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Abstract

We consider various aspects of effective gravitational theories, including supergravity,
within the framework of the blackfold approach. The thesis is naturally split into three
parts. In the first part of the thesis, we explore the blackfold approach and explain how it
is possible to write down an effective theory for higher dimensional extended black holes in
a fluid /elastic perturbative derivative expansion. Moreover, we show that the approach is
quite universal and can be extended to various supergravities. Finally, we consider a new
generalization of the method, which allows us to treat (SUGRA) probe branes in fluxed
dilatonic backgrounds. In the second part, we construct and analyze thermal spinning
giant gravitons in IIB/M-theory. The analysis employs the thermal brane probe method
based on the blackfold approach. In addition to heating up the solution, and examining
the effects from having a non-zero temperature, we also switch on new quantum numbers,
namely internal spins along the directions of the wrapping sphere. We examine the effects
of this new type of excitation and in particular analyze the physical quantities in various
regimes, including that of small temperatures as well as low/high spin. As a byproduct of
our analysis, we find a new stationary dipole-charged black hole solution on the AdS x S
backgrounds of type IIB/M-theory. We finally consider, via a double scaling extremal limit,
a novel null-wave zero-temperature giant graviton exhibiting a BPS spectrum. Finally, in
the third part of the thesis, we switch focus and consider long-wavelength perturbations
of charged black branes. More specifically, we consider hydrodynamic fluctuations of the
black p-brane solution of Einstein/Maxwell gravity in D = p 4+ n 4+ 3 dimensions. We
extract the first order dissipative transport coeflicients from our perturbatively corrected
solution, including the modified shear and bulk viscosities, and a new transport coefficient
associated with charge diffusion. Having obtained the transport coefficients, we consider
some of the usual hydrodynamic bounds and show that the shear viscosity to entropy
bound is saturated, as expected. We also consider some of the proposed bounds for the
bulk viscosity which are found to be violated in certain regimes of the charge. We finally
compute the next-to-leading order dispersion relations for the effective fluid. For small
values of the charge, the speed of sound is found to be imaginary and the brane is there-
fore Gregory-Laflamme unstable, as expected. For sufficiently large values of the charge
density, the sound mode is found to be stable, however, in this regime the hydrodynamic
mode associated with charge diffusion is found to be unstable. The electrically charged
black brane is therefore found to be (classically) unstable for all values of the charge in
agreement with thermodynamic arguments.
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Introduction

Since its discovery, almost one hundred years ago, general relativity has been studied in
great detail and has been used to probe the large scale structure of the observable universe
with great success. Black holes show up as an inseparable part of general relativity as a
mathematical consequence of Einstein’s field equations. These objects, by now observed in
abundance in nature [4], represent a locale of spacetime of extreme (ultimatively singular)
curvature. As is well-known, many properties of four dimensional black holes have been
established throughout the years. In particular, four dimensional black holes are known
to be completely determined by their mass, angular momentum, and electric charge [5].
Moreover, upon closer inspection, black holes are found to be essentially thermal in nature;
they radiate, the have an entropy and they even have an associated first law of thermody-
namics [6; 7]. Although tremendous work has gone into understanding the nature of black
holes, they are still profoundly mysterious. Despite the fact that Nature seems to hide sin-
gularities behind event horizons, the smooth geometric structure of spacetime must break
down in regions where the curvature approaches the Planck length i.e. close to the black
hole singularity. Moreover, the thermal properties of black holes and their uniqueness
theorems do not seem to be compatible in a quantum setting, information is lost. This
is the (in)famous black hole information paradox. Finally, the entropy of a black hole is
proportional to the area of its event horizon. Since, in general, the entropy of a system is
a measure of the internal degrees of freedom, this is a very weird result. The informational
content of a black hole seems to be entirely contained in surface fluctuations of the event
horizon.

These issues should all be explained by a satisfying quantum theory of gravity. As is
well-know, general relativity is notoriously incompatible with the framework of quantum
theory. Instead of directly quantizing classical gravity, general relativity is seen as a low en-
ergy effective description of the “true” (quantum) theory of gravity. The modern approach
to quantizing gravity is therefore proposing the quantum theory, requiring it to be mathe-
matically consistent and that it contains Einstein’s theory in the low energy effective limit.
One such proposal is string theory (or more generally M-theory) [8]. Although not veri-
fied (directly or indirectly) experimentally, string theory provides a promising framework
for unifying gravity and quantum mechanics. String theory correctly reproduces general
relativity viz. supergravity in the low energy effective description, albeit in higher dimen-
sions. Indeed, higher than four spacetime dimensions seems to be an essential property of
quantum gravity. This has sparked a large interest in higher dimensional gravity. Indeed,
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understanding the classical regime of any theory is vital for understanding its quantum
aspects. Of particular interest to string/M-theory, and their related supergravities, are p-
branes which, much like the black hole in four dimensions, show up as soliton-like classical
solutions to the supergravity equations of motion [9]. On the other hand, these objects
admit a dual description as (non-perturbative) excitations of the quantum theory. For in-
stance, the D-branes of string theory manifest themselves as extended hypersurfaces whose
quantum dynamics is described in terms of open strings whose ends are constrained to end
on them [10]. The dual description of D-branes in terms of supergravity (closed strings)
and gauge theory (open strings), along with the expectation that these two descriptions
essentially contain the same physics (heavily aided by powerful theorems in supersymme-
try), has lead to many fascinating results and insights e.g. the microscopic counting of
black hole entropy [11] and the celebrated AdS/CFT correspondence [12-15].

The AdS/CFT correspondence is the best understood manifestation of the holographic
principle which (in its original formulation) predicts the equivalence between IIB string
theory on AdSs x S® and A/ = 4 Super Yang-Mills, a conformal field theory, defined on
the four dimensional projective boundary of AdSs. Most studied in the planar limit, the
AdS/CFT correspondence has been used to gain new insights into the nature of strongly
coupled field theories. Although N' = 4 SYM is not a viable theory for any real-world
quantum system, for obvious reasons, it has still been used to give qualitative predictions
for various strongly coupled real-world systems that are realized in the laboratory. In this
way the AdS/CFT correspondence has provided applications for string theory and higher
dimensional gravity outside high energy theoretical physics. In particular we mention
the predictions for the quark-gluon plasma (AdS/QCD) [16] studied at various colliders
and condensed matter systems (AdS/CMT) [17] including superconducting physics [18].
Related to the holographic study of the quark gluon plasma is the hydrodynamical limit of
AdS/CFT also known as the fluid/gravity correspondence [19-22]. Here one considers the
limit of the dual CF'T where it is completely thermalized and have an effective description
in terms of hydrodynamics. This hydrodynamic behavior is captured by, through the
correspondence, long-wavelength fluctuations of the AdS black brane. Reversing the logic,
this allows one to extract the hydrodynamic properties of the dual CFT characterized by
a set of transport coefficients providing a holographic explaination for the experimentally
observed very low viscosity of the quark-gluon liquid.

In context of the AdS/CFT correspondence, probe F-strings and D-branes, typically
related to heavy operators on the gauge theory side, have played an important role for
uncovering the nature of the duality. In particular, the intricate interrelation between
the “blowing up” behaviour of multiple coincident probes [23; 24] (at large energies) and
the non-(linear/Abelian) structure of the DBI action has been studied in great detail. In
this context we mention the giant graviton configuration [25-27] (blown up from a point
particle probe) as well as the D3/D5 description of the multiple wrapped Wilson loop [28]
(blown up from a sting probe). The success of relating DBI probes to gauge theory ob-
servables has naturally lead to the use of probe string/branes in thermal backgrounds, i.e.,
hot AdS or an AdS black hole background, in order to gain insight into various aspects of
thermal strongly coupled theories. Applications include the study of meson spectroscopy
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at finite temperature including the melting phase transition of mesons and other types of
phase transitions with fundamental matter (see e.g. [29; 30]).

This thesis is centered around the so-called blackfold approach and some of its appli-
cations. The blackfold approach has been used to construct new approximate black hole
solutions with exotic horizon geometries [31-37]. Moreover the approach has been used to
map the effective dynamics of black holes to that of fluids and solids [3; 38-47]. Finally,
as will be explained in the following chapters, the blackfold approach has provided an
alternative framework for treating (thermal) probe branes in string/M-theory [48-53] and
in AdS/CFT [1; 2; 54]. The blackfold approach is an effective long-wavelength theory for
extended black objects in two-derivative Einstein gravity (including supergravity). The
approach builds on the universal principle that when a system exhibits two widely sep-
arated scales, the dynamics should simplify and be captured by an effective theory in a
perturbative expansion. The situation is well-known. We consider here two examples. 1)
Consider the classical theory of hydrodynamics. Here the, in general extremely compli-
cated, short-wavelength physics of the underlying system can be integrated out when the
mean free path of its constituents is much smaller than the scale of which the system is
probed. This leaves a long-wavelength fluid dynamical effective theory whose (universal)
effective equations are just the conservation equations of energy and momentum. The
situation is reminiscent of that found in the fluid/gravity correspondence. Here the fluid
dynamic (derivative) expansion on the field theory side applies when the length scale of
the fluctuations of the AdS black brane is much larger that the length scale set by the
(inverse) temperature of the dual field theory. However, effective descriptions of black
holes in terms of hydrodynamics are not expected to be confined to AdS black holes and
holographic setups. Indeed, fluid dynamics is the natural generalization of the global ther-
modynamics for any black hole, including asymptotically flat ones. i) Another relevant
example is the effective motion of a “small” black hole. If we consider a black hole propa-
gating in some background that varies on scales much larger than the horizon radius, it is
well-know (or at least in accordance with intuition), that the black hole can be given an
effective description in terms of a probe point particle whose effective dynamics is nothing
but the geodesic equation (and mass conservation) in the given background [55]. In a
nutshell: The blackfold approach is the natural synthesis of i) and ).
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Outline of thesis

The thesis is naturally split into three parts. A part concerning the development of the
blackfold approach along with an analysis of blackfolds in external fields (Chap. 1), a part
concerning a concrete application of the effective methods to thermal (spinning) giant
gravitons (Chap. 2), and finally a part concerning the hydrodynamics of charged black
branes (Chap. 3). Each chapter is structured as follows.

e In chapter 1, we review the blackfold approach and explain how the effective theory
can be used to construct new approximate black hole solutions exhibiting non-trivial
horizon topologies. Having reviewed the basic ideas, we explain how the effective
theory naturally is extended to more general settings including supergravity. Finally,
we extend the formalism to blackfolds embedded in dilatonic flux backgrounds.

- The blackfold review aims to give an original presentation of the blackfold approach
developed in the papers [31; 36-38; 40; 44; 46; 56; 57]. Moreover, the chapter contains
a subset of results which will be presented in the future publication [58].

e In chapter 2, we apply the blackfold approach to study the giant graviton solution on
AdS,, x S™ in IIB/M-theory as the background is heated up to finite temperature,
using the method of thermal branes originating from the blackfold approach. More-
over, the thermal approach allows us to switch on new quantum numbers, namely
internal spins in the directions parallel to the configuration. We start the chapter
out by motivating the approach and reviewing the usual DBI giant graviton. We
then move on to heating up the configuration and examine the effects from finite
temperature and spin. Finally, we consider a novel extremal double scaling limit
leading to a zero-temperature null-wave giant graviton, exhibiting a BPS spectrum,
which does not have an analogue in terms of the conventional weakly coupled world-
volume theory.

- The results are based on the papers [1; 2].

e In chapter 3, we consider intrinsic long-wavelength fluctuations of charged black
branes along the directions of the worldvolume. More specifically, we consider
the asymptotically flat Maxwell charged black brane (which we dub the Reissner-
Nordstrém black brane) of general spatial dimension and co-dimension. We analyze
and solve the full set of Einstein/Maxwell equations to first order in a derivative
expansion by requiring horizon regularity and asymptotically flatness. From the
obtained solution, we compute the transport coefficients of the effective blackfold
fluid including a new transport coefficient associated with charge diffusion. We then
move on to discussing some hydrodynamic bounds and finally we compute the next-
to-leading order dispersion relation of the black branes hydro modes and discuss its
stability properties.

- The results are based on the paper [3].

e In chapter 4, we summarize the obtained results and mention some open problems
and future directions.



1 The blackfold approach

1.1 Introduction

In this chapter we introduce the blackfold approach [31; 36-38; 40; 44; 46; 56; 57], which
has been used to probe the effective dynamics of various black hole solutions (in certain
regimes), and to construct a wealth of new (approximate) black hole solutions. According
to the well-known no-hair theorem of black hole physics, all (regular), stationary, asymp-
totically flat solutions to the Einstein-Maxwell (EM) equations in D = 4 dimensions fall
into the Kerr-Newman family of solutions, and are thereby uniquely determined by their
mass M, angular momentum J, and electric charge @ [5]. In particular, the only possible
topology of the horizon of a stationary black hole in D = 4 is spherical i.e. that of an S2.
In D = 4, the black hole phase structure is therefore very simple, as there is only one phase
available. However, in higher spacetime dimensions D > 5, the phase structure becomes
much richer. Already in D = 5, the phase structure becomes significantly more compli-
cated. Besides the usual Myers-Perry rotating black hole solution with horizon topology
S3 [59], the asymptotically flat black ring solution (horizon topology S x S2), was found
by Emparan and Reall in [60]. Moreover, [60] found a range of values for the mass and
angular momentum for which there exists a rotating Myers-Perry black hole solution, as
well as a black ring solution (actually two ring solutions). Later D = 5 black ring of EM
theory (and more generally of Einstein-Maxwell-Dilaton (EMD) theory) was found in [61].
The uniqueness theorems of four dimensional gravity do therefore not extend to higher
dimensions. In general, finding black hole solutions to Einstein gravity in D > 4 is highly
non-trivial task due the tremendous complexity of the equations of motion. Unfortunately,
the techniques used in D = 5 are not available in D > 5, however, approximate meth-
ods exist in D > 5 spacetime dimensions. One method, which will be considered in this
thesis, builds on the simple observation that in certain regimes of solution space, higher
dimensional black holes exhibit a clear separation of scales. In general in D dimensions a
(neutral) black hole has two length scales associated with its geometry determined by its
mass M and angular momentum J,

Oor ~ (GM)D=3 | 0y~ J/M . (1.1)

For small angular momenta ¢; < £,;, the physics of the black hole is expected to resemble
that of the D dimensional Myers-Perry solution. The regime where the two length scales
are of the same parametric order £; =~ f;; contains new very non-trivial black objects
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e.g. the black ring. This regime involves the full non-linearity of general relativity and
is in general very hard to access using analytical methods (however, various classification
schemes exist, see e.g. [62] and related works). Finally, we can consider the regime where
ly < £y. In this regime, corresponding to the wltra-spinning regime of solution space,
the black hole horizon topology exhibits widely separated scales in different directions.
This is in accordance with intuition; for very large angular momentum, the “centrifugal”
pull, due to rotation, forces the radius of the black ring to become very large (compared
to the horizon thickness), and the black ring locally looks like a boosted black string.
Similarly, in the ultra-spinning limit, the Myers-Perry black hole “pancakes” along the
plane of rotation and locally looks like a boosted black brane [63]. It is worth noticing
that, while the ultra-spinning regime can always be reached in D > 4, it does not exist
in D = 4. Indeed, in D = 4, the Kerr bound requires that J < GM?, so £; < {j;. In
conclusion, in certain regimes of solution space, complicated black hole solutions exhibit
a horizon topology where some directions are much larger than others. In this regime
the black hole locally looks like a (boosted) piece of black brane/string. This suggests
that, in certain regimes, black hole physics can be understood in terms of an effective
long-wavelength theory. This effective long-wavelength theory is the blackfold approach.

The reduction of a physical theory to a simpler effective theory, when the system ex-
hibits two widely separated scales, is well-known in physics. Indeed, the quintessential
example of an effective theory is hydrodynamics. Here the, in general extremely com-
plicated, short-wavelength physics of the underlying system can be integrated out when
the mean free path of its constituents is much smaller than the scale of which the system
is probed. This leaves a long-wavelength fluid dynamical effective theory whose effective
equations of motion are nothing but the conservation equations of energy and momentum.
Another example is the effective description of the Nielsen-Olesen vortex of the Abelian
Higgs model [64]. In general these string-like objects can bend and fluctuate and their
full non-linear behavior is extremely complicated. However, when one considers defor-
mations which are much larger than the radius of the vortex, the effective dynamics is
well-captured by the Nambo-Goto string action. Another well-known example of an effec-
tive theory comes from string theory and the theory of D-branes. In string theory D-branes
are introduced as planes where open strings can end. It is well-known that D-branes are
not static but dynamical objects in their own right, however, their full non-linear dynamics
is again very complicated. If we consider the limit where the deformations of the D-brane
(in both worldvolume embedding and fields) occur on length scales that are much larger
than the string length £, the short-wavelength degrees of freedom can be integrated out
to yield the Dirac-Born-Infeld (DBI) effective action for D-branes [65].

Along these lines, we seek to develop an effective gravitational theory of perturbed
black branes. Instead of considering various ultra-spinning limits of known black hole
solutions, in the blackfold approach we turn the picture around and write down a long-
wavelength effective theory which tells us how to bend/perturb black branes. In essence,
the blackfold approach therefore tells us how to consistently glue small pieces of boosted
black branes together into a global (approximate) solution to a given order a perturbative
expansion. In this way, the blackfold approach is very powerful for probing various limits of
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certain black holes whose solutions are not known for the entire region of parameter space
(i.e. spin, charge, etc.), with the black ring in D > 6 being the quintessential example.
When writing down the effective blackfold theory, we shall rely heavily on the intuition of
gluing flat black branes together which in turn is inspired by ideas from the fluid/gravity
correspondance [19] and Carter’s brane dynamics [66].

Notation: In the following we will use the standard notation used in the literature.
The total spacetime dimension is denoted D and we use Greek letters u,v,... to denote
spacetime indices. The background metric is denoted g, and the corresponding covariant
derivative is denoted V.

In general, we use p to denote the spatial dimension of a given blackfold configuration
(constructed from p-branes). Moreover, the dimension of the (small) transverse sphere is
denoted by n + 1. In this way, the co-dimension of the blackfold is n + 2. Also note that,

D=n+p+3. (1.2)

The volume of the transverse unit sphere S"*! is denoted Qns1)-

Blackfold indices are denoted by Latin letters a,b,... . We will use ¢ to denote
the coordinates on the blackfold and the embedding functions are denoted X*#(c%). The
collected worldvolume geometry of the blackfold is denoted W, 11 and the spatial part of
Wp+1 is denoted B, so that W,,11 ~ time x B,,. Moreover, we shall reserve R to denote the
characteristic extrinsic scale of W, 11 (i.e. characteristic radius of curvature of B,). The
induced metric on W, 11 inherited from g, is denoted v, and the corresponding covariant
derivative on W,41 (from ~,,) is denoted by D,. Finally, we denote the Hodge dual on

Wpt1 by *(pt1)-

1.2 The effective blackfold theory

In this section we explain the basics of the blackfold idea and argue how the effective
dynamics of a generic black brane can be replaced by that of a fluid brane i.e. a localized
submanifold with a (fluid) stress tensor on its worldvolume, when the brane exhibits a
large separation of scales, g < R. We also argue that the effective stress tensor T,y is of
the quasi-local type and explain how it is computed. The ideas presented in this section

were first considered in [56; 57].

1.2.1 The blackfold expansion

We consider a quite general theory of two-derivative Einstein gravity,

1
I_IGWG/*R—FIM' (1.3)

Here I; denotes a generic action which describes potential matter fields of the theory and

their coupling to gravity (which could be zero i.e. pure Einstein gravity). The equations

of motion (EOMSs) corresponding to the action S are

1 2 6lu

g/u/ = Ruu - 7guV,R' =81 Tuu ) Tuu = _ﬁw )

> (1.4)
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where we use boldface T',,, to denote the gravitational stress in order to distinguish it from
the effective blackfold stress tensor T,; introduced below. A large class of asymptotically
flat exact black brane solutions to these equations are know for many theories (see e.g.
[67]).

In general a black brane solution is characterized by its spatial dimension p, a transverse
sphere S"*! (so that the total spacetime dimension D is given by D = n +p + 3), and a
set of geometric parameters collectively denoted ®. In general ® consists of the radius rg
of the transverse S™ corresponding to the black brane horizon, a boost velocity u* of the
brane or equivalently the null Killing vector on the horizon, a set of charge parameters
(depending on the matter content of the theory), and finally the embedding coordinates
X+ of the black brane,

® = {ro,u",...; X} . (1.5)

Here the ellipsis denotes the presence of possible charge parameters.! As explained in the
introduction, in the blackfold approach we promote the collective brane parameters ® to
worldvolume fields & — ®(0?) write down the effective gravitational theory as a derivative
expansion in these fields,

d — B(0?) = {ro(c?),u"(c?),... ; X (c")} . (1.6)

In order to handle the perturbative expansion, we introduce the notion of effective black-
fold currents. Here we will concentrate on the effective stress tensor, but other (matter)
currents follow the same principle and will be treated in Sec. 1.5. In the blackfold ap-
proach we replace the effective dynamics of the (slightly perturbed) black brane by a set
of localized conserved currents sourcing the long-wavelength fields of the (perturbative)
gravitational solution. In more detail, we assume that the metric splits up into a short-
wavelength component and a long-wavelength component, g,,. The short-wavelength
component of the metric lives close to the brane while the long-wavelength component
9w Permeates the entire spacetime. The effective action and associated stress tensor and
currents are then obtained by integrating out the short-wavelength degrees of freedom of
the black brane. Schematically,

1
I[guuaq)] ~ M/*R+Ieff[guuaq>] ’ (17)

where the effective action Seg[g,., ] comes from the coupling between the short-wavelength
component and the long-wavelength component. Due to the wide separation of scales, we
assume that the coupling is localized to a small neighborhood of brane; the blackfold. We
denote the (to leading order infinitely thin) submanifold spanned by the black brane by
Wp+1. The interaction can then be written

Lot gy, @] = /

Wh+1

*(p+1) Leggyw, P| = /W oy Lett[gpw, ()] , (1.8)
'p+1

! As reviewed in Sec. 1.5 for the Dp-brane there is one charge parameter @, while for more general
p-brane bound states there will be additional charge parameters (or more properly currents) corresponding
to the distribution of lower-form brane currents dissolved on the worldvolume. In general this also includes
the possibility of transverse spin on the S"*1 (thus breaking the symmetry in the transverse directions),
however, transverse spin will not be considered in this thesis.
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Here the geometry on the worldvolume of the blackfold W, is the one that is induced
by g,. Therefore, denoting the embedding functions of W, 41 by X*#(c%), the induced
metric v, and extrinsic curvature K abp are given by

Yab = Guv O XM Op X" ; Kabp = —0, X 0, X" v# J_V p, (19)

We refer to App. A for details on the induced geometry on W, 1. We can now associate
an effective stress tensor to the worldvolume in the usual manner

g _ 2 0L
eff /Tg 5g;w .

This is in itself not a very useful expression for the blackfold stress tensor. However, the

(1.10)

fact that the gravitational coupling is localized allows us to compute the stress tensor
using well-known techniques as we will now explain.
1.2.2 The quasi-local worldvolume stress tensor

In the infinitely thin approximation, only directions tangential to W, will play a role
and the effective stress tensor (1.10) takes the form

Tab — _L 5Ieff '
=Y Ve

We will now argue that the effective stress tensor Tgflf’ is exactly the quasi-local stress tensor

(1.11)

originally introduced by Brown and York [68]. In order to see this we enclose a small
neighborhood around a given point on the brane by a timelike boundary hypersurface and
identify the effective action Seg with the classical on-shell gravitational action (of that given
region). In practice we imagine that we place the (transverse part of the) hypersurface
at the sphere S™*! of radius r. In order to capture the full effective dynamics, we must
take 7 > 1, and eventually let 7 — oco. Moreover, notice that far away from the brane,
r > 10, the geometry of the boundary hypersurface (in the brane directions) is just that of
Wp+1 while the metric reduces to that of the background. In this way the induced metric
from the gravitational solution on the boundary hypersurface, in the brane directions, is
just that induced by the background on the geometry W, 1, which is exactly how v,
was defined (cf. Eq. (1.9)). The effective stress tensor is therefore precisely recognized
as the Brown-York quasi-local stress tensor, Te“f? = T(“é’y). The quasi-local stress tensor
is computed according to the usual prescription by integrating over the transverse sphere
SZ}—H,

TéEY) = lim Tap ~ lim "7y, . (1.12)
r—oo Jgn+tl r—00
Here 7, is the combination
167Gryp = (@ab — habG)) — counter terms . (1.13)

where @, is the extrinsic curvature associated to the enclosing surface, hg, is the induced
metric, and © = h,;,O%. As is well-know, since the extrinsic curvature contains terms that
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diverge as r — 00, a set of counter terms must be included in order to render 7, finite
[69]. In Minkowski spacetimes these counter terms can be introduced by the standard
background subtraction method [38; 57], however, special care must be taken in the case
of charged black branes [3; 36] (for a more systematic treatment of counter terms in the
blackfold approach see Ref. [70]).

1.2.3 The spacetime blackfold stress tensor

Equivalently, to leading order in the blackfold expansion, the stress tensor T,, can be
computed using the usual ADM prescription [71]. The method builds on the principle
of equivalent sources and the stress tensor is simply computed by determining the stress-
energy distribution that sources (1.4) to linear order (around the background g,,). In
essence, the stress tensor (1.11) replaces the (local) effective gravitational dynamics of the
(perturbed) brane on scales 79 < r < R. On scales ~ R the total effective stress tensor
(denoted by hat) is thus given by [40]

Ty () = /W o=y ( (1.14)

p+1

Ty (0) 6P (2 — X (0))
V=9 '

The worldvolume scalar T}, is tangential to W, and is related to the (local) effective
stress tensor (1.11) under the natural identification

T = 9, X X" T, 1, T =0. (1.15)

Notice that the stress tensor (1.14) is manifestly diffeomorphism invariant. As we briefly
discuss below, the stress tensor (1.14) is in fact only the monopole contribution to the full
effective gravitational stress tensor. Dipole (and in general higher multipole) corrections
show up at higher order in the small blackfold expansion parameter ¢ = ry/R, and will
not be relevant for the applications considered in this thesis.

1.2.4 The blackfold equations of motion

Here we discuss the blackfold equations which govern the effective black brane dynamics
to leading order in the derivative expansion (1.6). The study of generic brane theories,
i.e. theories confined to supporting worldsheets of lower dimension than the background
spacetime, was originally carried out by Carter in [66], and many of the considerations of
this work carry directly on to the blackfold approach, however, with the important input
that the worldvolume black brane effective stress tensor is provided by gravity.

In order to derive the blackfold equations of motion, we rely on the fundamental
assumption that the worldvolume effective theory exists and can be consistently coupled
to gravity, or equivalently, that spacetime diffeomorphism invariance of the effective theory
holds. In the probe approximation, where the black brane does not back-react onto the
background spacetime geometry g,,, and in the absence of external background fluxes,
this assumption then translates into the condition that the effective blackfold stress tensor
(1.14) is covariantly conserved,

v, T" =0, (1.16)
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where V,, refers to the background. Notice that when the blackfold carries charge, this
equation is supplemented by a set of (charge) current conservation equations, see sec.
1.5. The conservation equation (1.16) (+ potential charge current conservation equations)
determines the (leading order) EOMs for the collective worldvolume fields ®(c®) captured
by the stress tensor T, and extrinsic curvature K abp . To see this, we project (1.16) onto
directions tangential and orthogonal to the worldvolume W, 1. The conservation equation
decompose according to (see Eq. (A.18))

The D spacetime equations (1.16) therefore split into p+ 1 worldvolume equations parallel

((%X“ (DaTab> n T“bKab“> —0. (117

to Wp+1, and n + 2 equations orthogonal to W1,

D,T% =0 (intrinsic) ,

— o (1.18)
T*K," =0 (extrinsic) .

The first equation is hydrodynamic nature and is simply the statement that the world-
volume effective stress tensor is conserved along the directions of Wy,11. It is referred to
as the intrinsic equation. The second equation is of elastic nature (see Ref. [41] for an
(relativistic) elastostatic interpretation) and can be interpreted as a balancing condition
for the blackfold worldvolume in the given background. It is referred to as the extrinsic
equation. We end this section by noting that the two blackfold equations (1.18) have a
clear interpretation: They are the higher dimensional p-brane generalization of the point
particle geodesic equation, u#d,m = 0, mut = 0.

1.3 The effective blackfold fluid

In general the monopole stress tensor is of hydrodynamic nature with time evolution
described by dissipative fluid dynamics. In the absense of time evolution, the configuration
is stationary, and the effective stress tensor should thus be described by a perfect fluid
stress tensor. This is indeed the case: Following [42], there is a natural way to see that
the effective stress tensor of a stationary blackfold must necessarily be that of a perfect
fluid. In the following we assume the configuration to be in thermal equilibrium with
the surroundings with temperature 7. In general, stationarity requires a high degree of
symmetry of the embedding geometry and configuration. The stationary configuration
is therefore characterized in terms of the embedding X, the induced geometry 7., a
(timelike) Killing vector k®. The latter statement will be justified from a fluid dynamic
perspective below in Sec. 1.3.3. The only natural scalar one can construct from this data
is k = (—yapk®k?)1/2.2 Therefore, the action must be of the form

I[X"] = L(V/=7,k,T) = dP o/ =y No(k, T) . (1.19)

Wh+1 Wr+1

2This argument applies for neutral blackfolds along with Maxwell charged (¢ = 0) and top-form charged
(¢ = p) blackfolds. When lower form currents (0 < ¢ < p) are introduced on the worldvolume, there are
additional (spacelike) vectors defining the stationary flow, see Sec. 1.5.6.
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We now consider variations of the embedding, X* = ®%§, X* + ®'n!" where n!" denotes
the 7th normal vector of W, 11. Under small variations the induced metric changes with a
Lie derivative according to

.f"yab = 2D(aq)b) — 2Kabi¢)i . (12())

Performing the variation of the action (1.19) wrt. the embedding X*, keeping the com-
ponents k% and the temperature 7' fixed, then yields

ol = _/derlU - |:Da (Tab(l)b) n (I)bDaTab - TabKabi(I)i (121)

where T is the effective stress tensor (1.11) evaluated using the stationary action (1.19).
We now demand the variation to vanish. The first term is a total derivative and in order
for the variational problem to be well-posed, we require that T abna\awp 41 = 0, where n¢
denotes the normal vector at the boundary OW,1. After this, the two equations coming
from requiring 6/ = 0, are recognized as the intrinsic and extrinsic blackfold equations
(1.18), respectively. However, we emphasize that the blackfold equations in general also
are valid outside the stationary regime.

As advocated above, the action of the form (1.19) directly implies perfect fluid dy-
namics expected for stationary configurations. To see this, simply notice that dk =
—k/2uubdvy,, with u® = k%/k. We then have

v 2 O (k, T)y® + Ay (k, T)ku®u® (1.22)
V=7 0Vab o o ’ ’
where \j(k) denotes the derivative of \g(k) wrt. k. The stress tensor (1.22) is recognized
as that of a perfect fluid (fluid velocity u?, u,u’ = —1),

T = ou®u® + PA™ A% =%yl (1.23)

under the identifications

d (Ao(k, T)k)

P=-\kT), o= Ik

1
, s= T)\{J(k,T)kQ . (1.24)

The expression for the entropy density s follows from assuming the Gibbs-Duhem relation
0+ P = Ts and using the fact that the local temperature 7T is given by a simple redshift
T = T/k for stationary flows (see Sec. 1.3.3). Finally, notice that the intrinsic equation
D,T% = 0 is trivially satisfied for the stress tensor (1.22), as expected (by virtue of
Killing’s equation).

1.3.1 The neutral black brane

Here we compute the effective fluid of the simplest black brane solution, namely that of a
neutral boosted (boost velocity u®, ugul = —1) black p-brane of pure Einstein gravity,

ds? = (Aap — f(r)uqwp) dodo® + f71(r) dr? +7°d9Q7, 1y, a=0,1,...,p, (1.25)
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where .
r
fr)y=1- (ﬁ) and A% = 5% + u®uy . (1.26)
r
2
(n+1)
denotes the metric on the transverse unit (n + 1)-sphere, and indices are raised/lowered

Here A,y is the projector onto directions orthogonal to u® in the brane directions, df2

using the induced (flat) geometry on the brane i.e. with 74,. It is easy to evaluate (1.12)
for this particular solution. The stress tensor T, is found to be that of a perfect fluid with

Qn1) 1
= —= Diry P=— .
0= Tong TG nt1°

Notice that the pressure P is negative in accordance with the intuition that gravitation is

(1.27)

attractive. Using familiar techniques [72], it is straightforward to compute the temperature
T and entropy density of the black brane,

= " s S = Q(n+l) T'g+1
47ry 4G

It is easy to verify that the thermodynamic quantities satisfy the usual first law along with

(1.28)

the thermodynamic Euler relation
do=Tds, w=o+P=Ts. (1.29)

These two relations are of course nothing but the local density generalizations of the usual
black hole thermodynamics.

