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Abstract

Relativistic corrections to the pair Bc-meson production in e+e−-annihilation are calculated. We in-
vestigate a production of pair pseudoscalar, vector and pseudoscalar+vector Bc-mesons in the leading 
order perturbative quantum chromodynamics and relativistic quark model. Relativistic expressions of the 
pair production cross sections are obtained. Their numerical evaluation shows that relativistic effects in 
the production amplitudes and bound state wave functions three times reduce nonrelativistic results at the 
center-of-mass energy s = 22 GeV.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In recent years, one of the important centers of research in the quark physics was the study 
of the mechanisms of heavy quarkonium production in electron–positron annihilation, and at the 
Large Hadron Collider. Such studies allow us to test the Standard Model, to clarify the values of 
fundamental parameters of the theory, to test theoretical models used for a description of heavy 
quark bound states in quantum chromodynamics. One of the important reactions that occur in the 
electron–positron annihilation is the pair production of heavy quarkoniums and diquarks [1,2]. 
In the study of such reactions it has been found what significantly increases the role of the theory 
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of the formation of bound quark states, namely, how originally appeared two quarks and two 
anti-quarks at small distances then combine into mesons. It has been shown that it is impossible 
to achieve a good description of experimental data without accounting effects of relative quark 
motion [3–12]. A system (b̄c) with open beauty and charm has a special place among the heavy 
quarkoniums since its decay mechanism differs significantly from the decay mechanism of char-
monium or bottomonium. At that time, as the pair charmonium and bottomium production in 
electron–positron annihilation already studied both theoretically and experimentally [2,13,14], 
the production of a pair of Bc mesons is studied much less. It has its own specific features. The 
research of Bc meson production will extend quantitative understanding of quantum chromody-
namics, the check of the bound state theory of quarks with different flavors.

This work continues the series of our works on exclusive double charmonium production in 
e+e− annihilation to the case of Bc-meson production. The mechanism of pair Bc meson pro-
duction in electron–positron annihilation is more simple in comparison with other reactions of 
proton–proton interaction. Our approach to the calculation of the observed cross sections for pair 
production of mesons is based on methods of relativistic quark model (RQM) and perturbative 
quantum chromodynamics [8,15–21]. This approach allows a systematic account of relativistic 
effects as in the construction of relativistic amplitudes of pair production of mesons, relativistic 
production cross sections, and in the description of bound states of quarks themselves through the 
use of the corresponding quark interaction potential. In general, this approach creates a micro-
scopic picture of the interaction of quarks at different stages of meson production. It also allows 
you to perform a self-consistent calculation of numerous parameters that define the cross section 
for meson production, from relativistic parameters determining the movement of heavy quarks, 
to the masses themselves of quark bound states. We can say that one of the main problems of 
the theory of strong interactions – a significant increase in the phenomenological parameters of 
various types, is solved in this case within the model. The aim of our work is to extend previ-
ously used methods for pair charmonium production to the case of quarks of different flavors. 
The question naturally arises of whether there can be the pair Bc meson production processes in 
electron–positron annihilation quite probable that they can be observed in the experiment. In our 
work we try to show that the process of pair production of Bc mesons has a clear experimental 
prospect.

2. General formalism

Two production amplitudes of the Bc meson pair in leading order of the QCD coupling 
constant αs are presented in Fig. 1. Two other amplitudes can be obtained by corresponding 
permutations. There are two stages of Bc meson production process [22,23]. At the first process 
step, which is described by perturbative QCD, the virtual photon γ ∗ and then virtual gluon g∗
produce two heavy quarks (bc) and two heavy antiquarks (b̄c̄) with the following four-momenta:

p1 = η1P + p, p2 = η2P − p, (p · P) = 0, ηi =
M2

Bb̄c
± m2

1 ∓ m2
2

2M2
Bb̄c

, (1)

q1 = ρ1Q + q, q2 = ρ2Q − q, (q · Q) = 0, ρi = M2
Bbc̄

± m2
1 ∓ m2

2

2M2
Bbc̄

where MBb̄c
is the mass of pseudoscalar B+

c or vector B∗+
c meson consisting of b̄-antiquark and 

c-quark. P(Q) are the total four-momenta of mesons B+
c and B∗−

c , relative quark four-momenta 
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Fig. 1. The pair Bc-meson production amplitudes in e+e− annihilation. B+
c and B∗−

c denote the Bc-meson states with 
spin 0 and 1. Wavy line shows the virtual photon and dashed line corresponds to the gluon. � is the production vertex 
function.

p = LP (0, p) and q = LQ(0, q) are obtained from the rest frame four-momenta (0, p) and (0, q)

by the Lorentz transformation to the system moving with the momenta P and Q. The index 
i = 1, 2 corresponds to plus and minus signs in (1). Heavy quarks c, b and antiquarks c̄, b̄ in 
the intermediate state are outside the mass shell: p2

1,2 = η2
i P

2 − p2 = η2
i M

2
Bb̄c

− p2 �= m2
1,2, so 

that p2
1 − m2

1 = p2
2 − m2

2. At the second nonperturbative step of the production process, quark–
antiquark pairs form double heavy mesons of definite spin.

