u-192*e^5*s3^4*s4^4*t*u^2-128*e^5*s3^4*s4^4*u^3-16*e^5*s3^4*s4^3*t^3*u

-80*e^5*s3^4*s4^3*t^2*u^2-144*e^5*s3^4*s4^3*t*u^3-80*e^5*s3^4*s4^3*u^4+32*e^5*

s3^4*s4^2*t^3*u^2+160*e^5*s3^4*s4^2*t^2*u^3+304*e^5*s3^4*s4^2*t*u^4+176*e^5*s3

^4*s4^2*u^5-64*e^5*s3^3*s4^5*t*u^2-64*e^5*s3^3*s4^5*u^3-16*e^5*s3^3*s4^4*t^3*u

-80*e^5*s3^3*s4^4*t^2*u^2-144*e^5*s3^3*s4^4*t*u^3-80*e^5*s3^3*s4^4*u^4+2*e^5*

s3^3*s4^3*t^5+26*e^5*s3^3*s4^3*t^4*u+124*e^5*s3^3*s4^3*t^3*u^2+492*e^5*s3^3*s4

^3*t^2*u^3+866*e^5*s3^3*s4^3*t*u^4+474*e^5*s3^3*s4^3*u^5+2*e^5*s3^3*s4^2*t^5*u

+26*e^5*s3^3*s4^2*t^4*u^2+100*e^5*s3^3*s4^2*t^3*u^3-60*e^5*s3^3*s4^2*t^2*u^4

-390*e^5*s3^3*s4^2*t*u^5-254*e^5*s3^3*s4^2*u^6-4*e^5*s3^3*s4*t^5*u^2-52*e^5*s3^

3*s4*t^4*u^3-208*e^5*s3^3*s4*t^3*u^4-352*e^5*s3^3*s4*t^2*u^5-268*e^5*s3^3*s4*t

*u^6-76*e^5*s3^3*s4*u^7+32*e^5*s3^2*s4^4*t^3*u^2+160*e^5*s3^2*s4^4*t^2*u^3+304
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*e^5*s3^2*s4^4*t*u^4+176*e^5*s3^2*s4^4*u^5+2*e^5*s3^2*s4^3*t^5*u+26*e^5*s3^2*

s4^3*t^4*u^2+100*e^5*s3^2*s4^3*t^3*u^3-60*e^5*s3^2*s4^3*t^2*u^4-390*e^5*s3^2*

s4^3*t*u^5-254*e^5*s3^2*s4^3*u^6-2*e^5*s3^2*s4^2*t^6*u-17*e^5*s3^2*s4^2*t^5*u^

2-183*e^5*s3^2*s4^2*t^4*u^3-682*e^5*s3^2*s4^2*t^3*u^4-928*e^5*s3^2*s4^2*t^2*u^

5-485*e^5*s3^2*s4^2*t*u^6-71*e^5*s3^2*s4^2*u^7-2*e^5*s3^2*s4*t^6*u^2-14*e^5*s3

^2*s4*t^5*u^3+72*e^5*s3^2*s4*t^4*u^4+420*e^5*s3^2*s4*t^3*u^5+718*e^5*s3^2*s4*t

^2*u^6+522*e^5*s3^2*s4*t*u^7+140*e^5*s3^2*s4*u^8+4*e^5*s3^2*t^6*u^3+29*e^5*s3^

2*t^5*u^4+85*e^5*s3^2*t^4*u^5+130*e^5*s3^2*t^3*u^6+110*e^5*s3^2*t^2*u^7+49*e^5

*s3^2*t*u^8+9*e^5*s3^2*u^9-4*e^5*s3*s4^3*t^5*u^2-52*e^5*s3*s4^3*t^4*u^3-208*e^

5*s3*s4^3*t^3*u^4-352*e^5*s3*s4^3*t^2*u^5-268*e^5*s3*s4^3*t*u^6-76*e^5*s3*s4^3

*u^7-2*e^5*s3*s4^2*t^6*u^2-14*e^5*s3*s4^2*t^5*u^3+72*e^5*s3*s4^2*t^4*u^4+420*e

^5*s3*s4^2*t^3*u^5+718*e^5*s3*s4^2*t^2*u^6+522*e^5*s3*s4^2*t*u^7+140*e^5*s3*s4

^2*u^8+16*e^5*s3*s4*t^6*u^3+106*e^5*s3*s4*t^5*u^4+210*e^5*s3*s4*t^4*u^5+108*e^

5*s3*s4*t^3*u^6-116*e^5*s3*s4*t^2*u^7-150*e^5*s3*s4*t*u^8-46*e^5*s3*s4*u^9-14*

e^5*s3*t^6*u^4-88*e^5*s3*t^5*u^5-230*e^5*s3*t^4*u^6-320*e^5*s3*t^3*u^7-250*e^5

*s3*t^2*u^8-104*e^5*s3*t*u^9-18*e^5*s3*u^10+4*e^5*s4^2*t^6*u^3+29*e^5*s4^2*t^5

*u^4+85*e^5*s4^2*t^4*u^5+130*e^5*s4^2*t^3*u^6+110*e^5*s4^2*t^2*u^7+49*e^5*s4^2

*t*u^8+9*e^5*s4^2*u^9-14*e^5*s4*t^6*u^4-88*e^5*s4*t^5*u^5-230*e^5*s4*t^4*u^6

-320*e^5*s4*t^3*u^7-250*e^5*s4*t^2*u^8-104*e^5*s4*t*u^9-18*e^5*s4*u^10+10*e^5*t

^6*u^5+59*e^5*t^5*u^6+145*e^5*t^4*u^7+190*e^5*t^3*u^8+140*e^5*t^2*u^9+55*e^5*t

*u^10+9*e^5*u^11+32*e^4*s3^6*s4^4*u-224*e^4*s3^5*s4^5*t-128*e^4*s3^5*s4^5*u+

288*e^4*s3^5*s4^4*t*u+384*e^4*s3^5*s4^4*u^2-16*e^4*s3^5*s4^3*t^2*u-120*e^4*s3^

5*s4^3*t*u^2-360*e^4*s3^5*s4^3*u^3-16*e^4*s3^5*s4^2*t*u^3+48*e^4*s3^5*s4^2*u^4

-24*e^4*s3^5*s4*t*u^4-24*e^4*s3^5*s4*u^5+32*e^4*s3^4*s4^6*u+288*e^4*s3^4*s4^5*

t*u+384*e^4*s3^4*s4^5*u^2+112*e^4*s3^4*s4^4*t^3+368*e^4*s3^4*s4^4*t^2*u-192*e^

4*s3^4*s4^4*t*u^2-912*e^4*s3^4*s4^4*u^3-144*e^4*s3^4*s4^3*t^3*u-520*e^4*s3^4*

s4^3*t^2*u^2-304*e^4*s3^4*s4^3*t*u^3+232*e^4*s3^4*s4^3*u^4+2*e^4*s3^4*s4^2*t^4

*u+46*e^4*s3^4*s4^2*t^3*u^2+222*e^4*s3^4*s4^2*t^2*u^3+330*e^4*s3^4*s4^2*t*u^4+

264*e^4*s3^4*s4^2*u^5+20*e^4*s3^4*s4*t^3*u^3+52*e^4*s3^4*s4*t^2*u^4+92*e^4*s3^

4*s4*t*u^5+60*e^4*s3^4*s4*u^6+6*e^4*s3^4*t^3*u^4+18*e^4*s3^4*t^2*u^5+18*e^4*s3

^4*t*u^6+6*e^4*s3^4*u^7-16*e^4*s3^3*s4^5*t^2*u-120*e^4*s3^3*s4^5*t*u^2-360*e^4

*s3^3*s4^5*u^3-144*e^4*s3^3*s4^4*t^3*u-520*e^4*s3^3*s4^4*t^2*u^2-304*e^4*s3^3*

s4^4*t*u^3+232*e^4*s3^3*s4^4*u^4-14*e^4*s3^3*s4^3*t^5-104*e^4*s3^3*s4^3*t^4*u+

8*e^4*s3^3*s4^3*t^3*u^2+580*e^4*s3^3*s4^3*t^2*u^3+1030*e^4*s3^3*s4^3*t*u^4+772

*e^4*s3^3*s4^3*u^5+18*e^4*s3^3*s4^2*t^5*u+122*e^4*s3^3*s4^2*t^4*u^2+192*e^4*s3

^3*s4^2*t^3*u^3+128*e^4*s3^3*s4^2*t^2*u^4-290*e^4*s3^3*s4^2*t*u^5-458*e^4*s3^3

*s4^2*u^6-4*e^4*s3^3*s4*t^5*u^2-32*e^4*s3^3*s4*t^4*u^3-132*e^4*s3^3*s4*t^3*u^4

-348*e^4*s3^3*s4*t^2*u^5-432*e^4*s3^3*s4*t*u^6-188*e^4*s3^3*s4*u^7-4*e^4*s3^3*

t^5*u^3-22*e^4*s3^3*t^4*u^4-60*e^4*s3^3*t^3*u^5-88*e^4*s3^3*t^2*u^6-64*e^4*s3^

3*t*u^7-18*e^4*s3^3*u^8-16*e^4*s3^2*s4^5*t*u^3+48*e^4*s3^2*s4^5*u^4+2*e^4*s3^2

*s4^4*t^4*u+46*e^4*s3^2*s4^4*t^3*u^2+222*e^4*s3^2*s4^4*t^2*u^3+330*e^4*s3^2*s4

^4*t*u^4+264*e^4*s3^2*s4^4*u^5+18*e^4*s3^2*s4^3*t^5*u+122*e^4*s3^2*s4^3*t^4*u^

2+192*e^4*s3^2*s4^3*t^3*u^3+128*e^4*s3^2*s4^3*t^2*u^4-290*e^4*s3^2*s4^3*t*u^5

-458*e^4*s3^2*s4^3*u^6+5*e^4*s3^2*s4^2*t^6*u-4*e^4*s3^2*s4^2*t^5*u^2-68*e^4*s3^

2*s4^2*t^4*u^3-312*e^4*s3^2*s4^2*t^3*u^4-899*e^4*s3^2*s4^2*t^2*u^5-780*e^4*s3^
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2*s4^2*t*u^6-150*e^4*s3^2*s4^2*u^7-4*e^4*s3^2*s4*t^6*u^2-14*e^4*s3^2*s4*t^5*u^

3-62*e^4*s3^2*s4*t^4*u^4+32*e^4*s3^2*s4*t^3*u^5+476*e^4*s3^2*s4*t^2*u^6+654*e^

4*s3^2*s4*t*u^7+262*e^4*s3^2*s4*u^8+e^4*s3^2*t^6*u^3+16*e^4*s3^2*t^5*u^4+84*e^

4*s3^2*t^4*u^5+202*e^4*s3^2*t^3*u^6+247*e^4*s3^2*t^2*u^7+150*e^4*s3^2*t*u^8+36

*e^4*s3^2*u^9-24*e^4*s3*s4^5*t*u^4-24*e^4*s3*s4^5*u^5+20*e^4*s3*s4^4*t^3*u^3+

52*e^4*s3*s4^4*t^2*u^4+92*e^4*s3*s4^4*t*u^5+60*e^4*s3*s4^4*u^6-4*e^4*s3*s4^3*t

^5*u^2-32*e^4*s3*s4^3*t^4*u^3-132*e^4*s3*s4^3*t^3*u^4-348*e^4*s3*s4^3*t^2*u^5

-432*e^4*s3*s4^3*t*u^6-188*e^4*s3*s4^3*u^7-4*e^4*s3*s4^2*t^6*u^2-14*e^4*s3*s4^2

*t^5*u^3-62*e^4*s3*s4^2*t^4*u^4+32*e^4*s3*s4^2*t^3*u^5+476*e^4*s3*s4^2*t^2*u^6

+654*e^4*s3*s4^2*t*u^7+262*e^4*s3*s4^2*u^8-4*e^4*s3*s4*t^6*u^3+6*e^4*s3*s4*t^5

*u^4+152*e^4*s3*s4*t^4*u^5+304*e^4*s3*s4*t^3*u^6+128*e^4*s3*s4*t^2*u^7-102*e^4

*s3*s4*t*u^8-68*e^4*s3*s4*u^9+4*e^4*s3*t^6*u^4-8*e^4*s3*t^5*u^5-114*e^4*s3*t^4

*u^6-296*e^4*s3*t^3*u^7-344*e^4*s3*t^2*u^8-192*e^4*s3*t*u^9-42*e^4*s3*u^10+6*e

^4*s4^4*t^3*u^4+18*e^4*s4^4*t^2*u^5+18*e^4*s4^4*t*u^6+6*e^4*s4^4*u^7-4*e^4*s4^

3*t^5*u^3-22*e^4*s4^3*t^4*u^4-60*e^4*s4^3*t^3*u^5-88*e^4*s4^3*t^2*u^6-64*e^4*

s4^3*t*u^7-18*e^4*s4^3*u^8+e^4*s4^2*t^6*u^3+16*e^4*s4^2*t^5*u^4+84*e^4*s4^2*t^

4*u^5+202*e^4*s4^2*t^3*u^6+247*e^4*s4^2*t^2*u^7+150*e^4*s4^2*t*u^8+36*e^4*s4^2

*u^9+4*e^4*s4*t^6*u^4-8*e^4*s4*t^5*u^5-114*e^4*s4*t^4*u^6-296*e^4*s4*t^3*u^7

-344*e^4*s4*t^2*u^8-192*e^4*s4*t*u^9-42*e^4*s4*u^10-3*e^4*t^6*u^5+4*e^4*t^5*u^6

+64*e^4*t^4*u^7+156*e^4*t^3*u^8+169*e^4*t^2*u^9+88*e^4*t*u^10+18*e^4*u^11-192*

e^3*s3^6*s4^4*u+448*e^3*s3^6*s4^3*u^2-288*e^3*s3^6*s4^2*u^3+544*e^3*s3^5*s4^5*

t-32*e^3*s3^5*s4^5*u-1024*e^3*s3^5*s4^4*t*u+448*e^3*s3^5*s4^4*u^2+96*e^3*s3^5*

s4^3*t^2*u+328*e^3*s3^5*s4^3*t*u^2-1104*e^3*s3^5*s4^3*u^3-224*e^3*s3^5*s4^2*t^

2*u^2-48*e^3*s3^5*s4^2*t*u^3+640*e^3*s3^5*s4^2*u^4+144*e^3*s3^5*s4*t^2*u^3+296

*e^3*s3^5*s4*t*u^4+128*e^3*s3^5*s4*u^5-192*e^3*s3^4*s4^6*u-1024*e^3*s3^4*s4^5*

t*u+448*e^3*s3^4*s4^5*u^2-272*e^3*s3^4*s4^4*t^3-640*e^3*s3^4*s4^4*t^2*u+1136*e

^3*s3^4*s4^4*t*u^2-1184*e^3*s3^4*s4^4*u^3+512*e^3*s3^4*s4^3*t^3*u+1232*e^3*s3^

4*s4^3*t^2*u^2+1224*e^3*s3^4*s4^3*t*u^3+2248*e^3*s3^4*s4^3*u^4-12*e^3*s3^4*s4^

2*t^4*u-110*e^3*s3^4*s4^2*t^3*u^2+60*e^3*s3^4*s4^2*t^2*u^3-574*e^3*s3^4*s4^2*t

*u^4-1052*e^3*s3^4*s4^2*u^5+28*e^3*s3^4*s4*t^4*u^2-100*e^3*s3^4*s4*t^3*u^3-688

*e^3*s3^4*s4*t^2*u^4-924*e^3*s3^4*s4*t*u^5-316*e^3*s3^4*s4*u^6-18*e^3*s3^4*t^4

*u^3-70*e^3*s3^4*t^3*u^4-104*e^3*s3^4*t^2*u^5-70*e^3*s3^4*t*u^6-18*e^3*s3^4*u^

7+448*e^3*s3^3*s4^6*u^2+96*e^3*s3^3*s4^5*t^2*u+328*e^3*s3^3*s4^5*t*u^2-1104*e^

3*s3^3*s4^5*u^3+512*e^3*s3^3*s4^4*t^3*u+1232*e^3*s3^3*s4^4*t^2*u^2+1224*e^3*s3

^3*s4^4*t*u^3+2248*e^3*s3^3*s4^4*u^4+34*e^3*s3^3*s4^3*t^5+190*e^3*s3^3*s4^3*t^

4*u-360*e^3*s3^3*s4^3*t^3*u^2-1876*e^3*s3^3*s4^3*t^2*u^3-3090*e^3*s3^3*s4^3*t*

u^4-2930*e^3*s3^3*s4^3*u^5-64*e^3*s3^3*s4^2*t^5*u-456*e^3*s3^3*s4^2*t^4*u^2

-1354*e^3*s3^3*s4^2*t^3*u^3-1810*e^3*s3^3*s4^2*t^2*u^4-446*e^3*s3^3*s4^2*t*u^5+

770*e^3*s3^3*s4^2*u^6+8*e^3*s3^3*s4*t^5*u^2+150*e^3*s3^3*s4*t^4*u^3+992*e^3*s3

^3*s4*t^3*u^4+2232*e^3*s3^3*s4*t^2*u^5+1944*e^3*s3^3*s4*t*u^6+538*e^3*s3^3*s4*

u^7+26*e^3*s3^3*t^5*u^3+152*e^3*s3^3*t^4*u^4+346*e^3*s3^3*t^3*u^5+390*e^3*s3^3

*t^2*u^6+220*e^3*s3^3*t*u^7+50*e^3*s3^3*u^8-288*e^3*s3^2*s4^6*u^3-224*e^3*s3^2

*s4^5*t^2*u^2-48*e^3*s3^2*s4^5*t*u^3+640*e^3*s3^2*s4^5*u^4-12*e^3*s3^2*s4^4*t^

4*u-110*e^3*s3^2*s4^4*t^3*u^2+60*e^3*s3^2*s4^4*t^2*u^3-574*e^3*s3^2*s4^4*t*u^4

-1052*e^3*s3^2*s4^4*u^5-64*e^3*s3^2*s4^3*t^5*u-456*e^3*s3^2*s4^3*t^4*u^2-1354*
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e^3*s3^2*s4^3*t^3*u^3-1810*e^3*s3^2*s4^3*t^2*u^4-446*e^3*s3^2*s4^3*t*u^5+770*e

^3*s3^2*s4^3*u^6-7*e^3*s3^2*s4^2*t^6*u+59*e^3*s3^2*s4^2*t^5*u^2+923*e^3*s3^2*

s4^2*t^4*u^3+3438*e^3*s3^2*s4^2*t^3*u^4+5243*e^3*s3^2*s4^2*t^2*u^5+3495*e^3*s3

^2*s4^2*t*u^6+577*e^3*s3^2*s4^2*u^7+28*e^3*s3^2*s4*t^6*u^2+182*e^3*s3^2*s4*t^5

*u^3+90*e^3*s3^2*s4*t^4*u^4-1110*e^3*s3^2*s4*t^3*u^5-2522*e^3*s3^2*s4*t^2*u^6

-2040*e^3*s3^2*s4*t*u^7-564*e^3*s3^2*s4*u^8-23*e^3*s3^2*t^6*u^3-193*e^3*s3^2*t^

5*u^4-623*e^3*s3^2*t^4*u^5-1024*e^3*s3^2*t^3*u^6-921*e^3*s3^2*t^2*u^7-435*e^3*

s3^2*t*u^8-85*e^3*s3^2*u^9+144*e^3*s3*s4^5*t^2*u^3+296*e^3*s3*s4^5*t*u^4+128*e

^3*s3*s4^5*u^5+28*e^3*s3*s4^4*t^4*u^2-100*e^3*s3*s4^4*t^3*u^3-688*e^3*s3*s4^4*

t^2*u^4-924*e^3*s3*s4^4*t*u^5-316*e^3*s3*s4^4*u^6+8*e^3*s3*s4^3*t^5*u^2+150*e^

3*s3*s4^3*t^4*u^3+992*e^3*s3*s4^3*t^3*u^4+2232*e^3*s3*s4^3*t^2*u^5+1944*e^3*s3

*s4^3*t*u^6+538*e^3*s3*s4^3*u^7+28*e^3*s3*s4^2*t^6*u^2+182*e^3*s3*s4^2*t^5*u^3

+90*e^3*s3*s4^2*t^4*u^4-1110*e^3*s3*s4^2*t^3*u^5-2522*e^3*s3*s4^2*t^2*u^6-2040

*e^3*s3*s4^2*t*u^7-564*e^3*s3*s4^2*u^8-84*e^3*s3*s4*t^6*u^3-550*e^3*s3*s4*t^5*

u^4-1222*e^3*s3*s4*t^4*u^5-1152*e^3*s3*s4*t^3*u^6-296*e^3*s3*s4*t^2*u^7+222*e^

3*s3*s4*t*u^8+122*e^3*s3*s4*u^9+60*e^3*s3*t^6*u^4+380*e^3*s3*t^5*u^5+1010*e^3*

s3*t^4*u^6+1442*e^3*s3*t^3*u^7+1166*e^3*s3*t^2*u^8+506*e^3*s3*t*u^9+92*e^3*s3*

u^10-18*e^3*s4^4*t^4*u^3-70*e^3*s4^4*t^3*u^4-104*e^3*s4^4*t^2*u^5-70*e^3*s4^4*

t*u^6-18*e^3*s4^4*u^7+26*e^3*s4^3*t^5*u^3+152*e^3*s4^3*t^4*u^4+346*e^3*s4^3*t^

3*u^5+390*e^3*s4^3*t^2*u^6+220*e^3*s4^3*t*u^7+50*e^3*s4^3*u^8-23*e^3*s4^2*t^6*

u^3-193*e^3*s4^2*t^5*u^4-623*e^3*s4^2*t^4*u^5-1024*e^3*s4^2*t^3*u^6-921*e^3*s4

^2*t^2*u^7-435*e^3*s4^2*t*u^8-85*e^3*s4^2*u^9+60*e^3*s4*t^6*u^4+380*e^3*s4*t^5

*u^5+1010*e^3*s4*t^4*u^6+1442*e^3*s4*t^3*u^7+1166*e^3*s4*t^2*u^8+506*e^3*s4*t*

u^9+92*e^3*s4*u^10-39*e^3*t^6*u^5-221*e^3*t^5*u^6-533*e^3*t^4*u^7-702*e^3*t^3*

u^8-533*e^3*t^2*u^9-221*e^3*t*u^10-39*e^3*u^11+352*e^2*s3^6*s4^4*u-960*e^2*s3^

6*s4^3*u^2+576*e^2*s3^6*s4^2*u^3-608*e^2*s3^5*s4^5*t+448*e^2*s3^5*s4^5*u+1120*

e^2*s3^5*s4^4*t*u-2464*e^2*s3^5*s4^4*u^2-176*e^2*s3^5*s4^3*t^2*u-124*e^2*s3^5*

s4^3*t*u^2+3964*e^2*s3^5*s4^3*u^3+480*e^2*s3^5*s4^2*t^2*u^2+248*e^2*s3^5*s4^2*

t*u^3-1656*e^2*s3^5*s4^2*u^4-288*e^2*s3^5*s4*t^2*u^3-540*e^2*s3^5*s4*t*u^4-212

*e^2*s3^5*s4*u^5+352*e^2*s3^4*s4^6*u+1120*e^2*s3^4*s4^5*t*u-2464*e^2*s3^4*s4^5

*u^2+304*e^2*s3^4*s4^4*t^3+528*e^2*s3^4*s4^4*t^2*u-1064*e^2*s3^4*s4^4*t*u^2+

6520*e^2*s3^4*s4^4*u^3-560*e^2*s3^4*s4^3*t^3*u-568*e^2*s3^4*s4^3*t^2*u^2-1056*

e^2*s3^4*s4^3*t*u^3-6760*e^2*s3^4*s4^3*u^4+22*e^2*s3^4*s4^2*t^4*u-24*e^2*s3^4*

s4^2*t^3*u^2-1592*e^2*s3^4*s4^2*t^2*u^3-1224*e^2*s3^4*s4^2*t*u^4+1602*e^2*s3^4

*s4^2*u^5-60*e^2*s3^4*s4*t^4*u^2+112*e^2*s3^4*s4*t^3*u^3+1320*e^2*s3^4*s4*t^2*

u^4+1888*e^2*s3^4*s4*t*u^5+660*e^2*s3^4*s4*u^6+36*e^2*s3^4*t^4*u^3+128*e^2*s3^

4*t^3*u^4+172*e^2*s3^4*t^2*u^5+104*e^2*s3^4*t*u^6+24*e^2*s3^4*u^7-960*e^2*s3^3

*s4^6*u^2-176*e^2*s3^3*s4^5*t^2*u-124*e^2*s3^3*s4^5*t*u^2+3964*e^2*s3^3*s4^5*u

^3-560*e^2*s3^3*s4^4*t^3*u-568*e^2*s3^3*s4^4*t^2*u^2-1056*e^2*s3^3*s4^4*t*u^3

-6760*e^2*s3^3*s4^4*u^4-38*e^2*s3^3*s4^3*t^5-196*e^2*s3^3*s4^3*t^4*u+208*e^2*s3

^3*s4^3*t^3*u^2-228*e^2*s3^3*s4^3*t^2*u^3+222*e^2*s3^3*s4^3*t*u^4+4512*e^2*s3^

3*s4^3*u^5+70*e^2*s3^3*s4^2*t^5*u+470*e^2*s3^3*s4^2*t^4*u^2+1906*e^2*s3^3*s4^2

*t^3*u^3+4702*e^2*s3^3*s4^2*t^2*u^4+4384*e^2*s3^3*s4^2*t*u^5+212*e^2*s3^3*s4^2

*u^6+12*e^2*s3^3*s4*t^5*u^2+22*e^2*s3^3*s4*t^4*u^3-808*e^2*s3^3*s4*t^3*u^4

-2788*e^2*s3^3*s4*t^2*u^5-2880*e^2*s3^3*s4*t*u^6-870*e^2*s3^3*s4*u^7-40*e^2*s3^
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3*t^5*u^3-260*e^2*s3^3*t^4*u^4-610*e^2*s3^3*t^3*u^5-678*e^2*s3^3*t^2*u^6-366*e

^2*s3^3*t*u^7-78*e^2*s3^3*u^8+576*e^2*s3^2*s4^6*u^3+480*e^2*s3^2*s4^5*t^2*u^2+

248*e^2*s3^2*s4^5*t*u^3-1656*e^2*s3^2*s4^5*u^4+22*e^2*s3^2*s4^4*t^4*u-24*e^2*

s3^2*s4^4*t^3*u^2-1592*e^2*s3^2*s4^4*t^2*u^3-1224*e^2*s3^2*s4^4*t*u^4+1602*e^2

*s3^2*s4^4*u^5+70*e^2*s3^2*s4^3*t^5*u+470*e^2*s3^2*s4^3*t^4*u^2+1906*e^2*s3^2*

s4^3*t^3*u^3+4702*e^2*s3^2*s4^3*t^2*u^4+4384*e^2*s3^2*s4^3*t*u^5+212*e^2*s3^2*

s4^3*u^6+9*e^2*s3^2*s4^2*t^6*u-34*e^2*s3^2*s4^2*t^5*u^2-912*e^2*s3^2*s4^2*t^4*

u^3-3824*e^2*s3^2*s4^2*t^3*u^4-6883*e^2*s3^2*s4^2*t^2*u^5-5806*e^2*s3^2*s4^2*t

*u^6-1366*e^2*s3^2*s4^2*u^7-40*e^2*s3^2*s4*t^6*u^2-304*e^2*s3^2*s4*t^5*u^3-498

*e^2*s3^2*s4*t^4*u^4+374*e^2*s3^2*s4*t^3*u^5+1846*e^2*s3^2*s4*t^2*u^6+1754*e^2

*s3^2*s4*t*u^7+516*e^2*s3^2*s4*u^8+29*e^2*s3^2*t^6*u^3+252*e^2*s3^2*t^5*u^4+

840*e^2*s3^2*t^4*u^5+1408*e^2*s3^2*t^3*u^6+1273*e^2*s3^2*t^2*u^7+596*e^2*s3^2*

t*u^8+114*e^2*s3^2*u^9-288*e^2*s3*s4^5*t^2*u^3-540*e^2*s3*s4^5*t*u^4-212*e^2*

s3*s4^5*u^5-60*e^2*s3*s4^4*t^4*u^2+112*e^2*s3*s4^4*t^3*u^3+1320*e^2*s3*s4^4*t^

2*u^4+1888*e^2*s3*s4^4*t*u^5+660*e^2*s3*s4^4*u^6+12*e^2*s3*s4^3*t^5*u^2+22*e^2

*s3*s4^3*t^4*u^3-808*e^2*s3*s4^3*t^3*u^4-2788*e^2*s3*s4^3*t^2*u^5-2880*e^2*s3*

s4^3*t*u^6-870*e^2*s3*s4^3*u^7-40*e^2*s3*s4^2*t^6*u^2-304*e^2*s3*s4^2*t^5*u^3

-498*e^2*s3*s4^2*t^4*u^4+374*e^2*s3*s4^2*t^3*u^5+1846*e^2*s3*s4^2*t^2*u^6+1754*

e^2*s3*s4^2*t*u^7+516*e^2*s3*s4^2*u^8+124*e^2*s3*s4*t^6*u^3+782*e^2*s3*s4*t^5*

u^4+1760*e^2*s3*s4*t^4*u^5+1968*e^2*s3*s4*t^3*u^6+1160*e^2*s3*s4*t^2*u^7+290*e

^2*s3*s4*t*u^8-4*e^2*s3*s4*u^9-80*e^2*s3*t^6*u^4-470*e^2*s3*t^5*u^5-1168*e^2*

s3*t^4*u^6-1574*e^2*s3*t^3*u^7-1214*e^2*s3*t^2*u^8-508*e^2*s3*t*u^9-90*e^2*s3*

u^10+36*e^2*s4^4*t^4*u^3+128*e^2*s4^4*t^3*u^4+172*e^2*s4^4*t^2*u^5+104*e^2*s4^

4*t*u^6+24*e^2*s4^4*u^7-40*e^2*s4^3*t^5*u^3-260*e^2*s4^3*t^4*u^4-610*e^2*s4^3*

t^3*u^5-678*e^2*s4^3*t^2*u^6-366*e^2*s4^3*t*u^7-78*e^2*s4^3*u^8+29*e^2*s4^2*t^

6*u^3+252*e^2*s4^2*t^5*u^4+840*e^2*s4^2*t^4*u^5+1408*e^2*s4^2*t^3*u^6+1273*e^2

*s4^2*t^2*u^7+596*e^2*s4^2*t*u^8+114*e^2*s4^2*u^9-80*e^2*s4*t^6*u^4-470*e^2*s4

*t^5*u^5-1168*e^2*s4*t^4*u^6-1574*e^2*s4*t^3*u^7-1214*e^2*s4*t^2*u^8-508*e^2*

s4*t*u^9-90*e^2*s4*u^10+49*e^2*t^6*u^5+250*e^2*t^5*u^6+540*e^2*t^4*u^7+640*e^2

*t^3*u^8+445*e^2*t^2*u^9+174*e^2*t*u^10+30*e^2*u^11-256*e*s3^6*s4^4*u+640*e*s3

^6*s4^3*u^2-352*e*s3^6*s4^2*u^3+320*e*s3^5*s4^5*t-448*e*s3^5*s4^5*u-480*e*s3^5

*s4^4*t*u+2112*e*s3^5*s4^4*u^2+128*e*s3^5*s4^3*t^2*u-20*e*s3^5*s4^3*t*u^2-2980

*e*s3^5*s4^3*u^3-320*e*s3^5*s4^2*t^2*u^2-248*e*s3^5*s4^2*t*u^3+1096*e*s3^5*s4^

2*u^4+176*e*s3^5*s4*t^2*u^3+332*e*s3^5*s4*t*u^4+140*e*s3^5*s4*u^5-256*e*s3^4*

s4^6*u-480*e*s3^4*s4^5*t*u+2112*e*s3^4*s4^5*u^2-160*e*s3^4*s4^4*t^3-208*e*s3^4

*s4^4*t^2*u+344*e*s3^4*s4^4*t*u^2-5320*e*s3^4*s4^4*u^3+240*e*s3^4*s4^3*t^3*u

-200*e*s3^4*s4^3*t^2*u^2+40*e*s3^4*s4^3*t*u^3+4864*e*s3^4*s4^3*u^4-16*e*s3^4*s4

^2*t^4*u+72*e*s3^4*s4^2*t^3*u^2+1462*e*s3^4*s4^2*t^2*u^3+1660*e*s3^4*s4^2*t*u^

4-818*e*s3^4*s4^2*u^5+40*e*s3^4*s4*t^4*u^2-32*e*s3^4*s4*t^3*u^3-804*e*s3^4*s4*

t^2*u^4-1264*e*s3^4*s4*t*u^5-500*e*s3^4*s4*u^6-22*e*s3^4*t^4*u^3-80*e*s3^4*t^3

*u^4-110*e*s3^4*t^2*u^5-68*e*s3^4*t*u^6-16*e*s3^4*u^7+640*e*s3^3*s4^6*u^2+128*

e*s3^3*s4^5*t^2*u-20*e*s3^3*s4^5*t*u^2-2980*e*s3^3*s4^5*u^3+240*e*s3^3*s4^4*t^

3*u-200*e*s3^3*s4^4*t^2*u^2+40*e*s3^3*s4^4*t*u^3+4864*e*s3^3*s4^4*u^4+20*e*s3^

3*s4^3*t^5+108*e*s3^3*s4^3*t^4*u+84*e*s3^3*s4^3*t^3*u^2+1552*e*s3^3*s4^3*t^2*u

^3+1960*e*s3^3*s4^3*t*u^4-2508*e*s3^3*s4^3*u^5-30*e*s3^3*s4^2*t^5*u-176*e*s3^3
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