1.3.2 Dissipative corrections

Perturbations longitudinal to the worldvolume are generically of hydrodynamic nature
meaning that i) the effective dynamics is captured by a hydrodynamic derivative expansion
in the worldvolume fields. i) The effective dynamics is governed by energy-momentum
conservation D,T% = 0 of the (in general dissipative) fluid stress tensor.?

Following the usual procedure of relativistic fluid dynamics [73], to any given order n

in the derivative expansion, we decompose a general fluid stress tensor according to
b __ b b +1
T6) = Ty +11{,, + O (D) (1.30)

Here II,;, is the viscous part of the stress tensor and contains derivatives up to order
O(D™) while Tég) denotes the O(DP) perfect fluid stress tensor (1.23). To first order in the
derivative expansion, the viscous stress tensor is determined by two transport coefficients,
and is given by the familiar expression

H?{)) = _2770_ab _ CﬁAab 7 o — Acc <D(cud) _ 2Acd> Adb (1.31)

Here 0 is the shear tensor, 1 = D,u® is the fluid expansion.* The coefficients 1 and ¢ are
respectively the shear and bulk viscosity transport coefficients. Similarly to second order

3When the brane/fluid is charged these equations are supplemented by one or more charge conservation
equations, see Chap. 3.

4Notice IT,p is written in the canonical gauge u I =0 (Landau frame). Also note that for conformal
fluids I1%, = 0 and the bulk viscosity ¢ must necessarily vanish.
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in the derivative expansion the stress tensor is characterized in terms of 10 (independent)
transport coefficients [74; 75]. In general, at order n in the derivative expansion, the
dynamics of the fluid is then given by energy-momentum conservation of the order n — 1
stress tensor,

0+ wd + ug DpII)

wi® — YD, P + A“bDCH‘(zg_l)

O(D™): DI ) =0 = =0, (1.32)
which constitute the fundamental equations of viscous fluid dynamics. To order n = 2 these
equations are the familiar Euler equations with first order viscous dissipative corrections.

Returning to the specific case of the effective blackfold fluid, in order to measure the
transport coefficients one has to do an actual full (bulk) gravity computation. For com-
pleteness of the presentation, we here briefly outline the procedure and refer to Chap. 3 for
a detailed account. In order to determine the effective stress tensor, and thus the transport
coeflicients, one solves the full set of non-linear Einstein equations, while imposing regu-
larity at the putative horizon along with asymptotic flatness, in a derivative perturbative
expansion in the worldvolume fields and reads off the effective quasi-local stress tensor
(1.12) from the full corrected gravitation solution order by order. When going from order
n to order n + 1 in the derivative expansion, the (fluid) conservation equation DaT(‘ff) =0
shows up as a constraint equation in the full set of Einstein equations. After imposing
these constraints, the remaining system of equation can then be solved while imposing the
boundary conditions, and the stress tensor T(“: 1y can be computed. This was done in Ref.
[38] for the neutral (extrinsically flat) black brane (1.25) to first order in the derivative
expansion. In particular we mention that by computing the speed of sound in the effective
viscous fluid of the neutral black brane the authors of [38] were able to identify the unsta-
ble sound mode of the effective fluid with the Gregory-Laflamme (GL) instability [76]. We
also note that the general features of the instability can be seen already to leading order
i.e. at the perfect fluid level [57].

1.3.3 Stationary solutions

Here we write down the general condition for stationary intrinsic fluid flow and examine
the implications for the local thermodynamics and extrinsic equation. We therefore search
for solutions to

Da (guaub + PM’) =0, TP =0. (1.33)
To this end we invoke the general result [77] that in order for the dissipative tensor struc-
tures in the stress tensor to vanish (and ditto the divergence of the entropy current), the
velocity u® of the fluid must lie along an isometry of the worldvolume i.e. u® must be
proportional to a timelike Killing vector k% on W1,

u*=k%k, Dgky =0, k*=-|k]>=—kk". (1.34)

We note that u,u® = —1 implies that 4% = u®Dyu® = D, logk. It is easy to show that the
relativistic Navier-Stokes equation for a stationary fluid configuration implies [78§]

g = —Dglog T, q% = —rA™ (DT + Ttp) , (1.35)
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where ¢% is the heat flux vector and x > 0 is the associated heat conductivity. Hydro-
dynamical stationarity and thermal equilibrium are therefore seen to be equivalent. In
particular stationarity implies for the local temperature T,

T(c*)=T/k, T = const. (1.36)

Here T is a constant which can be interpreted as the global temperature of the station-
ary fluid. The local temperature 7 is thus obtained by a simple redshift of the global
temperature 7'.°

In the following we assume that the isometries of W, 11 are inherited from the back-
ground so that k% extends to a Killing vector field of the background, k. Therefore

u =k'/k, Vik,) =0, k¥=-kk"=-kKk". (1.37)

In this manner the stationary fluid velocity can be extended to the background (at least
in a neighborhood of Wp1). In the case of stationarity, where the stress tensor is that
of a perfect fluid, and the fluid velocity u® is given by (1.37), the extrinsic equation then
takes the simple form

—PK=w 1P, ", Kf=y"K,", (1.38)

where we used the identity K,"v%0® =17, 9" for any tangent v® to W41 (cf. Eq. (A.16)).
We note that the local blackfold enthalpy density w = o+ P is always found to be positive
(in agreement with the energy conditions). According to the discussion of Sec. 1.2.2, the
stationary extrinsic equation (1.38) can be derived from the action®

I:/ dPtloy/ =P . (1.39)
Wo+1
For the neutral brane, the Lagrangian (i.e. pressure for fixed k and T') takes the form
P = X\(k,T) (using Egs. (1.27), (1.28), (1.36)),

P=XkT) = ey (0 kAT (1.40)
’ 167G \4n T

The fact that the stationary extrinsic equation (1.38) derives from the action (1.39) can

also be explicitly checked by varying the pressure P wrt. the embedding, using the explicit

form of the local temperature (1.36) and employing the local thermodynamics (see App.

A).

®Since the notion of energy, and therefore temperature, suffers local redshifts, the relation (1.36) is
exactly expected for a fluid in thermal equilibrium. Note that, in general, the redshift factor k con-
tains contributions from both a relativistic redshift (due to a non-zero spatial velocity of v*) and from a
gravitational redshift from the background.

5By convention, we henceforth define the blackfold action to be minus the effective action (1.19), so
that the Lagrangian is —A¢o = P. This in turn implies that the effective stress tensor is computed as

Tor =2/v/—7 6]/57‘“’,



Chapter 1. The blackfold approach 16

1.3.4 Elastic corrections

Here we briefly discuss elastic corrections to the blackfold stress tensor. Firstly, let us say
a few words about elastic stability. By considering small perturbations of the extrinsic
embedding one can easily study the elastic properties of the effective fluid on Wy (we
refer to Ref. [57] for the analysis). In general the system is found to be stable under elastic
perturbations i.e. small long-wavelength transverse time-dependent fluctuations (this also
holds true for the charged blackfold configurations considered in Sec. 1.5). In analogy
with the intrinsic sector, it is also possible to go beyond the leading order description
of the extrinsic sector. These ideas have been developed in the series of papers [31; 40—
43]. In general, the SO(n + 2) symmetry of the transverse sphere can be broken in two
ways; by “bending” the brane and by introducing transverse spin (i.e. on the S"*!) on
the worldvolume. This introduces stresses in the transverse directions to the brane and is
effectively captured by the quasi-local stress tensor computed using the (to next-to-leading
order) unbroken transverse S™ (as opposed to the leading order S"*!). Equivalently, this
can be seen as a finite thickness effect, since we consider effects from the small (compared
to R), yet finite horizon radius ro. Finite thickness effects are captured by a multipole
expansion of the stress tensor [79],

Here By, is the usual monopole stress tensor (notice that the expansion can be shown to

be diffeomorphism invariant). In principle higher multipole corrections can be included by
considering higher order é-function derivatives. The dipole correction B**? to the stress
tensor is considered small compared to B, and represents fine structure bending (here
ignoring spin) corrections to the stress tensor. The elastic corrections are similar in spirit
to the corrections reviewed in Sec. 1.3.2, however, note that they are in general non-
dissipative in nature (the brane acts like a solid, not a fluid, it its transverse directions).
In particular the corrections are computed from a gravity computation using a matched
asymptotic expansion (MAE). In the MAE procedure one (crucially) employs the wide
separation of scales ro < R. Although technically quite involved, the idea is simple: the
Einstein equations are solved in a near horizon coordinate patch, r < R, (dubbed the
near zone) in a 1/R expansion and in a coordinate patch far from the horizon ry < r
(the far zone), where the weak field approximation applies. The solution in the far zone
then provides the boundary conditions for the near zone solution in the “overlap region”
rg < r < R which is, as the name suggests, the overlap between the near and far zones
(such an overlap exactly exists due to the wide separation of scales rg < R). In this
way, the MAE procedure in principle takes back-reaction into account order by order in
the small expansion parameter ro/R. In the context of blackfolds, these ideas were first
employed for the D-dimensional stationary black ring [31] (later generalized to the black
ring in AdS [32]) and later generalized to the neutral stationary black brane [44] (to next-
to-leading order in the expansion). These works also proved that the perturbed event
horizon remains regular. The fine structure dipole corrections can then be read off from
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the corrected solution. This beautifully allows one to associate a new elastic response
coefficient (the Young modulus) to the black string/brane [40; 44].

1.4 The blackfold construction and conserved quantities

In this section we discuss how the effective blackfold theory is used to construct new
(approximate) black hole solutions. In particular, we mention that the blackfold approach
correctly reproduces the results, i.e. metric and thermodynamics to leading order, for
known exact black solutions in the ultra-spinning limit, discussed in the introduction.
Ref. [56] showed that the ultra-spinning “pancaking” limit of the Myers-Perry black hole
is reproduced by a certain even-ball blackfold solution with rq varying over B, and with
ro — 0 on 0B, (for a detailed analysis of blackfolds with boundaries, we refer to [57]).
Similarly, the ultra-spinning limit of (A)dS rotating Kerr black holes is recovered [32; 33|
(in the limit where the length scale associated with the cosmological constant is large
compared to 7). Finally the very thin and long limit, 7y < R, of the exact D = 5 black
ring solution of [60] is reproduced to leading order in the blackfold parameter ro/R < 1
[31]. These limits, along with the effective description of the GL instability, serve to
provide non-trivial “experimental” tests of the correctness of the blackfold approach.

1.4.1 The blackfold construction

In essence, the blackfold equations (1.18) explain how to consistently glue pieces of flat
black branes (with horizon topology R? x S™*1) together, to leading order in the effective
description. We emphasize that these pieces of (almost) flat brane are small compared to
the extrinsic scale R and large compared to the intrinsic scale g < R. Instead of searching
for general solutions to (1.18), we follow here a bottom-up approach and provide the space
B, on which we wrap the black brane and then search for solutions to (1.18) for the
specified geometry. In this way, assuming that solutions exist, the horizon topology of the

resulting (approximate) black brane solution becomes’

Horizon topology ~ Topology(B,) x St (1.42)

In principle B, can be dynamical, however, for most applications, we assume stationarity.
As explained in the previous section, stationarity requires a high degree of symmetry of
the wrapping space Bj,. In the following £* denotes the generator of time translations on
Wp+1 and X‘(IZ-) denotes the complete set of Cartan generators of rotations of W,y1 with
closed orbits of periodicity 27. In this way, the Killing vector describing the stationary
fluid flow can be decomposed according to

K* =&+ Qixg - (1.43)

Stationary solutions to the blackfold equations are then obtained by evaluating the action
(1.39) on the specified geometry B, and requiring the variation to vanish 6/ = 0 while

"Note that if ro is non-zero everywhere (i.e. B, compact, 9B, = ), the transverse sphere S™*! is
trivially fibered on B, and the horizon topology is just Topology(B,) x S™T*.
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keeping the angular velocities €; fixed (see also Eq. (1.48) below). We now explain
how to compute the global thermodynamics of a given blackfold solution using standard
techniques.

1.4.2 Integrated quantities and thermodynamics

As in Sec. 1.3.3, we assume that the Killing directions of the worldvolume W, 11 extend
to the background i.e. Eq. (1.37) with k¥|y,,, = k*0,X". Now, for any Killing vector
k*, the contraction between k* and the spacetime stress tensor (1.14), j,’: = T‘“’k,,, is con-
served. This follows directly from the conservation equation (1.16) and Killing’s equation.
The corresponding conserved spacetime charge QJk| is obtained by integrating ji over a
spacelike slice (typically 2° = t = const.). In this way, we associate a mass, M, and a set
of angular momenta, J;, to the blackfold solution. Inserting the conserved current j}' for
respectively, k = &, k = x(;), and using the explicit form of the stress tensor (1.14), we
can do the integration over the d-function to reduce the spacetime integral to an integral
over B,. All in all,

M = / AV T%naéy . Ji = — / AV T%naxi” (1.44)
BP BP
where we have assumed that the Killing vector ¢ is hypersurface orthogonal to B, and
introduced the unit time-like normal to B, by n* = &*|y, ., /Ry (we refer to App. A for
the definition of the local geometric quantities Ry, R; and V). Similarly, we associate a
global entropy to the configuration by integrating the entropy density s (1.24) over B,.
More properly, we define the (perfect fluid) entropy current j& = su®, and define the global
entropy S as
S = —/ dV(p) jgna :/ dV(p)%S(U) . (1.45)
BP BP
We emphasize that the global temperature T' (cf. Eq. (1.36)), the mass and angular mo-
menta (1.44) and the entropy (1.45) represent the (leading order) global thermodynamics
of a genuine black brane solution with horizon topology (1.42). Following the arguments
presented in Ref. [57], it is possible to argue that the global temperature 7' and the en-
tropy S are related to the surface gravity « of the near-horizon geometry and the total
horizon area Ay in the expected manner, i.e. as T = k/2m and S = Ay /4w, respectively.
Moreover the usual ADM definitions of the conserved charges for the black hole solution
only depend on the asymptotic data which is exactly provided by the (fluid) stress tensor
Top-
The expressions (1.44) and (1.45) are valid for any fluid brane and thus for any effective
stationary blackfold configuration with stress tensor T,;. Here we record the expressions
for the neutral black brane (1.27), (1.28). The mass and angular momenta evaluate to

_ oty ¢ 0y n+1 25" 2
M_W(H) /dev(p)Ro (1-V?) % (n+1-V?) ,

1.46
Q) =2 (1.46)

. L " . n—1 12 2
7= 3ong (7o7) nQZ/deV(p)RO (1-Vv7) * R;,
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while the entropy is given by

Q n+1 n
§ = (#) /B AV, R (1 v2)? (1.47)
These formulae are only valid for the neutral black brane and receive corrections when the
black brane carries charge on its worldvolume. Also, in the charged case, we emphasize
that the formulae only apply to backgrounds with no external background fluxes.

Since the quantities M, J;, £;, S, and T represent the thermodynamics of a black hole
solution, they should satisfy the usual first law of black hole mechanics. Indeed, using the
general expression (1.44) and (1.45), one can show that [36]

Ip=pBG, with G=M-Y QJ;~TS, Ig=-8[ dVRP . (1.48)
7 Bp

Here il — —Ig is the FEuclidean blackfold action, obtained by Wick rotating the action
(1.39) t — —itp, and integrating over the thermal circle of periodicity Aty = 1/T = 3,
while G is the global (Gibbs) free energy of the configuration. Notice that the relation
(1.48) holds true for any, in general, off-shell (stationary) configuration. Also notice that,

oG oG
Ji=- (aQi>X’T ’ 5= <8T>X,Qi ’ (1.49)

which can be showed using the general expressions (1.44), (1.45), the action (1.39) along

with the form of the Killing vector (1.43). The thermodynamic derivatives (1.49), consis-
tently, justifies G as the Gibbs free energy with the natural variables being the embedding
X* and the intensive variables ); and T. We can now consider variations in the embed-
ding X* — XH* 4 6 X* while keeping the angular velocities 2; and global temperature T’
fixed. It follows that

oxIp=p <5xM — ZQi(;XJi — T5XS> . (1.50)

The variation dxIp vanishes for any on-shell configuration, and it follows that among
stationary solutions,

oxIp=0 < OxM=T5xS+> QdxJ;. (1.51)

We therefore conclude that the equilibrium blackfold equations are equivalent to the first
law of (black hole) thermodynamics for the configuration.® To make further connection
to the thermodynamic nature of the action (1.39), instead of considering variations where
the angular velocities are kept fixed, we can consider variations for which we keep the
angular momenta J; fixed. To this end we introduce the Helmholtz free energy F', which is

8The first law of black hole mechanics is usually written for variations of the on-shell (in the sense of
Einstein equations) extensive thermodynamic variables. Using standard thermodynamic arguments, along
with the established relations (1.49), it is easy to show that (1.51) implies 6M = T6S + >, Q:dJ; for
on-shell (in the sense of blackfold equations) variations.
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obtained by a simple Legendre transform of G, F' = M —T'S. It follows that the stationary
blackfold equations are equivalent to (0F'/0X) ;. 1 =0, i.e., the vanishing of the variation
of the Helmholtz free energy for fixed angular momenta J; and global temperature T
In the thermal probe approach, considered in Chap. 2, this is in many ways the most
natural way to write the stationary EOM, since we usually work in an ensemble with fixed
temperature (assuming thermal equilibrium with the background) and fixed J; (by virtue
of the gravitational EOMs). Along similar lines, we expect the configuration to obey a
Smarr-like relation. Again it is relatively straightforward to show that this is indeed the
case. One can show that the following identity holds for the neutral black brane

(D—3)M = (D —2) (Z Qi J; + TS> + Tiot - (1.52)

Here Tiot and is the total tension is given by the worldvolume integral over the local tension
T = (Yab + 1amp) T,

oot = — / Vi) Ro (b + 1ar) T . (1.53)
B

P

For the neutral black brane the total tension explicitly evaluates to

Q n "
T = goegt (o) [, W10V oo tmenvt) . (o
The relation (1.52) is interpreted as the blackfold generalization of the Smarr relation. In
asymptotically flat backgrounds the usual black hole Smarr relation must be satisfied [80],
and the tension necessarily vanishes Tiot = 0, however, this does not hold true in more
general backgrounds [33]. Also note that, as with the thermodynamics and action, the
Smarr relation (1.52) also receives contributions when the blackfold carries charge (see
Sec. 1.5).

As a final remark, we here discuss how to make connection to the ultra-spinning limits
discussed in the introduction. To this end we assume that the length scales along B, are of
the same order R; ~ R. Moreover we assume that the redshifts are moderate throughout
the worldvolume so that k is parametrically of order 1. Using the thermodynamics of the
effective fluid of the neutral brane (1.27), (1.28), it is now straightforward to show that
the two length scales £j; and £ (introduced in Eq. (1.1)) are given by

Oar ~ (IBRPYD=E | U5~ R. (1.55)
It follows that the expansion parameter of the effective theory ro/R < 1 is related to £y,

(%)” N <if\j>D_3 _ (1.56)

In this way, neutral blackfolds are always in the ultra-spinning regime.

and £; as
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1.4.3 Odd-sphere blackfolds

Here we discuss the simplest p-blackfold solution consisting of a product of [ rotating round
odd-spheres, where each sphere rotates with equal angular velocity in all angles. We take

l l
B, = HSpi with Zpl- =p, (1.57)
i=1

=1

where p; = 2k; — 1,7 =1,...,1. We note that, since the number of transverse dimensions
is given by n + 2 and each odd-sphere must have at least one direction orthogonal to
By, the number of odd-spheres are limited by [ < n + 2. A particularly simple solution
is obtained by taking the embedding so that each p;-sphere is geometrically round (with
corresponding radius R;) and B), is embedded in a flat background (for a similar treatment
in AdS, see [33]). This requires that the k; angular velocities Qgi), j=1,...,ki, on each
separate odd-sphere SPi are equal, ng‘) =...= Q,(;Z) =00 ;=1,...k (which can be
verified a posteriori). We note that B, does not break any of the commuting isometries of
the background. In this highly symmetrical case it follows that the velocities introduced in
Eq. (A.24) are all independent of the worldvolume coordinates and V2 = Zﬁzl(RiQ(i))z,
Ry = 1. Now using the action (1.48), and imposing stationary (i.e. Eq. (1.36)) on the

local thermodynamics (1.27), (1.28), one finds
1 D) n Pj _ 00
IplR] = <5 — (47T> j];[lsz(pj)Rj 1 ; (RzQ ) L (158)

Varying the action wrt. the radii R;, we find the following [ equilibrium conditions on the

OOR; = \/ bi (no sum over i) . (1.59)
n+p

Obtaining the global thermodynamics of the solution (1.59) is now straightforward using
Egs. (1.46) and (1.47).

configuration

1.5 Blackfolds in supergravity

In this section we develop the effective gravitational theory for branes carrying various
types of charges. The effective blackfold theory for branes carrying charge was originally
written down in Refs. [36; 37], and we refer to these references for many of the details
omitted below.

In addition to the metric, charged branes also source one or more gauge potentials,
depending on the specific brane configuration and theory in question. Charged branes
arise naturally in various supergravity schemes and low energy effective descriptions of

9Even-sphere solutions (and products of even-spheres) are not allowed as blackfold solutions since even-
spheres always have fixed point for any rotation i.e. there will always be a direction in which gravitational
tension cannot be countered by rotation.



Chapter 1. The blackfold approach 22

string theory (see e.g. [81]), with the quintessential example being that of the usual Dp-
branes of supergravity. In the extremal supersymmetric limit, these branes are associated
with the supergravity fields of a (large stack of) Dp-branes, which are charged under
the Ramond-Ramond field strength F{, ) [10]. In the supergravity regime the (stack
of) Dp-branes therefore naturally source a Ramond-Ramond field strength F{,, ). In the
effective theory, we shall therefore use the terminology that the blackfold, constructed from
the supergravity p-brane, carries p-brane charge. In general, the effective worldvolume
dynamics of extremal Dp-branes is captured by the DBI action. The effective dynamics of
the fundamental string (F1), the NS5 brane of type II string theory as well as the M2 and
M5 branes of M-theory is captured by similar effective worldvolume actions [82; 83]. As
mentioned above, the gravitational (closed string sector) is appropriate for descriping a
large stack of Dp-branes. The gravitational (probe blackfold) effective worldvolume theory
is therefore appropriate for capturing the effective dynamics of a large stack of perturbed
Dp-branes (however, not so large that the branes back-react of the surrounding geometry).
Along similar lines, the effective blackfold theory for the gravitational realizations of the
above extended objects can be seen as the strong coupling versions of the relevant weakly
coupled DBI-like actions. These ideas will be made more clear and employed in Chap. 2.

In addition to p-brane charge, branes can also carry lower form currents on their
worldvolume; i.e., the brane sources a (g + 1)-form gauge potential A, 1) with 0 < ¢ < p.
The simplest example of such a solution is the singly charged Maxwell charged black
brane of Einstein-Maxwell theory (or more generally EMD theory) considered in Chap.
3. Such solutions also arise naturally in the context of string theory where p-branes can
carry string charges, or more generally, other types of brane charges “dissolved” on their
worldvolume. Some of the most important examples include the F1-Dp, DO-Dp, D(p — 1)-
D(p + 1) bound states which are all related through various dualities [84; 85]. These
two-charge solutions carry both p-brane and ¢-brane charge on their worldvolume, but
also more complex bounds states exist e.g. the D5-D3-D1 system. We also mention the
M2-M5 bound state of eleven dimensional supergravity as an important example [86]. All
of these types of multi-charged branes are naturally included in the effective theory, where
the effective fluid, living on the blackfold worldvolume, now also carries ¢g-brane charge.

Finally the above described branes can naturally be blackened in the usual way, and
thus be taken away from extremality. Again, much like the AdS/CFT correspondence,
the effective gravitational dynamics is appropriate for capturing thermal aspects of the
strongly coupled regime of the relevant worldvolume theory. When writing down the
blackfold theory for charged branes, we will therefore do it for non-extremal black branes,
bearing in mind that the extremal limit of these solutions is well-defined [87], and captured
by the blackfold approach.

1.5.1 The blackfold expansion

Before considering stationary solutions to the supergravity blackfold EOMs, we will say a
few words about regimes of validity. For any brane, we naturally associate a length scale
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with the energy (density),
1
To = (GQ)E . (1‘60)

In the case of the neutral brane, we then simply have r, ~ 79 ~ 1/7, and the blackfold
derivative expansion makes sense when r, ~ rog < R, where R denotes the characteristic
length scale associated with the fluctuations of the collective variables ®. This, however,
changes when we introduce charge (@) on the worldvolume. The presence of p-charge
introduces a new length scale to the problem,

3=

rQ = (GQp)» (1.61)

which is manifestly independent of the temperature. For the branch connected to the
extremal solution, the two length scales r, and r, are parametrically of the same order
(with 7, = rg at extremality, see next section) and the small parameter governing the
blackfold expansion is thus taken to be

Q _Te

—~=<1. 1.62

2~ R (1.62)
With these considerations, the blackfold expansion goes as explained in Sec. 1.2.

In addition to the usual effective stress tensor T}, (Eq. (1.14)), the p-brane charged

blackfold now also carries an effective (p + 1)-form current J, 1) sourcing the associated
F(p42) gauge field. In analogy to (1.14), in the monopole approximation, we write

= (1.63)

In the monopole probe approximation, Jy,.. ., is supplemented by the tangentiality con-
dition 0 =_1##0 J, .., and it follows that

fuo...up(w)—/w dp“ffﬁ(

p+1

Tuo iy 82 ( — X(a)))

JHO K = 9y XHO 9y XHe JOJo = k1@ - (1.64)

Here the last equation is understood as a form equation on the worldvolume W, , and

Qp = —/*f, (1.65)

denotes the p-brane charge on the worldvolume. Notice, is with the quasi-local stress tensor
(1.12), that the charge @, (i.e. the integral (1.65)) is computed in the region 7o < r < R
(as with the stress tensor, going to next order in the blackfold expansion introduces dipole
corrections to the effective current [46; 47]).

1.5.2 Action principles

The charge @, is defined as a local quantity in Eq. (1.65), however, it is not difficult to
see that (), must be conserved along the worldvolume directions of the blackfold. Indeed,
gauge invariance of the gauge field sourced by the current implies that the current ij
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must be conserved, dx.J = 0 (see also Sec. 1.6). This in turn implies that the worldvolume
current Jy,..q, is conserved on the worldvolume (see App. A),

d*(p+1) J(p+1) =0 , SO de_H =0. (1.66)

Therefore 9,0, = 0, and we conclude that @, is conserved and cannot vary along the
worldvolume. Notice that the spacetime conservation equation d * J=0is purely tan-
gential to Wyy1 and has no “extrisic” equation associated to it. The parameter @), is
therefore intrinsic to the blackfold and has no fluid dynamic DOFs associated to it. Also
notice that, since the charge parameter (), from a microscopic point of view, is basically
the number of p-branes of the solution, the conservation of @, is quite natural. Although
the charge @), is not dynamical, it still plays an important role in the formulation of the
blackfold thermodynamics. Since the presence of p-brane charge introduces no hydro-
dynamic DOFs, the effective stationary action (1.19) can only be modified according to
Mok, T) — Ao(k,T,Qp). The effective stress tensor therefore still takes the form of a
perfect fluid (1.23), where the charge ), now enters as a parameter in the equation of
state. Especially, the action is of the form

I :/ o= Pk, T,Q,) . (1.67)
Wy

+1
We also note that @), does not appear explicitly in (1.29), in accordance with that @, is
not a fluid dynamical variable. In order to probe the space of solutions, it will be useful
to introduce a local potential ® along with a global potential ®,, conjugate to @,

g = 920 Q) @p—/ AV, Ro® . (1.68)

0Qp

Then, instead of considering P as a function of (), we can shift ensemble and consider

P

it as a function of ®,. This is done by a simple Legendre transform of the pressure by
introducing the local Gibbs free energy G(k,T,Q,) = —(P + Q,®,). It follows that the
stationary extrinsic equation can now be obtained from the action

I= —/ d"loy/ =G, (1.69)
W,

p+1
for variations in the embedding where we keep the temperature, angular velocities, and
global potential ®, fixed (these should be seen as variations in solution space and not
physical variations where @), is fixed).

1.5.3 The effective fluid stress tensor from supergravity

Here we write down the boosted (black) p-brane solutions relevant to string and M-theory.
Furthermore we compute the effective blackfold fluid of the solutions. In general, p-branes
are charged under a (p + 1)-form potential. Moreover the branes also source a dilaton. In
the following, we consider p-brane solutions to the quite general action in D dimensions

[88]
1
I'= 167rGD/

1 1
* R — §d¢ A\ *d(b — 5 ; e Z¢F(l'+2) AN *F(i+2) . (170)
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Here Fl; 42y = dC(;41) is the field strength associated to the gauge potentials C'; 1y (notice
that some of the forms can be of the same rank, with nevertheless a different coupling to the
dilaton a;, which distinguishes them) and Z denotes the collective set of gauge potentials in
the theory. The action (1.70) captures (the bosonic part of) the supergravity descriptions
of ITA, IIB (written in the Einstein frame) and M-theory relevant for describing D/NS-
branes and M-branes:!* The action (1.70) corresponds to ITA (IIB) SUGRA for D = 10,
Irr = {0,2} (Zrr = {1,3}) and ZIns = {1} [89] and eleven-dimensional SUGRA for
D = 11 and Iy = {2} [90]. As is well-known, branes can both be electrically and
magnetically charged under the above potentials. We can unify the description in the
standard way by writing the field strengths in the electric ansétze, where now the index
i in (1.70) runs over the (allowed) spatial dimension p of the brane. Given a dilaton
coupling a, it will be convenient to define an additional parameter N to further unify the
description, ( \(D )
9 4 20+1 —1—3
a® = N D3 . (1.71)

The real parameter N (usually an integer for string/M-theory corresponding to the number

of different types of branes in an intersection [91]) is preserved under dimensional reduction
[36]. For the D/NS/M-branes of II string theory and M-theory N =1 and ap, = (3—p)/2
for the p-branes while a> = 1 for the F1 (ap; = —1) and NS5 brane (anss = 1). Also
notice that the dilaton coupling (1.71) vanishes for D = 11, ¢ = 2,5, consistent with the
fact that M-theory has no dilaton.

The metric of the boosted black p-brane solution to the generic action (1.70) is given
by [9]

N(p+1)

ds? = H D2 (Agp — fuquy) do®do® + H D-2 <f_1d7"2 + rde%nJrl)) , (1.72)

Here f = f(r) and H = H(r) are two harmonic functions given by

flr)y=1- (%0)” , H(r)=1+ (i—o)nsinhQa , (1.73)

where 7y is the usual horizon radius and the parameter a parameterizes the charge. The
dilaton ¢ and the (p + 1)-form gauge potential C, ) read
e = H*"N | Ciiy=VN cotha (H™' —1)dt Ada' A... Ada? . (1.74)

Obtaining the effective stress tensor and current from the asymptotic form of the above
solution is straightforward. The stress tensor and current take the expected perfect fluid
form,

Top = ouqup + PAgp ,  Jipi1) = *pe1)@ - (1.75)

The energy density ¢ and pressure P are found to be

Q Q
(n+1) n - 12 (n+1) n s 12
o0 (nH14nNsinh®a) . P=—— =g (L+nNsinh®a) . (1.76)

10T general the actions also have a Chern-Simons-like term, however, this term does not play a role for

Q:

obtaining the flat p-brane solutions [81].
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Notice that the pressure remains negative for all values of . The charge @, is

1

Qp - 167TG Sn+l

Q
e? & dCps1) = 1%?2; nV N ry sinh o cosh o . (1.77)
The remaining thermodynamics of the black p-brane is obtained using standard techniques
[72] and is found to be

n Qnt1) ni N
=— =—— h ®=+N tanha . 1.78

T Trro(cosha)™ s el (cosha)™ | V' N tanh « (1.78)
Here ® denotes the chemical potential conjugate to the charge @), computed as basically
the difference between C, ) at the horizon and spatial infinity. We note the simple
relation for the local Gibbs free energy

Qo)

G=0-Ts= 20 =560

(1.79)

Before concluding this section we should say a few words about hydrodynamic stability
in the presence of p-brane charge vis-d-vis GL instability. As briefly discussed in Sec.
1.3.2 (which we shall return to in Chap. 3), the onset of the GL instability of the neutral
string/brane can be identified with the unstable sound mode of the effective fluid. It is
straightforward to repeat the analysis for the charged p-brane (since @, has no hydro
DOFs associated to it the equations are just modified via the modified equation of state
(1.76)). One finds that for branes with nN > 2 a stable regime always exists, at least
close to extremality. This is in agreement with expectations (see e.g. Ref. [92] and related
works).