Let consider the production amplitude of pseudoscalar and vector Bc mesons. Initially it can 
be written as a convolution of perturbative production amplitude of free quarks and antiquarks 
and the quasipotential wave functions. Using then the transformation law of the bound state wave 
functions from the rest frame to the moving one with four-momenta P and Q we can present the 
meson production amplitude in the form [8,16,18]:

M(p−,p+,P ,Q) = 8π2α

3s2

√
MBb̄c

MBbc̄
v̄(p+)γ βu(p−)

∫
dp

(2π)3

∫
dq

(2π)3
× (2)

× Sp
{
	P

Bb̄c
(p,P )�

βν

1 (p, q,P,Q)	V
Bbc̄

(q,Q)γν +

+ 	P
Bb̄c

(−p,P )�
βν

2 (p, q,P,Q)	V
Bbc̄

(−q,Q)γν

}
,

where s is the center-of-mass energy, a superscript P indicates a pseudoscalar Bc meson, a super-
script V indicates a vector Bc meson, α is the fine structure constant. �1,2 are the vertex functions 
defined below. The permutation of subscripts b and c in the wave functions indicates correspond-
ing permutation in the projection operators (see below Eqs. (3)–(4)). The method for producing 
the amplitudes in the form (2) is described in our previous studies [8,16,17]. The transition of 
free quark–antiquark pair to meson bound states is described in our approach by specific wave 
functions. Relativistic wave functions of pseudoscalar and vector Bc mesons accounting for the 
transformation from the rest frame to the moving one with four momenta P , and Q are

	P
Bb̄c

(p,P ) =
	0

Bb̄c
(p)√

ε1(p)
m1

(ε1(p)+m1)
2m1

ε2(p)
m2

(ε2(p)+m2)
2m2

[
v̂1 − 1

2
+ v̂1

p2

2m2(ε2(p) + m2)
− p̂

2m2

]

× γ5(1 + v̂1)

[
v̂1 + 1

2
+ v̂1

p2

2m1(ε1(p) + m1)
+ p̂

2m1

]
, (3)

	V
B∗

bc̄
(q,Q) =

	0
B∗

bc̄
(q)√

ε1(q) (ε1(q)+m1) ε2(q) (ε2(q)+m2)

[
v̂2 − 1

2
+ v̂2

q2

2m1(ε1(q) + m1)
+ q̂

2m1

]

m1 2m1 m2 2m2



A.A. Karyasov et al. / Nuclear Physics B 911 (2016) 36–51 39
× ε̂V (Q,Sz)(1 + v̂2)

[
v̂2 + 1

2
+ v̂2

q2

2m2(ε2(q) + m2)
− q̂

2m2

]
, (4)

where the symbol hat denotes convolution of four-vector with the Dirac gamma matrices, 
v1 = P/MBb̄c

, v2 = Q/MB∗
bc̄

; εV (Q, Sz) is the polarization vector of the B∗−
c (1−) meson, rel-

ativistic quark energies ε1,2(p) =
√

p2 + m2
1,2 and m1,2 are the masses of c and b quarks. 

Relativistic functions (3)–(4) and the vertex production functions �1,2 do not contain the 
δ(p2 − η2

i M
2
Bb̄c

+ m2
1,2) which corresponds to the transition on the mass shell. In (3) and (4)

we have complicated factor including the bound state wave function in the rest frame. Therefore 
instead of the substitutions MBb̄c

= ε1(p) + ε2(p) and MB∗
bc̄

= ε1(q) + ε2(q) in the production 
amplitude we carry out the integration over the quark relative momenta p and q. Color part of 
the meson wave function in the amplitude (2) is taken as δij /

√
3 (color indexes i, j, k = 1, 2, 3). 

Relativistic wave functions in (3) and (4) are equal to the product of wave functions in the rest 
frame 	0

Bb̄c
(p) and spin projection operators that are accurate at all orders in |p|/m [8,18]. An 

expression of spin projector in different form for (cc̄) system was obtained in [24] where spin 
projectors are written in terms of heavy quark momenta p1,2 lying on the mass shell. Our deriva-
tion of relations (3) and (4) accounts for the transformation law of the bound state wave functions 
from the rest frame to the moving one with four momenta P and Q. This transformation law was 
discussed in the Bethe–Salpeter approach in [25] and in quasipotential method in [26].

We have omitted here intermediate expressions, leading to the equations (2)–(4) because they 
were discussed in detail in our previous papers [8,15]. In the Bethe–Salpeter approach the initial 
production amplitude has a form of convolution of the truncated amplitude with two Bethe–
Salpeter (BS) Bc meson wave functions. The presence of the δ(p ·P) function in this case allows 
us to make the integration over relative energy p0. In the rest frame of a bound state the con-
dition p0 = 0 allows to eliminate the relative energy from the BS wave function. The BS wave 
function satisfies a two-body bound state equation which is very complicated and has no known 
solution. A way to deal with this problem is to find a soluble lowest-order equation containing 
main physical properties of the exact equation and develop a perturbation theory. For this purpose 
we continue to work in three-dimensional quasipotential approach. In this framework the double 
Bc meson production amplitude (2) can be written initially as a product of the production ver-
tex function �1,2 projected onto the positive energy states by means of the Dirac bispinors (free 
quark wave functions) and a bound state quasipotential wave functions describing Bc mesons 
in the reference frames moving with four momenta P, Q. Further transformations include the 
known transformation law of the bound state wave functions to the rest frame [8,15]. The physi-
cal interpretation of the double Bc production amplitude is the following: we have a complicated 
transition of two heavy quark and antiquark pairs which are produced in e+e−-annihilation out-
side the mass shell and their subsequent evolution firstly on the mass shell (free Dirac bispinors) 
and then to the meson states. In the spin projectors we have p2 �= η2

