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ABSTRACT

This is the first of a series of papers addressed to the renorma-
lizability question of spontaneous broken gauge theories. We give a
brief outline of the motiviation for such an investigation and describe
the manner in which the renormalizability of such theories will be
proved in the sequel, Put briefly, we will show that in an appropriate
gauge, ultraviolet divergences of a spontaneously broken gauge theory
are removed completely by the gauge invariant counter terms in the
Lagrangian which would make Green's functions of the corresponding
unbroken gauge theory finite; that the S-matrix computed in this gauge
is unitary, and that the S-matrix is independent of the gauge chosen.

In this paper, the renormalizability question of the unbroken
gauge theory is considered. We derive the Ward-Takahashi identities
of the theory. We discuss several ways of regulating divergent Feyn-
man integrals of the theory without destroying gauge invariance,.
Infrared divergences are avoided by the device of intermediate
renormalization, wherein we choose as subtraction points some points
where external momenta are Euclidean. This suffices to establish that
the BPH renormalization will give renormalized Green's functions

which satisfy the Ward-Takahashi identities.
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The existence of finite, renormalized Green's functions satisfy-
ing the Ward-Takahashi identities provides us with the means of prov-
ing the renormalizability of the spontaneous broken symmetry case.
The Ward-Takahashi identities were previously derived for the gauge
bosons by Slavnov. We present here a new derivation. The discus-
sions on regularization methods and intermediate renormalization
procedure and the renormalization conditions for matter fields, we

believe, are new contributions of the present paper.
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INTRODUCTION
This is the first of a series of papers which will deal with the
renormalizability of spontaneously broken gauge symmetries, The

intriguing possibilities of unifying electromagnetic and weak inter-

(1-9)

actions in terms of Yang-Mills gauge bosons, whose masses are

generated by spontaneous breakdown of gauge invariance of the

(3, 4)

second kind,

(4, 7-9)

and of constructing a finite theory of weak inter-
actions prompt a closer examination of the quantization and
renormalization questions of theories of this genre.

In the sequel of this series, we wish to examine the following
questions: (1) We will discuss both the group theoretic and field
theoretic problems associated with the Higgs phenomenon. (10, 11.12)
This entails a careful study of the stability of the physical system
which possesses the freedom associated with the gauge invariance;
(2) We will also study the perturbative treatment of such theories,
Here our aim is to show that, in an appropriate gauge, ultravioclet
divergences of a spontaneous broken gauge theory are removed com-
pletely by the counter terms in the Lagrangian which would make
Green's functions of the corresponding unbroken gauge theory finite,
Thus the rencrmalizability of the unbroken Yang-WMills theory (to be

defined below) implies the same for the spontaneously broken gauge

theory. The philosophy and methodology we shall follow are the same
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as those we employed in the study of the ¢ -model;(i?’) (3) In the gauge

in which the renormalizability can be proven, the unitarity of the
S-matrix is not manifest, since the quantization in that gauge implies
the use of an indefinite metric Hilbert space for the construction of
Green's functions. We will show that the physical S-matrix is none-
theless unitarity; (4) We shall also discuss the equivalence of the 5-
matrix constructed in this gauge and in the gauge in which the unitariry
of the S-matrix is manifest (but not the renormalization).

In this paper, we shall give a discussion of the renormalization
problem of the (unbroken) Yang-Mills field theory. It is not attempted
in the present paper to establish that a renormalized Yang-Mills theory
exists as a physically satisfactory theory of massless particles. Due
to the infrared problem associated with massless quanta, such a
theory may very well not exist at all, What we wish to demonstrate is
that renormalized Green's functions of the theory exist (without imply-
ing the same for the S-matrix), which satisfy the Ward-Takahashi
identities which will be derived. The existence of renormalized Green's
functions will prove to be a sufficient foundation for the discussion of
the renormalizability of the spontanecusly broken symmetry theory,
which we shall discuss in the sequal.

We will proceed in the following manner. After a brief review

of the quantization of the nonabelian gauge theories, we shall derive
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the Ward-Takahashi identities. We will then discuss ways of regular-
izing divergent Feynman integrals in a gauge invariant manner. The
regularized Feynman amplitude then satisfies the identities automati-
cally. The Bogoliubov-Parasiuk-Hepp-Zimmerman renormalization
pr'orc,edure(i4 ) requires specifying the values of primitively diver -
gent vertices at some subtraction points. When these values are
chosen in accordance with the Ward-Takahashi identities, and the cut-
off parameters associated with the regularization are let go to infinity,
the renormalized amplitudes are obtained which satisfy the Ward-
Takahashi identities. Because of the infrared divergence, it is prudent
to choose as subtraction points some points other then where all exter-
nal momenta vanish. We shall describe in some detail this "intermed-
iate'" renormalization procedure.

The Ward-Takahashi identities were previously derived by
Sla‘vnovug) for the gauge bosons. The deriviation we shall present is
somewhat different from his. The discussions on regularization meth-
ods and intermediate renormalization procedure, and renormalization

conditions for matter fields, we believe, are new contributions of the

present paper.
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II. QUANTIZATION
. (19)
Following the works of Feynman,

Fadeev, (21) and 't Hooft(zz)

., (20)
de Witt, Popov and
we define the generating functional

A JM] of connected Green's functions by

AN [
€ “7 ;JL‘{CLL:I ALL,ﬂJ éxfoéi«iCZJ

(2.1)
: M {4
R GA) - nwA W)

where [ dA] is the canonical functional metric for the vector fields

La‘ﬁ] . 7T JA;(x) ) (2.2)

a4,k
;

where a is the internal symmetry label. We shall assume the internal
symmetry is to be SU(2}, so that a = 1, 2, 3, but the generalization
to other groups are trivial and immediate, Z(x) is the Lagrangian

for the Yang-Mills fields

v

| L F ; (2.3)
,Z(t) = i ’i“ Qw-ff

A J

o Sk e

wanf
which is invariant under local gauge transformations, the infinitesimal

version of which ig

o

ﬁ}f - lipu + /7 (ib)ﬂ i]/x) + (;)’M w

i

(2.5)

o . b
- 4# T ( D.a ) 5‘-’b

/
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_9_
D being the covariant dirivative
B ah L , 44 s b
DAY - ETN ~q LAy 2.6
e SR LE TN @.6)
wch (2.7)

(e )"

The Jacobian A. [ A | is essentially the determinant of the operator

b D"L, and may be expressed as
)

[ . . P
AL'L..t}#.‘_] = exp Tu dn (i —j é"»aéﬁgx
= ufu{ __3) f"(" -dx, ta
. » (2.8)
By (o) 3y A b By (e 20) 3 A6 L
cp T b (g EAT 5

where we have used the Feynman propagator DF(x—y) defined as

Dpla-qy) = (I3 ) fy>.