*s4^2*t^4*u^2-940*e*s3^3*s4^2*t^3*u^3-3468*e*s3^3*s4^2*t^2*u^4-4150*e*s3^3*s4^

2*t*u^5-740*e*s3^3*s4^2*u^6-16*e*s3^3*s4*t^5*u^2-128*e*s3^3*s4*t^4*u^3+76*e*s3

^3*s4*t^3*u^4+1248*e*s3^3*s4*t^2*u^5+1720*e*s3^3*s4*t*u^6+644*e*s3^3*s4*u^7+22

*e*s3^3*t^5*u^3+160*e*s3^3*t^4*u^4+404*e*s3^3*t^3*u^5+476*e*s3^3*t^2*u^6+270*e

*s3^3*t*u^7+60*e*s3^3*u^8-352*e*s3^2*s4^6*u^3-320*e*s3^2*s4^5*t^2*u^2-248*e*s3

^2*s4^5*t*u^3+1096*e*s3^2*s4^5*u^4-16*e*s3^2*s4^4*t^4*u+72*e*s3^2*s4^4*t^3*u^2

+1462*e*s3^2*s4^4*t^2*u^3+1660*e*s3^2*s4^4*t*u^4-818*e*s3^2*s4^4*u^5-30*e*s3^2

*s4^3*t^5*u-176*e*s3^2*s4^3*t^4*u^2-940*e*s3^2*s4^3*t^3*u^3-3468*e*s3^2*s4^3*t

^2*u^4-4150*e*s3^2*s4^3*t*u^5-740*e*s3^2*s4^3*u^6-7*e*s3^2*s4^2*t^6*u-18*e*s3^

2*s4^2*t^5*u^2+190*e*s3^2*s4^2*t^4*u^3+1280*e*s3^2*s4^2*t^3*u^4+3453*e*s3^2*s4

^2*t^2*u^5+3834*e*s3^2*s4^2*t*u^6+1188*e*s3^2*s4^2*u^7+22*e*s3^2*s4*t^6*u^2+

186*e*s3^2*s4*t^5*u^3+532*e*s3^2*s4*t^4*u^4+588*e*s3^2*s4*t^3*u^5-118*e*s3^2*

s4*t^2*u^6-622*e*s3^2*s4*t*u^7-284*e*s3^2*s4*u^8-13*e*s3^2*t^6*u^3-122*e*s3^2*

t^5*u^4-452*e*s3^2*t^4*u^5-840*e*s3^2*t^3*u^6-835*e*s3^2*t^2*u^7-426*e*s3^2*t*

u^8-88*e*s3^2*u^9+176*e*s3*s4^5*t^2*u^3+332*e*s3*s4^5*t*u^4+140*e*s3*s4^5*u^5+

40*e*s3*s4^4*t^4*u^2-32*e*s3*s4^4*t^3*u^3-804*e*s3*s4^4*t^2*u^4-1264*e*s3*s4^4

*t*u^5-500*e*s3*s4^4*u^6-16*e*s3*s4^3*t^5*u^2-128*e*s3*s4^3*t^4*u^3+76*e*s3*s4

^3*t^3*u^4+1248*e*s3*s4^3*t^2*u^5+1720*e*s3*s4^3*t*u^6+644*e*s3*s4^3*u^7+22*e*

s3*s4^2*t^6*u^2+186*e*s3*s4^2*t^5*u^3+532*e*s3*s4^2*t^4*u^4+588*e*s3*s4^2*t^3*

u^5-118*e*s3*s4^2*t^2*u^6-622*e*s3*s4^2*t*u^7-284*e*s3*s4^2*u^8-60*e*s3*s4*t^6

*u^3-396*e*s3*s4*t^5*u^4-1044*e*s3*s4*t^4*u^5-1500*e*s3*s4*t^3*u^6-1212*e*s3*

s4*t^2*u^7-480*e*s3*s4*t*u^8-60*e*s3*s4*u^9+34*e*s3*t^6*u^4+206*e*s3*t^5*u^5+

544*e*s3*t^4*u^6+796*e*s3*t^3*u^7+674*e*s3*t^2*u^8+310*e*s3*t*u^9+60*e*s3*u^10

-22*e*s4^4*t^4*u^3-80*e*s4^4*t^3*u^4-110*e*s4^4*t^2*u^5-68*e*s4^4*t*u^6-16*e*

s4^4*u^7+22*e*s4^3*t^5*u^3+160*e*s4^3*t^4*u^4+404*e*s4^3*t^3*u^5+476*e*s4^3*t^

2*u^6+270*e*s4^3*t*u^7+60*e*s4^3*u^8-13*e*s4^2*t^6*u^3-122*e*s4^2*t^5*u^4-452*

e*s4^2*t^4*u^5-840*e*s4^2*t^3*u^6-835*e*s4^2*t^2*u^7-426*e*s4^2*t*u^8-88*e*s4^

2*u^9+34*e*s4*t^6*u^4+206*e*s4*t^5*u^5+544*e*s4*t^4*u^6+796*e*s4*t^3*u^7+674*e

*s4*t^2*u^8+310*e*s4*t*u^9+60*e*s4*u^10-19*e*t^6*u^5-98*e*t^5*u^6-218*e*t^4*u^

7-272*e*t^3*u^8-203*e*t^2*u^9-86*e*t*u^10-16*e*u^11+64*s3^6*s4^4*u-128*s3^6*s4

^3*u^2+64*s3^6*s4^2*u^3-64*s3^5*s4^5*t+128*s3^5*s4^5*u+64*s3^5*s4^4*t*u-512*s3

^5*s4^4*u^2-32*s3^5*s4^3*t^2*u+608*s3^5*s4^3*u^3+64*s3^5*s4^2*t^2*u^2+64*s3^5*

s4^2*t*u^3-192*s3^5*s4^2*u^4-32*s3^5*s4*t^2*u^3-64*s3^5*s4*t*u^4-32*s3^5*s4*u^

5+64*s3^4*s4^6*u+64*s3^4*s4^5*t*u-512*s3^4*s4^5*u^2+32*s3^4*s4^4*t^3+32*s3^4*

s4^4*t^2*u-32*s3^4*s4^4*t*u^2+1152*s3^4*s4^4*u^3-32*s3^4*s4^3*t^3*u+128*s3^4*

s4^3*t^2*u^2+160*s3^4*s4^3*t*u^3-896*s3^4*s4^3*u^4+4*s3^4*s4^2*t^4*u-16*s3^4*

s4^2*t^3*u^2-328*s3^4*s4^2*t^2*u^3-464*s3^4*s4^2*t*u^4+68*s3^4*s4^2*u^5-8*s3^4

*s4*t^4*u^2+144*s3^4*s4*t^2*u^4+256*s3^4*s4*t*u^5+120*s3^4*s4*u^6+4*s3^4*t^4*u

^3+16*s3^4*t^3*u^4+24*s3^4*t^2*u^5+16*s3^4*t*u^6+4*s3^4*u^7-128*s3^3*s4^6*u^2

-32*s3^3*s4^5*t^2*u+608*s3^3*s4^5*u^3-32*s3^3*s4^4*t^3*u+128*s3^3*s4^4*t^2*u^2+

160*s3^3*s4^4*t*u^3-896*s3^3*s4^4*u^4-4*s3^3*s4^3*t^5-24*s3^3*s4^3*t^4*u-56*s3

^3*s4^3*t^3*u^2-528*s3^3*s4^3*t^2*u^3-772*s3^3*s4^3*t*u^4+296*s3^3*s4^3*u^5+4*

s3^3*s4^2*t^5*u+16*s3^3*s4^2*t^4*u^2+120*s3^3*s4^2*t^3*u^3+688*s3^3*s4^2*t^2*u

^4+996*s3^3*s4^2*t*u^5+288*s3^3*s4^2*u^6+4*s3^3*s4*t^5*u^2+40*s3^3*s4*t^4*u^3+

56*s3^3*s4*t^3*u^4-144*s3^3*s4*t^2*u^5-316*s3^3*s4*t*u^6-152*s3^3*s4*u^7-4*s3^



129

3*t^5*u^3-32*s3^3*t^4*u^4-88*s3^3*t^3*u^5-112*s3^3*t^2*u^6-68*s3^3*t*u^7-16*s3

^3*u^8+64*s3^2*s4^6*u^3+64*s3^2*s4^5*t^2*u^2+64*s3^2*s4^5*t*u^3-192*s3^2*s4^5*

u^4+4*s3^2*s4^4*t^4*u-16*s3^2*s4^4*t^3*u^2-328*s3^2*s4^4*t^2*u^3-464*s3^2*s4^4

*t*u^4+68*s3^2*s4^4*u^5+4*s3^2*s4^3*t^5*u+16*s3^2*s4^3*t^4*u^2+120*s3^2*s4^3*t

^3*u^3+688*s3^2*s4^3*t^2*u^4+996*s3^2*s4^3*t*u^5+288*s3^2*s4^3*u^6+2*s3^2*s4^2

*t^6*u+12*s3^2*s4^2*t^5*u^2+40*s3^2*s4^2*t^4*u^3-16*s3^2*s4^2*t^3*u^4-454*s3^2

*s4^2*t^2*u^5-748*s3^2*s4^2*t*u^6-308*s3^2*s4^2*u^7-4*s3^2*s4*t^6*u^2-36*s3^2*

s4*t^5*u^3-144*s3^2*s4*t^4*u^4-264*s3^2*s4*t^3*u^5-164*s3^2*s4*t^2*u^6+44*s3^2

*s4*t*u^7+56*s3^2*s4*u^8+2*s3^2*t^6*u^3+20*s3^2*t^5*u^4+84*s3^2*t^4*u^5+176*s3

^2*t^3*u^6+194*s3^2*t^2*u^7+108*s3^2*t*u^8+24*s3^2*u^9-32*s3*s4^5*t^2*u^3-64*

s3*s4^5*t*u^4-32*s3*s4^5*u^5-8*s3*s4^4*t^4*u^2+144*s3*s4^4*t^2*u^4+256*s3*s4^4

*t*u^5+120*s3*s4^4*u^6+4*s3*s4^3*t^5*u^2+40*s3*s4^3*t^4*u^3+56*s3*s4^3*t^3*u^4

-144*s3*s4^3*t^2*u^5-316*s3*s4^3*t*u^6-152*s3*s4^3*u^7-4*s3*s4^2*t^6*u^2-36*s3

*s4^2*t^5*u^3-144*s3*s4^2*t^4*u^4-264*s3*s4^2*t^3*u^5-164*s3*s4^2*t^2*u^6+44*

s3*s4^2*t*u^7+56*s3*s4^2*u^8+8*s3*s4*t^6*u^3+60*s3*s4*t^5*u^4+200*s3*s4*t^4*u^

5+360*s3*s4*t^3*u^6+344*s3*s4*t^2*u^7+156*s3*s4*t*u^8+24*s3*s4*u^9-4*s3*t^6*u^

4-28*s3*t^5*u^5-88*s3*t^4*u^6-152*s3*t^3*u^7-148*s3*t^2*u^8-76*s3*t*u^9-16*s3*

u^10+4*s4^4*t^4*u^3+16*s4^4*t^3*u^4+24*s4^4*t^2*u^5+16*s4^4*t*u^6+4*s4^4*u^7-4

*s4^3*t^5*u^3-32*s4^3*t^4*u^4-88*s4^3*t^3*u^5-112*s4^3*t^2*u^6-68*s4^3*t*u^7

-16*s4^3*u^8+2*s4^2*t^6*u^3+20*s4^2*t^5*u^4+84*s4^2*t^4*u^5+176*s4^2*t^3*u^6+

194*s4^2*t^2*u^7+108*s4^2*t*u^8+24*s4^2*u^9-4*s4*t^6*u^4-28*s4*t^5*u^5-88*s4*t

^4*u^6-152*s4*t^3*u^7-148*s4*t^2*u^8-76*s4*t*u^9-16*s4*u^10+2*t^6*u^5+12*t^5*u

^6+32*t^4*u^7+48*t^3*u^8+42*t^2*u^9+20*t*u^10+4*u^11)/(u-s3)^2/(u-s4)^2/u^3/t/

(-4*s3*s4+t^2+2*t*u+u^2)^2/(-3+2*e)/e^2;

cpbox010000111p1p2p3 := -2*(e-1)*(192*e^5*s3^5*s4^3*t+192*e^5*s3^5*s4^3*u-192*

e^5*s3^4*s4^3*t*u-192*e^5*s3^4*s4^3*u^2-96*e^5*s3^4*s4^2*t^3-480*e^5*s3^4*s4^2

*t^2*u-336*e^5*s3^4*s4^2*t*u^2+48*e^5*s3^4*s4^2*u^3+96*e^5*s3^3*s4^2*t^3*u+480

*e^5*s3^3*s4^2*t^2*u^2+192*e^5*s3^3*s4^2*t*u^3-192*e^5*s3^3*s4^2*u^4+12*e^5*s3

^3*s4*t^5+156*e^5*s3^3*s4*t^4*u+336*e^5*s3^3*s4*t^3*u^2+192*e^5*s3^3*s4*t^2*u^

3-60*e^5*s3^3*s4*t*u^4-60*e^5*s3^3*s4*u^5+144*e^5*s3^2*s4^2*t*u^4+144*e^5*s3^2

*s4^2*u^5-12*e^5*s3^2*s4*t^5*u-156*e^5*s3^2*s4*t^4*u^2-264*e^5*s3^2*s4*t^3*u^3

+24*e^5*s3^2*s4*t^2*u^4+276*e^5*s3^2*s4*t*u^5+132*e^5*s3^2*s4*u^6-12*e^5*s3^2*

t^6*u-51*e^5*s3^2*t^5*u^2-75*e^5*s3^2*t^4*u^3-30*e^5*s3^2*t^3*u^4+30*e^5*s3^2*

t^2*u^5+33*e^5*s3^2*t*u^6+9*e^5*s3^2*u^7-72*e^5*s3*s4*t^3*u^4-216*e^5*s3*s4*t^

2*u^5-216*e^5*s3*s4*t*u^6-72*e^5*s3*s4*u^7+12*e^5*s3*t^6*u^2+42*e^5*s3*t^5*u^3

+30*e^5*s3*t^4*u^4-60*e^5*s3*t^3*u^5-120*e^5*s3*t^2*u^6-78*e^5*s3*t*u^7-18*e^5

*s3*u^8+9*e^5*t^5*u^4+45*e^5*t^4*u^5+90*e^5*t^3*u^6+90*e^5*t^2*u^7+45*e^5*t*u^

8+9*e^5*u^9+192*e^4*s3^6*s4^2*u-544*e^4*s3^5*s4^3*t+32*e^4*s3^5*s4^3*u-288*e^4

*s3^5*s4^2*t*u-480*e^4*s3^5*s4^2*u^2-144*e^4*s3^5*s4*t^2*u-216*e^4*s3^5*s4*t*u

^2-72*e^4*s3^5*s4*u^3+192*e^4*s3^4*s4^4*u+736*e^4*s3^4*s4^3*t*u+224*e^4*s3^4*

s4^3*u^2+272*e^4*s3^4*s4^2*t^3+880*e^4*s3^4*s4^2*t^2*u+672*e^4*s3^4*s4^2*t*u^2

+656*e^4*s3^4*s4^2*u^3+168*e^4*s3^4*s4*t^3*u+672*e^4*s3^4*s4*t^2*u^2+696*e^4*

s3^4*s4*t*u^3+192*e^4*s3^4*s4*u^4+24*e^4*s3^4*t^4*u+78*e^4*s3^4*t^3*u^2+90*e^4

*s3^4*t^2*u^3+42*e^4*s3^4*t*u^4+6*e^4*s3^4*u^5-128*e^4*s3^3*s4^4*u^2-96*e^4*s3

^3*s4^3*t^2*u-632*e^4*s3^3*s4^3*t*u^2-280*e^4*s3^3*s4^3*u^3-344*e^4*s3^3*s4^2*
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

t^3*u-1184*e^4*s3^3*s4^2*t^2*u^2-952*e^4*s3^3*s4^2*t*u^3-784*e^4*s3^3*s4^2*u^4

-34*e^4*s3^3*s4*t^5-322*e^4*s3^3*s4*t^4*u-848*e^4*s3^3*s4*t^3*u^2-1248*e^4*s3^

3*s4*t^2*u^3-998*e^4*s3^3*s4*t*u^4-310*e^4*s3^3*s4*u^5-24*e^4*s3^3*t^5*u-150*e

^4*s3^3*t^4*u^2-324*e^4*s3^3*t^3*u^3-312*e^4*s3^3*t^2*u^4-132*e^4*s3^3*t*u^5

-18*e^4*s3^3*u^6+64*e^4*s3^2*s4^3*t^2*u^2+272*e^4*s3^2*s4^3*t*u^3+16*e^4*s3^2*

s4^3*u^4+12*e^4*s3^2*s4^2*t^4*u+214*e^4*s3^2*s4^2*t^3*u^2+586*e^4*s3^2*s4^2*t^

2*u^3+626*e^4*s3^2*s4^2*t*u^4+386*e^4*s3^2*s4^2*u^5+40*e^4*s3^2*s4*t^5*u+390*e

^4*s3^2*s4*t^4*u^2+968*e^4*s3^2*s4*t^3*u^3+1276*e^4*s3^2*s4*t^2*u^4+1008*e^4*

s3^2*s4*t*u^5+350*e^4*s3^2*s4*u^6+25*e^4*s3^2*t^6*u+142*e^4*s3^2*t^5*u^2+372*e

^4*s3^2*t^4*u^3+550*e^4*s3^2*t^3*u^4+463*e^4*s3^2*t^2*u^5+204*e^4*s3^2*t*u^6+

36*e^4*s3^2*u^7-24*e^4*s3*s4^3*t*u^4-24*e^4*s3*s4^3*u^5-8*e^4*s3*s4^2*t^4*u^2

-68*e^4*s3*s4^2*t^3*u^3-84*e^4*s3*s4^2*t^2*u^4+4*e^4*s3*s4^2*t*u^5+28*e^4*s3*s4

^2*u^6-14*e^4*s3*s4*t^5*u^2-126*e^4*s3*s4*t^4*u^3-376*e^4*s3*s4*t^3*u^4-584*e^

4*s3*s4*t^2*u^5-474*e^4*s3*s4*t*u^6-154*e^4*s3*s4*u^7-30*e^4*s3*t^6*u^2-156*e^

4*s3*t^5*u^3-366*e^4*s3*t^4*u^4-504*e^4*s3*t^3*u^5-426*e^4*s3*t^2*u^6-204*e^4*

s3*t*u^7-42*e^4*s3*u^8+6*e^4*s4^2*t^3*u^4+18*e^4*s4^2*t^2*u^5+18*e^4*s4^2*t*u^

6+6*e^4*s4^2*u^7-6*e^4*s4*t^4*u^4-24*e^4*s4*t^3*u^5-36*e^4*s4*t^2*u^6-24*e^4*

s4*t*u^7-6*e^4*s4*u^8+9*e^4*t^6*u^3+54*e^4*t^5*u^4+144*e^4*t^4*u^5+216*e^4*t^3

*u^6+189*e^4*t^2*u^7+90*e^4*t*u^8+18*e^4*u^9-352*e^3*s3^6*s4^2*u+608*e^3*s3^5*

s4^3*t-448*e^3*s3^5*s4^3*u+320*e^3*s3^5*s4^2*t*u+992*e^3*s3^5*s4^2*u^2+224*e^3

*s3^5*s4*t^2*u+328*e^3*s3^5*s4*t*u^2+176*e^3*s3^5*s4*u^3-352*e^3*s3^4*s4^4*u

-1152*e^3*s3^4*s4^3*t*u+672*e^3*s3^4*s4^3*u^2-304*e^3*s3^4*s4^2*t^3-480*e^3*s3^

4*s4^2*t^2*u-688*e^3*s3^4*s4^2*t*u^2-1376*e^3*s3^4*s4^2*u^3-232*e^3*s3^4*s4*t^

3*u-936*e^3*s3^4*s4*t^2*u^2-1056*e^3*s3^4*s4*t*u^3-496*e^3*s3^4*s4*u^4-26*e^3*

s3^4*t^4*u-102*e^3*s3^4*t^3*u^2-144*e^3*s3^4*t^2*u^3-86*e^3*s3^4*t*u^4-18*e^3*

s3^4*u^5+576*e^3*s3^3*s4^4*u^2+176*e^3*s3^3*s4^3*t^2*u+776*e^3*s3^3*s4^3*t*u^2

-352*e^3*s3^3*s4^3*u^3+552*e^3*s3^3*s4^2*t^3*u+1176*e^3*s3^3*s4^2*t^2*u^2+1152

*e^3*s3^3*s4^2*t*u^3+1328*e^3*s3^3*s4^2*u^4+38*e^3*s3^3*s4*t^5+216*e^3*s3^3*s4

*t^4*u+832*e^3*s3^3*s4*t^3*u^2+1736*e^3*s3^3*s4*t^2*u^3+1770*e^3*s3^3*s4*t*u^4

+760*e^3*s3^3*s4*u^5+26*e^3*s3^3*t^5*u+172*e^3*s3^3*t^4*u^2+422*e^3*s3^3*t^3*u

^3+482*e^3*s3^3*t^2*u^4+256*e^3*s3^3*t*u^5+50*e^3*s3^3*u^6-288*e^3*s3^2*s4^4*u

^3-288*e^3*s3^2*s4^3*t^2*u^2-336*e^3*s3^2*s4^3*t*u^3+32*e^3*s3^2*s4^3*u^4-22*e

^3*s3^2*s4^2*t^4*u-246*e^3*s3^2*s4^2*t^3*u^2-592*e^3*s3^2*s4^2*t^2*u^3-550*e^3

*s3^2*s4^2*t*u^4-502*e^3*s3^2*s4^2*u^5-70*e^3*s3^2*s4*t^5*u-520*e^3*s3^2*s4*t^

4*u^2-1446*e^3*s3^2*s4*t^3*u^3-2246*e^3*s3^2*s4*t^2*u^4-2004*e^3*s3^2*s4*t*u^5

-754*e^3*s3^2*s4*u^6-11*e^3*s3^2*t^6*u-107*e^3*s3^2*t^5*u^2-415*e^3*s3^2*t^4*u

^3-804*e^3*s3^2*t^3*u^4-821*e^3*s3^2*t^2*u^5-421*e^3*s3^2*t*u^6-85*e^3*s3^2*u^

7+144*e^3*s3*s4^3*t^2*u^3+296*e^3*s3*s4^3*t*u^4+128*e^3*s3*s4^3*u^5+36*e^3*s3*

s4^2*t^4*u^2-12*e^3*s3*s4^2*t^3*u^3-216*e^3*s3*s4^2*t^2*u^4-244*e^3*s3*s4^2*t*

u^5-76*e^3*s3*s4^2*u^6+22*e^3*s3*s4*t^5*u^2+280*e^3*s3*s4*t^4*u^3+788*e^3*s3*

s4*t^3*u^4+1124*e^3*s3*s4*t^2*u^5+894*e^3*s3*s4*t*u^6+300*e^3*s3*s4*u^7+34*e^3

*s3*t^6*u^2+216*e^3*s3*t^5*u^3+618*e^3*s3*t^4*u^4+990*e^3*s3*t^3*u^5+912*e^3*

s3*t^2*u^6+450*e^3*s3*t*u^7+92*e^3*s3*u^8-18*e^3*s4^2*t^4*u^3-70*e^3*s4^2*t^3*

u^4-104*e^3*s4^2*t^2*u^5-70*e^3*s4^2*t*u^6-18*e^3*s4^2*u^7+18*e^3*s4*t^5*u^3+

88*e^3*s4*t^4*u^4+170*e^3*s4*t^3*u^5+162*e^3*s4*t^2*u^6+76*e^3*s4*t*u^7+14*e^3
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*s4*u^8-27*e^3*t^6*u^3-151*e^3*t^5*u^4-373*e^3*t^4*u^5-522*e^3*t^3*u^6-433*e^3

*t^2*u^7-199*e^3*t*u^8-39*e^3*u^9+256*e^2*s3^6*s4^2*u-416*e^2*s3^5*s4^3*t+352*

e^2*s3^5*s4^3*u-176*e^2*s3^5*s4^2*t*u-944*e^2*s3^5*s4^2*u^2-104*e^2*s3^5*s4*t^

2*u-172*e^2*s3^5*s4*t*u^2-188*e^2*s3^5*s4*u^3+256*e^2*s3^4*s4^4*u+944*e^2*s3^4

*s4^3*t*u-1424*e^2*s3^4*s4^3*u^2+208*e^2*s3^4*s4^2*t^3+248*e^2*s3^4*s4^2*t^2*u

+1064*e^2*s3^4*s4^2*t*u^2+1472*e^2*s3^4*s4^2*u^3+112*e^2*s3^4*s4*t^3*u+472*e^2

*s3^4*s4*t^2*u^2+752*e^2*s3^4*s4*t*u^3+632*e^2*s3^4*s4*u^4-4*e^2*s3^4*t^4*u+24

*e^2*s3^4*t^3*u^2+84*e^2*s3^4*t^2*u^3+80*e^2*s3^4*t*u^4+24*e^2*s3^4*u^5-896*e^

2*s3^3*s4^4*u^2-128*e^2*s3^3*s4^3*t^2*u+100*e^2*s3^3*s4^3*t*u^2+1676*e^2*s3^3*

s4^3*u^3-480*e^2*s3^3*s4^2*t^3*u-904*e^2*s3^3*s4^2*t^2*u^2-1016*e^2*s3^3*s4^2*

t*u^3-848*e^2*s3^3*s4^2*u^4-26*e^2*s3^3*s4*t^5-114*e^2*s3^3*s4*t^4*u-688*e^2*

s3^3*s4*t^3*u^2-1552*e^2*s3^3*s4*t^2*u^3-1762*e^2*s3^3*s4*t*u^4-930*e^2*s3^3*

s4*u^5+4*e^2*s3^3*t^5*u-8*e^2*s3^3*t^4*u^2-150*e^2*s3^3*t^3*u^3-338*e^2*s3^3*t

^2*u^4-278*e^2*s3^3*t*u^5-78*e^2*s3^3*u^6+576*e^2*s3^2*s4^4*u^3+448*e^2*s3^2*

s4^3*t^2*u^2+104*e^2*s3^2*s4^3*t*u^3-360*e^2*s3^2*s4^3*u^4+16*e^2*s3^2*s4^2*t^

4*u-96*e^2*s3^2*s4^2*t^3*u^2-452*e^2*s3^2*s4^2*t^2*u^3-784*e^2*s3^2*s4^2*t*u^4

-188*e^2*s3^2*s4^2*u^5+68*e^2*s3^2*s4*t^5*u+544*e^2*s3^2*s4*t^4*u^2+1538*e^2*

s3^2*s4*t^3*u^3+2182*e^2*s3^2*s4*t^2*u^4+1802*e^2*s3^2*s4*t*u^5+682*e^2*s3^2*

s4*u^6-3*e^2*s3^2*t^6*u+20*e^2*s3^2*t^5*u^2+200*e^2*s3^2*t^4*u^3+576*e^2*s3^2*

t^3*u^4+761*e^2*s3^2*t^2*u^5+476*e^2*s3^2*t*u^6+114*e^2*s3^2*u^7-288*e^2*s3*s4

^3*t^2*u^3-540*e^2*s3*s4^3*t*u^4-212*e^2*s3*s4^3*u^5-56*e^2*s3*s4^2*t^4*u^2+

160*e^2*s3*s4^2*t^3*u^3+720*e^2*s3*s4^2*t^2*u^4+728*e^2*s3*s4^2*t*u^5+224*e^2*

s3*s4^2*u^6+2*e^2*s3*s4*t^5*u^2-190*e^2*s3*s4*t^4*u^3-508*e^2*s3*s4*t^3*u^4

-604*e^2*s3*s4*t^2*u^5-454*e^2*s3*s4*t*u^6-166*e^2*s3*s4*u^7-30*e^2*s3*t^6*u^2

-192*e^2*s3*t^5*u^3-560*e^2*s3*t^4*u^4-918*e^2*s3*t^3*u^5-864*e^2*s3*t^2*u^6

-434*e^2*s3*t*u^7-90*e^2*s3*u^8+36*e^2*s4^2*t^4*u^3+128*e^2*s4^2*t^3*u^4+172*e^

2*s4^2*t^2*u^5+104*e^2*s4^2*t*u^6+24*e^2*s4^2*u^7-36*e^2*s4*t^5*u^3-176*e^2*s4

*t^4*u^4-342*e^2*s4*t^3*u^5-330*e^2*s4*t^2*u^6-158*e^2*s4*t*u^7-30*e^2*s4*u^8+

29*e^2*t^6*u^3+152*e^2*t^5*u^4+348*e^2*t^4*u^5+452*e^2*t^3*u^6+353*e^2*t^2*u^7

+156*e^2*t*u^8+30*e^2*u^9-160*e*s3^6*s4^2*u+224*e*s3^5*s4^3*t-256*e*s3^5*s4^3*

u+144*e*s3^5*s4^2*t*u+688*e*s3^5*s4^2*u^2+56*e*s3^5*s4*t^2*u+124*e*s3^5*s4*t*u

^2+116*e*s3^5*s4*u^3-160*e*s3^4*s4^4*u-400*e*s3^4*s4^3*t*u+1168*e*s3^4*s4^3*u^

2-112*e*s3^4*s4^2*t^3-168*e*s3^4*s4^2*t^2*u-680*e*s3^4*s4^2*t*u^2-1024*e*s3^4*

s4^2*u^3-64*e*s3^4*s4*t^3*u-360*e*s3^4*s4*t^2*u^2-648*e*s3^4*s4*t*u^3-448*e*s3

^4*s4*u^4+2*e*s3^4*t^4*u-16*e*s3^4*t^3*u^2-54*e*s3^4*t^2*u^3-52*e*s3^4*t*u^4

-16*e*s3^4*u^5+576*e*s3^3*s4^4*u^2+80*e*s3^3*s4^3*t^2*u-244*e*s3^3*s4^3*t*u^2

-1396*e*s3^3*s4^3*u^3+208*e*s3^3*s4^2*t^3*u+264*e*s3^3*s4^2*t^2*u^2+192*e*s3^3*

s4^2*t*u^3+328*e*s3^3*s4^2*u^4+14*e*s3^3*s4*t^5+80*e*s3^3*s4*t^4*u+448*e*s3^3*

s4*t^3*u^2+1120*e*s3^3*s4*t^2*u^3+1350*e*s3^3*s4*t*u^4+660*e*s3^3*s4*u^5-2*e*

s3^3*t^5*u+16*e*s3^3*t^4*u^2+132*e*s3^3*t^3*u^3+268*e*s3^3*t^2*u^4+214*e*s3^3*

t*u^5+60*e*s3^3*u^6-352*e*s3^2*s4^4*u^3-288*e*s3^2*s4^3*t^2*u^2-104*e*s3^2*s4^

3*t*u^3+312*e*s3^2*s4^3*u^4-10*e*s3^2*s4^2*t^4*u+144*e*s3^2*s4^2*t^3*u^2+706*e

*s3^2*s4^2*t^2*u^3+1060*e*s3^2*s4^2*t*u^4+396*e*s3^2*s4^2*u^5-30*e*s3^2*s4*t^5

*u-260*e*s3^2*s4*t^4*u^2-764*e*s3^2*s4*t^3*u^3-1176*e*s3^2*s4*t^2*u^4-1046*e*

s3^2*s4*t*u^5-404*e*s3^2*s4*u^6-e*s3^2*t^6*u-26*e*s3^2*t^5*u^2-164*e*s3^2*t^4*
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amplitude of qq̄ → γ∗γ∗