i M
2 − m2

1,2 just the same 
as in the vertex production functions �1,2. We can consider (3)–(4) as a transition form factors 
for heavy quark–antiquark pair from free state to bound state. When transforming the amplitude 
M we introduce the projection operators �̂P,V onto the states of (Q1Q̄2) in the Bc meson with 
total spin 0 and 1 as follows:

�̂P,V = [v2(0)ū1(0)]S=0,1 = γ5(ε̂
∗)1 + γ 0

√ . (5)

2 2
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At leading order in αs the vertex functions �βν

1,2(p, P ; q, Q) can be written as (�βν

2 (p, P ; q, Q)

can be obtained from �βν

1 (p, P ; q, Q) by means of the replacement p1 ↔ p2, q1 ↔ q2, αb → αc , 
Qc → Qb)

�
βν

1 (p,P ;q,Q)

= Qcαb

[
γμ

(l̂ − q̂1 + m1)

(l − q1)2 − m2
1 + iε

γβ + γβ

(p̂1 − l̂ + m1)

(p1 − l)2 − m2
1 + iε

γμ

]
Dμν(k2), (6)

�
βν

2 (p,P ;q,Q)

= Qbαc

[
γμ

(l̂ − q̂2 + m2)

(l − q2)2 − m2
2 + iε

γβ + γβ

(p̂2 − l̂ + m2)

(p2 − l)2 − m2
2 + iε

γμ

]
Dμν(k1), (7)

where the square of total four-momentum l2 can be expressed in terms of four momenta of the 
electron and positron p−, p+ and four-momenta of Bc mesons: l2 = s2 = (P + Q)2 = (p− +
p+)2, the gluon four-momenta are k1 = p1 + q1, k2 = p2 + q2, αc,b = αs

(
m2

1,2

M2 s2
)

. Relative 

momenta p, q of heavy quarks enter in the gluon propagators Dμν(k1,2) and quark propagators 
as well as in relativistic wave functions (3) and (4). Accounting for the small ratio of relative 
quark momenta p and q to the energy s, we use an expansion of inverse denominators of quark 
and gluon propagators as follows:

1

(l − q1,2)2 − m2
1,2

= 1

r2,1s2

[
Z1,2 − q2 − 2qP

r2,1s2
+ · · ·

]
, (8)

1

(l − p1,2)2 − m2
1,2

= 1

r2,1s2

[
Z3,4 − p2 − 2pQ

r2,1s2
+ · · ·

]
, (9)

Z1 = r2s
2

ρ2
1M2

P + ρ2
2s2 + ρ1ρ2(s2 + M2

P − M2
V ) − m2

1

, (10)

Z3 = r1s
2

ρ2
2M2

V + ρ2
1s2 + ρ1ρ2(s2 + M2

P − M2
V ) − m2

2

, (11)

1

k2
1,2

= 1

r2
2,1s

2

[
Y1,2 ± 2r2,1(pQ + qP ) ∓ p2 ∓ q2 ∓ 2pq

r2
2,1s

2
+ · · ·

]
, (12)

Y1,2 = r2
2,1s

2

η2
2,1M

2
V + ρ2

2,1M
2
P + η2,1ρ2,1(s2 − M2

V − M2
P )

,

where M = m1 + m2, r1,2 = m1,2/M . In a purely non-relativistic approximation factors Zi and 
Yi are equal to 1. They accumulate the bound state effects. The expressions for Z2 and Z4 can 
be obtained from Z1 and Z3 after replacement r2 → r1, ρ1,2 ↔ η2,1, m1 → m2. These expan-
sions contain also the Bc meson masses which can be calculated in quark model or taken from 
experiment. Using expansions (8)–(12) and wave functions (3)–(4) in the amplitude (2) we hold 
the second-order correction for small ratios |p|/m1,2, |q|/m1,2, |p|/s, |q|/s relative to the lead-
ing order result. As we take relativistic factors in the denominator of the amplitudes (3) and (4)
unchanged, the momentum integrals are convergent. Calculating the trace in obtained expression 
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in the package FORM [27], we find relativistic amplitudes of the Bc meson pairs production in 
the form:

