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1 Introduction

In recent years we have witnessed considerable progress in the understanding of 2d (0, 2)
gauge theories. These developments motivated a program aimed at realizing 2d (0,2)
theories in terms of branes and, in turn, exploiting such branes configuration to study
the field theory dynamics. The engineering of 2d (0,2) theories on the worldvolume of
D1-branes probing singular toric Calabi-Yau (CY) 4-folds was developed in [1], following
the seminal work in [2]. Brane brick models, a new class of brane configurations in Type
ITA string theory that are connected to D1-branes probing toric CY 4-folds by T-duality,
were introduced and developed in [3-5]. Brane brick models streamline the map between
gauge theory and geometry. They are analogous to brane tilings for 4d N' = 1 theories on
D3-branes probing toric CY 3-folds [6-8].

This program produced numerous additional results, including: the realization of tri-
ality [9] in terms of brane brick models [4] and geometric transitions in the mirror CY [5],
a detailed understanding of these theories in terms of mirror symmetry [5], a field theo-
retic and geometric computation of the elliptic genus [10], the proposal of a new duality
for 0d N/ = 1 theories [11] and the development of an algebraic framework that underlies
minimally supersymmetric theories in different dimensions and unifies their dualities [12].

There are several clear directions for further progress. On the practical front, it is
desirable to develop more efficient methods for generating brane brick models associated to
general toric singularities and, conversely, for rapidly finding the geometry corresponding to
a brane brick model. In addition, there are various formal questions regarding brane brick
models, which include: developing their mathematical and combinatorial understanding,
clarifying the notions of consistency and reducibility and connecting dualities of gauge
theories in different dimensions. The purpose of this paper is to shed light on all these
issues. To do so, we will introduce 3d printing, a method for generating 2d (0,2) gauge
theories on D1-branes probing singular toric CY 4-folds starting from 4d N/ = 1 gauge
theories on D3-branes probing toric CY 3-folds. In other words, this procedure generates
brane brick models starting from brane tilings. 3d printing significantly generalizes orbifold
reduction [13], which was an earlier step in this direction.

Various additional advances deserve to be mentioned. Constructions of 2d (0,2) the-
ories in other corners of string theory and F-theory have been presented in [14-20]. The
corresponding Green-Schwarz mechanism for anomaly cancellation was studied in [21].
AdS3/CF Ty pairs were constructed in [22, 23]. Finally, 2d theories with exotic SUSY were
constructed in [24].

This paper is organized as follows. Section 2 reviews the basics of brane brick models.
Section 3 introduces 3d printing. Section 4 explains how the CY,4 geometry emerges from 3d
printing. The new ideas are illustrated with several explicit examples in section 5. Section 6
investigates the relation between 3d printing and triality, presenting a full classification of
the toric phases of Qb1 /Zy. Section 7 contains the first discussion of consistency and
reduction of brane brick models. We present our conclusions in section 8. The periodic
quivers for all toric phases of Q11! /Z5 are presented in an appendix.
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Table 1. Brane brick model configuration.

2 Brane brick models

For completeness, we present here a brief review of brane brick models. We refer the reader
to [1, 3-5] for detailed presentations.

Brane brick models are obtained from D1-branes at CY4 singularities by T-duality. A
brane brick model is a Type ITA brane configuration that consists of an NS5-brane and
D4-branes. The (246) coordinates are periodically identified to form a T°. It is natural
to pair (23), (45) and (67) to form three complex variables x, y and z, such that the
periodic directions (246) are their arguments. The NS5-brane extends along (01) and
wraps a holomorphic surface ¥ embedded in (234567), which is defined as the zero locus of
the Newton polynomial associated to the toric diagram of the CYy. Stacks of D4-branes
extend along (01) and are suspended from the NS5-brane in the (246) 3-torus. Table 1
summarizes the full configuration.

Brane brick models, or equivalently their dual periodic quivers, fully encode the 2d
(0,2) quiver gauge theories on the worldvolume of D1-branes probing toric CY 4-folds.
The dictionary between the brane brick models and the gauge theories is summarized in
table 2. Different D4-brane stacks fill 3-dimensional voids cut by the NS5-brane in 73,
to which we refer as bricks. The worldvolumes of the D4-branes are finite in these (246)
internal dimensions, leading to a 2d gauge theory in the non-compact (01) directions at
low energies. Bifundamental matter fields arise at the intersections between pairs of bricks,
i.e. pairs of stacks of D4-branes. These intersections can be oriented or unoriented, leading
to chiral and Fermi fields, respectively. Discussions on how to distinguish both types of
intersections can be found in [3, 5].

In [5] the understanding of the correspondence between brane brick models and D1-
branes probing toric CY 4-folds has been significantly improved using mirror symmetry
which, in addition, provides a systematic method for generating brane brick models starting
from geometry. In addition, several results obtained with brane brick models were recovered
in [25], exploiting the topological B-model to map the CY4 geometry to the gauge theory

1" The probed CY, emerges as the moduli space of the gauge theory on

on Dl-branes.
the D1-branes. The computation of the moduli space remains one of the most practical
approaches for establishing this connection. In section 4 we will adopt this method to
verify that the 3d printing algorithm generates the theories on D1-branes probing the CY4

singularities.

n principle, this approach can be applied to non-toric CY 4-folds.



Brane Brick Model Gauge Theory Periodic Quiver
Brick Gauge group Node
Oriented face Bifundamental chiral field Oriented (black) arrow
between bricks ¢ and j | from node i to node j from node 7 to node j
Unoriented square face | Bifundamental Fermi field Unoriented (red) line
between bricks ¢ and j | between nodes ¢ and j between nodes i and j
Edge Interaction by J- or E-term | Plaquette encoding

a J- or an E-term

Table 2. Dictionary between brane brick models and 2d gauge theories.

3 3d printing

Brane brick models considerably simplify the connection between the geometry of toric CY
4-folds and the 2d (0,2) gauge theories living on the worldvolume of D1-branes probing
them. Every toric CYy is in general associated to a class of brane brick models, which are
related by triality.

Given a toric CYy, there are various systematic ways of constructing a brane brick
model, ie. a 2d (0,2) gauge theory, associated to it. Partial resolution produces the
unknown gauge theory by embedding the desired geometry into a larger one, for which the
gauge theory is known. A standard class of starting points for partial resolution is given
by orbifolds of C*. Multiple examples of this method can be found in [1]. An alternative
approach is the fast inverse algorithm for brane brick models [3]. In this case, brane brick
models are constructed from phase boundaries, which are the analogues of zig-zag paths for
brane tilings. Finally, brane brick models can also be constructed using mirror symmetry,
as explained in [5].

In this section we introduce 3d printing, another algorithmic procedure, which gener-
ates brane brick models starting from brane tilings describing the 4d N' = 1 gauge theories
associated to toric CY 3-folds. It significantly generalizes dimensional reduction, orbifold-
ing and the recently introduced orbifold reduction [13]. This method is attractive due to
its simplicity and because it provides a novel conceptual perspective on the physics and
combinatorics of brane brick models, by relating them to brane tilings.

3.1 Dimensional reduction

3d printing is a natural generalization of dimensional reduction for toric theories. We thus
begin with a brief review of dimensional reduction. 4d N' = 1 vector and chiral multiplets
reduce to 2d (0,2) multiplets as follows:

e 4d N =1 vector V; — 2d (0,2) vector V; + 2d (0,2) adjoint chiral ®;;

e 4d N = 1 chiral Xij — 2d (O, 2) chiral Xij + 2d (0,2) Fermi Aij




Figure 1. Example of lift of two points in the toric diagram of the complex cone over dPs.

The J-terms of the 2d theory descend from the 4d F-terms and are given by

ow

Jp,, =
N = X,

(3.1)

with W the 4d superpotential. In this expression, we understand the J-terms and W as
functions of the 2d (0,2) chiral multiplets coming from the 4d chiral multiplets.
The E-terms follow from the 4d gauge interactions, and are given by

3.2 3d printing CY 4-folds

Before introducing 3d printing, it is useful to explain in general lines the relation between
the toric CY3 and CY,4 connected by it. The relation between the two geometries will be
discussed in detail in section 4.

