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ABSTRACT 

We calculate the effect of soft QCD radiation on the energy and transverse momentum 
distribution at the coll ider. In particular using the energy distribution we predict the shape 
of the K NO function and the s-dependence of K NO scaling violations. Through the 
transverse momentum distribution, we calculate t� mean square transverse momentum of 
the weak bosons, w! and Z0• We find that the < Ql > for the W is larger than that for the 
zo. 
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We present two applications o f  the soft gluon bremsstrahlung formalism which 

describes the soft QCD radiation emitted in high energy parton scattering. The effects of 

this radiation have already been studied in a variety of processes, like e +e-O l
, Drell-Yan

<2>
, 

DIS(3). It can be expected, however, that these effects are most evident at the collider(ti,5) 

where extremely high energy particles are created and destroyed, a process which leads to 

the liberation of a conside rable portion of the energy in form of soft QCD radiation. 

To study the effect of this radiation, we consider the ti-momentum distribution of soft 

gluon emission, summed to all orders in as. When integrated over the unobserved 3-

momentum variables, this distribution gives the probability of obse rving a certain energy 

loss. \Ve propose that the multiplicity distribution in pp or pp collisions or e+ e - annihilation 

directly reflect this e nergy distribution. This follows from the suggestion that pions in an 

inclusive process are always emitted softly so that the total e nergy they carry is mostly 

that of the soft gluons. Thus the shape of the KNO function can be predicted. 

For a rather different application, we then turn to the ti-dimensional distribution and 

predict the mean square transverse momentum of the intermediate vector boson. In the 

quark-parton model, in fact, where the partons are all collinear, the transverse momentum 

distribution of a directly produced virtual y , \V or Z
0 

is that of the soft gluon radiation 

emitted by the quarks before the interaction. When the soft gluon bremsstrahlcrng formula 

is integrated over the parton densities, we obtain a numerical value for < �> "" 1 9 0  Gev2 

for W and a slightly larger value for Z
0

• 

In the following, Sect. I .  briefly describes the relation between mean scaling and KNO 

scaling. In Sect. 2 .  we present our results for the KNO function. In Sect. 3 .  we discuss the 

transverse momentum of the W. Due to space limitations, we present here only the results 

of the calculation, details can be found in Ref.  (6). 

! .  - KNO SCALING AND MEAN SCALING 

The original derivation of KNO scaling follows from the definition of topological cross­

sections and Feynman scaling(?). KNO scaling, however, is an example of a more general 

behaviour known as mean scaling or scaling-in-the mean. This was first obse rved in I 97ti by 

F.T. Dao et al.(8
>
, who put forward the hypothesis that the shape of single particle 

distributions in the transverse and longitudinal momentum variables are independent of 

multiplicity and incident energy, if the distributions are plotted against the mean variables 

x/ < x > • These authors also noted that, when the variables are the charged and neutral 

multiplicities, one had the familiar KNO scaling. We suggest that mean scaling (and hence 

KNO scaling) can be understood in QCD as follows. A hadronic cross-section can generally 

be written as 

( 1 )  
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where the parton parton cross section has been factorized into the product o f  a soft gluon 

bremsstrahlung distribution d4P(K) and an "exclusive" cross-section ;J . .  f" 1, in which IJ + ma 
soft gluons do not appear any more. This product is then integrated over the initial parton 

distributions fi(x) on the one hand and over the observed final state on the other. Thus, for 

the multiplicity distribution, S&obs(pl ' •.. ,pn) is related to the n-pion fragmentation 

function, while for a lepton pair it will just be a cl-function in the pair 4-momentum <2> 

Eq. ( 1 )  now clearly illustrates how mean scaling appears. Because of soft gluon 

bremsstrahlung, we have a distribution function d4P(K) which is integrated over the 

hadronic matter coordinates. This distribution function is given by 

d4
P(K) = d4Kj d4x eiK · x. e- fd3 n (k)( l -e -ik . x) 

(2 :rr; )4 (2) 

where K is the 4-momentum of the emitted radiation and d3 n(k) is the single soft gluon 

probability which has been exponentiated. In Eq. (2), the first term in the exponent 

represents soft virtual gluons (vertex corrections) while the second represents real 

emission. The presence of both terms ensures the cancellation of the infrared divergence, 

energy-momentum conservation being maintained through the term exp(-ik · x). If we write 

2 
d3 it as(k ) 
_k_ 7_ (3) 

we see that d3 n(k) has an approximate scaling behavior which reflects in d4P(K). When we 

average over the hadronic matter coordinates, the microscopic scales characterizing the 

quark and gluon syste m, are turned into their mean values. This happens for both the 

momentum variables as well as for the energy scales. Hence mean scaling and KNO scaling 

follow. 