The Feynman rules for this theory we obfained in the usual manner

(2.9)

if we regard
jcﬂx [i(’]) - J‘(&A(l)J - )Qw(’ ﬁf i 5‘1“ ) (2.10)

as the effective Lagrangian. The bare vector boson propagator is

‘z'/—t!md’;;'i (7, -}f‘,,k" f-x})& (2.11)

In Eq. (2.8)and (2. 11) the ie prescription is dictated by the

nitarity considerations which we shall discuss in the sequel. The

term (1/2a) (3 Ap')2 specifies the gauge one is employing and depends
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on a parameter which can vary from -« to ®», TFor « = 0, we obtain
the transverse or Landau gauge, and for a = 1, the Feynman gauge.
The last, nonlocal term in Eq. (2.10} is the new feature of nonabelian
gauge theories. It may be viewed (29) diagrammatically as the sum
of closed loop contributions from fictitious complex massless scalar

fields (ghosts) obeying Fermi statistics which are coupled to the

gauge fields through the interaction

M- _ S
7’ F) o] ‘é ‘::‘J/A &) e (2.12)
{!
The connected Green's functions of A 's are obtained as the func-
R
tional derivatives of Z{JH] :

- v . - e [+ I i "‘ 2 'J,

;e L-l_{/,J/L; Ji ) fny‘lﬂ[":%J L= (\-f)”‘<’f @4},(1)4"};}),.#}2 (2.13)

The Feynman rules are summarized in Figure 4. In addition,
the following rules should be kept in mind: The ghost-ghost-vector
vertex is "dotted", the dot indicating which ghost line is differentiated;
a ghost line cannot be dotted at both ends; a ghost loop carries an extra
minus sign,

1I1. WARD-TAKAHASHI IDENTITIES - I

The invariance of the Lagrangian under the local gauge transfor-
mation (2. 5) gives rise to a hierachy of identities amoung the Green's
functions (2. 13). Alternatively, these relations may be expressed

globally as an equation satisfied by the generating functional Z[J ].
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We will first rewrite Eq. (2.1) as

Wil = apiZ o] <A Ll g I we [0 (3.1)
where
Wlfr

We perform the gauge transformation (2. 5) on the variables of

] -J{dﬁ s [ L - [ A6]" - 5t -ﬂ:{,‘(:t)} (3.2)

integration AH( x). Due to the invariance of the Lagrangian and the
metric [ dA], this transformation will affect only the source term
and the gauge defining term:

X

/ L 0 J g v S LD YA, -D T
¢ u '!:z.x")A 1 f\j w/u = ldx 69.}“ L«ibfﬁ O M\/A],B':‘”
Since a transformation of integration variables does not change the

value of an integral, we may put the variation of WO with respect

to 6w (x ) equal to zero. We obtain thereby
. ) EVLR r\j'» . P : _},b lj.‘ . - . ‘) > R
=D [*‘f/t“)w 19, ?M 1 e WQ/E‘- Jr (x) ~D L;‘E/L'Wlf 17 \‘)Jhb(l) W, =0, (3.4)

We note that (see Appendix A)

4, Ll 1T o £ Libfin ] = Ty g ta Ta Hex s )] 329

',l AL
where H is the solution of the equation "’ 3
- b )\ ke ce v i
DLAT H (17,4) =0 ey ) (3.6)
satisfying the outgoing boundary condition; it has the representation

b . ) Ly P
g A0 e G e g LA T e

ﬂ';‘
LA
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Combining Egs. (3 4) and (3. 5) and recalling Eq. (3.1), we obtain

’-[—»
n [cofin T ?~1),\>,i TPy T a8 (3.8)

r
?tthaH(z ;ae/f)J } =
The last term on the left is equal to (see Appendix A)
R Y wb b
aﬁmtc/ o e 7,”/ JHJ .
/|
= Lr f({ tf ¢ [a HL/.I? ,';f‘/t Jj [,C/Z;J](‘(]

In showing thls one makes use of Eq. (3.6) and the Jacobi 1dent1ty

(3.9)

a
of the matrices t . Equation (3. 8) may now be written as

_3)[ - 5 f’b\) B .‘d . H!’\z
d “’/CM- a9, dﬂ, ");A(’L 03‘ (;;, ;Lc/“ )D {_u\/j’] 2}
(3 f")
where the symbol :: denotes the normal product prescripnon that the

6/ 6J must stand to the right of the J,

We now define G by

& - - 6“{) k] }7(_ s ey b u
5 DALﬂ] & (1)1:&) =&« (I—t‘J')' (3.11)
¢ {
with the outgoing boundary condition, so that it may be represented as

(,173’_)-—-<za“_ 3+:€+(15A Y ljfv)\ H r )(3 12)
In terms of G, Eq. {3.10) may be considerably simplified, We finally

obtain the desired identity:

i‘.\%f—}f‘(l) f”}qj T{H'D 116/(,) b “; (&,{)‘. 6/{,‘] ) (3.13)

4

x W =¢
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The above Ward-Takahashi identity was previously derived by
(18)

Slavnov. He consideres a restricted class of gauge transforma-

tions which satisfy 8 Do = X where x is an arbitrary function.
}ol- b b LAAA

He shows that the product [dfi]AL [ﬁ‘p] remains invariant under
the nonlinear gauge transformation generated by ® = fvé“,x I.
The point of the above derivation is to show that Slavnov's form of
the Ward-Takahashi identities is the most general form of the con-
straint on W[EH] that follows from the gauge invariance of the
Lagrangian.

For the purpose of renormalization, it is usually much more
convenient to study the Ward-Takahashi identities connecting single
particle irreducible (proper) vertices, as was done for the o~

(13,23) and the spontaneously broken abelian gauge theories, (8)

model
However, in the present instance, the Ward-Takahashi identities
for the proper vertices are extremely complicated, being non-
linear relations in them. The Ward-Takahashi identity satisfied by
the generating functional of the proper vertices is nevertheless

derived and analyzed in Appendix C. The renormalization conditions

will be analyzed on the basis of Eq. (3.13) in the following Sections,

IV. WARD-TAKAHASHI IDENTITIES - 1I
We shall study the implications of TFig. (3. 13) on the primitively

divergent vertices.
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A, Two Point Functions
Differentiating Eq. (3. 13) with respect to J?}(y) and then letting

‘,If 0, we obtain

Ic) “ e
X 1/43‘! (A)tf( )! D 2/ fj G (J ,¢t/£f)wf[ L—'-O(4 1)

Taking ‘the’ d1vergenc’é‘ of the above equation with respect to y, and

remembering the equation satisfied by G, we see that

] -2
P i [ 5y -
L% f.‘; Lercf ( )x’ ?