Recall that the toric diagram of a CY3 Tcy, is 2-dimensional and every point in
it corresponds to a (collection of) perfect matching(s) in an associated brane tiling. 3d
printing turns Ty, into the 3d toric diagram of a CYy, Tcy,, by growing a third dimension,
e.g. the z-direction, as follows. We can simultaneously take several points in Ty, and
expand each of them into an arbitrary number of points along z with an also arbitrary
shift with respect to the x — y plane. It is important to note that any points inside the
resulting convex hull are automatically lifted, properly generating a convex Tcy,. Figure 1
shows an example that starts from the toric diagram of the complex cone over dP; and
lifts two points. The blue and green points give rise to two and three points, respectively.

The toric diagram of a wide class of CY4’s can be reached by this procedure.? This
makes it a powerful tool for studying the corresponding brane configurations and gauge
theories. It represents a significant improvement over orbifold reduction, in which a single

Tt would be interesting to characterize the class of geometries that cannot be generated by 3d printing
in its current form and, if possible, to generalize it to produce arbitrary toric CY4’s. An interesting class of
CY4’s that seems to be out of reach of 3d printing is given by those without crepant resolutions. These are
geometries for which the normalized volume of the toric diagram cannot be obtained by a triangulation in
terms of minimal tetrahedra with vertices on points in the toric diagram. A simple example is the C4/Zg
orbifold with action (1,1,1,1) [1].



Figure 2. The D toric diagram can be reached by lifting three points in C? or two points in the
conifold.

point in Tgy, could be expanded into the third dimension. We will further elaborate on
the connection between the two procedures in section 3.6.

Even after this preliminary introduction, it becomes clear that a given CY4 can be
reached by starting from different CY3’s. Figure 2 shows an example, in which the so-
called D3 geometry [1] is obtained from C? and the conifold. In order to simplify the
comparison, we placed the toric diagram of C? on the = — z plane and lifted it along
the y-axis. This example will be studied in detail below. We will also discuss additional
sources of freedom in the construction, e.g. the choice of perfect matchings, which reflects
the richness of the resulting brane brick models.

3.3 3d printing of periodic quivers

In this section we discuss the action of 3d printing on the gauge theory. 3d printing can be
regarded as a procedure for generating brane brick models starting from brane tilings. In
practice, it is more convenient to formulate it in terms of the dual periodic quivers, going
from a quiver on T2 for the 4d N = 1 theory® to one on T? for the 2d (0, 2) theory.

3.3.1 Quiver blocks

Let us first recall some facts regarding brane tilings. The 4d N' = 1 gauge theory on
the worldvolume of D3-branes probing a toric CY 3-fold consists of a collection of unitary
gauge factors, bifundamental or adjoint chiral fields and a superpotential. Such gauge
theories are fully encoded by brane tilings [6, 7]. A brane tiling is a bipartite graph on
T2. In a bipartite graph, nodes can be assigned two colors, e.g. black and white, such

3More generally, as we mention below, it might be possible to use multiple quivers related by Seiberg
duality, and hence associated to the same underlying CY3, as building blocks.



that edges only connect nodes of different colors. Faces, edges and nodes in a brane
tiling correspond to gauge groups, chiral fields and superpotential terms, respectively. In
particular, every node represents a gauge invariant monomial in the superpotential obtained
by multiplying the chiral fields associated to all the edges connected to it. The bipartite
nature of brane tilings determine the orientation of the chiral fields dual to edges, e.g.
clockwise and counterclockwise around black and white nodes, respectively. In addition,
the color of a node determines the sign of the corresponding superpotential term. We refer
the reader to [6, 7] for further details. The same gauge theories are also fully encoded by
periodic quivers on T2, which are obtained from brane tilings by graph dualizations. As
in ordinary quivers, gauge group factors and chiral fields are represented by nodes and
arrows. The distinguishing feature of periodic quivers is that their plaquettes, which are
dual to the nodes in the brane tilings, encode the terms in the superpotential.

A perfect matching p is a collection of edges in a brane tiling such that every node is
the endpoint of exactly one edge in p. Equivalently, we can regard perfect matchings as
collections of chiral fields containing exactly one chiral field per plaquette in the periodic
quiver, i.e. per term in the superpotential.

The elementary building block for 3d printing is a quiver S(Q,p) on T? x I, with I a
line interval along the vertical direction. Here Q is the periodic quiver on T? corresponding
to a 4d N’ = 1 gauge theory associated to a toric CY3 and p is a perfect matching of Q. We
refer to these objects as quiver blocks. S(Q,p) is constructed from Q and p by a process
that closely resembles dimensional reduction and orbifold reduction [13], the details of
which are as follows:

e On each of the two boundary T?’s, place a copy of Q but replace the chiral fields that
belong to p by Fermi fields.* The chiral fields that remain unaffected should now be
understood as 2d chiral fields.

e Label the two copies of every 4d gauge group i in Q as i and 7, depending on which
boundary of the quiver block they live on.

e For every 4d chiral field &;; in Q that is in p, add a 2d chiral field X; e
e For every 4d chiral field &j; in Q that is not in p, add a 2d Fermi field Az’ﬁ'
e For every 4d gauge group ¢ of Q add a 2d chiral field X,z

For clarity, here and in what follows, we use X to refer to 4d chiral fields and X for 2d
chiral fields.

It is useful to note the similarities between this construction and dimensional reduction.
The X5 and Az’,? are analogous to, and in the appropriate cases correspond to, the 2d chiral
and Fermi fields that a 4d chiral field reduces to. Similarly, the X, 7 are related to the 2d
chiral fields in the dimensional reduction of a 4d vector multiplet. i

“In the explicit examples that follow, identifying the perfect matching using for constructing each quiver
block is hence straightforward. It simply corresponds to the Fermi fields on the T2 boundaries.



Figure 3. Examples of quiver blocks for: a) C* and b) the conifold.

Figure 3 shows examples of quiver blocks for C* and the conifold. When representing
2d (0,2) quivers, every node correspond to a U(XV;) gauge group, black arrows correspond
to chiral fields and red lines correspond to Fermi fields. Fermi lines are unoriented due to
the A, <> A, symmetry of 2d (0,2) theories.

3.3.2 Building the third dimension of the periodic quiver

As already mentioned, every point in Ty, corresponds to a (collection of) perfect match-
ing(s) in the brane tiling. 3d printing takes the toric diagram Ty, and lifts it to a toric
diagram Ty, by generating images of some of its points along the z direction. For every
new point in Ty, that we want to generate, we must choose a perfect matching p associ-
ated to the lifted point in Tcy, and include a quiver block S(Q,p). Since multiple perfect
matchings can correspond to the same point in a Try,, quiver blocks for different perfect
matchings can be simultaneously used to generate various images of the same point in the
original toric diagram.

In order to give rise to an image along the positive z direction, the quiver block must
be oriented as in the examples in figure 3, namely with the 7 nodes at the top and the i
nodes at the bottom. We refer to such a configuration as a (4) quiver block. Conversely, to
generate an image in the negative z direction, we flip the vertical orientation of the quiver
block, putting the i layer on top of the i one. We call this a (—) quiver block.

In what follows, we will restrict to quiver blocks coming from a single periodic quiver
Q. It would be interesting to determine if, and if so under what conditions, it is possible to
combine quiver blocks associated to different quivers related by Seiberg duality. We leave
this question for future investigation.

The quiver blocks are stacked along the z direction and glued along their boundaries.
The first and last boundaries are also identified. This process generates the periodic quiver
on T3 associated to the desired CY, as follows:

e Identify overlapping nodes.
e Identify overlapping pairs of chiral or Fermi fields.

e Delete overlapping chiral-Fermi pairs, since they correspond to massive pairs of fields.