1.5.4 Stationary solutions

With the remarks of Sec. (1.5.1), most of the consideration of Sec. 1.4 apply directly to
p-brane charged supergravity blackfolds with the effective thermodynamics given by Eqgs.
(1.76), (1.77), (1.78). We note that, as opposed to the stress tensor, the current Jy, 1) is
Lorentz invariant. This Lorentz invariance manifests itself in the stress tensor. To see this
explicitly, simply note that the stress tensor can be written

1
Tap =Ts <Uaub - n’}bb) — ®Qpvap - (1.80)
Along similar lines, one can easily verify

(n+1)P=—(0+n®Q,) , (1.81)

These two expressions show that, as expected, introducing p-charge (~ tension) on the
brane does not break isotropy in the extremal limit 7s — 0, @, fixed (see Sec. 1.5.5).
The extrinsic equation (obtained from the action (1.67)) takes the form

(Ts+n®Q,) KP =nTs LF, u", (1.82)
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This explicitly shows how introducing charge on the worldvolume introduces non-thermal
intrinsic tension to the brane.

The global quantities, mass, angular momentum, and entropy are now computed using
the general formulae (1.44), (1.45), using the perfect fluid stress tensor with thermody-
namics (1.76), (1.77), (1.78). For fixed T and @), it is possible to write down expressions
similar to (1.46), (1.47), however, solving for the two parameters 79 and « in terms of T’
and @, in general involves solving a polynomial of degree nN — 1 which leads to rather
cumbersome (implicit) results. We shall therefore retain the two parameters ro and «
as a useful parameterization of the thermodynamics. It is easy to verify that the global
thermodynamics is still related to the blackfold action as in (1.39), and by a simple shift
of ensemble, we arrive at the first law

AM =TdS + Y QdJ; + ®,dQ, , (1.83)

where we remember that dQ, = 0 among physical variations. Finally, in analogy to (1.52),
one can show the relation

(D—3)M = (D —2) (TS +) QJ) +n®,Qp + Tiot - (1.84)

)

Here Tiot is the total tension and is given in the expression (1.53). As with the neutral
black brane, the thermodynamics of the charged brane should also satisfy a Smarr relation.
When evaluated on-shell the total tension must therefore vanish.!! Finally notice that cur-
rent conservation requires the worldvolume W, ;1 to be compact. Indeed, if W,;1 had an
open boundary Eq. (1.66) would be violated on 0,. In particular, this excludes blackfold
solutions of the ball and disc type briefly discussed in Sec. 1.4. Supergravity blackfold
solutions are now obtained in the standard way. In particular, the odd-sphere product
construction of Sec. 1.4.3 straightforwardly carries on to p-brane charged blackfolds. One
obtains the following set of equilibrium conditions,

OR — pi(1 + nN sinh? o)
"V n4p(l+nNsinh?a)

1

(1.85)

which holds a valid approximation as long as (GQp)%/ R; < 1. The brane solution cor-
responding to (1.85) is in general black but is also a valid solution in the extremal limit
as we briefly discuss below. It is straightforward to obtain the global thermodynamics
corresponding to (1.85), but the expressions are rather cumbersome and we refer to [37]
for explicit expressions. In Figs. 1.1 and 1.2 we have recorded the possible odd-sphere
solutions in D = 10 type IIA /B supergravity and M-theory, respectively. Notice that it
is in principle possible to distort the odd spheres from a round geometry to an ellipsoid
geometry leading to more complicated (worldvolume dependent) equilibrium conditions.

"Note that Tror = 0 only provides one equation and is therefore, in general, not equivalent to the EOMs
but rather a consequence of them.
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Brane (IIA) B, =1, S¥ 1 gntt Brane (IIB) | B, = [[, SPi | L ™!
F1 St S7 F1 St S7
D2 T? S6 D1 St S7
D4 53 % S, T4 S D3 S3, T3 S°
NS5 S5, 83 x T2 S3 NS5 S, 53 x T? S3
D6 S3 % 83,85 x St S? D5 S5, 83 x T? S3

Table 1.1: Allowed II odd-sphere solutions in D = n+p+3 = 10 type IIA /B supergravity.

M-brane | B, =[], 5% 1 gntt
M2 T? S7
M5 | S5, 83 x T2, TS| S¢

Table 1.2: Allowed II odd-sphere solutions in D = 11 supergravity.

1.5.5 Extremal limits

Here we discuss the extremal limits of the charged blackfolds introduced above. As dis-
cussed above, the characteristic length scale for p-branes is set by the total charge ), and
not by the temperature. This means that the blackfold approximation is valid even in the
extremal limit. The extremal limit is obtained in the standard way by letting the horizon
radius 9 — 0 while keeping the charge @, fixed. This in turn implies that o — oo in the
extremal limit (here assuming that @, > 0). Near extremality 7s/Q, < 1, the effective
stress tensor takes the form,

N 1
Tw~Ts <uaub + <2 — n> ’Yab) — VN QpYab - (1.86)
In the extremal limit 7s — 0, the thermal component vanishes and it follows that
P=—-VNQ,. (1.87)

Since @) is constant on the worldvolume we see that the action (1.67) reduces to that of
a Dirac brane i.e. a brane with uniform tension on its worldvolume. The intrinsic fluid
dynamics has disappeared and the dynamics is only extrinsic. The absence of compact
minimal surfaces in Euclidean space [56] therefore suggests that there are no extremal p-
brane blackfold solutions. However, the odd sphere solution (1.85) is clearly a well defined
solution, even in the extremal limit. The apparent contradiction is easily resolved and is
found in the form of the stress tensor (1.86). Although 7s — 0 in the extremal limit,
the product T sugup does not necessarily have to vanish. For the solution (1.85), k — 0
and we therefore see that T suquy — Kfulp with £* null and where I is finite. The odd-
sphere solution therefore carries a null-wave on its worldvolume in the extremal limit with
momentum density K which exactly balances out the tension on the brane (null-waves in a
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blackfold setting were first considered in Ref. [37]). We refer to Sec. 2.6.2 for a discussion
of some of the more general aspects of null-wave blackfolds.

1.5.6 Lower form charged blackfolds

In this section we consider blackfolds carrying lower (g + 1)-form currents on their world-
volume. The effective fluid (including currents) now derives from p-brane solutions coupled
to one or more lower form gauge field A1), ¢ < p. In analogy with Eq. (1.63), we write

juo...uq(x):/w d“lax/?( (1.88)

+1

Jug,..uq 5(D) (m - X(U))
el

Assuming gauge invariance of the underlying gravitational theory, it follows that the cur-
rent J(,41) is conserved. In the following we let Q, denote the g-brane density. By virtue
of current conservation one can show that the current Ji,,) is hypersurface-forming.
These submanifolds, denoted Cy41, foliate the worldvolume W, ;1 and correspond to the
world-sheet /volume of the g-branes carrying the charge Q,. Along these lines, we write

J(q+1) = Qq *(q+1) 1. (189)

Here %(44.1)1 denotes, in somewhat vulgar notation, the unit volume (g + 1)-form on Cg41.
In this way, the density Q, is constant along C,y1 and can only vary in the directions
transverse to Cyy1.

In addition to the usual fluid Killing vector k, stationary lower-form charged config-
urations are characterized by ¢ spatial vectors (corresponding to the tangent vectors of
Cg+1)- The general action therefore takes the form,

I[X* = / dPo/ Ay No(k, T; 81, .., 4y) - (1.90)

Wp+1
In analogy with (1.22), we can now compute the stress tensor. Note that, in general, a
non-zero temperature breaks Lorentz invariance of the worldvolume. Therefore, in general,
kAo # £ g, \o. However, the current Ji 1) still preserves a SO(q) symmetry. This
implies that £09pA\o = £10¢, Ao = ... = £,0¢,M0. In the following we let h?;’) denote the
projector onto Cq41. Now in order to rewrite the stress tensor in terms of thermodynamic
variables, we use that, besides the usual relation T‘})ub = —ou®, we must have T‘zwb =
P w® for any w® orthogonal to Cy11, h‘(lé’)wb =0, and T4v® = (P, — ®g,Q,)v" for any
(spatial) v® parallel to Cyi1, h‘(l;’)vb = v, veu® = 0. The first condition states that in
any direction orthogonal to C441 there is a tension due to the (usual) pressure P| of the
fluid. The latter condition says that in the directions of Cyy1, in addition to the pressure
Py, there is a pressure component due to the tension —®g, Q, (here ®¢, is the potential
conjugate to Q) of the dissolved g-branes. We thus obtain the general form of the stress
tensor

T% = Py + Tsuu’ — @g, Qqh‘{g) : (1.91)
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where we have assumed the underlying thermodynamic relations. The present arguments
are easily generalized to fluids carrying more than one lower form current. In the case of
a fluid carrying multiple lower from currents, the thermodynamics takes the form

0+PL=Ts+» ©0,Q,, do=Tds+) ®g,dQ,, (1.92)
q7#p q7#p

where the sums run over the lower form ¢-brane currents excluding ¢ = p. The general
stress tensor now takes the form

T% = Tsuu’ — Gy = > Do, Q) . (1.93)
q

Here we have unified the expression for the stress tensor (so that the sum runs over all
q < p) and introduced h‘&i’) = v along with the local Gibbs free energy density given by
(here Q, = Q, and ®o, = @)

1
G=—(PL+Po,@Qp) =0—Ts—» Pg,Q = ~Ts . (1.94)
q

Where the last relation holds for all IIA/IIB/11D branes and their toriodal compaticti-
fications. Having determined the general form of the stress tensor, it follows that the
blackfold Lagrangian is given by the pressure P| = —(G + ®(Q),,). The extrinsic equation
now takes the form

Ts 1P, i =GKP+ 17, Z Do, QqKé;)] (1.95)
q
where we have defined the mean curvature of the embedding Cq41
P _ padb p
K(q) =higpK,' - (1.96)

1.5.7 Stationary solutions

Here we briefly discuss some aspects of stationary solutions carrying lower form charge.
According to the above discussion, stationary solutions are obtained by extremizing the
action

I _/ AP loy/ = Py, (1.97)
W,

p+1

where P| denotes the pressure i.e. the scalar multiplying -, in (1.93). We note that
the action only depends on the orthogonal component of the pressure and thereby none
of the pressures induced by the lower form currents. However, we have not discussed
how to choose the worldvolume currents Ji441) for stationary solutions. In general, such
an analysis requires writing down all possible hydrodynamic derivative corrections to the
effective stress tensor and currents. Such an analysis does currently not exist in the
literature, however, an analysis of charged string fluids ¢ = 1 can be found in [36]. In Fig.
1.3 we have recorded the possible two charge ¢ = 0,1 bound state odd sphere solutions
[37].
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1A 11B B, =], s¥ 1S
F1-D1 St S7
DO —-D2 | F1 —-D2 T? S6
F1-D3 S3, T3 S5
D0 —D4 | F1 - D4 S3 x st T sS4
F1-D5 S5, 8% x T? S3
DO—-D6 | F1-D6 | 83 x 83, §> xSt | §2

Table 1.3: Allowed ¢ = 0,1 bound state || odd-sphere solutions in D = 10 type IIA/B
supergravity.

1.6 Blackfolds in background fluxes

In this section we derive the effective blackfold equations for branes in supergravity back-
grounds needed for the analysis presented in Chap. 2. The results of this section will be
presented in [58].

When writing down the effective blackfold theory, we assumed that the blackfold was
embedded in a pure gravity background (cf. Eq. (1.7)) and the effective EOMs were
simply derived from assuming the conservation of the blackfold stress tensor

vV, T =0 . (1.98)

When the blackfold is charged, relevant to various supergravity schemes, this equation is
supplemented by a set of blackfold current (essentially intrinsic) conservation equations
that derive from the assumption that the effective theory can be consistently coupled to
the gauge potentials sourced by the blackfold.

It is now natural to ask how these equations are modified in the presence of non-trivial
background (matter) fields. Let us here focus on the p-brane solution (Eqgs. (1.72)-(1.74))
relevant to the supergravity cases. In analogy with Eq. (1.7), we write

Iguw, Apt1ys @5 - - 5 P = Isucra + Left[guws A1), 5 @] (1.99)

where the ellipsis denote the rest of the supergravity fields in the theory and I.g is the
effective coupling between the background and the p-brane (which only involves the fields
sourced by the brane i.e. the metric, the (p + 1)-form gauge field, and the dilaton). The
effective blackfold EOM is therefore expected to be modified according to

V,T"" = (Lorentz-like force + dilaton force) , (1.100)

where the force term is induced by the non-trivial background dilaton and (p + 1)-form
gauge field. Instead of deriving these force terms from the “test brane” method used in Sec.
1.2.4, i.e., from requiring energy-momentum conservation of the blackfold stress tensor +
background (for a review of this mehod applied to test particles, see e.g. [93; 94]), in this
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section we derive the force terms directly from the supergravity EOMs. The derivation
will include a review of the derivation of the extrinsic “vacuum” equation originally written
down in [44]. Having obtained the effective EOM, we explain how it can be integrated to
an action. As mentioned, the focus will be on the p-brane blackfold, however, in Sec. 1.6.4
we will briefly comment on the force terms and modified current conservation equations
for bound state supergravity blackfolds (for definiteness we focus on the type II F1-Dp
case).

1.6.1 The extrinsic equation from long-wavelength perturbations

Following Ref. [44], we here review how the extrinsic equation (1.18) emerges as a con-
straint equation of the Einstein equations to linear order in a derivative expansion in 9.X | .
The main ingredient of this derivation is based on the construction of a set of Fermi nor-
mal coordinates adapted to a general submanifold W, (which will play the role of the
bended black brane) of general co-dimension n+ 2 = D —p — 1 and embedded in general
flat background.

The adapted coordinates are naturally split up in a p + 1 dimensional tangential com-
ponent ¢® and an n + 2 dimensional transverse component 3 defined so that the surface
Wp41 corresponds to y* = 0. In general, the first order derivatives of the metric in the
directions parallel to WW,1 can be removed by a suitable coordinate transformation. How-
ever, the fact that the transverse coordinates are defined so that * = 0 corresponds to
Wp+1 implies that the derivatives of the metric in the transverse directions generally can-
not be gauged to zero. These, in general non-zero, transverse derivatives ICabi characterize
the shape of the embedding and the leading order surrounding geometry. In the described
normal coordinates, the metric takes the following form to leading order

n—+2
ds? = (1 — 2Kg'i) dodo® + )~ dy? + 0(0X7) . (1.101)
=1

Clearly, K abi = sz = ICabi, where K abi is the extrinsic curvature tensor of W, 1. Note
that we use the notation X, ~ 1/R ~ K_,''> The small dimensionless parameter
controlling the expansion (1.101) is therefore ~ y/R, which in practice means discarding
all order 9X? ~ 1/R? terms. The metric (1.101) is interpreted as the zeroth order (i.e.
O((ro/r)?), or background, metric of the bended black brane. When bending the black
brane we replace the flat geometry 7,, on the brane with the modified bended geometry
Nab — Nab + 2K abiyi and solve for the metric correction h,, to linear order in 9, X. For
example, bending the boosted neutral black brane (1.25) (as in Ref. [44]) corresponds to
perturbatively solving the full set of Einstein equations for the geometry

ds? :(Uab - 2Kabiyi + (1 - f(r))uaub) do%do?
o, | ) (1.102)
7 +r7dQG, ) + hy (y)datda” + O ((r/R)?) ,

12Here X, are used in the sense of Sec. 1.2.1, i.e. X, = 0 corresponds to “flat” embedding.

_l’_
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where we have defined 72 = y;5* and where the metric corrections h;, depend on the
parameters rg and u® and is first order in 0.X . When considering charged black branes
we would similarly write down expressions the perturbed “bent” form of the matter fields
(plus corrections), however, in the following we shall not be interested in the near-horizon
geometry but only consider the overlap region geometry and such (theory dependent)
expressions will therefore be omitted. In general, perturbations induced by the extrinsic
curvature are coupled. However, in the linearized analysis each transverse direction decou-
ples from each other. We can therefore deal with the deformation in each normal direction
separately, and study perturbations where K abi is non-zero along only one distinguished
direction yi.l‘?’ Under this assumption, we introduce a directional cosine for y%,

y2 =rcosf . (1.103)

In general, the metric perturbation functions hy, are dipoles of S"*1 and therefore de-
compose according to
Py (1, 0) = cos O, (r) . (1.104)

Similarly the extrinsic curvature deformation is of dipole type K abgyg =rcosbK abi.

We now consider the metric of the black brane in the overlap region r, < r < R
The asymptotic behaviour of the flat brane metric is provided by the blackfold stress
tensor Ty in the usual way and the overlap region metric, including extrinsic curvature,
thus takes the form

5 167G T 1
ds? = <"7ab — 2Kabz”" cosf + m <Tab - Mnab> 7‘n> do‘adab

N <1 167G 1T> a2 <d92 +Sin29d9%n)> (1.105)

+ cos Gﬁuy(r)dx“d:c” + O((?Xi) + O(be/r%) ;

where lAzW is leading order in both T,;/r™ and 0X ;. Having determined the general form
of the overlap geometry we can now consider the Einstein equations (1.4) to linearized
order (in both r/R and T,/r™). In general the gravitational bulk stress tensor T, is
quadratic in the monopole matter fields of the brane and thus T,, ~ O(T2/r*"). In
the overlap zone, the Einstein equations therefore effectively take the form of the vacuum
equations, G,, = 0. A subset of these equations will contain constraint equations of the
system (as constraint equations are in general independent of the perturbation functions
for all ). In particular, it is possible to show that the following combination does not
involve h,, and is therefore a constraint equation

2 ;
(n+1)csclGrg —rsectd G = nt2 8@ TPK, i =0. (1.106)

rm Q(n+1)

13 An equivalent way to state this: To linear order in 1/R, we can always perform a SO(n + 2) rotation
in the transverse directions so that K’ = Kabég . The direction 7 corresponds to the direction in which
Wy+1 (locally) bends.

14 As explained in Sec. 1.5.1, the characteristic length scale for the p-brane is set by the charge radius
r, rather than ro. In general the linearized approximation applies when, schematically, Top/r™ < 1.
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We have therefore obtained the constraint equation 7% K abg = 0 for each of the transverse
directions and have thus, as promised, arrived at the extrinsic equation (1.18) for a gen-
eral gravitating brane bend on a submanifold W, ;1. As reviewed in Sec. 1.3.2, intrinsic
perturbations are of fluid dynamic nature and of monopole type. The full set of equations
therefore split up into a monopole (intrinsic) and a dipole (extrinsic) sector, and it follows
that, to linear order in the full derivative expansion, the intrinsic and extrinsic perturba-
tions decouple. In particular, the monopole constraint equations (the intrinsic equations),
take the same form as for flat extrinsic geometry 7., = 14 and correspond to covariant
conservation of the stress tensor Ty, and current(s) in the worldvolume directions (see also
Chap. 3).

1.6.2 Force terms as modified constraint equations

The arguments presented in the previous section apply to any perturbed brane solution
situated in vacuum backgrounds. In this section we explain how the force terms arise as
a simple correction to the gravitational constraint equation (1.106). The correction can
be seen as a pole-dipole interaction term in the overlap region arising from a derivative
expansion of the background fluxes. We focus here on the charged black p-brane. We will
therefore analyze the force terms arising from the action (1.70). The bulk stress tensor for
the (p + 1)-form gauge field and the dilaton reads

R app 1
(Fy _ €7 o _ 2
167G T/,LV - (p + 1)‘ <F.“ pFl’NOnﬁp 2(p i 2) gﬂVF(P+2)> ’

(1.107)
T() — 9,00,6 — =g (96)?
167rGTW = 0uo V¢_§9/W( 0)° .

We now imagine placing the brane in a dilatonic flux background. In the following we let
#(®) and F ((113_%)2) denote the (slowly varying) background dilaton and field strength. The
seed solution for the perturbative expansion is the dilatonic p-brane solution (1.72)-(1.74)
whose dilaton vanishes at infinity. In order to match with this solution we must therefore
ensure that the dilaton vanishes in the overlap zone. To this end we define a shifted dilaton
and rescaled field strength,

b — b — Qg(bg) , Flpuo — W P(bg) /2 Fipya) - (1.108)

The solution (1.72)-(1.74) (with the redefined fields) now solves the EOMs corresponding
to the action (1.70) to zeroth order in the derivatives of the intrinsic fields, embedding,
and background (gauge) fields. We now proceed as in the previous section and perturb the
embedding of the brane. As above, the dynamics in the transverse directions decouples to
leading order, and we therefore assume that the (transverse part of the) background field
strength is only non-zero in the distinguished direction y(%). In principle, F((;fé)
legs in two or more transverse directions, however, it is not difficult to realize that such

could have

components will not play a role to leading order and only become important to O(@Xi).
We therefore expand the slowly varying background field strength according to

b b i
F((pf)g) = F;( g)dy AN K (pt1yl + O(aXJQ_)

] (1.109)
= Fpg) (cos 6dr — rsin 6d6) A x(,11)1 + 0(0X2) .
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Similarly we expand (the derivative of the) background dilaton as

dep®®) = 9.6 (cos Odr — rsin0d0) + O(0X?) . (1.110)
In the overlap region, the fully corrected fields then schematically take the form,
_ M) (bg) 2 /.2n
Fpr2) = Fipya) (1+0(0X1)) + Floprz) 0 (Tap/T™") (L111)

dp = de™ (1 + 00X 1)) + do®® + O (T2 /r™)

where F (%_)2) and d¢™) denote the O(T,,/r™) monopole (uncorrected) parts sourced by
the (unperturbed) brane. They read (cf. Eq. (1.74)),

F(M) . 167G Qp

167G a,®Q
) = dr Axpypl,  deM) = PP

orn+l

_Q(n+1) dr . (1.112)
Here @, and ® is the charge (1.77) and chemical potential (1.78) of the brane, respectively.
In the presence of non-trivial background (matter) fields, we therefore see that the bulk
stress tensor does not vanish in the overlap zone. However, from (1.111) we see that
the overlap stress tensor consists of a simple pole-dipole term and in particular does not
involve the metric and matter field corrections. The combination,

(n+1)cscl (Grg — 881G Trg) —rsech (G — 817G Tyr) =0, (1.113)
is therefore still a constraint equation (with T, = Tg) + T,(ﬁ,) and takes the modified
form L9 8xC A A

o T (T“bKabi - P‘) ~0, (1.114)
™ Q)

where F? is the induced force term and is given by the pole-dipole interaction term,

T
mn 2

((n+1)csc@T,g —rsecd Ty, . (1.115)

The force term (1.115) is easily computed from (1.107) and covariantized. Remembering
that we redefined the background fields in Eq. (1.108), and introducing

Tpr1) = ) Qp s Q= €?Q, (1.116)
we arrive at the following constraint equation

® 1
EAa 2 QQpquﬁ P Pt (1.117)

TK ,f— Lo
ab (p+1)! —#

Here F{,,9) and ¢ are the (un-shifted/scaled) background fields and we have dropped
the (bg) superscript to ease notation. We emphasize that the quantities appearing in the
constraint equation (1.117) are computed in the overlap zone.
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1.6.3 Integrating the EOM to an action

We now integrate the EOM (1.117) to an action. To this end consider the combination
T“bKa’Z using the perfect fluid p-blackfold stress tensor (1.75). Usually we require the
variation of the charge @), to vanish (since it is conserved among physical variations) and
relate the derivative of 7 to that of P and arrive at the action (1.67) (see App. A).
However, in dilatonic backgrounds @), is not conserved since the local definition of @,
depends on the value of the dilaton. Instead we consider variations for which we keep the
charge Q, in Eq. (1.116) fixed. It follows that

®
TK,f = — 1" 9,P + PK’ + “”2%% 1P b . (1.118)

Using the EOM (1.117), the dilaton terms are therefore seen to cancel out, and it follows
that (1.117) can be obtained from the action

I_/W (% Po+ QP [Api1)] ) - (1.119)

p+1

for variations in the embedding where we keep the global temperature 7" and the charge
Q, fixed. Here P [A(p+1)] denotes the pullback of the (p + 1)-form gauge potential to the
worldvolume. Moreover we used the symbol P, to signify that the blackfold pressure is
computed locally i.e. using the rescaled charge (), related to Q,, and the dilaton through
(1.116). The condition that @, (rather than @) is taken to be constant might seem a bit
ad hoc, however, assuming that (1.117) can be derived from an action, the action (1.119)
is really the only possibility consistent with gauge invariance which in turn implies that
Q, is conserved. Ultimately, the conservation equation should follow from considering
intrinsic perturbations of the system (like the ones considered in Chap. 3) which will be
shown in [58].

Before concluding this section, it is interesting to compare the action (1.119) to the
Dp/NS/M-brane worldvolume actions. Assuming that the worldvolume field stregths are
turned off, note that these actions take the universal form in the Einstein frame

I, = _Tp/ g e J—y :l:Tp/ P[Apt)] - (1.120)
W Wh+1

p+1
Here + stands for branes and the — stands for antibranes, Vg 18 the pullback of the metric
onto the worldvolume using the Einstein frame metric, and 7T}, is the tension of the object
in question (the dilaton of course vanishes for M-branes). We now consider the blackfold
action (1.119) in the extremal limit. In the extremal limit,

Py =—|Qy = —e~"?2|Q,| . (1.121)

In the extremal limit, under the above assumptions, we therefore find perfect agreement
between the (supergravity) p-brane blackfold actions and the corresponding single brane
worldvolume actions under the identification!®

Q,~T,. (1.122)

15The constant of proportionality is naturally identified with the (large) number of branes sourcing the
p-brane blackfold.
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We postpone a more full discussion of the relation between blackfolds and the DBI-like
actions to Chap. 2.

1.6.4 More general force terms

In this section we briefly comment on the force terms arising for more general bound state
blackfolds reviewed in Sec. 1.5.6. For definiteness we consider here the F1-Dp bound state
system and refer to [58] for a complete analysis. For the convenience of the reader, we
have recorded the F1-Dp bound state solution along with its effective blackfold fluid and
currents in App. B. This solution will play the role of the seed solution in the perturbative
expansion. Repeating the steps of the above analysis, now including a non-zero background
fields H(z) and F{,9), we recover the expected Lorentz-like couplings. However, since the
F1-Dp system also sources a non-trivial C';,_1) gauge potential, in general there will also
be a non-trivial coupling to a non-zero background F{,) field strength. All in all, we arrive
at the following extrinsic equation (assuming here that the background dilaton vanishes),

ab
T"K," =L ]:(MFI)+ L0 ]:(#Dp)'i' Ly Fp1-pp) (1.123)
where F(r1) and F(pp) are the usual Lorentz couplings

1 1oy
]:(HDP) - WFWO M oy ]:(Mm) = QHW Jv (1.124)

However, the coupling F(r1.pp) is new and is given by the non-trivial cross-term

1 ~

F(F1-Dp) = MFWO"'“V?JMO...M@_Q with 3(;;—1) = *(p+1)J(2) (1.125)

It is straightforward to include a dilaton. The dilaton force term (non-trivially) decomposes
according to

1
Fdilaton = B (ar1Pr1QF1 + appPpp@pp) L7 0o (1.126)
with ap; = —1. Notice that in dilatonic backgrounds the cross coupling F(ri.py) also re-

ceives a non-trivial dilaton factor. To complete the discussion, we also need to comment on
the effective equations governing the currents, J, j, j. It is straightforward to write down
an effective action giving rise to the force terms (1.123) by simply coupling the currents J,
4, 7 to the background fields in the usual manner. By requiring that the effective worldvol-
ume action is gauge invariant under the gauge symmetries of the underlying supergravity,
we obtain a set of modified conservation equations for the currents (basically as “force
terms” in the conservation equations). The exact form of these equations depends on the
type of bound state in question and the general expressions will be presented [58] (see
also the recent paper [53] where the effective equations are written down for the M2-M5
system). Equivalently, these equations derive directly from the hydro sector where they
basically show up as modified constraint equations coming from the Chern-Simons term
of the relevant supergravity.
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1.7 The blackfold construction in fluxed backgrounds

In this section we extend the blackfold construction of Sec. 1.4 to blackfolds embedded in
flux backgrounds. Most of the considerations carry directly on to the more general case
but with some important remarks.

In general, the blackfold Killing vector k® pushes forward to a Killing vector of the
background i.e., (£2; constant)

K=+ Qg (1.127)

where £ corresponds to the canonically normalized generator of time translations and the
X1, - .. denote the set of spatial (rotational) isometries of the background (see also App.
A). However, with regard to stationarity there is an important further distinction to be
made, depending on whether:

I The vectors x1,... are also worldvolume Killing vectors.

IT One of the vectors xi,..., say x1 = x,'° is perpendicular to the worldvolume and

hence not a worldvolume Killing vector.

In the first case the blackfold world-volume does not break the isometries &, x1, ... of the
background. The resulting solutions are the standard stationary blackfolds considered
in Sec. 1.4. In the second case, which is the one relevant for the analysis of Chap. 2,
the blackfold worldvolume only preserves a particular combination of the isometries &, x
and should therefore be viewed as a “boosted stationary” solution rotating along the U(1)
generated by x. We will refer to this below as quasi-stationary, since we still have that,
seen from the worldvolume, the blackfold configuration is independent of time. As a result,
the conserved quantities associated to £ and y are of a different nature. In particular, the
conserved quantity generated by £ should be thought of as the total energy E (so not the
rest mass of the object) and the quantity generated by x as the transverse momentum J
corresponding to the rotational boost. Finally the conserved quantities generated by the
rest of the y;’s are the usual intrinsic worldvolume spins along the directions of W, 11.

1.7.1 Conserved charges

We now write down the expressions for the conserved charges corresponding to the asymp-
totic generators & and x for quasi-stationary blackfolds in flux backgrounds. For simplicity
we here focus on the non-dilatonic case. As we have seen, the effective gravitational dy-
namics is modified according to

V#TMV — !FMMO".MPJ,LL,U«OM,U«;? (1128)

(p+1)

18For simplicity we here only consider the case where one of the x;’s is perpendicular to W41, however,

there could in principle be more than one. Moreover we will also restrict ourselves to static backgrounds.
Also note that x is necessarily Killing. Indeed, if x¥ was not Killing the worldvolume would be accelerating
and would therefore emit gravitational radiation and would thus not be stationary.
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It is now straightforward to obtain the modified conserved quantities from this equation,
assuming that the background field F{, o) respects the symmetries of the background.

For any Killing vector field k£ of the background we have by assumption that the Lie
derivative along k of the (p + 2)-form F' = F{,,9) is zero £ F = 0. Since dF' = 0, we
find that 0 = dF = ,dF + d(¢xF') = d(¢xF') where ¢ denotes the usual interior product.
Moreover, since k is a symmetry of the background and F', we can pick a gauge in which
£1A = 0. By virtue of Cartan’s identity, we therefore see that 0 = £ A = 1, F + d(1xA),
thus 1 F' = —d(1A). In this gauge the (p+ 1)-form ¢ F' therefore has the p-form potential
tA. Using this, we can now show that the current

. 1 .
jl = (T;,W + HA'JPI...ppJ“PI"'PP)kV , (1.129)
is conserved V,ji = 0. Indeed, using the EOM (1.128), we see that

JPLUPpl — JP1Ppt1

. 1
P! Vu(T"k) = ——k'F,

1 )
P Vp1-Pp+1 _]mv[pl (“fA)pz"'ﬂpﬂ}

= _vl)l (ikA)m--'PerljplmppH = _vu(Aupl“'ppjﬂplmppky) : (1-130)

The current (1.129) therefore gives rise to a conserved charge. Using the form of the
monopole stress tensor (1.14) and current (1.63), we can now do the J-function integrals
as in Sec. 1.4 to reduce to integrals over B, and obtain the following expression for the
conserved charge!”

