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ABSTRACT

We consider a class of finite-dimensional irreducible
representations of the Lie superalgebras sl(n/1) and
sl(n/2) for any n, which we call essentially
irreducible. Within each such representation space we
introduce a basis and write down explicit expressions
for the trangformation of the basis under the action
of the generators
The Lie superalgebras(LS’s) sl(n/m) belong to the class
of the basic LS’s in the classification of Kac”.These LS’s
and their representations have been intensively studied in
the last years (see, for instance, Refs.2 - 7 and the
references therein). Nevertheless, there ig still much to
be done. In particular, the important from a physical point
of view question to compute the matrix elements of the
-42)
Eenerators has been solved so far only for some LS’saiz.
In the present paper we show how one can introduce a basis
in a class of modules of the general linear LS gl(n/m) and
hence of gl{n/m) for m=1,2 , which we c¢all essentially
typical.We introduce appropriate basis whithin each module
and write down expressions for the transformation of the

basis under the action of the generators.

The Ls gl{n/m) can be defined as the set of all squared
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(n+m)-dimensional matrices. We label the rows and the
columns of these matrices with indices i,J,k=1,2,...,n+m.
Asgign to each index i a degree (i), which is gzero for
i=l,...,n and 1 for i=n+l,...,n+m. Let eue gl{n/m) be =&
matrix with 1 on the i-th row and the j-th column and zero
elsewhere. The even (resp. the odd) part of gl(n/m) is
defined to be the linear span of all er, for which
(i)+(Jj) is an even (remp. an odd) number.TheJmultiplication
( = the supercommutator ) [ ’ ] on gl{n/m) is given

with the linear extension of the relations

HL+Hdo+N
= -{-1 & 1
Lo ] = Speu -1 it % (1)

The LS sl(n/m) is a subalgebra of gl{(n/m) consisting

of all those matrices a € gl(n/m), whose supertrace (= str)

vanishes,i.e.
(L)
sl(n/m)={a|acgl(n/m), str(a)=g:=1(-1) a =0}. (2)

The even subalgebra gl(n/m)0 of gl{n/m) is

gl(n!m)ozgl(n)le(m)zlin.env.{eﬁ}&»ﬁxeven number} . {(3)

Let e ,6 ,...,e , r=n+m, be a basis in the Cartan
11 22 rr . 2 .
gsubalgebra H of gl{(n/m). Denote by e, € ;.¢e+,8 the
*
conjugate to it bagis from the dual space H .
Lemma. The finite-dimensional irreducible modules
(=fidirmodes) of gl{(n/m) are labelled by the set of all

complex r-tuples
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[mlz=[m ,¢c.,m 1 , m -m e Z ¥V i#n=1l,...,r. (4)
r ir rr ir 1+4,r +

Then A = Zi1 muﬁ; is the highest weight of the
corresponding fidirmod, which we denote by W{([m] ).
r

Here and throughout the paper we omit the proofs.

Let

2= (—1)‘”m.u_ ¢ |n-i|+1-(i) V¥ i€j=1,...,r. (5)
J
Proposition 1.The fidirmod W({m]r) is typicala if and

only if all numbers I ,1 ,...,l1 are different.
ir 2r re

Consider the chain of subalgebras
gl{n/m)>gl(n/m-1)>...5¢1({n/k)>...>g1(n/1)>g1(n). (6)
Dencote by W(n/k) any g£l(n/k) module and let
Win/m)>W({n/m-1)>...oW(n/k)>...OW(n/1)oW(n) (7)

be a flag of submodules, corresponding to the chain (6).
Definition. We say that the typical gl(n/m) module

W([m}r)s W({n/m) is essentially typical, if there exists no

flag (7) containing a nontypical g£1(n/k) module W(n/k).
Proposition 2. The fidirmod W([m]r) is essentially

typical if and only if

+ LI = LN .
krE( 11’14‘1,!" ! 1h+1,!‘ 1 ’ 1h+1,1"+2 ' ' 1!‘!‘ ) V k=1 ! n ( 8)

Proposition 3. As a basis in the essentially typical

fidirmod W{Im} ) with a highest weight A:{: 1mire" one can
r o=
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choose the set of all schemes