Figure 4. Two possible arrangements along the z direction of quiver blocks associated to the a
pair of perfect matchings leading to the same CY 4.

The order in which the quiver blocks are stacked along the z direction is arbitrary.
Generically, each ordering gives rise to a different brane brick model, i.e. a different 2d
(0,2) gauge theory, associated to the same CY4. All such theories are related by sequences
of trialities. An extremely rich combinatorics arises as a result of both the ordering and
the freedom in choosing different sets of perfect matchings for lifting the same points in
the toric diagram. This freedom was studied in [13] in the far more restricted context of
orbifold reduction, which uses a single perfect matching and where the only freedom is the
relative ordering of the (+) and (—) quiver blocks.

Figure 4 is a schematic illustration of two possible orderings in an example involving
two perfect matchings p and ¢. Let us denote kj, + and £, + the numbers of quiver blocks
with a given sign for each of these perfect matchings. In this case, k, y =3 and k, - =1
and the corresponding quiver blocks are represented by blue boxes. Similarly, k, y = 1 and
kq,— = 1 and its quiver blocks are shown in green. If p and ¢ come from different points in
Tcy,, p would generate three new points in the positive 2z direction and one point in the
negative z direction. Similarly, ¢ would give rise to one point above the plane and one point
below the plane. If, instead, p and ¢ correspond to the same point in the original toric
diagram, this configuration would generate k, + + k;, + = 4 points over the original point
and k, _ + k4 = 2 below it. In section 4 and section 7 we will explain that, in order to
generate reduced, i.e. consistent, brane brick models we can at most use two different perfect
matchings for a single point and the corresponding quiver blocks must have different signs.

The alert reader may notice that 3d printing, as just explained, can sometimes give rise
to a number of gauge groups that is larger than the expected one, which is equal to the nor-
malized volume of the toric diagram. This is never the case for orbifold reduction [13]. We
will revisit this issue in section 7, where we will discuss its relation to reducibility and how to
deal with it. Until then, we will consider examples in which this phenomenon does not arise.

3.4 Anomaly cancellation

In this section we show that theories constructed via 3d printing are automatically free of
non-abelian gauge anomalies.’

5Theories on D1-branes at singularities might have non-vanishing abelian gauge anomalies. We expect
they are cancelled via interactions with bulk RR fields, as shown in [26] for orbifolds of C*.



Let us first consider general 2d (0,2) quivers. We denote ni‘] the number of chiral
X/F

arrows from node ¢ to node j, nf; the number of Fermi lines between ¢ and j, and a;
the number of adjoint chiral/Fermi lines attached to node i. The cancellation of SU(N)?

anomalies takes the form

> (”?(z'NJ‘ +nN; — ”f}Nj) +2(af —af )N; = 2N; . (3.3)
J#i
Let us focus on the case in which the ranks of all gauge groups are equal, namely N; = N,
which arises when a CYy is probed with a stack of N regular D1-branes. In this case,

eq. (3.3) reduces to
nX —nf =2, (3.4)

where n) and nZF are the total number of incoming plus outgoing chiral and the number
of Fermi fields at node i, respectively

We are now ready to prove the cancellation of non-abelian anomalies in 3d printed
theories. Consider an arbitrary quiver block S(Q,p). In order to keep track of anomalies,
it is convenient to assign chiral (Fermi) fields that lie on a boundary T? a weight w equal
to % (—%) We introduce semi-integer weights in order to split the contributions of such
fields to the anomaly between adjacent quiver blocks. Similarly, we assign weights 1 (—1) to
chiral (Fermi) fields in the bulk of the quiver block. Figure 5 shows that the 2d descendants
of an outgoing 4d chiral field &;; € Q contribute a net weight —% at a node 7. Analogously,
figure 6 shows that the 2d descendants of an incoming 4d chiral field X; contribute a net
weight % Since anomaly cancellation in 4d quivers requires an equal number of incoming
and outgoing arrows at every node, the total contribution of all descendants of 4d chiral
fields vanishes. Therefore, the only non-vanishing contribution to the net weight comes
from 2d chiral fields X ;i- Denoting by F; the set of all 2d fields charged under the gauge

group ¢, we have
dwe=1, (3.5)
sEF;
for every node i. A similar argument shows that the same equation is satisfied by all ¢
nodes.
Next, let us consider what happens when gluing two quiver blocks S(Q, p) and S(Q, q)
along their boundaries. Then, a node a on the boundary of S(Q,p) becomes identified
with a node b on the boundary of S(Q,¢). Summing the contributions of the form (3.5)

dwet Y we=2. (3.6)

reFaq SEFy

for a and b, we obtain

This equation is independent of the relative orientation in the z direction of the two quiver
blocks, i.e. its valid for (4, +), (—, —) and (+, —) pairs.

The weights in the previous discussion precisely give rise to the contribution to anoma-
lies of all fields. In particular, whenever two copies of 2d chiral or Fermi fields overlap on
a glued boundary, we obtain the corresponding integer contributions. Similarly, the con-
tribution of an overlapping chiral-Fermi pair is zero, as expected. Equation (3.6) is thus
equivalent to the anomaly cancellation condition (3.4) for all nodes in the quiver.

~10 -
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(b)

Figure 5. 2d descendants of an outgoing 4d chiral field at node ¢ that: a) is not in p and b) is in
p. In both cases the net anomaly weight is f% at node ¢ and % at node 1.

@ —-1/2

(b)

Figure 6. 2d descendants of an incoming 4d chiral field at node 4 that: a) is not in p and b) is in

p. In both cases the net anomaly weight is % at node ¢ and —% at node 1.

- 11 -



3.5 J- and E-terms

The J- and E-terms of the 3d printed theory are encoded in terms of minimal plaquettes
of the periodic quiver. Below we provide a prescription for directly constructing them. It
closely follows dimensional reduction, which we reviewed in section 3.1.

As we explained earlier, for a quiver block S(Q,p) every 4d chiral field &;; that is not
in p gives rise to two 2d chiral fields Xi,; and XM, and one 2d Fermi field AiJ‘ If, instead,
Xjj is in p, it gives rise to two 2d Fermi fields A; ; and AEJ? and one 2d chiral field ng.
The J-terms for the Fermi fields in S(Q, p) are given by generalizing (3.1) as follows:

o J-term of ALl-:

Th, = ne— - (3.7)

Here and in what follows W is the 4d superpotential, which can be read from the
plaquettes in Q, as explained in section 3.3.1.

e J-term of AEJ:
ow
JA?J - 87573 . (38)

e For the J-terms of Ai,jv every monomial in the superpotential W containing the 4d

chiral field A; gives rise to a plaquette that has the general form

A A7 Xz By (3.9)

where Ajfk and Bj; are monomials in 2d chiral fields, each of them living on a different
boundary of the quiver block. Xz, is a 2d chiral field connecting the two boundaries,
which descends from the single 4d chiral field in this superpotential term that is
contained in p. The toric condition on W implies that there are two plaquettes of
the form (3.9), leading to

In; = A X B — Aj/kXHBQ' (3.10)

The E-terms are similarly given by a generalization of eq. (3.2). We obtain:

e F-term for Aﬁ:
En ;= s(XiiXq5 = XiiX;5), (3.11)

where the sign s is +1 for (4) blocks and —1 for (—) blocks.

e For the Fermi fields on the boundaries of the quiver blocks, A; ; and Ag;, we get a
single contribution to the E-terms of the form

B, = sX,:X;, (3.12)

,J

EA?J = —S XE,ZXZJ (313)

The second monomials in these F-terms come from the adjacent quiver blocks.

- 12 —



The previous contributions to J- and E-terms are identified or combined when two
quiver blocks S(Q,p) and S(Q,q) are glued. If a 4d chiral field is in precisely one of p
and ¢, then a Fermi and a chiral descendants of the same field overlap on the boundary.
This results in a new minimal plaquette and we assign to it a sign that is opposite to the
existing one. This new plaquette makes this chiral-Fermi pair massive.