Qlk] :/ dV(p)fyIl [TH + V¥ nyky, | o (1.131)
ri=X"1
P
Here we have defined
1
VW = HAVM1-~~MP_1JWIMM_1 . VL= ji . (1132)

The quantity ~, is recognized as a Lorentz contraction factor which must be included since
the spatial part of the worldvolume B, can suffer Lorentz contractions due to transverse
boosts (~ v,r) and/or gravitational redshifts (~ g¢«). Now, we use the result (1.131) to
write down the conserved charges corresponding to the background Killing vectors & and

X

E= / Vv [T + V¥, J = —/ AV v LT+ V¥ X - (1.133)

By By
The expressions correspond to the £ and angular momentum J of the quasi-stationary
blackfold moving with constant velocity in a fluxed background along an isometric direction
and generalize the standard blackfold expressions discussed in Sec. 1.4. In order to obtain
the expressions for the intrinsic spin S;, we just replace xy — x; in the expression for J
(typically V*¥ vanishes in the y; direction and the expression for S; will just reduce to the

"Note that under the assumptions the metric determinants factorize according to /—g =

W\/gspatial and Vet dp+10 =V VT deVv(P)'
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one recorded in (1.44)). Finally the total entropy is obtained in the usual manner and is
given by

S:/ dV(p)*yj_lu“n#. (1.134)
By



2 Thermal spinning
giant gravitons

2.1 Introduction

In this chapter we apply the blackfold formalism reviewed in Chap. 1 to certain thermal
spinning probe branes in string/M-theory. More specifically, we apply the effective ap-
proach to the giant graviton configurations originally considered in [25-27]. The analysis
presented here was originally carried out in the two papers [1; 2].

The archetypal giant graviton configuration is that of a D3-brane wrapping a three-
sphere with center of mass moving along the equator of the five-sphere in the AdSs x S°
background. The configuration corresponds to a blown up version of the usual point
particle-like Kaluza-Klein graviton (hence its name). The dynamics of the giant graviton
is captured by the DBI action coupled to the usual background (self-dual) five-form field
strength F(5y. In the dual gauge theory description, in the context of the AdS/CFT
correspondance [12-15], the giant graviton moving along an S! inside the S® with angular
momentum J is dual to a gauge theory multi-trace operator Oy with R-charge J and
conformal dimension A = J. Similarly M-theory giant gravitons exist on AdS; x S7 and
AdS; x 8% (with similar relevance for the respective dual CFTs) with the M2 giant graviton
wrapping a two-sphere in the S* and the M5 giant graviton wrapping a five-sphere in the
S7, respectively. Finally all the described giant graviton configurations have a “dual”
version carrying the same quantum numbers (but with no upper bound on the angular
momentum), still rotating on the (equator of the) sphere part of AdS x S, but instead
expanded into the AdS part of the background geometry [26; 27].

As will be explained below, the blackfold approach allows us to thermalize probe brane
configurations in general backgrounds. Using these ideas, we will construct a thermal
spinning version of the giant graviton configurations relevant to IIB/M-theory which we
shall henceforth dub the thermal (spinning) giant graviton. Heating up the AdS x §
background with the IIB/M-theory giant graviton in it, then corresponds to a thermal
state that results from the ensemble of operators that are fluctuations around Oge. Thus,
in the context of AdS/CFT, having a description of the thermal giant graviton will provide
insight into the strong coupling behaviour of the gauge theory side at finite temperature.
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2.1.1 Thermal probe branes a la blackfolds

When considering the bending of (locally) supersymmetric brane configurations, most of
the work has been done by considering the worldvolume theory of a single probe brane
is a given background. The physics of probe branes is conventionally examined using the
weakly coupled description in terms of the D-brane (Abelian DBI) or M-brane worldvol-
ume theories or, in the case of F-string probes, the Nambu-Goto action. However, as a
consequence of open/closed string duality,! the weakly coupled (microscopic) worldvol-
ume picture has a complementary description on the strongly coupled (macroscopic) bulk
spacetime side. Indeed, for supersymmetric configurations one can typically find an exact
interpolation between the two sides, which has been the heart of, for example, microscopic
counting of black hole entropy [11] and the AdS/CFT correspondance. When interpolat-
ing from the weakly coupled regime to the strongly coupled regime, one therefore expects
that the corresponding brane profiles can be obtained from a supergravity perspective by
considering the back-reaction of many branes on top of each other. In order to determine
the corresponding brane profiles on the supergravity side, one would have to impose an
appropriate ansétze, incorporating the symmetries of the problem and solve, the resulting
supergravity equations of motion. A well-know example of this, relevant to the present
work, is the relation between giant gravitons and the LLM geometries due to Lin, Lunin
and Maldacena [95]. More generally, this type of open/closed duality has been shown to
extend beyond the AdS/CFT decoupling limit. For example, in Ref. [96] shapes of brane
intersections were studied from the supergravity perspective and found to be in perfect
agreement with those found from the DBI action, with the Blon solution [23; 96] being
the most simple example. In general, “bending” branes on the supergravity side, i.e., find-
ing non-trivial geometries from the supergravity EOMs, is a highly non-trivial (generally
unsolvable) task. Already for the case of the highly (super)symmetric LLM geometries,
the amount of computations going into finding the actual solutions is quite impressive.
From this point of view, perturbative methods for tackling the complexity of the highly
non-linear supergravity EOMs would be very useful. In this context, the effective blackfold
theory provides an excellent perturbative framework for addressing these problems. To
leading order, the effective theory takes the from of a worldvolume theory similar in nature
to the DBI worldvolume action (and its M/NS cousins) and the full exact supergravity
solution can then in principle be perturbatively reconstructed order by order through the
matched asymptotic expansion procedure outlined in Sec. 1.3.4 (and generalized to in-
clude matter fields). However, already at the level of the effective worldvolume (probe)
theory, a great deal of information about the physics of the system can be extracted.

In addition, in the effective gravitational theory, the brane probe under consideration
can be blackened and thus be brought into thermal equilibrium with a background of
finite temperature. The blackfold approach therefore naturally provides us with a tool
for describing the physics of thermal probe branes. In particular, the blackfold approach
naturally takes into account that the degrees of freedom living on the brane themselves get

!'We use this terminology here in the loose sense to denote the duality between the worldvolume and
spacetime/bulk descriptions.
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thermalized (which is evident from the near-extremal form of the stress tensor recorded
in Eq. (1.86)). This has revealed a number of new qualitative and quantitative effects,
as compared to the conventional method for treating probe branes in finite temperature
backgrounds (see [48] for a brief review and references). These ideas were first employed
in Refs. [48; 49] where the Blon solution of [23; 96] was identified and thermalized in the
blackfold approach. In addition to thermalizing the phases available at zero temperature,
the thermal analysis also revealed the existence of new phases not visible in the extremal
limit. Although the effective worldvolume theories of the (DBI) Blon and the thermal
Blon of [48] are similar in spirit, and produce essentially equivalent results in the extremal
limit (in accordance with the discussion in previous paragraph), we emphasize that the
physics of the two systems is very different: The conventional (DBI) Blon consists of a
single D3-brane with the worldvolume gauge field turned on, while the (thermal) Blon of
[48] is described by the effective blackfold theory of a (black) D3-F1 brane bound state
geometry. Along these lines, the M-theory M2-M5 version of the Blon system was analyzed
in the blackfold approach in Refs. [50; 51], including a spinning M2-MS5 ring intersection
[52].2 The ideas presented here are naturally applied to (thermal) F-string/brane probes in
context of the AdS/CFT correspondance. The first application of the blackfold formalism
in an AdS/CFT setting was carried out in [54] where the effective theory was used to
analyze the thermalized gravity dual of the rectangular Wilson loop using a black F-string
probe ending on the boundary of AdSs(xS?).

Along these lines, we here construct a thermal spinning version of the giant graviton.
Notice that the possibility of adding internal spin (i.e. in the brane directions) is a new
feature of the thermal giant graviton that is not present in the case of the standard
extremal (supersymmetric) giant gravitons. The reason is that at zero temperature the
worldvolume stress tensor of the giant graviton is locally Lorentz invariant, as can be seen
directly from the D/M-brane actions (for zero worldvolume gauge fields). This means
that the internal spin of the giant graviton is not visible in the extremal limit. However,
turning on a temperature breaks the local Lorentz invariance of the worldvolume stress
tensor and thus makes internal spin an important effect to consider. Moreover, we find
that it is possible to perform a non-trivial double scaling extremal limit, giving rise to a
novel null-wavegiant graviton with BPS spectrum.

Notation and regimes of validity: We will follow that notation and basic setup of
[26]. As explained in the introduction, we focus on the conformal cases, namely we consider
D3-branes in D = 10 IIB supergravity and M2- and M5 branes in D = 11 supergravity in
the backgrounds of the form AdS,, x S™ with,

(mvn) = {(57 5); (47 7)§ (774)} ’ (2'1)

along with the appropriate gauge potentials. Note that n and m are related by n =
(3m — 5)/(m — 3), but for ease of notation, we keep the two symbols separately below.
The geometries, along with the corresponding gauge potentials, compromise maximally

2Recently these ideas were extended to supersymmetric long-wavelength perturbations in the blackfold
framework in Ref. [53] providing new intriguing insights into the “SUGRA /DBI correspondence”.
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supersymmetric solutions to the corresponding supergravity. The four-form field strength,
corresponding to the three-form M-theory potential, is proportional to the four dimensional
component of AdS,,, x S™. The IIB self-dual five-form field strength naturally splits up in
a component proportional to the volume-form on the AdSs part and the S® part of the
geometry, respectively. Finally, the radius of curvature for AdS,, is denoted L while that
for the S™ is denoted L. For the cases under consideration, they are related as
p="3 (2.2)
2
Before ending this paragraph, we will say a few words about the validity of the blackfold
approach for our specific physical setup (we postpone the details to Sec. 2.3.2). In order
for the blackfold probe approximation to hold we require

1< Np3 < N<ANp3, 1< Ni;< N, 1< Np<N?. (2.3)

where N is the (large positive integer) units of n-form flux through the sphere S™ and A
is the ’t Hooft coupling (for the n = m = 5 case). We note that the last two M-theory
conditions can be rewritten as Ay; < 1 and Ap; > 1 respectively, in terms of the 't
Hooft-like coupling Ays = NZ5/Num2 that was identified in Ref. [51] in the context of the
self-dual string soliton of the M5-brane theory. Here we use the fact that for the M5-brane
case our N is the parameter of the M2-brane theory and for the M2-brane case N is the
parameter of the M5-brane theory. Another important remark about the validity of the
analysis is related to the Hawking-Page temperature Typ ~ 1/L, above which the AdS
black hole background will become dominant over the hot AdS space-time background [97]
considered in this work. We find that for the bounds (2.3) (again we postpone the details
to Sec. 2.3.2),

THP < Tmax y (24)

where Tiax is the maximal temperature allowed for the blackfold giant graviton solution.
We thus see that in the regime where the probe blackfold approximation is valid, the
maximum temperature of the solution is far above the Hawking-Page temperature. As a
consequence this maximum temperature is not physical in the sense that before reaching
it one should change the background to the AdS black hole, and hence our solution is most
relevant for small temperatures.

2.2 Giant graviton on S" revisited

In this section we review the giant graviton configuration in IIB string/M-theory on
AdS,, x S™ (using the conventions explained in the introduction). For definiteness, we
focus on the case in which the giant graviton is expanded in the $”, and correspondingly
also the construction of the (spinning) thermal giant graviton in Sec. 2.3 will be confined
to this case. The case in which the giant graviton is expanded on the AdS,, and its thermal
version is considered separately in Sec. 2.7.
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The review will serve to set our notation and properly define the configurations that will
be heated up and spun using the thermal blackfold method. At the same time we highlight
that, beyond the usual 1/2 BPS solution, there is a stable branch of giant gravitons that
has not recieved much attention in the literature. Some unnoticed properties of this branch
is discussed in Sec. C.2 of App. C.

2.2.1 Setup and action

As explained in the introduction, we consider IIB string/M-theory on AdS,, x S™ with
n-form flux

F(n) = (n - 1)V01(n)/L s (25)

where Vol(,,) is the unit volume form on the S™ and L denotes the radius of the S™ and is
related to the anti de-Sitter radius through (2.2). For the S™, we take the parametrization

d0? ) = L? [d6? + cos? 0 d? + sin? edgﬁn_m} , (2.6)
where d{2(,,_5) denotes the line element on S"=2 (with coordinates X1, ..., Xn_2). In these

particular coordinates, the (n — 1)-form gauge potential associated to the flux (2.5) takes
the form

Ap_1y = (Lsin0)" " d¢ A Volg, gy = r""de A Vo, o) (2.7)
where 7 = Lsinf denotes the radius of the S"~2. The giant graviton is obtained by
considering a (rotating) D/M(n—2)-brane that wraps an S"~2 the S™ inside the AdS,, x S™.
Denoting the worldvolume coordinates on the brane probe as {¢° = 7,0!,..., 072}, its
embedding into the background is taken to be

t=7, ¢=00r, x'=0 ... X" ?=0""?, 0=arcsin(r/L)=const., (2.8)

where the D/M(n — 2)-brane sits at the origin of the AdS,, space (as a point). The
parameter (3, is simply a sign which takes the specific values 84 = f5 = 1, 87 = —1.3
The size of the giant graviton configuration is thus r = Lsin # and it rotates with angular
velocity 3,0 on the S™, satisfying the geometric bound Q2(L? — r2) < 1. The resulting
induced metric on the probe brane worldvolume is easily computed,

Yap do?do” = —kd7? + 12 dQ7, ) (2.9)
where a = 7,1,...,n — 2 runs over the worldvolume directions and
k= k% = /1 - Q2(L2 —r2) , (2.10)

is the norm of the rotational Killing vector satishfying 0 < k < 1.
With this setup, the giant graviton is found by solving the EOM of the brane DBI
action Ippr in this background. We have

Ippr = /dTLDBI , Lppr = L= _T(nZ)/ , (V== Ar1000) »  (2.11)
Sn—

Sn—2

3The choice of sign 8, is introduced for convenience to simplify the formulae below, treating the D3,
M2 and Mb5-branes uniformly. Alternatively, one can take a plus sign for all cases, and reverse the sign of
the M5-brane charge, turning it into an anti-M5-brane.
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where v is the determinant of the induced metric (2.9), Asyo,...0,,_, 1S the pullback of the
(n—1)-form gauge potential onto the worldvolume, and T(n—2) s the (n—2)-brane tension.
Using the embedding (2.8), this gives

Lpgr = —T(n_z)Q(n_Q)Tn_Q (k — T’Q) . (2.12)
The angular momentum and Hamiltonian are then computed as

oL oo (UL —12)
J = /;H_Q 879 = T(n_z)Q(n_g)T (k +r s

) (2.13)

Sn—2 k

We finally note that the overall factor in all these expressions involves the product €2, _9)T(,,_2)

which can be re-written in terms of the background variables as

N
Qn-2T(n-2) = 7777 » (2.14)

where L is the radius and N is the (large) integer denoting the (quantized) background
flux through S™.

2.2.2 Solution branches and stability

Varying the Lagrangian (2.12) with respect to the radial coordinate r we obtain the EOM

n—2—(n—2)L%%+ (n—1) (m 122 r2)‘) ~0. (2.15)

This equation has two branches of solutions?

1 n—2
=7 &= V- 22L2— (n—1)(n—2)r%

: (2.16)

which we will dub the lower and upper brach, respectively. Notice that for the upper
branch we have that 1 < QL < n — 2. It is interesting to note that a maximal size giant
graviton (r = L) exists in both branches with either Q_ = L™! or Q4 = (n — 2)L~".
Moreover, it is also worth noticing that both branches connect to the point-particle case,
in the limit » — 0.

To elucidate these branches and connect to a more physical parameterization, we use
(2.13) to compute the on-shell angular momentum and energy. We introduce a rescaled
(dimensionless) angular momentum and energy according to J = J/N and E = (L/N)E
along with the dimensionless ratio 7 = r/L. We then find on the lower solution branch

J =E_="3. (2.17)

while for the upper branch, we have

L= m=2= (=3, By =i Vm-2P = (- D=9 . (218)
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Figure 2.1: E = (L/N)E (left) and J = J/N (right) versus 7 = r/L for the lower (black)
and upper (grey) solution branches of the extremal giant graviton, respectively.

For clarity, we have depicted these results in the plot of Fig. 2.1.

One observes that the angular momentum is confined to the range 0 < J < 27771,

where
N n—2

Y= (2.19)

n—1"

We see that for each value in the (full) range of angular momentum there are two possible
solutions, with different values of #. Comparing the two corresponding values of the energy
for each of these two values of 7 (given J), one finds that the one with highest # minimizes
the energy. To see this more clearly, we exhibit E versus J in the left plot of Fig. 2.2.
Hence we expect that the stable branch of solutions consists of the entire lower branch
(for 0 < J < 1and 0 <7 < 1) together with the part of the upper branch that has
1 <J <271 and 7, <7 < 1. Conversely, the part of the upper branch spanned by
0<I< 27%3*1 and 0 < 7 < 7, will be for given J a local maximum of the energy. More
properly, this result on the dynamical stability can be derived by computing the off-shell
Hamiltonian from (2.13)

(J — rn+1)2 ‘

T (2.20)

H = T(n72)Q(n72) \/7“201_2) +
Varying this with respect to # for constant J gives, as expected, the extrema Q = Q.
found before. To see which part of the branches are stable we vary H once more with
respect to 7 at constant J, and demand positivity, so that we are at a minimum. The
result is that the lower branch Q = Q_ is stable for all values of # (0 < # < 1) and the
upper branch 2 = Q+ is stable for r, <7 < 1. This is in accord with the arguments of the

4The limit 7 = 0 of these solutions describes the point-particle limit of the giant graviton, where one
should be careful in taking the limit » — 0 such as to obtain sensible conserved charges [26].
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0 2/t 0 2

Figure 2.2: E = (L/N)E (left) and Q (right) versus J for the two solution branches.

previous paragraph (see also App. A of [1] where the same conclusion is obtained from
a more detailed stability analysis that includes time derivatives of the radial coordinate).
Finally, we note that the point # = r, where the upper branch becomes unstable can also
be seen as a turning point in a plot of Q as a function of J (see right plot of Fig. 2.2).

The main motivation of the review above and the various plots that are presented is
that they will be instructive to illustrate the new features that appear when constructing
and analyzing the thermal giant gravitons in Secs. 2.4 and 2.5.

Having established which solutions are stable, we will now discuss their physical rele-
vance. First we note that they are distinguished by the angular momentum J. In terms
of 7 they coexist when 7, < 7 <1, but from (2.17), (2.18) we easily see that the energy on
the lower branch is lower than that of the upper branch, for a given 7 in that range, except
when 7 = 1 where they have the same energy. The lower branch is the usual 1/2 BPS
branch extensively considered in the literature, and from (2.18) we immediately recognize
the BPS condition E_ = J_/L. The other stable solution which is part of the upper
branch was noted in [26] (see in particular Figs. 1 and 2 of that reference), but has oth-
erwise largely been ignored. First of all this branch is not connected to the point particle
case as a stable configuration since local stability requires 7, < 7 < 1. Furthermore, while
it is a local minimum of the energy it is not a global one, so it is a metastable configuration
and has E; > J. /L where the bound is saturated for # = 1. This thus raises the question
whether this configuration indeed preserves 1/2 of the supersymmetries. By repeating the
steps of Sec. 3 of [26], it is possible to verify that this is indeed the case. The main point
here is that the (2-dependent terms in this computation vanish at # = 1. So we see that
at 7 = 1 we can have either Q_ = 1/L or Q, = (n — 2)/L, both satisfying the same
BPS bound and both being supersymmetric. In particular, we cannot distinguish these
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configurations according to their energy.’ In the first case the center of mass is rotating
at the speed of light while in the second the center of mass is rotating at a superluminal
velocity. However this should not be an argument for discarding the latter solution since
the center of mass being a geometrical construction can be moving with superluminal ve-
locities as long as every point on the brane is subluminal. The existence of these two BPS
configurations at 7 = 1, arising from two distinct solution branches raises the question of
what the dual CF'T interpretation is of the one connected to the non-BPS branch, and we
briefly comment on this in Sec. C.2 of App. C.

2.3 Construction of finite temperature giant graviton on 5"

In this section we discuss the setup that we employ to obtain thermal spinning giant
gravitons. Beyond the setup and the resulting blackfold equation of motion, this sec-
tion presents the corresponding thermal spinning giant gravitons solutions, the regime of
validity and the extremal limit.

2.3.1 Blackfold action and equation of motion

As explained in the introduction, we aim to study giant graviton solutions of type II string
theory and M-theory as the AdS,, x S™ background is heated up to finite temperature,
treating the giant gravitons as probes of these backgrounds, but heating them up to the
same (finite) temperature. This is done by going to the supergravity regime and replacing
the thermal probe branes by an effective description in terms of their stress tensor and
charge current.

The probe brane setup and internal spin

Our first input to set up the problem is the stress tensor and charge current of the black
(n — 2)-brane probes. To leading order in the blackfold approximation the stress tensor
is that of an (n — 1)-dimensional perfect fluid tensor Ty, = (0 + P)uqup + P7y.p where

1. ..,0" 2 label the worldvolume coordinates, u, is the (n — 1)-velocity and 7

c*=rT1,0
the induced metric on the brane. Furthermore, the energy, pressure, entropy density and

local temperature are given by (reviewed in Sec. 1.5.3)

m—1

= —-P. P=-G(1 — 1) sinh? Js= -1 =—F- (221
0=Ts=P, P=—G(1+(m-1)siu?a) . Ts=(m-10. T= . (221)
where G denotes the Gibbs free energy recorded in Eq. (1.79),

(m) 1
= " 2.22
g 167G 0 ( )

with €,,) the volume of the unit transverse m-sphere. The parameters of the black
(n — 2)-brane stress tensor and thermodynamics are thus ry, a and the co-dimension of
the brane m + 1. Note that we can replace Newton’s constant GG in terms of the tension

5They also satisfy the zero temperature limit of a general Smarr relation that is derived in App. C.1.
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T(n—2y = ((2m)" 212~ 1) 1 of the (n—2)-brane using the relation (2.14).5 The black (n—2)-
brane furthermore has the (n—1)-form charge current J(,_1) = *(,—1)Q(n—2), Where Q(,_)
is the charge

Q(nf2) = (m - 1)9 sinh o cosh v = N(nf2)T(n72) s (2.23)

and N(;,,_9) the number of probe black (n—2)-branes. Again note that current conservation
on the worldvolume implies that N, 9 is constant.

In order to describe the thermal version of the giant graviton we use the same geomet-
rical setup as in Sec. 2.2. In particular, the giant graviton spatial worldvolume is spanned
by an "2 and it moves around the S' C S™ described by the coordinate ¢ with angular
velocity ¢ = ,Q. The size r of the giant graviton and the distance to the equator of
the S™ is described by the 6 coordinate, r = Lsinf. As mentioned above, in addition
to heating up the giant graviton configuration, we seek to examine the effects of intrinsic
spin. To incorporate this, we introduce a set of directional cosines on the spatial part of
the induced metric of the worldvolume

where the sum over i runs from 1 to |n/2], while the sum over j runs from 1 to | (n—1)/2].
We will now consider the following fluid velocity

ku'dy =k =0-+w» 05, , k> =—-7akk", (2.25)
i=1
where w = 0 corresponds to the fluid being at rest u®d, ~ 0;. We thus take the maximally
symmetric situation with equal angular velocities in each of the Cartan directions of the
S™=2 and, for reasons explained below we will assume that n is odd. We then have the
norms

k2= kw2 =W?, W=wr |kw )?=10:P=1-(QL)?>+V? V=Qr. (2.26)

Note that for n even the first expression above would depend on one of the direction cosines
tn/2, leading to a Killing vector with a norm that is angular dependent. In analogy with
the neutral blackfold solutions reviewed in Sec. 1.4.3, this will lead to an inconsistency in
the EOM. We can therefore only consistently switch on internal spin for the D3 and Mb5-
brane, where the branes wrap odd-spheres. The results below still hold for the M2-brane
provided one sets the internal angular velocity w to zero.

Thermal giant graviton equation of motion

We will now derive the EOM for the thermal spinning giant graviton. We derive the EOM
from the worldvolume action found in Eq. (1.119). The (non-dilatonic) action takes the
form

I= / {3P+ Qu-2P [Ap-1)]} (2.27)
RxS(n—=2)

®Note that for this one uses 167G = (27)™ " 317"~ where we recall that for the IIB string theory
case lg = g28.
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where R denotes time, P [A(n_l)] is the pull-back of the background gauge field A(,_1)
(2.7) to the worldvolume, and Q,—_2) = N(;—2)T(,—2) is the total charge of the giant
graviton (cf. (2.23)). We also remark that since the (n — 2)-brane is expanded on the
(n — 2)-sphere the local temperature has a redshift as compared to the global temperature
T of the background space-time that we are probing, i.e. 7 = T'/k (see also Sec. 1.3.3).

Using the embedding given above, and employing the SO(n — 1) symmetry of the
configuration, the action takes the form

Blg = =2y (Ikw.| P+ 1QQ(n—2)) (2.28)

where we have gone to Euclidean space and the factor 8 = 1/T results from the integration
over Euclidean time. The EOM is obtained by varying the action keeping fixed the global
temperature 7', angular velocities (2, w, and the charge Q)(,_2). Using the definitions in
(2.26) and the identity J, log P = —(7Ts/P)d, logk, we find after some algebra the EOM
in the form

k2 +W?

(n—2) (K> + W?) +V? + R W2 —V%) + (n— DVVKZ+ W2 Ry =0, (2.29)

where we have introduced the two dimensionless ratios

Ts 1—m Qmn-2) (1 —m)sinhacosha
Ri=—= = , and Ry= -
TP 1+ (m — 1) sinh? o ? P 14 (m —1)sinh? «

(2.30)

Conserved quantities

Given a solution of the EOM (2.29), the configuration has a number of conserved quan-
tities. For use below, we present the (off-shell) expressions of these conserved quantities,
which follow from the general results for blackfolds in flux backgrounds, derived in Sec.
1.7.1. Upon direct evaluation, these are found to be

O

ot )
K.y k2

1
[Q|kw.v.|2 +P (|kw.v.|2 - k2)] ’ S = T(m - 1)Q(n—2)g|kw.v.|7ﬁ_2 )

_ Q(n_g)gwr”\kw.v_\
= 1z ,
Here E is the energy, S the entropy, J the angular momentum along the S' c S”, and

J=EQ° + Q-2 Qn-gr™ ', S (2.31)

Si= 2.8, i=1,...(n—1)/2, (2.32)

n—1

are the intrinsic angular momenta on S™ 2. Here and in the following we have also
introduced p = v/ L? —r? and we remind the reader that o, P, G are defined in (2.21),
(2.22). In App. C.1 we check that the Euclidean action in (2.28) satisfies fIp = E—TS —
QJ — wS along with a Smarr relation. The equation of motion is therefore equivalent to
requiring the first law of thermodynamics for the specific configuration as expected.
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2.3.2 Solution space and thermodynamics

We now describe the solution space of the EOM (2.29). We work in the ensemble with
given temperature 7', fixed charge (number of (n — 2)-branes) Q(,_2) and intrinsic spin
S. We now explain how the norm of the fluid killing vector k can be used to (formally)
parameterize the solution space. For a given k,Rq{,Re and W we can solve the EOM
(2.29) for V since it is a simple quadratic equation,

1(n— 1)RaVKZ + W2 F /D)

k. 2.33
Vel W) = s R T e s RoAe (2:33)
with
n R R
DU — (12 + W?) |4 <n 2+ 1W2> <R1 —1+ 1<21W2> +(n— 1)27331 - (234)

In analogy to the DBI giant graviton, we will refer to the two solution branches as the
lower (—) and upper (+) branch respectively. At the end of this section, we show that for
zero intrinsic spin and zero temperature the lower branch reduces to the standard %—BPS
giant graviton. Similarly the upper branch reduces to the upper brach of the DBI analysis
(2.16). Using (2.26) we can now find the expression for respectively 7 = /L, Q = QL and
@ = wkL. One finds

R V A % R w
T(k, W) = \/1 NIRYPRNR VY R 2 5 Q(k7W) = ? s w(kv W) = ? > (235)

where V(k, W) is given by (2.33). Now for a given value of k we can (explicitly) work
out the values of Ry = Ri(k) and Ra(k) and (implicitly) the value of W = W(k) by the
requirement that Q,_s),7" and S are kept fixed. This will be explained in the following.

First of all, we can determine the value of Ry and Rz (see (2.30)) for a given k. To
this end, we introduce the parameter ¢ = 1/ cosh? a. The charge quantization condition
(2.23) can then be rewritten as

~\ m—1
mea _gmes (M= os 0 Gne— (L
) P+ (m —2)n—? sin®d =0, sind= <k ’ (2.36)
with
[ T - 1 (m—=1)"Q) [(m—3)m3
T= Tl — . 5
Titat ’ stat Q(n_g)G 4(47‘(‘)m (m _ 2)m—2 ( 37)

The equation (2.36) is a polynomial of degree m — 2 whose solution we will denote by ¢ (k)
(for simplicity of notation we suppress the T dependence in all expressions below). For
m = 4 (M5-brane on S7), it becomes a simple quadratic equation with solution

o(k
(m,n) = (4,7) : ¢(k) = sin? <(2)> . (2.38)
In the case of m =5 (D3-brane on S°), the equation is a cubic equation with solution
2 sin (0(k))

g\/{?cos (6(k)/3) —sin (6(k)/3)

(m>n) = (575) : d)(k) = (2.39)
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We will analyse various properties of the D3-brane finite temperature non-spinning giant
graviton in Sec. 2.5 using this equation. Finally, we note that it is not possible to write
down an analytical expression for m = 7 (M2-brane on S*), however, ¢(k) can in principle
easily be obtained numerically.

The second parameter W is determined by the (fixed) intrinsic spin S. Rewriting S is
straightforward using the expression in (2.31). We have

d(K)WVKZ + W2
2T ok)

where we recall that 7 is given in (2.35).This equation does not in general have an analytical

Sk W) = LQn-2Qn-2) (kW) (2.40)

solution but it is a simple algebraic equation in one variable W and its solution is again
easy to obtain numerically. We denote the solution by W(k). The equations (2.33)-(2.37)
and (2.40) formally parameterize the solution in terms of k for given T, Q(n—2) and S.

Range of k

Finally, we need to address the range of k. First of all we note that k necessarily lies in the
range 7' < k < 1, where the lower bound follows from (2.37) and the upper bound from
the geometric relation r < L. However, this is only a necessary condition and the form of
the solution, notably positivity of the discriminant in (2.34), leads to further restrictions.
In particular, for the non-spinning giant graviton (S = 0) this leads to the restricted range
T = T/Tmax < k < 1. Here Tyax is the maximum temperature that the solution can
have in that case (see App. C.3.1), and we note that T < T because Tstat > Tmax. More
generally, as soon as we turn on spin one finds that the range of possible k values becomes
more intricate but can be computed in principle for given T, 8.

As an illustration we give some details on the range of k in App. C.3.1, while we also
refer the reader to Sec. 2.4, where we will plot the solution branches at maximal size r = L
for a representative value of 7. This indicates that k goes from 1 (low spin regime) to T
(for which the maximum spin is obtained) and a small interval of k’s which is excluded
by the EOM. As a consequence, we see that each of the lower and upper branches, branch
up further into two branches, a low spin and high spin branch.

Physical quantities

Given a spinning giant graviton solution, we can write down the on-shell physical quantities
using the expressions in (2.31). We define a rescaled dimensionless energy, entropy, and
angular momenta by

EL S = STtat 3 J S )

E AT AT 0 ) ATANT ATAT
NN@p—2) NN NN NN (-9

(2.41)

and use the dimensionless ratios # = /L, p = p/L. Notice that J (respectively &) is the
ratio between orbital (respectively internal) angular momentum and the orbital angular
momentum of the maximal size giant graviton at » = L. We then record the expressions
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of E, S, J and 8 in terms of k, W, ¢(k) and 7(k, W)

- 1 b . o o Y o KW

_ (bWV k? + W2 ,,;;TL—].
TRV '

The expression for 8 suggests that maximum intrinsic spin is attained for k = T, which

J=Epv/1-W2 -k +i"1 8§ (2.42)

is confirmed by the analysis in the next section.

Validity of the probe approximation

We now address the validity of the (leading order) blackfold approach in which the (n—2)-
brane is treated in the probe approximation. For the probe approximation to be valid for
our supergravity black (n — 2)-brane probe we must require the transverse length scale ry
of the probe to satisfy the conditions that r is much smaller than any of the scales 7int, Toxt
and L, where 7iy¢ and rext are the length scales associated with the intrinsic and extrinsic
curvature of the embedding of the brane, respectively, and L is the length scale of the
AdS,, x S™ background. A detailed analysis leads to the (sufficient) requirement (2.3).”
We now examine how these bounds relate to the Hawking-Page temperature Typ ~ 1/L,
above which the AdS black hole background will become dominant over the hot AdS space-
time background. Using the results for the maximal temperature collected in App. C.3.1
we have first of all in the case of zero intrinsic spin that

1

1
Tmax ~ N»=1 ,  Typ ~ N(Z:IQ) .

(2.43)

Using (2.3), we thus see that in the regime where the probe blackfold approximation is
valid, the maximum temperature of the solution is far above the Hawking-Page tempera-
ture, Tip < Tmax. We also remark that when the intrinsic spin is turned on the maximum
temperature decreases.