MPP = 256π2αMMP
3s6

(v1 − v2)
β v̄(p+)γβu(p−)	0

Bb̄c
(0)	0

Bbc̄
(0) × (13)⎡

⎣Qcαs(
m2

2
M2 s2)

r3
2

FP
1 − Qbαs(

m2
1

M2 s2)

r3
1

FP
2

⎤
⎦

MPV = 256π2αM
√

MPMV
3s6

v̄(p+)γβu(p−)εβασλε
α
Vvσ

1 vλ
2	0

B ∗̄
bc

(0)	0
Bbc̄

(0) × (14)⎡
⎣Qcαs(

m2
2

M2 s2)

r3
2

F
P,V
1 + Qbαs(

m2
1

M2 s2)

r3
1

F
P,V
2

⎤
⎦ ,

MV V = 256π2αMMV
3s6

v̄(p+)γβu(p−)	0
B ∗̄

bc

(0)	0
B∗

bc̄
(0) × (15)⎡

⎣Qcαs(
m2

2
M2 s2)

r3
2

F
V,β

1 − Qbαs(
m2

1
M2 s2)

r3
1

F
V,β

2

⎤
⎦ ,

where εV is the polarization vector of spin 1 Bc meson. The functions FP
i , FP,V

i , FV,β
i

entering in (13)–(15) can be written as series in specific relativistic factors Cij = [(m1 −
ε1(p))/(m1 + ε1(p))]i[(m2 − ε2(q))/(m2 + ε2(q))]j with i + j ≤ 2. To preserve a symme-
try in quark masses we make following substitution in some expansion terms: p2/4m1m2 ≈√

(ε1 − m1)(ε2 − m2)/(ε1 + m1)(ε2 + m2)[1 + (ε1 − m1)/(ε1 + m1) + (ε2 − m2)/(ε2 + m2)]. 
Exact analytical expressions for these functions are presented in Appendix A. To calculate the 
differential cross sections for the pair production, we introduce the angle θ between the electron 
momentum pe and momentum P of Bc meson. Then we can obtain the differential cross section 
dσ/d cos θ and total cross section σ as a function of center-of-mass energy s, masses of quarks 
and Bc mesons and relativistic parameters presented below. The differential cross sections for 
pair Bc meson production can be written in the following form:

dσPP

d cos θ
= 1024π3α2

9s10
M2

P |	0
Bb̄c

(0)|2|	Bbc̄
(0)|2

(
1 − 4M2

P

s2

)3/2 (
1 − cos2 θ

)
× (16)

⎡
⎣Qcαs(

m2
2

M2 s2)

r3
2

FP
1 − Qbαs(

m2
1

M2 s2)

r3
1

FP
2

⎤
⎦

2

,

dσPV

d cos θ
= 256π3α2

9s8

MP MV

M2

[(
1 − (MP + MV )2

s2

)(
1 − (MP − MV )2

s2

)]3/2

× (17)

|	0
B ∗̄

bc

(0)|2|	Bbc̄
(0)|2

⎡
⎢⎢⎣

Qcαs

(
m2

2
M2 s2

)
r3

2

F
P,V
1 +

Qbαs

(
m2

1
M2 s2

)
r3

1

F
P,V
2

⎤
⎥⎥⎦

2 (
2 − sin2 θ

)
,
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dσV V

d cos θ
= 256π3α2

9s10
M2

V |	0
B ∗̄

bc

(0)|2|	0
B∗

bc̄
(0)|2

(
1 − 4M2

V

s2

)3/2 (
FA − FB · cos2 θ

)
, (18)

FA = F 2
1,V (12 − 4η + η2) + F1,V F2,V (8η − 6η2 + η3) + F1,V F3,V (4η − 2η2) +

+ F 2
2,V (4η2 − 2η3 + 1

4
η4) + F2,V F3,V (4η2 − η3) + F 2

3,V (2η + η2),

FB = F 2
1,V (12 − 4η + η2) + F1,V F2,V (8η − 6η2 + η3) + F1,V F3,V (4η − 2η2) +

+ F 2
2,V (4η2 − 2η3 + 1

4
η4) + F2,V F3,V (4η2 − η3) + F 2

3,V (−2η + η2),

Fi,V = Qcαs(
m2

2
M2 s2)

r3
2

FV
1i − Qbαs(

m2
1

M2 s2)

r3
1

FV
2i ,

where η = s2/M2
V , the values of wave function at the origin are equal

	0
Bb̄c

(0) =
∫ √

(ε1(p) + m1)(ε2(p) + m2)

2ε1(p) · 2ε2(p)
	0

Bb̄c
(p)

dp
(2π)3

. (19)

The differential cross sections (16)–(18) in this form are very close to nonrelativistic re-
sults obtained in [28]. The functions FP

i , FP,V
i and FV

ij are obtained as series in |p|/m1,2 and 

|q|/m1,2 up to corrections of second order. The functions FP
i , FP,V

i and FV
ij (see Appendix A) 

contain relativistic parameters ωP,V
nk which can be expressed in terms of momentum integrals Ink

and calculated in the quark model:

I
P,V
nk =

∞∫
0

q2R
P,V
Bb̄c

(q)

√
(ε1(q) + m1)(ε2(q) + m2)

2ε1(q) · 2ε2(q)

(
m1 − ε1(q)

m1 + ε1(q)

)n (
m2 − ε2(q)

m2 + ε2(q)

)k

dq,

(20)