It is straight forward but lengthy, to show that with these prescriptions for J- and
FE-terms the condition

> JuEa=0, (3.14)

where a runs over all Fermis, is satisfied. This condition is required by supersymmetry.
To illustrate the previous discussion, we now present the contributions to J- and FE-
terms for the quiver block examples in figure 3. For the C3 quiver block, we get®

J E
Ay X1aYip — Y1aX1g Z11D1;
Ai%i YiiD1; — DiiYia Z17X77 — X112, 1 (3.15)
Ai% Dy X1y — X31D, Z1iVir — Y1121
At XirYir — YipXag - D1 71

Similarly, for the conifold quiver block, we have

J E

Ag X51Y15Ys, — Y3, VioXa1 Zy7X75 — X127,5

Ai% 1 Y5, X10X01 — X57X75Y5, Z11Y13 — V127,35 (3.16)
Ayt X192X91Y12 — Y12X01X12 Zy3Y5,

Agg i YigVs,X12 — X75Y5,Y12 Zy3X51 — X217, 1

Agp: Xi5X51Y15 — Yi5X51X73 — Y5121

3.6 Relation to orbifold reduction

3d printing considerably supersedes orbifold reduction, which was introduced in [13] as a
generalization of both dimensional reduction and orbifolding. Figure 7 illustrates the effect
of these three operations on a toric diagram.

Below we briefly explain how all these operations are special cases within the framework
of 3d printing.

e Dimensional reduction. Using a single quiver block §(Q, p) we generate a periodic
quiver associated to the 2d (2,2) gauge theory that corresponds to CY, = CY3 x C.
The result is independent of the perfect matching p used for the lift.

SFor the sake of clarity, in these explicit examples and the ones that will appear in the rest of the
paper, we will often use different letters to label the 2d chiral fields that arise from the general 3d printing
construction.
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(a) (b (©)

Figure 7. Toric diagrams for: a) the dimensional reduction of dP3 to dP3 x C, b) a (dP3 x C)/Zj,
orbifold with k£ = 2 and ¢) an orbifold reduction of dP; with k; =2 and k_ = 1.

e Orbifolding. Using k copies of the same quiver block S(Q,p), we generate the
periodic quiver for an orbifold of the form CY4 = (CY3 x C)/Z.

e Orbifold reduction. This process uses k4 copies of a quiver block S(Q, p) with (+)
orientation and k_ copies of it with (—) orientation.

It is important to emphasize that both orbifolding and orbifold reduction employ multiple
copies of a single quiver block S(Q, p). 3d printing is far more general. In particular, it can
lead to the same lifts of a point in Tcy,, but using multiple perfect matchings associated
to it.” In addition, 3d printing makes it possible to lift several points in Tcy,.

4 3d printing and geometry

In this section we explain how 3d printing gives rise a 2d (0, 2) gauge theory whose moduli
space is the desired CYy, verifying that it corresponds to the gauge theory on D1-branes
probing it. The computation of the moduli space of brane brick models, equivalently of
2d (0,2) periodic quivers on T3, admits a combinatorial implementation in terms of brick
matchings, which are generalizations of perfect matchings. We refer the reader to [3] for a
detailed presentation of these objects and their properties.

In order to provide a combinatorial definition of brick matchings, it is useful to complete
Jo- and E,-terms into pairs of gauge invariant plaquettes by including the corresponding
Fermi fields, i.e. by appropriately multiplying them by either A, or A,. Brick matchings are
defined such that for every Fermi field A, the chiral fields in the brick matching cover either
each of the two J,-term plaquettes or each of the two E,-term plaquettes exactly once.
Brick matchings also contain Fermi fields, but they are not important for our discussion.

“In general, brane brick model obtained by lifting multiple perfect matchings for the same point need
to be reduced at a final stage. This can be done systematically as explained in section 7.
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The salient feature of brick matchings is that they can be regarded as variables that
automatically implement the vanishing J- and E-term conditions. Hence, there is a one-to-
one correspondence between them and GLSM fields in the toric description of the moduli
space. Brick matchings thus map to points in the CYy toric diagram (as usual, this map
can be many to one), turning the determination of the geometry associated to a gauge
theory into a combinatorial problem. The position of a brick matching in Ty, is given
by the net intersection number between the corresponding faces in the brane brick model
and the edges of the unit cell, counted with orientation [3]. Equivalently, it is given by
the chiral arrows in the dual periodic quiver that sit along the edges of the unit cell, again
considered with orientations.

We will now discuss how the toric diagram is lifted via 3d printing. More concretely, we
will explain how certain brick matchings originate from the perfect matchings used for the
lift. For simplicity, let us assume that a single point in Ty, is lifted; extending the discus-
sion to the general case in which multiple points are lifted is straightforward. For the argu-
ments in this section, it is convenient to label gauge groups in the 2d gauge theory using a
pair of indices (i, m), where i runs over nodes in the 4d quiver and m runs over quiver blocks.

Let us first consider the case in which a point is lifted using a single perfect matching
p. From p, we can construct a brick matching ¢g, given by

qo = quzlq(m) , (4.1)
where ¢(™ denotes the chiral field content within the quiver block m. For a (4) block it
is given by

"™ = {X (i m41)(im) | Xij € P}, (4.2)
while for a (—) block it is given by
¢™ = {X(i,m)(jme1) | Xij € P} (4.3)

It is straightforward to verify that gg is indeed a brick matching. It covers every E-term
of Fermi fields descending from 4d chiral fields in p and every J-term from the other
Fermi fields. Notice that this type of brick matching does not contain any vertical chiral
X(i,m)(i,m+1), where the signs are those of the quiver blocks. According to the prescription
discussed above for determining the positions of brick matchings in the toric diagram, this
fact implies that g is not lifted, i.e. it remains on the original Ty,.

From the previous discussion, it becomes clear that in order to construct brick match-
ings for the lifted points it is necessary to include vertical chiral fields. Let us denote By
and B(_y the sets of (+) and (—) blocks for the perfect matching p, respectively. The brick
matching that descend from p and have maximum and minimum vertical coordinates in

Tcy, are given by

qmax = (UmEBH){X(i,m)(i,m—i-l)}) U (UnEB(,)q(n)) (4‘4)

dmin = (UnEB(,){X(i,erl)(i,m)}) U (UnEB(Hq(n))

with the ¢ defined as in (4.2) and (4.3). Similarly, generalizing (4.4) to include vertical
chiral fields in n of the (4) blocks and n_ of the (—) blocks, we obtain brick matchings
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with ny —n_ vertical displacement. In fact gg is the ny. = n_ = 0 case of this construction.
These arguments extend to the case in which multiple points in the original toric diagram
are lifted.

In general, the brick matchings we have just described are not all the brick matchings
of the resulting theory, but they contain all the ones corresponding to the corners of Tcy,.

Inconsistent 3d printing. So far, we have restricted to a single perfect matching per
lifted point. Let us consider what happens if we use multiple perfect matchings associated
to the same point of the original toric diagram. If two or more perfect matchings from the
same point are used on quiver blocks with the same sign, it is easy to check that naively
applying (4.4) we do not obtain brick matchings. This is a first indication of a pathology.
In this case the points are not actually lifted by the expected amount, we end up with
multiple brick matchings on some corners of Ty, and the resulting brane brick model is
reducible. Reducibility or, equivalently, inconsistency of brane brick models and how to fix
it will be the subject of section 7. There is no problem, however, with using two different
perfect matchings corresponding to the same point if the corresponding quiver blocks have
different signs. Of course, we can use more perfect matchings and reduce the brane brick
model at the final stage.

5 Examples

In this section we present various explicit examples of 3d printing. The primary objective is
by no means to expand the catalogue of known examples, since plenty of them are already
available in the literature (see e.g. [1, 3-5, 10, 13]). Our goal is to present examples that
illustrate special features of 3d printing and the new types of geometries it can handle.
We focus on models constructed using C? and conifold quiver blocks. In all cases, after
determining the gauge theory we verify that it indeed corresponds to the desired CY,4 using
fast forward algorithm introduced in [3].