2.3.3 The extremal limit

To make contact with the standard zero-temperature giant graviton reviewed in Sec. 2.2
we consider here the extremal limit of the above solution. This is obtained by letting
¢ —0s0Ri — 0and Ry — —1. Since & = 0 for all W, we expect W to drop out of the
problem.® Indeed, we should not be able to see intrinsic rotation in the extremal limit,
due to Lorentz invariance of the worldvolume stress tensor. In further detail, we obtain
from the solution (2.33) by setting R1 = 0 and Ro = —1 that

Vo= lkwvl, Vi=m+1V_, (2.44)

m—1
"We note that the upper bounds N, (n—2) < N =T follow from setting r = L in the necessary requirement
m—1
Nin—2y < N7»=1 (r/L)™" (see also [1]).
8 Another extremal limit, involving a double scaling, will be considered in Sec. 2.6.
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which are manifestly independent of W. Using (2.35), we then obtain the lower and upper
branch, respectively

n—2
V=22~ (n—1)(n—2)7*

which coincides with the angular velocities from the DBI analysis (2.16) (here denoted with

0. =1, Q,= , (2.45)

a bar to distinguish them from their thermal counterparts). Using the equations (2.42)
we can now compute the energy and angular momentum associated with the extremal
solution. We find

J =E_ =73 (2.46)

while for the upper branch, we have

Jy=m3m—-2-(n-3)), Er=i"3/(n-22-(n—-1)(n—-3)72 . (247

Reintroducing the units using Eq. 2.41, we thus recover the extremal results for the
energy (2.17) and angular velocity (2.18) up to a factor N(,_s) alluding the fact that in
the blackfold analysis we consider a (large) stack of N(pn—2) branes (as opposed to the DBI
analysis where we consider only a single brane).

2.4 Thermal spinning giant graviton

In this section we examine the physics of the thermal and internally spinning version of the
giant graviton configuration consisting of an (n — 2)-brane wrapped on an (n — 2)-sphere
moving on the n-sphere of AdS,, x S™. We will start by elucidating some of the main
features of the solution space obtained from the EOM (2.29).

2.4.1 Main features of solution space

As explained in the introduction, from the point of view of the dual field theory, the most
interesting giant graviton configuration is the one close to maximal size, r ~ L. In this
section we examine the configuration space at r = L when turning on temperature and
intrisic spin. We mention that in principle it is possible to numerically do a similar analysis
for any r > 0, however, this is not particularly illuminating and such an analysis has thus
been omitted. We expect the general features of the results below to hold for any r.

At r = L the Killing vector k only depends on W = @. Substituting the expression for
W in terms of k into (2.33), we obtain the solution for Vi = Q. parameterized in terms of
k = (1—&?)Y/? at maximal size. In Fig. 2.3 the angular velocity € is plotted as a function
of k for both branches for the D3- and M5-brane, respectively. Here we describe the main
features of the solutions.

As can be seen from the plot, there is a small range of values of k which admits no
solutions to the EOM. Therefore each branch splits up into a low spin branch and a high
spin branch®. At low spin the angular velocity Q4+ and thermodynamics get small quadratic

9This effect can also be deduced by looking at the behavior of the quantity Dy in (2.34), see App. C.3.
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spin corrections. This is simply because the conserved quantities depend quadratically on
the spin parameter W except the intrinsic angular momentum which only depends linearly
on W to lowest order. However, these corrections will be sub-leading to the thermal
corrections from the non-zero temperature of the background (see Sec. 2.4.2 below).

In the high spin regime the situation is very different and the solution space is dom-
inated by the effects of internal spin. As already pointed out in Sec. 2.3.2, the maximal
value for the intrinsic angular momentum is attained as k — T. This can also be seen
from the plots in Fig. 2.3. As k approaches T', we see that the angular velocity _ crosses
zero and becomes negative. In order to examine the solution space near maximal spin we
expand around maximal spin k = T' (1+6%), 6 < 1. It is straightforward to solve the
charge quantization equation (2.36) to leading order in 0. Notice that for k = T, we have

. m—3
T)=—. 2.48
o(1) =23 (2.9
It is now straightforward to compute the thermodynamics for small §. For the D3 giant
graviton we find to leading order in T

- 2 (1_4\/5 1 2<1_4\F

2
RVEYE V3 203 T V3

Similarly we find for the Mb5-brane configuration

1 3v/3' 9 1 _3\/§ 2
E_\/?T‘Z <1_ﬁ5+0(5)>’ 8_3\/§T2 (1 \/§5+O(5))' (2.50)

Note that to leading order T'S is of order O(TO). To leading order, the free energy is

5+o(52)>, S = 5+(9(52)). (2.49)

therefore equal to the energy. The above relations can be used to eliminate the small

Figure 2.3: The angular velocities QO (black), Q+ (grey), and relative intrinsic angular
momentum S/Smax (dashed) plotted as a function of k for the D3 (left) and M5 (right)
thermal giant graviton configurations. The plots are drawn for T = 0.2 and have been cut
off at k = 0.6 to enhance features.
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expansion parameter ¢ and write the energy in terms of the intrinsic angular momentum
in the high spin limit. For the D3 giant graviton, we find to leading order in AS = Spax—S,

p_ L _2/2 VN°Nps 1 VN°Np3
T L\ 3-3/472 (LT)2 3-3Y4y272 (LT)?

—4AS> . Smax = (2.51)

where we have re-introduced the physical units using (2.14) and (2.37). Similarly, we find
for the Mb-brane

1( 9 (N*Nys) 1/3

3 (N*Nus)
8v2r?  (LT)?

(2.52)

1/3
=1 575 oy 3AS>, S =

As is clear from the expressions above, the maximally spinning giant graviton configura-
tions are very heavy objects compared to their non-spinning counterparts.'®

2.4.2 Low temperature expansion

In this section we give an approximate solution to the giant graviton EOMs in terms
of the radial coordinate r in a low temperature expansion and without intrinsic spin.
Moreover, we briefly examine the low spin and the maximal spin case for a given r in a

low temperature expansion, respectively.

The low temperature limit with no intrinsic spin: In order to work out the low
temperature expansion we take T — 0, or equivalently ¢ — 0 while keeping k finite. First,
since ¢ < 1, we can immediately solve the charge conservation equation (2.36). Indeed,
in this limit the ¢™ 2 term can be dropped and the solution to (2.36) is given by

T Ym
¢ =Cpn <k) : (2.53)

Am—-1) and C, = (m —3)(m — 2)m%3 . (2.54)

where

[\

Tm = m—3

Notice that for the values of n and m under consideration, we have v, = yp_, = n — 1.
In the limit with no intrinsic spin, we therefore find the following solution for ¢

d=dok'™", Go=l—r = fuI"7", (2.55)

where we have defined f,, = Cp_, and

4 2 1
= — = —, ==-. 2.56
fo=cim b5 Vel fr= (2.56)
Notice that the limit ¢ < 1 requires that k > T which is equivalent to 7 > T. We now
proceed and expand around the extremal solution (2.45). It is straightforward to expand

19We note that the energy in (2.51) is proportional to N?(Npz/N)*/2, while (2.52) is proportional to
N3/2AM6 in terms of the 't Hooft like coupling Aas defined below (2.3).



Chapter 2. Thermal spinning giant gravitons 58

V. with W = 0 in terms of ¢. One finds'!
V_o=k+0(%), Vi=m-2)(1-¢k+0(¢%) . (2.57)

It is seen that for the physically relevant values of n and m, V_ gets no first order correction
as was also seen in the D3-brane case. Now using k? = 1 — 0272 and V = (2, we can solve
for Q )
~ 2~ 9 ~ o §§+f
Q_~Q_+0(¢7), Qp=Qy 1_<n—2

2
) o | +0(?) . (2.58)

where the expressions for the angular velocites Q4 at extremality were recorded in Eq. (2.45).
Using Egs. (2.42) it is now possible to compute the on-shell quantities for the lower
and upper branch, respectively. For the lower branch, we find

_ —2 . —2 /p\?
E ~FE +1222% 5.3 " (f) o ,

n—172" n—1
- = o n—2Y) ¢
TS ~ F_.~E_— (/- = 2.
S_~do, (7“ nl) = (2.59)

where E_ and J_ were written down in equations (2.46) and (2.47), and F = F — TS is
the normalized (Helmholtz) free energy of the system. Similarly for the upper branch we

find
2 (n—2\" 2 2 (n—2\""1p\’
- n— — n— = n— —
E+2E++ = <TL—1— A2>¢0,J+Z’J+— = ()(]50,
n—1 Q. 7 n—1 Q4

n—2 n—2
TS+2<nA_2> P0 F+:E++n_2<n_2> <(n—1)(n—3)_n7;2>¢0’

Q. n—1 §+ n—2
(2.60)

with E; and J4 given in equations (2.46) and (2.47). If needed, it is easy to reintroduce
the dimensions and write the expression in terms of the physical quantities. Simply use
that

doNNy2 V22573 N2 $oN Np3

|

poN Ny 2770
=714 NE; | ITp 3 N5 . (2.61)

(Lr)s 33 M2 (L)

We now express the free energy F' = E —T'S on the lower branch in terms of the angular
momentum. We find

J 22573

Fag = 7 = Ny LT + O(T°)
J e s 8 2.62
J 2676

FM5 = Z - 7N§45L5T6 + O(T12) .

HNote that the expressions and manipulations pertaining to this section only apply to the physical
values of n and m.
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We observe that, to leading order, the difference F' — J/L is proportional to the free
energy of the field theories living on the giant graviton branes [98]. In this connection,
we note that it is non-trivial that the J-dependence has cancelled out in this difference.
It is straightforward to write down similar expressions for the upper branch, however, the
resulting expressions involve complicated functions of the angular momentum multiplying
the thermal corrections, so we omit them here.

Finally, we compute the ratio J/FE for the lower branch. We find

Jm2 V2287130 39 3

— =L — ——— N/, (LT

EM2 347 M2 ( ) )

JD3 3L

T L= N34 (LT)* (2.63)
Jnis 5.2606L o 6

— =L — ———— Ny (LT)" .

EM5 37J M5( )

The first term is recognized as the usual Kaluza-Klein contribution [25] while the second
term is due to thermal effects from the thermal excitations of the (n — 1)-dimensional field
theories living on the giant graviton worldvolume.

Stability issues: We now turn our attention to stability. To this aim we consider the
localized giant graviton to be in thermodynamical equilibrium with the background at
temperature T = TT stat- Moreover, since the total angular momentum J is conserved,
the relevant variables for describing the thermodynamic ensemble are the size of the giant
graviton r, the temperature 7', the angular momentum J and the (conserved) total charge
Q = T(n—2)Nn—2)- The stable solutions to the blackfold EOMs are then characterized
by the paths in configuration space for which the Helmholtz free energy FF = E — TS is
minimized for T', J and ) held fixed. In other words, the stable solutions are determined
by the requirements

_OF
T orlrio

_O*F

Fa = or2lrug

=0 and F(Q) >0 (2.64)
The first of these equations is equivalent to the EOM (2.29). The formulae (2.42) for the
conserved quantities allows us to obtain the free energy of a (in general off-shell) given
thermodynamical configuration. Therefore, having described the solution space for low
temperatures essentially means that we have solved the first derivative F(;) = 0 of the
off-shell free energy FF' = E — TS for T < 1, T <« 7 to leading order in 7. To analyze
stability, we therefore now compute the second derivative F(y) for both branches around

the on-shell configurations. We find to leading order in ¢q

~ (n—3)2f-n—3 (n—2) (n2 +4—3n—(n— 1)(n—3)f2)
(1 - (n — 1)(71 — 3)7ﬁn—1 ¢0> , (2.65)

and .
F+ -~ (n — 3)2Q+fn_3
@7 2(n—2)p?

((n—1)r% = (n—2) — 6u(r)¢0) , (2.66)
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where the expression for the function d,(r) is easily worked out but is rather cumbersome
and has thus been omitted. Solving for F(;) = 0 determines where a solution goes from
stable to unstable. Since the low temperature expansion is only valid for r > TL, we
see that the entire part of the lower branch captured by the low temperature expansion
remains stable. However, the value of r for which the upper branch becomes unstable is
pushed up when we turn on a temperature. Indeed, solving F(E) = 0, we find that the
upper branch becomes unstable at

= fn (n — 1)n—1 rn—1
2T (1 4+ —F—————T , 2.
Ty ~T ( + 5 — (2.67)

where the 7, denotes the extremal radial value for onset of instability recorded in (2.19).
Note also that as a consistency check, the same value of r, is obtained by finding the
maximum of J in the low-temperature expansion, i.e. 83 /9r|,—,. = 0+ O(T3).

The low temperature limit with low intrinsic spin: Since & ~ ¢ (cf. Egs. (2.42)),
for a given temperature T, the scale set for S is given by ¢g. Let us therefore define
S = s¢g. In this way the low spin regime is when s < 1. In this regime we have
W~ s < 1and k ~ |kyy | If we further take the low temperature limit, we find to

leading order
ey n
Q
b_=s, w+—< *) s (2.68)

n—2

In the low temperature regime, the effects of internal spin are first visible to order (9((;53).
The expression for the conserved quantities (2.59) and (2.60) are therefore not changed to
leading order.

Low temperature and maximal spin case: For a given T < 1, maximal spin is
attained for k = 7. Indeed, the lowest possible value for k is T (cf. the discussion in
Sec. 2.3.2). In the low temperature limit, the middle term in the extrinsic equation (2.36)
dominates and therefore V ~ V. We therefore conclude

O~ 20 =14 0(T?) . (2.69)

In the high spin limit we therefore see that the upper and lower branch are on completely
the same footing. The upper branch is rotating in the positive direction while the lower
branch rotates in the negative direction around the S'. As the intrinsic spin is decreased,
the two angular velocities increase so that €2, goes from 1 to €2, (4 thermal corrections)
and Q_ goes from —1 to 1 (4 thermal corrections). This behavior can also be seen on the
plot in Fig. 2.3. It is easy to work out the maximal spin thermodynamics for any r > T.
One finds the same results as in Sec. 2.4.1 scaled with suitable powers of 7.

2.4.3 Spinning black hole configuration

Very much as in flat backgrounds, the extrinsic equation allows for stationary € =
0 odd-sphere solutions [37] (i.e. configurations with only intrinsic spin and (m,n) =



Chapter 2. Thermal spinning giant gravitons 61

{(5,5),(4,7)}). In order to make connection with Ref. [37] and related works (see also
Sec. 1.5.2), instead of working in the usual ensemble where we keep T', r and N(,,_y) fixed
and determine the one parameter space of solutions parameterized by internal spin S, in
this section we keep the size of the giant graviton r, the temperature 7" and the global
dipole potential'?

(I)(n—2) = Q(n_g)Tn_Q tanh o« , (2.70)

fixed. This amounts to simply taking

D gyr* "
agp = arctanh | ——— | . (2.71)
Qn-2)

As we now go along the one parameter family of solutions parameterized by the internal
spin § at fixed r and 7', the dipole potential ®(,_5) will be constant but the charge
Qn—2) = T(n—2)N(n—2) will vary. For 2 = 0, the extrinsic equation (2.29) takes the simple
form

(n—2)(1- wir?) = =Ry (ae)wir? (2.72)

with the solution

1 n—2
= , 9.
v r\/n —2—Ri(ag) (2.73)

for the internal angular velocity. The balancing condition (2.73) is the same as the one
obtained for flat backgrounds [37]. This was expected since the coupling to the background
n-form flux is proportional to {2 combined with the fact that the extrinsic EOM is a local
equation. We emphasize that the solution (2.73) represent a stationary bona fide three-
parameter’® black hole solution on AdS,, x S™. Using the formulas (2.31) (by substituting
k=1- w%R2 with « fixed), it is possible to obtain the expressions for the black hole
mass and thermodynamics in a straightforward manner. However, note that although the
balancing condition (2.73) is equivalent to the balancing equation for odd-sphere solutions
in flat backgrounds, the thermodynamics is not the same due to the non-trivial (global)
background geometry. In particular the curvature of the S™ will introduce a tension term
in the Smarr relation [1]. Also note that the angular momentum J of these configurations
is not vanishing (as it would trivially be in flat backgrounds) due to the presence of the
background flux.

If we want to determine the stationary (2 = 0 solutions for a given charge Q,_9) (i.e.
switch back to the canonical ensemble), in addition to Eq. (2.73) we must also impose
(2.36). This gives an implicit equation for w, which is neither captured by the high spin
regime nor the usual low temperature regime. However, it is easy to see that a solution
exists by continuity (which can also be seen on the plot in Fig. 2.3) and obtaining the
solution is straightforward numerically.

2Notice that the expression only holds for Q = 0, see [37].
3Described by parameters (r, 79, @) or through a set of transformations (captured by Egs. (2.21),(2.70))
the physical parameters (r, T, ®(,,_2)).
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2.5 The non-spinning giant graviton on AdS; x S° - Finite
temperature effects

Here we describe the details of the solution space of the non-spinning (S = 0) AdS5 x S°
thermal giant graviton expaned into the S° following [1].
2.5.1 The solution space

As explained in Sec. 2.3.2 and App. C.3.1, in the non-spinning case k is confined to region
1 in the range
T<k<1, (2.74)

with T = T /Timax where the maximum temperature Tiax < Tstat is given by

— =X2 7t 2.75
2772 Np3 2v/5° (2.75)

The solution (r+(k); Q+(k)) to the D3 giant graviton EOM takes the form

1
4
_— (8\/5 TD3> ]

) \/8k2(1+Ai)+1—8A; ) 3k (2.76)

Q. (k) = T SAL M) = Ko

where Ay = Ay (¢(k)) is defined in (C.23) (with w = 0) and where ¢ = ¢(k) is a func-
tion of k through the charge quantization equation (2.39). Using the expressions in Egs.
(2.42) with W = 0 and k = |ky .|, we can compute the (off-shell) thermodynamics of the
configuration. The parameterization (2.76) now lets us compute the on-shell thermody-
namics for the non-spinning thermal giant graviton on the S® of AdSs x S°. In Fig. 2.4
we have depicted (7,F) as well as (7,J) for various values of T" (similar plot for the rest
of the thermodynamics variables and the angular velocity {2 can be made but have been
omitted here). Note that the corresponding plots for the energy in the extremal case were
given in Fig. 2.1. We now describe some of the salient features of the solution space. At
the upper bound in (2.74), we have r = L and O_ > 1 and Q4 < 3 where the equal
sign applies at extremality. Furthermore, we observe that the values of r are restricted to
0 < rmin <7 < L, and rnijn approaches L as the maximum temperature is approached.
The minimal size thermal giant graviton ry, lies on the lower branch (the black curve
in Fig. 2.4), which curves back to meet the upper branch (the grey curve) in the point
corresponding the to lower bound k = 7.1

That the minimal size of the giant graviton is greater than zero is an important con-
sequence of the finite-temperature physics of the giant graviton. For the extremal giant
graviton the two branches meet in the singular solution r = 0 which in turn corresponds
to the graviton particle with same angular momentum. What we see at finite temperature
is that: a) there is a minimal possible size ry,, of the giant graviton and b) unlike in the
extremal case, it is possible to move in the solution space from one branch to another

“Note that r— (k) — 7 (k) for k — T since ¢(k) — 4/9 so D(p(k)) — 0 for k — T (cf. (C.24)).
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Figure 2.4: F versus 7 (left plot) and versus J (right plot) for the two solution branches
of thermal giant gravitons.

since the meeting point of the two branches at 7 is not a singular solution. Note that the
fact that the thermal giant graviton attains a minimal possible size has an analogue in the
thermal Blon as well as in the thermal Wilson line cases studied in [48; 49; 54].

2.5.2 Stability

To address the stability we turn our attention to the on-shell free energy plotted in the
Fig. 2.4. Just as in the extremal case where the maximal (minimal) energy F is obtained
for maximal (minimal) angular momentum J we see that in the thermal case the maximal
(minimal) free energy F' is obtained for maximal (minimal) angular momentum. This can
be seen by doing a (F,.J) plot, however, the plot looks very similar to 2.2 for the entire
range of temperatures and has thus been omitted. Comparison of the free energies then
shows that the lower branch is expected to be stable for r, . <r < L (with Jyn < J < 1)
and the upper branch for r <r <1 (with 1 <J < Jpax). This is entirely in parallel
with the stability properties of the extremal giant graviton (see Sec. 2.2.2), the difference

Jmax

being that as a consequence of the finite temperature, a part of the lower branch has
become unstable and there is a minimum angular momentum. Note that it follows that
the minimum size stable thermal giant graviton is thus r;_, , which is greater than rpi,
(for which the solution is unstable). We also see that the point where the branches meet
in 7 is always in the unstable region. On the other hand, the branches also meet in r = L,
but for different values of 2. The fact that Junn and Jpax denote the onset of instability in
the lower and upper branch respectively is further corroborated by looking at the turning
points in a (J, Q) plot, which is shown in Fig. 2.5. We see that these boundaries of stability
occur precisely at the turning points where dJ/d€2 = 0, in accord with expectations based

on the Poincaré turning point method (see e.g. [99] and references therein).

>
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0 274
Figure 2.5: Q) versus J for the two solution branches of thermal giant gravitons.

Maximal and minimal angular momentum

We also derive the low temperature limit expression for the maximal and minimal value
of the angular momentum, found on the upper and lower branch respectively. The largest
value of J is exactly attained on the upper branch where it goes from stable to unstable.
S0 Jmax = J+ (7). Using this, we find

V3

9 R .
- Yot T8 2.
3 5 +O(T°) (2.77)

The minimal value of J is attained close to » = 0. This means that an analytical expression

Jmax

for Jmin is not obtainable from the low temperature expansion (as it is only valid for
7> T) However, we expect the following behavior for small 7'

Jinin ~ T8 (2.78)

It is then possible to do a fit of the numerically obtained values for Jpyi,. Doing this one
finds that § ~ 1.89.

2.6 Null-wave giant graviton

In this section we examine a specific solution of Eq. (2.33), consisting of a zero temperature
excitation of the usual extremal giant graviton obtained by taking a particular limit for
which the fluid velocity becomes null.'®> Motivated by this configuration we then write
down an action for null-wave branes and show that the result obtained from varying this
action and approaching zero temperature in a non-trivial way leads to the same solution.
Finally, as an application of this action we obtain the ‘dual’ version of this configuration
expanded into AdS,,.

15 A similar null-wave on the M2-M5 brane intersection was considered in Ref. [52] using blackfold meth-
ods.
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2.6.1 Extremal giant graviton solution with null-wave

Here we show that the thermal giant graviton solution obtained in Secs. 2.3 and 2.4 admits
a zero-temperature limit which can be regarded as a null-wave excitation of the extremal
giant graviton presented in Sec. 2.3.3. This null-wave limit consists in approaching ex-
tremality by sending ¢ — 0 such that

ok '=Pk , k=0, (2.79)

while keeping P > 0 and the charge ()(,,_o) constant. Note that this zero-temperature
limit is consistent with (2.36). In this particular double scaling limit, the EOM (2.29)
takes the form

(n—2W* + V2 - WP (W? - V?) — (n—1H)YW =0 , (2.80)
with the corresponding solutions
e — n—1%|n—3-2PW?| W (2.81)
= 2(1+PW2) ' '

Note that the solution to (2.81) can also be obtained by taking the appropriate limit (2.79)
in the general solution (2.33). As in the extremal case of Sec. 2.3.3 , this results in two
branches of solutions

A N n—1
QO =« Qr=|—=-1]w. 2.82

W <1 T PW2 > “ (282)
The off-shell “thermo”-dynamic properties associated with these configurations are ob-
tained from Eqgs. (2.31) together with (2.79) and take the following form:

B (1 + P27 2P:?

)f"‘S , J=Ep/1-@%2 4 8, = <1> AL (2.83)

N

W

Contrary to the usual 1/2-BPS case presented in Sec. 2.3.3, we see that the null-wave giant
graviton caries spin along the Cartan directions of the worldvolume, which vanishes when
the momentum density P vanishes. Also note that TS = 0 for the null-wave configuration.
The null-wave excitation of the extremal giant graviton therefore excites (n — 1)/2 new
quantum numbers of equal magnitude. We will now analyze the thermodynamic properties
and stability of both branches (2.82) and compare the results with the extremal giant
graviton.

Lower branch: For the branch of solutions Q,, the requirement that k = 0 implies
that _ =@ =1. In fact, this means that not only the center of mass is moving at the
speed of light but also all points in the expanded brane. This was not possible for the
extremal graviton solution of Sec. 2.3.3 as there all brane points are required to move along
a timelike Killing vector field. In this case, using Eq. (2.83), the on-shell thermodynamic
quantities take the form

_ s i} A\ 2
E:E_—i_Tz 5 J:J_+ <A> S, (284)
T
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where E_ = J_ denote the energy and angular momentum of the lower branch extremal
giant graviton given in Sec. 2.3.3 and S denotes the sum of all the spins, i.e.,

§=> 8 =pPi"t! . (2.85)

These relations are of particular interest as they indeed show that this configuration can be
seen as a zero-temperature excitation of the lower branch of the extremal giant graviton.
In Fig. 2.6 we have plotted F versus 7 and the angular momentum J on the lower branch.
Furthermore, from (2.84) we obtain the relation

E=J+S. (2.86)

This relation is interesting in its own right as it shows, in the case of AdSs x S°, that we
are dealing with a configuration that exhibits a 1/8-BPS spectrum since it satisfies the
expected BPS bound

D3: E=J+81+8>. (2.87)
Similarly, in the case of AdS; x S7 the configuration exhibits a 1/16-BPS spectrum
M5: E=J4+81+82+S83. (2.88)

Notice that if the giant graviton has maximal size, # = 1, the BPS relation (2.86) simplifies
to E=J+P.

Upper branch and comparison between branches: For the upper branch solution
Q. one can also solve the constraint k = 0 . The resulting expression is a cubic equation
in w whose solution can easily be obtained, but is rather complicated, and will not be
presented here. Nevertheless, in the limit in which P vanishes the constraint k = 0 yields
the value & = §2+ /(n—2), which when inserted into (2.83) gives rise to the thermodynamic
properties of the upper branch of the extremal giant graviton as given in Sec. 2.3.3. The
upper branch solution in (2.82) exhibits a generically non-BPS spectrum for all values of
P. This is clear when looking at Fig. 2.6. Also note that for all P the two branches meet
at 7 = 1 and therefore the charges E and J are equal at maximum size. The plots for
the upper branch are obtained by solving the constraint k = 0 for the upper branch and
obtaining 7 (P). The bound on 7, i.e., 0 < # < 1 implies the bound 1/3 < & < 1 on @.
These bounds in turn imply that at maximality the total spin § is equal for both branches.
In contrast with the thermal spinning case analyzed in Sec. 2.4 the spin of these null-wave
giant graviton configurations is not bounded from above and from Egs. (2.84) neither is
the energy nor the orbital angular momentum

Stability: To study the stability of the solution branches (2.82) we employ the method
used in Sec. 2.4.2 which consists in considering the thermodynamic ensemble parametrized
by the size r, the conserved orbital angular momentum J, the conserved spins S;, and the
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Figure 2.6: The energy E versus 7 (left) and J (right) for the upper (grey) and lower
(black) branch of the null-wave excited giant graviton on AdS; x S with the respective
values of P indicated. The dashed curves correspond to the extremal giant graviton with
no null-wave, P = 0.

conserved total charge ()(,,—2), and looking for the configurations that minimize the energy
E. A small off-shell perturbation along r of the angular velocity w and the momentum
density P, with J, &; and Q)(,,_9) held fixed, allows us to determine the second derivative
of E with respect to r. For the lower branch this takes the simple form

(n — 3 —2P7?)?

- _ an—3
B = smaipm) (2.89)

In the case P = 0 we recover the second variation of the energy for the lower branch
extremal giant graviton found in (2.65) (with ¢g = 0). Since P > 0, we have that E, >0
for the entire range of r. This means that the lower branch of the null-wave giant graviton
is stable for all 0 < r < 1 as expected for BPS configurations. A similar analysis can be
performed for the upper branch. By expanding out the extremal (P = 0) solution one
shows that the as the null-wave spin is increased from 0, the tresshold value r, increases
(from 7, at P = 0). Essentially, as one increases the spin, the range of stability of the
upper brach is decreased.

2.6.2 An action for null-wave branes

In this section we obtain an action for null-wave branes by taking an appropriate limit of
the action (2.27). We begin by stressing that the extremal limit of (2.27) that yields the
DBI action multiplied by a factor of N(,_) is obtained by sending o — 0 and o — o0
such that the total charge Q(,—2) is held constant. Equivalently, using the parameter ¢
introduced in Sec. 2.3.2, the same limit is obtained by sending ¢ — 0. However, we are
interested in near-extremal situations for which ¢ is taken to be small but non-zero. In
these cases, the fluid pressure approaches P — —Q(,—2)(1—¢/(n—1)). Using now the low
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temperature expansion obtained in Eqs .(2.53)-(2.54) as ¢ — 0, the action (2.27) reduces
tol6

A\ n—1
_ n T
n—1

n—1

In the case for which the temperature is taken to zero, the action (2.90) reduces to Nin-2)
times the DBI action plus the Wess-Zumino contribution. When the temperature is non-
zero, it accounts for near-extremal excitations of ground state configurations. Noting that
by definition k = | — 'yabkakbﬁ, the worldvolume stress tensor of the excited state can be
obtained from (2.90) in the usual way and takes the form (cf. Eq. (1.86))

~\ n—1
T 1
T = Q(n—2)fn <k) <uaub + ﬂab) — Q-7 . (2.91)

From the form of the worldvolume stress tensor it is clear that as 7' — 0 we obtain the
known result for Dirac branes at zero temperature.

As noted in Sec. 1.5.5, the expression (2.91) suggests the existence of a scaling limit as
T — 0 different from the usual extremal limit. This is obtained by sending T — 0 while
the fluid velocity approaches the speed of light k — 0 such that

Vin (T/k) 7 u® — VP (2.92)

for constant P. Here we have introduced a null-vector [* satisfying (%], = 0. In this case,
the worldvolume stress tensor of the excitation is given by

T = K1’ — Q7™ (2.93)

where we have introduced the momentum density K via the relation K = Q(n_z)P.” The
worldvolume stress tensor (2.93) is that of a null-wave: a zero-temperature excitation of
the Dirac brane worldvolume stress tensor carrying a conserved momentum current along
a null-vector {*. When the momentum density K vanishes, one obtains the result for Dirac
branes. For the case of non-zero K, the near-extremal action (2.90) can be exchanged by
a simpler one for which the variational principle holds the momentum density K constant
instead of the temperature 7','8

1
n n—1

—1

1We have written the action (2.90) adapted to the background space-time and configurations studied
here but we stress that this action is easily generalized for any other background and for the large class of
branes studied in [37].

Y"The worldvolume stress tensor (2.93) can also be obtained by taking the equivalent limit ro — 0 and
k — 0 such that (Q(n1ynry) 2k = (167GK)2kI1® [37].

8Note that the variational principle also holds the charge Q(n—2y constant since DyQ(n—2) = 0 and
hence P is also held constant. Further, in order to write (2.94) we have used the fact that the variation of
0¢ is given by 0¢ = —(1/ym)¢d logk . Furthermore, the action (2.94) is general for all p-branes studied in
[37] and for any background space-time if one simply replaces n by p + 2 .
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The worldvolume stress tensor (2.93) then follows from (2.94) by first obtaining it for
general k and afterwards taking the limit k — 0. The EOM that follow by varying (2.94)
take the usual form

1
DaTab =0 , TabKabM = | 1 MVFVplmpn_lJlepnfl ) (2'95)

(n—1)
where T,;, now is the null-wave stress tensor. Note that the first equation in (2.95) is
trivially satisfied as a consequence of stationarity [42] and the only non-trivial dynamics
are encoded in the second equation of (2.95). When introducing (2.93) into (2.95) leads
to Eq. (2.80) for the particular embedding geometry of the giant graviton.