ω
P,V
10 = I

P,V
10

I
P,V
00

, ω
P,V
01 = I

P,V
01

I
P,V
00

, ω
P,V
1
2

1
2

=
I

P,V
1
2

1
2

I
P,V
00

, ω
P,V
20 = I

P,V
20

I
P,V
00

, (21)

ω
P,V
02 = I

P,V
02

I
P,V
00

, ω
P,V
11 = I

P,V
11

I
P,V
00

, ω
P,V
3
2

1
2

=
I

P,V
3
2

1
2

I
P,V
00

, ω
P,V
1
2

3
2

=
I

P,V
1
2

3
2

I
P,V
00

,

where RP,V
Bb̄c

(q) is the radial wave function in momentum representation. The parameters (21)
appearing in quark models are an analog of nonperturbative matrix elements occurring in the 
expansions of NRQCD [29,30].

There are two sources of relativistic corrections to the production amplitude (2) and the cross 
sections (16), (17) and (18) connected with relative motion of heavy quarks. Firstly, there are 
various factors containing relative momenta of heavy quarks p and q . In final expressions they 
are defined by specific relativistic parameters ωP,V

nk . Corresponding momentum integrals (20) are 
convergent. They are calculated numerically, using the bound state wave functions obtained by 
numerical solution of the Schrödinger equation. Despite the convergence of integrals for their 
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calculation we introduce the cutoff parameter � ≈ mc in momentum integrals Ink (20) at high 
relative momenta q since the wave functions are not known exactly at relativistic momenta.

Secondly, there are relativistic corrections to the bound state wave functions of pseudoscalar 
and vector Bc mesons. The exact form of the bound state wave functions 	0

Bb̄c
(q) and 	0

B ∗̄
bc

(q)

is important to take into account this source of relativistic corrections. As it follows from (16), 
(17) and (18) in nonrelativistic approximation the pair Bc meson production cross sections con-
tain fourth power of nonrelativistic wave function at the origin. The value of the cross sections 
is very sensitive to small changes of 	0

Bb̄c
. In nonrelativistic QCD there exists corresponding 

problem of determining the magnitude of the color-singlet matrix elements [29]. To account for 
the relativistic corrections in the calculation of the wave functions we believe that the dynamics 
of heavy quarks is determined by the QCD generalization of the standard Breit Hamiltonian in 
the center-of-mass reference frame [31–34]:

H = H0 + �U1 + �U2, H0 =
√

p2 + m2
1 +

√
p2 + m2

2 − 4α̃s

3r
+ (Ar + B), (22)

�U1(r) = − α2
s

3πr

[
2β0 ln(μr) + a1 + 2γEβ0

]
, a1 = 31

3
− 10

9
nf , β0 = 11 − 2

3
nf ,

(23)

�U2(r) = − 2αs

3m1m2r

[
p2 + r(rp)p

r2

]
+ 2παs

3

(
1

m2
1

+ 1

m2
2

)
δ(r) + (24)

+ 4αs

3r3

(
1

2m2
1

+ 1

m1m2

)
(S1L) + 4αs

3r3

(
1

2m2
2

+ 1

m1m2

)
(S2L) +

+ 32παs

9m1m2
(S1S2)δ(r) + 4αs

m1m2r3

[
(S1r)(S2r)

r2
− 1

3
(S1S2)

]
−

− α2
s (m1 + m2)

m1m2r2

[
1 − 4m1m2

9(m1 + m2)2

]
,

where L = [r × p], S1, S2 are spins of heavy quarks, nf is the number of flavors, γE ≈ 0.577216
is the Euler constant. To improve an agreement of theoretical hyperfine splittings in (b̄c) mesons 
with experimental data and other calculations in quark models we add to the standard Breit 
potential (24) the spin confining potential obtained in [31,35]:

�V
hf s
conf (r) = fV

A

8r

{
1

m2
1

+ 1

m2
2

+ 16

3m1m2
(S1S2) + 4

3m1m2
[3(S1r)(S2r) − (S1S2)]

}
,

(25)

where we take the parameter fV = 0.9. For the dependence of the QCD coupling constant α̃s(μ
2)

on the renormalization point μ2 in the pure Coulomb term in (22) we use the three-loop re-
sult [36]

α̃s(μ
2) = 4π

β0L
− 16πb1 lnL

(β0L)2
+ 64π

(β0L)3

[
b2

1(ln
2 L − lnL − 1) + b2

]
, L = ln(μ2/�2).

(26)

In other terms of the Hamiltonians (23) and (24) we use the leading order approximation for αs . 
The typical momentum transfer scale in a quarkonium is of order of double reduced mass, so 
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Table 1
Numerical values of relativistic parameters (21) in pair Bc meson production cross sections (16), (17), (18).

Bc

meson
n2S+1LJ MB

b̄c
,

GeV

	0
B

b̄c
(0), 

GeV3/2

ω
P,V
10 ω

P,V
01 ω

P,V
1
2

1
2

ω
P,V
20 ω

P,V
02 ω

P,V
11 ω

P,V
3
2

1
2

ω
P,V
1
2

3
2

Bb̄c 11S0 6.276 0.250 −0.0489 −0.0060 0.0171 0.0049 0.0001 0.0006 0.0017 0.0002

B ∗̄
bc

13S1 6.317 0.211 −0.0540 −0.0066 0.0188 0.0053 0.0001 0.0007 0.0019 0.0002

Table 2
The comparison of obtained results for the production cross sections with nonrelativistic calculation. In third column we 
present nonrelativistic result obtained in our model.