=0

which shows that the 1ong1tud1nal part of the propagator Apv,
;i":‘f; [ g} '.E i L o
AR N L 5, (e (4.3)

oJ (m ou' {r;,: 13 .o ! .
is not renormahzed The vector propagator has the form

"/""?m (- ,f« ;o (ﬁ]}uv - %}l 3#/31)’@»(:(' (;) ¥ c((\,c “Er,,;a"*)]);{l,.i ] (4.4)

in the momentum space, the inverse of the vector propagator,

therefore, takes the form

AT - k,,.e,) T(E) Jkul':y (4.5)

‘D\J

a4 2
Were it not for the n particle thresholds at k =0, J(kz) would be
Z
regular at k = 0 (at least in perturbation theory), and the transverse
part of the vector meson propagator would have a simple pole at
2
k =0,

Equation (4. 1), when combined with Eq. (4. 4) gives
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: ;gﬁ e "
< } . 5y
2 g (o) 2 9 G (fg,a. ¥[8
— '%"-E;-“““ " GCL/ e fe ey | ] {(4.5)
1}:_2 EJ:_#(x)"’ sz?,rcl/a*{_ ’_i WJJ/ _ = ()
or
“Taly b o~ 4 3 ¢ G | et
%y - B ig [ D) = [ 5 )
o W-yj o= € e i Z L .o
(1 % { ? ’azzr 07 (=) (4.6)

;(W“[Jrl (’z;};:é/c)f)v\gLJ , 0

where ,ﬁ is the ghost propagator:
~ab - ab ) (
Q‘g (1"3, 5o { W L}};] G (’fz,? e 4) W j }Jl

We may define the self-energy part Zg of the ghost by

ca{\ﬂ”:ﬁj ; j“‘i"— Eih&-;{, jab(th
oy (ki) L |- Z}(‘L{},,&(;;"-;J 4.7)

2
The structure of Eq. (4. 6) implies that Zg(k ) iz of the form
—kuzg(k). Again, were it not for the fact that k2 = 0 is the onsets of

2
n particle intermediate states, Eg(kz) would behave like k' near

~
2 2
k =0, so that *ﬂ(k ) would have just a simple pole there.
B. Three Point Vertices

From Eqg. (3.13) we obtain
R D TN 4

Vi) :Fg;‘;v F(:cmj aw J (=) (4.8)
. N - .C.v:[ difh - . 9 EW :
+ I’\a rﬁ,-ff?: 16 2o 06T ) & T -
We note that 2Rt ( / ) & YT BT )
{ [ T e
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-1 ' - C.u’l {f@ - . - X
W | AT IR ENCININE (2,21 c:-fé;;s_) aW/EJ’f (ﬂ; ‘/ )
4 ;{{.; =0
- eab
jA J(; }/’{\ (-A'z,ﬂ(a zc).ﬂ (’u )
(4.9)
d o, o “ ~ o~ H

:.‘ A ; Z (z-z )ﬂ(z -z )J’ x {{)@(ZL)AF(V }j
i v W !

where o abe 3(
I (z,4;2) = ~{ 55 *Z’ SRR

| - {’t - .
ey P Jp & D . r] j; b gﬁ{.ﬂ f{ Y ju(;_

(ﬁ?-f‘f ‘,;;‘-f;_-:l‘) NL]L(’
3}065& f;gwl)’ (d "i 4. tii Zg

is the proper vertex for the coupling of a vector meson of momentum

/f 7'&;(31'*”

(z,4:%.)
%

r, polarization p and isospin index ¢, with two ghosts, of momenta
p and q and isospin indices a and b, respectively (we define the

momenta outward from the vertex). See Figure 1. We have

\fﬂbc

X Laec
(Jh, ,&,j = F a)‘f (‘f,’bf’_\_,j {4.10)

R
The quantity Eg is defined by the eguation

Zg (’t:}) - ¢ B‘Z’d Z? {x.«t;j ( 11)

G

where
LN [/ ¢ - k'm I (4 12)
I J
¢
and satisfies the unrenormalized equation
ab 32 ade | A g ’Vd“*b
‘ pe T " _t '-~::~}, ’Z tL“( .
B2y g eg € Jena G Iy Grpn )

x dwrd s

We consider the part which is transverse with respect to the index

rof Eq. (4.8). Noting that
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¢ T, 0 Te a
f ( Tl

[ o~ pp 24 W , 1oe
, . Lk nd . - T K ’ o
-~:'.J‘!ff;".fl'.ef'c!";,,’ AT (e A (3«’})45 (z-2) !f’-v’k’ fimf Ry

where Pal:}c(x, ¥,z ) is the proper three-point vertex of vector mesons,
K
and taking the Fourier tramsform we obtain

f’*p)(”/z)[‘tzﬁ'wj (J I Mff«’w (4.14)
d{fﬁ/fﬂb)‘g( }(?)\(“’”)J,\ '?- )) ; g A oun .

Equation (4. 14) is a consiraint amongst the propagators and three-

point proper vertices. Equation (4. 14) was first derived by Slavnov, (18)
C. Four Point Vertices
It follows from Eq. (3.13) that
IR .___;7___5_{4.____. | = 0 (4.15)

azk aff;’“‘* ﬁ"zv 30}'? ’;ija(z) X\T (Z/u;y(;} ,{33’ (uj’)

ab
from Whlch one obtains a constralnt on the four pomt veriex P ¢

Nvp’
A V¢ { f, abad ( 5 c)
! g he S );',!tb‘v’j" r’ 5’ e
’ abe od ‘
+ 1 ,., cde ‘ (4. 16)
1 T)([u (‘f —OL,-J/A (frnf 'S;'f?C ("Z"ngf’*'?))
t a{'(j“ﬂ‘ AR L .:(;-L&uv J‘} = O ,
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where I‘ade is defined as

Muvp
- bu :: [..j‘ }1 - oo '4_ ' i e
1 g}_&__wf i _m__-,-.. — = (“L',} "(j \;;“:L{JL !A:i’zid!ar'
)\(’I & rl (Li L V(z ajjv(ar) { (4- 17)
N o g vy, gt . oebed .,
A (=) 4 “z--g.m CENVUNCEY R}Wf,(”,: )

t e (:lmfut'»/&“ ém,\:cg
and {
{ N VT i('l* e ez e Sewr ) svabed
o tx dl" fa it e F i r,,\/wf (7(1: car)
L (4.18)

o abed |
= (;‘-;r) 4 (J—*fjrri*.i) f M}_\,F (ol’;g.fizs)

