
161 

ESSENTIALLY IRREDUCIBLE REPRESENTATIONS OF THE LIE 

SUPERALGEBRAS sl(n/1) and sl(n/2) 

T.D.Palev 

Institute of Nuclear Research and Nuclear Energy 

1184 Sofia, Bulgaria 

ABSTRACT 

We consider a class of finite-dimensional irreducible 

representations of the Lie superalgebras sl(n/l) and 

sJ(n/2) for any n, which we call essentially 

irreducible. Within each such representation space we 

introduce a basis and write down explicit expressions 

for the transformation of the basis under the action 

of the generators 

The  L i e  s u p e r a l g e b r a s ( L S ' s )  s l (n /m)  b e l o n g  t o  t h e  c l a s s  

o f  t h e  b a s i c  L S ' s  i n  t h e  c l a s s i f i c a t i o n  o f  K a c t ) . T h e s e  L S ' s  

a n d  t h e i r  r e p r e s e n t a t i o n s  h a v e  b e e n  i n t e n s i v e l y  s t u d i e d  i n  

the last years (see, for instance, Refs.2 - 7 and the 

references therein). Nevertheless, there is still much to 

be done. In particular, the important from a physical point 

of view question to compute the matrix elements of the 

8-t2) 
generators has been solved so far only for some LS's . 

In the present paper we show how one can introduce a basis 

in a class of modules of the general linear LS gl(n/m) and 

hence of sl(n/m) for m=l,2 , which we call essentially 

t y p i c a l . W e  i n t r o d u c e  a p p r o p r i a t e  b a s i s  w h i t h i n  e a c h  

and  w r i t e  down e x p r e s s i o n s  f o r  t h e  t r a n s f o r m a t i o n  

h a s i s  u n d e r  t h e  a c t i o n  o f  t h e  g e n e r a t o r s .  

The LS gl (n /m)  c a n  b e  d e f i n e d  a s  t h e  s e t  o f  a l l  

m o d u l e  

o f  t h e  

s q u a r e d  
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(n+m)-dimensional matrices. We label the rows and the 

columns of these matrices with indices i,j,k=l,2,...,n+m. 

Assign to each index i a degree (i), which is zero for 

i:l,...,n and 1 for i:n+l,...,n+m. Let e E El(n/m) be a 
~j 

matrix with ] on the i-th row and the j-th column and zero 

elsewhere. The even (resp. the odd) part of El(n/m) is 

defined to be the linear span of all e, for which 
tj 

(i)+(j) is an even (reap. an odd) number.The multiplication 

( = the supercommutator ) [ , ~ on gl(n/m) is given 

with the linear extension of the relations 

--- 0 e [etj ekt ~ djkOi. t-  ( -  1 } t6"'÷'j'lC<k,÷d''l° 
' ~t kj 

(1) 

The LS sl(n/m) is a subalgebra of El(n/m) consisting 

of all those matrices a e El(n/m), whose supertrace (= str) 

v a n i s h e s , i . e .  

s l ( n / m ) : { a  I ~ g l ( n / m ) ,  s t r ( a ) = ~ : i ( - 1 ) < ~ ) a ~ = O } .  (2) 

The even subalgebra El(n/m) of El(n/m) is 
0 

g l ( n / m ) o = g l ( n ) e g l ( m ) : l i n ,  env. {ej t<£>÷Q>=even n u m b e r } .  ( 3 )  

L e t  e , e  , . . . , e  , r : n ÷ m ,  b e  a b a s i s  i n  t h e  C a f t a n  
i i  2 2  rr  

l 2 r 
s u b a l g e b r a  H o f  E l ( n / m ) .  D e n o t e  b y  e , e , . . . .  t e t h e  

$ 
c o n j u g a t e  t o  i t  b a s i s  f r o m  t h e  d u a l  s p a c e  H . 

L e m m a .  T h e  f i n i t e - d i m e n s i o n a l  i r r e d u c i b l e  m o d u l e s  

( = f i d i r m o d e s )  o f  gl(n/m) a r e  l a b e l l e d  b y  t h e  s e t  o f  a l l  

c o m p l e x  r - t u p l e s  
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[m] _= [m ,...,m ] , m -m e Z V i~n=l,...,r. 
r ir PP ~r ~+~,r + 

Then A = m e is the highest weight of the 
=i Lr 

corresponding fidirmod, which we denote by W([m] ). 
P 

Here and throughout the paper we omit the proofs. 