Final state 
Bb̄cBbc̄

Center-of-mass 
energy s

Nonrelativistic 
cross section σnr

Relativistic cross 
section σr

B+
b̄c

+ B−
bc̄

22.0 GeV 0.10 fb 0.03 fb

B∗+
b̄c

+ B−
bc̄

22.0 GeV 0.10 fb 0.04 fb

B∗+
b̄c

+ B∗−
bc̄

22.0 GeV 2.14 fb 0.58 fb

we set the renormalization scale μ = 2m1m2/(m1 + m2) and � = 0.168 GeV, which gives 
αs = 0.265 for (b̄c) meson. The coefficients bi are written explicitly in [36]. The parameters 
of the linear potential A = 0.18 GeV2 and B = −0.16 GeV have established values in quark 
models.

To calculate relativistic corrections to the pseudoscalar and vector Bc-meson wave functions 
	0

Bb̄c
(p) we use the Breit potential (22) and construct the effective potential model as in [16,37]

by means of the rationalization of kinetic energy operator. The numerical values of the relativistic 
parameters entering the cross sections (16), (17) and (18) are obtained by the numerical solution 
of the Schrödinger equation [38]. They are collected in Table 1. We tested this model, calcu-
lating the masses of charmonium, bottomonium and Bc mesons and compare the results with 
existing experimental data and other theoretical predictions. We can say that our results are in 
good agreement with them (the accuracy amounts to about one percent). For example, in the case 
of low lying (bc̄) mesons we obtain M(11S0) = 6.276 GeV and M(13S1) = 6.317 GeV. Exper-
imentally observed parameters of Bc meson are consistent with different theoretical predictions 
[39–42]. Numerical data related with charmonium states are discussed in [16]. One could argue 
that our estimates of the charmonium mass spectrum agree with experimental data with more 
than a per cent accuracy [16,39]. Our nonrelativistic values of Bc meson wave functions at the 
origin differs on 20 per cent from the values presented in [40–42] because we take αs = 0.265
in this approximation. Then we calculate the parameters of Bc mesons and production cross sec-
tions as functions of center-of-mass energy s. Total cross section plots for the pair production 
of Bc mesons are presented in Fig. 2. In Table 2 we give numerical values of total production 
cross sections at certain center-of-mass energies s and compare them with nonrelativistic result 
in our quark model. The effect of relativistic corrections to the bound state wave functions (the 
Breit potential) plays a key role in total decreasing of the production cross sections as com-
pared with nonrelativistic results. The decreasing factor in the cross sections when passing from 
nonrelativistic to relativistic results is equal approximately 3. Total numerical results could be 
considered as an estimate for the experimental search.
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Fig. 2. The cross section in fb of e+e− annihilation into a pair of pseudoscalar and vector Bc meson states as a function of 
the center-of-mass energy s (solid line). The dashed line shows nonrelativistic result without bound state and relativistic 
corrections.

3. Numerical results and discussion

Previous researches of the pair quarkonium production convincingly show that the calcula-
tion of the observed cross sections without account of relativistic effects gives wrong results. 
Therefore, in our study, we focus on the inclusion of relativistic corrections to the production 
cross sections within the previously developed formalism in the quark model. The important role 
of relativistic effects in exclusive processes of pair production in electron–positron annihilation 
is confirmed in the case of the Bc mesons. Our construction of the amplitude of this process 
(2) is aimed at keeping the two types of relativistic corrections. The corrections of the first type 
can be called the relativistic corrections to the production amplitude connected with the relative 
quark momenta p and q. The corrections of second type appear from the perturbative and non-
perturbative treatment of the quark–quark interaction operator which leads to the modification 
of the quark bound state wave functions 	0

Bb̄c
(p) as compared with nonrelativistic case. We also 

systematically account for the bound state corrections working with masses of Bc mesons. The 
calculated masses of Bc mesons agree well with previous theoretical results and experimental 
data [39–42]. Note that the quark model, which we have used in the calculations is based on 
quantum chromodynamics and has certain characteristics of universality.

Total cross sections for the exclusive pair production of pseudoscalar and vector Bc mesons 
in e+e− annihilation are obtained from (16), (17) and (18) after angular integration in the form:
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σPP = 4096π3α2

27s10
M2

P |	0
Bb̄c

(0)|2|	Bbc̄
(0)|2(1 −

4M2
Bb̄c

s2

)3/2 × (27)⎡
⎣Qcαs(

m2
2

M2 s2)

r3
2

FP
1 − Qbαs(

m2
1

M2 s2)

r3
1

FP
2

⎤
⎦

2

,

σPV = 2048π3α2

27s8

MP MV

M2

[(
1 − (MP + MV )2

s2

)(
1 − (MP − MV )2

s2

)]3/2

× (28)

|	0
B ∗̄

bc

(0)|2|	Bbc̄
(0)|2

⎡
⎢⎢⎣

Qcαs

(
m2

2
M2 s2

)
r3

2

F
P,V
1 +

Qbαs

(
m2

1
M2 s2

)
r3

1

F
P,V
2

⎤
⎥⎥⎦

2

,

σV V = 512π3α2

27s10
M2

V |	0
B ∗̄

bc

(0)|2|	B∗
bc̄

(0)|2
(

1 − 4M2
V

s2

)3/2

(3FA − FB) . (29)