u^3-440*e*s3^2*t^3*u^4-575*e*s3^2*t^2*u^5-362*e*s3^2*t*u^6-88*e*s3^2*u^7+176*e

*s3*s4^3*t^2*u^3+332*e*s3*s4^3*t*u^4+140*e*s3*s4^3*u^5+36*e*s3*s4^2*t^4*u^2-80

*e*s3*s4^2*t^3*u^3-476*e*s3*s4^2*t^2*u^4-568*e*s3*s4^2*t*u^5-208*e*s3*s4^2*u^6

-14*e*s3*s4*t^5*u^2+24*e*s3*s4*t^3*u^4+40*e*s3*s4*t^2*u^5+78*e*s3*s4*t*u^6+48*

e*s3*s4*u^7+18*e*s3*t^6*u^2+114*e*s3*t^5*u^3+336*e*s3*t^4*u^4+564*e*s3*t^3*u^5

+546*e*s3*t^2*u^6+282*e*s3*t*u^7+60*e*s3*u^8-22*e*s4^2*t^4*u^3-80*e*s4^2*t^3*u

^4-110*e*s4^2*t^2*u^5-68*e*s4^2*t*u^6-16*e*s4^2*u^7+22*e*s4*t^5*u^3+116*e*s4*t

^4*u^4+244*e*s4*t^3*u^5+256*e*s4*t^2*u^6+134*e*s4*t*u^7+28*e*s4*u^8-13*e*t^6*u

^3-70*e*t^5*u^4-166*e*t^4*u^5-224*e*t^3*u^6-181*e*t^2*u^7-82*e*t*u^8-16*e*u^9+

64*s3^6*s4^2*u-64*s3^5*s4^3*t+128*s3^5*s4^3*u-64*s3^5*s4^2*t*u-256*s3^5*s4^2*u

^2-32*s3^5*s4*t^2*u-64*s3^5*s4*t*u^2-32*s3^5*s4*u^3+64*s3^4*s4^4*u+64*s3^4*s4^

3*t*u-384*s3^4*s4^3*u^2+32*s3^4*s4^2*t^3+32*s3^4*s4^2*t^2*u+96*s3^4*s4^2*t*u^2

+320*s3^4*s4^2*u^3+32*s3^4*s4*t^3*u+192*s3^4*s4*t^2*u^2+288*s3^4*s4*t*u^3+128*

s3^4*s4*u^4+4*s3^4*t^4*u+16*s3^4*t^3*u^2+24*s3^4*t^2*u^3+16*s3^4*t*u^4+4*s3^4*

u^5-128*s3^3*s4^4*u^2-32*s3^3*s4^3*t^2*u+352*s3^3*s4^3*u^3-32*s3^3*s4^2*t^3*u+

64*s3^3*s4^2*t^2*u^2+160*s3^3*s4^2*t*u^3-64*s3^3*s4^2*u^4-4*s3^3*s4*t^5-24*s3^

3*s4*t^4*u-120*s3^3*s4*t^3*u^2-368*s3^3*s4*t^2*u^3-452*s3^3*s4*t*u^4-184*s3^3*

s4*u^5-4*s3^3*t^5*u-32*s3^3*t^4*u^2-88*s3^3*t^3*u^3-112*s3^3*t^2*u^4-68*s3^3*t

*u^5-16*s3^3*u^6+64*s3^2*s4^4*u^3+64*s3^2*s4^3*t^2*u^2+64*s3^2*s4^3*t*u^3-64*

s3^2*s4^3*u^4+4*s3^2*s4^2*t^4*u-16*s3^2*s4^2*t^3*u^2-200*s3^2*s4^2*t^2*u^3-336

*s3^2*s4^2*t*u^4-124*s3^2*s4^2*u^5+4*s3^2*s4*t^5*u+24*s3^2*s4*t^4*u^2+88*s3^2*

s4*t^3*u^3+224*s3^2*s4*t^2*u^4+260*s3^2*s4*t*u^5+104*s3^2*s4*u^6+2*s3^2*t^6*u+

20*s3^2*t^5*u^2+84*s3^2*t^4*u^3+176*s3^2*t^3*u^4+194*s3^2*t^2*u^5+108*s3^2*t*u

^6+24*s3^2*u^7-32*s3*s4^3*t^2*u^3-64*s3*s4^3*t*u^4-32*s3*s4^3*u^5-8*s3*s4^2*t^

4*u^2+80*s3*s4^2*t^2*u^4+128*s3*s4^2*t*u^5+56*s3*s4^2*u^6+4*s3*s4*t^5*u^2+24*

s3*s4*t^4*u^3+56*s3*s4*t^3*u^4+48*s3*s4*t^2*u^5+4*s3*s4*t*u^6-8*s3*s4*u^7-4*s3

*t^6*u^2-28*s3*t^5*u^3-88*s3*t^4*u^4-152*s3*t^3*u^5-148*s3*t^2*u^6-76*s3*t*u^7

-16*s3*u^8+4*s4^2*t^4*u^3+16*s4^2*t^3*u^4+24*s4^2*t^2*u^5+16*s4^2*t*u^6+4*s4^2

*u^7-4*s4*t^5*u^3-24*s4*t^4*u^4-56*s4*t^3*u^5-64*s4*t^2*u^6-36*s4*t*u^7-8*s4*u

^8+2*t^6*u^3+12*t^5*u^4+32*t^4*u^5+48*t^3*u^6+42*t^2*u^7+20*t*u^8+4*u^9)/u^2/(

3*e-2)/(-3+2*e)/(-4*s3*s4+t^2+2*t*u+u^2)^2/(u-s3)^2/e/t;

cpbox010010011p1p2p3 := -2*(e-1)*(192*e^5*s3^3*s4^5*t+192*e^5*s3^3*s4^5*u-192*

e^5*s3^3*s4^4*t*u-192*e^5*s3^3*s4^4*u^2-96*e^5*s3^2*s4^4*t^3-480*e^5*s3^2*s4^4

*t^2*u-336*e^5*s3^2*s4^4*t*u^2+48*e^5*s3^2*s4^4*u^3+96*e^5*s3^2*s4^3*t^3*u+480

*e^5*s3^2*s4^3*t^2*u^2+192*e^5*s3^2*s4^3*t*u^3-192*e^5*s3^2*s4^3*u^4+144*e^5*

s3^2*s4^2*t*u^4+144*e^5*s3^2*s4^2*u^5+12*e^5*s3*s4^3*t^5+156*e^5*s3*s4^3*t^4*u

+336*e^5*s3*s4^3*t^3*u^2+192*e^5*s3*s4^3*t^2*u^3-60*e^5*s3*s4^3*t*u^4-60*e^5*

s3*s4^3*u^5-12*e^5*s3*s4^2*t^5*u-156*e^5*s3*s4^2*t^4*u^2-264*e^5*s3*s4^2*t^3*u

^3+24*e^5*s3*s4^2*t^2*u^4+276*e^5*s3*s4^2*t*u^5+132*e^5*s3*s4^2*u^6-72*e^5*s3*

s4*t^3*u^4-216*e^5*s3*s4*t^2*u^5-216*e^5*s3*s4*t*u^6-72*e^5*s3*s4*u^7-12*e^5*

s4^2*t^6*u-51*e^5*s4^2*t^5*u^2-75*e^5*s4^2*t^4*u^3-30*e^5*s4^2*t^3*u^4+30*e^5*

s4^2*t^2*u^5+33*e^5*s4^2*t*u^6+9*e^5*s4^2*u^7+12*e^5*s4*t^6*u^2+42*e^5*s4*t^5*

u^3+30*e^5*s4*t^4*u^4-60*e^5*s4*t^3*u^5-120*e^5*s4*t^2*u^6-78*e^5*s4*t*u^7-18*

e^5*s4*u^8+9*e^5*t^5*u^4+45*e^5*t^4*u^5+90*e^5*t^3*u^6+90*e^5*t^2*u^7+45*e^5*t

*u^8+9*e^5*u^9+192*e^4*s3^4*s4^4*u-128*e^4*s3^4*s4^3*u^2-544*e^4*s3^3*s4^5*t+
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32*e^4*s3^3*s4^5*u+736*e^4*s3^3*s4^4*t*u+224*e^4*s3^3*s4^4*u^2-96*e^4*s3^3*s4^

3*t^2*u-632*e^4*s3^3*s4^3*t*u^2-280*e^4*s3^3*s4^3*u^3+64*e^4*s3^3*s4^2*t^2*u^2

+272*e^4*s3^3*s4^2*t*u^3+16*e^4*s3^3*s4^2*u^4-24*e^4*s3^3*s4*t*u^4-24*e^4*s3^3

*s4*u^5+192*e^4*s3^2*s4^6*u-288*e^4*s3^2*s4^5*t*u-480*e^4*s3^2*s4^5*u^2+272*e^

4*s3^2*s4^4*t^3+880*e^4*s3^2*s4^4*t^2*u+672*e^4*s3^2*s4^4*t*u^2+656*e^4*s3^2*

s4^4*u^3-344*e^4*s3^2*s4^3*t^3*u-1184*e^4*s3^2*s4^3*t^2*u^2-952*e^4*s3^2*s4^3*

t*u^3-784*e^4*s3^2*s4^3*u^4+12*e^4*s3^2*s4^2*t^4*u+214*e^4*s3^2*s4^2*t^3*u^2+

586*e^4*s3^2*s4^2*t^2*u^3+626*e^4*s3^2*s4^2*t*u^4+386*e^4*s3^2*s4^2*u^5-8*e^4*

s3^2*s4*t^4*u^2-68*e^4*s3^2*s4*t^3*u^3-84*e^4*s3^2*s4*t^2*u^4+4*e^4*s3^2*s4*t*

u^5+28*e^4*s3^2*s4*u^6+6*e^4*s3^2*t^3*u^4+18*e^4*s3^2*t^2*u^5+18*e^4*s3^2*t*u^

6+6*e^4*s3^2*u^7-144*e^4*s3*s4^5*t^2*u-216*e^4*s3*s4^5*t*u^2-72*e^4*s3*s4^5*u^

3+168*e^4*s3*s4^4*t^3*u+672*e^4*s3*s4^4*t^2*u^2+696*e^4*s3*s4^4*t*u^3+192*e^4*

s3*s4^4*u^4-34*e^4*s3*s4^3*t^5-322*e^4*s3*s4^3*t^4*u-848*e^4*s3*s4^3*t^3*u^2

-1248*e^4*s3*s4^3*t^2*u^3-998*e^4*s3*s4^3*t*u^4-310*e^4*s3*s4^3*u^5+40*e^4*s3*

s4^2*t^5*u+390*e^4*s3*s4^2*t^4*u^2+968*e^4*s3*s4^2*t^3*u^3+1276*e^4*s3*s4^2*t^

2*u^4+1008*e^4*s3*s4^2*t*u^5+350*e^4*s3*s4^2*u^6-14*e^4*s3*s4*t^5*u^2-126*e^4*

s3*s4*t^4*u^3-376*e^4*s3*s4*t^3*u^4-584*e^4*s3*s4*t^2*u^5-474*e^4*s3*s4*t*u^6

-154*e^4*s3*s4*u^7-6*e^4*s3*t^4*u^4-24*e^4*s3*t^3*u^5-36*e^4*s3*t^2*u^6-24*e^4*

s3*t*u^7-6*e^4*s3*u^8+24*e^4*s4^4*t^4*u+78*e^4*s4^4*t^3*u^2+90*e^4*s4^4*t^2*u^

3+42*e^4*s4^4*t*u^4+6*e^4*s4^4*u^5-24*e^4*s4^3*t^5*u-150*e^4*s4^3*t^4*u^2-324*

e^4*s4^3*t^3*u^3-312*e^4*s4^3*t^2*u^4-132*e^4*s4^3*t*u^5-18*e^4*s4^3*u^6+25*e^

4*s4^2*t^6*u+142*e^4*s4^2*t^5*u^2+372*e^4*s4^2*t^4*u^3+550*e^4*s4^2*t^3*u^4+

463*e^4*s4^2*t^2*u^5+204*e^4*s4^2*t*u^6+36*e^4*s4^2*u^7-30*e^4*s4*t^6*u^2-156*

e^4*s4*t^5*u^3-366*e^4*s4*t^4*u^4-504*e^4*s4*t^3*u^5-426*e^4*s4*t^2*u^6-204*e^

4*s4*t*u^7-42*e^4*s4*u^8+9*e^4*t^6*u^3+54*e^4*t^5*u^4+144*e^4*t^4*u^5+216*e^4*

t^3*u^6+189*e^4*t^2*u^7+90*e^4*t*u^8+18*e^4*u^9-352*e^3*s3^4*s4^4*u+576*e^3*s3

^4*s4^3*u^2-288*e^3*s3^4*s4^2*u^3+608*e^3*s3^3*s4^5*t-448*e^3*s3^3*s4^5*u-1152

*e^3*s3^3*s4^4*t*u+672*e^3*s3^3*s4^4*u^2+176*e^3*s3^3*s4^3*t^2*u+776*e^3*s3^3*

s4^3*t*u^2-352*e^3*s3^3*s4^3*u^3-288*e^3*s3^3*s4^2*t^2*u^2-336*e^3*s3^3*s4^2*t

*u^3+32*e^3*s3^3*s4^2*u^4+144*e^3*s3^3*s4*t^2*u^3+296*e^3*s3^3*s4*t*u^4+128*e^

3*s3^3*s4*u^5-352*e^3*s3^2*s4^6*u+320*e^3*s3^2*s4^5*t*u+992*e^3*s3^2*s4^5*u^2

-304*e^3*s3^2*s4^4*t^3-480*e^3*s3^2*s4^4*t^2*u-688*e^3*s3^2*s4^4*t*u^2-1376*e^3

*s3^2*s4^4*u^3+552*e^3*s3^2*s4^3*t^3*u+1176*e^3*s3^2*s4^3*t^2*u^2+1152*e^3*s3^

2*s4^3*t*u^3+1328*e^3*s3^2*s4^3*u^4-22*e^3*s3^2*s4^2*t^4*u-246*e^3*s3^2*s4^2*t

^3*u^2-592*e^3*s3^2*s4^2*t^2*u^3-550*e^3*s3^2*s4^2*t*u^4-502*e^3*s3^2*s4^2*u^5

+36*e^3*s3^2*s4*t^4*u^2-12*e^3*s3^2*s4*t^3*u^3-216*e^3*s3^2*s4*t^2*u^4-244*e^3

*s3^2*s4*t*u^5-76*e^3*s3^2*s4*u^6-18*e^3*s3^2*t^4*u^3-70*e^3*s3^2*t^3*u^4-104*

e^3*s3^2*t^2*u^5-70*e^3*s3^2*t*u^6-18*e^3*s3^2*u^7+224*e^3*s3*s4^5*t^2*u+328*e

^3*s3*s4^5*t*u^2+176*e^3*s3*s4^5*u^3-232*e^3*s3*s4^4*t^3*u-936*e^3*s3*s4^4*t^2

*u^2-1056*e^3*s3*s4^4*t*u^3-496*e^3*s3*s4^4*u^4+38*e^3*s3*s4^3*t^5+216*e^3*s3*

s4^3*t^4*u+832*e^3*s3*s4^3*t^3*u^2+1736*e^3*s3*s4^3*t^2*u^3+1770*e^3*s3*s4^3*t

*u^4+760*e^3*s3*s4^3*u^5-70*e^3*s3*s4^2*t^5*u-520*e^3*s3*s4^2*t^4*u^2-1446*e^3

*s3*s4^2*t^3*u^3-2246*e^3*s3*s4^2*t^2*u^4-2004*e^3*s3*s4^2*t*u^5-754*e^3*s3*s4

^2*u^6+22*e^3*s3*s4*t^5*u^2+280*e^3*s3*s4*t^4*u^3+788*e^3*s3*s4*t^3*u^4+1124*e

^3*s3*s4*t^2*u^5+894*e^3*s3*s4*t*u^6+300*e^3*s3*s4*u^7+18*e^3*s3*t^5*u^3+88*e^
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3*s3*t^4*u^4+170*e^3*s3*t^3*u^5+162*e^3*s3*t^2*u^6+76*e^3*s3*t*u^7+14*e^3*s3*u

^8-26*e^3*s4^4*t^4*u-102*e^3*s4^4*t^3*u^2-144*e^3*s4^4*t^2*u^3-86*e^3*s4^4*t*u

^4-18*e^3*s4^4*u^5+26*e^3*s4^3*t^5*u+172*e^3*s4^3*t^4*u^2+422*e^3*s4^3*t^3*u^3

+482*e^3*s4^3*t^2*u^4+256*e^3*s4^3*t*u^5+50*e^3*s4^3*u^6-11*e^3*s4^2*t^6*u-107

*e^3*s4^2*t^5*u^2-415*e^3*s4^2*t^4*u^3-804*e^3*s4^2*t^3*u^4-821*e^3*s4^2*t^2*u

^5-421*e^3*s4^2*t*u^6-85*e^3*s4^2*u^7+34*e^3*s4*t^6*u^2+216*e^3*s4*t^5*u^3+618

*e^3*s4*t^4*u^4+990*e^3*s4*t^3*u^5+912*e^3*s4*t^2*u^6+450*e^3*s4*t*u^7+92*e^3*

s4*u^8-27*e^3*t^6*u^3-151*e^3*t^5*u^4-373*e^3*t^4*u^5-522*e^3*t^3*u^6-433*e^3*

t^2*u^7-199*e^3*t*u^8-39*e^3*u^9+256*e^2*s3^4*s4^4*u-896*e^2*s3^4*s4^3*u^2+576

*e^2*s3^4*s4^2*u^3-416*e^2*s3^3*s4^5*t+352*e^2*s3^3*s4^5*u+944*e^2*s3^3*s4^4*t

*u-1424*e^2*s3^3*s4^4*u^2-128*e^2*s3^3*s4^3*t^2*u+100*e^2*s3^3*s4^3*t*u^2+1676

*e^2*s3^3*s4^3*u^3+448*e^2*s3^3*s4^2*t^2*u^2+104*e^2*s3^3*s4^2*t*u^3-360*e^2*

s3^3*s4^2*u^4-288*e^2*s3^3*s4*t^2*u^3-540*e^2*s3^3*s4*t*u^4-212*e^2*s3^3*s4*u^

5+256*e^2*s3^2*s4^6*u-176*e^2*s3^2*s4^5*t*u-944*e^2*s3^2*s4^5*u^2+208*e^2*s3^2

*s4^4*t^3+248*e^2*s3^2*s4^4*t^2*u+1064*e^2*s3^2*s4^4*t*u^2+1472*e^2*s3^2*s4^4*

u^3-480*e^2*s3^2*s4^3*t^3*u-904*e^2*s3^2*s4^3*t^2*u^2-1016*e^2*s3^2*s4^3*t*u^3

-848*e^2*s3^2*s4^3*u^4+16*e^2*s3^2*s4^2*t^4*u-96*e^2*s3^2*s4^2*t^3*u^2-452*e^2

*s3^2*s4^2*t^2*u^3-784*e^2*s3^2*s4^2*t*u^4-188*e^2*s3^2*s4^2*u^5-56*e^2*s3^2*

s4*t^4*u^2+160*e^2*s3^2*s4*t^3*u^3+720*e^2*s3^2*s4*t^2*u^4+728*e^2*s3^2*s4*t*u

^5+224*e^2*s3^2*s4*u^6+36*e^2*s3^2*t^4*u^3+128*e^2*s3^2*t^3*u^4+172*e^2*s3^2*t

^2*u^5+104*e^2*s3^2*t*u^6+24*e^2*s3^2*u^7-104*e^2*s3*s4^5*t^2*u-172*e^2*s3*s4^

5*t*u^2-188*e^2*s3*s4^5*u^3+112*e^2*s3*s4^4*t^3*u+472*e^2*s3*s4^4*t^2*u^2+752*

e^2*s3*s4^4*t*u^3+632*e^2*s3*s4^4*u^4-26*e^2*s3*s4^3*t^5-114*e^2*s3*s4^3*t^4*u

-688*e^2*s3*s4^3*t^3*u^2-1552*e^2*s3*s4^3*t^2*u^3-1762*e^2*s3*s4^3*t*u^4-930*e

^2*s3*s4^3*u^5+68*e^2*s3*s4^2*t^5*u+544*e^2*s3*s4^2*t^4*u^2+1538*e^2*s3*s4^2*t

^3*u^3+2182*e^2*s3*s4^2*t^2*u^4+1802*e^2*s3*s4^2*t*u^5+682*e^2*s3*s4^2*u^6+2*e

^2*s3*s4*t^5*u^2-190*e^2*s3*s4*t^4*u^3-508*e^2*s3*s4*t^3*u^4-604*e^2*s3*s4*t^2

*u^5-454*e^2*s3*s4*t*u^6-166*e^2*s3*s4*u^7-36*e^2*s3*t^5*u^3-176*e^2*s3*t^4*u^

4-342*e^2*s3*t^3*u^5-330*e^2*s3*t^2*u^6-158*e^2*s3*t*u^7-30*e^2*s3*u^8-4*e^2*

s4^4*t^4*u+24*e^2*s4^4*t^3*u^2+84*e^2*s4^4*t^2*u^3+80*e^2*s4^4*t*u^4+24*e^2*s4

^4*u^5+4*e^2*s4^3*t^5*u-8*e^2*s4^3*t^4*u^2-150*e^2*s4^3*t^3*u^3-338*e^2*s4^3*t

^2*u^4-278*e^2*s4^3*t*u^5-78*e^2*s4^3*u^6-3*e^2*s4^2*t^6*u+20*e^2*s4^2*t^5*u^2

+200*e^2*s4^2*t^4*u^3+576*e^2*s4^2*t^3*u^4+761*e^2*s4^2*t^2*u^5+476*e^2*s4^2*t

*u^6+114*e^2*s4^2*u^7-30*e^2*s4*t^6*u^2-192*e^2*s4*t^5*u^3-560*e^2*s4*t^4*u^4

-918*e^2*s4*t^3*u^5-864*e^2*s4*t^2*u^6-434*e^2*s4*t*u^7-90*e^2*s4*u^8+29*e^2*t^

6*u^3+152*e^2*t^5*u^4+348*e^2*t^4*u^5+452*e^2*t^3*u^6+353*e^2*t^2*u^7+156*e^2*

t*u^8+30*e^2*u^9-160*e*s3^4*s4^4*u+576*e*s3^4*s4^3*u^2-352*e*s3^4*s4^2*u^3+224

*e*s3^3*s4^5*t-256*e*s3^3*s4^5*u-400*e*s3^3*s4^4*t*u+1168*e*s3^3*s4^4*u^2+80*e

*s3^3*s4^3*t^2*u-244*e*s3^3*s4^3*t*u^2-1396*e*s3^3*s4^3*u^3-288*e*s3^3*s4^2*t^

2*u^2-104*e*s3^3*s4^2*t*u^3+312*e*s3^3*s4^2*u^4+176*e*s3^3*s4*t^2*u^3+332*e*s3

^3*s4*t*u^4+140*e*s3^3*s4*u^5-160*e*s3^2*s4^6*u+144*e*s3^2*s4^5*t*u+688*e*s3^2

*s4^5*u^2-112*e*s3^2*s4^4*t^3-168*e*s3^2*s4^4*t^2*u-680*e*s3^2*s4^4*t*u^2-1024

*e*s3^2*s4^4*u^3+208*e*s3^2*s4^3*t^3*u+264*e*s3^2*s4^3*t^2*u^2+192*e*s3^2*s4^3

*t*u^3+328*e*s3^2*s4^3*u^4-10*e*s3^2*s4^2*t^4*u+144*e*s3^2*s4^2*t^3*u^2+706*e*

s3^2*s4^2*t^2*u^3+1060*e*s3^2*s4^2*t*u^4+396*e*s3^2*s4^2*u^5+36*e*s3^2*s4*t^4*
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u^2-80*e*s3^2*s4*t^3*u^3-476*e*s3^2*s4*t^2*u^4-568*e*s3^2*s4*t*u^5-208*e*s3^2*

s4*u^6-22*e*s3^2*t^4*u^3-80*e*s3^2*t^3*u^4-110*e*s3^2*t^2*u^5-68*e*s3^2*t*u^6

-16*e*s3^2*u^7+56*e*s3*s4^5*t^2*u+124*e*s3*s4^5*t*u^2+116*e*s3*s4^5*u^3-64*e*s3

*s4^4*t^3*u-360*e*s3*s4^4*t^2*u^2-648*e*s3*s4^4*t*u^3-448*e*s3*s4^4*u^4+14*e*

s3*s4^3*t^5+80*e*s3*s4^3*t^4*u+448*e*s3*s4^3*t^3*u^2+1120*e*s3*s4^3*t^2*u^3+

1350*e*s3*s4^3*t*u^4+660*e*s3*s4^3*u^5-30*e*s3*s4^2*t^5*u-260*e*s3*s4^2*t^4*u^

2-764*e*s3*s4^2*t^3*u^3-1176*e*s3*s4^2*t^2*u^4-1046*e*s3*s4^2*t*u^5-404*e*s3*

s4^2*u^6-14*e*s3*s4*t^5*u^2+24*e*s3*s4*t^3*u^4+40*e*s3*s4*t^2*u^5+78*e*s3*s4*t

*u^6+48*e*s3*s4*u^7+22*e*s3*t^5*u^3+116*e*s3*t^4*u^4+244*e*s3*t^3*u^5+256*e*s3

*t^2*u^6+134*e*s3*t*u^7+28*e*s3*u^8+2*e*s4^4*t^4*u-16*e*s4^4*t^3*u^2-54*e*s4^4

*t^2*u^3-52*e*s4^4*t*u^4-16*e*s4^4*u^5-2*e*s4^3*t^5*u+16*e*s4^3*t^4*u^2+132*e*

s4^3*t^3*u^3+268*e*s4^3*t^2*u^4+214*e*s4^3*t*u^5+60*e*s4^3*u^6-e*s4^2*t^6*u-26

*e*s4^2*t^5*u^2-164*e*s4^2*t^4*u^3-440*e*s4^2*t^3*u^4-575*e*s4^2*t^2*u^5-362*e

*s4^2*t*u^6-88*e*s4^2*u^7+18*e*s4*t^6*u^2+114*e*s4*t^5*u^3+336*e*s4*t^4*u^4+

564*e*s4*t^3*u^5+546*e*s4*t^2*u^6+282*e*s4*t*u^7+60*e*s4*u^8-13*e*t^6*u^3-70*e

*t^5*u^4-166*e*t^4*u^5-224*e*t^3*u^6-181*e*t^2*u^7-82*e*t*u^8-16*e*u^9+64*s3^4

*s4^4*u-128*s3^4*s4^3*u^2+64*s3^4*s4^2*u^3-64*s3^3*s4^5*t+128*s3^3*s4^5*u+64*

s3^3*s4^4*t*u-384*s3^3*s4^4*u^2-32*s3^3*s4^3*t^2*u+352*s3^3*s4^3*u^3+64*s3^3*

s4^2*t^2*u^2+64*s3^3*s4^2*t*u^3-64*s3^3*s4^2*u^4-32*s3^3*s4*t^2*u^3-64*s3^3*s4

*t*u^4-32*s3^3*s4*u^5+64*s3^2*s4^6*u-64*s3^2*s4^5*t*u-256*s3^2*s4^5*u^2+32*s3^

2*s4^4*t^3+32*s3^2*s4^4*t^2*u+96*s3^2*s4^4*t*u^2+320*s3^2*s4^4*u^3-32*s3^2*s4^

3*t^3*u+64*s3^2*s4^3*t^2*u^2+160*s3^2*s4^3*t*u^3-64*s3^2*s4^3*u^4+4*s3^2*s4^2*

t^4*u-16*s3^2*s4^2*t^3*u^2-200*s3^2*s4^2*t^2*u^3-336*s3^2*s4^2*t*u^4-124*s3^2*

s4^2*u^5-8*s3^2*s4*t^4*u^2+80*s3^2*s4*t^2*u^4+128*s3^2*s4*t*u^5+56*s3^2*s4*u^6

+4*s3^2*t^4*u^3+16*s3^2*t^3*u^4+24*s3^2*t^2*u^5+16*s3^2*t*u^6+4*s3^2*u^7-32*s3

*s4^5*t^2*u-64*s3*s4^5*t*u^2-32*s3*s4^5*u^3+32*s3*s4^4*t^3*u+192*s3*s4^4*t^2*u

^2+288*s3*s4^4*t*u^3+128*s3*s4^4*u^4-4*s3*s4^3*t^5-24*s3*s4^3*t^4*u-120*s3*s4^

3*t^3*u^2-368*s3*s4^3*t^2*u^3-452*s3*s4^3*t*u^4-184*s3*s4^3*u^5+4*s3*s4^2*t^5*

u+24*s3*s4^2*t^4*u^2+88*s3*s4^2*t^3*u^3+224*s3*s4^2*t^2*u^4+260*s3*s4^2*t*u^5+

104*s3*s4^2*u^6+4*s3*s4*t^5*u^2+24*s3*s4*t^4*u^3+56*s3*s4*t^3*u^4+48*s3*s4*t^2

*u^5+4*s3*s4*t*u^6-8*s3*s4*u^7-4*s3*t^5*u^3-24*s3*t^4*u^4-56*s3*t^3*u^5-64*s3*

t^2*u^6-36*s3*t*u^7-8*s3*u^8+4*s4^4*t^4*u+16*s4^4*t^3*u^2+24*s4^4*t^2*u^3+16*

s4^4*t*u^4+4*s4^4*u^5-4*s4^3*t^5*u-32*s4^3*t^4*u^2-88*s4^3*t^3*u^3-112*s4^3*t^

2*u^4-68*s4^3*t*u^5-16*s4^3*u^6+2*s4^2*t^6*u+20*s4^2*t^5*u^2+84*s4^2*t^4*u^3+

176*s4^2*t^3*u^4+194*s4^2*t^2*u^5+108*s4^2*t*u^6+24*s4^2*u^7-4*s4*t^6*u^2-28*

s4*t^5*u^3-88*s4*t^4*u^4-152*s4*t^3*u^5-148*s4*t^2*u^6-76*s4*t*u^7-16*s4*u^8+2

*t^6*u^3+12*t^5*u^4+32*t^4*u^5+48*t^3*u^6+42*t^2*u^7+20*t*u^8+4*u^9)/(u-s4)^2/

t/(-4*s3*s4+t^2+2*t*u+u^2)^2/(3*e-2)/(-3+2*e)/e/u^2;

cpbox010010101p1p2p3 := 2*(e-1)*(144*e^5*s3^2*s4^2*t*u+144*e^5*s3^2*s4^2*u^2

-72*e^5*s3*s4*t^3*u-216*e^5*s3*s4*t^2*u^2-216*e^5*s3*s4*t*u^3-72*e^5*s3*s4*u^4+

9*e^5*t^5*u+45*e^5*t^4*u^2+90*e^5*t^3*u^3+90*e^5*t^2*u^4+45*e^5*t*u^5+9*e^5*u^

6-48*e^4*s3^3*s4*t^2-24*e^4*s3^3*s4*t*u+24*e^4*s3^3*s4*u^2-240*e^4*s3^2*s4^2*t

^2-48*e^4*s3^2*s4^2*t*u+336*e^4*s3^2*s4^2*u^2+48*e^4*s3^2*s4*t^3+72*e^4*s3^2*

s4*t^2*u-24*e^4*s3^2*s4*u^3+12*e^4*s3^2*t^4+30*e^4*s3^2*t^3*u+18*e^4*s3^2*t^2*

u^2-6*e^4*s3^2*t*u^3-6*e^4*s3^2*u^4-48*e^4*s3*s4^3*t^2-24*e^4*s3*s4^3*t*u+24*e
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^4*s3*s4^3*u^2+48*e^4*s3*s4^2*t^3+72*e^4*s3*s4^2*t^2*u-24*e^4*s3*s4^2*u^3+96*e