" m m veey, M m
ir ' ey ! Y Trea,r e
m m cee, M
4,r-1" "z,r-1' ' Tret,r-t
{m) = m m_ peasy WM ’ {(9)
1L 2 L
® S 4 @ @ 06 B 8 4 e 8B N s a,
m m
12 22
n
L 11 -

where the numbers mi,...,mr are fixed ; the other numbers
r r

m,Lj take all possible values, consistent with the
conditions
(1) V j=1,...,n-1 and V¥ op=n+l,...,r
m - m = g, = 0,1 ; (10)
ip Lp-i Lp-i
(2) ¥V j=1,...,m-1 and V¥ q=n+l,...,r

m - m e Z ; (11)
Jq +i,q +

(3) v is‘j=1,2'noc’n—1 and is.j:n“'l'oca,r”l
m 2 ,

m . - m m - m _ &
L+l Ll + 1) +1, )+4 +
We call this basis a Gel?’fand-Zetlin basis{GZ basis) in

. (12)

W([m] ).Each GZ basgis vector (m) is a weight vector. More
r
precisely,

ett(m)=(}: - T1<=1mk,i,-1)(m)' (13)

m
k=1 ki

The transformation of the GZ basis under the action of
the gIl(n) generators e  ,i,j =1,...,n is completely
ij

. A . 3
determined from the relations (i = 2,...,n)1)
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€L (™=
i 1-2 i1/2
- + -
ioa| Mo Wty o OO U, 12y
z . (m) =,
. L-1 -)-1
= 1 -1 +1) (1 -1
y=a nk#j=1( koima gL ao O ii-a)
(14)
: , {m})=
v—-1,L
i 1~-2 1/ 2
- - -1
i=-1 nk:x(lkt lj,t-x)nkzt(lk,t-z 1j,L—1 )
-1 (m) e
j=1 I (.1 -1 y(1 -1 -1)

k#j=1 k,i-4 j,i-1 k,i-¢ j,i-1

The Lie superalgebra gl(n/1).In this case [see (9)]
r=n+l .
Proposition 4. Every typical gl(n/1l) module is essenti-
ally typical.
The representation of gl(n/1) is uniquely determined
from Eqs. (14) and the transformation of W([m]wu) under

the action of the odd generators e and

e ’
NN+l Nl ,n

which read

- 91 +...+8.L ‘o
e e gyt n -4,
ey (W=D 8 (-1)7 TR (-1)
n-1 1/2
nk:i(lk,n—i-lin-l)
X (m) , (15)

n in
1 -
Hk#i:i( k,n+1d li,n+i
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4 61 ..o 48, .
1= n t-4,n
en+1,n(m)-z‘2=1(1*ai,n)(_1) (-1) (li.,n-!-t 1n+1,n+1
n-4 172
M., A o)
n -in

1 -1
“k#t:i( k,n+d i,n+1

The Lie superalgebra gl(n/2). To obtain the GZ Dbasis
we set in (9) r=n+2. The tranasformation of a given
essentially typical fidirmod W{[m]} +2) is determined from

~

the relations (13)-(16) and the expressions

(m) =

n+i,Nn+2

. 1+...+e, it e‘ﬂ +...48
n Makd v=-4,n L+in nn
1- -1 -
r‘t=1 t,n+1( etn)( ) -1
1/2
-1 1 - -
n i,n+2 k,n+1)( L,n+2 1k,n+1 1)
31 (m) +
k=t 1N+t
(li.,n-i-z Ik,m-z)(li.,m-z kn 1)
1,2
+ | (2 -1 Y (1 -1 )l

NHLy N2 N+, N Nl N+ N2, n+2
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1 -1 1)(1 -
n (k,m-i n+ign+d ) k,n+d 1n+1,n+1
1l (m) ,  (17)
k= n+i,n+d
1 -1 +1}){1 -1 +1 ’
(kn N+l yn+i M k,n+2 n+4,n+t )
eh+2)h+1(M) =
. +1+,..+8, et 8'_'ﬂ +...48
n N i~-1,n N nn
r_ (1-8 )8, (-1) (-1)
=1 Lntt in
(1, -1 y(1. -1
L,nh+2 n+1,n+2 vV,Nn+2 Nn+2,n+2
4
. -1 -1){(1. -1
L,n+2 n+ti, n+4 L,n+2 n+i,n+14
172
1 - 1 - -1
( L, n+2 1k,n+1)( L,n+2 1k,n+1 )
n:._ m)_ ¢
il T SRS )1, -1 -1) “n
i,n+2 k,n+2 L,n+2 kn
+(1 -1 ) (1 -1 ) 142 (m) (18)

T+l g N+t N+l n+g Nl yntL NEZ N2 ={n+4),n+1
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