5.1 Models from C2 quiver blocks

Let us first consider models constructed from C3. The corresponding 4d gauge theory is
N = 4 super Yang-Mills (SYM) and the periodic quiver and brane tiling for it were first
introduced in [6, 27]. We will focus on examples in which more than one perfect matching
are used for the lift, i.e. models that are explicitly beyond the scope of orbifold reduction.

5.1.1 Two perfect matchings

Let us start from C3 and lift two corners of the toric diagram in the same direction, as
shown in figure 8. We obtain the toric diagram for the conifold x C.

Figure 9 shows the two quiver blocks and how they are glued. The perfect matching
used for each of the quiver blocks can be identified from the Fermis on the boundaries. We
glue the quiver blocks identifying 1 and 2 (we call the resulting node 1) and 1 and 2 (which
we call 2).
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.
C3 conifold x C

Figure 8. The toric diagram for conifold x C, obtained by lifting two perfect matchings of C3.

Figure 9. 3d printing of the periodic quiver for the conifold x C using two C?® quiver blocks
corresponding to different perfect matchings. Four massive chiral-Fermi pairs are integrated out in

the last step.
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The J- and E-terms of the theory can be determined using the machinery introduced

in the previous section. They are:

1
Agl) :

J
Y11D11 — DuYn
D XuYn - YuXy

) Xo1Yin — YaoXo
). Dy Xo1 — Xo1 D1y
). YiiD1a — DiaYas
). DisXoy — X11 D12
). Vi Doy — DasYao
2 0 XooYao — YaoXao

E
Z12X21 — X1
D11 — Di2Za
Z12D23 — D11Z12
Z12Y22 — Y1212 (5.1)

Zn X1 — XoaZn

ZnY11 — YaaZo
Xog — Xo1Z12

Zo1 D1y — Daa

From the periodic quiver at the center of figure 9 and, equivalently, the linear E-terms

in (5.1), we see that this theory has four chiral-Fermi massive pairs. Integrating them out,

we obtain the periodic quiver on the right of figure 9, and the following J- and E-terms:

J
A%) : X0o1Y11 — Yo Xo1
A%) : Zo1 D19 Xo1 — Xo1 D122
ASB : Yi1D12 — D12Yo2

Ag? : D19 X921 212 — Z12X21 D12

E
Zh2ZnDi2 — Di2Z91Z12
Z12Y22 — Y1212 (5.2)
ZonZia X1 — Xo1Z12221
ZnY1i1 — YaaZo

The theory we obtained is, as expected, the dimensional reduction of the conifold gauge

theory. This is a simple example of the kind of situation illustrated in figure 2, in which a

given 2d theory, or more generally 2d theories for the same CY, can be reached in multiple

ways. It is quite remarkable that the same gauge theory can be generated using different

methods and starting from two substantially different 4d parent theories: by dimensional

reduction of the conifold gauge theory (a minimally SUSY, chiral theory) or by 3d printing
from N'=4 SYM (a maximally SUSY, non-chiral theory).

5.1.2 Three perfect matchings

Next, let us start from C? and lift the three corners of the toric diagram in the same

direction, as in figure 10. We obtain the toric diagram for a geometry that is often referred

to as D3 [1].

The corresponding 3d printing of the periodic quiver is shown in figure 11.
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c? Ds

Figure 10. The toric diagram for D3, obtained by lifting three perfect matchings of C3.

Figure 11. 3d printing of the periodic quiver for D3 using three C? quiver blocks corresponding
to different perfect matchings. Massive chiral-Fermi pairs are integrated out.
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conifold

Figure 12. The toric diagram of Hy, obtained by lifting two perfect matchings of the conifold.

The J- and E-terms are:

J FE
A%) D Xo1Ynn — ZasYseXon Z12D2y — D13 231212
A%) : Dog Xo1 — Xo1D13731 Zn2223Y32 — Y11Z12
Aé? 0 X33Y30 — Y32X91 7219 Z93Z31 D13 — Do9Zo3 (5.3)
A%) : Y32D90 — Z31D13Y32 Z3 X33 — Xo1Z127293
Aéll) 0 YinDig — Di3YsaZ93 Z31Z12X91 — X33Z31
Agzl) : D13 X33 — Z12X21D13 Zs1Y11 — Y32Z23731

This is precisely the gauge theory for Ds originally found in [1] by partial resolution of
the C*/(Zy x Zy x Zs) orbifold. We note that this example illustrates the versatility of
3d printing, since this theory cannot be obtained by dimensional reduction, orbifolding or
orbifold reduction.

5.2 Models from conifold quiver blocks

We will now consider models constructed out of conifold quiver blocks. The 4d N = 1
gauge theory for the conifold was introduced in [28] and its periodic quiver and brane
tiling first appeared in [6, 27]. We will consider an example in which two points in the
toric diagram are lifted in the same direction, i.e. with two (+) quiver blocks, and another
one in which the same points are lifted in opposite directions, namely with the same quiver
blocks but with (4) and (—) orientations.

5.2.1 Two perfect matchings

Let us lift two opposite corners of the conifold toric diagram in the same direction, as shown
in figure 12. The resulting geometry was first considered in [10], where it was called Hy.
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Figure 13. 3d printing of a periodic quiver for H, using two conifold quiver blocks.

We construct the periodic quiver using two conifold quiver blocks for the appropriate
perfect matchings. This process is shown in figure 13. The J- and E-terms are:

J FE
Ay Vi3 X3 Xo1 — Xy3 X350V Z13231Y14 — Y14Z42 704
Aflll) 0 Y14Yu3X39Z04 — Z13X32Y21Y14 ZyXo1 — Xy3231
Afl) 0 Z13X32 X201 Y14 — Y14 Xy3 X390 704 Zy2Yo1 — Yy3231 (5.4)
Agz: Xo1Y14Ys3 — Y Y14 Xy3 Z31213X32 — X32294Z49
Aé? D Z31Y14Y43X30 — X30Y01Y14 240 Zoa Xz — Xo1Z13
A%) 0 X320 X01Y14Z40 — Z31Y14X43X39 Z94Yy3 — Yo1Z13

There are three Fermis between nodes 1 and 4, and three between 2 and 3. Given
the A ++ A symmetry of 2d (0,2) theories, it is possible to orient all Fermis connecting
each pair of nodes in the same direction. Instead of doing this, we choose to make the
orientation of the parent 4d chiral fields manifest. Moreover, given the structure of the J-
and E-terms in (5.4), there is a clear pairing of some of these Fermis, which our notation
emphasizes. Our results coincide with one of the two phases presented for Hy in [10]. It is
worth emphasizing that, as comparison between this example and [10] illustrates, periodic
quivers obtained from quiver blocks tend to be better organized than the ones that arise
from partial resolution, even though they fully agree.
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QL1

Figure 14. The toric diagram for Q'''!, obtained by lifting two perfect matchings of the conifold

in opposite directions.

conifold

5.2.2 QU1

Let us now consider the real cone over the 7d Sasaki-Einstein manifold Q! which is the
homogeneous coset space
SU(2) x SU(2) x SU(2)

U(1) x U(1) (5:5)

and has a U(1)g x SU(2)? isometry [29]. For brevity, we will refer to the full cone as Q11-!.
Its toric diagram can also be constructed by lifting two opposite corners of the conifold
toric diagram, but doing so in opposite directions as shown in figure 14.

The periodic quiver is built using the same blocks employed for the theory in the
previous section, but combining them with (+) and (—) orientations in order to achieve
the desired lift of the toric diagram. This is shown in figure 15.