2. - THE KNO FUNCTION 

Integrating Eq. (2) in all the 3-momentum variables, one obtains the energy distribution 
. {Q - -ikt 
1K o t  - d n (k)(l -e ) j dt 0 0 dP(K0, Q) = dK0 2:rr; 

e 

In terms of this function, the charged n-particle cross-section can be written as 

dQ .  VIS 
dP(Q vis'Q )  

d Qvis 

(4) 

with Q 
vis representing ·the energy of the soft QCD radiation which converts into pions. The 
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n-particle probability distribution defined by 

ach (s) n P(n,s) = --,h--L:a� (s) 

can then be approximately obtained by putting 

J dP( .Q . , d 2> )  
P(n,s)::- d.Q . VIS <l (.Q . -n < (1) > )  VIS 

d.Q . VIS 
VIS 

i.e. by assuming that the averaging process on the hadronic coordinates corresponds to 

substitute all the QCD energy scales with their mean values. To do so, we take the 

following two steps: 

i) for the total pion energy L: wi 
in Eq. (4), we write 

n 
2: w· -4 n < w (s) ) [ I 

ii) for the energy scale .Q, we let 

.Q--+ < .Q(s) > 

and then 

< n(s) > = f1 (s) < .Q (s)> 

<. w (s)> 

where f1 (s) is the soft gluon energy spectrum which can be calculated from Eq. (3) and is 

the maximum energy allowed by the kinematics to a single gluon. After some 

straightforward manipulations, one obtaines f . a _n_ t-il f1 dk (l -ikt
) dt 1 "  < n > t')o k -e P(n,s) = f1 (s) 2n e . 

We propose that the KNO function be given by 

1J! ( < � > ) = < n > P(n,s) . 

This function obeys the two normalization conditions 

[ 'IJ! (z) dz = 1 and J z dz 1J! (z) = 1 . 

(5) 

We can calculate the moments of this distribution. Using Eq. (5) and the definition of Refs. 

(4,5) we find 

1 
Y2 = 2fJ" 



i.e. 
Y. :;:: 25 l 
2 32 ln In s/ A 2 

The above equation shows how KNO scaling is violated. In the asymptotic freedom region, 
the cumulants y. should start decreasing with increasing energy. The function fJ (s) is the 
same function fr�m which scaling violations in DIS are predictei3>. 

Using A = I OO MeV, we calculate fJ to be approximately 1 .82. In Fig. l we show the fit 
to the UA I data (4)_ 

In Fig. 2 the U A I  data for I T/  I < 1 .5 have been fitted using fJ = 1 . 1 . The value for fJ is 
here strictly e mpirical. Its main justification lies in the fact that the selection of events in 
the range I T/  I < 1 . 5  means a reduced phase space and hence a smaller fJ • 
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3. - THE W EAK BOSON TRANSVERSE MOMENTUM 
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FIG. 2 

The work described in this section has been done in collaboration with A. Nakamura. 
For current processes in hadronic collisions, the following sum rule can be derived(G): 

with 

2 .J dx < Ql > • Ji- x g (x, r;/x) = 
sCF - f,I dx 

:n; a s r; 
x G (x, r; /x) 

as G(xl 'x2) =11 dt l 11 dt2 as I � 2 (tl -xl )(trx2>} g(xl ,x2) 
xi x2 l 

and g(xpx2) defined(9)as 

1 9 5 
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and 
x x 

� = 2 Gn; V2 1 2 . Z (x
1 ,x2) dxF � yx"F + 4r 

for W-production 

for z0 -production 

We used a phenomenological as given by 

with A = 1 00 MeV and p=5/6, and evoluted parton densities a la G!Uck, Hoffmann and 

R ( I O) eya . 

In Table I we show the values obtained for < Qi> for the three cases, W, Z0 and )' JE  at 

Q2= M2
2 =(92.8 Gev)2 for comparison. An inspection of this table shows that the Z should 

0 2 
° 

have a � larger than W by about 1 0%.  

)' ll -+ + -µ µ 

2 1 7 GeV2 

TABLE I 

w+ -+ ,f'. v  

1 80 GeV2 

zo_. + -
µ µ 

206 GeV
2 

In conclusion, we have presented the results of two calculations of soft gluon effects 

at the collider: one showing that the shape of the KNO function is correctly reproduced by 

the (non-trivial) energy distribution of soft QCD radiation and the other predicting the 

value of the mean square transverse momentum of the intermediate vector boson. 
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