The ghost-ghost-vector-vector vertex is superficially convergent

and requires no discussion.
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V. REGULARIZATION

They Feynman amplitudes constructed from the expression (2.1)
would automatically satisfy the Ward-Takahashi identities discussed in
the last two sections, if it were not for the ultraviolet divergences in
their construction., A standard procedure of constructing the renorm-
alized amplitudes satisfying the Ward-Takahashi identities is to
regularize the Feynman integrals in a gauge invariant manner, and

(14-17)

then perform the R-operation of Bogoliubov, Parasuik and
Hepp (BPH). The resulting amplitudes are cutoff independent, and if
the values of primitively divergent vertices at subtraction points are
chosen in accordance with the Ward-Takahashi identities, ihen the
full amplitudes satisfy them too. Furthermore, under such circum-
stances, the R-operation may be formally implemented by a gauge
invariant set of counter terms in the Lagrangian.

In this section we will discuss a few gauge invariant regularization
methods which can be implemented by adding gauge invariant terms in
the Lagrangian (e.g., Pauli-Villors regularization), 't Hooft(zz)
discussed a method which works for one loop diagrams, but which
does not appear to be implementable by modifying the Lagrangian.

We choose as regulator fields both scalar and spinor fields.

They have all positive masses. They may belong to arbitrary represen-

tations (in general reducible) of the symmetry group. They are coupled
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to the gauge fields by the minimal gauge invariant coupling., They
may, however, be quantized by the wrong spin-statistics connections
(i.e., some scalar field multiplets may be quantized by the anti-
commutation relation). Let us show that the addition of these regulator
fields to the Lagrangian renders the divergent Feynman integrals
with one loop finite.

Let us first consider the self energy of the gauge boson in the
one loop approximation. We will carry out the computations in the
Feynman gauge. There are three diagrams (one is a ghost loop},

and the sum of the contributions from these is

, P o . 2,22 v,
> ("(/ = - d 44y _}L { dz, dz., p Crazy Fﬁr( “;._"_if; )

“p (e h: _(Z: . 12)3 2,47,
(5.1)
3o
._ZLZ;_ e - o o PR . 2
’fﬁ (ﬁ?,f‘ )b ﬁ“r" j J‘-ii{ ....... Vo ’ Ftla }) “r b.f‘“‘:’?
2y '--'.1.).; (2,42 e

The first term on the right is gauge non-invariant and quadratically
divergent; the second term, which is gauge invariant, is logarithmi-

cally divergent. We shall regulate ZH , by the replacement
< ., () o (] (5.2)
2'!-&\‘ ke .r?:(.‘_‘/ v = Z v + Z + ET v '
i f»' f.l» ‘}a

is the sum of the scalar regulator contributions:

(1)

where Z

va [ A I _
57 4l 57 ¢ 5 - :‘ng a J dz,dz, 6[ [2,4::, F ~ (22 M:I ]
LA . i e W em
Y % 5!“ ,
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Lot (2% P e )

- {51 2 . T e - R
o (Gpp) —'——AZ'JZ” o me R (“".f:ff..)*
!éf } l . 7 z‘}j 2_. + Z5

(] P : g
and z,,., £ The S of £ Lguimw /té«a;uff--’-'m“' codcditions
i a‘

[ nd-
)

{._/g;—; ﬁ,w "f‘f‘" ((2r+22} F /ll )] fé’ (ﬂw ’ !/)F ) Z ;;}

The coefficients Ci and Di depend on the representations to which
the regulators belong, and also on whether they obey the normal or

abnormal statistics. In any case, if we choose

S S b - (5.3)
A =

1

and

- . (5.4)

Z.. C; /”]’;" - 2; —D' L'l = 0
iy
then the gauge noninvariant term vanishes identically. Furthermore

if we choose

jo - 2C vz 2l —ij -0 (5. 5)
; }

the logarithmic divergence in the gauge invariant part may be elimin-
ated. The introduction of two kinds of regulators is necessitated by
the requirement that both quadratic and logarithmic divergences be
eliminated.

Next, we consider the three-point vertex I“Mw(p, q,r) of three
gauge bosons in the one loop approximation. The integral is linearly

divergent and has the asymptotic structure, in the Feynman gauge,

Nf___g(_ Sk by £,

(z0)* (F ) , (5.6)
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when all diagrams, including the one with a ghost loop, are added.
Again, by taking a suitable combination of scalar and spinor regulators,
it is possible to eliminate all divergences from the Feynman integral
for the three-point vertex,

The four point vertex is logarithmically divergent and offers no
special difficulty. We have not verified that this method works for
higher order diagrams. In any case, when there are matter fields
present in the Lagrangian, the method presented above is insufficient
and it becomes necessary to dampen the high energy behavior of the
gauge boson propagator itself. The method described below will do
just this, and when combined with the spinor-scalar regulators, will
render all Feynman integrals finite.

We will add gauge invariant higher derivative terms to the Lagran-

gian. Consider for example the Lagrangian

; T A y . MY . .
s EET R - S ) ()

(5.7)
- Ao by (DD FIT
,1,44 M J
The vector boson propagator is now

!, . e . =1 -é. 2 i‘?j 4 -
4"*’('{7 A}) = {j,“v“%“ky/k’}) (!{1’4-!5.) [ b+ /13" r /j(ﬂdr) .J
i k‘
+ gauge dependent term
-3
and behaves like (pz) asymptotically, The maximum dimension

of various new couplings { in powers of mass ) is eight. A power

counting argument (see Appendix D) shows that in this case only the
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two-, three- and four-point vertices with one loop are primitively
divergent (quadratically, linearly, and logarithmically, respectively).
Other proper vertices, including two-, three- and four point vertices
with more than one loop are at least superficially convergent. As one
adds still higher gauge covariant derivatives, the propagator becomes
more convergent at larger momentum, but the maximum dimensions of
the interaction terms increase also, in such as way that the two-, three-
and four-point vertices with one loop remain always divergent (see
Appendix D). Note also that ghost loops for these vertices remain
divergent.

Therefore, by the addition of the last two terms to the Lagrangian
(5.7), the divergences of the theory have now been isolated to those
diagrams for which the spinor-scalar regularization was shown to
work.