The J- and E-terms are:

J FE
AL D YisXaXor — XusXapVar AR Y AT AN COVAY
Aﬁ) : X43Y32Y01 — Yi3Y39 X9y VAT, COYA T €V
A%) 0 Y3025, Ya3 X392 — X32Y01Z13Y30 X2y — Z3, Xus (5.6)
Aé? 0 X320 X01Z13Y32 — Y3275, Xu3X32 Yo1Ziy — Z5,Yas
Ag:? D YaoYo1215 X0 — X3025,YasY3o Z3yXaz — X125
Aé? t X307, X43Y30 — Y30 X01 215 X30 Z3Yas — YnZy,

Our results are in perfect agreement with the previous determination of this theory [1, 3].
As shown in [1], the full U(1)z x SU(2)? global symmetry associated to the isometry is not
manifest at the level of the Lagrangian but emerges on the moduli space. We note that
until now, like for D3 and Hy, the only tool available for finding this gauge theory was

partial resolution.
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Figure 15. 3d printing of the periodic quiver for Q1! using two conifold quiver blocks.

<

FO 621,1,1/22

Figure 16. The toric diagram for Q%11 /Z,, obtained by lifting central perfect matchings of Fy in
opposite directions.

6 Toric phases of QY"1 /7Z,

A common feature of all models considered in section 5 is that there is a single perfect
matching for every point in the toric diagrams of the parent CY3 geometries, C3 and the
conifold. This implies that there is a unique quiver block, up to orientation, for lifting any
point. In this section we consider a more general example, in which a point in the toric
diagram can be lifted using quiver blocks for different perfect matchings.

Let us consider Fp, whose toric diagram is shown in figure 16. This geometry is
associated to two toric 4d N/ = 1 gauge theories, which are usually designated phases 1

~ 93 -



IS}

5 = 7
5 5 7
7 = = 5 1 2 ! 3
5 6
9 3 4 T
N 1 <
Y
‘ —
— - 5
2 = 8 7 = Y, 5
= @ 5 C5 7 \ 4
5 A 7 v/ 8
— 4 6 5)
5 A
1
1 2 3
4
3 1
1 2

Figure 17. 3d printing for phase D of Q%! /Zs.

and 2 [30, 31].% The central point in the toric diagram corresponds to 4 and 5 perfect
matchings for phases 1 and 2, respectively. We will lift this point in the positive and
negative directions to produce the toric diagram of Q%! /Zs, as in figure 16.

Let us start from phase 2 of Fy and construct a periodic quiver for Q11! /Zy using
quiver blocks for two different perfect matchings, as shown in figure 17. The choice of
perfect matchings is easily determined by looking at the Fermi fields on the boundaries
of each quiver block. We take one orientation to be (4) and the other one to be (—) to

8The quivers for both phases of Fy have 4 nodes. We refer to phase 2 as the one with 12 chiral fields and
phase 1 as the one with 8 chiral fields. Some references in the literature swap the names of these two phases.
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achieve the desired lift. The J- and E-terms for this theory are:

J E
A XEXa — Xe Xt XX Xos — XX Xog
A XeX{" — Xg X4 X5 X5 X506 — X15X5X55
A7 XpX{T - XXy X{5X55 X5 — XXX
A XXy — X X" X5 X53 X5 — X5 X53X57
Ay Xg Xih — X&m X5, XX X — X X1 X5
2 X5 Xpp — Xg5' X, X6 X61Xss — Xo6XeaXis
A X Xoy — X X5 XEXH X0 — X X3, X5
i Xe X — XX, XEX0 X — X Xay X0 (6.1)
AL X5 X506 Xes — Xz X5nXoy XEXET — XX
AL X X0 Xy — Xaa X X2, XX — XXt
At XEX5Xa — XiaXosXoh XEXE — XX
A7 XEXE X0 — XXk X4, XX — XppXss
A Xg X Xiy — X5p XXy XjsXgs" — X" X5
AT X X5 X, — X5HXHXg, X X — XXt
Ajs " X XoeXey — X5y X7 X7, XjsXgs — Xy Xy
15 X XoeXdy — X5 Xah X7, X X5 — XigXgs

Until now, 5 toric phases for Q%1 /Zy had been identified in the literature [4]. As
expected from having the same underlying CY 4, all of them have been shown to be related
by triality. However, the theory we have just constructed, which we denote phase D, does
not correspond to any of the known phases.? It is then natural to ask whether this theory
is related to the other phases by triality. In addition, it would be interesting to map the
space of toric triality phases for this geometry. Below we address both questions.

°In [4], a different theory was called phase D. Motivated by the general classification of Q'+'*! /Z> phases
that will be presented in the next section, we have decided to change the nomenclature.
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Figure 18. Periodic quiver for phase A of Q%! /Zs.

6.1 The triality web

Let us first consider phase A [4], whose periodic quiver is shown in figure 18. The corre-
sponding J- and E-terms are:

J E
Ay XEXpX5 - X XpXih XHX56Xes — X12X56X55
A XGEX5X5 — X XiX5 X1pX56Xe5 — X15X56X65
Ay : X X3 Xgy — X Xy X3y XpXoh Xds — X5X06X e
A XGX5Xs — XgX5X5 X X6 Xes — XpXo6Xes
AL X X e Xar Xy — XXz Xgr X X4 X4 - X5 X5
AL XogXge Xar Xy — XoX s Xgn X5 XHX0 — X5 X5 (6.2)
5 Xos X Xeh Xo3 — Xos Xz X7 X35 XX — XH X5
Agy + XX Xgr Xry — XogXas Xgr X7 X5 X5 — X Xp
AL XEX5 X5 X0 — X Xg X 1o X0k X Xd — XX
A& XEXS X5 X0s — XX X1 Xo5 XX — XpgXgn
o - XBXnXhXy — XX X5X5, XesXsy — XepXar
Agr + XE X5 XX — X3 X3 X1h X5, XX — Xgs X7

We will map the web of toric phases of Q11! /Zs as follows. Starting from phase A, we
will perform triality or inverse triality on every node that results in a toric theory, namely
in a theory that is described by a periodic quiver. Those nodes are characterized by having
two incoming chiral arrows, in the case of triality, or two outgoing chiral arrows, in the case
of inverse triality. We will iterate this process on the resulting phases after exhausting all
possibilities. It is reasonable to assume that this procedure generates all toric phases, i.e.
that, up to relabeling of nodes, all toric phases are connected in this way. It is in principle
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Name | Triality Path | F Fermi Multiplicities m(0,0,0)
A % 12 4x24+4x4 10
B % 1 12 4x2+4x4 11
C 15 16 4x24+2x44+2%x8 12
D 147 16 4x24+2x44+2x8 13
E x 14 16 2X24+5x4+1x8 15
F x 12 16 2x24+4x44+2x6 14
G 157 20 3x2+1x4+2x6+1x8+1x10 13
H 3 20 2x2+4x4+1x8+1x12 14
I 13 20| 2x243x4+1x6+1x8+1x10 14
J 132 24 1 2x24+1x44+2x6+2x8+1x12 19
K 1572 24 2x24+4x6+2x10 14
L 142 24 6x4+2x12 19
M * 36 28 6x44+2x16 16
N 136 28 4x4+4x10 16

Table 3. Basic information regarding the 14 toric phases of Qb1 /Z,.

possible that some different toric phases can only be connected by a sequence of triality
transformations that passes through non-toric phases. All existing classifications of toric
phases in the similar context of CY 3-folds (see e.g. [32-34]), for which the connection is
through Seiberg duality, suggest that this never occurs.

Proceeding as explained, we find 14 toric phases for this geometry, namely we discover 9
new phases that did not appear in previous studies of Q%! /Zy [4]. We distinguish phases
modulo relabeling of nodes. The periodic quivers for all these theories are presented in
appendix A. In table 3 we collect some basic information characterizing these theories that
facilitates their comparison. The phases have been ordered according to the total number
of Fermi fields, which we denote F. For each phase, we provide a sequence of triality
transformations connecting it to phase A in the form shown in figure 18.' In the “Fermi
Multiplicities” column we give the multiplicity of Fermi fields for the 8 nodes in the quiver.
For example, 4 X 2 + 4 x 4 indicates that the corresponding theory has 4 nodes with 2
Fermis and 4 nodes with 4 Fermis. Finally, (0,0,0) is the number of brick matchings
associated to the central point in the Q1! /Zs toric diagram (see figure 16).