^4*s3*s4*t^4+204*e^4*s3*s4*t^3*u-36*e^4*s3*s4*t^2*u^2-300*e^4*s3*s4*t*u^3-156*

e^4*s3*s4*u^4-12*e^4*s3*t^5-42*e^4*s3*t^4*u-48*e^4*s3*t^3*u^2-12*e^4*s3*t^2*u^

3+12*e^4*s3*t*u^4+6*e^4*s3*u^5+12*e^4*s4^2*t^4+30*e^4*s4^2*t^3*u+18*e^4*s4^2*t

^2*u^2-6*e^4*s4^2*t*u^3-6*e^4*s4^2*u^4-12*e^4*s4*t^5-42*e^4*s4*t^4*u-48*e^4*s4

*t^3*u^2-12*e^4*s4*t^2*u^3+12*e^4*s4*t*u^4+6*e^4*s4*u^5-9*e^4*t^6-36*e^4*t^5*u

-36*e^4*t^4*u^2+36*e^4*t^3*u^3+99*e^4*t^2*u^4+72*e^4*t*u^5+18*e^4*u^6-128*e^3*

s3^3*s4^2*t-64*e^3*s3^3*s4^2*u+48*e^3*s3^3*s4*t^2-24*e^3*s3^3*s4*t*u-128*e^3*

s3^2*s4^3*t-64*e^3*s3^2*s4^3*u+656*e^3*s3^2*s4^2*t^2+32*e^3*s3^2*s4^2*t*u-624*

e^3*s3^2*s4^2*u^2-48*e^3*s3^2*s4*t^3+136*e^3*s3^2*s4*t^2*u+200*e^3*s3^2*s4*t*u

^2+16*e^3*s3^2*s4*u^3-4*e^3*s3^2*t^4-14*e^3*s3^2*t^3*u-12*e^3*s3^2*t^2*u^2+2*e

^3*s3^2*t*u^3+4*e^3*s3^2*u^4+48*e^3*s3*s4^3*t^2-24*e^3*s3*s4^3*t*u-48*e^3*s3*

s4^2*t^3+136*e^3*s3*s4^2*t^2*u+200*e^3*s3*s4^2*t*u^2+16*e^3*s3*s4^2*u^3-224*e^

3*s3*s4*t^4-564*e^3*s3*s4*t^3*u-120*e^3*s3*s4*t^2*u^2+556*e^3*s3*s4*t*u^3+336*

e^3*s3*s4*u^4+4*e^3*s3*t^5+2*e^3*s3*t^4*u-26*e^3*s3*t^3*u^2-50*e^3*s3*t^2*u^3

-34*e^3*s3*t*u^4-8*e^3*s3*u^5-4*e^3*s4^2*t^4-14*e^3*s4^2*t^3*u-12*e^3*s4^2*t^2*

u^2+2*e^3*s4^2*t*u^3+4*e^3*s4^2*u^4+4*e^3*s4*t^5+2*e^3*s4*t^4*u-26*e^3*s4*t^3*

u^2-50*e^3*s4*t^2*u^3-34*e^3*s4*t*u^4-8*e^3*s4*u^5+27*e^3*t^6+117*e^3*t^5*u+

159*e^3*t^4*u^2+6*e^3*t^3*u^3-171*e^3*t^2*u^4-147*e^3*t*u^5-39*e^3*u^6+32*e^2*

s3^3*s4^2*u+24*e^2*s3^3*s4*t^2+84*e^2*s3^3*s4*t*u-60*e^2*s3^3*s4*u^2+32*e^2*s3

^2*s4^3*u-416*e^2*s3^2*s4^2*t^2+168*e^2*s3^2*s4^2*t*u+232*e^2*s3^2*s4^2*u^2+32

*e^2*s3^2*s4*t^3-192*e^2*s3^2*s4*t^2*u-120*e^2*s3^2*s4*t*u^2+104*e^2*s3^2*s4*u

^3-20*e^2*s3^2*t^4-40*e^2*s3^2*t^3*u-12*e^2*s3^2*t^2*u^2+16*e^2*s3^2*t*u^3+8*e

^2*s3^2*u^4+24*e^2*s3*s4^3*t^2+84*e^2*s3*s4^3*t*u-60*e^2*s3*s4^3*u^2+32*e^2*s3

*s4^2*t^3-192*e^2*s3*s4^2*t^2*u-120*e^2*s3*s4^2*t*u^2+104*e^2*s3*s4^2*u^3+136*

e^2*s3*s4*t^4+396*e^2*s3*s4*t^3*u+164*e^2*s3*s4*t^2*u^2-316*e^2*s3*s4*t*u^3

-220*e^2*s3*s4*u^4+20*e^2*s3*t^5+72*e^2*s3*t^4*u+82*e^2*s3*t^3*u^2+14*e^2*s3*t^

2*u^3-30*e^2*s3*t*u^4-14*e^2*s3*u^5-20*e^2*s4^2*t^4-40*e^2*s4^2*t^3*u-12*e^2*

s4^2*t^2*u^2+16*e^2*s4^2*t*u^3+8*e^2*s4^2*u^4+20*e^2*s4*t^5+72*e^2*s4*t^4*u+82

*e^2*s4*t^3*u^2+14*e^2*s4*t^2*u^3-30*e^2*s4*t*u^4-14*e^2*s4*u^5-29*e^2*t^6-126

*e^2*t^5*u-184*e^2*t^4*u^2-56*e^2*t^3*u^3+111*e^2*t^2*u^4+110*e^2*t*u^5+30*e^2

*u^6+64*e*s3^3*s4^2*t+96*e*s3^3*s4^2*u-24*e*s3^3*s4*t^2-36*e*s3^3*s4*t*u+36*e*

s3^3*s4*u^2+64*e*s3^2*s4^3*t+96*e*s3^2*s4^3*u+96*e*s3^2*s4^2*t^2-232*e*s3^2*s4

^2*t*u-88*e*s3^2*s4^2*u^2-16*e*s3^2*s4*t^3-8*e*s3^2*s4*t^2*u-112*e*s3^2*s4*t*u

^2-120*e*s3^2*s4*u^3+12*e*s3^2*t^4+24*e*s3^2*t^3*u+6*e*s3^2*t^2*u^2-12*e*s3^2*

t*u^3-6*e*s3^2*u^4-24*e*s3*s4^3*t^2-36*e*s3*s4^3*t*u+36*e*s3*s4^3*u^2-16*e*s3*

s4^2*t^3-8*e*s3*s4^2*t^2*u-112*e*s3*s4^2*t*u^2-120*e*s3*s4^2*u^3-40*e*s3*s4*t^

4-52*e*s3*s4*t^3*u+120*e*s3*s4*t^2*u^2+236*e*s3*s4*t*u^3+104*e*s3*s4*u^4-12*e*

s3*t^5-30*e*s3*t^4*u+60*e*s3*t^2*u^3+60*e*s3*t*u^4+18*e*s3*u^5+12*e*s4^2*t^4+

24*e*s4^2*t^3*u+6*e*s4^2*t^2*u^2-12*e*s4^2*t*u^3-6*e*s4^2*u^4-12*e*s4*t^5-30*e

*s4*t^4*u+60*e*s4*t^2*u^3+60*e*s4*t*u^4+18*e*s4*u^5+13*e*t^6+46*e*t^5*u+38*e*t

^4*u^2-48*e*t^3*u^3-107*e*t^2*u^4-70*e*t*u^5-16*e*u^6-64*s3^3*s4^2*u-64*s3^2*

s4^3*u-32*s3^2*s4^2*t^2+64*s3^2*s4^2*t*u+64*s3^2*s4^2*u^2+32*s3^2*s4*t^2*u+64*

s3^2*s4*t*u^2+32*s3^2*s4*u^3+32*s3*s4^2*t^2*u+64*s3*s4^2*t*u^2+32*s3*s4^2*u^3+

16*s3*s4*t^4-80*s3*s4*t^2*u^2-96*s3*s4*t*u^3-32*s3*s4*u^4-4*s3*t^4*u-16*s3*t^3
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*u^2-24*s3*t^2*u^3-16*s3*t*u^4-4*s3*u^5-4*s4*t^4*u-16*s4*t^3*u^2-24*s4*t^2*u^3

-16*s4*t*u^4-4*s4*u^5-2*t^6-4*t^5*u+8*t^4*u^2+32*t^3*u^3+38*t^2*u^4+20*t*u^5+4

*u^6)/t/(-4*s3*s4+t^2+2*t*u+u^2)^2/(3*e-2)/(-3+2*e)/e/u;

cpbox010010111p1p2p3 := 4*(e-1)*(-288*e^5*s3^3*s4^3*t-288*e^5*s3^3*s4^3*u+144*

e^5*s3^2*s4^2*t^3+576*e^5*s3^2*s4^2*t^2*u+720*e^5*s3^2*s4^2*t*u^2+288*e^5*s3^2

*s4^2*u^3-18*e^5*s3*s4*t^5-162*e^5*s3*s4*t^4*u-468*e^5*s3*s4*t^3*u^2-612*e^5*

s3*s4*t^2*u^3-378*e^5*s3*s4*t*u^4-90*e^5*s3*s4*u^5+9*e^5*t^6*u+54*e^5*t^5*u^2+

135*e^5*t^4*u^3+180*e^5*t^3*u^4+135*e^5*t^2*u^5+54*e^5*t*u^6+9*e^5*u^7+192*e^4

*s3^4*s4^2*t-96*e^4*s3^4*s4^2*u-192*e^4*s3^3*s4^3*t-1056*e^4*s3^3*s4^3*u-192*e

^4*s3^3*s4^2*t^2-96*e^4*s3^3*s4^2*t*u+96*e^4*s3^3*s4^2*u^2-48*e^4*s3^3*s4*t^3

-96*e^4*s3^3*s4*t^2*u-48*e^4*s3^3*s4*t*u^2+192*e^4*s3^2*s4^4*t-96*e^4*s3^2*s4^4

*u-192*e^4*s3^2*s4^3*t^2-96*e^4*s3^2*s4^3*t*u+96*e^4*s3^2*s4^3*u^2+336*e^4*s3^

2*s4^2*t^3+1248*e^4*s3^2*s4^2*t^2*u+1632*e^4*s3^2*s4^2*t*u^2+720*e^4*s3^2*s4^2

*u^3+48*e^4*s3^2*s4*t^4+144*e^4*s3^2*s4*t^3*u+144*e^4*s3^2*s4*t^2*u^2+48*e^4*

s3^2*s4*t*u^3+6*e^4*s3^2*t^4*u+24*e^4*s3^2*t^3*u^2+36*e^4*s3^2*t^2*u^3+24*e^4*

s3^2*t*u^4+6*e^4*s3^2*u^5-48*e^4*s3*s4^3*t^3-96*e^4*s3*s4^3*t^2*u-48*e^4*s3*s4

^3*t*u^2+48*e^4*s3*s4^2*t^4+144*e^4*s3*s4^2*t^3*u+144*e^4*s3*s4^2*t^2*u^2+48*e

^4*s3*s4^2*t*u^3-108*e^4*s3*s4*t^5-546*e^4*s3*s4*t^4*u-1176*e^4*s3*s4*t^3*u^2

-1332*e^4*s3*s4*t^2*u^3-780*e^4*s3*s4*t*u^4-186*e^4*s3*s4*u^5-6*e^4*s3*t^5*u-30

*e^4*s3*t^4*u^2-60*e^4*s3*t^3*u^3-60*e^4*s3*t^2*u^4-30*e^4*s3*t*u^5-6*e^4*s3*u

^6+6*e^4*s4^2*t^4*u+24*e^4*s4^2*t^3*u^2+36*e^4*s4^2*t^2*u^3+24*e^4*s4^2*t*u^4+

6*e^4*s4^2*u^5-6*e^4*s4*t^5*u-30*e^4*s4*t^4*u^2-60*e^4*s4*t^3*u^3-60*e^4*s4*t^

2*u^4-30*e^4*s4*t*u^5-6*e^4*s4*u^6+9*e^4*t^7+63*e^4*t^6*u+198*e^4*t^5*u^2+360*

e^4*t^4*u^3+405*e^4*t^3*u^4+279*e^4*t^2*u^5+108*e^4*t*u^6+18*e^4*u^7-400*e^3*

s3^4*s4^2*t-208*e^3*s3^4*s4^2*u+864*e^3*s3^3*s4^3*t+1536*e^3*s3^3*s4^3*u+528*e

^3*s3^3*s4^2*t^2+480*e^3*s3^3*s4^2*t*u+240*e^3*s3^3*s4^2*u^2+140*e^3*s3^3*s4*t

^3+492*e^3*s3^3*s4*t^2*u+444*e^3*s3^3*s4*t*u^2+92*e^3*s3^3*s4*u^3-400*e^3*s3^2

*s4^4*t-208*e^3*s3^2*s4^4*u+528*e^3*s3^2*s4^3*t^2+480*e^3*s3^2*s4^3*t*u+240*e^

3*s3^2*s4^3*u^2-1112*e^3*s3^2*s4^2*t^3-2776*e^3*s3^2*s4^2*t^2*u-3176*e^3*s3^2*

s4^2*t*u^2-1512*e^3*s3^2*s4^2*u^3-140*e^3*s3^2*s4*t^4-664*e^3*s3^2*s4*t^3*u

-960*e^3*s3^2*s4*t^2*u^2-488*e^3*s3^2*s4*t*u^3-52*e^3*s3^2*s4*u^4-18*e^3*s3^2*t

^5-88*e^3*s3^2*t^4*u-174*e^3*s3^2*t^3*u^2-174*e^3*s3^2*t^2*u^3-88*e^3*s3^2*t*u

^4-18*e^3*s3^2*u^5+140*e^3*s3*s4^3*t^3+492*e^3*s3*s4^3*t^2*u+444*e^3*s3*s4^3*t

*u^2+92*e^3*s3*s4^3*u^3-140*e^3*s3*s4^2*t^4-664*e^3*s3*s4^2*t^3*u-960*e^3*s3*

s4^2*t^2*u^2-488*e^3*s3*s4^2*t*u^3-52*e^3*s3*s4^2*u^4+284*e^3*s3*s4*t^5+1386*e

^3*s3*s4*t^4*u+2844*e^3*s3*s4*t^3*u^2+3056*e^3*s3*s4*t^2*u^3+1704*e^3*s3*s4*t*

u^4+390*e^3*s3*s4*u^5+18*e^3*s3*t^6+106*e^3*s3*t^5*u+258*e^3*s3*t^4*u^2+332*e^

3*s3*t^3*u^3+238*e^3*s3*t^2*u^4+90*e^3*s3*t*u^5+14*e^3*s3*u^6-18*e^3*s4^2*t^5

-88*e^3*s4^2*t^4*u-174*e^3*s4^2*t^3*u^2-174*e^3*s4^2*t^2*u^3-88*e^3*s4^2*t*u^4

-18*e^3*s4^2*u^5+18*e^3*s4*t^6+106*e^3*s4*t^5*u+258*e^3*s4*t^4*u^2+332*e^3*s4*t

^3*u^3+238*e^3*s4*t^2*u^4+90*e^3*s4*t*u^5+14*e^3*s4*u^6-27*e^3*t^7-178*e^3*t^6

*u-524*e^3*t^5*u^2-895*e^3*t^4*u^3-955*e^3*t^3*u^4-632*e^3*t^2*u^5-238*e^3*t*u

^6-39*e^3*u^7+304*e^2*s3^4*s4^2*t+736*e^2*s3^4*s4^2*u-736*e^2*s3^3*s4^3*t+352*

e^2*s3^3*s4^3*u-368*e^2*s3^3*s4^2*t^2-1008*e^2*s3^3*s4^2*t*u-1216*e^2*s3^3*s4^

2*u^2-156*e^2*s3^3*s4*t^3-768*e^2*s3^3*s4*t^2*u-828*e^2*s3^3*s4*t*u^2-216*e^2*
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s3^3*s4*u^3+304*e^2*s3^2*s4^4*t+736*e^2*s3^2*s4^4*u-368*e^2*s3^2*s4^3*t^2-1008
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968*e^2*s3^2*s4*t*u^3+280*e^2*s3^2*s4*u^4+36*e^2*s3^2*t^4*u+128*e^2*s3^2*t^3*u
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s4^2*t^2*u^2+968*e^2*s3*s4^2*t*u^3+280*e^2*s3*s4^2*u^4-58*e^2*s3*s4*t^5-414*e^

2*s3*s4*t^4*u-984*e^2*s3*s4*t^3*u^2-1192*e^2*s3*s4*t^2*u^3-798*e^2*s3*s4*t*u^4

-234*e^2*s3*s4*u^5-36*e^2*s3*t^5*u-176*e^2*s3*t^4*u^2-342*e^2*s3*t^3*u^3-330*e

^2*s3*t^2*u^4-158*e^2*s3*t*u^5-30*e^2*s3*u^6+36*e^2*s4^2*t^4*u+128*e^2*s4^2*t^

3*u^2+172*e^2*s4^2*t^2*u^3+104*e^2*s4^2*t*u^4+24*e^2*s4^2*u^5-36*e^2*s4*t^5*u

-176*e^2*s4*t^4*u^2-342*e^2*s4*t^3*u^3-330*e^2*s4*t^2*u^4-158*e^2*s4*t*u^5-30*e
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^2*s4*u^6+29*e^2*t^6*u+152*e^2*t^5*u^2+348*e^2*t^4*u^3+452*e^2*t^3*u^4+353*e^2

*t^2*u^5+156*e^2*t*u^6+30*e^2*u^7-352*e*s3^4*s4^2*u+416*e*s3^3*s4^3*t-640*e*s3

^3*s4^3*u+352*e*s3^3*s4^2*t*u+640*e*s3^3*s4^2*u^2+176*e*s3^3*s4*t^2*u+332*e*s3

^3*s4*t*u^2+140*e*s3^3*s4*u^3-352*e*s3^2*s4^4*u+352*e*s3^2*s4^3*t*u+640*e*s3^2

*s4^3*u^2-208*e*s3^2*s4^2*t^3-304*e*s3^2*s4^2*t^2*u+40*e*s3^2*s4^2*t*u^2-104*e

*s3^2*s4^2*u^3-176*e*s3^2*s4*t^3*u-648*e*s3^2*s4*t^2*u^2-720*e*s3^2*s4*t*u^3

-248*e*s3^2*s4*u^4-22*e*s3^2*t^4*u-80*e*s3^2*t^3*u^2-110*e*s3^2*t^2*u^3-68*e*s3

^2*t*u^4-16*e*s3^2*u^5+176*e*s3*s4^3*t^2*u+332*e*s3*s4^3*t*u^2+140*e*s3*s4^3*u

^3-176*e*s3*s4^2*t^3*u-648*e*s3*s4^2*t^2*u^2-720*e*s3*s4^2*t*u^3-248*e*s3*s4^2

*u^4+26*e*s3*s4*t^5+168*e*s3*s4*t^4*u+392*e*s3*s4*t^3*u^2+496*e*s3*s4*t^2*u^3+

358*e*s3*s4*t*u^4+112*e*s3*s4*u^5+22*e*s3*t^5*u+116*e*s3*t^4*u^2+244*e*s3*t^3*

u^3+256*e*s3*t^2*u^4+134*e*s3*t*u^5+28*e*s3*u^6-22*e*s4^2*t^4*u-80*e*s4^2*t^3*

u^2-110*e*s4^2*t^2*u^3-68*e*s4^2*t*u^4-16*e*s4^2*u^5+22*e*s4*t^5*u+116*e*s4*t^

4*u^2+244*e*s4*t^3*u^3+256*e*s4*t^2*u^4+134*e*s4*t*u^5+28*e*s4*u^6-13*e*t^6*u

-70*e*t^5*u^2-166*e*t^4*u^3-224*e*t^3*u^4-181*e*t^2*u^5-82*e*t*u^6-16*e*u^7+64*

s3^4*s4^2*u-64*s3^3*s4^3*t+128*s3^3*s4^3*u-64*s3^3*s4^2*t*u-128*s3^3*s4^2*u^2

-32*s3^3*s4*t^2*u-64*s3^3*s4*t*u^2-32*s3^3*s4*u^3+64*s3^2*s4^4*u-64*s3^2*s4^3*t

*u-128*s3^2*s4^3*u^2+32*s3^2*s4^2*t^3+32*s3^2*s4^2*t^2*u-32*s3^2*s4^2*t*u^2+32

*s3^2*s4*t^3*u+128*s3^2*s4*t^2*u^2+160*s3^2*s4*t*u^3+64*s3^2*s4*u^4+4*s3^2*t^4

*u+16*s3^2*t^3*u^2+24*s3^2*t^2*u^3+16*s3^2*t*u^4+4*s3^2*u^5-32*s3*s4^3*t^2*u

-64*s3*s4^3*t*u^2-32*s3*s4^3*u^3+32*s3*s4^2*t^3*u+128*s3*s4^2*t^2*u^2+160*s3*s4

^2*t*u^3+64*s3*s4^2*u^4-4*s3*s4*t^5-24*s3*s4*t^4*u-56*s3*s4*t^3*u^2-80*s3*s4*t

^2*u^3-68*s3*s4*t*u^4-24*s3*s4*u^5-4*s3*t^5*u-24*s3*t^4*u^2-56*s3*t^3*u^3-64*

s3*t^2*u^4-36*s3*t*u^5-8*s3*u^6+4*s4^2*t^4*u+16*s4^2*t^3*u^2+24*s4^2*t^2*u^3+

16*s4^2*t*u^4+4*s4^2*u^5-4*s4*t^5*u-24*s4*t^4*u^2-56*s4*t^3*u^3-64*s4*t^2*u^4

-36*s4*t*u^5-8*s4*u^6+2*t^6*u+12*t^5*u^2+32*t^4*u^3+48*t^3*u^4+42*t^2*u^5+20*t*

u^6+4*u^7)/(-3+2*e)/(3*e-2)/(-4*s3*s4+t^2+2*t*u+u^2)^2/t/u/(3*e-1)/(-1+2*e);

cpbox010000011p1p2p4 := 4*(e-1)*(32*e^5*s3^5*s4^5*t+32*e^5*s3^5*s4^5*u+32*e^5*

s3^5*s4^4*t^2+32*e^5*s3^5*s4^4*t*u-64*e^5*s3^5*s4^3*t^3-64*e^5*s3^5*s4^3*t^2*u

+32*e^5*s3^4*s4^5*t^2+32*e^5*s3^4*s4^5*t*u-128*e^5*s3^4*s4^4*t^3-192*e^5*s3^4*

s4^4*t^2*u-80*e^5*s3^4*s4^4*t*u^2-16*e^5*s3^4*s4^4*u^3-80*e^5*s3^4*s4^3*t^4

-144*e^5*s3^4*s4^3*t^3*u-80*e^5*s3^4*s4^3*t^2*u^2-16*e^5*s3^4*s4^3*t*u^3+176*e^

5*s3^4*s4^2*t^5+304*e^5*s3^4*s4^2*t^4*u+160*e^5*s3^4*s4^2*t^3*u^2+32*e^5*s3^4*

s4^2*t^2*u^3-64*e^5*s3^3*s4^5*t^3-64*e^5*s3^3*s4^5*t^2*u-80*e^5*s3^3*s4^4*t^4

-144*e^5*s3^3*s4^4*t^3*u-80*e^5*s3^3*s4^4*t^2*u^2-16*e^5*s3^3*s4^4*t*u^3+474*e^

5*s3^3*s4^3*t^5+866*e^5*s3^3*s4^3*t^4*u+492*e^5*s3^3*s4^3*t^3*u^2+124*e^5*s3^3

*s4^3*t^2*u^3+26*e^5*s3^3*s4^3*t*u^4+2*e^5*s3^3*s4^3*u^5-254*e^5*s3^3*s4^2*t^6

-390*e^5*s3^3*s4^2*t^5*u-60*e^5*s3^3*s4^2*t^4*u^2+100*e^5*s3^3*s4^2*t^3*u^3+26

*e^5*s3^3*s4^2*t^2*u^4+2*e^5*s3^3*s4^2*t*u^5-76*e^5*s3^3*s4*t^7-268*e^5*s3^3*

s4*t^6*u-352*e^5*s3^3*s4*t^5*u^2-208*e^5*s3^3*s4*t^4*u^3-52*e^5*s3^3*s4*t^3*u^

4-4*e^5*s3^3*s4*t^2*u^5+176*e^5*s3^2*s4^4*t^5+304*e^5*s3^2*s4^4*t^4*u+160*e^5*

s3^2*s4^4*t^3*u^2+32*e^5*s3^2*s4^4*t^2*u^3-254*e^5*s3^2*s4^3*t^6-390*e^5*s3^2*

s4^3*t^5*u-60*e^5*s3^2*s4^3*t^4*u^2+100*e^5*s3^2*s4^3*t^3*u^3+26*e^5*s3^2*s4^3

*t^2*u^4+2*e^5*s3^2*s4^3*t*u^5-71*e^5*s3^2*s4^2*t^7-485*e^5*s3^2*s4^2*t^6*u

-928*e^5*s3^2*s4^2*t^5*u^2-682*e^5*s3^2*s4^2*t^4*u^3-183*e^5*s3^2*s4^2*t^3*u^4



141

-17*e^5*s3^2*s4^2*t^2*u^5-2*e^5*s3^2*s4^2*t*u^6+140*e^5*s3^2*s4*t^8+522*e^5*s3^

2*s4*t^7*u+718*e^5*s3^2*s4*t^6*u^2+420*e^5*s3^2*s4*t^5*u^3+72*e^5*s3^2*s4*t^4*

u^4-14*e^5*s3^2*s4*t^3*u^5-2*e^5*s3^2*s4*t^2*u^6+9*e^5*s3^2*t^9+49*e^5*s3^2*t^

8*u+110*e^5*s3^2*t^7*u^2+130*e^5*s3^2*t^6*u^3+85*e^5*s3^2*t^5*u^4+29*e^5*s3^2*

t^4*u^5+4*e^5*s3^2*t^3*u^6-76*e^5*s3*s4^3*t^7-268*e^5*s3*s4^3*t^6*u-352*e^5*s3

*s4^3*t^5*u^2-208*e^5*s3*s4^3*t^4*u^3-52*e^5*s3*s4^3*t^3*u^4-4*e^5*s3*s4^3*t^2

*u^5+140*e^5*s3*s4^2*t^8+522*e^5*s3*s4^2*t^7*u+718*e^5*s3*s4^2*t^6*u^2+420*e^5

*s3*s4^2*t^5*u^3+72*e^5*s3*s4^2*t^4*u^4-14*e^5*s3*s4^2*t^3*u^5-2*e^5*s3*s4^2*t

^2*u^6-46*e^5*s3*s4*t^9-150*e^5*s3*s4*t^8*u-116*e^5*s3*s4*t^7*u^2+108*e^5*s3*

s4*t^6*u^3+210*e^5*s3*s4*t^5*u^4+106*e^5*s3*s4*t^4*u^5+16*e^5*s3*s4*t^3*u^6-18

*e^5*s3*t^10-104*e^5*s3*t^9*u-250*e^5*s3*t^8*u^2-320*e^5*s3*t^7*u^3-230*e^5*s3

*t^6*u^4-88*e^5*s3*t^5*u^5-14*e^5*s3*t^4*u^6+9*e^5*s4^2*t^9+49*e^5*s4^2*t^8*u+

110*e^5*s4^2*t^7*u^2+130*e^5*s4^2*t^6*u^3+85*e^5*s4^2*t^5*u^4+29*e^5*s4^2*t^4*

u^5+4*e^5*s4^2*t^3*u^6-18*e^5*s4*t^10-104*e^5*s4*t^9*u-250*e^5*s4*t^8*u^2-320*

e^5*s4*t^7*u^3-230*e^5*s4*t^6*u^4-88*e^5*s4*t^5*u^5-14*e^5*s4*t^4*u^6+9*e^5*t^

11+55*e^5*t^10*u+140*e^5*t^9*u^2+190*e^5*t^8*u^3+145*e^5*t^7*u^4+59*e^5*t^6*u^

5+10*e^5*t^5*u^6+32*e^4*s3^6*s4^4*t-128*e^4*s3^5*s4^5*t-224*e^4*s3^5*s4^5*u+

384*e^4*s3^5*s4^4*t^2+288*e^4*s3^5*s4^4*t*u-360*e^4*s3^5*s4^3*t^3-120*e^4*s3^5

*s4^3*t^2*u-16*e^4*s3^5*s4^3*t*u^2+48*e^4*s3^5*s4^2*t^4-16*e^4*s3^5*s4^2*t^3*u

-24*e^4*s3^5*s4*t^5-24*e^4*s3^5*s4*t^4*u+32*e^4*s3^4*s4^6*t+384*e^4*s3^4*s4^5*

t^2+288*e^4*s3^4*s4^5*t*u-912*e^4*s3^4*s4^4*t^3-192*e^4*s3^4*s4^4*t^2*u+368*e^

4*s3^4*s4^4*t*u^2+112*e^4*s3^4*s4^4*u^3+232*e^4*s3^4*s4^3*t^4-304*e^4*s3^4*s4^

3*t^3*u-520*e^4*s3^4*s4^3*t^2*u^2-144*e^4*s3^4*s4^3*t*u^3+264*e^4*s3^4*s4^2*t^

5+330*e^4*s3^4*s4^2*t^4*u+222*e^4*s3^4*s4^2*t^3*u^2+46*e^4*s3^4*s4^2*t^2*u^3+2

*e^4*s3^4*s4^2*t*u^4+60*e^4*s3^4*s4*t^6+92*e^4*s3^4*s4*t^5*u+52*e^4*s3^4*s4*t^

4*u^2+20*e^4*s3^4*s4*t^3*u^3+6*e^4*s3^4*t^7+18*e^4*s3^4*t^6*u+18*e^4*s3^4*t^5*

u^2+6*e^4*s3^4*t^4*u^3-360*e^4*s3^3*s4^5*t^3-120*e^4*s3^3*s4^5*t^2*u-16*e^4*s3

^3*s4^5*t*u^2+232*e^4*s3^3*s4^4*t^4-304*e^4*s3^3*s4^4*t^3*u-520*e^4*s3^3*s4^4*

t^2*u^2-144*e^4*s3^3*s4^4*t*u^3+772*e^4*s3^3*s4^3*t^5+1030*e^4*s3^3*s4^3*t^4*u

+580*e^4*s3^3*s4^3*t^3*u^2+8*e^4*s3^3*s4^3*t^2*u^3-104*e^4*s3^3*s4^3*t*u^4-14*

e^4*s3^3*s4^3*u^5-458*e^4*s3^3*s4^2*t^6-290*e^4*s3^3*s4^2*t^5*u+128*e^4*s3^3*

s4^2*t^4*u^2+192*e^4*s3^3*s4^2*t^3*u^3+122*e^4*s3^3*s4^2*t^2*u^4+18*e^4*s3^3*

s4^2*t*u^5-188*e^4*s3^3*s4*t^7-432*e^4*s3^3*s4*t^6*u-348*e^4*s3^3*s4*t^5*u^2

-132*e^4*s3^3*s4*t^4*u^3-32*e^4*s3^3*s4*t^3*u^4-4*e^4*s3^3*s4*t^2*u^5-18*e^4*s3

^3*t^8-64*e^4*s3^3*t^7*u-88*e^4*s3^3*t^6*u^2-60*e^4*s3^3*t^5*u^3-22*e^4*s3^3*t

^4*u^4-4*e^4*s3^3*t^3*u^5+48*e^4*s3^2*s4^5*t^4-16*e^4*s3^2*s4^5*t^3*u+264*e^4*

s3^2*s4^4*t^5+330*e^4*s3^2*s4^4*t^4*u+222*e^4*s3^2*s4^4*t^3*u^2+46*e^4*s3^2*s4

^4*t^2*u^3+2*e^4*s3^2*s4^4*t*u^4-458*e^4*s3^2*s4^3*t^6-290*e^4*s3^2*s4^3*t^5*u

+128*e^4*s3^2*s4^3*t^4*u^2+192*e^4*s3^2*s4^3*t^3*u^3+122*e^4*s3^2*s4^3*t^2*u^4

+18*e^4*s3^2*s4^3*t*u^5-150*e^4*s3^2*s4^2*t^7-780*e^4*s3^2*s4^2*t^6*u-899*e^4*

s3^2*s4^2*t^5*u^2-312*e^4*s3^2*s4^2*t^4*u^3-68*e^4*s3^2*s4^2*t^3*u^4-4*e^4*s3^

2*s4^2*t^2*u^5+5*e^4*s3^2*s4^2*t*u^6+262*e^4*s3^2*s4*t^8+654*e^4*s3^2*s4*t^7*u

+476*e^4*s3^2*s4*t^6*u^2+32*e^4*s3^2*s4*t^5*u^3-62*e^4*s3^2*s4*t^4*u^4-14*e^4*

s3^2*s4*t^3*u^5-4*e^4*s3^2*s4*t^2*u^6+36*e^4*s3^2*t^9+150*e^4*s3^2*t^8*u+247*e

^4*s3^2*t^7*u^2+202*e^4*s3^2*t^6*u^3+84*e^4*s3^2*t^5*u^4+16*e^4*s3^2*t^4*u^5+e
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