The BPH R-operation is to be applied to the entire two-, three-
and four-point proper vertices. The resulting vertices are cutoff
independent, in the sense that the limits AZ - o of these amplitudes
are finite and independent of « and p of Eq. (5.7). This can be seen
as follows. A proper amplitude with two, three or four external
lines which is proportional to some powers of « and P has in general
an ambiguous limit as AZ — ©, However, the finite part of such an

- 2
integral vanishes like A z(i nA )n%.S Az -m, A proper IFeynman
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diagram with n external lines, n > 4, with one of more vertices pro-
portional to « or p which are not contained in any subdiagrams with

two, three or four external lines vanishes at least as fast as
1‘L_(n—4)(JlnA2 )m as AZ —+ o, after the R-operations are applied to the
subdiagrams. {(The above is a summary of a rather lengthy analysis. )
The results of regulating the Feynman integral by the method
described above, applying the R-operation and then letting the cut-
off AZ go to infinity is identical to applying the R-operation directly
to the Feynman integral. This shows that the BPH R-operation is in
fact a gauge invariant procedure.
A similar regularization procedure has been applied to nonlinear

(23)

chiral Lagrangians by Slavnov. We understand from R. Jackiev
and L. D. Fadeev that Slavnov has considered the regularization meth
method of Eq. (5.7) for the gauge fields also. (After the completion

(24)

of this work we received a preprint of Slavnov. ) This possibility

has also been known to K. Johnson. (25)
VI. RENORMALIZATION CONDITIONS
AND INFRARED DIVERGENCES
Let us first discuss briefly how the values of primitively divergent
vertices are determined from the considerations of Sec. IV, ignoring

the problems associated with infrared divergences. Under such cir-

cumstances, we may choose as subtraction points the points at which
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all external momenta vanish., Later we will discuss the nature of
infrared divergences in gauge theories and give a set of renormali-
zation conditions which avoid the infrared difficulties.

We may by convention choose, in Eq. (4. 5),

J(0) =1
which amounts to
/.ii:',;-u Z‘& (';: v (J . kﬂ( ’“:f 1 ] + o _,‘i.‘::}if‘ (6 1)
k e - {,L« A ;'”’W ""‘;'*i / k'ﬁ. (‘f }:.) L

The normalization of the ghost propagator is arbitrary. The ghost
propagator has a simple pole at k2 = 0, [ see the discussion following

Eq. (4.7)], and we write

: | z
};i";“ I:g ({_' ’J - ‘_?j__- (6. 2)

where Zg i8 an arbitrary (finite) constant.
in the limit p, q and r = -p-q all go to zero, the three point vertex

r

abi(p, q,r) has the form

"

ﬁ’ . - ibe
. £ 20

f)\fu_', (Jzt/\,) o . ch‘

R ated

' i L ’ (6.3)
L3 e e (s 2

t o phdn ]

as follows from Lorentz covariance, isospin conservation and Bose
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symmetry. Likewise, the low energy form of the vertex yisb(r, p:q)

is given by

‘[ .
7 ook
(V{; f }#) [}*’ )/& {4, }-; 3’ ) e G & 4&" ,
so that -
ﬁfﬁ‘n o L5 it? " oabe
/ . G ¢ )
(‘/J,z?,}r.) J ;“ (}3’» f’) 5 ] q’f‘.

—

Equation (4. 14) then tells us that
y (6.4)
G = G ﬁ?
In the Green's functions, only the combination G’Zg enters, because
the ghost never appears as an external line, so that it is convenient to
set Zg =1 and G = G,

The low energy form of the four point vertex is given by

[ pqrbed abe .cde /
chan, iy (160,00 = - F ,}—é EE (I "’u - e )
‘L‘Lj Y b / foies L ; § f’ ( ©6.5)

. L de 7 A -
+e% eél ‘ (g»\f*qv,,ﬂ" ?x[:?}ﬂ') ¢t EL(WV

C‘-,_gb

Ay )]
! AL ,6-{

~ f -t i) ~‘f— \'
AR S R 7 R
Equation (4, 6} tells us that ‘

F=-=G%and F' = 0 (6.6)

The conditions (6.1), (6.4) and (6. 6) allow us to express all primitive-

ly divergent vertices in terms of only one constant G.
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As we have stated before, the foregoing discussion is of heuristic
value only because of the infrared divergences that the Feynman
integrals experience when all external momenta are set equal to zero.
More precisely, a Feynman integral of the theory becomes divergent
if two or more external lines are set on the mass shell, We assert
that a Feynman integral suffers no infrared catastrophe if all of the
external lines are kept off the mass shell. One can easily see this
for diagrams with one loop. As long as all of the external lines are
off the mass shell, infrared divergences in any subintegrations can
occur only in the measure zero of the space of all integration variables
where the rest of the integrand is nonsingular. Therefore, by choos-
ing subtraction points to be somewhere other than where all external
lines are on the mass shell, we can circumbent the infrared difficul-
ties in the construction of Green's functions (but not the S-matrix! )
altogether.

Aconvenient convention for the subtraction points is given by

(26)

Symanzik. We choose as such the points where the squares of

. 2
external momenta are all equal to a negative number, say -a .

Defining all external momenta outward from the vertex, we have at
. : 2 2 4 2
the subtraction point pi =-a , ];)i pj =512 -

As an example, we will work out the renormalization conditions for

two and three point vertices.
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We shall normalize the fields ép and c so that

J(-a) =1,

%

and
(-a“’) =0 .

Then we have

k- —at ﬂ/«v'(lz) = (g'” - %ukv /EL) :'J&jw + gauge dependent terms,
2 1
G{a ) = —
-a
. . 2 2 2 2 . .
At the symmetric pointp =q =r =-a , the three point vertices

abc (p q,r) and YM (I', p;q) have the structures:

dLg_

B S8 el pge g i)

T“ﬁ‘k

. H[(hfg)w/»gv “ lp-rlapety + (g’F)vzhf’ﬁ]
+J.[/L>.f;,ugv_ g)h/"'f’vj} éabc) (6.7)

i cab
?’2’,&, /h/u (4 g)':édl"

X{GZ’VL-fKJfA/zr’ -erfAf’r:.f Kg P);g,u.
* b [rie Llj"f"/* rls ﬁgf‘ (6.8)
N )J
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where the omitted terms (---) are of no interest to the present problem.

The quantities G and G' require subtractions whereas the other form

factors J, J, Ki --- are superficially convergnet., Substituting Eqgs.
2 2

(6. 7)and (6.8) into Eq. (4. 14) and taking the limit p =g =r2 = —az,

we obtain

. Iy o Lo, : L _
G- L(HeT) =G ¢ & (Lol -2ly-K-K2k)e9)

which gives G' in terms of G.
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VII. RENORMALIZATION OF MATTER FIELDS

So far our discussion was based on the Lagrangian (2. 3} which
contains only the Yang-Mills quanta. As an illustration of the renor-
malization procedure in the presence of matter fields, we consider
the case in which a triplet of real scalar fields qba is added to the
Lagrangian by the minimal gauge invariant coupling.