Conserved momentum current and spin

The EOM (2.95) that arise by varying the action (2.94) express conservation of the world-
volume stress tensor (2.93) along worldvolume directions and balance of mechanical forces
along transverse directions to the worldvolume. However, the first equation in (2.95) now
splits into two equations

Dyl =0 , Dy (KI*) =0 . (2.96)

The first equation above requires the null vector [* to generate geodesics along the world-
volume while the second equation expresses the conservation of the momentum current.
The momentum current can be integrated in order to obtain a conserved momentum charge
associated with the near-extremal configuration. However this charge is not independent
and is related to the existence of angular momenta along worldvolume directions (spin)
of the configuration. Indeed, for the configurations presented in the previous sections, the
spin along the worldvolume Killing vector field x; can be evaluated using the expression

Si=K d" 20— X, (2.97)

Bn—2
where B,,_s is the spatial part of the worldvolume. If the momentum density K vanishes,
the configuration carries no spin. Using (2.97) results in the value for the spin written in
(2.83). The energy and angular momentum along transverse directions to the worldvolume

can be evaluated using the formulae given in [1] together with the worldvolume stress tensor
(2.93).

2.7 Thermal giant gravitons on AdS,,

Here we obtain the ‘dual’ version of the giant graviton configuration of Sec. 2.6.1, namely
that of N(;,_9) M/D(m — 2)-branes expanded into the 5”2 sphere of the AdS,, part of
AdS,, x S™ (but still moving on the S' inside the S™). For simplicity we will consider
the non-spinning configuration and only consider intrinsic spin in the last section where
we examine the null-wave limit. We will start by briefly reviewing the corresponding DBI
solution originally considered in [26; 27|
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2.7.1 Extremal giant gravitons on AdS,,

We parameterize the AdS,, metric according to

1 /=
ds® = —f2d8° + [ 2y + 479, o) Fly) = VL +y7 (2.98)

where L is related to L through (2.2) and the metric on the (m —2)-sphere is parametrized
by coordinates al, ..., o™ 2. In these coordinates the background gauge field with support
on the S(™=2) takes the form

m—1

Y
A(m—l) = — 7 dt /\VOl(m_Q) . (2.99)

The dual giant graviton configuration now spans the surface y = r while moving on the
equator of the S™ (as a point) with constant angular velocity Q. In detail, we use the
embedding

y=r, t=17, ¢=007, ol=0, ... a"2=0m2. (2.100)

The induced metric on the worldvolume takes the same form as the in (2.9), but now with

k=/R3—Q2L? | (2.101)

where the (gravitational) redshift factor Ry is given by Ry = f(r). Notice that k is
not bounded from above as was case of the giant graviton expanded in S™. The DBI

Lagrangian now takes the form!?

[, = Q(m_g)T(m_Q)’l“m_2 <—k —I— }:) . (2102)

It is now straightforward to derive the resulting EOM and conserved quantities. Just as
for the giant graviton expanded into the S™, we find two branches of solutions for the giant
graviton on AdS,,,

1 \/(m —2)2L2 4 (m — 1)(m — 3)7“2‘
Q=7 ol , (2.103)

using the relation (2.2) between L and L. We notice that the upper branch Q4 in un-
bounded since the size of the giant graviton r is unbounded (which is not true for its S™
counterpart). It is now possible to compute the energy E and angular momentum J. In
particular on the lower branch the configuration carries the same quantum numbers as its
S™ cousin,

E. =J =3, (2.104)
Moreover, analysis of the stability properties of the two branches a la Sec. 2.2.2 shows
that the lower branch is stable while the now the entire upper branch is unstable. Finally

it can be shown that the lower branch is 1/2 BPS (in accordance with (2.104)) and that
the entire upper branch is not BPS.

9Notice that in accord with [26] we here consider the anti-brane i.e. the sign on the term coming from
the WZ term has been reversed.
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2.7.2 Construction of thermal giant graviton on AdS,,

Here we consider the non-spinning thermal version of the giant graviton on AdS,,. The
technology developed for the canonical giant graviton of Sec. 2.3 carries directly on to
the AdS giant graviton, with the only differences being the geometrical setup and the
introduction of the non-trivial redshift factor Ry. The action (1.119) yields the following
Euclidean action for the configuration

Bl = — Qg™ <kP n TQ(Z‘”) , (2.105)

where we again note that () (,,,_9) denotes the anti-brane charge. Notice that the thermody-
namics now is that of a black (m —2)-brane of co-dimension n—1. The thermodynamics is
therefore simply obtained by substituting m — n in the expressions (2.21), (2.22), (2.23).
Moreover the charge quantization condition for the (m — 2)-branes can be written in the
form (2.36), again with the substitution m — n. Varying the action (2.105) wrt. the size
of the configuration r, we obtain the following EOM

(m—2)L*k* + 72 (1 = Ry) + (m — 1) LkrRy = 0 (2.106)

We briefly examine the solution space for the thermal D3 giant graviton on AdSs in the
next section. In Sec. 2.7.4 we compute the solution and associated thermodynamics in
the low temperature limit for general (m,n).

Using Egs. (2.42) we can now compute the (in general off-shell) expressions for the
the energy F, angular momentum J, and entropy of the configuration. We obtain
m—2 2 m—1
— QQ(mli)T ¢ E= P}OZJ - Q(mQ)Q(EmmT , S= %(n— 1) Qo) skr™ 2.

(2.107)

In parallel with (2.41), we define # = r/L, & = LQ, and the dimensionless rescaled
variables

J

E Tita
J E = S = e (2.108)

J — = P =~ 9
Nin—2)Tim—2) L™ 2L Nim—2)T(m—oy L™ 2 Nim-2)T(m—oy L™ 2

In terms of these variables, the thermodynamics takes the form

Q Qb Aam—2 1+f2 ~m—1 a ¢k ~m—2
J= 1 m2 B=——J—! TS= m=2 (2.1
ky1—¢ < +m—1>’" : O o r (2.109)

2.7.3 Thermal giant graviton on AdSs - finite temperature effects

Analogously to the S° case examined in Sec. 2.5, we find from (2.106) (note that now

L=1I)
3k

A
0= A

where Q. takes the same form as for the S° case given by Eq. (2.76). We note that, as

(2.110)

opposed to the non-spinning configuration expanded on S° whose maximal temperature
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Figure 2.7: Left: The free energy F versus 7 = r/L for the lower (black) and upper (grey)
solution branches of the extremal giant graviton on AdSs, respectively. Right: The angular
velocity versus the angular momentum J for the two solution branches.

is given by Tiax, the maximal temperature of the giant graviton configuration on AdS,,
is simply Tiat. Using the obtained parametrization of the solution space, we obtain the
on-shell thermodynamics of the configuration. In the left plot of Fig. 2.7 we have plotted
the rescaled free energy F as a function of #. As with the giant graviton on S", we see
that the there is a minimal size of the thermal configuration. However, as already noted,
there is no upper bound on the radius of the configuration. Moreover, in the right plot of
Fig. 2.7, we have plotted the angular velocity {2 versus the angular momentum J. We see
that the as in S® case, the angular momentum of the thermal giant graviton on AdSs is
bounded from below by a non-zero value. However, as with the size r, there is no upper
bound on J. In accordance with the arguments presented in 2.5, we see that when turning
on temperature, the lowermost part of the lower branch becomes unstable (at the turning
point) while the entire upper branch stay unstable at finite temperature.

2.7.4 Low temperature expansion

Here we work out the low temperature solution to the extrinsic equation on the lower
branch, which is the most interesting as the entire upper branch is unstable. In the low
temperature limit, the solution to the charge quantization equation is given by

¢=gok™ ', o= fuI"", (2.111)

where f,, is given in Eq. (2.56). As for the giant graviton on S™, we find that the angular
velocity on the lower branch is unchanged to leading order,

Q- =14+0(43) . (2.112)
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Also we see that the expansion is valid as long as T < r. We can now compute the low
temperature thermodynamics. We find

_ -2 (1472 - -2
B ~E + 22 (10 gag 2220
m—1 72 m — 172

A _ m—2—72Y\ ¢
TS_~¢y, F_.~E_ +|——| = . (2.113)

m—1 72

We therefore obtain the following relation between F and J on the lower branch
Po

F=J- . 2.114
m—1 ( )

This is the same relation as was found on the lower branch of the giant graviton on S"
(with the substitution m — n). Correspondingly we find the same relations (2.62) on the
lower branch of the giant graviton on AdS,,. Also the relations (2.63) are found to hold in
the AdS case. It is therefore interesting to note that the leading order thermal correction
to the free energy as a function of J and the ratio J/E takes the same form on the lower
branches of the thermal giant graviton on S™ and AdS,,, respectively.

2.7.5 Null-wave giant graviton expanded into AdS,,

The null-wave action (2.94) takes the simple form

1
BIg = Qn_2)Qm_2)r™ [|l-sw,v,| (1 + 5P k2> — z] . (2.115)
Explicit variation and taking the limit k — 0 leads to the EOM
(m = 2W2L2 + 2 + WP(1 — W? L)1 — (m — 1))WLr =0 . (2.116)

This equation admits two branches of solutions as its ‘dual’ version in Sec. 2.6.1. However,
the upper branch of solutions is less interesting as it is never BPS. This is in fact the same
feature observed for the upper branch of the usual %—BPS giant graviton [1]. Our focus
will be on the lower branch of solutions which takes the simple form of

O =1, o=1, (2.117)

where we have rescaled w such that & = wL.

Thermodynamic properties and stability: Using the formulae for thermodynamic
quantities Eq. (2.97) for the spin of the configuration we obtain the following off-shell
expressions

1 )
E =R} (1+Po*?)¢m 3 —pm=t  TS=0, (2.118)
w

1 2
J=V1+72(1—-a%) (1+Po*?) 3 | 8 = Pom L (2.119)
w

n—1
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For the specific solution (2.117) one can find the relations

52

E:E+<1+2T>S, F=3 +5 (2.120)
r 7

implying the BPS bound E = J 4+ 8, where S is the sum over all the (n — 1)/2 spins. As

the spin is increased both the energy and angular momentum increase for fixed #. The

stability properties can be analyzed using the method outlined in Sec. 2.6.1. In this case

we find for the second variation of the energy on the lower branch

1 (m—3-2P/?)2 .
== m=s 2.121
2 2(1_{_722)(1_“37@2)7" ( )

Therefore we see that these configurations are always stable for any value of r as expected
for BPS configurations.



3 Hydrodynamics of charged black
branes

3.1 Introduction

In this chapter we examine hydrodynamic fluctuations of asymptotically flat charged black
branes in the blackfold approach. The analysis was first presented in the paper [3] and
provides a non-trivial generalization of Ref. [38] to charged branes. In detail, we consider
long-wavelength fluctuations around the black brane solution of Einstein-Maxwell gravity
(which we shall dub the Reissner-Nordstrém black brane) following the ideas outlined in
Sec. 1.3.2. We solve the full set of Einstein/Maxwell equations to first order in the hydro
derivative expansion and compute the first order dissipative corrections to the effective
stress tensor and charge current. This provides the charge generalizations of the shear and
bulk viscosities along with a charge diffusion transport coefficient not present in the neutral
case. Although expected on physical grounds, the analysis proves that the hydrodynamic
effective blackfold description extends to the charged regime. In particular, we show that
the perturbed event horizon stays regular and that the solution is completely determined
once the boundary conditions (horizon regularity and asymptotic flatness) are imposed
(after a suitable gauge fixing).

As explained in Sec. 1.3.2, the Gregory-Laflamme (GL) instability [100; 101] of the
neutral black string/brane is identified with the unstable sound mode of the effective black-
fold fluid. The instability is already seen to leading order in the effective description i.e.
at the perfect fluid level [57] where leading order dispersion relation yields an imaginary
speed of sound. By computing the first order derivative corrections to the neutral black
brane solution, and subsequently extracting the first order transport coefficients of the
effective fluid, Ref. [38] was able to obtain refinement of the dispersion relation of the
GL instability which showed remarkable agreement with numerical data. In addition, the
agreement was found to be improving with the number of transverse dimensions (suggest-
ing that gravity simplifies in the D — oo limit, see also [102; 103]). Carrying out a similar
exercise for the charged black brane is interesting for many reasons. First, charged branes
play an important role in string theory and supergravitiy and methods for studying their
stability properities (other than numerical) are interesting for obvious reasons. Secondly,
it is also interesting to investigate the relation between dynamical stability and thermo-
dynamical stability. Thermodynamic arguments show that the Reissner-Nordstréom black

75
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brane is expected to be unstable for all values of the charge density. Indeed, by com-
puting the specific heat and isothermal permittivity one can show that the requirement
of thermodynamical stability, i.e., that both these quantities are positive (see e.g. [104]),
puts complementary conditions on the charge density on the brane. This effect is not
visible from the leading order (perfect fluid) dynamical analysis, but can explained from
the next-to-leading order hydrodynamical expansion.

In many ways, studying intrinsic fluctuations of branes in the blackfold approach is sim-
ilar in spirit to the well-know hydrodynamical regime of AdS/CFT (the fluid/gravity corre-
spondence) [19]. We also mention that the AdS/CFT fluid/gravity computation analogous
to the one presented here (i.e. hydro fluctuations of the AdSs; Reissner-Nordstrom black
brane! of co-dimension 1) was carried out in the papers [105-108]. However, we emphasize
that the computation presented here deals with asymptotically flat black branes of gen-
eral spatial dimension and co-dimension. Recently a connection between the fluid/gravity
correspondence and the blackfold approach has appeared (the so-called “AdS/Ricci-flat
correspondence”) [39; 109]. This was done by constructing a map from asymptotically
AdSgy; solutions compactified on T?P~! to Ricci-flat solutions by replacing the torus
with an (n + 1)-sphere and subsequently performing an analytical continuation d — —n
(while also performing an appropriate Weyl rescaling of the involved geometries). This
allowed the authors of [39; 109] to extract the second order (blackfold) transport coeffi-
cients from the known second order AdS;; results [20]. Crucially, one has to know the
analytical dependence of the involved dimensions in order to perform the analytical con-
tinuation and for the map to work. In this connection, we should also mention the work
[70] where the hydrodynamics of the D3 brane was studied. This was done by studying
the hydrodynamics on a cutoff surface parallel to the brane. Placing the cutoff surface
near infinity then reproduces the blackfold approach while moving the cutoff surface near
the AdSs x S° throat correctly interpolates to the fluid/gravity correspondance. How-
ever, the possible connection between [70] (if any) and the AdS/Ricci-flat correspondence
is currently poorly understood. Seen in this light, this provides another motivation for
our analysis as it could potentially provide important insights as to how to generalize the
AdS/Ricci-flat correspondance to more general settings including matter fields.

Notation: We use u,v to label the D = p 4+ n + 3 spacetime directions. Moreover,
we denote the p + 1 worldvolume directions of the brane in Schwarzschild coordinates by
1% = (t,2') and in Eddington-Finkelstein coordinates by ¢® = (v, %) with a = 0...p and
i =1,...,p. The co-dimension of the brane is n + 2. For simplicity of the presentation we
restrict ourselves to the cases where n > 1 due to a slightly different behavior at infinity for
the n = 1 solution. However, treating the special case of n = 1 should be straightforward
using similar considerations as for the neutral case.

Lpossibly with a Chern-Simons term.
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3.2 Reissner-Nordstrom branes and effective zeroth order
fuid

In this section we review the generalized Gibbons-Maeda solution for ¢ = 0 which was
found in [36]. The generalized Gibbons-Maeda solution describes a black p-brane with
horizon topology R? x S"*! which has electric g-charge diluted on its worldvolume. The
solution was obtained from the Gibbons-Maeda solution [110] through an elaborate double
uplifting procedure. The general solution is given in terms of a metric, a dilaton and a
(g+1)-form gauge field under which (the g-charge diluted on the) black p-brane is charged.
A particularly nice property of the generalized Gibbons-Maeda solution is that the dilaton
coupling a can be treated as a free parameter. This especially means that we are free to
set a = 0. This is of course not possible for the well-known supergravity solutions such
as the D0-Dp system. Moreover, we will restrict ourselves to the ¢ = 0 case (Maxwell
charge).

3.2.1 Reissner-Nordstrom black branes

As explained above, we consider branes of Einstein-Maxwell theory. The action is

_ 1 D — _1 uv
S_lﬁﬂG/d r\/—g [R 4FWF } , (3.1)

where F),, is the field strength of the Maxwell gauge field A, F' = dA. We now present
the boosted Reissner-Nordstrém black brane solution. The solution is characterized by
p flat spatial directions z, a time direction ¢, a radial direction r along with the usual
transverse sphere S"!, and finally a uniform boost u®. The metric is given by

ds? = BB ((Aab — h_Nf uaub) dz®dzb + f—ldr2 + rde%nJrl)) , (3.2)

where A% = 0% + uuy is the usual orthogonal projector defined by the boost u®. The
two harmonic functions f = f(r) and h = h(r) are given by
ra\n ro\n
1 =1= ()" e =1+ () 5. (3.3)

The two parameters ro and 7 are related to the thermal and electrostatic energy of the
solution (see below). The parameter B = B(p,n) is given by?

2

Cn+ p

(3.4)

Finally the gauge field A is given by

A= \/}]LV (%)n V(o + 1) ugdz® (3.5)

where N = B + 2 corresponds to the parameter recorded in Eq. (1.71) with @ = 0 and
1 = 0. Notice that here N does not take integer values. In the next section we review the
thermodynamics and effective blackfold description of this solution.

2The full generalized Gibbons-Maeda solution has an additional parameter A. However, for the non-
dilatonic Reissner-Nordstrém solution one has A = 2.
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3.2.2 Thermodynamics and effective blackfold fluid

The blackfold theory of branes supporting lower from ¢ charge was reviewed in Sec. 1.5.6.
Here we consider an effective fluid carrying ¢ = 0 charge. The general stress tensor is
given by Eq. (1.93) and it follows that the stress tensor of the system under consideration
takes the form

1
T(‘lo[)) =Ts <u“ub — ny‘”) + ®Quul, (3.6)

where 7, is the induced metric on the blackfold and where we have used the relation
G = Ts/n (which can easily be verified). For our purposes (flat extrinsic geometry), we
have v, = Nap- The above thermodynamic quantities 7, s, @, and ¢ are parameterized
in terms of a charge parameter vy and the horizon thickness r:

n Q1) ni1 |
T = , 8= o 1+ N,
4o/ (1 + 40) Y 4G Y (t+%0)

Nvo
I+

(3.7)
Qn+1)
167G

Q= VN g/l +7), ®=
Since ry ~ T's, ro gives us a measure of the thermal energy (density) of the given solution.
In a similar manner 7 is identified with the thermodynamic ratio,
199
Y0 = N Ts’
and 7y therefore measures the electrostatic energy relative to the thermal energy of the

(3.8)

black brane. It is straightforward to indentify the energy density and pressure of the brane,

0 Q0 nQ
- Qe Qe , _ g
= om0 (M H1HnNYW), P=—gomrg, w=—ers

where w = p + P denotes the local enthalpy. Finally the ¢ = 0 current supported by the

7“8’(1 + N’yo) . (3.9

p-brane is given by

J(“O) = Qu. (3.10)
To leading order, the intrinsic blackfold equations take the form of the worldvolume con-
servation equations VGT&S = 0 and VaJ(%) = 0. For flat extrinsic geometry Yop = 7ap,
they evaluate to the equations

o=—wd, u*=-wltA%HP, Q=-00, (3.11)

where ¥ = J,u® is the expansion of u® and a dot denotes the directional derivative along
u®. The (first order) equations will be important in the perturbative analysis. As expected,
they will show up as constraint equations when solving the Einstein-Maxwell system per-
turbatively.

3.3 The perturbative expansion

As explained in the introduction, we aim to solve the Einstein-Maxwell system in a deriva-
tive expansion around the solution given in Sec. 3.2. In this section we define the appro-
priate coordinates to handle this problem and explain how the perturbations are classified
according to their transformation properties under SO(p).
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3.3.1 Setting up the perturbation

Before perturbing the brane, we first need to cast the metric (3.2) into Eddington-Finkelstein-
like (EF) form. The reason is two-fold. First, it is essential for the computation that we
can ensure regularity at the horizon and since the Schwarzschild description breaks down
at the horizon, it is clearly more useful to use EF coordinates. Secondly, since a gravita-
tional disturbance moves along null-lines, in order to control the perturbation, we want
the lines of constant worldvolume coordinates to be radial null-curves i.e. ¢, = 0. This
is exactly the defining property of EF coordinates. For a general boost u®, we define the
EF coordinates o by

00 — pV/
o=ty )= [ (f ;N2>dr. (3.12)

Here 7, is chosen such that v, = h™N/2/ f and r, — r for large . The first condition ensures
that g, = 0 while the latter is chosen such that the EF coordinates reduce to ordinary
radial Schwarzschild light cone coordinates for large r. Notice that it is possible to write
down a closed form expression for r, in terms of the hypergeometric Appell function F}

1 N 1 1y N~
—rF (11— Sl f) (1o O [ 20 1
7“*(7‘) r 1( 7’L’ 9 nv ; f> T< ?7,—17“”< + 2 ))7 (3 3)

where the last equality applies for large r and is valid up to O (7“2"%1) It is nice to
note that the hypergeometric Appell function F; reduces to the ordinary hypergeometric
function 9 F} in the neutral limit 9 — 0. Indeed

> -1 1 1
70:057“—1—/7‘ (‘ff>d7“—r2F1 <1;—n;1—n;1—f>, (3.14)

which is the r, used in [38]. With this definition of r, we will limit our analysis to the

li =
lim 7 (r) = 7. (1)

case for which n > 2. In EF coordinates, the metric (3.2) takes the form
dS?O) =nB ((Aab - h_Nf) uqup do®da® — 2n N2y, dodr + —H“de%n_H)) . (3.15)

Here the subscript indicates that the metric solves the Einstein-Maxwell equations to
zeroth order in the derivatives. Notice that in these coordinates the gauge field will acquire
a non-zero A, component . However, we shall work in a gauge where this component is
zero. We therefore take

AO = TN (%O)n V(0 +1) ugdo®, and in particular A =0, (3.16)

Having determined the EF form of the metric and gauge field, we are now ready to set up
the perturbative expansion.

In accordance with the general blackfold philosophy outlined in Sec. 1.2.1, we promote
the parameters u®, ro and vy to slowly varying worldvolume fields:

u® = u(c®), ro—ro(c®), o — Y0(c?). (3.17)
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By slowly varying we mean that the derivatives of the worldvolume fields are sufficiently
small. In order to quantify this, we introduce a set of re-scaled coordinates ¢ = o,
e < 1, and consider the worldvolume fields to be functions of o¢. In this way each
derivative will produce a factor of . Moreover, two derivatives will be suppressed by a
factor of € compared to one derivative and so on. Effectively what we are doing is to
consider arbitrary varying worldvolume fields (no restrictions on the size of derivatives)
and “stretching” them by a factor of 1/e > 1. In this way we will only consider slowly
varying fields and the derivative expansion is controlled by the parameter .3 The fields
can now be expanded around a given point P
(o) = ], + 20 0 + O, rol0) =rol o durolp + OC),
10(0) = 10| p + £0%aolp + O(?) .
We now seek derivative corrections to the metric and gauge field denoted by respectively

ds%l) and Ay, so that

ds® = dsfy) +edst) + O(e?) and A= A +ed) + O(e?), (3.19)
solves the equations of motion to order . By a suitable choice of coordinates, we can take
the point P to lie at the origin 0% = (0,0). Moreover, we can choose coordinates so that
u”}(o 0 = 1, ui‘(o 0 = 0,7 =1,...,p (the rest frame of the boost in the origin)*. In these

particular coordinates, the 0*® order metric ds%o) takes the form

p
dsfy) = 1" [—zh’idvdr — (JV) dv® +) (do’)? + 12D, 4
i=1

1 ry 2 2

+ ehB h—N:—?L (Z) (1 + ]{70> 0“Oaro + ZUG(%’YO) do?

Bry (ny , a - 2 4 22102 (3.20)
+ T oo KO’ a0 + %000 Z(da) +r dQ(n—H) ’

i=1

+2 (h{V — 1) 0%9,u; dvdo’ — N2 0" Oqu; do'dr

B -2 7"3 nyo 4 a
i (e + o) d”dT] |

where we have denoted 7¢(g,0) = 70 and 7o|(0,0) = 70 Clearly the system has a large
amount of gauge freedom. Following the discussion of the definition of r, we want the r
coordinate to maintain its geometrical interpretation. We therefore choose

g =0, (3.21)

and we moreover take
95y, =0 and AN =0. (3.22)

3In the end of the computation, we of course set ¢ = 1 and keep in mind that the expressions only hold
as a derivative expansion i.e. for sufficiently slowly varying configurations.
“In these coordinates u¥ = 1+ O(g?).
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The background g(g) exhibits a residual SO(p) invariance. We can use this to split the

system up into sectors of SO(p). The scalar sector contains 4 scalars, Ag,l), gﬁ), gq(,i) and

Trgg). The vector sector contains 3 vectors Agl), gS) S)

contains 1 tensor gl(;) = gi(;) - %(Trg,(;))éij (the traceless part of g

. Finally, the tensor sector
(1)

1j

and g

). We parameterize
the three SO(p) sectors according to

Scalar: A%V = —\/N~o(1 + ) :—%hilav, g\ = pB=N2g

91(;1;) = h_lfmn Trgz(}) - hBTrfij )

Vector: AV = —\/Nyo(T+70) ai, g\ = hPfoi, gl = hB=N2p, (3.23)
Tensor: §EJ1-) =hB ?ij ,

where Yij = fij — %(Tr fr1)0ij. The parameterization is chosen in such a way that the
resulting EOMs only contain derivatives of f,; and a, and will thus be directly integrable.

3.3.2 A digression: Reduction of Einstein-Maxwell theory

Here we explain how it is possible to treat general n and p by integrating out the transverse
non-fluid dynamic directions.

In order to work out the full set of solutions and find the general form of the stress
tensor and current, it is enough to consider fluid dynamic fluctuations in 1+d (2 < d < p)
directions of the brane. In particular, it is enough to consider d = 2. Indeed, since the
background is SO(p) invariant, the correction ds%l) will consist of SO(p) invariant tensor
structures. The same holds for the effective blackfold stress tensor and current. In order
to identify these tensor structures, it is enough to consider fluctuations in only 1 4 d
directions (time + d flat spatial directions) of the brane. Considering only fluctuations
in 1+ d brane dimensions, the metric is of the form (reduction of the p-brane with n + 2
transverse dimensions)

P
ds? = ds(2f) + e2¢(af)d§2%n+1) + 2loy) Z (do®)?, (3.24)
i=d+1

with the one-form gauge field of the form A, = Ay(of). Here the subscript f means
"fluid’ since the d + 2-dimensional base space with the metric ds% ) will contain the fluid

dynamical degrees of freedom in our computations. Integrating out the S"t! and TP—¢
(see appendix D.1), the EOMs of the system take the form

R((J,i) — ]:ab + (’I’l + 1) (Va@bvbz/) + vavb¢) + (p _ d) (va¢vb¢ + ngb¢) 7
O¢ + [(p — V6 + (n+ 1) Vet)] V' = ne ™ 4 &,

. (3.25)
D¢+ [(p—d)Vedp + (n+ 1)Vph] Vo = i,
vaFCLb — jb ,
where the tensor Fg;, vector j¢, and scalar x are given by
1 FFeb
@ _ ZROCE, .50 ~a:Fab 1 _ — a ) D)
‘Fb 2 be K0 by J ((n + )Vbﬂ} + (p d)vb¢)) y K 4(p +n+ 1) (3 6)
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Working with these effective EOMs allows us to treat a general number of transverse and
brane dimensions.

3.4 First order equations

In order to compute the effective stress tensor and current and thereby extract the trans-
port coefficients, we need the large r asymptotics of the perturbation functions which are
decomposed and parametrized according to Eq. (3.23). We denote the first order Einstein
and Maxwell equations by

1
Ry — iFuprp + Fpo B gy = €€ + 0(52) =0,

dn+p+1) (3.27)
V,Ff, =eM, + OE*) =0.

In this section we will find the solution to each SO(p) sector in turn and explain how the
regularity on the horizon is ensured.

3.4.1 Scalars of SO(p)

The scalar sector consists of seven independent equations which correspond to the vanish-
ing of the components: &y, &y, Err, TrE;5, Eqq, Moy, M,.?

Constraint equations: There are two constraint equations; £, = 0 and M, = 0. The
two equations are solved consistently by

(n+ 1+ pByg) dyro = —1o(1 — Byg)diu', (3.28)

and
(n+ 14 pByo) 90 = —270(1 + 7o) 0’ . (3.29)

The first equation corresponds to conservation of energy while the second equation can
be interpreted as current conservation. These are equivalent to the scalar conservation
equations given by (3.11) in the rest frame.

We now proceed to solve for the first order correction to the scalar part of the metric and
gauge field under the assumption that the fluid configuration satisfy the above constraints.
Imposing the constraint equations will make &, and &,, linear related and one is therefore
left with five equations with four unknowns.

Dynamical equations: The coupled system constituted by the dynamical equations is
quite intractable. One approach to obtaining the solution to the system is to decouple the
trace function Trf;;. Once Trf;; is known, it turns out, as will be presented below, all the
other functions can be obtained while ensuring that they are regular on the horizon.

It is possible to obtain a 3rd order ODE for Trf;; by decoupling it through a number
of steps. One way is to use &, to eliminate f/, and then take linear combinations of the

5Tn the reduction scheme outlined in Sec. 3.3.2 we have Enq = &y, where & is the EOM for ¢ given in
3.25). Similarly, we have Tr&;; = e — p— d)hBE,, where &, is the EOM for ¢.
J (%] ¢ @
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remaining equations. The resulting combinations can then be used to eliminate f], and

2
VU

decoupled by standard means. The resulting equation is schematically of the form

such that one is left with two equations in terms of a, and Trf;; which can then be

HYP () [Te fi)" () + HSP () [Tefig]” (7) + HYP () [Tefig] (r) = Sn(r),  (3.30)

where Hy, Hy and H3 do not depend on the sources (worldvolume derivatives) and the
source term Sty only depends on the scalar d;u’. The expressions for these functions are
however very long and have therefore been omitted. After some work, one finds that the
equation is solved by

Tefij(r) = ) + 70eR G(r) — 200 Tef S (1), (3.31)

where the terms containing the two integration constants C(Tr) and c( )

correspond to the
homogeneous solution. The entire family of homogeneous solutions to Eq. (3.30) of course
has an additional one-parameter freedom which has been absorbed in the particular so-
lution Tr fi(js)(r) and been used to ensure horizon regularity®. The function G is given

by
Ty ry -1
G(r)=p p <2 + pBTn'yo> . (3.32)
The particular solution which is regular on the horizon is given by

Tef (1) = =2(1470) 090G () + (r = 22 (1470) % log £(r)) (1 = BrG(r)) + (3.33)

N
2

with the coefficients

2(n+1)+pB’}’o] [n+2+pB’yo]
=2B d =B|——MMM—| . 3.34
¢ [(n+1+p370)2 and 0 n+1+pBy (3.34)
With Trf;; given, the equation &,, = 0 will provide the derivative of f,,,
r d N
fhor) = — [p)Fmes) ()] (3.35)

(2(n+1)—|—pBrn7)h( )B dr

Since the equation is a 1st order ODE, the regularity of the horizon is ensured by Trf;;.
Note that it is possible to perform integration by parts and use that the derivative of 7,
takes a simpler form. One can thereafter obtain an analytical expression for the resulting
integral. This expression is however rather long and does not add much to the question we

are addressing for which we are in principle only interested in the large r behavior given
by

9y  G(r)h > ik

Fror) = e — 02 EOMD 08 5 o ol + o) - (3.36)
(2 +pB% Vo) k=1

The first two terms constitute the homogeneous solution and the particular solution is

given in terms of the coefficients oszf,) and Bﬁﬁ) which depend on n,p, and ~y. The first set

of coefficients are given in appendix D.2.

SNote that Eq. (3.30) has been derived under the assumption that dsu® # 0. This especially means
that when there are no sources the one-parameter freedom disappears in accordance with (3.31).
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Using the expression for f/, in terms of Trf;;, the Maxwell equation M, = 0 becomes
a 2nd order ODE for the gauge field perturbation,

d 1, B 2 d 1 B

This equation is solved by a double integration. The inner integral is manifestly regular
at the horizon, one can therefore work directly with the asymptotic behavior of the right-
hand side before performing the integrations. The large r behavior of the perturbation
function is thus found to be

1

ay(r) ~ Mrm P >

x  .nk
(2) iy "o k k)
Yocr, G(r)+ (05u) [_n — ,;_1 ik {afj )y 4 B ro]] , (3.38)

where the first three terms constitute the homogeneous solution and the particular solution
is given in terms of the coefficients aqgk) and quk) depending on n,p, and 9. The first set

of coefficients are given in appendix D.2.