^4*s3^2*t^3*u^6-24*e^4*s3*s4^5*t^5-24*e^4*s3*s4^5*t^4*u+60*e^4*s3*s4^4*t^6+92*

e^4*s3*s4^4*t^5*u+52*e^4*s3*s4^4*t^4*u^2+20*e^4*s3*s4^4*t^3*u^3-188*e^4*s3*s4^

3*t^7-432*e^4*s3*s4^3*t^6*u-348*e^4*s3*s4^3*t^5*u^2-132*e^4*s3*s4^3*t^4*u^3-32

*e^4*s3*s4^3*t^3*u^4-4*e^4*s3*s4^3*t^2*u^5+262*e^4*s3*s4^2*t^8+654*e^4*s3*s4^2

*t^7*u+476*e^4*s3*s4^2*t^6*u^2+32*e^4*s3*s4^2*t^5*u^3-62*e^4*s3*s4^2*t^4*u^4

-14*e^4*s3*s4^2*t^3*u^5-4*e^4*s3*s4^2*t^2*u^6-68*e^4*s3*s4*t^9-102*e^4*s3*s4*t^

8*u+128*e^4*s3*s4*t^7*u^2+304*e^4*s3*s4*t^6*u^3+152*e^4*s3*s4*t^5*u^4+6*e^4*s3

*s4*t^4*u^5-4*e^4*s3*s4*t^3*u^6-42*e^4*s3*t^10-192*e^4*s3*t^9*u-344*e^4*s3*t^8

*u^2-296*e^4*s3*t^7*u^3-114*e^4*s3*t^6*u^4-8*e^4*s3*t^5*u^5+4*e^4*s3*t^4*u^6+6

*e^4*s4^4*t^7+18*e^4*s4^4*t^6*u+18*e^4*s4^4*t^5*u^2+6*e^4*s4^4*t^4*u^3-18*e^4*

s4^3*t^8-64*e^4*s4^3*t^7*u-88*e^4*s4^3*t^6*u^2-60*e^4*s4^3*t^5*u^3-22*e^4*s4^3

*t^4*u^4-4*e^4*s4^3*t^3*u^5+36*e^4*s4^2*t^9+150*e^4*s4^2*t^8*u+247*e^4*s4^2*t^

7*u^2+202*e^4*s4^2*t^6*u^3+84*e^4*s4^2*t^5*u^4+16*e^4*s4^2*t^4*u^5+e^4*s4^2*t^

3*u^6-42*e^4*s4*t^10-192*e^4*s4*t^9*u-344*e^4*s4*t^8*u^2-296*e^4*s4*t^7*u^3

-114*e^4*s4*t^6*u^4-8*e^4*s4*t^5*u^5+4*e^4*s4*t^4*u^6+18*e^4*t^11+88*e^4*t^10*u

+169*e^4*t^9*u^2+156*e^4*t^8*u^3+64*e^4*t^7*u^4+4*e^4*t^6*u^5-3*e^4*t^5*u^6

-192*e^3*s3^6*s4^4*t+448*e^3*s3^6*s4^3*t^2-288*e^3*s3^6*s4^2*t^3-32*e^3*s3^5*s4

^5*t+544*e^3*s3^5*s4^5*u+448*e^3*s3^5*s4^4*t^2-1024*e^3*s3^5*s4^4*t*u-1104*e^3

*s3^5*s4^3*t^3+328*e^3*s3^5*s4^3*t^2*u+96*e^3*s3^5*s4^3*t*u^2+640*e^3*s3^5*s4^

2*t^4-48*e^3*s3^5*s4^2*t^3*u-224*e^3*s3^5*s4^2*t^2*u^2+128*e^3*s3^5*s4*t^5+296

*e^3*s3^5*s4*t^4*u+144*e^3*s3^5*s4*t^3*u^2-192*e^3*s3^4*s4^6*t+448*e^3*s3^4*s4

^5*t^2-1024*e^3*s3^4*s4^5*t*u-1184*e^3*s3^4*s4^4*t^3+1136*e^3*s3^4*s4^4*t^2*u

-640*e^3*s3^4*s4^4*t*u^2-272*e^3*s3^4*s4^4*u^3+2248*e^3*s3^4*s4^3*t^4+1224*e^3*

s3^4*s4^3*t^3*u+1232*e^3*s3^4*s4^3*t^2*u^2+512*e^3*s3^4*s4^3*t*u^3-1052*e^3*s3

^4*s4^2*t^5-574*e^3*s3^4*s4^2*t^4*u+60*e^3*s3^4*s4^2*t^3*u^2-110*e^3*s3^4*s4^2

*t^2*u^3-12*e^3*s3^4*s4^2*t*u^4-316*e^3*s3^4*s4*t^6-924*e^3*s3^4*s4*t^5*u-688*

e^3*s3^4*s4*t^4*u^2-100*e^3*s3^4*s4*t^3*u^3+28*e^3*s3^4*s4*t^2*u^4-18*e^3*s3^4

*t^7-70*e^3*s3^4*t^6*u-104*e^3*s3^4*t^5*u^2-70*e^3*s3^4*t^4*u^3-18*e^3*s3^4*t^

3*u^4+448*e^3*s3^3*s4^6*t^2-1104*e^3*s3^3*s4^5*t^3+328*e^3*s3^3*s4^5*t^2*u+96*

e^3*s3^3*s4^5*t*u^2+2248*e^3*s3^3*s4^4*t^4+1224*e^3*s3^3*s4^4*t^3*u+1232*e^3*

s3^3*s4^4*t^2*u^2+512*e^3*s3^3*s4^4*t*u^3-2930*e^3*s3^3*s4^3*t^5-3090*e^3*s3^3

*s4^3*t^4*u-1876*e^3*s3^3*s4^3*t^3*u^2-360*e^3*s3^3*s4^3*t^2*u^3+190*e^3*s3^3*

s4^3*t*u^4+34*e^3*s3^3*s4^3*u^5+770*e^3*s3^3*s4^2*t^6-446*e^3*s3^3*s4^2*t^5*u

-1810*e^3*s3^3*s4^2*t^4*u^2-1354*e^3*s3^3*s4^2*t^3*u^3-456*e^3*s3^3*s4^2*t^2*u^

4-64*e^3*s3^3*s4^2*t*u^5+538*e^3*s3^3*s4*t^7+1944*e^3*s3^3*s4*t^6*u+2232*e^3*

s3^3*s4*t^5*u^2+992*e^3*s3^3*s4*t^4*u^3+150*e^3*s3^3*s4*t^3*u^4+8*e^3*s3^3*s4*

t^2*u^5+50*e^3*s3^3*t^8+220*e^3*s3^3*t^7*u+390*e^3*s3^3*t^6*u^2+346*e^3*s3^3*t

^5*u^3+152*e^3*s3^3*t^4*u^4+26*e^3*s3^3*t^3*u^5-288*e^3*s3^2*s4^6*t^3+640*e^3*

s3^2*s4^5*t^4-48*e^3*s3^2*s4^5*t^3*u-224*e^3*s3^2*s4^5*t^2*u^2-1052*e^3*s3^2*

s4^4*t^5-574*e^3*s3^2*s4^4*t^4*u+60*e^3*s3^2*s4^4*t^3*u^2-110*e^3*s3^2*s4^4*t^

2*u^3-12*e^3*s3^2*s4^4*t*u^4+770*e^3*s3^2*s4^3*t^6-446*e^3*s3^2*s4^3*t^5*u

-1810*e^3*s3^2*s4^3*t^4*u^2-1354*e^3*s3^2*s4^3*t^3*u^3-456*e^3*s3^2*s4^3*t^2*u^

4-64*e^3*s3^2*s4^3*t*u^5+577*e^3*s3^2*s4^2*t^7+3495*e^3*s3^2*s4^2*t^6*u+5243*e

^3*s3^2*s4^2*t^5*u^2+3438*e^3*s3^2*s4^2*t^4*u^3+923*e^3*s3^2*s4^2*t^3*u^4+59*e

^3*s3^2*s4^2*t^2*u^5-7*e^3*s3^2*s4^2*t*u^6-564*e^3*s3^2*s4*t^8-2040*e^3*s3^2*
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s4*t^7*u-2522*e^3*s3^2*s4*t^6*u^2-1110*e^3*s3^2*s4*t^5*u^3+90*e^3*s3^2*s4*t^4*

u^4+182*e^3*s3^2*s4*t^3*u^5+28*e^3*s3^2*s4*t^2*u^6-85*e^3*s3^2*t^9-435*e^3*s3^

2*t^8*u-921*e^3*s3^2*t^7*u^2-1024*e^3*s3^2*t^6*u^3-623*e^3*s3^2*t^5*u^4-193*e^

3*s3^2*t^4*u^5-23*e^3*s3^2*t^3*u^6+128*e^3*s3*s4^5*t^5+296*e^3*s3*s4^5*t^4*u+

144*e^3*s3*s4^5*t^3*u^2-316*e^3*s3*s4^4*t^6-924*e^3*s3*s4^4*t^5*u-688*e^3*s3*

s4^4*t^4*u^2-100*e^3*s3*s4^4*t^3*u^3+28*e^3*s3*s4^4*t^2*u^4+538*e^3*s3*s4^3*t^

7+1944*e^3*s3*s4^3*t^6*u+2232*e^3*s3*s4^3*t^5*u^2+992*e^3*s3*s4^3*t^4*u^3+150*

e^3*s3*s4^3*t^3*u^4+8*e^3*s3*s4^3*t^2*u^5-564*e^3*s3*s4^2*t^8-2040*e^3*s3*s4^2

*t^7*u-2522*e^3*s3*s4^2*t^6*u^2-1110*e^3*s3*s4^2*t^5*u^3+90*e^3*s3*s4^2*t^4*u^

4+182*e^3*s3*s4^2*t^3*u^5+28*e^3*s3*s4^2*t^2*u^6+122*e^3*s3*s4*t^9+222*e^3*s3*

s4*t^8*u-296*e^3*s3*s4*t^7*u^2-1152*e^3*s3*s4*t^6*u^3-1222*e^3*s3*s4*t^5*u^4

-550*e^3*s3*s4*t^4*u^5-84*e^3*s3*s4*t^3*u^6+92*e^3*s3*t^10+506*e^3*s3*t^9*u+

1166*e^3*s3*t^8*u^2+1442*e^3*s3*t^7*u^3+1010*e^3*s3*t^6*u^4+380*e^3*s3*t^5*u^5

+60*e^3*s3*t^4*u^6-18*e^3*s4^4*t^7-70*e^3*s4^4*t^6*u-104*e^3*s4^4*t^5*u^2-70*e

^3*s4^4*t^4*u^3-18*e^3*s4^4*t^3*u^4+50*e^3*s4^3*t^8+220*e^3*s4^3*t^7*u+390*e^3

*s4^3*t^6*u^2+346*e^3*s4^3*t^5*u^3+152*e^3*s4^3*t^4*u^4+26*e^3*s4^3*t^3*u^5-85

*e^3*s4^2*t^9-435*e^3*s4^2*t^8*u-921*e^3*s4^2*t^7*u^2-1024*e^3*s4^2*t^6*u^3

-623*e^3*s4^2*t^5*u^4-193*e^3*s4^2*t^4*u^5-23*e^3*s4^2*t^3*u^6+92*e^3*s4*t^10+

506*e^3*s4*t^9*u+1166*e^3*s4*t^8*u^2+1442*e^3*s4*t^7*u^3+1010*e^3*s4*t^6*u^4+

380*e^3*s4*t^5*u^5+60*e^3*s4*t^4*u^6-39*e^3*t^11-221*e^3*t^10*u-533*e^3*t^9*u^

2-702*e^3*t^8*u^3-533*e^3*t^7*u^4-221*e^3*t^6*u^5-39*e^3*t^5*u^6+352*e^2*s3^6*

s4^4*t-960*e^2*s3^6*s4^3*t^2+576*e^2*s3^6*s4^2*t^3+448*e^2*s3^5*s4^5*t-608*e^2

*s3^5*s4^5*u-2464*e^2*s3^5*s4^4*t^2+1120*e^2*s3^5*s4^4*t*u+3964*e^2*s3^5*s4^3*

t^3-124*e^2*s3^5*s4^3*t^2*u-176*e^2*s3^5*s4^3*t*u^2-1656*e^2*s3^5*s4^2*t^4+248

*e^2*s3^5*s4^2*t^3*u+480*e^2*s3^5*s4^2*t^2*u^2-212*e^2*s3^5*s4*t^5-540*e^2*s3^

5*s4*t^4*u-288*e^2*s3^5*s4*t^3*u^2+352*e^2*s3^4*s4^6*t-2464*e^2*s3^4*s4^5*t^2+

1120*e^2*s3^4*s4^5*t*u+6520*e^2*s3^4*s4^4*t^3-1064*e^2*s3^4*s4^4*t^2*u+528*e^2

*s3^4*s4^4*t*u^2+304*e^2*s3^4*s4^4*u^3-6760*e^2*s3^4*s4^3*t^4-1056*e^2*s3^4*s4

^3*t^3*u-568*e^2*s3^4*s4^3*t^2*u^2-560*e^2*s3^4*s4^3*t*u^3+1602*e^2*s3^4*s4^2*

t^5-1224*e^2*s3^4*s4^2*t^4*u-1592*e^2*s3^4*s4^2*t^3*u^2-24*e^2*s3^4*s4^2*t^2*u

^3+22*e^2*s3^4*s4^2*t*u^4+660*e^2*s3^4*s4*t^6+1888*e^2*s3^4*s4*t^5*u+1320*e^2*

s3^4*s4*t^4*u^2+112*e^2*s3^4*s4*t^3*u^3-60*e^2*s3^4*s4*t^2*u^4+24*e^2*s3^4*t^7

+104*e^2*s3^4*t^6*u+172*e^2*s3^4*t^5*u^2+128*e^2*s3^4*t^4*u^3+36*e^2*s3^4*t^3*

u^4-960*e^2*s3^3*s4^6*t^2+3964*e^2*s3^3*s4^5*t^3-124*e^2*s3^3*s4^5*t^2*u-176*e

^2*s3^3*s4^5*t*u^2-6760*e^2*s3^3*s4^4*t^4-1056*e^2*s3^3*s4^4*t^3*u-568*e^2*s3^

3*s4^4*t^2*u^2-560*e^2*s3^3*s4^4*t*u^3+4512*e^2*s3^3*s4^3*t^5+222*e^2*s3^3*s4^

3*t^4*u-228*e^2*s3^3*s4^3*t^3*u^2+208*e^2*s3^3*s4^3*t^2*u^3-196*e^2*s3^3*s4^3*

t*u^4-38*e^2*s3^3*s4^3*u^5+212*e^2*s3^3*s4^2*t^6+4384*e^2*s3^3*s4^2*t^5*u+4702

*e^2*s3^3*s4^2*t^4*u^2+1906*e^2*s3^3*s4^2*t^3*u^3+470*e^2*s3^3*s4^2*t^2*u^4+70

*e^2*s3^3*s4^2*t*u^5-870*e^2*s3^3*s4*t^7-2880*e^2*s3^3*s4*t^6*u-2788*e^2*s3^3*

s4*t^5*u^2-808*e^2*s3^3*s4*t^4*u^3+22*e^2*s3^3*s4*t^3*u^4+12*e^2*s3^3*s4*t^2*u

^5-78*e^2*s3^3*t^8-366*e^2*s3^3*t^7*u-678*e^2*s3^3*t^6*u^2-610*e^2*s3^3*t^5*u^

3-260*e^2*s3^3*t^4*u^4-40*e^2*s3^3*t^3*u^5+576*e^2*s3^2*s4^6*t^3-1656*e^2*s3^2

*s4^5*t^4+248*e^2*s3^2*s4^5*t^3*u+480*e^2*s3^2*s4^5*t^2*u^2+1602*e^2*s3^2*s4^4

*t^5-1224*e^2*s3^2*s4^4*t^4*u-1592*e^2*s3^2*s4^4*t^3*u^2-24*e^2*s3^2*s4^4*t^2*
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

u^3+22*e^2*s3^2*s4^4*t*u^4+212*e^2*s3^2*s4^3*t^6+4384*e^2*s3^2*s4^3*t^5*u+4702

*e^2*s3^2*s4^3*t^4*u^2+1906*e^2*s3^2*s4^3*t^3*u^3+470*e^2*s3^2*s4^3*t^2*u^4+70

*e^2*s3^2*s4^3*t*u^5-1366*e^2*s3^2*s4^2*t^7-5806*e^2*s3^2*s4^2*t^6*u-6883*e^2*

s3^2*s4^2*t^5*u^2-3824*e^2*s3^2*s4^2*t^4*u^3-912*e^2*s3^2*s4^2*t^3*u^4-34*e^2*

s3^2*s4^2*t^2*u^5+9*e^2*s3^2*s4^2*t*u^6+516*e^2*s3^2*s4*t^8+1754*e^2*s3^2*s4*t

^7*u+1846*e^2*s3^2*s4*t^6*u^2+374*e^2*s3^2*s4*t^5*u^3-498*e^2*s3^2*s4*t^4*u^4

-304*e^2*s3^2*s4*t^3*u^5-40*e^2*s3^2*s4*t^2*u^6+114*e^2*s3^2*t^9+596*e^2*s3^2*t

^8*u+1273*e^2*s3^2*t^7*u^2+1408*e^2*s3^2*t^6*u^3+840*e^2*s3^2*t^5*u^4+252*e^2*

s3^2*t^4*u^5+29*e^2*s3^2*t^3*u^6-212*e^2*s3*s4^5*t^5-540*e^2*s3*s4^5*t^4*u-288

*e^2*s3*s4^5*t^3*u^2+660*e^2*s3*s4^4*t^6+1888*e^2*s3*s4^4*t^5*u+1320*e^2*s3*s4

^4*t^4*u^2+112*e^2*s3*s4^4*t^3*u^3-60*e^2*s3*s4^4*t^2*u^4-870*e^2*s3*s4^3*t^7

-2880*e^2*s3*s4^3*t^6*u-2788*e^2*s3*s4^3*t^5*u^2-808*e^2*s3*s4^3*t^4*u^3+22*e^2

*s3*s4^3*t^3*u^4+12*e^2*s3*s4^3*t^2*u^5+516*e^2*s3*s4^2*t^8+1754*e^2*s3*s4^2*t

^7*u+1846*e^2*s3*s4^2*t^6*u^2+374*e^2*s3*s4^2*t^5*u^3-498*e^2*s3*s4^2*t^4*u^4

-304*e^2*s3*s4^2*t^3*u^5-40*e^2*s3*s4^2*t^2*u^6-4*e^2*s3*s4*t^9+290*e^2*s3*s4*t

^8*u+1160*e^2*s3*s4*t^7*u^2+1968*e^2*s3*s4*t^6*u^3+1760*e^2*s3*s4*t^5*u^4+782*

e^2*s3*s4*t^4*u^5+124*e^2*s3*s4*t^3*u^6-90*e^2*s3*t^10-508*e^2*s3*t^9*u-1214*e

^2*s3*t^8*u^2-1574*e^2*s3*t^7*u^3-1168*e^2*s3*t^6*u^4-470*e^2*s3*t^5*u^5-80*e^

2*s3*t^4*u^6+24*e^2*s4^4*t^7+104*e^2*s4^4*t^6*u+172*e^2*s4^4*t^5*u^2+128*e^2*

s4^4*t^4*u^3+36*e^2*s4^4*t^3*u^4-78*e^2*s4^3*t^8-366*e^2*s4^3*t^7*u-678*e^2*s4

^3*t^6*u^2-610*e^2*s4^3*t^5*u^3-260*e^2*s4^3*t^4*u^4-40*e^2*s4^3*t^3*u^5+114*e

^2*s4^2*t^9+596*e^2*s4^2*t^8*u+1273*e^2*s4^2*t^7*u^2+1408*e^2*s4^2*t^6*u^3+840

*e^2*s4^2*t^5*u^4+252*e^2*s4^2*t^4*u^5+29*e^2*s4^2*t^3*u^6-90*e^2*s4*t^10-508*

e^2*s4*t^9*u-1214*e^2*s4*t^8*u^2-1574*e^2*s4*t^7*u^3-1168*e^2*s4*t^6*u^4-470*e

^2*s4*t^5*u^5-80*e^2*s4*t^4*u^6+30*e^2*t^11+174*e^2*t^10*u+445*e^2*t^9*u^2+640

*e^2*t^8*u^3+540*e^2*t^7*u^4+250*e^2*t^6*u^5+49*e^2*t^5*u^6-256*e*s3^6*s4^4*t+

640*e*s3^6*s4^3*t^2-352*e*s3^6*s4^2*t^3-448*e*s3^5*s4^5*t+320*e*s3^5*s4^5*u+

2112*e*s3^5*s4^4*t^2-480*e*s3^5*s4^4*t*u-2980*e*s3^5*s4^3*t^3-20*e*s3^5*s4^3*t

^2*u+128*e*s3^5*s4^3*t*u^2+1096*e*s3^5*s4^2*t^4-248*e*s3^5*s4^2*t^3*u-320*e*s3

^5*s4^2*t^2*u^2+140*e*s3^5*s4*t^5+332*e*s3^5*s4*t^4*u+176*e*s3^5*s4*t^3*u^2

-256*e*s3^4*s4^6*t+2112*e*s3^4*s4^5*t^2-480*e*s3^4*s4^5*t*u-5320*e*s3^4*s4^4*t^

3+344*e*s3^4*s4^4*t^2*u-208*e*s3^4*s4^4*t*u^2-160*e*s3^4*s4^4*u^3+4864*e*s3^4*

s4^3*t^4+40*e*s3^4*s4^3*t^3*u-200*e*s3^4*s4^3*t^2*u^2+240*e*s3^4*s4^3*t*u^3

-818*e*s3^4*s4^2*t^5+1660*e*s3^4*s4^2*t^4*u+1462*e*s3^4*s4^2*t^3*u^2+72*e*s3^4*

s4^2*t^2*u^3-16*e*s3^4*s4^2*t*u^4-500*e*s3^4*s4*t^6-1264*e*s3^4*s4*t^5*u-804*e

*s3^4*s4*t^4*u^2-32*e*s3^4*s4*t^3*u^3+40*e*s3^4*s4*t^2*u^4-16*e*s3^4*t^7-68*e*

s3^4*t^6*u-110*e*s3^4*t^5*u^2-80*e*s3^4*t^4*u^3-22*e*s3^4*t^3*u^4+640*e*s3^3*

s4^6*t^2-2980*e*s3^3*s4^5*t^3-20*e*s3^3*s4^5*t^2*u+128*e*s3^3*s4^5*t*u^2+4864*

e*s3^3*s4^4*t^4+40*e*s3^3*s4^4*t^3*u-200*e*s3^3*s4^4*t^2*u^2+240*e*s3^3*s4^4*t

*u^3-2508*e*s3^3*s4^3*t^5+1960*e*s3^3*s4^3*t^4*u+1552*e*s3^3*s4^3*t^3*u^2+84*e

*s3^3*s4^3*t^2*u^3+108*e*s3^3*s4^3*t*u^4+20*e*s3^3*s4^3*u^5-740*e*s3^3*s4^2*t^

6-4150*e*s3^3*s4^2*t^5*u-3468*e*s3^3*s4^2*t^4*u^2-940*e*s3^3*s4^2*t^3*u^3-176*

e*s3^3*s4^2*t^2*u^4-30*e*s3^3*s4^2*t*u^5+644*e*s3^3*s4*t^7+1720*e*s3^3*s4*t^6*

u+1248*e*s3^3*s4*t^5*u^2+76*e*s3^3*s4*t^4*u^3-128*e*s3^3*s4*t^3*u^4-16*e*s3^3*

s4*t^2*u^5+60*e*s3^3*t^8+270*e*s3^3*t^7*u+476*e*s3^3*t^6*u^2+404*e*s3^3*t^5*u^
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3+160*e*s3^3*t^4*u^4+22*e*s3^3*t^3*u^5-352*e*s3^2*s4^6*t^3+1096*e*s3^2*s4^5*t^