The plots of total cross sections for the production of pseudoscalar+pseudoscalar, pseudo-
scalar+vector and vector+vector Bc mesons as functions of center-of-mass energy s are pre-
sented in Fig. 2. At present there are no experimental data about such exclusive processes. 
Therefore, these graphs can serve in the future as a guide in conducting relevant experiments. 
Comparing three plots in Fig. 2, we see that the greatest values of production cross sections cor-
respond to the pair vector Bc meson production. Assuming that a luminosity at the B-factory 
L = 1034 cm−2 · c−1 the yield of pairs of vector Bc mesons can be near 50 events per month 
at the center-of-mass energy s = 16 GeV. As it follows from Fig. 2 an account of relativistic 
and bound state corrections decreases the cross section value as compared with nonrelativistic 
result. It is important to emphasize that we call nonrelativistic result that one which is obtained 
with pure nonrelativistic Hamiltonian from (22) and the bound state mass MBb̄c

= m1 + m2. 
There are several important factors that significantly affect the total value of cross-sections in the 
transition from non-relativistic description to a relativistic theory although they act in different 
directions. Relativistic corrections to the production amplitude increase nonrelativistic result on 
a few tenths of per cents. But another relativistic corrections to the bound state wave functions 
and bound state corrections have an opposite effect. The value of bound state wave function at 
the origin is significantly reduced when taking into account relativistic corrections and, as a re-
sult, reduced the production cross sections in the case of pair P+P, P+V and V+V Bc mesons. 
To simplify evaluation of cross sections of pair Bc meson production in this work we use the 
Feynman gauge for the gluon propagator in which the final expressions are the simplest form. 
Accounting terms kμ

1,2k
ν
1,2 in the longitudinal part of the gluon propagator leads to small correc-

tions to the structure functions FP,V
1,2 , FA, FB entering in (27)–(29), that are effectively the fourth 

order in velocity v.
We presented a treatment of relativistic effects in the production of Bc meson pair in e+e−

annihilation. Our approach to the study of these processes is based on the quark model, which is a 
microscopic theory of quark–gluon interaction. In contrast to NRQCD formalism [29] the quark 
model allows you to perform the calculation of various parameters describing the formation of 
bound states of heavy quarks. In the days of the dominant concept of total parameterization of 
strong interaction processes, which, incidentally, does not allow to find these parameters with a 
high degree of accuracy, this property of the quark model looks like its advantage. We distinguish 
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two types of relativistic contributions to the production amplitudes (13), (14), (15). The first type 
consists of relativistic p/m1,2, q/m1,2 corrections to the wave functions and their relativistic 
transformations. The second type includes relativistic p/s, q/s corrections arising from the ex-
pansion of the quark and gluon propagators. The latter corrections are taken into account up to 
the second order. Note that the expansion parameter p/s is very small. In our analysis of the pro-
duction amplitudes we correctly take into account relativistic contributions of order O(p2/m2

1,2)

for the Bc mesons. Therefore the first basic theoretical uncertainty of our calculation is connected 
with omitted terms of order O(p4/m4

1,2). An estimate of the possible magnitude of these correc-
tions can be given using the average value of heavy quark velocity squared in the charmonium 
〈v2〉 = 0.3. We expect that relativistic corrections of order O(p4/m4

1,2) to the cross sections (27), 
(28), (29), coming from the production amplitude should not exceed 30% of the obtained rela-
tivistic result. Another important theoretical uncertainty is related with the bound state wave 
functions at relativistic momenta of order of quark masses. We consider that total error of the 
wave function determination in this region amounts to 5%. Then the corresponding error in the 
cross sections (27), (28), (29) is not exceeding 20%. Of course, this estimate is very approximate 
one but it agrees with the calculation of quarkonium masses with the accuracy better than one per 
cent. Finally, an important part of total theoretical error is connected with radiative corrections 
of order αs which are omitted in our work. In our calculation of the cross sections we account 
for effectively only some part of one loop corrections by means of the Breit Hamiltonian. There-
fore, we assume that the radiative corrections of order O(αs) can produce 20% change of the 
production cross sections. Our total maximum theoretical errors are estimated in 40%. To obtain 
this estimate we add the above mentioned uncertainties in quadrature.
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Appendix A. The coefficient functions FP
i , FP,V

i and FV
i entering in the Bc meson 

production amplitudes (13)–(15)

General structure of the Bc meson production amplitudes studied in this work is the following:

M = 8π2α

3s

√
MBb̄c

MBbc̄
[v̄(p+)γβu(p−)] × (A1)