The last perturbation function f,, can be obtained from &,, = 0. Using the expression
for f], in terms of Trf;; the equation is schematically of the form

d% [ ()] = Gu T fij(r)] + Ga [aw(r)] + Sia(r), (3.39)

where G1,G5 are non-trivial differential operators and the source S;; depends on O;u’.
Again, the full expressions have been omitted and we only provide the large r behavior,

L,k
Foulr) & () + G Y 20 [alr + 8mo] (3.40)
k=1

with the homogeneous part given by

Cov T T n G(r T
) = S B0 o140 Bl = o) - S (14200 - B ) ]
(3.41)

The solution is ensured to be regular at the horizon. The coefficients oz,(ff,) and qulf,) depend
on n,p, and 9. The first set of coefficients are listed in appendix D.2.

Finally, one must ensure that the equations coming from Tr&; and the angular di-
rections (£qq = 0) are satisfied. This will impose the following relations between the
integration constants,

Cq(;%;) = —2¢py, (3.42)
o = = (n+p)el) +8(1+70) (e — D)) - (3.43)

This completes the analysis of the scalar sector. The remaining undetermined integration
constants are thus: c%), c(TQLr), Crus cg,l), 01(,2) for which ¢, and cg_}r) will be fixed by requiring
the spacetime to be asymptotically flat while the rest constitute the freedom of the homo-

geneous solution. Note that the above functions reproduce the neutral case as vy(c®) — 0.
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3.4.2 Vectors of SO(p)

The vector sector consists of 3p independent equations which correspond to the vanishing
of the components: &,;, &, and M,;.

Constraint equations: The constraint equations are given by the Einstein equations
E"; = 0 and are solved by
O;rg = 7’0(1 + nyg)&,ui , (3.44)

which are equivalent to conservation of stress-momentum. These are part of the conserva-
tion equations given by (3.11) in the rest frame. Similar to above we now proceed solving
for the first order corrections to the metric and gauge field under the assumption that the
fluid profile satisfy the above constraint (3.44).

Dynamical equations: The remaining equations consist of p pairs consisting of one
Einstein equation &£,; = 0 and one Maxwell equation M; = 0. The structure of these
equations is the same as in the scalar sector. The Einstein equation &£,; = 0 is schematically
of the form,

L§P () £35(r) + L5 () fls(r) + L7 (r)ai(r) = Sui(r), (3.45)
while the Maxwell equation M; = 0 is,
Mg ()l (r) + My (r)aj(r) + M{"P (1) f1i(r) = Si(r). (3.46)

Again the functions L and My, k = 1,...,3 have been omitted.
To decouple the system we differentiate &,; once and eliminate all a;(r) terms in M;.
Doing so, one obtains a 3rd order ODE for f,;(r) which can be written on the form,

d Tn+1f(T) rn 2 d n+1 hN+1
— | —= 11— 0 - | 77— = i ) 4
dr hN < €1 rn > dr (1 cl ) fm( ) S (7“) (3 7)
with CN-1 8
C1 = 1+ N%% .

It is possible to perform the first two integrations analytically and ensure regularity at
the horizon. The first integration is straightforward while the second involves several
non-trivial functions. The large r behavior of the f,; function is found to be

) = ) = (1= i) = e+ 32 B [l (3.49)

where the first two terms constitute the homogeneous solution. The first set of coefficients
ozq()l;) and 67()];) are given in appendix D.2. Notice that the sum vanishes in the neutral limit.
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Once the solution of f; is given we can use &,; to determine a;,
0 k
~ 0 To b2 L DN O

where the first two terms correspond to the homogeneous solution. The first set of coeffi-

(
(2
The remaining undetermined integration constants are thus: c

2)

(on)

cients o™ and ,Bi(k) are given in appendix D.2.

(1) c(l) and 0(2-). The

T 0 v 0 v
corresponds to an infinitesimal shift in the boost velocities along the spatial

(1)

7

constant ¢

directions of the brane while ¢
(1)

v

is equivalent to an infinitesimal gauge transformation.

The last constant ¢ .’ will be determined by imposing asymptotically flatness at infinity.

3.4.3 Tensors of SO(p)

There are no constraint equations in the tensor sector and p(p + 1)/2 — 1 dynamical
equations given by

0ij
5,“ — ?]Tr(&j) =0. (3.51)
This gives an equation for each component of the traceless symmetric perturbation func-
tions ﬁ-j,
d - i B
p [r"“f(r) Z']('r)] = —oyr" <2(n +1) +pBrEL'yo> h(r)z, (3.52)
where 1
055 = 8(2%) - ];(Z'jak’u,k . (353)
The solution is given by,
- _ T N
Fir) = & = 2035 (7 = 22 (L470) 2 log £(1)) (3.54)

where horizon regularity has been imposed and the constant ¢;; is symmetric and traceless
and will be determined by imposing asymptotically flatness.

3.4.4 Comment on the homogeneous solution

We have now obtained the solution to the Einstein-Maxwell equations for any first order
fluid profile which fulfill the constraint equations. These have been provided in large
r expansions and are ensured to have the right behavior at the horizon for any of the
remaining integration constants. One remark that is worth mentioning is that f,; did not
appear in the analysis above and corresponds to a gauge freedom. This gauge freedom does
not play a role for n > 2, but is expected to play a role for n = 1 to ensure asymptotically
flatness.

We now want to provide some insight into the meaning of the remaining integration
constants. One can separate the constants into two categories; the subset that are fixed by
asymptotically flatness and the subset that corresponds to the e-freedom of the parameters
in the zeroth order fields. The latter corresponds exactly to the remaining freedom of the
homogeneous solution. In the above the homogeneous part of the fields are given exact.
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One finds that the homogeneous part of the scalar sector corresponds to shifts in
rg — 10 + €019, Y0 — Yo + €070, and the gauge freedom a, — a, + £da, of the zeroth
order metric given by Eq. (3.2). Indeed, performing the above shifts and redefining the r
coordinate,

dndl ol
. 7n<1_€707“0n ogro + ogm)>7

rn n + ph(r)

such that the angular directions does not receive first order contributions in accordance

(3.55)

with the gauge choice (3.22), one can relate the integration constants to the two shifts and
gauge transformation by,

c%) = 2B (ndlogry+ dlogyo) ,
2
@ = nslogro— —— 0 §logrg — = d
. 16 log 1o 0g %0 ay (3.56)
v 2(1+70) Nyo(l+70)
1)
o o

v/ Nyl +70)

For the vector sector one finds that the homogeneous part corresponds to the shift of
u; — u; + du; and the gauge transformation a; — a; + €da;. The first transformation
corresponds to global shifts in the boost velocities. In the same r-coordinate, one has

(2)

cyi = Ou;,

oo @57

' VN +70)"

This accounts for all the e-freedom in the full solution.

3.4.5 Imposing asymptotically flatness

We now turn to imposing the boundary condition at infinity, namely requiring the solution
to be asymptotically flat. To impose this we must first change coordinates back to the
Schwarzschild-like form. Moreover, we need the fields expressed in Schwarzschild coordi-
nates for obtaining the effective stress tensor and current. In order to change coordinates,
we use the inverse transformation of the one stated in Eq. (3.12). The transformation can
be worked out iteratively order by order. To first order the transformation from EF-like
coordinates to Schwarzschild-like coordinates for a general ro(c®) and ~y(c®) is given by,

v=t—+1r,+¢€ [(t + 14) (OO0 + Oy, 70 Y0) + zt (OroT40iT0 4 Oyorx050) | + (’)(52) ,

ocl=a'+e¢ [(t + 1) 0’ + 0l 9pu" |y + O(2) .
(3.58)

It is now possible to transform all the fields to Schwarzschild coordinates and impose
asymptotically flatness. This leads to

=0, V=0 V=0 e=0. (3.59)

We now have the complete first order solution for the black brane metric and Maxwell
gauge field that solves the Einstein-Maxwell equations.
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3.5 Viscous stress tensor and current

In this section we will compute the effective stress tensor and current of the first order
solution obtained above. Before doing this, we shall briefly discuss the general form of the
first order derivative corrections to the stress tensor and current.

3.5.1 First order fluid dynamics

We write the stress tensor and the current as
ab ab ab a a a

where the perfect fluid terms were written down for our specific fluid in Sec. 3.2.2. The
tensors H?{’) and T‘(lf) are the first order dissipative derivative corrections to the perfect
fluid stress tensor and current, respectively. The specific form of H?f) and T‘(’f) are encoded
in the first order correcting solution obtained in the previous section. To first order in the
derivative corrections, the presence of charge introduces no new terms in the dissipative
part of the stress tensor. The most general form of H?{’) is therefore given by Eq. (1.31) and
is completely characterized in terms of the shear and bulk viscosities which are associated
with the scalar and tensor fluctuations, respectively. However, note that although the
overall form of H?{’) is the same as in the neutral case, the transport coefficients are now
expected to depend on both the temperature and the charge i.e. on both ry and ~y. Also
note that the viscosities n and ¢ are required to be positive in order to ensure entropy
creation in the fluid [111].

Using similar reasoning leading to the first order dissipative stress tensor, it is possible

to show that the most general form of T‘(ll) (in the Landau frame) is given by’

T\ o
ty=-2 <Qw> A%y (T> : (3.61)

Here ® is the charge diffusion constant which is associated with the vector fluctuations.
Indeed, it is possible to derive that with © > 0, the term (3.61) is the only term which can
be constructed from the fields and that is consistent with the 2nd law of thermodynamics
[111]. Plugging in the values of ® and 7 in terms of ry and 7y and using the vector
constraint Eq. (3.44), we find that (in the rest frame)

7(Jl) =0, Tzl) ~0(1 +70)0pu’ + 581"70 . (3.62)

Since the derivatives appear in a very specific combination in this expression, this in fact
provides us with a non-trivial check of the blackfold fluid description.

It is possible to include a parity violating term as was found in [105]. However, since we have no
Chern-Simons term in the theory such a term is not relevant.
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3.5.2 Computing the effective stress tensor and current

Having determined the (large r asymptotics) of the first order corrected black brane so-
lution, the effective stress tensor can now be extracted. This is done by computing the
quasi-local stress tensor (1.13) for the specific setup. Following the prescription outlined
in Sec. 1.2.2, we find

Qe
Ty = 127:(1; (n+ 1+ nN (v +e(dy0 + 2%a0))) (1o + (o0 + x*ur0))"™
T = —Q(nH) 8ij (ro +e(drg + 2%0gr0))"
K 167G Y “

(3.63)

N 1 2n+p+1)(n+1) &
+€rn+1 1_|_ ];, |:2 <azu _ 75Za uk‘> + = 518 u 5
o (1+0) )T P (n+1+pBy)
Q n+l) n a
T = — 1é7TG> rin(1 + Nvo)e(duj + 2*0qu;) |

where the expressions are valid to order O(e).

In a similar manner the current is obtained from large r asymptotics of the gauge fields.
Ensuring that the Lorenz gauge condition V¥ A, = 0 is satisfied, the current is obtained

using
Qg
One finds
Qe n ,
Jy = —%n\/]\f (ro + &(670 + 9a0))"™ v/ 70(L +70) + £(670 + 299a0) (1 + 270)

Q, 14+ ~0)0pu; + 10;
Ji = = 0 N0+ 0) | €(8uy + 2"0u;) — ero ol o) ).
167G n(1+ Nvo)yo(L +70)2

(3.65)

Again these expressions are valid to O(e). It is now possible to read off the transport co-
efficients. Before doing this, we require that the Landau frame renormalization conditions
H’Etl) = Hﬁ) =0 and Tfl) = 0 are satisfied. Equivalently we require the shifts drg and dvp
of the zeroth order solution to vanish. Notice that the stress tensor and current do not
depend on the gauge transformation da, as they should of course not do. Also recall that
the shifts were related to the integrations constants by (3.56).
Setting drg = dvy9 = 0, the shear and bulk viscosities are determined using the form
given by Eq. (1.31),
— Q(n+1)T61+1(1+’)/0)%, g — 2(n+p+l)(n+;) ) (3.66)
167G n  p (n+1+pBy)

The second term of J; is seen to have the right proportionality according to (3.62) and

hence using the form of Eq. (3.61) the diffusion constant can be determined,

Q1) 1470 s
4G nNy °

Notice that all the transport coefficients are found to be positive which is expected for a

D =

(3.67)

consistent effective fluid dynamic theory. We have now obtained the first order derivative
corrections to the effective stress tensor and current.
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3.5.3 Hydrodynamic bounds

We will now check the result of the shear viscosity against the expectation that the trans-
port coefficient should satisfy the well-know bound

> (3.68)

» |3

1
4t
Using Egs. (3.7) and (3.66), the system is indeed seen to saturate the bound. This agrees

with the expectation for any two-derivative gravity theory [22; 112].
In addition, it is worth to investigate the bulk to shear viscosity ratio proposed by Ref.

o ¢ > 2 <1 - cg) (3.69)
n p

where c; is the speed of sound computed below in Sec. 3.6. Although one should keep
in mind that the proposal of this bound relies heavily on holographic considerations, we
find when using the value given by Eq. (3.76) for the Reissner-Nordstrom brane, that the
bound is satisfied in the range

nt+l-—y/1+nn+p+2)

0<7 < ,
<7 < o

(3.70)

while for large values of vy the bound is found to be violated. If we instead of ¢4 in (3.69)
use the proposed quantity [114; 115]

L _(0PY 1
=\ 9p Q_ 14+n

computed for fixed charge density Q, we find that the bound will always be violated

(3.71)
1+ 220

1+ 2% ]

(except for the neutral case where c¢g = ¢s). In this regard, one might question the
validity of the stability analysis for the case of a black brane charged under a top-form
gauge field examined in Ref. [37]. Here the dispersion relations were written down using
the assumption that the {/n bound proposed by [113] is saturated.

3.6 Stability and dispersion relations

In Ref. [57] the Gregory-Laflamme instability was successfully identified with the unstable
sound mode of the neutral black brane. This analysis was further refined in [38] and
considered for branes charged under top-form gauge fields in [37]. In this section we address
the issue of stability and dispersion of long-wavelength perturbations of the Reissner-
Nordstréom black brane. Moreover, we comment on the connection to thermodynamic
(in)stability.
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3.6.1 Dispersion relations

It is straightforward to show that the first order fluid (conservation) equations take the

form
ab _ — I2nA A be
6=—(w— Y)Y — 2noao™, Ut = _ATHP — ¢Y) — A% Beo )
w — Y
‘ OT\? <I> (3.72)
Q:—@H@() @M+M+N%ﬂm(>j
w T

where the transport coeflicients and the factor associated to © are coefficients in the
derivative expansion and should be treated as constants. In order to find the speed of
sound and dispersion relations, we consider small long-wavelength perturbations of the
fluid

O — @400 /(W) T o TpaT ) e = (1,0, = (1,000 lletHRa))
(3.73)
The charge density Q, energy density o, and pressure P are perturbed according to

Q N Q+ (5Q€i(wt+ijj), 0— Q+6Q€i(wt+kaj), P P4+SP ei(thrkj:Ej)’ (374)

where the amplitudes can be expressed in terms of thermodynamic derivatives that depend
on the specific equation of state. Note that dp = QdP+sdT as a consequence of the Gibbs-
Duhem relation. Plugging the expressions into the first order fluid equations (3.72) and
linearizing in the amplitudes, we obtain the p + 2 equations

. do do S R A
w <(8<I>>7—5(I> + <W>®6T) + qwk;0u' =0,

iwwdw + ik? (Q® + s0T) + kI <7} <1 — ;) + C) kidu' +nk?su?! =0,  (3.75)

, 00 09 e Q? @ 2 _
iw <<a@>75¢+ (87_>¢57'> +iQkidu’ + DT — <5<1> - T(ST) k2 =0.

We stress that the thermodynamic derivatives are not dynamical and do only depend on
the equation of state of the fluid in question. In our case they can be computed from (3.7)
and (3.9). In order to find the w that solves this system for a given wave vector k’, we
set the determinant of the system of linear equations in the amplitudes to zero. To linear
order in &’ (i.e. at the perfect fluid level) the dispersion relation gives the speed of sound
¢s = w/k. Using the equation of state (3.9) and solving the system to linear order, one

8P 1 - B 0 1
2 i 7
R = - 1 B . M

As was found with the p = ¢ branes of supergravity [37], the speed of sound only depends
on the charge parameter 7y. For zero charge 7o = 0 we recover the neutral result ¢ =
—1/(n+1). Since a negative speed of sound squared signifies an unstable sound mode, the
neutral brane is unstable under long-wavelength perturbations. Indeed, this instability is
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Figure 3.1: The qualitative behavior of the sound mode w = ¢5(Y0)k + a(y0)ik? + O(k?)
given by Eq. (3.79) as a function of 7. The linear term (speed of sound) is parametrized
according to c2(yp) = |¢2(0)|a(vp) while the quadratic term (sound mode attenuation) is
parametrized as a(y9) = |a(0)|3(70). Note that the linear and quadratic term become
positive when the charge density passes the threshold 4y indicated by the vertical dashed
line.

exactly identified with the GL instability [38]. However, as we increase o the speed of
sound squared becomes less and less negative and for
D -3

Yo > Yo = T, (3.77)

the ¢ = 0 brane becomes stable under long-wavelength perturbations to leading order.
Notice that the condition (3.77) can be satisfied for any non-zero charge density if the black
brane temperature is low enough. Indeed, stability is obtained for 7 ~ (GQ)~'/" (where
the exact numerical factor depends on the number of transverse and brane dimensions).

In order to check stability to next to leading order, we now work out the dispersion
relation for the fluid to quadratic order in k. We solve the system of equations to O(k?).
Solving for the longitudinal modes, we find the equation

KK 1 k2 k\> R

w—ct e —i— (2 <1 — > 77+C> - "o (7?,1 <> + 2 )10k =0, (3.78)
w w D w w w

where the coefficients R, Ro, and R (introduced below) are given in appendix D.3. Solving

for the sound mode(s), we find the dispersion relation

w(k) = xeok + 222 ((1 - ;) n+ g) +ik*RD . (3.79)
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Y0

Figure 3.2: The qualitative behavior of the charge diffusion mode w = ibk? as a function of

2
s

the charge parameter vy, where b is given in Eq. (3.80). When b is positive c5 is negative

and vice versa. The critical point 74g is indicated by the dashed line.

For a general fluid both the first order term (c¢s;) and the second order term must be
positive in order for it to be dynamically stable. In this case, the above equation describes
dampening of the (long-wavelength) sound waves in the fluid. Fig. 3.1 shows the general
behavior of ¢s and the (second order) attenuation term in (3.79). We see that above the
threshold g, the speed of sound squared and sound mode attenuation are both positive.
The sound mode is therefore stable to second order. In addition to the sound mode we
have a longitudinal diffusion mode given by

CiDR1 . (L+0) N

k) = = K = = B

k. (3.80)

We see that in general this mode is stable if and only if Ry/c? < 0. In our case this
amounts to the condition vy < 79 i.e. the opposite of the condition (3.77) as shown in
Fig. 3.2. The conditions on g for dynamical stability are found to be complementary;
when the sound mode is stable the charge diffusion mode is unstable and vice versa. The
Reissner-Nordstrom brane thus seems to suffer from a GL instability for all values of the
charge parameter ~g.

Finally, we also have a shear mode which takes the form

i, o
w(k)=—k". 3.81
(k) =] (3381)
The fluctuations of the shear mode are very simple, they are transverse displacement of
effective fluid with no variations in the charge and energy densities. Notice that this mode
is always stable. It would be interesting for comparison to perform a numerical analysis
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of the long-wavelength perturbations in the current setting as was done in the case of the
neutral brane, where excellent agreement was found.

3.6.2 Thermodynamic stability

The conditions for thermodynamic stability of the Reissner-Nordstrém black brane are
computed in the grand canonical ensemble since charge is allowed to redistribute itself in
the directions of the brane. Using the thermodynamic quantities in Egs. (3.7) and (3.9),
one finds the specific heat capacity C and the (inverse) isothermal permittivity ¢ to be,

oo () - ().

(3.82)

o <gg>¢: ((%H)(ll(nN?)'Vo)) %

Thermodynamical stability is obtained if the two quantities are positive. However, these
two conditions are complementary and can never be satisfied. This is also what was found
for the class of smeared Dp-branes considered in e.g. [104]. Indeed, this complementary
behavior is analogous to what was found for the dynamical analysis. However, the critical
value of g where the quantities switch sign is not coinciding for the two analyses. It would
be interesting to further investigate how the instability predicted by the dynamic analysis
and the thermodynamic computation are related thus making a more precise connection
to the correlated stability conjecture in the charged case [104].



4 Discussion

4.1 Summary

We here summarize some of the main results obtained in this thesis.

Chapter 1: In Chap. 1 we developed an effective long-wavelength theory for extended
black objects in various gravity schemes including supergravity (the blackfold approach).
The theory was naturally formulated in terms of a fluid/elastic derivative expansions in
the collective parameters parameterizing the black brane in question. The dynamics in
the directions parallel to the worldvolume was seen to take the form of a dissipative
relativistic fluid dynamics while the dynamics in the transverse directions were found to
be essentially of elastic nature. Already to leading order (i.e. at the probe level), the
blackfold equations contain a great deal of physics and it was explained how the effective
theory can be used to construct new approximate black hole solutions and to understand
the effective behaviour of black holes vis-d-vis instabilities. It was also explained how the
theory is naturally formulated in a thermodynamical language which is interpreted as the
leading order thermodynamics of the underlying bona fide black hole solution.

It was seen how the effective blackfold theory naturally can be coupled to matter
fields giving rise to additional conserved effective currents. This allowed us to treat black
branes in various supergravity schemes. We also argued that the effective theory in the
supergravity regime is not inherently “black” (due to charge) and allows for perturbing
extremal branes. In the extremal limit, the effective theory was seen basically to be a
purely elastic theory with the important exception of the null-wave configurations. In a
supergravity setting, the effective theory also naturally allows for an effective description
of various bound states modeled in terms of anisotropic fluids carrying lower dimensional
currents representing the dissolved brane charges.

Finally we considered the extension of the blackfold approach to more general flux
backgrounds including dilatonic backgrounds. This involved a more rigorous derivation
of the extrinsic equation directly from the Einstein equations (a similar analysis for the
intrinsic perturbations is presented in Chap. 3). We saw how the force terms naturally
appear as modified pole-dipole constraints in the overlap region. Additionally, for the
supergravity p-brane, we managed to write down an action for the effective equation of
motion, which was seen to have exactly the same form as its single brane counterpart
(up to a constant). We also briefly discussed more general force terms for bound state
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geometries. Finally, we have derived more general expressions for the conserved global
quantities in background fluxes which will be relevant for the analysis presented in the
next chapter.

Chapter 2: In Chap. 2, we constructed and analyzed the thermal spinning giant gravi-
ton configuration in both type II string theory and M-theory, using the blackfold ap-
proach for (thermal) probe branes. We found various new effects from having a non-zero
temperature which can be attributed to the thermal excitations of the strongly coupled
worldvolume theory living on the expanded brane (in the sense explained in Sec. 2.1).
In particular, we found that the thermal giant graviton has a minimal possible value for
the angular momentum and correspondingly also a minimal finite radius for the wrapping
sphere.

In addition, we saw that the non-zero solution naturally allows for turning on new quan-
tum numbers viz. intrinsic spins. Indeed, these spins are not visible in the usual extremal
analysis since the worldvolume stress tensor is Lorentz invariant at zero-temperature. In
the extremal limit internal spin along the directions of the worldvolume is therefore a
gauge degree of freedom and hence “invisible”. The results of the present work show that
by thermalizing giant gravitons (in the supergravity regime), we find interesting finite
temperature objects in supergravity, exhibiting a variety of new qualitative and quantita-
tive effects. We emphasize that the thermal spinning giant gravitons we have constructed,
consisting of the background together with the thermal probe brane placed in it, are bona
fide solutions of the supergravity equations of motion, to leading order in the blackfold
expansion. This is even true for high temperatures (i.e. also above the Hawking-Page
temperature) as long as T' < Tyax and provided that we are in the regime of validity in
which the black brane can be treated as a probe (see Sec. 2.3.2) . However, it would be
interesting to see what happens to our solutions when heated up beyond the Hawking-Page
temperature by repeating the analysis for the corresponding AdS black hole backgrounds.
In this respect we also remind the reader that we, by including internal spins, found a
new stationary black hole solutions with horizon topology S™ x S"~2 in AdS,, x S™ type
II/M-theory backgrounds for (m,n) = (5,5) and (4, 7). It would be interesting to examine
these further, and perhaps construct the full solution numerically.

Finally, it was explained how the effects from intrinsic spin survive in a certain ex-
tremal limit. This was seen by considering a null-wave double scaling limit, where the
temperature is taken to zero, while the fluid velocity is taken to approach the speed of
light in a well-defined manner. In this way, the thermal excitations survive, even in the
extremal limit. We analyzed the properties of the null-wave giant gravitons and showed
that these configurations in particular exhibit a BPS spectrum. We emphasize that the
objects do not have a weakly coupled counterpart, as the non-spinning configurations do,
despite the fact that they exist at zero-temperature.
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Chapter 3: In Chap. 3, we investigated the nature of the hydrodynamic effective theory
that governs the intrinsic long wavelength fluctuations of the Reissner-Nordstrom black
brane. Our analysis has extended the established cases of the interrelation between gravity
and fluid dynamics. Although the analysis of Sec. 3.4 is quite technical, the problem at
hand provides the purest example of a black brane carrying charge. With the extraction
of the effective stress tensor and current, our analysis has provided the generalizations of
the known neutral shear and bulk viscosities. We find that the shear viscosity receives the
expected modification such that /s = 1/47. Note that the entropy has the form as given
in Eq. (3.7) for the entire family of generalized Gibbons-Maeda black branes, we therefore
expect the result for n given by (3.66) to hold in general. In particular, this includes the
case of the D3 brane. The bulk viscosity was found to be non-zero positive for all values of
the charge as expected since the effective fluid is not conformal. The ¢/n bound proposed
by Ref. [113] was found to be violated for certain values of the charge parameter, while it
was demonstrated to violate the bound proposed in [114] in the entire range of non-zero
70, thus providing a counter-example. Finally, we computed the charge diffusion constant
® of the Reissner-Nordstrém black brane. We note that, as with the shear viscosity 7, the
value of © given in (3.67) only depends on N which could be an indication that the result
will hold for more general cases where e.g. the black brane is charged under higher form
gauge fields.

Finally, the speed of sound was found to be imaginary for small charge densities, but
becomes real for sufficiently large charge parameter 79 > (D — 3)/2. For large charge den-
sity it therefore seems that the Reissner-Nordstrom black brane is GL stable under long
wavelength perturbations. However, including the first order corrections to the dispersion
relations, one finds that the hydrodynamic mode, associated with charge diffusion, is un-
stable above the threshold value of 79. The Reissner-Nordstrom black brane is therefore
GL unstable for all charge densities, although it is worth noting that the brane is “less”
unstable above the threshold, in the sense that the instability is a next-to-leading order
effect. This complementary behavior of the instability is also reflected in the thermody-
namic stability analysis where the specific heat capacity and isothermal permittivity show
a similar behavior.

4.2 Future directions

We have already discussed some open issues and computational generalizations in the main
text. We here discuss some future directions which we hope to address in the near future.

Blackfolds

e Entropy current: There is a natural way to associate an entropy current with a
perturbed event horizon [116]. This was recently considered in a blackfold setting
in [109] (using the map briefly discussed in Sec. 3.1). It would be interesting to
consider the charged generalization of the entropy current i.e. compute the entropy
current for the perturbed solution presented in Chap. 3. Since the analytic form
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of the dissipatively corrected entropy current is predicted from fluid dynamics, this
would provide a consistency check of the transport coefficients obtained in Chap. 3.

g-form hydrodynamics: A natural future direction of the work presented in Chap.
3 is the generalization to black branes charged under higher form gauge fields in-
cluding a non-zero dilaton. In particular this would include the p-brane solutions
of supergravity. This is work in progress and will appear in [117]. In this regard
in would also be interesting to consider more general theories containing a Chern-
Simons term which is expected to lead to non-trivial parity violating hydrodynamics
as in [105; 106]. This would include developing the hydrodynamic theory for fluids
carrying g-form currents not currently existing in the literature which might also
find applications in more pure fluid/gravity setups.

Bending the D3-brane: Another outstanding open problem is the bending of
the D3-brane. This computation would involve performing the matched asymptotic
expansion procedure for the D3-brane now (non-trivailly) including the self-dual five-
form field strength. While interesting in its own right, this computation would allow
one to extract new elastic response coefficients including the five-form piezoelectric
moduli. Even more interestingly this could lead to new insights in AdS/CFT by
considering the near horizon limit of the bent D3-brane where the transverse sphere
would new be deformed. It is currently not clear what deforming the S® means on
the gauge theory side and whether it is possible to give the response coefficients a
dual interpretation.

Generalizing the AdS/Ricci-flat map: As mentioned, our results for the charged
brane presented in Chap. 3 provide a natural starting ground for generalizing the
map between the blackfold approach and the hydrodynamic regime of AdS/CFT
[39; 109] to more general settings where matter fields are included.

The DBI/SUGRA correspondance

Couplings to lower form currents: In Sec. 1.6.3, we showed that the action gov-
erning the p-brane blackfold is essentially the same as the single brane DBI action (in
the extremal limit). As is well-known, the DBI action allows for couplings to lower
form gauge potentials through a set of WZ terms. In this context, it would be very
interesting to find out what sense these couplings map to the blackfold /supergravity
regime and how they map. As briefly discussed in Sec. 1.6.4, the effective black-
fold description naturally accommodates for such couplings through a set of dual
currents. At all fits nicely; turning on the worldvolume DBI field strength turns on
the lower form couplings. On the other hand, on the supergravity side, turning on
the worldvolume gauge field effectively corresponds to considering an F1-Dp bound
state which in turn induces couplings (force terms) on the blackfold side.

Comparing to known SUGRA solutions: An important next step in the giant
graviton analysis presented in Chap. 2 would be to consider the case in which we
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have many giant gravitons moving along the S of S and taking the limit in which
they are smeared along this circle. This would reveal the the difference between the
smeared and non-smeared phases at finite temperature, and elucidate the connections
with for example the superstar [118], bubbling AdS solutions [95] and bubbling
AdS black holes [119]. A related outstanding question is to examine the connection
between our null-wave giant gravitons (which have SO(m — 1) x U(1) isometry with
m = 5 for D3 and m = 4 for M5) and the lower supersymmetric bubbling geometries
that have been considered in the literature (see e.g. Refs. [120-123]). In this
connection, considering thermal versions of giant gravitons with less supersymmetry
[124] is expected to be relevant as well.

Null-wave probe branes: Related to the above, we note that the null-wave giant
gravitons do not have a counterpart in the usual weakly coupled worldvolume theory
description. It would very be interesting to reconsider this by studying the thermal
DBI (recently considered in [125]) theory and exploring an appropriate limit. This
would also be worthwhile in view of finding a precise dual description of the null-
wave giant gravitons. More generally, via the AdS/CFT correspondence our thermal
spinning giant graviton solutions are expected to correspond to a thermal state in the
dual gauge theory. It would be very interesting to find a description of this thermal
state in the gauge theory and compare its properties to those of the thermal giant
graviton, in particular the free energies found in Eq. (2.62) in the low temperature
limit and the accompanying low/high spin results.



A Geometry of embedded world-
volumes

In this appendix we introduce the differential geometry needed for describing embedded
worldvolumes and discuss some aspects of the associated variational calculus. For the
reader interested in a more detailed account (including some derivations omitted below),
we refer to [66].