We indicate the phases that have previously appeared in [4] with a star. As anticipated,
we have labeled theories differently. Phases A, B, FE, F' and M here correspond to phases
A, B, D, C and S of [4], respectively.

Finally, table 4 summarizes how the 14 phases are interconnected by triality. In this
table, for each of the phases we consider the labeling of nodes given in appendix A, i.e.

10This sequence is of course not unique.

—97 —



1 2 3 4 5 6 7 8
A | B,B H H B,B | B,B H H B,B
B | BLA|F,E I E,F C I C A,B
C B G,D H,I B G,D | H,I
D | C,G E c,G | G,C E G,C
E | F,B L F,B H J D

F I E,B G G 1 B,E
G F K,G I,J D,C

H E A E I,C M I,C
I F J,G B N C,H
J G,I E G,I
K G,G G,G

L E E E E E E
M H H H H H H
N I I I 1

Table 4. Triality connections between the 14 toric phases of Q%! /Z,.

the one obtained by acting on figure 18 with the sequences of trialities in table 3. In each
column, we indicate the phases obtained by acting with triality or inverse triality on the
corresponding node. The underline indicates phases obtained by inverse triality while the
blanks correspond to the nodes for which triality does not give a toric phase. Some entries
contain a single theory, because in those cases only triality or inverse triality, but not both,
result in a toric phase.

7 Consistency and reduction

An important question when constructing brane brick models is whether they are consistent
or, equivalently, irreducible. The analogue problem for brane tilings and, more generally,
bipartite graphs on Riemann surfaces has been extensively studied (see e.g. [35-42] and
references therein). In this section we take the first steps on this issue for brane brick
models, proposing natural generalizations of the brane tiling case.

7.1 Diagnosing reducibility

There are various equivalent criteria for identifying inconsistent, i.e. reducible, brane tilings.
Arguably one of the simplest to implement is given by the mismatch between the number of
gauge groups in the quiver and the normalized area of the corresponding toric diagram [8].
Several explicit examples of inconsistent brane tilings can be found in [43]. This condition
generalizes straightforwardly to brane brick models: we claim that a brane brick model is
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inconsistent whenever its number of gauge groups is larger than the normalized volume of
the toric diagram computed from it.

7.2 Reducing brane brick models

Given an inconsistent brane brick model, it can be turned into a consistent one by reduction.
Reduction is defined as a process that reduces the number of gauge groups while preserving
the toric diagram. Below we discuss two reduction mechanisms, which generalize similar
operations for brane tilings.

Higgsing. The first method for reduction is by higgsings that preserve the toric dia-
gram.'! The number of bifundamental chiral fields to be turned on in order to completely
reduce the brane brick model equals the difference between the number of gauge groups and
the volume of the toric diagram. In general, there might be multiple sets of bifundamentals
that achieve the desired reduction. Searching for such higgsings can be systematized ex-
ploiting the correspondence between brick matchings, which corresponds to GLSM fields,
and fields in the quiver. The map between these two sets of objects is often encoded in
the so-called P-matrix [3]. It is important to emphasize that the necessary higgsings might
only become available after performing some triality transformation(s). In section 7.3.1 we
will present an example illustrating this phenomenon.

Generalized bubble reduction. An alternative mechanism for reduction can be iden-
tified by considering the familiar case of brane tilings. Inconsistent brane tilings can also be
reduced using bubble reduction [44, 45]. In terms of the dual quiver, a bubble corresponds
to a node with one incoming and one outgoing bifundamental arrows. When all ranks are
equal, this corresponds to an Ny = N, gauge group. Bubble reduction is equivalent to
formally applying Seiberg duality to such a node. The dualized node disappears, there are
no magnetic flavors and we are only left with the corresponding mesons. It is important
to remark that an inconsistent brane tiling might not exhibit explicit bubbles. In general,
it is necessary to apply Seiberg duality transformations in order to make bubbles appear.

The previous discussion suggests how to generalize the concept of bubble to brane brick
models. In this context, a bubble corresponds to a node in the quiver that would disappear
when formally applying triality or inverse triality. We refer the reader to [9] for the triality

rules. Specifically, a bubble that disappears by acting with triality corresponds to a node

X

oot and F' are the numbers

with a single incoming chiral arrow and n),, = F + 1, where n
of outgoing chiral arrows and Fermi lines, respectively. Similarly, a bubble that disappears
by acting with inverse triality corresponds to a node with a single outgoing chiral arrow
and n} = F + 1. Figure 19 shows the removal of a bubble using triality. While the node
associated to the bubble disappears, triality generates mesons connecting the other nodes.
It is interesting to note that exactly the same theory is obtained by higgsing the theory
with a vev for the incoming chiral, which results in the merging of the bubble node and

the in node.'? The elimination of a bubble with inverse triality is completely analogous.

"Here and in what follows, we have in mind classical higgsing.
12The reduction by higgsing discussed in the previous section is, however, a more general operation, not
restricted to this particular case.
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Figure 19. A node with a single incoming chiral field corresponds to a bubble. Due to anomaly
cancellation, nYX,, = F + 1. The bubble can be removed by formal triality. We can alternatively
think of this process as giving a non-zero vev to the incoming chiral.

The example we will present in section 7.3 suggests that there can be inconsistent brane
brick models for which it is impossible to make bubbles explicit by sequences of trialities.
Better understanding the conditions under which this is possible is certainly desirable and
we leave it for future work.

7.3 Reduction and 3d printing

The previous discussion of consistency applies to general brane brick models. Let us now
focus on brane brick models constructed via 3d printing. It is clear that 3d printing can
easily give rise to theories where the number of gauge groups is larger than the volume of
the corresponding toric diagram and are hence inconsistent. This generically happens when
lifting multiple points in the toric diagram or when, as mentioned in section 4, different
perfect matchings are used to lift the a point of the toric diagram in the same direction.

Even in these cases, when combined with reduction, 3d printing provides a systematic
approach for constructing gauge theories associated to desired toric CY 4-folds. The pro-
cedure works as follows. First, an inconsistent brane brick model with the desired toric
diagram is generated using 3d printing. Finally, this brane tiling is reduced while preserv-
ing the toric diagram until producing a consistent theory, i.e. one with the appropriate
number of gauge groups.

7.3.1 An example

Let us generate the toric diagram of D3 by lifting two corners of the conifold, as shown
in figure 20. This example was previously mentioned in figure 2, to illustrate how a given
CY4 can be obtained by lifting different CY3’s.
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Figure 20. The toric diagram for D3, obtained by lifting two perfect matchings of the conifold.

Figure 21 shows the periodic quiver obtained via the corresponding 3d printing. The

J- and E- terms are:

J E
A1y Yi3X30X03731 — Z42X03X32Y01 Z13Y34 — Y12Z24
Aé? : Y34Yi3X32 — X32Y21 Y190 ZonZaaXoz — Xo3Z31213
Aé? : X32X23731Y12 — Y3424 X23X 32 ZoaYas — Yo1Z13 (7.1)
Ag} : X23Y34Ys3 — Y21Y12Xo3 Z31213X32 — X32294Z49
A:(322) Y91 213X32X03 — Xo3X32204Y3 Z31Y19 — Y3474
Ag1t Z13X32X03Y34 — Y12 X203 X32204 ZyaYon — YazZs

This theory is clearly inconsistent and needs to be reduced, since it has 4 gauge groups,
while the normalized volume of the D3 toric diagram is 3.