4-248*e*s3^2*s4^5*t^3*u-320*e*s3^2*s4^5*t^2*u^2-818*e*s3^2*s4^4*t^5+1660*e*s3^

2*s4^4*t^4*u+1462*e*s3^2*s4^4*t^3*u^2+72*e*s3^2*s4^4*t^2*u^3-16*e*s3^2*s4^4*t*

u^4-740*e*s3^2*s4^3*t^6-4150*e*s3^2*s4^3*t^5*u-3468*e*s3^2*s4^3*t^4*u^2-940*e*

s3^2*s4^3*t^3*u^3-176*e*s3^2*s4^3*t^2*u^4-30*e*s3^2*s4^3*t*u^5+1188*e*s3^2*s4^

2*t^7+3834*e*s3^2*s4^2*t^6*u+3453*e*s3^2*s4^2*t^5*u^2+1280*e*s3^2*s4^2*t^4*u^3

+190*e*s3^2*s4^2*t^3*u^4-18*e*s3^2*s4^2*t^2*u^5-7*e*s3^2*s4^2*t*u^6-284*e*s3^2

*s4*t^8-622*e*s3^2*s4*t^7*u-118*e*s3^2*s4*t^6*u^2+588*e*s3^2*s4*t^5*u^3+532*e*

s3^2*s4*t^4*u^4+186*e*s3^2*s4*t^3*u^5+22*e*s3^2*s4*t^2*u^6-88*e*s3^2*t^9-426*e

*s3^2*t^8*u-835*e*s3^2*t^7*u^2-840*e*s3^2*t^6*u^3-452*e*s3^2*t^5*u^4-122*e*s3^

2*t^4*u^5-13*e*s3^2*t^3*u^6+140*e*s3*s4^5*t^5+332*e*s3*s4^5*t^4*u+176*e*s3*s4^

5*t^3*u^2-500*e*s3*s4^4*t^6-1264*e*s3*s4^4*t^5*u-804*e*s3*s4^4*t^4*u^2-32*e*s3

*s4^4*t^3*u^3+40*e*s3*s4^4*t^2*u^4+644*e*s3*s4^3*t^7+1720*e*s3*s4^3*t^6*u+1248

*e*s3*s4^3*t^5*u^2+76*e*s3*s4^3*t^4*u^3-128*e*s3*s4^3*t^3*u^4-16*e*s3*s4^3*t^2

*u^5-284*e*s3*s4^2*t^8-622*e*s3*s4^2*t^7*u-118*e*s3*s4^2*t^6*u^2+588*e*s3*s4^2

*t^5*u^3+532*e*s3*s4^2*t^4*u^4+186*e*s3*s4^2*t^3*u^5+22*e*s3*s4^2*t^2*u^6-60*e

*s3*s4*t^9-480*e*s3*s4*t^8*u-1212*e*s3*s4*t^7*u^2-1500*e*s3*s4*t^6*u^3-1044*e*

s3*s4*t^5*u^4-396*e*s3*s4*t^4*u^5-60*e*s3*s4*t^3*u^6+60*e*s3*t^10+310*e*s3*t^9

*u+674*e*s3*t^8*u^2+796*e*s3*t^7*u^3+544*e*s3*t^6*u^4+206*e*s3*t^5*u^5+34*e*s3

*t^4*u^6-16*e*s4^4*t^7-68*e*s4^4*t^6*u-110*e*s4^4*t^5*u^2-80*e*s4^4*t^4*u^3-22

*e*s4^4*t^3*u^4+60*e*s4^3*t^8+270*e*s4^3*t^7*u+476*e*s4^3*t^6*u^2+404*e*s4^3*t

^5*u^3+160*e*s4^3*t^4*u^4+22*e*s4^3*t^3*u^5-88*e*s4^2*t^9-426*e*s4^2*t^8*u-835

*e*s4^2*t^7*u^2-840*e*s4^2*t^6*u^3-452*e*s4^2*t^5*u^4-122*e*s4^2*t^4*u^5-13*e*

s4^2*t^3*u^6+60*e*s4*t^10+310*e*s4*t^9*u+674*e*s4*t^8*u^2+796*e*s4*t^7*u^3+544

*e*s4*t^6*u^4+206*e*s4*t^5*u^5+34*e*s4*t^4*u^6-16*e*t^11-86*e*t^10*u-203*e*t^9

*u^2-272*e*t^8*u^3-218*e*t^7*u^4-98*e*t^6*u^5-19*e*t^5*u^6+64*s3^6*s4^4*t-128*

s3^6*s4^3*t^2+64*s3^6*s4^2*t^3+128*s3^5*s4^5*t-64*s3^5*s4^5*u-512*s3^5*s4^4*t^

2+64*s3^5*s4^4*t*u+608*s3^5*s4^3*t^3-32*s3^5*s4^3*t*u^2-192*s3^5*s4^2*t^4+64*

s3^5*s4^2*t^3*u+64*s3^5*s4^2*t^2*u^2-32*s3^5*s4*t^5-64*s3^5*s4*t^4*u-32*s3^5*

s4*t^3*u^2+64*s3^4*s4^6*t-512*s3^4*s4^5*t^2+64*s3^4*s4^5*t*u+1152*s3^4*s4^4*t^

3-32*s3^4*s4^4*t^2*u+32*s3^4*s4^4*t*u^2+32*s3^4*s4^4*u^3-896*s3^4*s4^3*t^4+160

*s3^4*s4^3*t^3*u+128*s3^4*s4^3*t^2*u^2-32*s3^4*s4^3*t*u^3+68*s3^4*s4^2*t^5-464

*s3^4*s4^2*t^4*u-328*s3^4*s4^2*t^3*u^2-16*s3^4*s4^2*t^2*u^3+4*s3^4*s4^2*t*u^4+

120*s3^4*s4*t^6+256*s3^4*s4*t^5*u+144*s3^4*s4*t^4*u^2-8*s3^4*s4*t^2*u^4+4*s3^4

*t^7+16*s3^4*t^6*u+24*s3^4*t^5*u^2+16*s3^4*t^4*u^3+4*s3^4*t^3*u^4-128*s3^3*s4^

6*t^2+608*s3^3*s4^5*t^3-32*s3^3*s4^5*t*u^2-896*s3^3*s4^4*t^4+160*s3^3*s4^4*t^3

*u+128*s3^3*s4^4*t^2*u^2-32*s3^3*s4^4*t*u^3+296*s3^3*s4^3*t^5-772*s3^3*s4^3*t^

4*u-528*s3^3*s4^3*t^3*u^2-56*s3^3*s4^3*t^2*u^3-24*s3^3*s4^3*t*u^4-4*s3^3*s4^3*

u^5+288*s3^3*s4^2*t^6+996*s3^3*s4^2*t^5*u+688*s3^3*s4^2*t^4*u^2+120*s3^3*s4^2*

t^3*u^3+16*s3^3*s4^2*t^2*u^4+4*s3^3*s4^2*t*u^5-152*s3^3*s4*t^7-316*s3^3*s4*t^6

*u-144*s3^3*s4*t^5*u^2+56*s3^3*s4*t^4*u^3+40*s3^3*s4*t^3*u^4+4*s3^3*s4*t^2*u^5

-16*s3^3*t^8-68*s3^3*t^7*u-112*s3^3*t^6*u^2-88*s3^3*t^5*u^3-32*s3^3*t^4*u^4-4*

s3^3*t^3*u^5+64*s3^2*s4^6*t^3-192*s3^2*s4^5*t^4+64*s3^2*s4^5*t^3*u+64*s3^2*s4^

5*t^2*u^2+68*s3^2*s4^4*t^5-464*s3^2*s4^4*t^4*u-328*s3^2*s4^4*t^3*u^2-16*s3^2*

s4^4*t^2*u^3+4*s3^2*s4^4*t*u^4+288*s3^2*s4^3*t^6+996*s3^2*s4^3*t^5*u+688*s3^2*
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

s4^3*t^4*u^2+120*s3^2*s4^3*t^3*u^3+16*s3^2*s4^3*t^2*u^4+4*s3^2*s4^3*t*u^5-308*

s3^2*s4^2*t^7-748*s3^2*s4^2*t^6*u-454*s3^2*s4^2*t^5*u^2-16*s3^2*s4^2*t^4*u^3+

40*s3^2*s4^2*t^3*u^4+12*s3^2*s4^2*t^2*u^5+2*s3^2*s4^2*t*u^6+56*s3^2*s4*t^8+44*

s3^2*s4*t^7*u-164*s3^2*s4*t^6*u^2-264*s3^2*s4*t^5*u^3-144*s3^2*s4*t^4*u^4-36*

s3^2*s4*t^3*u^5-4*s3^2*s4*t^2*u^6+24*s3^2*t^9+108*s3^2*t^8*u+194*s3^2*t^7*u^2+

176*s3^2*t^6*u^3+84*s3^2*t^5*u^4+20*s3^2*t^4*u^5+2*s3^2*t^3*u^6-32*s3*s4^5*t^5

-64*s3*s4^5*t^4*u-32*s3*s4^5*t^3*u^2+120*s3*s4^4*t^6+256*s3*s4^4*t^5*u+144*s3*

s4^4*t^4*u^2-8*s3*s4^4*t^2*u^4-152*s3*s4^3*t^7-316*s3*s4^3*t^6*u-144*s3*s4^3*t

^5*u^2+56*s3*s4^3*t^4*u^3+40*s3*s4^3*t^3*u^4+4*s3*s4^3*t^2*u^5+56*s3*s4^2*t^8+

44*s3*s4^2*t^7*u-164*s3*s4^2*t^6*u^2-264*s3*s4^2*t^5*u^3-144*s3*s4^2*t^4*u^4

-36*s3*s4^2*t^3*u^5-4*s3*s4^2*t^2*u^6+24*s3*s4*t^9+156*s3*s4*t^8*u+344*s3*s4*t^

7*u^2+360*s3*s4*t^6*u^3+200*s3*s4*t^5*u^4+60*s3*s4*t^4*u^5+8*s3*s4*t^3*u^6-16*

s3*t^10-76*s3*t^9*u-148*s3*t^8*u^2-152*s3*t^7*u^3-88*s3*t^6*u^4-28*s3*t^5*u^5

-4*s3*t^4*u^6+4*s4^4*t^7+16*s4^4*t^6*u+24*s4^4*t^5*u^2+16*s4^4*t^4*u^3+4*s4^4*t

^3*u^4-16*s4^3*t^8-68*s4^3*t^7*u-112*s4^3*t^6*u^2-88*s4^3*t^5*u^3-32*s4^3*t^4*

u^4-4*s4^3*t^3*u^5+24*s4^2*t^9+108*s4^2*t^8*u+194*s4^2*t^7*u^2+176*s4^2*t^6*u^

3+84*s4^2*t^5*u^4+20*s4^2*t^4*u^5+2*s4^2*t^3*u^6-16*s4*t^10-76*s4*t^9*u-148*s4

*t^8*u^2-152*s4*t^7*u^3-88*s4*t^6*u^4-28*s4*t^5*u^5-4*s4*t^4*u^6+4*t^11+20*t^

10*u+42*t^9*u^2+48*t^8*u^3+32*t^7*u^4+12*t^6*u^5+2*t^5*u^6)/u/t^3/e^2/(s3-t)^2

/(-4*s3*s4+t^2+2*t*u+u^2)^2/(t-s4)^2/(-3+2*e);

cpbox010000111p1p2p4 := -2*(e-1)*(192*e^5*s3^3*s4^5*t+192*e^5*s3^3*s4^5*u-192*

e^5*s3^3*s4^4*t^2-192*e^5*s3^3*s4^4*t*u+48*e^5*s3^2*s4^4*t^3-336*e^5*s3^2*s4^4

*t^2*u-480*e^5*s3^2*s4^4*t*u^2-96*e^5*s3^2*s4^4*u^3-192*e^5*s3^2*s4^3*t^4+192*

e^5*s3^2*s4^3*t^3*u+480*e^5*s3^2*s4^3*t^2*u^2+96*e^5*s3^2*s4^3*t*u^3+144*e^5*

s3^2*s4^2*t^5+144*e^5*s3^2*s4^2*t^4*u-60*e^5*s3*s4^3*t^5-60*e^5*s3*s4^3*t^4*u+

192*e^5*s3*s4^3*t^3*u^2+336*e^5*s3*s4^3*t^2*u^3+156*e^5*s3*s4^3*t*u^4+12*e^5*

s3*s4^3*u^5+132*e^5*s3*s4^2*t^6+276*e^5*s3*s4^2*t^5*u+24*e^5*s3*s4^2*t^4*u^2

-264*e^5*s3*s4^2*t^3*u^3-156*e^5*s3*s4^2*t^2*u^4-12*e^5*s3*s4^2*t*u^5-72*e^5*s3

*s4*t^7-216*e^5*s3*s4*t^6*u-216*e^5*s3*s4*t^5*u^2-72*e^5*s3*s4*t^4*u^3+9*e^5*

s4^2*t^7+33*e^5*s4^2*t^6*u+30*e^5*s4^2*t^5*u^2-30*e^5*s4^2*t^4*u^3-75*e^5*s4^2

*t^3*u^4-51*e^5*s4^2*t^2*u^5-12*e^5*s4^2*t*u^6-18*e^5*s4*t^8-78*e^5*s4*t^7*u

-120*e^5*s4*t^6*u^2-60*e^5*s4*t^5*u^3+30*e^5*s4*t^4*u^4+42*e^5*s4*t^3*u^5+12*e^

5*s4*t^2*u^6+9*e^5*t^9+45*e^5*t^8*u+90*e^5*t^7*u^2+90*e^5*t^6*u^3+45*e^5*t^5*u

^4+9*e^5*t^4*u^5+192*e^4*s3^4*s4^4*t-128*e^4*s3^4*s4^3*t^2+32*e^4*s3^3*s4^5*t

-544*e^4*s3^3*s4^5*u+224*e^4*s3^3*s4^4*t^2+736*e^4*s3^3*s4^4*t*u-280*e^4*s3^3*

s4^3*t^3-632*e^4*s3^3*s4^3*t^2*u-96*e^4*s3^3*s4^3*t*u^2+16*e^4*s3^3*s4^2*t^4+

272*e^4*s3^3*s4^2*t^3*u+64*e^4*s3^3*s4^2*t^2*u^2-24*e^4*s3^3*s4*t^5-24*e^4*s3^

3*s4*t^4*u+192*e^4*s3^2*s4^6*t-480*e^4*s3^2*s4^5*t^2-288*e^4*s3^2*s4^5*t*u+656

*e^4*s3^2*s4^4*t^3+672*e^4*s3^2*s4^4*t^2*u+880*e^4*s3^2*s4^4*t*u^2+272*e^4*s3^

2*s4^4*u^3-784*e^4*s3^2*s4^3*t^4-952*e^4*s3^2*s4^3*t^3*u-1184*e^4*s3^2*s4^3*t^

2*u^2-344*e^4*s3^2*s4^3*t*u^3+386*e^4*s3^2*s4^2*t^5+626*e^4*s3^2*s4^2*t^4*u+

586*e^4*s3^2*s4^2*t^3*u^2+214*e^4*s3^2*s4^2*t^2*u^3+12*e^4*s3^2*s4^2*t*u^4+28*

e^4*s3^2*s4*t^6+4*e^4*s3^2*s4*t^5*u-84*e^4*s3^2*s4*t^4*u^2-68*e^4*s3^2*s4*t^3*

u^3-8*e^4*s3^2*s4*t^2*u^4+6*e^4*s3^2*t^7+18*e^4*s3^2*t^6*u+18*e^4*s3^2*t^5*u^2

+6*e^4*s3^2*t^4*u^3-72*e^4*s3*s4^5*t^3-216*e^4*s3*s4^5*t^2*u-144*e^4*s3*s4^5*t
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*u^2+192*e^4*s3*s4^4*t^4+696*e^4*s3*s4^4*t^3*u+672*e^4*s3*s4^4*t^2*u^2+168*e^4

*s3*s4^4*t*u^3-310*e^4*s3*s4^3*t^5-998*e^4*s3*s4^3*t^4*u-1248*e^4*s3*s4^3*t^3*

u^2-848*e^4*s3*s4^3*t^2*u^3-322*e^4*s3*s4^3*t*u^4-34*e^4*s3*s4^3*u^5+350*e^4*

s3*s4^2*t^6+1008*e^4*s3*s4^2*t^5*u+1276*e^4*s3*s4^2*t^4*u^2+968*e^4*s3*s4^2*t^

3*u^3+390*e^4*s3*s4^2*t^2*u^4+40*e^4*s3*s4^2*t*u^5-154*e^4*s3*s4*t^7-474*e^4*

s3*s4*t^6*u-584*e^4*s3*s4*t^5*u^2-376*e^4*s3*s4*t^4*u^3-126*e^4*s3*s4*t^3*u^4

-14*e^4*s3*s4*t^2*u^5-6*e^4*s3*t^8-24*e^4*s3*t^7*u-36*e^4*s3*t^6*u^2-24*e^4*s3*

t^5*u^3-6*e^4*s3*t^4*u^4+6*e^4*s4^4*t^5+42*e^4*s4^4*t^4*u+90*e^4*s4^4*t^3*u^2+

78*e^4*s4^4*t^2*u^3+24*e^4*s4^4*t*u^4-18*e^4*s4^3*t^6-132*e^4*s4^3*t^5*u-312*e

^4*s4^3*t^4*u^2-324*e^4*s4^3*t^3*u^3-150*e^4*s4^3*t^2*u^4-24*e^4*s4^3*t*u^5+36

*e^4*s4^2*t^7+204*e^4*s4^2*t^6*u+463*e^4*s4^2*t^5*u^2+550*e^4*s4^2*t^4*u^3+372

*e^4*s4^2*t^3*u^4+142*e^4*s4^2*t^2*u^5+25*e^4*s4^2*t*u^6-42*e^4*s4*t^8-204*e^4

*s4*t^7*u-426*e^4*s4*t^6*u^2-504*e^4*s4*t^5*u^3-366*e^4*s4*t^4*u^4-156*e^4*s4*

t^3*u^5-30*e^4*s4*t^2*u^6+18*e^4*t^9+90*e^4*t^8*u+189*e^4*t^7*u^2+216*e^4*t^6*

u^3+144*e^4*t^5*u^4+54*e^4*t^4*u^5+9*e^4*t^3*u^6-352*e^3*s3^4*s4^4*t+576*e^3*

s3^4*s4^3*t^2-288*e^3*s3^4*s4^2*t^3-448*e^3*s3^3*s4^5*t+608*e^3*s3^3*s4^5*u+

672*e^3*s3^3*s4^4*t^2-1152*e^3*s3^3*s4^4*t*u-352*e^3*s3^3*s4^3*t^3+776*e^3*s3^

3*s4^3*t^2*u+176*e^3*s3^3*s4^3*t*u^2+32*e^3*s3^3*s4^2*t^4-336*e^3*s3^3*s4^2*t^

3*u-288*e^3*s3^3*s4^2*t^2*u^2+128*e^3*s3^3*s4*t^5+296*e^3*s3^3*s4*t^4*u+144*e^

3*s3^3*s4*t^3*u^2-352*e^3*s3^2*s4^6*t+992*e^3*s3^2*s4^5*t^2+320*e^3*s3^2*s4^5*

t*u-1376*e^3*s3^2*s4^4*t^3-688*e^3*s3^2*s4^4*t^2*u-480*e^3*s3^2*s4^4*t*u^2-304

*e^3*s3^2*s4^4*u^3+1328*e^3*s3^2*s4^3*t^4+1152*e^3*s3^2*s4^3*t^3*u+1176*e^3*s3

^2*s4^3*t^2*u^2+552*e^3*s3^2*s4^3*t*u^3-502*e^3*s3^2*s4^2*t^5-550*e^3*s3^2*s4^

2*t^4*u-592*e^3*s3^2*s4^2*t^3*u^2-246*e^3*s3^2*s4^2*t^2*u^3-22*e^3*s3^2*s4^2*t

*u^4-76*e^3*s3^2*s4*t^6-244*e^3*s3^2*s4*t^5*u-216*e^3*s3^2*s4*t^4*u^2-12*e^3*

s3^2*s4*t^3*u^3+36*e^3*s3^2*s4*t^2*u^4-18*e^3*s3^2*t^7-70*e^3*s3^2*t^6*u-104*e

^3*s3^2*t^5*u^2-70*e^3*s3^2*t^4*u^3-18*e^3*s3^2*t^3*u^4+176*e^3*s3*s4^5*t^3+

328*e^3*s3*s4^5*t^2*u+224*e^3*s3*s4^5*t*u^2-496*e^3*s3*s4^4*t^4-1056*e^3*s3*s4

^4*t^3*u-936*e^3*s3*s4^4*t^2*u^2-232*e^3*s3*s4^4*t*u^3+760*e^3*s3*s4^3*t^5+

1770*e^3*s3*s4^3*t^4*u+1736*e^3*s3*s4^3*t^3*u^2+832*e^3*s3*s4^3*t^2*u^3+216*e^

3*s3*s4^3*t*u^4+38*e^3*s3*s4^3*u^5-754*e^3*s3*s4^2*t^6-2004*e^3*s3*s4^2*t^5*u

-2246*e^3*s3*s4^2*t^4*u^2-1446*e^3*s3*s4^2*t^3*u^3-520*e^3*s3*s4^2*t^2*u^4-70*e

^3*s3*s4^2*t*u^5+300*e^3*s3*s4*t^7+894*e^3*s3*s4*t^6*u+1124*e^3*s3*s4*t^5*u^2+

788*e^3*s3*s4*t^4*u^3+280*e^3*s3*s4*t^3*u^4+22*e^3*s3*s4*t^2*u^5+14*e^3*s3*t^8

+76*e^3*s3*t^7*u+162*e^3*s3*t^6*u^2+170*e^3*s3*t^5*u^3+88*e^3*s3*t^4*u^4+18*e^

3*s3*t^3*u^5-18*e^3*s4^4*t^5-86*e^3*s4^4*t^4*u-144*e^3*s4^4*t^3*u^2-102*e^3*s4

^4*t^2*u^3-26*e^3*s4^4*t*u^4+50*e^3*s4^3*t^6+256*e^3*s4^3*t^5*u+482*e^3*s4^3*t

^4*u^2+422*e^3*s4^3*t^3*u^3+172*e^3*s4^3*t^2*u^4+26*e^3*s4^3*t*u^5-85*e^3*s4^2

*t^7-421*e^3*s4^2*t^6*u-821*e^3*s4^2*t^5*u^2-804*e^3*s4^2*t^4*u^3-415*e^3*s4^2

*t^3*u^4-107*e^3*s4^2*t^2*u^5-11*e^3*s4^2*t*u^6+92*e^3*s4*t^8+450*e^3*s4*t^7*u

+912*e^3*s4*t^6*u^2+990*e^3*s4*t^5*u^3+618*e^3*s4*t^4*u^4+216*e^3*s4*t^3*u^5+

34*e^3*s4*t^2*u^6-39*e^3*t^9-199*e^3*t^8*u-433*e^3*t^7*u^2-522*e^3*t^6*u^3-373

*e^3*t^5*u^4-151*e^3*t^4*u^5-27*e^3*t^3*u^6+256*e^2*s3^4*s4^4*t-896*e^2*s3^4*

s4^3*t^2+576*e^2*s3^4*s4^2*t^3+352*e^2*s3^3*s4^5*t-416*e^2*s3^3*s4^5*u-1424*e^

2*s3^3*s4^4*t^2+944*e^2*s3^3*s4^4*t*u+1676*e^2*s3^3*s4^3*t^3+100*e^2*s3^3*s4^3
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amplitude of qq̄ → γ∗γ∗

*t^2*u-128*e^2*s3^3*s4^3*t*u^2-360*e^2*s3^3*s4^2*t^4+104*e^2*s3^3*s4^2*t^3*u+

448*e^2*s3^3*s4^2*t^2*u^2-212*e^2*s3^3*s4*t^5-540*e^2*s3^3*s4*t^4*u-288*e^2*s3

^3*s4*t^3*u^2+256*e^2*s3^2*s4^6*t-944*e^2*s3^2*s4^5*t^2-176*e^2*s3^2*s4^5*t*u+

1472*e^2*s3^2*s4^4*t^3+1064*e^2*s3^2*s4^4*t^2*u+248*e^2*s3^2*s4^4*t*u^2+208*e^

2*s3^2*s4^4*u^3-848*e^2*s3^2*s4^3*t^4-1016*e^2*s3^2*s4^3*t^3*u-904*e^2*s3^2*s4

^3*t^2*u^2-480*e^2*s3^2*s4^3*t*u^3-188*e^2*s3^2*s4^2*t^5-784*e^2*s3^2*s4^2*t^4

*u-452*e^2*s3^2*s4^2*t^3*u^2-96*e^2*s3^2*s4^2*t^2*u^3+16*e^2*s3^2*s4^2*t*u^4+

224*e^2*s3^2*s4*t^6+728*e^2*s3^2*s4*t^5*u+720*e^2*s3^2*s4*t^4*u^2+160*e^2*s3^2

*s4*t^3*u^3-56*e^2*s3^2*s4*t^2*u^4+24*e^2*s3^2*t^7+104*e^2*s3^2*t^6*u+172*e^2*

s3^2*t^5*u^2+128*e^2*s3^2*t^4*u^3+36*e^2*s3^2*t^3*u^4-188*e^2*s3*s4^5*t^3-172*

e^2*s3*s4^5*t^2*u-104*e^2*s3*s4^5*t*u^2+632*e^2*s3*s4^4*t^4+752*e^2*s3*s4^4*t^

3*u+472*e^2*s3*s4^4*t^2*u^2+112*e^2*s3*s4^4*t*u^3-930*e^2*s3*s4^3*t^5-1762*e^2

*s3*s4^3*t^4*u-1552*e^2*s3*s4^3*t^3*u^2-688*e^2*s3*s4^3*t^2*u^3-114*e^2*s3*s4^

3*t*u^4-26*e^2*s3*s4^3*u^5+682*e^2*s3*s4^2*t^6+1802*e^2*s3*s4^2*t^5*u+2182*e^2

*s3*s4^2*t^4*u^2+1538*e^2*s3*s4^2*t^3*u^3+544*e^2*s3*s4^2*t^2*u^4+68*e^2*s3*s4

^2*t*u^5-166*e^2*s3*s4*t^7-454*e^2*s3*s4*t^6*u-604*e^2*s3*s4*t^5*u^2-508*e^2*

s3*s4*t^4*u^3-190*e^2*s3*s4*t^3*u^4+2*e^2*s3*s4*t^2*u^5-30*e^2*s3*t^8-158*e^2*

s3*t^7*u-330*e^2*s3*t^6*u^2-342*e^2*s3*t^5*u^3-176*e^2*s3*t^4*u^4-36*e^2*s3*t^

3*u^5+24*e^2*s4^4*t^5+80*e^2*s4^4*t^4*u+84*e^2*s4^4*t^3*u^2+24*e^2*s4^4*t^2*u^

3-4*e^2*s4^4*t*u^4-78*e^2*s4^3*t^6-278*e^2*s4^3*t^5*u-338*e^2*s4^3*t^4*u^2-150

*e^2*s4^3*t^3*u^3-8*e^2*s4^3*t^2*u^4+4*e^2*s4^3*t*u^5+114*e^2*s4^2*t^7+476*e^2

*s4^2*t^6*u+761*e^2*s4^2*t^5*u^2+576*e^2*s4^2*t^4*u^3+200*e^2*s4^2*t^3*u^4+20*

e^2*s4^2*t^2*u^5-3*e^2*s4^2*t*u^6-90*e^2*s4*t^8-434*e^2*s4*t^7*u-864*e^2*s4*t^

6*u^2-918*e^2*s4*t^5*u^3-560*e^2*s4*t^4*u^4-192*e^2*s4*t^3*u^5-30*e^2*s4*t^2*u

^6+30*e^2*t^9+156*e^2*t^8*u+353*e^2*t^7*u^2+452*e^2*t^6*u^3+348*e^2*t^5*u^4+

152*e^2*t^4*u^5+29*e^2*t^3*u^6-160*e*s3^4*s4^4*t+576*e*s3^4*s4^3*t^2-352*e*s3^

4*s4^2*t^3-256*e*s3^3*s4^5*t+224*e*s3^3*s4^5*u+1168*e*s3^3*s4^4*t^2-400*e*s3^3

*s4^4*t*u-1396*e*s3^3*s4^3*t^3-244*e*s3^3*s4^3*t^2*u+80*e*s3^3*s4^3*t*u^2+312*

e*s3^3*s4^2*t^4-104*e*s3^3*s4^2*t^3*u-288*e*s3^3*s4^2*t^2*u^2+140*e*s3^3*s4*t^

5+332*e*s3^3*s4*t^4*u+176*e*s3^3*s4*t^3*u^2-160*e*s3^2*s4^6*t+688*e*s3^2*s4^5*

t^2+144*e*s3^2*s4^5*t*u-1024*e*s3^2*s4^4*t^3-680*e*s3^2*s4^4*t^2*u-168*e*s3^2*

s4^4*t*u^2-112*e*s3^2*s4^4*u^3+328*e*s3^2*s4^3*t^4+192*e*s3^2*s4^3*t^3*u+264*e

*s3^2*s4^3*t^2*u^2+208*e*s3^2*s4^3*t*u^3+396*e*s3^2*s4^2*t^5+1060*e*s3^2*s4^2*

t^4*u+706*e*s3^2*s4^2*t^3*u^2+144*e*s3^2*s4^2*t^2*u^3-10*e*s3^2*s4^2*t*u^4-208

*e*s3^2*s4*t^6-568*e*s3^2*s4*t^5*u-476*e*s3^2*s4*t^4*u^2-80*e*s3^2*s4*t^3*u^3+

36*e*s3^2*s4*t^2*u^4-16*e*s3^2*t^7-68*e*s3^2*t^6*u-110*e*s3^2*t^5*u^2-80*e*s3^

2*t^4*u^3-22*e*s3^2*t^3*u^4+116*e*s3*s4^5*t^3+124*e*s3*s4^5*t^2*u+56*e*s3*s4^5

*t*u^2-448*e*s3*s4^4*t^4-648*e*s3*s4^4*t^3*u-360*e*s3*s4^4*t^2*u^2-64*e*s3*s4^

4*t*u^3+660*e*s3*s4^3*t^5+1350*e*s3*s4^3*t^4*u+1120*e*s3*s4^3*t^3*u^2+448*e*s3

*s4^3*t^2*u^3+80*e*s3*s4^3*t*u^4+14*e*s3*s4^3*u^5-404*e*s3*s4^2*t^6-1046*e*s3*

s4^2*t^5*u-1176*e*s3*s4^2*t^4*u^2-764*e*s3*s4^2*t^3*u^3-260*e*s3*s4^2*t^2*u^4

-30*e*s3*s4^2*t*u^5+48*e*s3*s4*t^7+78*e*s3*s4*t^6*u+40*e*s3*s4*t^5*u^2+24*e*s3*

s4*t^4*u^3-14*e*s3*s4*t^2*u^5+28*e*s3*t^8+134*e*s3*t^7*u+256*e*s3*t^6*u^2+244*

e*s3*t^5*u^3+116*e*s3*t^4*u^4+22*e*s3*t^3*u^5-16*e*s4^4*t^5-52*e*s4^4*t^4*u-54

*e*s4^4*t^3*u^2-16*e*s4^4*t^2*u^3+2*e*s4^4*t*u^4+60*e*s4^3*t^6+214*e*s4^3*t^5*
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u+268*e*s4^3*t^4*u^2+132*e*s4^3*t^3*u^3+16*e*s4^3*t^2*u^4-2*e*s4^3*t*u^5-88*e*

s4^2*t^7-362*e*s4^2*t^6*u-575*e*s4^2*t^5*u^2-440*e*s4^2*t^4*u^3-164*e*s4^2*t^3

*u^4-26*e*s4^2*t^2*u^5-e*s4^2*t*u^6+60*e*s4*t^8+282*e*s4*t^7*u+546*e*s4*t^6*u^

2+564*e*s4*t^5*u^3+336*e*s4*t^4*u^4+114*e*s4*t^3*u^5+18*e*s4*t^2*u^6-16*e*t^9

-82*e*t^8*u-181*e*t^7*u^2-224*e*t^6*u^3-166*e*t^5*u^4-70*e*t^4*u^5-13*e*t^3*u^6

+64*s3^4*s4^4*t-128*s3^4*s4^3*t^2+64*s3^4*s4^2*t^3+128*s3^3*s4^5*t-64*s3^3*s4^

5*u-384*s3^3*s4^4*t^2+64*s3^3*s4^4*t*u+352*s3^3*s4^3*t^3-32*s3^3*s4^3*t*u^2-64

*s3^3*s4^2*t^4+64*s3^3*s4^2*t^3*u+64*s3^3*s4^2*t^2*u^2-32*s3^3*s4*t^5-64*s3^3*

s4*t^4*u-32*s3^3*s4*t^3*u^2+64*s3^2*s4^6*t-256*s3^2*s4^5*t^2-64*s3^2*s4^5*t*u+

320*s3^2*s4^4*t^3+96*s3^2*s4^4*t^2*u+32*s3^2*s4^4*t*u^2+32*s3^2*s4^4*u^3-64*s3

^2*s4^3*t^4+160*s3^2*s4^3*t^3*u+64*s3^2*s4^3*t^2*u^2-32*s3^2*s4^3*t*u^3-124*s3

^2*s4^2*t^5-336*s3^2*s4^2*t^4*u-200*s3^2*s4^2*t^3*u^2-16*s3^2*s4^2*t^2*u^3+4*

s3^2*s4^2*t*u^4+56*s3^2*s4*t^6+128*s3^2*s4*t^5*u+80*s3^2*s4*t^4*u^2-8*s3^2*s4*

t^2*u^4+4*s3^2*t^7+16*s3^2*t^6*u+24*s3^2*t^5*u^2+16*s3^2*t^4*u^3+4*s3^2*t^3*u^

4-32*s3*s4^5*t^3-64*s3*s4^5*t^2*u-32*s3*s4^5*t*u^2+128*s3*s4^4*t^4+288*s3*s4^4

*t^3*u+192*s3*s4^4*t^2*u^2+32*s3*s4^4*t*u^3-184*s3*s4^3*t^5-452*s3*s4^3*t^4*u

-368*s3*s4^3*t^3*u^2-120*s3*s4^3*t^2*u^3-24*s3*s4^3*t*u^4-4*s3*s4^3*u^5+104*s3*

s4^2*t^6+260*s3*s4^2*t^5*u+224*s3*s4^2*t^4*u^2+88*s3*s4^2*t^3*u^3+24*s3*s4^2*t

^2*u^4+4*s3*s4^2*t*u^5-8*s3*s4*t^7+4*s3*s4*t^6*u+48*s3*s4*t^5*u^2+56*s3*s4*t^4

*u^3+24*s3*s4*t^3*u^4+4*s3*s4*t^2*u^5-8*s3*t^8-36*s3*t^7*u-64*s3*t^6*u^2-56*s3

*t^5*u^3-24*s3*t^4*u^4-4*s3*t^3*u^5+4*s4^4*t^5+16*s4^4*t^4*u+24*s4^4*t^3*u^2+

16*s4^4*t^2*u^3+4*s4^4*t*u^4-16*s4^3*t^6-68*s4^3*t^5*u-112*s4^3*t^4*u^2-88*s4^

3*t^3*u^3-32*s4^3*t^2*u^4-4*s4^3*t*u^5+24*s4^2*t^7+108*s4^2*t^6*u+194*s4^2*t^5

*u^2+176*s4^2*t^4*u^3+84*s4^2*t^3*u^4+20*s4^2*t^2*u^5+2*s4^2*t*u^6-16*s4*t^8

-76*s4*t^7*u-148*s4*t^6*u^2-152*s4*t^5*u^3-88*s4*t^4*u^4-28*s4*t^3*u^5-4*s4*t^2

*u^6+4*t^9+20*t^8*u+42*t^7*u^2+48*t^6*u^3+32*t^5*u^4+12*t^4*u^5+2*t^3*u^6)/t^2

/e/(-3+2*e)/(3*e-2)/(-4*s3*s4+t^2+2*t*u+u^2)^2/u/(t-s4)^2;