A.1 Basic definitions and relations

We consider the worldvolume W, ;1 embedded in a background with metric g,,, and co-
variant derivative V,, (spacetime coordinates are denoted by Greek letters). The induced
geometry from the background on the worldvolume W, is given by

Yab = Guv 0u XHOp X"V . (A1)

Here X# = X*(0) denotes the embedding of W, 1 and 0% denotes worldvolume coordi-
nates (worldvolume indices are denotes by Latin letters). The first fundamental form of
Wp1 is defined by

R = 4% 9, X PO X" . (A.2)

The tensor h* acts as a projector onto Wyyi ie. 9,XVh', = 9, X*, hyh¥, = b,

Similarly we define the orthogonal projector,
1K =0", —h", . (A.3)

Using the embedding functions X*, worldvolume tensors are converted into spacetime
tensors and vice versa in the usual way

./4 bibo... — 8@1Xﬂlaa2Xu2 Ce 8b1XV13b2Xy2 e A viv2.. ) (A4)

aias... H1U2. ..

where 9°X,, = y%h,,0,X". The map (A.4) defines a bijection between worldvolume
tensors and spacetime tensors tangential to W,;1. Non-tangential tensors have extra
structure in the transverse directions and are usually related to finite thickness effects
of the worldvolume, not relevant for this work (with the extrinsic curvature tensor K./,
introduced below, being an important exception).
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In general, a spacetime tensor A localized to Wp41 can be written

. A vive—(g) §(P)(z — X (o))
A V1V2---(x) — / dp-‘rlJ /_,7 HIH2.. ' (A5)
HAp2- Wyir =
Here A, MQ.__VIVQ"'(O') is a worldvolume scalar carrying spacetime indices. Covariant dif-

ferentiation of tensors on W, is only defined along the directions parallel to W11, we
therefore define the tangential projection of V,, onto Wyy1,

V=0V, . (A.6)
Assuming that A, "2 is tangential, it therefore holds (ignoring boundary terms)
\v4 A Vivg... _ / dp—HO'H (?MAMULQ..'VU&..A) 5(D) ((L‘ — X(O’)) (A 7)
K pe... Wit M ’

Note that the parallel projection of ?“AMW'NV“’Q'“ is related to DoA, 4, " as in
(A.4), where D, denotes the covariant derivative induced by ~,5. In particular, we have
the following relation between the divergences

R V, AP = 9, XV Do A (A.8)

It is important to note that even if the tensor A, , ">~ is parallel, the derivative

vV, A Yi¥2- in general has an orthogonal component. To tackle this, we introduce the
1 ... g 8 P

extrinsic curvature tensor. Using the tangential derivative ?uv we define the extrinsic
curvature of the embedding as

K,,"=hIVhy=-hIV, Lr . (A.9)

uv

By definition, the extrinsic curvature is tangential in its two lower indices and orthogonal
in its upper index. Moreover, it can be shown that K, ” is symmetric in its tangential
indices,

K, . =0. (A.10)

[wv]
The extrinsic curvature tensor K, ” is the generalization of the usual second fundamental
form @, of hypersurfaces to submanifolds of co-dimension k¥ < 1. It is not difficult to
show that

K" = O n(, . (A.11)

where n;y, i = 1,..., k are normal to W41 and @,(fl), denotes the usual second fundamental
form computed in the usual way with the ith normal, i.e. @,(Zl), = %,En(i) L. Since K, Pis
tangential in its lower indices we will usually convert it into a mixed tensor K, P carrying
both worldvolume indices and a (orthogonal) spacetime index,

K, " =0,X"0,X" K, ==0, X" X"V, L, " . (A.12)

Notice that K, * = 8°X,0°X, K, ” by virtue of the tangentially properties of K, *. The
extrinsic curvature tensor can be seen as the generalization of the usual acceleration of a
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worldline to a worldvolume of general co-dimension. This can also be seen explicitly from
the expression
K, "= D,0y X"+ [, 0. X" 0, X", (A.13)

which can be shown after some work. The expression (A.13) provides a useful formula for
computing the extrinsic curvature given an embedding X*. For a worldline parameterized
by 7, then K,,” = a” = utV,(dX?/dr). In analogy to the extrinsic curvature scalar of
hypersurfaces, we define the extrinsic curvature vector for general embedded submanifolds
by

KPP =h"EK,,"» =v"K, ", (A.14)

which is normal to W), 11, i.e. for any tangent t# to Wy,1, t,K” = 0. Finally it can be
shown that for any two tangents s*, t*, the relation

SMVK P =1F, SOVt =17 17V s (A.15)
holds as an identity. Especially for s# = t#, we then have
K, P =10, i (A.16)

with t# = YV t*.

Having defined the extrinsic curvature and established some of its properties, we now
look at divergences of tangential tensors. Assuming that A*#1- is tangential, we see this
implies (using (A.9)),

?“Ap,ul... — ?lt (A/u/...hyul) — Auu...?“h’/pl 4 hVMI?H.ANV'"
= A" h, IV b 4 SN AR (A.17)
= APK M BT AR

This implies for the stress tensor (using (A.8))
VI =T K, + 0,X D% . (A.18)

If instead J is an n-form, we find (by virtue of the symmetry properties of K,5),

B, BE2, N SR = 0, XD, XK. D, JO0 02 (A.19)

This means that JAWI,__ is a conserved current, Vujuﬂl"' = 0 if and only if Jq, ... is
conserved on the worldvolume D,J%~ = (. In particular, as opposed to the stress
tensor, current conservation Vuj H1- = () has no “extrinsic” equation associated to it.
Finally we will briefly discuss some aspects of variational calculus for embedded sub-
manifolds. We refer to App. A of [57] for a more detailed account. We consider a quite
general action of the type
I:/ "o/ = f(o®) (A.20)
W1
where f is some worldvolume function. The action is therefore a simple generalization
of the usual Dirac action for minimal surfaces. We now seek to determine the equation
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of motion corresponding to (A.20). We therefore consider a variation in the embedding
XH* — XP4+90X#. Under such a variation the action changes with a Lie derivative according
to

oxT = Lsx(V=Af) = V=7 (~KPf+ L 9,f) 0X, . (A21)

Requiring the variation of the action to vanish 6/ = 0, we therefore obtain the following
equation of motion (since X* is arbitrary),

KPP =1°F0,log f . (A.22)

An equation of the type (A.22) can be obtained from the action (A.20).

A.1.1 Redshift factors

In order for a solution to be stationary the fluid velocity u® must lie along an isometric
direction of W, 11 (see Sec. 1.3.3). Since the geometry on W, is induced by the back-
ground, this implies that u® pushes forward to a Killing vector k* of the background. Let
& denote the generator of asymptotic time translations of the background and let &; denote
a set of spatial Killing vectors. We can then write

K=ty Qix( - (A.23)

A few comments are in order. If ¢ corresponds to a compact direction of W, 41, the vector
x; necessarily corresponds to a Cartan generator of rotations of the background. In the
following we assume that all the vectors x; correspond to Cartan generators with orbits
of periodicity 27 since we can obtain the usual generators of translations by taking the
corresponding blackfold radius — oco. Also note that k* could contain a component orthog-
onal to W,11 coming from the embedding (which is relevant for blackfolds in background
fluxes). We refer to Sec. 1.7 for a discussion of this special case.
With these considerations, we introduce

ROE\/—§2‘ , Ri= /X3

Wh+1

QiR
Ry

Wo+1

Here Ry is a redshift factor between WW,,1 and infinity, R; are the proper radii of the
orbits generated by &;) and v; is the ith velocity component as measured from infinity.
Note that in general Ry and R; depend on the worldvolume coordinates o. With these
definitions we then have

k=RoV1-V2, V2= V3. (A.25)

A.2 The blackfold action from the embedding

We now explain how to derive the extrinsic equation (1.38) from an action principle. Using
w = p+ P = Ts, the extrinsic equation takes the form

~ PKP =17, sTu" . (A.26)
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The fact that the local temperature is dictated by the Killing vector k® in (1.36) and
that k® extends to a background Killing vector k* means that the local (worldvolume)
thermodynamic fields extend to the entire background, at least in a neighborhood of the
actual solution, for constant global temperature 7" and charge Q),. We then have

sTu, = —s0,T = =0,P , (A.27)

among stationary solutions. This means that the extrinsic equation for stationary solutions
can be written (remember that P is in general negative)

K" =1m 9, log(~P) . (A.28)

This equation can be obtained by extremizing the following action (cf. Eq. (A.22))

I :/ drtloy/ =4 P, (A.29)
W,

p+1

for variations of the blackfold embedding among stationary fluid configurations on the
worldvolume with fixed (global) temperature 7" and charge @),. Instead of considering the
ensemble where we keep the charge (), constant, we can consider the ensemble where we
keep the global potential @, constant (cf. (1.68)). To this end, we note that we can rewrite
the extrinsic equation (A.26) in terms of the Gibbs free energy G as

(G+ 2Qp) KP =177 (0,G + Q,0,P) . (A.30)

We now consider variations for which the global potential ®,, is kept fixed. According to
Eq. A.21, among such variations, it holds

PKP =170, . (A.31)
In this way, the extrinsic equation takes the form
GK? =1°0,G . (A.32)

This equation can now be obtained by extremizing the action

I——/ A" lo/ =G . (A.33)
Wy

+1



B The F1-Dp bound state

The F1-Dp blackfold is described by a Dp-brane charged fluid carrying a F-sting current
on its worldvolume. The F1-Dp bound state geometry is given by [84; 126] (here written

in the string frame)

p
ds? = D"VPH V2 (—fdt® + daf) + D'VPHV?D " da?
i=2 (B.1)

+ DT (T 02498 ))
with n = 7 — p and with corresponding NSNS and RR gauge potentials
By =sing (H™' —1)cotha, Ay ,=tand (H 'D—1) ,
Ap..p = cos (H_1 — 1) coth a |

(B.2)

and dilaton
p=5 __3-p

e**=D72 H=2 (B.3)

The functions f and H are the usual blackening and charge functions recorded in Egs.
(1.73), while the function D is given by

D! =cos?f +sin?0H ! . (B.4)

The effective blackfold fluid was computed in [37]. The local energy density p, temperature
T and entropy s given by

n Ynt1) pi1
= = ha. B.
4mrgcosha s 4G 0 coshe (B.5)

Qns1) 2
= 60 0 (1+cosh*a) , T

The charge densities and associated chemical potentials read

QDp = 12:(1;) m’g cos 6 cosh o sinh «x ®p, = cos ftanha ,
Q(nJrl) . ) _ (B.6)
Qr1 = e nr{sinfcoshasinha , ®p; =sinftanha

It is straightforward to perform a SO(1,p) rotation to the solution (B.1)-(B.3). In partic-
ular the NSNS and RR potentials read

By = sinf (Hf1 — 1) coth aV(Q) y Ap-1) =tanb (HilD — 1) *(p+1) 17(2) )

. (B.7)
A(pt1) = cost (H — 1) cotha 1)1,
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Here 17(2) denotes the volume-form on the worldsheets spanned by the F1, C(3), and can
be decomposed according to

Vigg=uAv, (B.8)
for two vectors u? = —1, v> = 1, u- v = 0.! The projector onto Cl(2) is then given by
hg’) = —uul 4+ v’ . (B.9)

The effective currents now take the form recorded in the expressions (1.75), (1.89) while
the effective stress tensor is given by (1.93).

Ldenoted *(2)1 in Sec. 1.5.6.



C Thermal giant gravitons

C.1 Thermodynamic blackfold action and Smarr relation

In this appendix we show that the action (2.28) is equivalent to the thermodynamic action.
To this end we first rewrite (2.28)

1= At/B dVip) [E(bf) —i—ﬁ(em)] (C.1)
P

where from now on the subscripts ”bf” and "em” refer to the blackfold and external field
respectively. For simplicity we will in the following we assume that w = 0. In (C.1) we
have factored out the integration over the (Killing) time ¢. This produces a redshift factor
which must be included in the Lagrangian densities, e.g. L) = 'yIlROP where v, is
defined in (1.132). From the conserved quantities derived in (1.133) we also introduce the
Hamiltonian and angular momentum densities

H = Hep) + Hiem) = 77" (T{{D’;) Y ) Ny |

(em)

1 (C.2)
T = Tty + Tem) = 71 (Tffof) + V(im)) Xy

where T(’{)';) is the blackfold stress tensor which encapsulates the gravitational and electro-

nz
(em
the charge current to the external electromagnetic field. Notice that the electromagnetic

magnetic self-energy /momentum and V ) (see (1.132)) is associated with the coupling of
contributions only depend on the embedding degrees of freedom of the blackfold and not
on the effective blackfold fluid degrees of freedom.

Now, for the blackfold degrees of freedom we have the relation (cf. [37])

Hory + 71w n,Ts = Q Ty — Loty (C.3)

This is the blackfold generalization of the usual relation H = 6J — L in Hamiltonian
mechanics between Hamiltonian and Lagrangian, but now with an extra term contributing
to the energy due to the fact that the blackfold has internal thermal degrees of freedom
living on it. However, since the external electromagnetic field does not couple to the
thermal degrees of freedom living on the blackfold, one has for the electromagnetic part
that

Hem) = 2 J(em) — L(em) (C.4)
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We now use (C.3), (C.4) in (C.1) along with the expression (1.45) for the total entropy
S of the blackfold. If we also rotate to Euclidean time so that At — Ar = 5 =1/T, we
then find that the Euclidean action is given by

Ip=E—-QJ-TS (C.5)

Smarr relation

Finally, we derive the Smarr formula for blackfolds in external fields. We use the perfect
fluid stress tensor T}, = (o+ P)uuu,, + Phy,, and the local thermodynamic relations for
charged p-branes in D = n + p + 3 dimensions

o+ P=Ts, o=—(n+1)P—nd,Q, (C.6)

First, we note that the Smarr relation found previously for blackfolds based on charged p-
branes (with zero external field) is easily generalized to the case where & is not orthogonal
to the world-volume B,. One finds

(D = 3)Eqpry — (D = 2) (Upr) + TS) = n®uQ, = T (C.7)
where
Oy = / AV Ro®p (C.8)
P
Ton = - /B aVip) (VIlRoT + ﬂlT({;)funu) , T =T (C.9)
D

We then add to both sides of (C.7) the term (D — 3)E(ey) — (D — 2)QJ (), yielding the

generalized Smarr relation
(D—-3)E—(D—-2)(QJ+TS) —n®uQ, = Trot (C.10)
where

Tiot = —/B Wiy (VT RoT + 97 (Tt + Vi) & + (D = 2)Liemy ) (C.11)
P

Note that, as expected, the total tension gets modified by the presence of the external
field.

C.2 The upper branch, CFT dual and correlation functions
The CFT dual operator of a single point-like graviton is a chiral primary of the form

O0="rz’ (C.12)

with J the angular momentum on the S° and Z a complex scalar field. Standard compu-
tations have shown that their two- and three point functions match exactly on both gauge
and string theory sides provided J is small.
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If J> N/ VX' the correct description is in terms of a giant graviton. The dual gauge
theory operator Ogs of the giant graviton is no longer given by (C.12) and arguments
based on symmetry (which only really apply close to r = L, see [127]) imply that it must
be replaced by a Schur polynomial operator of the form

1 e io(J
O ~ XR(Z) = 5 S xw,(0)270..Z5) (C.13)

’ geSy

where Z is a complex matrix, R,, denotes an irreducible representation of U(N) described
in terms of a Young tableau with J boxes.

As explained above, there is another (upper) branch of giant gravitons which is 1/2
BPS at » = L in the large J limit with the same quantum numbers as the lower branch.
We speculate that there exists another 1/2 BPS Schur polynomial operator in the CFT
at J = N that is distinct from the Schur polynomial relevant to the usual (lower) BPS
branch and which is dual to the upper branch of giant gravitons at »r = L. We present
indications of this below.

Two-point correlation functions

As an explicit check of the statement above, we now compute the two-point function
for the CFT operator dual to the r = L point on the upper branch, showing that it
has the same properties as the r = L solution of the lower branch. It is easiest to do
the computation simultaneously for both branches. Our method is based on the general
prescription, reviewed in [128], for computing two-point correlation functions for massive
(or light) particles moving in a background spacetime.

The giant graviton is a brane, not a particle, however as seen from the AdSs part it is
a point-particle with a certain mass [129]. This can be seen by introducing motion in the
AdSs part, i.e. introducing the dependence z#(7), n = 0...4 on the coordinates of AdSs
with metric G ,,. Following [129] one can then show that the DBI action can equivalently
be written as

1 V',U,‘l/ QZ L2_ 2
Ippr = 2/d7’ <G” T + ( ) —m26+m2rQ> (C.14)
e e

where we have defined m = N73/L* and e is an einbein which acts as a Lagrangian
multiplier. Using (2.13) we can eliminate €2 in favor of J and arrive at the action

1 ki
I= /dT <CW + eM2> (C.15)
e
where we have defined
J2 — [2m2

However, to arrive at the interpretation that from the AdSs perspective the giant graviton
is a massive point particle moving along a timeline geodesic, one should take into account
that J must be conserved along any path. Hence, one should consider the Routhian R
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which is obtained by doing a Legendre transformation in the cyclic coordinates. In this
case it coincides with the Hamiltonian, and hence we find

1 /G iy
R==0s- 1= (S5 o) (C.17)
e
where E is the on-shell energy (2.17), (2.18) for each of the branches. So we find that
from the AdSs perspective the giant graviton is a point particle with mass F. Following
[128], wee can now compute the two-point function using the Routhian
‘$| —2F4
G(0,e;x,€) =e R ~ <> (C.18)
€
showing for both branches equality of the anomalous dimension and the energy. We thus
conclude that the anomalous dimension of the operator is equal to the energy for both
branches, thus giving strong indication of being in both cases a Schur polynomial at the
r = L point.
It is important to note that the correct result is reproduced here using the Routhian,
and not the action, as was also advocated in [130]. Indeed, evaluating the quantity M in
(C.16) for each of the solution branches found in subsection 2.2.2 one finds!

M_=NI*?=FE_, M, =NL?\/9—4/2 # E, (C.19)

as compared to the energies given in Egs. (2.17), (2.18).

Three-point correlation functions

To gain further insight into the nature of the new state at » = L one may consider the
three-point correlation function between one point particle and two giant gravitons. For
the lower branch this analysis was performed in [131]. The procedure consists in analyzing
the supergravity modes which describe fluctuations in the Euclidean D-brane action of the
metric and 4-form potential, which are dual to chiral primary operators with R-charges
in the N' =4 SYM theory. The resulting three-point function structure constant for the
maximal size 1/2-BPS giant graviton was found to be zero in agreement with the gauge
theory side. Following the same steps for the upper branch r = L state gives zero as
well, since one can check that in that case the result is independent of €2. This provides
further confirmation that the gauge theory description of the upper branch r = L state
is a Schur polynomial. It would be very interesting to calculate this three-point function
more generally for the entire (non-BPS) upper branch, but this is beyond the scope of
the present work. A naive application of the ideas mentioned above does not give sensible
results, so perhaps one should use the Routhian rather than the action and/or introduce
an appropriate cutoff to regularize the divergent integrals.

In Ref. [131] the action was used to compute the two-point function, but since this computation was
for the lower (1/2-BPS) branch, for which the terms conspire to give M_ = E_, this still gives the correct
result.
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C.3 Details on solution space

In this appendix we give further details on the solution space presented in Secs. 2.3-2.4
and establish the relation between the results presented in this thesis and those obtained
in [1].

C.3.1 Alternative parameterization of solution space

Here we reparameterize the equations of motion and solution space of Sec. 2.3 such that
the connection with the solution space of the non-spinning thermal giant graviton found
in [1] is more apparent. To this aim, we define a new parameter w such that
w2r2

k2

Using this newly defined parameter, the equation of motion (2.29) can be rewritten as

w =

(C.20)

(n—24+Riw) kw2 + 2?2 (1 = Ry(w+ 1)) + (n — DQr|kyy [Ra=0 , (C.21)

where R1 = R1(¢) and Ry = Ra(¢) are given by Eq. (2.30). For clarity of presentation
we focus on the case n = 5. In this situation Eq. (C.21) admits the following family of

solutions

13+ wRi|
0L = C.
T B R S0t A (€.22)

where we have defined

As(d,w) = —é (3721 4 8R2 + 4Ro\/D(d, @) + wR(R1 — 4)) + % . (C.23)
with
D(p,w) = —3(1 - Ry) +4R3 + wR1(2+ Ri(w + 1)) . (C.24)

Indeed, setting w = 0 in Eq. (C.22) yields the form of Q1 obtained in [1] for thermal giant
gravitons expanded into the S° part of AdSs x S°. A necessary condition for the solution
(C.22) to exist is D(¢p,w) > 0. In Fig. C.1 we exhibit the dependence of D(¢,w) > 0 on
a within the range 0 < w < 1.

From Fig. C.1 we see that there are two regions of possible spinning giant graviton con-
figurations (here and below we parameterize the charge in terms of o = arccosh(1/1/¢)).
The black dashed line depicts the case w = 0 obtained in [1] for which there is only one
region of possible solutions. As the spin is increased the solution space is composed of a
blue region (Region 1) and of a red region (Region 2). It is possible to determine analyt-
ically the ranges of a defining both regions by solving D(a,w) = 0 . This leads to the
ranges

Region 1: (Z +w> < cosh? a < o0 , w>0
(C.25)

1 3
Region 2: 1 < cosh?a < <4+w) , w>1.
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0.5

ool vl
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Figure C.1: D(¢,w) as a function of a = arccosh(1//¢) for 0 < w < land n =5 .
The dashed black line represents the case w = 0. The vertical axis was restricted to the
interval 0 < D(¢,w) < 2 while the horizontal axis was restricted to 0 < a < 3.

From (C.25) we see that Region 1 exists for all values of w while Region 2 only appears
after the spin parameter w is increased beyond the value w = 3/4. At the lower bound
of Region 1 and at the upper bound of Region 2 the two branches of solutions 2+ meet
each other. Note that Region 2 can be decomposed into a thermodynamically stable and
unstable part. The unstable part lies within the range 1 < cosh? a < 3 /2 as it has negative
heat capacity [48]. For generic (m,n) we obtain similar bounds as in (C.25), in particular
for the non-spinning case, these are 5/3 < cosh? @ < oo for the M5-giant graviton and
10/3 < cosh? a < oo for the M2-giant graviton.

Range of k

The ranges (C.25) together with charge conservation (2.23) allow to determine the bounds
on k mentioned in Sec. 2.3.2. Focusing on n = 5 and on the lower bound of Region 1 we
obtain the bound for k

3

. 4w)E
Region 1: T — © +1 w) T
21(3v/3)1 (5 + 4w)3

In the case w = 0 this agrees with the result found for non-spinning giant gravitons

<k<1 . (C.26)

in [1]. For Region 2, the upper bound in (C.25) allows us to write the bound on the
thermodynamically stable part as

3
. . 1 + 4w)s
Region 2 stable: 7' <k <T — ( +1 w) . (C.27)
21(3v/3)1 (4w — 3)8
while for the unstable part it is instead allowed in the entire interval
Region 2 unstable: T <k<1 . (C.28)

For the bounds on k for the stable part of both regions we observe that there is a gap in
the allowed values of k for which there does not exist a giant graviton configuration. This
is the gap observed in Sec. 2.4 for the maximal size giant graviton. The same features are
observed for the other values of (m,n).
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Maximum temperature

The solution space does not admit configurations at any temperature 1. As already seen
for the non-spinning giant graviton in [1] there exists a maximum temperature beyond
which giant graviton configurations cease to exist. This bound is obtained from the charge
conservation equation (2.23) which can be recast into the form

Qn—2)G 4(47)™R 1 (a)cosh™ o

kmfl _
Q(m) (m — 1)"“7?,2(0[)

AL (C.29)

where the ratios R and Ry are defined in (2.30). The maximum temperature that the
giant graviton can attain in the thermodynamically stable region is obtained from (C.29)
when cosh @ takes the value that gives rise to the lower bound of Region 1 in (C.25).

Generically, we can define the maximum temperature as

Qn-2G 4(47r)m721(a)cosh”11a} _|1 )

Q(m) (m — 1)mR2(Oé)

(C.30)

max

Tm—l — |:
For the case of the spinning giant graviton on AdSs x S® this results in

6\/37\/5+4w>‘1*

: C.31
(94 4w)? ( )

Tinax = Tstatic <
From the above expression we see that as the spin parameter w increases, the maximum
temperature that the giant graviton can attain decreases. This is again a generic feature
for any (m,n).

C.3.2 The special case () = w

Here we analyze the case for which 2 = w. This is a peculiar case as it corresponds to a
branch of solutions for which there is no continuous limit that connects it with the thermal
non-spinning giant graviton of [1] but it still admits a limit in which it connects to the
usual %—BPS giant graviton. In this situation the spin orbit interaction term in (2.29)
vanishes and the equation of motion can be written as

(n—2)(1=Q*L* =) + Q%+ (n— 1)Qry/1 - Q2(L2 —12) Ry =0 . (C.32)

For clarity of presentation we focus on the case n = 5 but we note that the above equation
admits a solution for any n. For n = 5 the solution takes the form

3

T A sa A ) (C.53)
where
As(a) = —% (2R3 () + Ra(a)y/Dla) ) + % | D() = 4R2(a) -3 . (C.34)

We see that (C.33) allows for two branches of solutions. However, one must remember that
the condition k% = 1 — 0% L? > 0 must be imposed, implying Q4 < L~!. A straightforward
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check tells us that the upper branch solution always violates this requirement (except in
the strict limit & — 00). Hence we conclude that for the case 2 = w only the lower branch
of solutions exists. Imposing the same requirement on the fluid velocity k for the lower
branch leads to the allowed range for « in solution space

g <cosh?a < oo . (C.35)

This range implies that there is a thermodynamically stable region and an unstable region
which ranges from 9/8 < cosh?a < 3/2. This furthermore means that this branch of
solutions does not admit a neutral limit (as one cannot approach a = 1), i.e., they must
be always charged and supported by the background gauge field. Moreover, the range
(C.35) implies that in both stable and unstable regions, the fluid velocity must satisfy
the bound 7' < k < 1. Another interesting feature of this branch of solutions is that
both ends of the interval (C.35) correspond to zero-temperature limits. The limit o — oo
corresponds to either the usual extremal limit of Sec. 2.3.3 or the null-wave limit of Sec 2.6.
The limit o — 9/8, using the fact that A_(9/8) = —1, implies Q_ = L~! and hence that
k — 0. Therefore, by charge conservation (C.29) we see that for the charge Q(,_2) to
remain constant we must have T — 0. This is another type of null-wave giant graviton
configuration but not a regular one since in this limit the thickness r¢ remains finite and
hence all thermodynamic quantities presented in Sec. 2.3 diverge except for the product
TS which remains finite. Further, in this limit the configuration satisfies the relation
F=E—-TS=J+&, which is the BPS relation found in Sec. 2.6.



D Details for Chapter 3

D.1 Reduction

In the first part of this appendix we will show how the equation of motions for the general
case of a reduction of an Einstein-Maxwell theory on an Einstein manifold can be obtained.
In the second part we will provide the example of applying the procedure for d = 2 on the
zeroth order solution.

D.1.1 Reduction of Einstein-Maxwell theory on an Einstein manifold

We consider Einstein-Maxwell theory on a D-dimensional space of the form
ds? = gudatds” = ds?y) + 2™ ds?y, | (D.1)

Here ds%b) denotes the metric of the base manifold My, xéb) denotes the coordinates on
My, ¥ is a function on M) and ds%E) is the metric of an Einstein manifold M g with

coordinates x?E). Since Mg is an Einstein manifold, we have
dg RP) = R ¢g'P) | (D.2)

where dg, ¢®), R®) and Rp, are respectively the dimension, the metric, the Ricci tensor
and (constant) curvature scalar of M gy. Moreover we consider a gauge field (minimally
coupled to gravity) A, which only depends on xz(b) and only takes values along the base
manifold M ;). Schematically

Au(az) = Az(:vb) . (D3)

The action S of the system is given by

1
S=58,+Sem, S =/dD9€\/|g|R, SEMZ/dDﬂc lg] |:_4FMVFIW:| , (D.4)

where R denotes the Ricci scalar of the full metric g,,. We can now perform a reduction
and integrate out M), one finds

Sy~ / d® zy\/| gp| V(@) {Rb + Rpe 2@ _ dp(dp — 1)(w)2} ,

My ) (D.5)

SEM ~ —/ d®zy\/|go| eV Fyy Y
My,
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Having worked out the reduced action, it is easy to work out the equations of motion. As
usual, the resulting system is EM theory on Mj coupled to a dynamical scalar field and a
current. The EOMs are

1 1
RY == <2Fi Fip — gg.’)anFm”> +dp (Vo Vi) + Vo Vi)

v 4 D -2
FonF™  Rpe™2¥ D.6

V,F = dgFF'v .

D.1.2 Reduction of the zeroth order solution

0t order solution with

In this section we demonstrate how the reduction works for the
(fluid) dynamics in two spatial directions (in other words, an ordinary boost in the (o1, 02)
direction). Now the base space is composed of the three fluid brane directions (one time
0 and two spatial directions, (o', 02) along with the radial direction r). The metric has

the form

P

f a1 b dT‘2 9 9 i 2
<77ab + <1 TN uguy | do“do’ + 7 +r dQ(n—i—l) + Z (dx”>

=3

ds? = hP , (D.7)

with a,b = 0,1,2 and where :vﬁ, 1t = 3,...,p are the p — 2 static brane directions. We now
integrate out the transverse sphere and the p — 2 brane directions. The functions v and ¢
are given by

o(r) =1(r) + 2logr = Blogh(r). (D.8)
It is now straightforward to compute s, j* and F',. Here z* denotes coordinates of the

four dimensional base space z# = (¢°, 0!, 02, r). One finds

kK =

_Bn? (7;0)2” 70 (1+70)

2 \r r2hN(r)
n® rro\2n /Nyo(1+ ) 2 p ro\™
L — =2 VoA Y ~ £~ v a
7" Ou QB(r) hN=1(r) (1+B+nhm+2(r> %)“8‘“’

, Nk [, 2 . 2K
.F'u‘l,au®dl’ :B(’LL Ub+<1—N(5b>>8aa®dO'b—Bar®d7'
(D.9)

It is now possible to show that, as expected, the reduced system obeys the EOMs with
these effective sources. The above sources get derivative corrections in the perturbative

expansion.

D.2 Coefficients of the large r expansions

In this section, we list the first set of large r expansion coefficients of the metric and gauge
field given in section 3.4.
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Scalar sector
Below is listed the first set of coefficients for the large r expansions of f.,,

G — U +p)? + (n+p)2p+ 1) + n(p+2))70 + 20(p + 2)73) (D.10)

" (n—=1)(n+p)*((n+1) + pB)

Below is listed the first set of coefficients for the large r expansions of a,,

n((2n+ 1) (n+p)* + (n+p)(1 +n(2n +3)(p+ 1))y0 + 2p(1 — p + 2n(p + 1)7§)

(1) —
Qy = )
(n—=1)2n = 1)(n +p)*((n + 1) + pByo)
N
1 _ (14702 [1_ B[2(n+1)+p3% ”
P n PO +1) + pBy)?
(D.11)
Below is listed the first set of coefficients for the large r expansions of f,,
1 4yo(n + p(1 4+ ))
(1) _ 70 p Yo
QY = n(l+ 2v9) +
e (0 0 R T B D12)

N 2(n+1)
n(n+1+pBy)?*

B = —(1+ )

Vector sector
Below is listed the first set of coefficients for the large r expansions of f;,

oV — (5. g3 | TP+ D+ +p+ 1)(1+27) [ ntp+1
vi (av51)70 |: (TL— 1)(n+p)2 :| + (81’7 ) |: (TL— 1)(n+p):| 5
a® _ n+p+1 [

v 2(n—=1)2n—1)(n+p)?

(2<n )t p) + (n? 0 —1—2p+ 4npm>) (90)

<70(4n(n + 92+ (n+p)(—=1—2p+n(=3+2p+4n(4 4+ 3n + 3p)))v

dn(l 4 p)(—l 4+t An? —2p+ 4np)7§> <m~>] |

B =0,
PO (2%(1 +90)(Ous) + (&%))
T (102 (L4 Ny)
(D.13)
Below is listed the first set of coefficients for the large r expansions of b;,
1 2n+p+2n(n+p+1 142

alV) = 2 —1) [( ( nELp )70)> (0uBi) + <M> (3170)] :

o (D.14)

1) _ 52 n+p
P = b {(n+p+1)70(1+70)]



Appendixz D. Details for Chapter 3 118

D.3 Thermodynamic coefficients

In this appendix we list a number of thermodynamic coefficients related to the analysis of
section 3.6. The two coefficients R and Ry are given by

-1
n=2(57), (), - (o), (7))
8<II' T 5 T P (D]_5)
o 0
— ve o(22) |,
ma= [T (52), -2 (58,
Writing out the speed of sound given in equation (3.76) it takes the form

(), (),) el (@),)] - oo

Finally the coefficient associated to the dispersion relation of the sound mode is given by

1 R2 do do Ra 0Q 09
R="30uwa (Q (W)é—s(a@)) (Qm”((a@);l’* <m>J>> '
(D.17)

For the Reissner-Nordstrom solution we have

&7 N"}/O RQ . 1—N’)/0(1+2’Yo)+n(1+N’y[))2
T n+1+pBy’ sT® 14279 + n(1 — Byo) ’

(D.18)
w? 2N?~5(1 + 7)?

R = — .
ST2 (1 — nyo)(n + 14 pB’yg)
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