Let Ka(x) be the sources of the scalar fields qba. It is not difficult

to derive the gzneralization of Eq. (3.13). 1Itis

LA <b
Za/‘a; (1) fﬁ '\C(?ﬂ) [LS/HJ G(JI’J/N)W

a1 de ¢ cd 3 da o
+JJJK£g)f ?—FZJ)G (J.X.,LS/S_I)W
= 0 (7.1)

-
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In this theory the Apgbz -, AP« o -, (;52 - and gb4 - vertices are primi-
tively divergent. The renormalization of the 454 - vertex has nothing

to do with the local gauge invariance and presents no problem. In order
to regularize Feynman integrals for these vertices, it becomes
necessary to regularize the gauge boson propagators in a gauge invar-
iant manner, for example, by the use of the Lagrangian (5.7). The
renormalization conditions for the qbz -, Auqbz - and AHZ qbz - vertices
are obtained from Eq. (7.1), First, though, let us ignore the infrared
complications. Later, we will detail the renormalization conditions
which take due account of the infrared difficulties.

From Eq. (7.1) we gbtain

(:l)_a_,LL 5 iZlg K]
o f“g ST (z)émg)SK(z)bK(w)

‘ o YW
et w! Feran; i553 L2
:—3 W 51(6(2)6 (Z;Z;L /“*)%&3 5‘1(3

+ (eed, 2 ). (7.2)
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If we amputate the scalar propagators and go to the mass shells of
two scalar particles qi = qz = -p?, in Eq. (7.2), the right hand side
of the equation vanishes. Let us define the primitively divergent
vertices:.

5¢’Z‘ { ~sh
5(‘{4—)51(1’(2) Ip =K o =T (1'3) - A(z a)

3 ~abe

2 iZ . JJMM Y Y Y

5;‘@5(‘23>w<a){f_,< (A "
IR

2L iy —»ﬁw'ﬁ d%s
Bfri‘fz)w’.,”camf‘(z)of K?w')’gr:g:o /I

~eghed

/Lf(x f»)AfoJ g)A(z 2) A (o -ws )9 (z’ ’,z,w')

-d . 1 L'(fctr’-‘f'l-zﬂ) ~ abc R

fdzJJJz,e N (25402
2 C’,,&Lc(fsfug’a) (27)" Sqfffg: 1)
Caéc(f Z’UZ ) - aLr_c (1}’ guz-" ’

abced
and similarly for Cp. A Then we have from Eq, (7. 2) and the
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subsequent discussion that

i,u whod

E e 1S gy
abf A L fd
" hfvx<fhfl)*ﬁ-f3)él'65'7;)Cyf (ﬁfﬂ;ghgé)

_ [ ek, , -
L C»/u (./7’5 Zp{ ,,/:32 fg’,)z,(’z rg‘) C‘,f Jf(f; 2 5’,_:,/—'; ’“Z{ )

‘f‘(CHCL_, X'e—#i-‘)j} = 0
We shall now consider the limit p,, P, > 0 while Q = q, - d, is kept

(7.3)

finite. The low energy forms of the vertices above are
Lo . ? v o9 @ = - OO, (7.4
e GG g < G4 |

(7.5)

—qebe
} v A (gflj'/j"’f"z’)E: 4 GL{J" } i f(‘} 'S Vz\ f‘(/:,*!") )r({.&kj

fofa7e
where G is defined previously andr + Pyt p2 = 0;
f.{'atti‘\- N ( ,..4::}: r's.'l r,,} “F oA »
f':(‘ ::!‘»u" /,v f f)-}gl)z ) = ¢ ¢ ( /(f:f'.uv rﬂ@,“&v}
b , / ( ’
,ﬁ ., f} -
Tl ot ol T - ! ; 8 7'
-r(c‘-‘f;}f Lo é)(/!ﬁ/‘” B ) 7.6)
[}

The factors C, A and A' require subtractions. We may renormalize

the ¢ fields so that
fcj;. L 2 oot
/fj:-._ofu-,_ A(f) ) z (J” ”‘_IU ) (7.7)

Substituting Eqs. (7.4) - (7.7) in Eq. (7.3) and isolating the part

antisymmetric in a and b, we get



-34- NAL/THY-31

or
G=C (7.8)
Next looking at the part symmetric in a and b, we obtain
B=18B"=20

and
A = —ZGZ

A" = G*

(7.9)

The above treatment is careless, since the vertices CIUL CHV

2 2 2
exhibit infrared divergence in the limit q,orq, = p. We must,
therefore, determine the renormalization conditions A, CH and C}.w

without going to the mass shells of the scalar fields. For this purpose,

we will return to Eq. {7.1). From Eq. {7.1) follows the relation:

i Lo - et ———

- O sl
AL T ) e K o K'tz)

-

[ K_ =0

< —

Gt E e
“f L W e — (77¢ A, e e ] ) 1%
L K{(j) K(ﬂ) (j (7.10)

+Ka+,»i q—»i’.)] o

e

In order to discuss this equation, it is necessary to define a new

ab
proper vertex R C. We write
. 2o

e o T Xy
¢ W s G, CEET )W
s ) e K ey J L) l»-Jf‘ &

(r.11)

"\..»_l!"fu(.‘ ’\-/ —~ ..
= jt 15’? f\' (?,"‘:J,Z')\\'g(ﬁ'—/-—l;)ﬁ(zlz)
{ /
-+ lﬂ(;’*’Z}E({F_Z) E.fﬁ‘“cuc,



-35- NAL/THY-31

b 4 4 4 4 ~ { (ox vt
R Clq,p,r) (2n) &(pqir) =]d xd yd 2 R*P(x,y, z) &t PXTYHTZ)
Rabc(p: q:r) = eabc R(p,q,r)

The new vertex does not arise in the pertubative construction of the
Green's functions. It is, however, relevant to our discussion of the
renormalization of Eq. (7.2). The vertex Rabc has the superficial
degree of divergence equal to zero, and therefore, requires one sub-
traction. The value of this vertex at the subtraction point is related
to that of Cibc through Eq. (7.11). Let us again choose as subtrac-
tion point the point where p2 = q2 -2 - —az, p:q =gsr =Tr.p = 32/2.
The quantity Rabc(qi, P, qz) may be written in the neighborhood of

the subtraction point as

- j’ﬂa.r.i ‘) e [ - ) ] o
K CZMF’;K;} = é'wlc !".K*’ C‘I,rCLJ)I’"J " (Z_‘T(i‘](‘j_
| ’i (7.42)

+ (ff*,. W)y -

-

where R requires a subtraction and i, 1.