cpbox010010011p1p2p4 := 2*(e-1)*(-192*e^5*s3^5*s4^3*t-192*e^5*s3^5*s4^3*u+192*

e^5*s3^4*s4^3*t^2+192*e^5*s3^4*s4^3*t*u-48*e^5*s3^4*s4^2*t^3+336*e^5*s3^4*s4^2

*t^2*u+480*e^5*s3^4*s4^2*t*u^2+96*e^5*s3^4*s4^2*u^3+192*e^5*s3^3*s4^2*t^4-192*

e^5*s3^3*s4^2*t^3*u-480*e^5*s3^3*s4^2*t^2*u^2-96*e^5*s3^3*s4^2*t*u^3+60*e^5*s3

^3*s4*t^5+60*e^5*s3^3*s4*t^4*u-192*e^5*s3^3*s4*t^3*u^2-336*e^5*s3^3*s4*t^2*u^3

-156*e^5*s3^3*s4*t*u^4-12*e^5*s3^3*s4*u^5-144*e^5*s3^2*s4^2*t^5-144*e^5*s3^2*

s4^2*t^4*u-132*e^5*s3^2*s4*t^6-276*e^5*s3^2*s4*t^5*u-24*e^5*s3^2*s4*t^4*u^2+

264*e^5*s3^2*s4*t^3*u^3+156*e^5*s3^2*s4*t^2*u^4+12*e^5*s3^2*s4*t*u^5-9*e^5*s3^

2*t^7-33*e^5*s3^2*t^6*u-30*e^5*s3^2*t^5*u^2+30*e^5*s3^2*t^4*u^3+75*e^5*s3^2*t^

3*u^4+51*e^5*s3^2*t^2*u^5+12*e^5*s3^2*t*u^6+72*e^5*s3*s4*t^7+216*e^5*s3*s4*t^6

*u+216*e^5*s3*s4*t^5*u^2+72*e^5*s3*s4*t^4*u^3+18*e^5*s3*t^8+78*e^5*s3*t^7*u+

120*e^5*s3*t^6*u^2+60*e^5*s3*t^5*u^3-30*e^5*s3*t^4*u^4-42*e^5*s3*t^3*u^5-12*e^

5*s3*t^2*u^6-9*e^5*t^9-45*e^5*t^8*u-90*e^5*t^7*u^2-90*e^5*t^6*u^3-45*e^5*t^5*u

^4-9*e^5*t^4*u^5-192*e^4*s3^6*s4^2*t-32*e^4*s3^5*s4^3*t+544*e^4*s3^5*s4^3*u+

480*e^4*s3^5*s4^2*t^2+288*e^4*s3^5*s4^2*t*u+72*e^4*s3^5*s4*t^3+216*e^4*s3^5*s4

*t^2*u+144*e^4*s3^5*s4*t*u^2-192*e^4*s3^4*s4^4*t-224*e^4*s3^4*s4^3*t^2-736*e^4

*s3^4*s4^3*t*u-656*e^4*s3^4*s4^2*t^3-672*e^4*s3^4*s4^2*t^2*u-880*e^4*s3^4*s4^2

*t*u^2-272*e^4*s3^4*s4^2*u^3-192*e^4*s3^4*s4*t^4-696*e^4*s3^4*s4*t^3*u-672*e^4



150
Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

*s3^4*s4*t^2*u^2-168*e^4*s3^4*s4*t*u^3-6*e^4*s3^4*t^5-42*e^4*s3^4*t^4*u-90*e^4

*s3^4*t^3*u^2-78*e^4*s3^4*t^2*u^3-24*e^4*s3^4*t*u^4+128*e^4*s3^3*s4^4*t^2+280*

e^4*s3^3*s4^3*t^3+632*e^4*s3^3*s4^3*t^2*u+96*e^4*s3^3*s4^3*t*u^2+784*e^4*s3^3*

s4^2*t^4+952*e^4*s3^3*s4^2*t^3*u+1184*e^4*s3^3*s4^2*t^2*u^2+344*e^4*s3^3*s4^2*

t*u^3+310*e^4*s3^3*s4*t^5+998*e^4*s3^3*s4*t^4*u+1248*e^4*s3^3*s4*t^3*u^2+848*e

^4*s3^3*s4*t^2*u^3+322*e^4*s3^3*s4*t*u^4+34*e^4*s3^3*s4*u^5+18*e^4*s3^3*t^6+

132*e^4*s3^3*t^5*u+312*e^4*s3^3*t^4*u^2+324*e^4*s3^3*t^3*u^3+150*e^4*s3^3*t^2*

u^4+24*e^4*s3^3*t*u^5-16*e^4*s3^2*s4^3*t^4-272*e^4*s3^2*s4^3*t^3*u-64*e^4*s3^2

*s4^3*t^2*u^2-386*e^4*s3^2*s4^2*t^5-626*e^4*s3^2*s4^2*t^4*u-586*e^4*s3^2*s4^2*

t^3*u^2-214*e^4*s3^2*s4^2*t^2*u^3-12*e^4*s3^2*s4^2*t*u^4-350*e^4*s3^2*s4*t^6

-1008*e^4*s3^2*s4*t^5*u-1276*e^4*s3^2*s4*t^4*u^2-968*e^4*s3^2*s4*t^3*u^3-390*e^

4*s3^2*s4*t^2*u^4-40*e^4*s3^2*s4*t*u^5-36*e^4*s3^2*t^7-204*e^4*s3^2*t^6*u-463*

e^4*s3^2*t^5*u^2-550*e^4*s3^2*t^4*u^3-372*e^4*s3^2*t^3*u^4-142*e^4*s3^2*t^2*u^

5-25*e^4*s3^2*t*u^6+24*e^4*s3*s4^3*t^5+24*e^4*s3*s4^3*t^4*u-28*e^4*s3*s4^2*t^6

-4*e^4*s3*s4^2*t^5*u+84*e^4*s3*s4^2*t^4*u^2+68*e^4*s3*s4^2*t^3*u^3+8*e^4*s3*s4

^2*t^2*u^4+154*e^4*s3*s4*t^7+474*e^4*s3*s4*t^6*u+584*e^4*s3*s4*t^5*u^2+376*e^4

*s3*s4*t^4*u^3+126*e^4*s3*s4*t^3*u^4+14*e^4*s3*s4*t^2*u^5+42*e^4*s3*t^8+204*e^

4*s3*t^7*u+426*e^4*s3*t^6*u^2+504*e^4*s3*t^5*u^3+366*e^4*s3*t^4*u^4+156*e^4*s3

*t^3*u^5+30*e^4*s3*t^2*u^6-6*e^4*s4^2*t^7-18*e^4*s4^2*t^6*u-18*e^4*s4^2*t^5*u^

2-6*e^4*s4^2*t^4*u^3+6*e^4*s4*t^8+24*e^4*s4*t^7*u+36*e^4*s4*t^6*u^2+24*e^4*s4*

t^5*u^3+6*e^4*s4*t^4*u^4-18*e^4*t^9-90*e^4*t^8*u-189*e^4*t^7*u^2-216*e^4*t^6*u

^3-144*e^4*t^5*u^4-54*e^4*t^4*u^5-9*e^4*t^3*u^6+352*e^3*s3^6*s4^2*t+448*e^3*s3

^5*s4^3*t-608*e^3*s3^5*s4^3*u-992*e^3*s3^5*s4^2*t^2-320*e^3*s3^5*s4^2*t*u-176*

e^3*s3^5*s4*t^3-328*e^3*s3^5*s4*t^2*u-224*e^3*s3^5*s4*t*u^2+352*e^3*s3^4*s4^4*

t-672*e^3*s3^4*s4^3*t^2+1152*e^3*s3^4*s4^3*t*u+1376*e^3*s3^4*s4^2*t^3+688*e^3*

s3^4*s4^2*t^2*u+480*e^3*s3^4*s4^2*t*u^2+304*e^3*s3^4*s4^2*u^3+496*e^3*s3^4*s4*

t^4+1056*e^3*s3^4*s4*t^3*u+936*e^3*s3^4*s4*t^2*u^2+232*e^3*s3^4*s4*t*u^3+18*e^

3*s3^4*t^5+86*e^3*s3^4*t^4*u+144*e^3*s3^4*t^3*u^2+102*e^3*s3^4*t^2*u^3+26*e^3*

s3^4*t*u^4-576*e^3*s3^3*s4^4*t^2+352*e^3*s3^3*s4^3*t^3-776*e^3*s3^3*s4^3*t^2*u

-176*e^3*s3^3*s4^3*t*u^2-1328*e^3*s3^3*s4^2*t^4-1152*e^3*s3^3*s4^2*t^3*u-1176*

e^3*s3^3*s4^2*t^2*u^2-552*e^3*s3^3*s4^2*t*u^3-760*e^3*s3^3*s4*t^5-1770*e^3*s3^

3*s4*t^4*u-1736*e^3*s3^3*s4*t^3*u^2-832*e^3*s3^3*s4*t^2*u^3-216*e^3*s3^3*s4*t*

u^4-38*e^3*s3^3*s4*u^5-50*e^3*s3^3*t^6-256*e^3*s3^3*t^5*u-482*e^3*s3^3*t^4*u^2

-422*e^3*s3^3*t^3*u^3-172*e^3*s3^3*t^2*u^4-26*e^3*s3^3*t*u^5+288*e^3*s3^2*s4^4

*t^3-32*e^3*s3^2*s4^3*t^4+336*e^3*s3^2*s4^3*t^3*u+288*e^3*s3^2*s4^3*t^2*u^2+

502*e^3*s3^2*s4^2*t^5+550*e^3*s3^2*s4^2*t^4*u+592*e^3*s3^2*s4^2*t^3*u^2+246*e^

3*s3^2*s4^2*t^2*u^3+22*e^3*s3^2*s4^2*t*u^4+754*e^3*s3^2*s4*t^6+2004*e^3*s3^2*

s4*t^5*u+2246*e^3*s3^2*s4*t^4*u^2+1446*e^3*s3^2*s4*t^3*u^3+520*e^3*s3^2*s4*t^2

*u^4+70*e^3*s3^2*s4*t*u^5+85*e^3*s3^2*t^7+421*e^3*s3^2*t^6*u+821*e^3*s3^2*t^5*

u^2+804*e^3*s3^2*t^4*u^3+415*e^3*s3^2*t^3*u^4+107*e^3*s3^2*t^2*u^5+11*e^3*s3^2

*t*u^6-128*e^3*s3*s4^3*t^5-296*e^3*s3*s4^3*t^4*u-144*e^3*s3*s4^3*t^3*u^2+76*e^

3*s3*s4^2*t^6+244*e^3*s3*s4^2*t^5*u+216*e^3*s3*s4^2*t^4*u^2+12*e^3*s3*s4^2*t^3

*u^3-36*e^3*s3*s4^2*t^2*u^4-300*e^3*s3*s4*t^7-894*e^3*s3*s4*t^6*u-1124*e^3*s3*

s4*t^5*u^2-788*e^3*s3*s4*t^4*u^3-280*e^3*s3*s4*t^3*u^4-22*e^3*s3*s4*t^2*u^5-92

*e^3*s3*t^8-450*e^3*s3*t^7*u-912*e^3*s3*t^6*u^2-990*e^3*s3*t^5*u^3-618*e^3*s3*
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t^4*u^4-216*e^3*s3*t^3*u^5-34*e^3*s3*t^2*u^6+18*e^3*s4^2*t^7+70*e^3*s4^2*t^6*u

+104*e^3*s4^2*t^5*u^2+70*e^3*s4^2*t^4*u^3+18*e^3*s4^2*t^3*u^4-14*e^3*s4*t^8-76

*e^3*s4*t^7*u-162*e^3*s4*t^6*u^2-170*e^3*s4*t^5*u^3-88*e^3*s4*t^4*u^4-18*e^3*

s4*t^3*u^5+39*e^3*t^9+199*e^3*t^8*u+433*e^3*t^7*u^2+522*e^3*t^6*u^3+373*e^3*t^

5*u^4+151*e^3*t^4*u^5+27*e^3*t^3*u^6-256*e^2*s3^6*s4^2*t-352*e^2*s3^5*s4^3*t+

416*e^2*s3^5*s4^3*u+944*e^2*s3^5*s4^2*t^2+176*e^2*s3^5*s4^2*t*u+188*e^2*s3^5*

s4*t^3+172*e^2*s3^5*s4*t^2*u+104*e^2*s3^5*s4*t*u^2-256*e^2*s3^4*s4^4*t+1424*e^

2*s3^4*s4^3*t^2-944*e^2*s3^4*s4^3*t*u-1472*e^2*s3^4*s4^2*t^3-1064*e^2*s3^4*s4^

2*t^2*u-248*e^2*s3^4*s4^2*t*u^2-208*e^2*s3^4*s4^2*u^3-632*e^2*s3^4*s4*t^4-752*

e^2*s3^4*s4*t^3*u-472*e^2*s3^4*s4*t^2*u^2-112*e^2*s3^4*s4*t*u^3-24*e^2*s3^4*t^

5-80*e^2*s3^4*t^4*u-84*e^2*s3^4*t^3*u^2-24*e^2*s3^4*t^2*u^3+4*e^2*s3^4*t*u^4+

896*e^2*s3^3*s4^4*t^2-1676*e^2*s3^3*s4^3*t^3-100*e^2*s3^3*s4^3*t^2*u+128*e^2*

s3^3*s4^3*t*u^2+848*e^2*s3^3*s4^2*t^4+1016*e^2*s3^3*s4^2*t^3*u+904*e^2*s3^3*s4

^2*t^2*u^2+480*e^2*s3^3*s4^2*t*u^3+930*e^2*s3^3*s4*t^5+1762*e^2*s3^3*s4*t^4*u+

1552*e^2*s3^3*s4*t^3*u^2+688*e^2*s3^3*s4*t^2*u^3+114*e^2*s3^3*s4*t*u^4+26*e^2*

s3^3*s4*u^5+78*e^2*s3^3*t^6+278*e^2*s3^3*t^5*u+338*e^2*s3^3*t^4*u^2+150*e^2*s3

^3*t^3*u^3+8*e^2*s3^3*t^2*u^4-4*e^2*s3^3*t*u^5-576*e^2*s3^2*s4^4*t^3+360*e^2*

s3^2*s4^3*t^4-104*e^2*s3^2*s4^3*t^3*u-448*e^2*s3^2*s4^3*t^2*u^2+188*e^2*s3^2*

s4^2*t^5+784*e^2*s3^2*s4^2*t^4*u+452*e^2*s3^2*s4^2*t^3*u^2+96*e^2*s3^2*s4^2*t^

2*u^3-16*e^2*s3^2*s4^2*t*u^4-682*e^2*s3^2*s4*t^6-1802*e^2*s3^2*s4*t^5*u-2182*e

^2*s3^2*s4*t^4*u^2-1538*e^2*s3^2*s4*t^3*u^3-544*e^2*s3^2*s4*t^2*u^4-68*e^2*s3^

2*s4*t*u^5-114*e^2*s3^2*t^7-476*e^2*s3^2*t^6*u-761*e^2*s3^2*t^5*u^2-576*e^2*s3

^2*t^4*u^3-200*e^2*s3^2*t^3*u^4-20*e^2*s3^2*t^2*u^5+3*e^2*s3^2*t*u^6+212*e^2*

s3*s4^3*t^5+540*e^2*s3*s4^3*t^4*u+288*e^2*s3*s4^3*t^3*u^2-224*e^2*s3*s4^2*t^6

-728*e^2*s3*s4^2*t^5*u-720*e^2*s3*s4^2*t^4*u^2-160*e^2*s3*s4^2*t^3*u^3+56*e^2*

s3*s4^2*t^2*u^4+166*e^2*s3*s4*t^7+454*e^2*s3*s4*t^6*u+604*e^2*s3*s4*t^5*u^2+

508*e^2*s3*s4*t^4*u^3+190*e^2*s3*s4*t^3*u^4-2*e^2*s3*s4*t^2*u^5+90*e^2*s3*t^8+

434*e^2*s3*t^7*u+864*e^2*s3*t^6*u^2+918*e^2*s3*t^5*u^3+560*e^2*s3*t^4*u^4+192*

e^2*s3*t^3*u^5+30*e^2*s3*t^2*u^6-24*e^2*s4^2*t^7-104*e^2*s4^2*t^6*u-172*e^2*s4

^2*t^5*u^2-128*e^2*s4^2*t^4*u^3-36*e^2*s4^2*t^3*u^4+30*e^2*s4*t^8+158*e^2*s4*t

^7*u+330*e^2*s4*t^6*u^2+342*e^2*s4*t^5*u^3+176*e^2*s4*t^4*u^4+36*e^2*s4*t^3*u^

5-30*e^2*t^9-156*e^2*t^8*u-353*e^2*t^7*u^2-452*e^2*t^6*u^3-348*e^2*t^5*u^4-152

*e^2*t^4*u^5-29*e^2*t^3*u^6+160*e*s3^6*s4^2*t+256*e*s3^5*s4^3*t-224*e*s3^5*s4^

3*u-688*e*s3^5*s4^2*t^2-144*e*s3^5*s4^2*t*u-116*e*s3^5*s4*t^3-124*e*s3^5*s4*t^

2*u-56*e*s3^5*s4*t*u^2+160*e*s3^4*s4^4*t-1168*e*s3^4*s4^3*t^2+400*e*s3^4*s4^3*

t*u+1024*e*s3^4*s4^2*t^3+680*e*s3^4*s4^2*t^2*u+168*e*s3^4*s4^2*t*u^2+112*e*s3^

4*s4^2*u^3+448*e*s3^4*s4*t^4+648*e*s3^4*s4*t^3*u+360*e*s3^4*s4*t^2*u^2+64*e*s3

^4*s4*t*u^3+16*e*s3^4*t^5+52*e*s3^4*t^4*u+54*e*s3^4*t^3*u^2+16*e*s3^4*t^2*u^3

-2*e*s3^4*t*u^4-576*e*s3^3*s4^4*t^2+1396*e*s3^3*s4^3*t^3+244*e*s3^3*s4^3*t^2*u

-80*e*s3^3*s4^3*t*u^2-328*e*s3^3*s4^2*t^4-192*e*s3^3*s4^2*t^3*u-264*e*s3^3*s4^2

*t^2*u^2-208*e*s3^3*s4^2*t*u^3-660*e*s3^3*s4*t^5-1350*e*s3^3*s4*t^4*u-1120*e*

s3^3*s4*t^3*u^2-448*e*s3^3*s4*t^2*u^3-80*e*s3^3*s4*t*u^4-14*e*s3^3*s4*u^5-60*e

*s3^3*t^6-214*e*s3^3*t^5*u-268*e*s3^3*t^4*u^2-132*e*s3^3*t^3*u^3-16*e*s3^3*t^2

*u^4+2*e*s3^3*t*u^5+352*e*s3^2*s4^4*t^3-312*e*s3^2*s4^3*t^4+104*e*s3^2*s4^3*t^

3*u+288*e*s3^2*s4^3*t^2*u^2-396*e*s3^2*s4^2*t^5-1060*e*s3^2*s4^2*t^4*u-706*e*
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s3^2*s4^2*t^3*u^2-144*e*s3^2*s4^2*t^2*u^3+10*e*s3^2*s4^2*t*u^4+404*e*s3^2*s4*t

^6+1046*e*s3^2*s4*t^5*u+1176*e*s3^2*s4*t^4*u^2+764*e*s3^2*s4*t^3*u^3+260*e*s3^

2*s4*t^2*u^4+30*e*s3^2*s4*t*u^5+88*e*s3^2*t^7+362*e*s3^2*t^6*u+575*e*s3^2*t^5*

u^2+440*e*s3^2*t^4*u^3+164*e*s3^2*t^3*u^4+26*e*s3^2*t^2*u^5+e*s3^2*t*u^6-140*e

*s3*s4^3*t^5-332*e*s3*s4^3*t^4*u-176*e*s3*s4^3*t^3*u^2+208*e*s3*s4^2*t^6+568*e

*s3*s4^2*t^5*u+476*e*s3*s4^2*t^4*u^2+80*e*s3*s4^2*t^3*u^3-36*e*s3*s4^2*t^2*u^4

-48*e*s3*s4*t^7-78*e*s3*s4*t^6*u-40*e*s3*s4*t^5*u^2-24*e*s3*s4*t^4*u^3+14*e*s3

*s4*t^2*u^5-60*e*s3*t^8-282*e*s3*t^7*u-546*e*s3*t^6*u^2-564*e*s3*t^5*u^3-336*e

*s3*t^4*u^4-114*e*s3*t^3*u^5-18*e*s3*t^2*u^6+16*e*s4^2*t^7+68*e*s4^2*t^6*u+110

*e*s4^2*t^5*u^2+80*e*s4^2*t^4*u^3+22*e*s4^2*t^3*u^4-28*e*s4*t^8-134*e*s4*t^7*u

-256*e*s4*t^6*u^2-244*e*s4*t^5*u^3-116*e*s4*t^4*u^4-22*e*s4*t^3*u^5+16*e*t^9+

82*e*t^8*u+181*e*t^7*u^2+224*e*t^6*u^3+166*e*t^5*u^4+70*e*t^4*u^5+13*e*t^3*u^6

-64*s3^6*s4^2*t-128*s3^5*s4^3*t+64*s3^5*s4^3*u+256*s3^5*s4^2*t^2+64*s3^5*s4^2*

t*u+32*s3^5*s4*t^3+64*s3^5*s4*t^2*u+32*s3^5*s4*t*u^2-64*s3^4*s4^4*t+384*s3^4*

s4^3*t^2-64*s3^4*s4^3*t*u-320*s3^4*s4^2*t^3-96*s3^4*s4^2*t^2*u-32*s3^4*s4^2*t*

u^2-32*s3^4*s4^2*u^3-128*s3^4*s4*t^4-288*s3^4*s4*t^3*u-192*s3^4*s4*t^2*u^2-32*

s3^4*s4*t*u^3-4*s3^4*t^5-16*s3^4*t^4*u-24*s3^4*t^3*u^2-16*s3^4*t^2*u^3-4*s3^4*

t*u^4+128*s3^3*s4^4*t^2-352*s3^3*s4^3*t^3+32*s3^3*s4^3*t*u^2+64*s3^3*s4^2*t^4

-160*s3^3*s4^2*t^3*u-64*s3^3*s4^2*t^2*u^2+32*s3^3*s4^2*t*u^3+184*s3^3*s4*t^5+

452*s3^3*s4*t^4*u+368*s3^3*s4*t^3*u^2+120*s3^3*s4*t^2*u^3+24*s3^3*s4*t*u^4+4*

s3^3*s4*u^5+16*s3^3*t^6+68*s3^3*t^5*u+112*s3^3*t^4*u^2+88*s3^3*t^3*u^3+32*s3^3

*t^2*u^4+4*s3^3*t*u^5-64*s3^2*s4^4*t^3+64*s3^2*s4^3*t^4-64*s3^2*s4^3*t^3*u-64*

s3^2*s4^3*t^2*u^2+124*s3^2*s4^2*t^5+336*s3^2*s4^2*t^4*u+200*s3^2*s4^2*t^3*u^2+

16*s3^2*s4^2*t^2*u^3-4*s3^2*s4^2*t*u^4-104*s3^2*s4*t^6-260*s3^2*s4*t^5*u-224*

s3^2*s4*t^4*u^2-88*s3^2*s4*t^3*u^3-24*s3^2*s4*t^2*u^4-4*s3^2*s4*t*u^5-24*s3^2*

t^7-108*s3^2*t^6*u-194*s3^2*t^5*u^2-176*s3^2*t^4*u^3-84*s3^2*t^3*u^4-20*s3^2*t

^2*u^5-2*s3^2*t*u^6+32*s3*s4^3*t^5+64*s3*s4^3*t^4*u+32*s3*s4^3*t^3*u^2-56*s3*

s4^2*t^6-128*s3*s4^2*t^5*u-80*s3*s4^2*t^4*u^2+8*s3*s4^2*t^2*u^4+8*s3*s4*t^7-4*

s3*s4*t^6*u-48*s3*s4*t^5*u^2-56*s3*s4*t^4*u^3-24*s3*s4*t^3*u^4-4*s3*s4*t^2*u^5

+16*s3*t^8+76*s3*t^7*u+148*s3*t^6*u^2+152*s3*t^5*u^3+88*s3*t^4*u^4+28*s3*t^3*u

^5+4*s3*t^2*u^6-4*s4^2*t^7-16*s4^2*t^6*u-24*s4^2*t^5*u^2-16*s4^2*t^4*u^3-4*s4^

2*t^3*u^4+8*s4*t^8+36*s4*t^7*u+64*s4*t^6*u^2+56*s4*t^5*u^3+24*s4*t^4*u^4+4*s4*

t^3*u^5-4*t^9-20*t^8*u-42*t^7*u^2-48*t^6*u^3-32*t^5*u^4-12*t^4*u^5-2*t^3*u^6)/

(s3-t)^2/u/(-4*s3*s4+t^2+2*t*u+u^2)^2/(3*e-2)/(-3+2*e)/e/t^2;

cpbox010010101p1p2p4 := 2*(e-1)*(144*e^5*s3^2*s4^2*t^2+144*e^5*s3^2*s4^2*t*u

-72*e^5*s3*s4*t^4-216*e^5*s3*s4*t^3*u-216*e^5*s3*s4*t^2*u^2-72*e^5*s3*s4*t*u^3+

9*e^5*t^6+45*e^5*t^5*u+90*e^5*t^4*u^2+90*e^5*t^3*u^3+45*e^5*t^2*u^4+9*e^5*t*u^

5+24*e^4*s3^3*s4*t^2-24*e^4*s3^3*s4*t*u-48*e^4*s3^3*s4*u^2+336*e^4*s3^2*s4^2*t

^2-48*e^4*s3^2*s4^2*t*u-240*e^4*s3^2*s4^2*u^2-24*e^4*s3^2*s4*t^3+72*e^4*s3^2*

s4*t*u^2+48*e^4*s3^2*s4*u^3-6*e^4*s3^2*t^4-6*e^4*s3^2*t^3*u+18*e^4*s3^2*t^2*u^

2+30*e^4*s3^2*t*u^3+12*e^4*s3^2*u^4+24*e^4*s3*s4^3*t^2-24*e^4*s3*s4^3*t*u-48*e

^4*s3*s4^3*u^2-24*e^4*s3*s4^2*t^3+72*e^4*s3*s4^2*t*u^2+48*e^4*s3*s4^2*u^3-156*

e^4*s3*s4*t^4-300*e^4*s3*s4*t^3*u-36*e^4*s3*s4*t^2*u^2+204*e^4*s3*s4*t*u^3+96*

e^4*s3*s4*u^4+6*e^4*s3*t^5+12*e^4*s3*t^4*u-12*e^4*s3*t^3*u^2-48*e^4*s3*t^2*u^3

-42*e^4*s3*t*u^4-12*e^4*s3*u^5-6*e^4*s4^2*t^4-6*e^4*s4^2*t^3*u+18*e^4*s4^2*t^2
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*u^2+30*e^4*s4^2*t*u^3+12*e^4*s4^2*u^4+6*e^4*s4*t^5+12*e^4*s4*t^4*u-12*e^4*s4*

t^3*u^2-48*e^4*s4*t^2*u^3-42*e^4*s4*t*u^4-12*e^4*s4*u^5+18*e^4*t^6+72*e^4*t^5*

u+99*e^4*t^4*u^2+36*e^4*t^3*u^3-36*e^4*t^2*u^4-36*e^4*t*u^5-9*e^4*u^6-64*e^3*

s3^3*s4^2*t-128*e^3*s3^3*s4^2*u-24*e^3*s3^3*s4*t*u+48*e^3*s3^3*s4*u^2-64*e^3*

s3^2*s4^3*t-128*e^3*s3^2*s4^3*u-624*e^3*s3^2*s4^2*t^2+32*e^3*s3^2*s4^2*t*u+656

*e^3*s3^2*s4^2*u^2+16*e^3*s3^2*s4*t^3+200*e^3*s3^2*s4*t^2*u+136*e^3*s3^2*s4*t*

u^2-48*e^3*s3^2*s4*u^3+4*e^3*s3^2*t^4+2*e^3*s3^2*t^3*u-12*e^3*s3^2*t^2*u^2-14*

e^3*s3^2*t*u^3-4*e^3*s3^2*u^4-24*e^3*s3*s4^3*t*u+48*e^3*s3*s4^3*u^2+16*e^3*s3*

s4^2*t^3+200*e^3*s3*s4^2*t^2*u+136*e^3*s3*s4^2*t*u^2-48*e^3*s3*s4^2*u^3+336*e^

3*s3*s4*t^4+556*e^3*s3*s4*t^3*u-120*e^3*s3*s4*t^2*u^2-564*e^3*s3*s4*t*u^3-224*

e^3*s3*s4*u^4-8*e^3*s3*t^5-34*e^3*s3*t^4*u-50*e^3*s3*t^3*u^2-26*e^3*s3*t^2*u^3

+2*e^3*s3*t*u^4+4*e^3*s3*u^5+4*e^3*s4^2*t^4+2*e^3*s4^2*t^3*u-12*e^3*s4^2*t^2*u

^2-14*e^3*s4^2*t*u^3-4*e^3*s4^2*u^4-8*e^3*s4*t^5-34*e^3*s4*t^4*u-50*e^3*s4*t^3

*u^2-26*e^3*s4*t^2*u^3+2*e^3*s4*t*u^4+4*e^3*s4*u^5-39*e^3*t^6-147*e^3*t^5*u

-171*e^3*t^4*u^2+6*e^3*t^3*u^3+159*e^3*t^2*u^4+117*e^3*t*u^5+27*e^3*u^6+32*e^2*

s3^3*s4^2*t-60*e^2*s3^3*s4*t^2+84*e^2*s3^3*s4*t*u+24*e^2*s3^3*s4*u^2+32*e^2*s3

^2*s4^3*t+232*e^2*s3^2*s4^2*t^2+168*e^2*s3^2*s4^2*t*u-416*e^2*s3^2*s4^2*u^2+

104*e^2*s3^2*s4*t^3-120*e^2*s3^2*s4*t^2*u-192*e^2*s3^2*s4*t*u^2+32*e^2*s3^2*s4

*u^3+8*e^2*s3^2*t^4+16*e^2*s3^2*t^3*u-12*e^2*s3^2*t^2*u^2-40*e^2*s3^2*t*u^3-20

*e^2*s3^2*u^4-60*e^2*s3*s4^3*t^2+84*e^2*s3*s4^3*t*u+24*e^2*s3*s4^3*u^2+104*e^2

*s3*s4^2*t^3-120*e^2*s3*s4^2*t^2*u-192*e^2*s3*s4^2*t*u^2+32*e^2*s3*s4^2*u^3

-220*e^2*s3*s4*t^4-316*e^2*s3*s4*t^3*u+164*e^2*s3*s4*t^2*u^2+396*e^2*s3*s4*t*u^

3+136*e^2*s3*s4*u^4-14*e^2*s3*t^5-30*e^2*s3*t^4*u+14*e^2*s3*t^3*u^2+82*e^2*s3*

t^2*u^3+72*e^2*s3*t*u^4+20*e^2*s3*u^5+8*e^2*s4^2*t^4+16*e^2*s4^2*t^3*u-12*e^2*

s4^2*t^2*u^2-40*e^2*s4^2*t*u^3-20*e^2*s4^2*u^4-14*e^2*s4*t^5-30*e^2*s4*t^4*u+

14*e^2*s4*t^3*u^2+82*e^2*s4*t^2*u^3+72*e^2*s4*t*u^4+20*e^2*s4*u^5+30*e^2*t^6+

110*e^2*t^5*u+111*e^2*t^4*u^2-56*e^2*t^3*u^3-184*e^2*t^2*u^4-126*e^2*t*u^5-29*

e^2*u^6+96*e*s3^3*s4^2*t+64*e*s3^3*s4^2*u+36*e*s3^3*s4*t^2-36*e*s3^3*s4*t*u-24

*e*s3^3*s4*u^2+96*e*s3^2*s4^3*t+64*e*s3^2*s4^3*u-88*e*s3^2*s4^2*t^2-232*e*s3^2

*s4^2*t*u+96*e*s3^2*s4^2*u^2-120*e*s3^2*s4*t^3-112*e*s3^2*s4*t^2*u-8*e*s3^2*s4

*t*u^2-16*e*s3^2*s4*u^3-6*e*s3^2*t^4-12*e*s3^2*t^3*u+6*e*s3^2*t^2*u^2+24*e*s3^

2*t*u^3+12*e*s3^2*u^4+36*e*s3*s4^3*t^2-36*e*s3*s4^3*t*u-24*e*s3*s4^3*u^2-120*e

*s3*s4^2*t^3-112*e*s3*s4^2*t^2*u-8*e*s3*s4^2*t*u^2-16*e*s3*s4^2*u^3+104*e*s3*

s4*t^4+236*e*s3*s4*t^3*u+120*e*s3*s4*t^2*u^2-52*e*s3*s4*t*u^3-40*e*s3*s4*u^4+

18*e*s3*t^5+60*e*s3*t^4*u+60*e*s3*t^3*u^2-30*e*s3*t*u^4-12*e*s3*u^5-6*e*s4^2*t

^4-12*e*s4^2*t^3*u+6*e*s4^2*t^2*u^2+24*e*s4^2*t*u^3+12*e*s4^2*u^4+18*e*s4*t^5+

60*e*s4*t^4*u+60*e*s4*t^3*u^2-30*e*s4*t*u^4-12*e*s4*u^5-16*e*t^6-70*e*t^5*u

-107*e*t^4*u^2-48*e*t^3*u^3+38*e*t^2*u^4+46*e*t*u^5+13*e*u^6-64*s3^3*s4^2*t-64*

s3^2*s4^3*t+64*s3^2*s4^2*t^2+64*s3^2*s4^2*t*u-32*s3^2*s4^2*u^2+32*s3^2*s4*t^3+

64*s3^2*s4*t^2*u+32*s3^2*s4*t*u^2+32*s3*s4^2*t^3+64*s3*s4^2*t^2*u+32*s3*s4^2*t

*u^2-32*s3*s4*t^4-96*s3*s4*t^3*u-80*s3*s4*t^2*u^2+16*s3*s4*u^4-4*s3*t^5-16*s3*

t^4*u-24*s3*t^3*u^2-16*s3*t^2*u^3-4*s3*t*u^4-4*s4*t^5-16*s4*t^4*u-24*s4*t^3*u^

2-16*s4*t^2*u^3-4*s4*t*u^4+4*t^6+20*t^5*u+38*t^4*u^2+32*t^3*u^3+8*t^2*u^4-4*t*

u^5-2*u^6)/t/(-4*s3*s4+t^2+2*t*u+u^2)^2/(3*e-2)/(-3+2*e)/e/u;