∫
dp

(2π)3

∫
dq

(2π)3

	0
Bb̄c

(p)√
ε1(p)
m1

(ε1(p)+m1)
2m1

ε2(p)
m2

(ε2(p)+m2)
2m2

	0
Bbc̄

(q)√
ε1(q)
m1

(ε1(q)+m1)
2m1

ε2(q)
m2

(ε2(q)+m2)
2m2

×

Tr
{
T β

12 + T β

34

}
,

T β

12 =Qcαb

[ v̂1 − 1

2
+ v̂1

p2

2m2(ε2(p) + m2)
− p̂

2m2

]
�

(1)
P,V (1 + v̂1) × (A2)

[ v̂1 + 1 + v̂1
p2

+ p̂ ]
×

2 2m1(ε1(p) + m1) 2m1
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[
γ β p̂1 − l̂ + m1

(l − p1)2 − m2
1

γμ + γμ

l̂ − q̂1 + m1

(l − q1)2 − m2
1

γ β

]
Dμν(k2) ×

[ v̂2 − 1

2
+ v̂2

q2

2m1(ε1(q) + m1)
+ q̂

2m1

]
�

(2)
P,V (1 + v̂2) ×

[ v̂2 + 1

2
+ v̂2

q2

2m2(ε2(q) + m2)
− q̂

2m2

]
γν,

T β

34 =Qbαc

[ v̂1 − 1

2
+ v̂1

p2

2m1(ε1(p) + m1)
+ p̂

2m1

]
�

(1)
P,V (1 + v̂1) × (A3)

[ v̂1 + 1

2
+ v̂1

p2

2m2(ε2(p) + m2)
− p̂

2m2

]
×[

γ β p̂2 − l̂ + m2

(l − p2)2 − m2
2

γμ + γμ

l̂ − q̂2 + m2

(l − q2)2 − m2
2

γ β

]
Dμν(k1) ×

[ v̂2 − 1

2
+ v̂2

q2

2m2(ε2(q) + m2)
− q̂

2m2

]
�

(2)
P,V (1 + v̂2) ×

[ v̂2 + 1

2
+ v̂2

q2

2m1(ε1(q) + m1)
+ q̂

2m1

]
γν,

where �(1),(2)
P,V is equal to γ5 for pseudoscalar Bc meson and ε̂V for vector Bc meson. The trace 

calculation in (A1) leads to amplitudes MPP , MPV and MV V presented in (13)–(15). Corre-
sponding functions FP

i , FP,V
i and FV

1i are written below in the used approximation.

e+ + e− → B+
b̄c

+ B−
bc̄ .

FP
1 = s−2ω 3

2
1
2
(−8r2
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1
2

1
2
− 4s−2r2

1 r−1
2 ω 3

2
1
2
− 8s−2r2

1 r−1
2 ω 1

2
3
2
− 4s−2r2

1 r−1
2 ω 1

2
1
2
−

20

9
s−2r2

1 r−1
2 ω2

1
2

1
2
− 16

9
s−2r3

1 r−2
2 ω2

1
2

1
2
,

FV
13 =

(
MV

M
− MV

2M
η1 + m1

2M

)
Z1Y1 + 8

9
s−2ω2

1
2

1
2
+ 8

9
s−2r2ω

2
1
2

1
2
+ 8s−2r1r

−1
2 ω 3

2
1
2
+

8s−2r1r
−1
2 ω 1

2
3
2
+ 8s−2r1r

−1
2 ω 1

2
1
2
+ 8

9
s−2r1r

−1
2 ω2

1
2

1
2
− 4

3
s−2r1ω 3

2
1
2
+ 4s−2r1ω 1

2
3
2
+

4s−2r1ω 1
2

1
2
+ 8

3
s−2r1ω

2
1
2

1
2
− 8

3
s−2r2

1 r−2
2 ω2

1
2

1
2
− 8

9
s−2r2

1 r−1
2 ω2

1
2

1
2
+ 4ω 3

2
1
2
−

2ω11 − 2ω02 − 2ω20 − (ω01 + ω10)
2 + 8

3
ω 1

2
3
2
+ 2ω 1

2
1
2
− 1

3
ω2

1
2

1
2
+ 2

3
r2ω 3

2
1
2
+

1

3
r2ω 1

2
3
2
+ 1

3
r2ω 1

2
1
2
+ 1

3
r2ω

2
1
2

1
2
− 2

3
r1r

−1
2 ω 3

2
1
2
− 4

3
r1r

−1
2 ω 1

2
3
2
− 2

3
r1r

−1
2 ω 1

2
1
2
−

2

3
r1r

−1
2 ω2

1
2

1
2
+ 5

3
r1ω 3

2
1
2
+ 4

3
r1ω 1

2
3
2
+ 2

3
r1ω 1

2
1
2
+ 4

9
r1ω

2
1
2

1
2
+ 4

9
r2

1 r−2
2 ω2

1
2

1
2
−

4

9
r2

1 r−1
2 ω2

1
2

1
2
.

The functions FP,V
2 entering in the production amplitudes (13)–(15) can be obtained from 

F
P,V
1 changing r2 ↔ r1, m1 ↔ m2 and ωij → ωji , η1,2 ↔ ρ2,1, MV ↔ MP .
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