‘., »» are finite.
e T &

We now transform Eq. (7.10) into the momentum space. It reads

then

L8 ] RET NN f4) = A"(Zv,l; - A"’[Z;‘)
(7.13)

+ [ K(?’;}[} ZZL )z.’&“(gr"l) _ ){7(37, f g, ) A_‘{(Z"'l):]
Adopting the field normalization conventions:

[’b‘:y(f‘—) ] ]f'hfﬂ'l:c = 4 (—{ 14)
4 (7.15)
Lo

j' - é-"(g’,ﬂ) B gii . cli~ MQ.
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and defining C by

,Ea:;-,,., . (},L (f}a :/} , f") .- G;/u ¢ (7.16)

7 EY

£ gl g S
G

we have from Eq. (7.13)
o - /r/’{r Ml(f‘,—f“z), (7.17)
which is the required relation.
Now we turn to Eq. (7.2). We need again to define a still new
proper vertex. We write
N A G, fisy o T |

K 257yl Vg g

= ,{-jgﬂ-fi E(z~w)jdqz’aﬁ’ d(z 2)[ (Z,L /f)A 4} J()—L)

: et | , (7.48)
-y jd‘{}_'c!q)j”{,.f "qud- Lf(}u_, K (z,z:pr.)A({L‘-~-(u)\g(I ,?.I)
plv ek
AJ) (1Ju 7}513}(‘7 j)\j{“ 1)

Cete ',\' - w,‘, " '
”;?'é d(%ﬁa)jd% I dte Ale-2) Klar-e’) B (7 3’)0 ¢ 3 )

. ‘ ~
ey . ~ . ~ A ~ bod

£ DESNCE uwcz’-xm(u-‘z’)aaf«*‘)ﬂ“’%'-7’} G
A (‘jl{f.lcrlfu c}‘f.f?'c t( (,J‘ + ?]"“’ (‘ Wk 7}‘4&(“"‘}-‘3(1'1)

{ ~
which defines the vertex S abcd A /" (7 ﬁf)

,".Jicdf S ¢ T '
‘S/u (Zh,zwjﬂ,,/m)(c?w) ¢ (Z’Z j fe) (7.19)

V.{i‘l(rj L’(' o ’Jf_»,itr’,“,. )
-f .1 u‘ T ((fj’ji);,x’) ¢ ZT ?Z f fk_
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bed | . s .
The fact that Si cd is superficially convergent is of importance in the
ensuing discussion,

Now going to the momentum space, we rewrite Eq. (7.2) as
[!’ \g(d’:)] fl f:u { /uv (J’UF“ZUK)
+ = - }
: f’: A—a{g‘) { €ai>féau\,g/((f,+p;)‘*)[;+ ﬁ(g,,}a,ft;aligl)]g:(zﬁg«.,ﬁ;f;)

e*SeHea(hopr) L1+ RGupo pega) 18 (o pirfis §)

‘f‘JSG‘{AL

Pops o) |
v ! A
+Jo~,‘ A(g;g) ¢ LK, g, <-953_j» (7.20)
where the expression in the curly bracket on the left is identical to

that on the left of Eq. (7.3). Equation (7.20) is the generalization of

Eqg. (7.3) and it allows us to determine the values of the vertices

Ca};bVCd and Cibc at some subtraction points, in terms of that of the ver-
abe . .
tex l"pv}\. It is so, because the structure counstant for yv is known

from Eq. {6.9); the subtraction constant for R is known in terms of
the value of Cuat the subtraction point through Eq. (7.17); and SH
1s superficially convergent, so that the right hand side of the Eq. (7.20)

containg the value we seek and no other unknowns.
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APPENDIX A

Derivations of Egs. (3.5)and (3.9)

We recall the definition
o
,{'_'gi_i[tC/tJf] _(,{/ ﬂ.iu.ki“ 7{: ‘"-_‘-C} J__.) (A.1)
In evaluating AL i&/ 6JH] Ja (x)A 1 Lis/ 6J ] it is convenient to

make the following mapping:

5/'&3; - - &
" A (A, 2)

- WEEF

which is canonical. We see that

{l/ Ta Lm (‘r‘jt 5 aﬁ* —é—d) W) éxfﬂ[ ﬂﬁ\(‘“{jﬁ:gt.ﬁﬂél)J

b

- |z (A.3)

~—(—-~ - o] fd’ b‘f et
E.‘g:(b:) {J, b,c J [nqc, E. S 3» ';y

(1) 5 ) 9,7 (ol 5l

: S |
- -t 'y 3. 2, ').Pi
i w J LA J 5.,)]3-.;(_

¢
A

which is Fq. (3.5).

As for Eq. (3.9), we begin by noting that

AR LAT et [ Ay (a.4)
o ] d(l.‘t ] a,;.:__._. cjc, . . l * J
o0 { 7 ”,f ‘.—/ ;A rl:- t(,b.a -(-¢ L:

- la* Edeﬁ'i_cjwl

9 ;
AN

v
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Since
ke Ly tid.

Je ¢
H (141 4)=¢ ¢ Ta- 7}*7 J’A (1)—“ 4(»,},:4}}&5

Jz h ;
r"L

I

we can write the right hand side of Eq. (A.4)a

;f]‘({-wfl poef tdfdtf‘d'a‘) BH (. ? A )/)2—u )‘f (1)

| uc1 fm‘ Hcﬁfzj A )/31 ()ﬁ“ gon | (A.6)
o '__;_'a_-h- j “

- # f’t’ ; [3;1 H('l/j 'ﬂ ) + ai-.“ "] (Ifj )VA‘» )? _é. 'A! (.'5\-)}

‘9
We have used the Jécobi identity
{, cad t‘a'.fi- . f aed f Jef . im[? fieuf_

Equation {A. 6) is precisely the right hand side of Eq. (3.9).
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APPENDIX B

Generating Functional of Proper Vertices

In the usual manner, the generating functional I'[ IEBH] may be

obtained by a Legendre transformation from z[J 1.
o

We define

Bt - 12051/ cp -

and

- ’

)
vr
L5 - 2151 + [ 5% Bua. (5.2
- 2t
It follows that

Q}‘ca,) .G f”[’@r"]/ By (B.3)

The expansion coefficients of T [Ep] in terms of Bp are the proper

(27)

vertices. The proof may be found in Jona-Lasinio, It is possible to
construct I'|[ E}L] perturbatively by the functional integration technique.
First consider . , ,
Coee T s . —~p ) ,“
. Zl . ‘,‘[dA] {5.4].4’.‘]"& cll;:ﬂr(:i}-\irfi)*'nt»\(l"‘/jfl'g aﬂ‘;l)?‘)
Lap -‘ j - . £ -~ { /
# S JldA

where Sa{{%pl is the gauge-dependent action

Sel4.1 - Jau [ Lo - & (8 4et) ]