cpbox010010111p1p2p4 := 4*(e-1)*(-288*e^5*s3^3*s4^3*t-288*e^5*s3^3*s4^3*u+288*
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

e^5*s3^2*s4^2*t^3+720*e^5*s3^2*s4^2*t^2*u+576*e^5*s3^2*s4^2*t*u^2+144*e^5*s3^2

*s4^2*u^3-90*e^5*s3*s4*t^5-378*e^5*s3*s4*t^4*u-612*e^5*s3*s4*t^3*u^2-468*e^5*

s3*s4*t^2*u^3-162*e^5*s3*s4*t*u^4-18*e^5*s3*s4*u^5+9*e^5*t^7+54*e^5*t^6*u+135*

e^5*t^5*u^2+180*e^5*t^4*u^3+135*e^5*t^3*u^4+54*e^5*t^2*u^5+9*e^5*t*u^6-96*e^4*

s3^4*s4^2*t+192*e^4*s3^4*s4^2*u-1056*e^4*s3^3*s4^3*t-192*e^4*s3^3*s4^3*u+96*e^

4*s3^3*s4^2*t^2-96*e^4*s3^3*s4^2*t*u-192*e^4*s3^3*s4^2*u^2-48*e^4*s3^3*s4*t^2*

u-96*e^4*s3^3*s4*t*u^2-48*e^4*s3^3*s4*u^3-96*e^4*s3^2*s4^4*t+192*e^4*s3^2*s4^4

*u+96*e^4*s3^2*s4^3*t^2-96*e^4*s3^2*s4^3*t*u-192*e^4*s3^2*s4^3*u^2+720*e^4*s3^

2*s4^2*t^3+1632*e^4*s3^2*s4^2*t^2*u+1248*e^4*s3^2*s4^2*t*u^2+336*e^4*s3^2*s4^2

*u^3+48*e^4*s3^2*s4*t^3*u+144*e^4*s3^2*s4*t^2*u^2+144*e^4*s3^2*s4*t*u^3+48*e^4

*s3^2*s4*u^4+6*e^4*s3^2*t^5+24*e^4*s3^2*t^4*u+36*e^4*s3^2*t^3*u^2+24*e^4*s3^2*

t^2*u^3+6*e^4*s3^2*t*u^4-48*e^4*s3*s4^3*t^2*u-96*e^4*s3*s4^3*t*u^2-48*e^4*s3*

s4^3*u^3+48*e^4*s3*s4^2*t^3*u+144*e^4*s3*s4^2*t^2*u^2+144*e^4*s3*s4^2*t*u^3+48

*e^4*s3*s4^2*u^4-186*e^4*s3*s4*t^5-780*e^4*s3*s4*t^4*u-1332*e^4*s3*s4*t^3*u^2

-1176*e^4*s3*s4*t^2*u^3-546*e^4*s3*s4*t*u^4-108*e^4*s3*s4*u^5-6*e^4*s3*t^6-30*e

^4*s3*t^5*u-60*e^4*s3*t^4*u^2-60*e^4*s3*t^3*u^3-30*e^4*s3*t^2*u^4-6*e^4*s3*t*u

^5+6*e^4*s4^2*t^5+24*e^4*s4^2*t^4*u+36*e^4*s4^2*t^3*u^2+24*e^4*s4^2*t^2*u^3+6*

e^4*s4^2*t*u^4-6*e^4*s4*t^6-30*e^4*s4*t^5*u-60*e^4*s4*t^4*u^2-60*e^4*s4*t^3*u^

3-30*e^4*s4*t^2*u^4-6*e^4*s4*t*u^5+18*e^4*t^7+108*e^4*t^6*u+279*e^4*t^5*u^2+

405*e^4*t^4*u^3+360*e^4*t^3*u^4+198*e^4*t^2*u^5+63*e^4*t*u^6+9*e^4*u^7-208*e^3

*s3^4*s4^2*t-400*e^3*s3^4*s4^2*u+1536*e^3*s3^3*s4^3*t+864*e^3*s3^3*s4^3*u+240*

e^3*s3^3*s4^2*t^2+480*e^3*s3^3*s4^2*t*u+528*e^3*s3^3*s4^2*u^2+92*e^3*s3^3*s4*t

^3+444*e^3*s3^3*s4*t^2*u+492*e^3*s3^3*s4*t*u^2+140*e^3*s3^3*s4*u^3-208*e^3*s3^

2*s4^4*t-400*e^3*s3^2*s4^4*u+240*e^3*s3^2*s4^3*t^2+480*e^3*s3^2*s4^3*t*u+528*e

^3*s3^2*s4^3*u^2-1512*e^3*s3^2*s4^2*t^3-3176*e^3*s3^2*s4^2*t^2*u-2776*e^3*s3^2

*s4^2*t*u^2-1112*e^3*s3^2*s4^2*u^3-52*e^3*s3^2*s4*t^4-488*e^3*s3^2*s4*t^3*u

-960*e^3*s3^2*s4*t^2*u^2-664*e^3*s3^2*s4*t*u^3-140*e^3*s3^2*s4*u^4-18*e^3*s3^2*

t^5-88*e^3*s3^2*t^4*u-174*e^3*s3^2*t^3*u^2-174*e^3*s3^2*t^2*u^3-88*e^3*s3^2*t*

u^4-18*e^3*s3^2*u^5+92*e^3*s3*s4^3*t^3+444*e^3*s3*s4^3*t^2*u+492*e^3*s3*s4^3*t

*u^2+140*e^3*s3*s4^3*u^3-52*e^3*s3*s4^2*t^4-488*e^3*s3*s4^2*t^3*u-960*e^3*s3*

s4^2*t^2*u^2-664*e^3*s3*s4^2*t*u^3-140*e^3*s3*s4^2*u^4+390*e^3*s3*s4*t^5+1704*

e^3*s3*s4*t^4*u+3056*e^3*s3*s4*t^3*u^2+2844*e^3*s3*s4*t^2*u^3+1386*e^3*s3*s4*t

*u^4+284*e^3*s3*s4*u^5+14*e^3*s3*t^6+90*e^3*s3*t^5*u+238*e^3*s3*t^4*u^2+332*e^

3*s3*t^3*u^3+258*e^3*s3*t^2*u^4+106*e^3*s3*t*u^5+18*e^3*s3*u^6-18*e^3*s4^2*t^5

-88*e^3*s4^2*t^4*u-174*e^3*s4^2*t^3*u^2-174*e^3*s4^2*t^2*u^3-88*e^3*s4^2*t*u^4

-18*e^3*s4^2*u^5+14*e^3*s4*t^6+90*e^3*s4*t^5*u+238*e^3*s4*t^4*u^2+332*e^3*s4*t

^3*u^3+258*e^3*s4*t^2*u^4+106*e^3*s4*t*u^5+18*e^3*s4*u^6-39*e^3*t^7-238*e^3*t^

6*u-632*e^3*t^5*u^2-955*e^3*t^4*u^3-895*e^3*t^3*u^4-524*e^3*t^2*u^5-178*e^3*t*

u^6-27*e^3*u^7+736*e^2*s3^4*s4^2*t+304*e^2*s3^4*s4^2*u+352*e^2*s3^3*s4^3*t-736

*e^2*s3^3*s4^3*u-1216*e^2*s3^3*s4^2*t^2-1008*e^2*s3^3*s4^2*t*u-368*e^2*s3^3*s4

^2*u^2-216*e^2*s3^3*s4*t^3-828*e^2*s3^3*s4*t^2*u-768*e^2*s3^3*s4*t*u^2-156*e^2

*s3^3*s4*u^3+736*e^2*s3^2*s4^4*t+304*e^2*s3^2*s4^4*u-1216*e^2*s3^2*s4^3*t^2

-1008*e^2*s3^2*s4^3*t*u-368*e^2*s3^2*s4^3*u^2+992*e^2*s3^2*s4^2*t^3+1352*e^2*s3

^2*s4^2*t^2*u+1248*e^2*s3^2*s4^2*t*u^2+888*e^2*s3^2*s4^2*u^3+296*e^2*s3^2*s4*t

^4+1372*e^2*s3^2*s4*t^3*u+1964*e^2*s3^2*s4*t^2*u^2+996*e^2*s3^2*s4*t*u^3+108*e
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^2*s3^2*s4*u^4+24*e^2*s3^2*t^5+128*e^2*s3^2*t^4*u+276*e^2*s3^2*t^3*u^2+300*e^2

*s3^2*t^2*u^3+164*e^2*s3^2*t*u^4+36*e^2*s3^2*u^5-216*e^2*s3*s4^3*t^3-828*e^2*

s3*s4^3*t^2*u-768*e^2*s3*s4^3*t*u^2-156*e^2*s3*s4^3*u^3+296*e^2*s3*s4^2*t^4+

1372*e^2*s3*s4^2*t^3*u+1964*e^2*s3*s4^2*t^2*u^2+996*e^2*s3*s4^2*t*u^3+108*e^2*

s3*s4^2*u^4-294*e^2*s3*s4*t^5-1284*e^2*s3*s4*t^4*u-2284*e^2*s3*s4*t^3*u^2-2088

*e^2*s3*s4*t^2*u^3-990*e^2*s3*s4*t*u^4-196*e^2*s3*s4*u^5-30*e^2*s3*t^6-188*e^2

*s3*t^5*u-488*e^2*s3*t^4*u^2-672*e^2*s3*t^3*u^3-518*e^2*s3*t^2*u^4-212*e^2*s3*

t*u^5-36*e^2*s3*u^6+24*e^2*s4^2*t^5+128*e^2*s4^2*t^4*u+276*e^2*s4^2*t^3*u^2+

300*e^2*s4^2*t^2*u^3+164*e^2*s4^2*t*u^4+36*e^2*s4^2*u^5-30*e^2*s4*t^6-188*e^2*

s4*t^5*u-488*e^2*s4*t^4*u^2-672*e^2*s4*t^3*u^3-518*e^2*s4*t^2*u^4-212*e^2*s4*t

*u^5-36*e^2*s4*u^6+30*e^2*t^7+186*e^2*t^6*u+509*e^2*t^5*u^2+805*e^2*t^4*u^3+

800*e^2*t^3*u^4+500*e^2*t^2*u^5+181*e^2*t*u^6+29*e^2*u^7-552*e*s3^4*s4^2*t-120

*e*s3^4*s4^2*u-912*e*s3^3*s4^3*t+240*e*s3^3*s4^3*u+1040*e*s3^3*s4^2*t^2+784*e*

s3^3*s4^2*t*u+96*e*s3^3*s4^2*u^2+164*e*s3^3*s4*t^3+552*e*s3^3*s4*t^2*u+468*e*

s3^3*s4*t*u^2+80*e*s3^3*s4*u^3-552*e*s3^2*s4^4*t-120*e*s3^2*s4^4*u+1040*e*s3^2

*s4^3*t^2+784*e*s3^2*s4^3*t*u+96*e*s3^2*s4^3*u^2-320*e*s3^2*s4^2*t^3-56*e*s3^2

*s4^2*t^2*u-264*e*s3^2*s4^2*u^3-296*e*s3^2*s4*t^4-1140*e*s3^2*s4*t^3*u-1428*e*

s3^2*s4*t^2*u^2-620*e*s3^2*s4*t*u^3-36*e*s3^2*s4*u^4-16*e*s3^2*t^5-84*e*s3^2*t

^4*u-178*e*s3^2*t^3*u^2-190*e*s3^2*t^2*u^3-102*e*s3^2*t*u^4-22*e*s3^2*u^5+164*

e*s3*s4^3*t^3+552*e*s3*s4^3*t^2*u+468*e*s3*s4^3*t*u^2+80*e*s3*s4^3*u^3-296*e*

s3*s4^2*t^4-1140*e*s3*s4^2*t^3*u-1428*e*s3*s4^2*t^2*u^2-620*e*s3*s4^2*t*u^3-36

*e*s3*s4^2*u^4+144*e*s3*s4*t^5+594*e*s3*s4*t^4*u+964*e*s3*s4*t^3*u^2+768*e*s3*

s4*t^2*u^3+300*e*s3*s4*t*u^4+46*e*s3*s4*u^5+28*e*s3*t^6+162*e*s3*t^5*u+390*e*

s3*t^4*u^2+500*e*s3*t^3*u^3+360*e*s3*t^2*u^4+138*e*s3*t*u^5+22*e*s3*u^6-16*e*

s4^2*t^5-84*e*s4^2*t^4*u-178*e*s4^2*t^3*u^2-190*e*s4^2*t^2*u^3-102*e*s4^2*t*u^

4-22*e*s4^2*u^5+28*e*s4*t^6+162*e*s4*t^5*u+390*e*s4*t^4*u^2+500*e*s4*t^3*u^3+

360*e*s4*t^2*u^4+138*e*s4*t*u^5+22*e*s4*u^6-16*e*t^7-98*e*t^6*u-263*e*t^5*u^2

-405*e*t^4*u^3-390*e*t^3*u^4-236*e*t^2*u^5-83*e*t*u^6-13*e*u^7+120*s3^4*s4^2*t+

24*s3^4*s4^2*u+240*s3^3*s4^3*t-16*s3^3*s4^3*u-240*s3^3*s4^2*t^2-192*s3^3*s4^2*

t*u-16*s3^3*s4^2*u^2-40*s3^3*s4*t^3-120*s3^3*s4*t^2*u-96*s3^3*s4*t*u^2-16*s3^3

*s4*u^3+120*s3^2*s4^4*t+24*s3^2*s4^4*u-240*s3^2*s4^3*t^2-192*s3^2*s4^3*t*u-16*

s3^2*s4^3*u^2+40*s3^2*s4^2*t^3-40*s3^2*s4^2*t^2*u-56*s3^2*s4^2*t*u^2+24*s3^2*

s4^2*u^3+80*s3^2*s4*t^4+280*s3^2*s4*t^3*u+328*s3^2*s4*t^2*u^2+136*s3^2*s4*t*u^

3+8*s3^2*s4*u^4+4*s3^2*t^5+20*s3^2*t^4*u+40*s3^2*t^3*u^2+40*s3^2*t^2*u^3+20*s3

^2*t*u^4+4*s3^2*u^5-40*s3*s4^3*t^3-120*s3*s4^3*t^2*u-96*s3*s4^3*t*u^2-16*s3*s4

^3*u^3+80*s3*s4^2*t^4+280*s3*s4^2*t^3*u+328*s3*s4^2*t^2*u^2+136*s3*s4^2*t*u^3+

8*s3*s4^2*u^4-32*s3*s4*t^5-124*s3*s4*t^4*u-184*s3*s4*t^3*u^2-128*s3*s4*t^2*u^3

-40*s3*s4*t*u^4-4*s3*s4*u^5-8*s3*t^6-44*s3*t^5*u-100*s3*t^4*u^2-120*s3*t^3*u^3

-80*s3*t^2*u^4-28*s3*t*u^5-4*s3*u^6+4*s4^2*t^5+20*s4^2*t^4*u+40*s4^2*t^3*u^2+

40*s4^2*t^2*u^3+20*s4^2*t*u^4+4*s4^2*u^5-8*s4*t^6-44*s4*t^5*u-100*s4*t^4*u^2

-120*s4*t^3*u^3-80*s4*t^2*u^4-28*s4*t*u^5-4*s4*u^6+4*t^7+24*t^6*u+62*t^5*u^2+90

*t^4*u^3+80*t^3*u^4+44*t^2*u^5+14*t*u^6+2*u^7)/u/(-3+2*e)/(3*e-2)/(-4*s3*s4+t^

2+2*t*u+u^2)^2/t/(3*e-1);

cpbox010010112p1p2p4 := -4*(u-s3+t-s4)*(e-1)*(144*e^5*s3^2*s4^2*t^3+144*e^5*s3

^2*s4^2*t^2*u-72*e^5*s3*s4*t^5-216*e^5*s3*s4*t^4*u-216*e^5*s3*s4*t^3*u^2-72*e^
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop

amplitude of qq̄ → γ∗γ∗

5*s3*s4*t^2*u^3+9*e^5*t^7+45*e^5*t^6*u+90*e^5*t^5*u^2+90*e^5*t^4*u^3+45*e^5*t^

3*u^4+9*e^5*t^2*u^5-288*e^4*s3^3*s4^3*t-288*e^4*s3^3*s4^3*u-24*e^4*s3^3*s4*t^3

-24*e^4*s3^3*s4*t^2*u+384*e^4*s3^2*s4^2*t^3+672*e^4*s3^2*s4^2*t^2*u+576*e^4*s3

^2*s4^2*t*u^2+144*e^4*s3^2*s4^2*u^3+24*e^4*s3^2*s4*t^4+48*e^4*s3^2*s4*t^3*u+24

*e^4*s3^2*s4*t^2*u^2+6*e^4*s3^2*t^5+18*e^4*s3^2*t^4*u+18*e^4*s3^2*t^3*u^2+6*e^

4*s3^2*t^2*u^3-24*e^4*s3*s4^3*t^3-24*e^4*s3*s4^3*t^2*u+24*e^4*s3*s4^2*t^4+48*e

^4*s3*s4^2*t^3*u+24*e^4*s3*s4^2*t^2*u^2-150*e^4*s3*s4*t^5-486*e^4*s3*s4*t^4*u

-648*e^4*s3*s4*t^3*u^2-456*e^4*s3*s4*t^2*u^3-162*e^4*s3*s4*t*u^4-18*e^4*s3*s4*u

^5-6*e^4*s3*t^6-24*e^4*s3*t^5*u-36*e^4*s3*t^4*u^2-24*e^4*s3*t^3*u^3-6*e^4*s3*t

^2*u^4+6*e^4*s4^2*t^5+18*e^4*s4^2*t^4*u+18*e^4*s4^2*t^3*u^2+6*e^4*s4^2*t^2*u^3

-6*e^4*s4*t^6-24*e^4*s4*t^5*u-36*e^4*s4*t^4*u^2-24*e^4*s4*t^3*u^3-6*e^4*s4*t^2

*u^4+18*e^4*t^7+90*e^4*t^6*u+189*e^4*t^5*u^2+216*e^4*t^4*u^3+144*e^4*t^3*u^4+

54*e^4*t^2*u^5+9*e^4*t*u^6-288*e^3*s3^4*s4^2*t+864*e^3*s3^3*s4^3*u+288*e^3*s3^

3*s4^2*t^2+288*e^3*s3^3*s4^2*t*u+128*e^3*s3^3*s4*t^3+296*e^3*s3^3*s4*t^2*u+144

*e^3*s3^3*s4*t*u^2-288*e^3*s3^2*s4^4*t+288*e^3*s3^2*s4^3*t^2+288*e^3*s3^2*s4^3

*t*u-720*e^3*s3^2*s4^2*t^3-1104*e^3*s3^2*s4^2*t^2*u-1296*e^3*s3^2*s4^2*t*u^2

-432*e^3*s3^2*s4^2*u^3-96*e^3*s3^2*s4*t^4-408*e^3*s3^2*s4*t^3*u-456*e^3*s3^2*s4

*t^2*u^2-144*e^3*s3^2*s4*t*u^3-18*e^3*s3^2*t^5-70*e^3*s3^2*t^4*u-104*e^3*s3^2*

t^3*u^2-70*e^3*s3^2*t^2*u^3-18*e^3*s3^2*t*u^4+128*e^3*s3*s4^3*t^3+296*e^3*s3*

s4^3*t^2*u+144*e^3*s3*s4^3*t*u^2-96*e^3*s3*s4^2*t^4-408*e^3*s3*s4^2*t^3*u-456*

e^3*s3*s4^2*t^2*u^2-144*e^3*s3*s4^2*t*u^3+312*e^3*s3*s4*t^5+1042*e^3*s3*s4*t^4

*u+1472*e^3*s3*s4*t^3*u^2+1120*e^3*s3*s4*t^2*u^3+432*e^3*s3*s4*t*u^4+54*e^3*s3

*s4*u^5+14*e^3*s3*t^6+76*e^3*s3*t^5*u+162*e^3*s3*t^4*u^2+170*e^3*s3*t^3*u^3+88

*e^3*s3*t^2*u^4+18*e^3*s3*t*u^5-18*e^3*s4^2*t^5-70*e^3*s4^2*t^4*u-104*e^3*s4^2

*t^3*u^2-70*e^3*s4^2*t^2*u^3-18*e^3*s4^2*t*u^4+14*e^3*s4*t^6+76*e^3*s4*t^5*u+

162*e^3*s4*t^4*u^2+170*e^3*s4*t^3*u^3+88*e^3*s4*t^2*u^4+18*e^3*s4*t*u^5-39*e^3

*t^7-199*e^3*t^6*u-433*e^3*t^5*u^2-522*e^3*t^4*u^3-373*e^3*t^3*u^4-151*e^3*t^2

*u^5-27*e^3*t*u^6+576*e^2*s3^4*s4^2*t+800*e^2*s3^3*s4^3*t-928*e^2*s3^3*s4^3*u

-864*e^2*s3^3*s4^2*t^2-576*e^2*s3^3*s4^2*t*u-212*e^2*s3^3*s4*t^3-540*e^2*s3^3*

s4*t^2*u-288*e^2*s3^3*s4*t*u^2+576*e^2*s3^2*s4^4*t-864*e^2*s3^2*s4^3*t^2-576*e

^2*s3^2*s4^3*t*u+424*e^2*s3^2*s4^2*t^3+408*e^2*s3^2*s4^2*t^2*u+992*e^2*s3^2*s4

^2*t*u^2+464*e^2*s3^2*s4^2*u^3+280*e^2*s3^2*s4*t^4+968*e^2*s3^2*s4*t^3*u+976*e

^2*s3^2*s4*t^2*u^2+288*e^2*s3^2*s4*t*u^3+24*e^2*s3^2*t^5+104*e^2*s3^2*t^4*u+

172*e^2*s3^2*t^3*u^2+128*e^2*s3^2*t^2*u^3+36*e^2*s3^2*t*u^4-212*e^2*s3*s4^3*t^

3-540*e^2*s3*s4^3*t^2*u-288*e^2*s3*s4^3*t*u^2+280*e^2*s3*s4^2*t^4+968*e^2*s3*

s4^2*t^3*u+976*e^2*s3*s4^2*t^2*u^2+288*e^2*s3*s4^2*t*u^3-234*e^2*s3*s4*t^5-798

*e^2*s3*s4*t^4*u-1192*e^2*s3*s4*t^3*u^2-984*e^2*s3*s4*t^2*u^3-414*e^2*s3*s4*t*

u^4-58*e^2*s3*s4*u^5-30*e^2*s3*t^6-158*e^2*s3*t^5*u-330*e^2*s3*t^4*u^2-342*e^2

*s3*t^3*u^3-176*e^2*s3*t^2*u^4-36*e^2*s3*t*u^5+24*e^2*s4^2*t^5+104*e^2*s4^2*t^

4*u+172*e^2*s4^2*t^3*u^2+128*e^2*s4^2*t^2*u^3+36*e^2*s4^2*t*u^4-30*e^2*s4*t^6

-158*e^2*s4*t^5*u-330*e^2*s4*t^4*u^2-342*e^2*s4*t^3*u^3-176*e^2*s4*t^2*u^4-36*e

^2*s4*t*u^5+30*e^2*t^7+156*e^2*t^6*u+353*e^2*t^5*u^2+452*e^2*t^4*u^3+348*e^2*t

^3*u^4+152*e^2*t^2*u^5+29*e^2*t*u^6-352*e*s3^4*s4^2*t-640*e*s3^3*s4^3*t+416*e*

s3^3*s4^3*u+640*e*s3^3*s4^2*t^2+352*e*s3^3*s4^2*t*u+140*e*s3^3*s4*t^3+332*e*s3

^3*s4*t^2*u+176*e*s3^3*s4*t*u^2-352*e*s3^2*s4^4*t+640*e*s3^2*s4^3*t^2+352*e*s3
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^2*s4^3*t*u-104*e*s3^2*s4^2*t^3+40*e*s3^2*s4^2*t^2*u-304*e*s3^2*s4^2*t*u^2-208

*e*s3^2*s4^2*u^3-248*e*s3^2*s4*t^4-720*e*s3^2*s4*t^3*u-648*e*s3^2*s4*t^2*u^2

-176*e*s3^2*s4*t*u^3-16*e*s3^2*t^5-68*e*s3^2*t^4*u-110*e*s3^2*t^3*u^2-80*e*s3^2

*t^2*u^3-22*e*s3^2*t*u^4+140*e*s3*s4^3*t^3+332*e*s3*s4^3*t^2*u+176*e*s3*s4^3*t

*u^2-248*e*s3*s4^2*t^4-720*e*s3*s4^2*t^3*u-648*e*s3*s4^2*t^2*u^2-176*e*s3*s4^2

*t*u^3+112*e*s3*s4*t^5+358*e*s3*s4*t^4*u+496*e*s3*s4*t^3*u^2+392*e*s3*s4*t^2*u

^3+168*e*s3*s4*t*u^4+26*e*s3*s4*u^5+28*e*s3*t^6+134*e*s3*t^5*u+256*e*s3*t^4*u^

2+244*e*s3*t^3*u^3+116*e*s3*t^2*u^4+22*e*s3*t*u^5-16*e*s4^2*t^5-68*e*s4^2*t^4*

u-110*e*s4^2*t^3*u^2-80*e*s4^2*t^2*u^3-22*e*s4^2*t*u^4+28*e*s4*t^6+134*e*s4*t^

5*u+256*e*s4*t^4*u^2+244*e*s4*t^3*u^3+116*e*s4*t^2*u^4+22*e*s4*t*u^5-16*e*t^7

-82*e*t^6*u-181*e*t^5*u^2-224*e*t^4*u^3-166*e*t^3*u^4-70*e*t^2*u^5-13*e*t*u^6+

64*s3^4*s4^2*t+128*s3^3*s4^3*t-64*s3^3*s4^3*u-128*s3^3*s4^2*t^2-64*s3^3*s4^2*t

*u-32*s3^3*s4*t^3-64*s3^3*s4*t^2*u-32*s3^3*s4*t*u^2+64*s3^2*s4^4*t-128*s3^2*s4

^3*t^2-64*s3^2*s4^3*t*u-32*s3^2*s4^2*t^2*u+32*s3^2*s4^2*t*u^2+32*s3^2*s4^2*u^3

+64*s3^2*s4*t^4+160*s3^2*s4*t^3*u+128*s3^2*s4*t^2*u^2+32*s3^2*s4*t*u^3+4*s3^2*

t^5+16*s3^2*t^4*u+24*s3^2*t^3*u^2+16*s3^2*t^2*u^3+4*s3^2*t*u^4-32*s3*s4^3*t^3

-64*s3*s4^3*t^2*u-32*s3*s4^3*t*u^2+64*s3*s4^2*t^4+160*s3*s4^2*t^3*u+128*s3*s4^2

*t^2*u^2+32*s3*s4^2*t*u^3-24*s3*s4*t^5-68*s3*s4*t^4*u-80*s3*s4*t^3*u^2-56*s3*

s4*t^2*u^3-24*s3*s4*t*u^4-4*s3*s4*u^5-8*s3*t^6-36*s3*t^5*u-64*s3*t^4*u^2-56*s3

*t^3*u^3-24*s3*t^2*u^4-4*s3*t*u^5+4*s4^2*t^5+16*s4^2*t^4*u+24*s4^2*t^3*u^2+16*

s4^2*t^2*u^3+4*s4^2*t*u^4-8*s4*t^6-36*s4*t^5*u-64*s4*t^4*u^2-56*s4*t^3*u^3-24*

s4*t^2*u^4-4*s4*t*u^5+4*t^7+20*t^6*u+42*t^5*u^2+48*t^4*u^3+32*t^3*u^4+12*t^2*u

^5+2*t*u^6)/(-3+2*e)/(3*e-2)/(-4*s3*s4+t^2+2*t*u+u^2)^2/t/u/(3*e-1)/(-1+2*e);
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Appendix B. Coefficients of the master integrals for the Nf -piece of the 2-loop amplitude

of qq̄ → γ∗γ∗
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