Let 

(4) 

1 = (-l)~0m + [n-il÷l-(i) V i~=l,...,r. 
~j t j  

Proposition l.The fidirmod W([m] ) is typical z) if 
r 

only if all numbers 1 ,I ,...,I are different. 
Ir 2r rr 

C o n s i d e r  t h e  c h a i n  o f  s u b a l g e b r a s  

(5) 

a n d  

gl(nlm)Dgl(nlm-1)D...Dgl(nlk)D...Dgl(nll)Dg1(n). (6 )  

Denote by W(nlk) any g1(nlk) module and let 

W(n/m)DW(n/m-1)D...DW(n/k)D...~W(n/1)DW(n) ( 7 )  

be a flag of submodules, corresponding to the chain (6). 

Definition. We say that the typical El(n/m} module 

W([m] )~ W(n/m) is essentially typical, if there exists no 
r 

flag (7) containing a nontypical g/(n/k) module W(n/k}. 

Proposition 2. The fidirmod W([m] ) is essentially 
r 

typical if and only if 

Ikre(in+1,r'In+1,r+l'In+1,r+2' . • . ,Irr) V k=l, • • • ,n. (8} 

P r o p o s i t i o n  3 .  As  a b a s i s  i n  t h e  

fidirmod W([m] ) with a highest weight 
r 

essentially typical 

~=im~r e~ A-- o n e  c a n  
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choose the set of all schemes 

( m )  

m ~ m ~ . . . p  m ~mrr Ir 2 r  r-i,r 

m ~ m ~ . . . I  m 
i , r - ~  Z , r - i  r - i ,  r - i  
. e e ~ . . I e e O o o m . e o i . e o ~ l l e e  

m m , . . . ,  m 

. ~ e . e o e m e e o e o D I e l  

m m 
1 2  2 z  

m 
t i  

w h e r e  t h e  n u m b e r s  m 
i r  

m t a k e  a l l  ~j 
c o n d i  t i o n s  

, (9) 

, . . . , m  a r e  f i x e d  ; t h e  o t h e r  n u m b e r s  
rr  

possible values, consistent with the 

(1) V j=l, • . • ,n-I and V p=n+l, . • . ,r 

m - m  = e  = 0,I ; 
~,p t , p - i  1 , ,p- i  

( l o )  

(2) V j = l , . . . , n - 1  a n d  V q = n + l , . . . , r  

mjq- mj+i, q e Z+ ; (II) 

( 3 )  V i ~ j = l , 2 , . . . , n - 1  a n d  i ~ j = n + l , . . . , r - 1  

m , - m. e Z , m. - m. e Z • 
~,j+t ~.j + ~,1 ~+ t ,  j + t + 

We call this basis a Gel'fand-Zetlin basis(GZ 

(12) 

b a s i s )  in 

W([m]  ) . E a c h  GZ b a s i s  v e c t o r  (m) i s  a w e i g h t  v e c t o r .  M o r e  
r 

p r e c i s e l y ,  

et~.  (m)=(Ek=Imk~ - ~.~=Imk,~_1)(m). ( 1 3 )  

T h e  t r a n s f o r m a t i o n  o f  t h e  GZ b a s i s  u n d e r  t h e  a c t i o n  o f  

t h e  g l ( n )  g e n e r a t o r s  e . .  , i , j  = 1 , . . . , n  i s  
tJ 

d e t e r m i n e d  f r o m  t h e  r e I a t i o n s  ( i  = 2 , . . . , n )  Is> 

completel7 
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et , t_i(m)= 

E 
j=i  

e 

r. 
j=i  

~ (1  k - 1  +l)~-Z(lk - 1  ) k= i  ~ j , k - i  = i  , ~ - 2  j , ~ - i  

~-i (i k -1 +1)(i -1 
~k~j=i ,~-i j,t-i k,t-i j,t-i 

( m ) :  

~ - Z  
~ ( lk -1 )~ (1 -1 -1) 
k=i j,~-i k=i k,~-z j,~-i 

t - i  ( i k  -1  ) ( 1  - 1  - 1 )  
~ k # j = i  , t - i  j , t - t  k , t - i  j , t - i  

i / Z  

(m) ,. , 
-J,C-i ) 

l lZ  

(m) j,~_ i " 

( 1 4 )  

The L i e  s u p e r a l g e b r a  g l ( n / 1 ) . I n  t h i s  c a s e  [ s e e  (9 )1  

r = n + l  . 