We can perform the functional integration by the steepest descent
method. Let A be defined by

cSM J/eﬂ W= T 6)

i.e., AO is the solution of the classical equation of motion in the

v
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presence of the external source, so that

AL: = Ac('l) Jv
’ (20)

Now we may write, after de Witt,

4.-,.*,’{"'( Z[’:’!rLJ E ’;',f g A\ [A ] - J”’x A/. (z)o ¢S ‘Z ]/ A/,-.("I)}
" cﬁlqu
i A g i | SIS AT - Jd S22 (4 oAt }

The tree approximation consists in approx1mat1ng Al J ]rby

o W(F ' :[ - le_ ] jd.{. Cé liqr]/ (1)uA’¢ (),
) teee _ o oeyptree o - ¢
[E’fkfi).] = C'AU [.i[u]/bl’u (x) = /j(, (x)

Therefore, in the tree approxmiation we have
"1 &2 ~ ‘
The one-loop approx1mat10n consists in evaluating the functional

integral by the steepest descent approxmiation. We then have

Lice
Zikl]:zf‘j’:] . l. T kw ¢ \‘)__,.'] ]‘t - "- . o4° WL
-f K cA Ay b JLAJJ "?’v)
and
Prades Al (o oA
f o wf J f’#ﬂf»() wa'("v) A’;«(UJ

i ,ﬂ\{Z:Lb;['tjr]/{ﬁr‘éﬁ,}
(st /)
l,‘?/*]‘ré}ﬂ-ﬂ”} b«lﬁr]/ Mcffx

A —jﬁﬂra*}/al)



-42- NAL/THY-31

APPENDIX C

Ward-Takahashi Identity for the Generating Functional

Of Proper Vertices
We begin by rewriting Eq (3.8) as

WLl 1 00 S, - T f W

2 e “a} (C.1)
L s SIS T M"{"g”"fd, .
- tﬁjda In { LBFH(:UJ )"b/éw).] Da L é'/ 2 ] ¢ (i—a)W =
The last term on the left may be written as
- ged i
_t"j{[‘uml?‘jﬂy (zf'j"’c/j):] Laftzhé‘{%ﬂ*—
{ N ¢ JF (2) . 2)
.(»[ﬁ {b;'\c.!_ ‘fﬁ (x 'qt/ﬁj )/d,’tm V:Z] r
4
Noting that
ab ‘:E’ . -y
g{*,z-()% -t ) H e,y 4y =50 (a4 )
j w,u J x 3 W) ¢ 0 {2 {J}
or
H g ) = = 3D (ay)
j B f J (C.3)

A

p
bad v AV i '(.'c(
-4t Ja% 3 B (g2 A e (e k)
¢ i 7
we can cast the second term of Eq. (C.2) into

{h{-r 1,,Lf
? ?H(J /f)/arﬂjJW

beeo g’ed{ o ! (—W’
z - ch f t fﬂJ D (7 z)ouH (17 A):;*j 2-‘%%1}

Thus the last term on the left of Eq (C 1) can be written as {

_ﬁnf”““f”e"j 3 oy L) g o )Ll

2‘7(}12}/
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where
i - . ~~

f{ ;}v ('J - :s ) = j :.uv ‘(’, (:l'_:J) t ‘):L ‘)v 7)f’ (a _,1’ )

So finally, we obtain

‘ v ST A .f,-J':c, > ; " lfv
Ly du ey / Ty . 1t —— DR A A
* P o ‘\J,\L@) M ST )
f (. 4)

Lk , the b - ;: - .
= PN W -t T ) S W T

gk gbde [poonrged e
F g S W i ) 4 sy DWf ] - 0

Equation (C. 4) may be translated into an expression involving the

generating functional of the proper vertices. We recall that
Tl ] s tkp <21 (8. 1)
“x i ""fl' ] J 1— ‘“r ]

and
Y Ll o d T N - s .
B . 8N J ‘. s T 5 rr v B.3
hr 4 [il\]/cwluf_l)’ w}/.,\ ol Lﬁ{l]/o\a}r . { )
Thus

I (\.L,_' . b : Ao
*i d Pp (2] - )i[ 7 E, PP bri" (z)

NNV N R S NS AV NG 5

I

. ;'.J-, ¢ W o, o
L™ ==— 3 ¥ Bt
ol é.f)\b(l) a < (:)fa (i)
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This equation is somewhat simplified if we define T' by

8] - L8 & fdi[a’"ﬁra_)y (c. 6)

which satisfies
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] ,‘
~‘.i‘” = Ga(z} (C.7)

it Ga(x) were identically zero, then Eq. (C.7) would imply that

0
T [ B ] is invariant under the local gauge transformation

)

Py — f; w
#/u w_/u T Df" [ﬁg] ol X
By an explicit computation of § Ga(x) / 6Bb(y) ﬁBi(z), we have

verified that Ga(x) cannot be identically zero, however,
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APPENDIX D

Power Counting

Let Nn m be the number of vertices of the form 8n<1>m, i.e,, m
point vertices with n derivatives, and let I and E be, respectively, the
number of internal and external lines in a proper diagram. By L we

denote the number of loops in the diagram,

We have two topological relations

E. ks tz I.— = 21 b N‘ﬂ.} P (Dc 1)

M,

Loor.i-3 A

My T

(D.2)

The superficial degree of divergence D of the diagram is given by

» (D.3)
D - Z YL NH-,m t Lf—L - :2!"1:

‘-11}m
where the propagator is assumed to have the asymptotic behavior
(p )-r. Eliminating L and I in favor of E by the use of Eqs. (D.1)
and (D. 2), we write Eq. {D.3}as

(D.4)

. —r -
D= Eln-z)rd e 2N, Lo (2-2)m-4 ]
For the gauge invariant terms discussed in Sec. V, we have generally

Mo+ = Ry 2R (D.5)

We, therefore, have

b = E(»’z«z).»t} + ((—zi)ZA{;‘/M (mq.-;z) (D.6)



-46- NAL/THY-31

The two statements in Sec. V, for which we referred the reader

to this Appendix, can be justified on the basis of Eq. (D.#6).
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FIGURE CAPTIONS

Figure 1. Feynman rules of the Yang-Mills theory.

Figure 2. Diagrammatic Representation of Eq. (7, 11).

Figure 3, Diagrammatic Representation of Eq. (7.18)
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