A quick inspection of the quiver reveals that it does not have any explicit bubble,
namely a node with only one incoming or one outgoing chiral arrow. Let us then determine
whether it is possible to reduce this theory by higgsing. For this, it is useful to consider
the P-matrix, which summarizes the map between points in chiral fields in the quiver and
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Figure 21. 3d printing of an inconsistent periodic quiver for Ds.

brick matchings, which in turn correspond to points in the toric diagram. It is given by

P1 P2 P3 P4 Ps5 Pe
0010

—_
)
=)

0
0
1
1
0 (7.2)
0
0
0
0
0

&
SO O O O = = O O O o
S O = = O O O o O
oS O O O o o o O
o O O o o o o o
= O O O O O O

It is clear that it is impossible to turn a vev for any chiral field while preserving the toric
diagram. Any vev would remove a brick matching. We conclude that it is impossible to re-
duce this phase by higgsing. It is worth noting that it always possible to reduce inconsistent
brane tilings by higgsing, so this appears to be a novel feature of brane brick models.

Triality and reduction. Performing a triality transformation on node 4 of the theory
in figure 21 we obtain another toric phase, which is described by the periodic quiver shown
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Figure 22. Periodic quiver obtained by performing a triality transformation on node 4 of figure 21.

in figure 22. Its J- and E- terms are:

: X21X1J§LX43X31
P X1 X3 X g0 Xoy
P Xgo X1 X1 X o
P X1 X3 X453 X5
: X43X31X1ZX42
: X42X21XfZX43

The P-matrix is

J
— XXy X 14Xy
— X33X3 X4 Xy3
— X33X39 X9 Xo3
— X39X99 X X113 X 10 Xog
— Xyp X9 X3 X35 X501 X1
— Xy3X33 X33 X3 X351 X1y
P1 P2 P3 P4 P5 P6
X, 000010
X0 00011
X550 00001
Xp/1 10000
X0 10000
X1 00000
X5l001 100
X,50 00 100
X350 001 000
X400 0000

Remarkably Xltl is not contained in

E

— X5 X 45 X035 X3
— X3 X 3 X5 X0s
— X3 X5 X1y X3
— Xp3X33
- Xy Xy
— X3 X1y

(7.3)

any brick matching. The reason for this is that

it participates in both J- and E-terms of every Fermi field. Giving a non-zero vev to
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Xltl preserves the toric diagram and hence leads to the desired reduction. This higgsing
identifies nodes 1 and 4 and, up to a trivial relabeling of nodes, precisely gives rise to
the D3 theory presented in section 5.1.2. We have thus provided two alternative ways of
systematically constructing the D3 theory: 3d printing from C3, and 3d printing from the
conifold plus reduction.

7.4 Reduction for higher dimensional Calabi-Yau’s

Before concluding, we would like to collect some thoughts regarding the consistency/ re-
ducibility of quivers associated to higher dimensional CY singularities.

It was recently shown in [12], that singular CY (m + 2)-folds are associated to graded
quivers with potentials. The degree of the arrows in the quiver is an integer ¢, which lies
in the 0 < ¢ < m range. We refer the reader to [12] for a detailed discussion of these
theories. For m =0, 1,2, 3, these quivers can be interpreted as minimally supersymmetric
gauge theories in d = 6,4, 2,0. For all m, we expect there is also a physical interpretation
in terms of the category of branes in the topological B-model on CY (m + 2)-folds [46].

When the CY (m + 2)-folds are toric, the full theories, namely the quivers and the
potentials, can be encoded in terms of periodic quivers on T™*!. This construction gen-
eralizes the known cases of m < 3. Similarly, we expect the graphs dual to the periodic
quivers to be a powerful bridge between geometry and quiver theories. These objects would
generalize elliptic models for m = 0 [47], brane tilings for m = 1 [6], brane brick models
for m = 2 [3] and brane hyperbrick models for m = 3 [11].

For general m it is natural to expect that, generalizing the m = 1 and 2 cases, in-
consistency manifests as a mismatch between the number of nodes in the quivers and the
normalized volumes of the corresponding toric diagrams.

We expect these theories can be render consistent by higgsing or bubble reduction.
Let us elaborate on what we mean as bubble reduction for general m. In [12], it was noted
that for any m, graded quivers with potentials admit order (m+ 1) mutations that coincide
with the dualities of the corresponding gauge theories for m < 3 (see also [48] for related
work). We envisage that bubbles correspond to nodes that would disappear by application
of these mutations. These are nodes with a single incoming or outgoing degree 0 arrow.
Degree 0 arrows generalize chiral fields to arbitrary m.

8 Conclusions and outlook

Recently, there has been significant progress in the connection between the geometry of
toric CY 4-folds and the 2d (0,2) gauge theories on D1-branes probing them. Milestones
include the discovery of brane brick models [3] and their understanding in terms of mirror
symmetry [5]. Another important line of progress involves methods for relating CY 4-folds
to CY 3-folds and their associated gauge theories. Orbifold reduction [13] was the first
step in this direction and the 3d printing algorithm introduced in this paper considerably
supersedes it. Such methods are certainly useful from a practical point of view, since
they are efficient tools for easily finding the gauge theories associated to rather general
CY 4-folds. More importantly, they also lead to conceptual insights by connecting gauge
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theories in different dimensions, their associated CY’s and the underlying combinatorial
objects (brane tilings and brane brick models).

We presented various examples illustrating the power of 3d printing over earlier tech-
niques. We were able to derive gauge theories for D3, Hy and Q"' almost effortlessly.
Previously, these geometries could only be dealt with using the straightforward but practi-
cally involved process of partial resolution. Similarly, we managed to generate an unknown
triality phase for Q1! /Zs, which in turn motivated a full classification of the toric triality
phases for this geometry. These examples exploit the two novel properties of 3d printing:
the possibility of simultaneously lifting multiple points of Ty, and of using more than one
perfect matching for lifting a given point.

We anticipate that one of the most important applications of 3d printing and its
generalizations will be in the context of higher dimensional CY’s. Singular CY (m + 2)-
folds are associated to graded quivers (of maximum degree m) with potentials [12]. The
physical relevance of these theories is expected to be in terms of the category of branes
in the topological B-model. For toric CY (m + 2)-folds, these theories are fully encoded
by periodic quivers on T™*! or, equivalently, the dual graphs generalizing brane tilings
and brane brick models. Constructing such theories for m > 2 is a challenging open
question. In a forthcoming paper [49], we will introduce a substantial generalization of 3d
printing that, starting from the theories associated to a toric CY,,+2 and a toric CY /9,
generates the quiver theory for a toric CY,, 1m/13. 3d printing and its natural generalization
to higher dimensional CY’s correspond to the simple case of m’ = 0. However, the new
method for arbitrary m and m/, constructs the quiver theories for rather general toric CY’s.
It is reasonable to expect that this procedure may also give rise to a useful algorithm for
constructing fractional branes and exceptional collections for the corresponding geometries.
We refer the reader to [25, 50-55] for discussions of the CY 3-fold and 4-fold cases.

It would also be worth studying the combinatorics of triality, determining whether the
freedom in the initial 4d phase and lifted perfect matchings can account for all triality
duals of a 3d theory. For example, it is immediately clear that many of the triality duals
for Q11 /Zy summarized in appendix A can be obtained from the two phases of Fy using
different perfect matchings for 3d printing.

Finally, it would be interesting to explore whether, and if so how, 3d printing and its
generalizations are related to approaches for connecting gauge theories in different dimen-
sions through compactification, see e.g. [15, 56-61].

Acknowledgments

We would like to thank S. Lee, G. Musiker, R.-K. Seong and C. Vafa for earlier collabo-
rations on related topics. We gratefully acknowledges support from the Simons Center for
Geometry and Physics, Stony Brook University, where some of the research for this paper
was performed during the 2017 Simons Summer Workshop. Our work is supported by the
U.S. National Science Foundation grant PHY-1518967 and by a PSC-CUNY award.

— 35 —



A The toric phases of QY"1 /Z,

Here we present the periodic quivers for the 14 toric phases of Q%! /Zs. The connections

between these theories were discussed in section 6.1.
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Table 6. Periodic quivers for the 14 toric phases of QU1 /Z,.
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