P r o p o s i t i o n  4.  E v e r y  t y p i c a l  g l ( n / 1 )  m o d u l e  i s  e s s e n t i -  

a l l y  t y p i c a l .  

The r e p r e s e n t a t i o n  o f  g l ( n / 1 )  is 

f r o m  Eqs .  (14)  a n d  t h e  t r a n s f o r m a t i o n  

t h e  a c t i o n  o f  t h e  odd  g e n e r a t o r s  e 

w h i c h  r e a d  

u n i q u e l y  d e t e r m i n e d  

o f  W([m] ) u n d e r  
n + i  

a n d  e , 

F'I 

~n,n÷i(m)=Et O , m ( - 1 )  

0 + . . . + 0 .  
~ - i  i n  t - i , n  

( - 1 )  

~ - i  - 1  - 1 )  

n ( l  - 1  
~ k ~ = i  k , n + i  ~ , n + i  

. i t Z  

11 (m)~n , (is) 
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e E~:£ tn r~+i,r (m) = ( l -e  ) ( -1)  
8 +.  • . +e .  

L-11_1) In , .- i ,  n ( i  - i  ) 
L ,n+i ~+i~n÷£ 

n-1 ~k= ~ ( lk  -1  ) 
,n-~ Ln 

(~ - i .  
~k@L=1 k,n+1 ~,n+1 

(m) 
-Ln ) 

(16) 

T h e  L i e  s u p e r a l E e b r a  g l ( n / 2 ) .  To o b t a i n  t h e  GZ 

we s e t  i n  (9) r = n + 2 .  T h e  t r a n s f o r m a t i o n  o f  a 

essentially typical fidirmod W([m]n+z) is determined 

the relations (13)-(16) and the expressions 

basis 

given 

f r o m  

e (m) = 

0 + .  e. + . . .  +e 
n 0 " ' + O L - i ' n + l ( - l )  t+i,n nn 

EL =I t,n+i ( l-O.~.n ) ( - I ) t,n+t 

( I  - I  ) ( I  - I  -1) I  */z 
£,n+2 k,n+i ~,n+2 k,n+i I 

( I  - i  ) ( i  - I  k -1) ] (m)L'n+i 
t,n+2 k,n+2 L,n+2 n 

+ 

+ l(l -i )(I -I )j~/2 
n+£ ~ n+2 n+i j n+i n+l j n+l n+2,n+2 
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1]k= i 

(1 - 1  + 1 ) ( I  - i  
k,n+i n+Isn+l k,n+i n+~,n+i 

(Ikn-I +l)(Ik, +I) n+i,n+i n+2-ln+i~n+i 

) 

(m) 
n+~,n+i 

(Iv) 

e (m) = 
n+2  ~ m+t 

-~En-i ( 1-0.  
- ~,~+£ 

O +... +e e. +... +e 
) O. ( - 1 ) i ,n+i  i . -t ,n+t ( _ 1 ) ~,+i,n nn 

I,n 

(1 -1 )(1 -i ) 
~,n+2 n+£,n+Z ~,n+2 n+2,n+2 

( 1  - 1  - 1 ) ( 1 .  - 1  ) 
~,~+2 n+£,n+i ~,n+Z n+i,n+i 

l'lk#i.= t 

(1 -I k )(1 -1 k 1) £,n+2 ,n+£ £,n+2 ,n+i- 

(I -I )(I -I -1) 
~,n+2 k,n+2 £,n+2 kn 

I/2 

(m) . + 
-%.,r*+i 

-i (1 -i ) I J'/Z(m) 
+ I (/n+i ~ n+i n+i, n+i ) n+i t n+f n+2,n+Z -(n+i),n+i 

( 18 )  
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